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Abstract

We provide new results on combinatorial characterizations of covering properties in end spaces and
ray spaces. In particular, we characterize the Lindelof degree, the extent, the Rothberger property, o-
compactness and the Menger property for ray, end and edge-end spaces. We show that o-compactness
and the Menger property are equivalent for these spaces, and that they are all D-spaces.
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1 Introduction

The end space of an infinite graph captures the intuitive concept of the boundary of the graph.
Intuitively, an end is a “point at the infinity” that can be reached by following a ray (one-way infinite
path) in the graph. A natural topology can be defined on the set of ends of a graph to better study their
properties and give precise meaning to this intuition |11]. This topological space is known as the end
space of the graph. This topology generalizes the Freudenthal boundary developed by Freudenthal and
Hopf in the 1940s for infinite groups [9, 13].

End spaces are easily seen to be Fréchet, zero-dimensional, Hausdorff spaces. Their topological proper-
ties and their relationship with the combinatorial structure of the underlying graph have been extensively
studied in recent years. For instance, they have been shown to be normal [26], and, later, hereditarily
ultraparacompact [19]. The compactness of end spaces was combinatorially characterized in [4]. Recently,
Kurkofka and Pitz [18] proved that every end space of a graph can be represented as a particular ray space
of an order-theoretic rooted tree. This representation theorem allows us to study end spaces using the
combinatorial structure of trees, which are sometimes easier to analyze. A topological characterization
of end spaces was given in [23], where the Lindelof degree of ray spaces have also been characterized in
terms of the combinatorial structure of the underlying tree. However, it is not easy to translate these
results to end spaces in terms of graphs by using the representation theorem of [18].

Formally, an end is an equivalence class of rays in a graph. As properly recalled in the next subsection,
two rays are equivalent in the sense of ends if, and only if, no matter how many finitely many vertices are
removed from the graph, there is still a path connecting them. A natural modification of this definition
is to consider the removal of finitely many edges instead of vertices. With this modification, we obtain
the notion of edge-ends, which have been recently studied in papers such as [1] and [22].

In this paper, we provide new results on combinatorial characterizations of covering properties in end
spaces, edge-end-spaces and ray spaces. In particular, we combinatorially characterize the Lindel6f degree
and the extent of end-spaces and edge-end spaces of graphs in terms of the underlying graph, and the
Rothberger property for end spaces, edge-end spaces of graphs and ray spaces of trees. We also provide
characterizations of the Menger property and o-compactness for these spaces, and show that these two
properties are equivalent for these classes of spaces. Moreover, we show that all these classes of spaces
are D-spaces.
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1.1 Basic definitions

In this subsection we fix the notation and terminology used throughout this paper, and review some
important basic definitions and relevant results.

Most concepts that were not defined in this section will be defined when needed. In particular, we
postpone the definition of edge-ends and the edge-end space of a graph to Section 6. We refer the reader
to [8] for general topology and to [5] for graph theory.

The cardinality of a set A is denoted by |A|. The finite cardinals (the natural numbers) are identified
with the von Neumann ordinals, so 0 = ) and n+ 1 = {0,...,n} for every n € w = N. If x is a (finite
or infinite) cardinal number and A is a set, [A]” is the set of all subsets of A of cardinality x. Likewise,
[A]<* and [A]=" are the sets of all subsets of A with cardinality less than x and at most &, respectively.

AP is the set of all functions from B into A. If a is an ordinal, A<® = Us<a AP and AS® = Us<a AB,

In particular, A<% is the set of all finite sequences of elements of A.

1.1.1 On graphs and ends

We now fix the notation we will use and state some basic, standard definitions about graphs that are
relevant to our work.

Definition 1.1 (Graph). A graph is a pair G = (V,E) where V is a set and E C [V]2. We write
V =V(G) and E = E(Q).

Definition 1.2 (Subgraphs and induced subgraph). Let G be a graph.
(i) A subgraph of G is a graph H = (V'  E’) such that V' C V(G) and E' C E(G) N [V']2.
(ii) If H C V(G), the induced subgraph of G on H is the graph (H, E(G) N [H]?).
Definition 1.3 (Paths, rays and tails). Let G be a graph.

(i) A path in G is an injective sequence of vertices P = (vg,...,v,) such that n € w and for every
i <m, {vi,vi11} € E. In this case, we say that P is a path from vy to vy, and denote this by vgPuv,,.

(ii) A ray in G is an injective sequence of vertices R = (vg, v1, . .. ) such that for every i > 0, {v;,vi41} €
E.
(iii) A tail of a ray R is a sequence of the form (v, vp41,...) for some n > 0.

Definition 1.4 (Connected graphs, components and trees). Let G be a graph.

(i) We say that G is connected if for every pair of distinct vertices u,v € V(G), there exists a path
from u to v.

(ii) We say that G is a tree if every two distinct vertices u,v € V(@) are connected by a unique path
in G.

(iii) A connected component of G is a maximal connected subgraph of G. Notice that connected com-
ponents are always induced by its vertices.

(iv) A rooted tree is a pair (T,r) where T is a tree and r € V(7)) is called the root of T.
(v) A subtree of a rooted tree (T,r) is a rooted tree (T”,r) such that T" is an induced subgraph of 7.

Definition 1.5 (Tree order). Let (7,7) be a rooted tree. The tree order of T (with respect to the root
r) is the relation < defined as follows:

For z,y € T, we say that x < y if = lies on the unique path from r to y. In case x < y and x # y, we
may write x < y. )

For z € T, we define [x]| ={y €T :y<z}and [z|={yeT:y <z}

It is clear that the tree order is a well-founded partial order on 7T'. Moreover, for every x € T, fx] is
finite, and, if 2’ € T" and (T”, R) is a subtree of (T,r), then {y e T:y <z} ={yeT 1y <zx}.

Definition 1.6 (Normal tree). Let (T,r) be a rooted tree, where T is a subgraph of a graph G.

A T-path (with respect to G) is a path P = (xo, ..., x,) in G such that xg,x, € T and for every i < n,
x; ¢ T. In this case, we say that P is a T-path from xg to x,.

We say that T' is normal if whenever z,y € T are distinct points incompatible in the tree order of T,
there is no T-path from z to y in G.



A very useful property of normal trees is stated in the following well-known lemma. For a proof, see
[5, Proposition 1.2.1].

Lemma 1.7. Let (T,7) be a normal tree of a graph G. Then for all distinct points x,y € T which are
incompatible in the tree order of T, then [z] N [y] separates z and y in G.

As already mentioned, an end is, intuitively, a “point at infinity” that can be reached by following a
ray in a graph. Ends were first formally defined by Halin in [11]. We review the definition of an end and
of the underlying topology of the end space below.

Definition 1.8 (End space). Let G be a graph.

(a) We say that two rays R and R’ in G are equivalent if for every finite set F' C G, the of R and R’
in G\ F lie in the same connected component of G \ F.

(b) The end space of G, denoted by Q(G), is the set of all equivalence classes of rays in G. An element
e of (@) is called an end of G.

(c) Let F be a finite set and C' be a connected component of G\ F'. We define Q(C, F) as the set of
all ends € such that there exists a ray R € € contained in C.

(d) Given an end e and a finite set F', we define G(e, F') as the unique connected component of G \ F
which contains a tail of every ray in e. We define Q(e, F') = Q(G(e, F), F).

(e) Given a finite set F' C V(G), we define C(G, F) = {G(e, F) : € € Q(G)} (equivalently, C(G, F) is
the family of connected components of G \ F' which are not rayless).

(f) We say that U C Q(G) is open if for every end e in U, there exists a finite set F' such that
Oe, F) CU.

It is easily seen that the collection of all open sets of Q(G) forms a topology on Q(G). It is well known
that this topology is Hausdorff, regular, Fréchet-Urysohn and zero-dimensional. These spaces have also
been shown to be hereditarily ultraparacompact [19] and monotonically normal [23].

Definition 1.9. Let G be a graph and H C V(G). We define 0q(H) as the set of all ends € € Q(G) such
that, for every finite set £ C H, G(e, F) N H # {).
We say that a subset A C G is dispersed if 0q(A) = 0.

It is easily seen that dq(H) is closed in Q(G).

1.1.2 On trees and rays

Recall that a (order theoretic) tree is a partially ordered set (T, <) such that for every t € T, the set
[t] ={s €T :s <t} is well-ordered by <.

Definition 1.10. Let T be a (order theoretic) tree. A subset R C T is a ray if it is a downward closed
chain with no maximal element. Notice that R needs not to be maximal.

We say that t € T is a top of aray R if R = [t]. Thus, t € T is a top of some ray if, and only if, the
height of ¢ is a limit ordinal.

The set of all rays of T' is denoted by R(T') and we topologize it as a subspace of P(T) ~ 27, that is,
a subbasis is given by the sets of the form [{] = {R € R(T) :t € R} and R(T)\[t] ={Re R(T):t ¢ R}
forteT.

As shown in [23], we may describe a basis of the topology on R(T) as follows.

Lemma 1.11 ([23, Lemma 2.1.]). Let T be an order-theoretic tree and = € T be a ray. A local basis for
x is the collection of all sets of the form

[t 7] =6\ (J ]
seF

where ¢t € x and F' is a finite set of tops of x.

We will call the sets [t, F'], where t € T and F is a (possibly empty) set of tops of a ray containing ¢,
standard basics sets of R(T).

An important recent representation theorem due to Kurkofka and Pitz states that every end space
can be seen as a particular ray space of a rooted tree.



Theorem 1.12 ([18]). Let X be a topological space. The following are equivalent:
(1) X is homeomorphic to the end space of a graph,

(2) X is homeomorphic to the ray space of a special (rooted) order tree.

1.2 Structure of this paper

In Section 2, we provide combinatorial characterizations of the Lindel6f degree and the extent of end
spaces of graphs. In particular, we show that the Lindel6f degree (and the extent) of an end space is
equal to the minimum infinite cardinal x for which for every finite set F' of vertices, at most x many
connected components of G\ F' contain rays.

In Section 3, we show that every ray space (and therefore every end space, edge-end space) is a
D-space.

In Section 4, we provide combinatorial characterizations of the Rothberger property for end spaces
of graphs and ray spaces of trees. We show that the Rothberger property of an end space is equivalent
to the following combinatorial property: for every sequence of finite sets (F, : n € w) of vertices, there
exists a sequence (C,, : n € w) such that each C), is a connected component of G \ F,, and every ray in G
has a tail in C,, for some n € w. Moreover, the Rothberger property of a ray space of a tree is equivalent
to the underlying tree not having an order-theoretic copy of a binary tree.

In Section 5, we discuss some partial results and open questions regarding a combinatorial character-
ization of the Menger property. We provide a proof that, in the realm of ray spaces (and therefore of end
spaces and edge-end spaces), the Menger property is equivalent to o-compactness, and we provide some
characterizations of these properties, including the non-existence of a closed copy of the irrationals.

In Section 6, we adapt our results to edge-end spaces of graphs.

Finally, in Section 7, we conclude our paper with some final remarks and questions.

2 On the Lindelof property

Recall that a topological space X is compact if every open cover of X has a finite subcover. Com-
pactness is, perhaps, the most studied covering property in topology. It plays a central role in analysis
and topology, as many important theorems are related to compactness, such as the Heine—Borel theorem,
Tychonoff’s theorem, and the extreme value theorem.

A weaker property than compactness is the Lindeldf property, which asserts that every open cover of
X admits a countable subcover. In metrizable spaces, the Lindelof property is equivalent to separability
— that is, the existence of a countable dense subset—as well as to the existence of a countable base for
the topology. However, for general topological spaces, and in particular for end spaces, these properties
may differ and are not necessarily equivalent.

The following is a well-known combinatorial characterization of compactness for end spaces.

Theorem 2.1 (|4, Corollary 4.4]). For every graph G, its end space Q(G) is compact if, and only if, for
every finite set F' C V(G), only finitely many components of G \ F' contains rays.

We show, with the next theorem, that the Lindel6f property for Q(G) is similarly governed by the
number of components containing rays after removing finite sets of vertices.

Theorem 2.2. Let G be a graph. Then the end space Q(G) is Lindelof if, and only if, for every finite
set F C V(G), at most countable many components of G \ F' contains rays.

In this section, we actually prove a more general version of the result above. Recall that, for a
topological space X, the Lindeldf degree L(X) is the least infinite cardinal x such that every open cover
of X has a subcover of cardinality at most x. In particular, X is Lindeldf if, and only if, L(X) = R,. For
background on the Lindel6f degree and other cardinal functions, see, for example, [12].

Theorem 2.3. Let G be a graph and x be an infinite cardinal. Then L(Q(G)) < & if, and only if, for
every finite set F' C V(G), at most x many components of G \ F' contains rays.

Of course, Theorem implies Theorem by putting £ = Xy. To prove it, will need the following
basic fact about normal trees, which is proved for the sake of completeness.

Lemma 2.4. A subtree of a normal tree is normal.



Proof. Let T be a normal tree and T” be a subtree of T

Let x,y € T" be distinct points ir})comp?utible in the tree order of T”. Then they are also incompatible
in the tree order of T. Thus, F' = [z] N [y] C T" separates  and y in G. This implies that there is no
T’-path P from z to y, as it would have to intersect F' C T". O

The following theorem is central in the theory of normal trees. Recall that a subgraph of G is rayless
if it does not contain any rays.

Theorem 2.5 ([15]). Let G be a connected graph. Every rayless normal tree T in G is dispersed.
Moreover, given a rayless normal tree (T,r) in G and a dispersed set H C V(G), there exists a rayless
normal tree (77,r) in G containing T and H.

In particular, the previous theorem says that the dispersed sets are exactly the sets that are contained
in a rayless normal tree.

We refine the previous result with the following observation, which will play a key role in the proof
of Theorem 2.3

Lemma 2.6. Let G be a graph and a dispersed set H C V(G). Given a rayless normal tree (7,7) in G
and a dispersed set H C V(G), there exists a normal tree (T',r) in G such that:

(a) T,HC T

(b) (T”,r) is minimal as a normal tree in the previous sense, that is, if (7",7) is a normal tree in G
such that T, H C T” and such that T" is a subgraph of T”, then T" = T".

(c) If H is finite, then 7"\ T is finite.
(d) If H is infinite, then |T"\ T| < |H|.

Proof. By there exists a rayless normal tree (S,r) in G containing 7" and H.
Let 7" =T U,y [*]. T' is easily seen to be a tree, so, by Lemma it is normal. Therefore, (a)

holds. Moreover, T\ T C |, ¢y (9:], which is a union of |H| many finite sets. Thus, (¢) and (d) hold.
Finally, (b) also holds: every subgraph of 7" which is a tree must contain all its vertices, as it must be

downwards closed as it is a subtree, and it must also contain all its edges, as a tree becomes disconnected

if any edge is removed. O

The following lemmas, though standard in the theory of normal trees, are included with proofs for
completeness, as they will be instrumental in the main construction.

Lemma 2.7. Let G be a graph and (7, r) be a normal tree in G.

For every connected component C' of G\ T, let (T¢,r) be a normal tree in G extending (T, r) such
that T \ TCC.

Let 7" = U{T¢ : C is a connected component of G\T'}. Then (1", r) is a normal tree in G. Moreover,
if for every connected component C' of G\ T, T¢ is rayless, then (T”,r) is also rayless.

Proof. Let T’ be the union of all T as defined in the statement.

T’ is easily seen to be a tree. We show it is normal. Fix x,y incompatible in the tree order of T".

If ,y are both in T for some connected component C' of G\ T, then they are incompatible in the
tree order of T, then there is no T-path from z to y, and thus there is no T"-path from z to y.

Otherwise, let C, D be connected components of G\ T such that x € T and y € Tp. As x ¢ Tp and
y ¢ Tco, then € C and y € D. Thus, there is no path from z to y in G that does not intersect 7', and
therefore there is no T”-path from z to y.

It remains to show that if every T¢ is rayless, then so is T".

It suffices to show that T” is dispersed, as no set containing rays is dispersed. Let € be an end. There
exists a finite set F' such that G(e, F') is disjoint from T'. Thus, G(e, F') is contained in some connected
component C of G\ T. There exists a finite set F’ containing F' such that G(e, F') is disjoint from T¢.

Then G(e, F’) is disjoint from 7”: indeed if it were to intersect T”, it would intersect some Tp \ D,
where D is a connected component of G \ T distinct from C. But, as G(e, F') is connected, that would
imply that there is a path from C to D in G \ T, which is impossible. O

Lemma 2.8. Let G be a graph and (T, r) be a normal rayless tree in G. Then for every C' connected
component of G \ T there is a finite F' C T such that C' is a connected component of G \ F.



Proof. Let C be a connected component of G\ T. Let F ={z € T :3y € C{x,y} € E(G)}.

F is a chain on T given z,2’ € F, there exists y,y' € C'\ T such that {z,y},{2/,y'} € E(G). Asy
and 7’ are vertices in the connected graph C, there exists a path P contained in C from y to y’. Then
(x)” P~ (2') is a T-path, therefore x, 2’ are compatible.

As T is rayless, F is finite, otherwise an increasing enumeration of |J [:ﬂ would yield a ray in T.

Now let ¢ € C be any vertex and let C’ be the connected component of G \ F containing ¢. C is
connected in G\ F and contains ¢, so C C C".

To see that C' C C, assume this is not true. As C’ is connected, there exists z € C'\ C and y € C
such that {z,y} € E(G). As « ¢ C, which is a connected component of G\ T, and y € C' is a neighbor
of x, this means that € T. Thus, « € F, a contradiction (since C” is disjoint from F).

Thus, ¢’ = C, completing the proof. O

We now turn to the main lemma. The argument is largely inspired by Theorem 1 of [19]; we adapt
their approach, incorporating our additional hypothesis to control the cardinality of the constructed tree.

Lemma 2.9. Let G be a connected graph and x be an infinite cardinal such that for every finite set
F C V(G), at most x many components of G \ F' contains rays.

Let (Fe : € € Q(G)) be a family of finite sets.

Then, for every r € G, there exists a rayless normal tree (T,7) in G such that |T'| < k and such that
every connected component of G\ T is contained in some G(e, Fe).

To prove it, as it was done in [19], we will rely on the following result.

Theorem 2.10 ([6]). Let G be a graph and d be a direction on G, that is, a mapping that associates
to each finite subset S of V(G), a connected component of C' in a way that whenever S C S’ are finite
subsets of V(G), then d(S”) C d(S).

Then there exists € € Q(G) such that for every finite set F C V(G), d(F) = G(e, F).

Proof of Lemma[2.9: Given H C V(G), we say that H is bounded if there exists e € Q(G) such that
H C G(e, Fe). Otherwise, we say that H is unbounded.

Fix any r € G.

We recursively construct sequences (7}, : n < w) and (S™ : n € w) such that, for every n € w:

(a To = {7“}

(b) (Th+1,r) is a rayless normal tree in G extending (T, 7).

C

(
(d

|T,| < k.
S™ = (S¢ C C: C is an unbounded connected component of G \ T},).

)
)
)
)
() Thy1 =T UU{Th+1 N C : C is an unbounded connected component of G\ T),}.
(f) For every unbounded connected component C' of G\ T,,, Sg C C' is a finite set such that C \ S%
has:

(i) no unbounded components, if there exists a finite set S C C such that C'\ S has no unbounded
components, or

(ii) at least two unbounded components, otherwise.

(g) For every unbounded connected component C' of G\ T, T, U (C N T,41) is a normal rayless tree
in G containing 7T, and SZ which is minimal in this sense (see Lemma [2.6)).

We show this is possible.

Construction. Let Ty = {r}. Assume we have constructed 7T,,. We show how to construct T,,+1 and S™.

First, we claim that, given an unbounded connected component C of G \ T,,, there exists a finite set
S C C such that C'\ S has at least two unbounded components or no unbounded component. Otherwise,
let d be the map that associated to each finite subset S C C the unique unbounded component of
C\ S. Then d is a direction: if § C S’, then d(S’) C d(S5), as d(S’) is an unbounded connected
subset of C'\ S and therefore is contained in the unique unbounded component d(S) of C'\ S. By
Theorem there exists € € £2(G) such that for every finite set F' C V(G), d(F) = C(¢, F'). But then
d(F.NC)=Cle, F.NC) C G(e, Fe), contradicting that d(F. N C) is unbounded.



Now, for each unbounded connected component C of G \ T;,, choose S as in (f). As Sg is finite, we
apply Lemma . to obtain a normal rayless tree (THCH, r) in G extending T}, and containing SZ which
is minimal in this sense, so that T'¢ g \ T, is finite.

By Lemma Tht1 = U{T,, : C is an unbounded connected component of G\ T,} is a normal
rayless tree in G extending T,. Notice that T,, U (T,,41 N C) = T, for each unbounded connected
component C of G\ T, so clearly (e) and (g) holds.

We must still verify that |T,11| < k. As|T,| < x and TS\ T, is finite for every unbounded connected
component C of G\T,,, it suffices to show that there are at most x many unbounded connected components
of G\T,. By Lemma every such unbounded connected component is a connected component of G\ F
for some finite set F' C T,,. Since |T,,| < k, there are at most k many finite sets F' C T,,, and, by hypothesis,
there are at most x many unbounded connected components of G \ F for every finite set F' C T,,. Thus,
as k is an infinite cardinal, there are at most x.x = |k X k| = k many unbounded connected components
of G\ T,,.

This finishes the construction. O

Now, define "= {J,, ., T

(T, r) is a normal tree: T has no cycles, as, since cycles are finite, there would be a cycle in some T,.

Moreover, T is normal: given x,y € T incompatible in the tree order of T', there exists n < w such
that z,y € T,,, and x,y are incompatible in the tree order of T}, as well. Thus, there is no T;,-path from
x to y, and therefore there is no T-path from x to y.

We now show that 7' is rayless. Assume by contradiction that there exists a ray R = (2, : n < w) in
T. We may assume that xg = r.

Recursively, construct (ny : k € w) strictly increasing such that, for every k € w, x,, ¢ Tj. This is
possible as Ty, is rayless.

For each k € w, x,, lies in an unbounded connected component Cj of G \ T. As x,,,, lies in an
unbounded connected component Cy1 of G\ Ti41, contained in Cf, it follows that Cj, \ Sé has at least

two unbounded components. Let Dy be an unbounded component of C \ S’C distinct from Cr41. Let

I be a neighbor of Dy, in SC As Iy, 2y, , are points of Ty, 1 \ T} and as [lﬂ N {xnﬂl] separates [, and
Tpyyy D G in case [ and Ty, are incompatible in the tree order of Tyy1, the unique path Py from I
to Tp,,, in Ty is contained in Ty \ Tx. Thus, the Py’s are pairwise disjoint. Moreover, the Dj’s are
pairwise disjoint since if k < k’, then Dy is a subset of C}, which is disjoint from Dy.

Let € be the end containing R and let F' = F,. As F' is finite, there is K such that for all k > K,
(Dk UP, U {mk}) NE =0.

We claim that D1 C G(e, F), contradicting the fact that it is unbounded. Indeed, first notice that
Dy 41 is contained in the connected set G(e, S’gK), and both Ix; and 2,,, are inside of it. The path
Pr 41 between them is in Tk 41, and the whole tail of R starting at z,,_, is contained in G(e, F¢). As F.
does not intersect the connected set Dg 1 U P11, we conclude that Dk 4 is bounded, a contradiction.

This concludes that T is rayless. It remains to seee that every component of G\ T is bounded. Let
C be a connected component of G\ T. As T is normal and rayless, the set N of all neighbors of C in G
(which must lie in T) is finite. Thus, there exists n € w such that N C T,,. Therefore, C is a component
of G\ T,. As all unbounded components of G \ T,, intersect T,,+1 and C' does not, it follows that C is
bounded. |

At last, we have all the ingredients to prove the main result of this section:

Proof of Theorem[2-3: By adding a single vertex that connects to all other vertices, we may assume that
G is connected.

(a)=(b): Assume that L(Q(G)) < x and let F C V(G) be a finite set. Then (2(C, F) : C is a connected
component of G\ F' which contains rays) is an open partition of (G), and therefore cannot have
more than L(Q(G)) < k many elements.

(b)=(a): Let U be an open cover of Q(G). For each € € Q(G), let F, be a finite set such that Q(e, Fy)
is contained in some U, € Y. By Lemma there exists a rayless normal tree (T,7) in G such
that |T'| < k and such that every connected component of G \ T is contained in some G(¢, F). By
Lemma every connected component C' of G\ T is a connected component of G\ F for some
finite set Fo C T.

As there are at most x many such Fo C T, and as each F¢ has at most k£ many connected
components containing rays, it follows that there are at most k.x = kK many connected components
C of G\ T containing rays, and that for each such C, Q(C, F¢) is open. Moreover, as T is rayless



and normal, every ray in G must have a tail missing 7', thus, the end it belongs to is in some
Q(C, F¢). Therefore, the set of all Q(C, F¢) is an open refinement of U of cardinality at most «.

|
We have established yet another combinatorial characterization of the Lindel6f property for end spaces.
Since its statement is closely related to the Rothberger and Menger properties, we defer its discussion to
Theorem [5.10} after those properties are introduced in the following sections.
As an application, we prove some facts about some other cardinal functions in the realm of end spaces.
Recall that the extent of a topological space, denoted by X, and the cellularity of a topological space,
denoted by ¢(X), are defined as follows:

e(X) =sup{|C| : C is a closed, discrete subset of X} + Ry,
¢(X) = sup{|O| : O is a family of pairwise disjoint open sets of X} + Ng.

Proposition 2.11. Let G be a graph. Then ¢(Q(G)) = L(Q2(G)) and L(Q(G)) < c(2G)).

Proof. Tt is a well-known and easy fact that, for every topological space, e(X) < L(X): if C is an infinite,
discrete and closed subset of X, for each ¢ € C, let U, be an open set containing ¢ such that CNU,. = {c}.
Then {U, : ¢ € C}U{X \ C} is an open cover of X such that every subcover has cardinality at least |C|.

Now we prove L(Q(G)) < e(QG)) and L(2(G)) < ¢(2G)). Let k be a cardinal such that £ <
L(Q(G)). By Theorem [2.3] there exists a finite set /' C V(G) such that at least ¥ many components C
of G\ F contain rays. Let C be the collection of all such C.

Then {Q(C, F) : C € C} is a family of pairwise disjoint open sets in Q(G) of cardinality at least ™,
thus, ¢(Q(G)) > k™. Moreover, by selecting, for each C' € C, a point ec € Q(C, F), we obtain a closed
discrete subset of Q(G) of cardinality at least £, thus, e(Q(G)) > k™.

We have proven that for all K < L(Q(Q)), e(Q(G)) > kT and ¢(2(G)) > £, thus, e(Q(G)) > L(QUG))
and ¢(Q(G)) > L(Q(G)), concluding the proof. O

In general, e(X) = L(X) does not hold. For instance, the space w; of all countable ordinals is
countably compact, therefore all infinite sets have accumulation points, and is not Lindelof, therefore
6(&11) =Ng <Ny = L(wl).

Also, in general, ¢(X) < L(X) is possible: fix, for each irrational number, a sequence of rational
numbers converging to it. Consider the topology where a basic open neighborhood of an irrational
number is the number along with a tail of its fixed sequence, and every rational number is isolated.

Moreover, L(X) = ¢(X) may fail for end-spaces: consider X as the one point compactification of
an uncountable set. Clearly, ¢(X) is uncountable and L(X) = ®y. It is not difficult to see that X is
homeomorphic to an end space: consider for instance a graph G comprising uncountably pairwise disjoint
rays such that the set comprising the initial vertices of each ray forms a complete graph (see [Figure |1)).

Figure 1: One point compactification of an uncountable discrete space as an end-space.

We have seen that L(X) = e(X) holds for end spaces. In fact, L(X) = e(X) holds for all ray spaces.
Below, we extend [18, Proposition 2.16]. As every end space is a ray space of a special tree, the next
proposition is stronger than Proposition However, the presented proof of Proposition does not
rely on this representation theorem, whose proof is highly nontrivial. Thus, we have decided to present
both proofs as some audiences may find one proof or the other more interesting.

Proposition 2.12. Let T be a pruned rooted tree and x be an infinite cardinal. The following are
equivalent:

(a) L(R(T)) = ~.



(b) e(R(T)) = .

(¢) k is the least infinite cardinal for which for every ¢ € T, ¢ has at most x many immediate successors
inT.

Proof. By |18, Proposition 2.16], (a) and (c) are equivalent.

We show that L(R(T)) = e(R(T)). Again, it is well known that L(R(T)) > e(R(T)). To see that
L(R(T)) < e(R(T)), let k be an infinite cardinal such that x < L(R(T)). Then there exists ¢t € T such
that ¢ has A > s many immediate successors, (t, : & < A). For each a < ), let R, be a minimal ray such
that t, € R,. Then {R, : @ < A} is easily seen to be discrete. It is also closed: if R is any ray distinct
from the ones listed, either t € Ror t ¢ R. If t ¢ R, then R belongs to the open set {S € R(T) : t ¢ S},
which is disjoint from {R, : @ < A}. If ¢ € R, then there exists a unique immediate successor tg of ¢ such
that tg3 € R. As Rg is minimal, S Z Rg, so there exists s € S such that s ¢ Rg. Then {S € R(T) : s € S}
is an open set containing R and disjoint from {R, : oo < A}.

Thus, e(R(T)) > A > kT > k. This shows that L(R(T)) < e(R(T)), completing the proof. O

We take the opportunity to prove a simple lemma which is somewhat related to the previous result
we will need later. Corollary 2.17 of [23] states that a pruned, rooted tree T' has compact ray space
if, and only if, every node of T has finitely many immediate successors. The proof is a consequence of
Proposition 2.16 of [23], and the nontrivial direction of the proof relies on the ultraparacompactness of
R(T). Below, we show that the hypothesis of prunedness is not needed for this direction, and present a
much simpler proof.

Lemma 2.13. Let T be a rooted tree such that every node of T" has finitely many immediate successors.
Then R(T') is compact.

Proof. Consider P(T), the set of all subsets of T', with the topology induced by the product topology on
2T — thus, the sets of the form {a € P(T) :t € a} and {a € P(T) : t ¢ a}, for t € T, form a subbasis of
P(T). As P(T) ~ 27 is compact by Tychonoff’s theorem, it suffices to show that R(T') is a closed subset
of P(T).

Let r be the root of T

Let b € P(T) \ R(T). Then b is not a ray.

Case 1: b=1(. Then {a € P(T) : v ¢ a} is a neighborhood of b disjoint from R(T).

Case 2: b # ) and is not closed downwards. Then there exists ¢ € b and s < ¢ such that s ¢ b. Then
{a € P(T):t € a,s¢a}is a neighborhood of b disjoint from R(T).

Case 3: b # 0 is closed downwards, but is not a chain. Then there exist ¢, s € b incomparable. Then
{a € P(T):t € a,s € a} is a neighborhood of b disjoint from R(T).

Case 4: b # () is closed downwards, a chain, but has a maximum element. Let m be the maximum
element of b. Let F' be the set of all immediate successors of m in T', which is finite. Then

{aeP(T):mea,s¢aforalseF}

is a neighborhood of b disjoint from R(T').
This completes the proof. O

We finish this section with a simple application of Lemma to prove another fact that will be
needed later. Given X C R(T), let Tx = |J,cx * = [UX. Clearly, Tx is a subtree of T, and therefore

R(Tx) C R(T) and the ray space topology of R(Tx) agrees with the subspace topology inherited from
R(T).

Corollary 2.14. If T' is a rooted tree and K C R(T') is compact, R(Tx) is compact.

Proof. Tt suffices to see that every node of Tk has only finitely many successors in Tk . Let t € Tx. Then
K N [t] is a closed subset of K, hence, K N [t] is compact. Let F be the set of all successors of ¢ in Tk.
Notice that ([s]N K : s € F) is a partition of K N [t] into pairwise disjoint nonempty clopen sets, and
therefore must be finite. Thus, F is finite. O

3 Ray spaces are D-spaces

In [23], it has been shown that every ray space is paracompact — that is, that every open cover has a
locally finite refinement. More specifically, the following result was proved:



Proposition 3.1 ([23, Proposition 2.15.]). Suppose T is an order theoretic tree and U is an open cover
of R(T'). Then there is a partition P of R(T") comprised with standard basic sets refining U (that is, for
every A € P there exists U € U such that A C U).

A related property is that of being a D-space. A topological space X is a D-space if for every open
neighborhood assignment (U, : x € X) (that is, for every z € X, U, is an open set containing x), there
exists a closed discrete set D C X such that UwE pUs = X.

The concept of D-spaces originated in the 1970s |7], and has since become a central topic in set-
theoretic topology. For a comprehensive overview, see [10].

Despite significant progress, several fundamental questions about D-spaces remain unresolved. No-
tably, it is still an open problem whether every regular paracompact space is a D-space. Even more
surprisingly, whether every regular Lindel6f space is a D-space is also unanswered. This longstanding
problem appears as Problem 14 in [14]. Moreover, under the combinatorial principle <), there exists a
hereditarily Lindel6f Hausdorff space that fails to be a D-space [25], highlighting the subtlety of the
property.

In this section, we show that every ray space is a D-space, thereby identifying a new and natural class
of paracompact spaces that satisfy this property. In particular, this result implies that every end space
of a graph is a D-space, further enriching the landscape of known examples.

Proposition 3.2. Every ray space is a D-space.

Proof. Let (U, : € R(T)) be an open neighborhood assignment for R(7). We may assume that, for
each z € R(T), U, is a standard basic open set of the form [t,, F,].
We recursively define (e, : @ < k1), where & is the cardinality of R(T), as follows:

L If Upcqltess Fey]l = R(T), let eq be arbitrary.

2. Otherwise, let e, be an arbitrary C-maximal ray of R(T) \ Ug,[tes F

es] (which exists by Zorn’s
Lemma)

Let 0 < & be the first ordinal such that {J,_s(te,, Fe,] = R(T).
Write tg = t., and Fg = F, for each 3 < 4.

Claim 3.3. For every S < a, the following are complementary:
e t, and tg are incompatible (in particular, [tg, Fg| N [ta, Fa| = 0)
o [tg, F3] C [ta, Fu] and tg ¢ e, (in particular, ¢, < tg).

Proof. Suppose that ¢, and tg are compatible, so that either tg < t, or t, < tg. Since ey ¢ [ts, Fj3],
it follows that either e, N Fg # 0 or tg ¢ e,. However, by the maximality of eg, the first case cannot
happen, therefore ¢3 ¢ e,. This implies that t, < tg.

Now, given = € [tg, F3] N [ta, Fa], we have t, € z. If £ N F, # 0 then x extends e,, which implies that
tg € x\ ey, thus, tg is above some element of Fy,, implying that [tg, Fs]N[ta, Fa] = 0, a contradiction. [

Now let
I'={¢<0:Y8€6 ([tg, Fg]N[te, Fe] =0 V [tg, Fp] C [te, Fe] V £=B)}.

We claim that {[te, F¢] : £ € I'} covers R(T'). Indeed, given = € R(T), let { < ¢ be the maximum such
that o € [te, Fe]. Such a ¢ exists as, otherwise, the above claim tells us that we would have an infinite
decreasing sequence of elements of 1. Again, by the claim, & € I.

Moreover, by the definition of I, if {,£’ € I are distinct then [te, Fe] N [ter, Fer] = 0. Then Ugc,[te, Fel
is a covering of R(T') by pairwise disjoint open sets. Finally, {e¢ : £ € I} is a closed discrete set as, for
every x € R(T), there exists £ € I such that x € [t¢, F¢], and this open set intersects exactly one point
of {e¢ : & € I}, namely e;. O

It is well known and easy to verify that e(X) = L(X) holds for D-spaces. Thus, this gives us an
alternate proof of Proposition [2.12
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4 On the Rothberger property and scattered ray spaces

While it is not known whether the Lindel6fness guarantees the D-space property, several stronger
covering properties are known to do so. The Menger property generalizes o-compactness and is strictly
stronger than Lindel6fness and, as shown in [2], it also implies the D-space property. It was invented
by Menger in [20], who conjectured that, for metric spaces, it is equivalent to o-compactness — a once
longstanding problem whose answer is now known to be false [21].

The Rothberger property was defined in [24] in the context of the study of strengthenings of measure
zero sets, and can be seen as a natural strengthening of the Menger property. For metrizable spaces, it
is equivalent to having strong measure zero with respect to every metric which induces its topology [21].

In this section, we investigate when ray spaces and end spaces of graphs are Rothberger, providing
combinatorial and topological characterizations of this property. We postpone the discussion on the
Menger property to the next section.

Definition 4.1. We say that a topological space X is Rothberger if for every sequence (U, : n € w) of
open covers of X, there exists a sequence (U,, : n € w) such that U,, € U,, for alln € w and X = Unew U,.

We say that X is Menger if for every sequence (U, : n € w) of open covers of X, there exists a
sequence (F, : n € w) such that each F,, C U, is finite and X = J,,c,, U Fi.

One readily sees that Rothberger spaces are Menger, and Menger spaces are Lindel6f. The Rothberger
property is actually much stronger than the Menger property: every compact space is easily seen to be
Menger, however, the compact space 2% is not Rothberger.

We start by showing the following characterization, which will be useful later.

Theorem 4.2. Let T be a rooted tree. The following are equivalent:
(a) R(T) is scattered (that is, every non-empty subset of R(T") has an isolated point).
(b) R(T) does not contain a copy of the Cantor space.
(¢) T contains no subset which is order-isomorphic to the binary tree 2<%.

Proof. The proof that (a) implies (b) is straightforward.

(b) implies (c): assume that T has a subset P order-isomorphic to the binary tree 2<% and let
¢ : 2<“ — T be an isomorphism. Given f € 2¢ let ¥(f) = {r € R: In € wr < ¢(f[|n)}. As
(¢|n : n € w) is a strictly increasing sequence in T, 1 (f) is a ray in T, thus ¢ is well-defined.

1 is injective: if f # g, let n be the least such that f(n) # g(n). Then ty = f|(n+1) and t; = g|(n+1)
are incomparable in 2¢, thus, ¢(tf) and ¢(t4) are incomparable in T'. Notice that ¢(ts) € ¥(f). However,
o(ty) ¢ ¥(g) as we would have ¢(ty) < ¢(g|m) for some m € w, which entails that ¢t; C g|m, thus
n+1<mand f(n) =ty(n) = g(n), a contradiction. Notice that we have proved, in fact, that if f # g,
then ¥ (f) € ¥(g). By a symmetrical argument, ¢(g) Z ¥ (f).

1 is continuous: given f € 2 let t € ¢(f) and F be a set of tops of ¢(f). We must verify that there
exists an open set V' C 2¢ such that f € V and ¢[V] C [¢, F|. As t € ¥(f), there exists n € w such that
t < ¢(fln). Let V.={g €2¥:g|n= fin}. Then f €V and ¢[V] C [t, F], since if g € V and g # f, then
U(f) € ¢(g), so ¢p(g) NF = 0.

As v is continuous, injective and its domain is compact, it is a homeomorphism onto its range,
completing the proof that (c) implies (b).

Now we prove that (c) implies (a). For S C T, we will say that s € T is S-trivial if {r € S :r > s} is
a chain.

As T contains no subset order-isomorphic to 2<%, for every nonempty subtree S of T and ¢ € S there
exists an S-trivial s > ¢ (otherwise we may recursively construct a copy of 2<% in S C T)).

Given a subtree S of T, let P(S) = {s € S : s is not S-trivial}.

Recursively define, for o < [T'|*, Ty =T, To, = P(Tp) if o = S+ 1 and To, = (5., Tp if a is a limit
ordinal.

There must exist (the smallest) § < |T|* such that Ts = Ts,1. Ts has no Ty-trivial element. Thus,
Ts = 0.

For each § < 4, let Vg = |H{[s] : s € T\ Ts}. (Vg : B < 9) is clearly an increasing family of open
subsets of R(T") such that Vo =0, V5 = R(T) and Ve = Uz Vp if € is a limit ordinal.

Now, given a non-empty X C R(T), let 8 be the smallest ordinal such that X N Vs # 0 and fix a
minimal ray z € X N V3. Notice that 8 must be a successor ordinal, say 8 = o + 1. We claim that z is
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isolated in X. Indeed, let s € T, \ To41 be such that = € [s]. Let F' be the set of all tops of z in T,.
Then |F| < 1.

We claim that [s, F]N X = {z}. Indeed, if y € [s, F] N X, then s € y.

If z,y are not contained in one another, then they give us two incompatible points ¢, € z, t, € y.
As s is Tp-trivial, one of t,,t, is in V¢ for some £ < 8, which shows that Ve N X # 0, contradicting the
minimality of 3.

Thus, x,y are contained in one another. By the minimality of z, x C y. If y contains a top ¢, of =
which is not in F', then, again, y violates the minimality of 3. Thus, as y € [s, F, y = . O

Hence, in view of [Theorem 1.12

Corollary 4.3. Let G be a graph. Then Q(G) is scattered if, and only if, Q(G) contains no topological
copy of the Cantor space 2%.

We can prove the following technical lemmas, which will be useful for our main result:

Lemma 4.4. Let P = ([t;, F;] : i € I) be a partition of R(T') into standard basic sets and U be an open
cover of R(T).

Then there exists a partition P’ = ([s;,G;] : j € J) of R(T') into standard basic sets refining P and
U such that for every j € J, the unique ¢ € I with [s;, G;] C [t;, F}] satisfies that ¢; < s;.

Proof. First, let
U ={UNV:UelandV € P}

and note that U’ is an open cover of R(T) refining both P and U.

By Proposition there exists a partition Q = ([rg, Hx] : k € K) of R(T) into standard basic sets
refining U’. Now fix k € K. Let Ry € R(T) be a ray containing 7 such that every member of Hj is
a top of Ry (such ray is uniquely determined if Hy # (), otherwise we may pick any ray containing ry).
Also, let ij, € I be such that [ry, Hg] C [ti,, Fi, |-

For our fixed k, we now define 7} as follows. If 7, < t;,, notice that [ry, Hy] = [t;,, Hi] as [r, Hi) C
[ti, Fi]. In this case, let vy = ¢;,. Otherwise, let r} = 7. In any case, let (s; : j € Ji) be an enumeration
of all direct successors of rj in T. Here, we assume that (Ji : k € K) is a family of pairwise disjoint sets
of indices.

Given j € Ji, if s; € R, let G; = Hj. Otherwise, let G; = 0. Thus, P, = ([s;,G;] : j € Ji) is a
partition of [ry, Hy] into standard basic sets refining [ry, Hg].

Thus, P’ = J,cx Py, is a partition of R(T’) into standard basic sets refining (), and therefore P and
U.

Moreover, given j € Ji, 7; > ri > t;,, 80 t;, < s;, and [s;, G;] C [ri, Hg) C [rg, Hi) C [ti,,, Fi, ).

Then, the family P’ is as required. O

)

Lemma 4.5. Let X be a topological space and (U, : n € A), where A is countable, be a sequence
of countable open covers of X which shows that X is not Rothberger — that is, for every sequence
(Un :n € A) such that U, € U, for all n € A, there exists x € X such that « & J,,c 4 Un.

Then for every N € A there exists an infinite B C A and distinct U,V € Uy such that (U, : n € B)
shows that both U and V' are not Rothberger.

Proof. First, assume that for no U € Uy there is an infinite B C A such that (U, : n € B) shows that U
is not Rothberger.

Let (By : k € w) be a partition of A and write Un = {Uj, : k € w}. By assumption, for each k € w
there exists a sequence (V¥ : n € By) such that V¥ € U, for all n € By and U, C UnGBk VE. Then
Ukew Unes, Vit = Urew Uk, a contradiction.

Now assume that for every B C A and for every U,V € Uy, (U, : n € B) does not show that both
U,V are not Rothberger. By the previous argument, there exists an infinite B C A such that (U, : n € B)
shows that some U € Uy is not Rothberger. Fix U and B. Of course, N ¢ B.

Let (By : k € w) be a partition of B into infinitely many infinite sets and enumerate Uy = \{U} =
{Uy : k € w}. By assumption, for each k € w there exists a sequence (V¥ : n € By) such that V.}F € U,
for all n € By and Uy C U, ¢, V¥, But then U U, Unes, V¥ DU UUe, Uk = X, a contradiction
as now (U, : n € A) does not show that X is not Rothberger. O

The following theorem encapsulates these relationships and highlights the interplay between Lin-
delofness, scatteredness, and the absence of Cantor subspaces.

12



Theorem 4.6. Let T be a rooted tree. The following are equivalent:
(a) R(T
(b) R(T
(¢) R(T
(d) R(T

Moreover, if T' is a pruned tree, then the “Lindel6f” condition in all items may be swapped by “every
node has at most countably many successors”.

) is Rothberger.

) is Lindel6f and contains no topological copy of the Cantor space.

) is Lindel6f and T' contains no subset which is order-isomorphic to the binary tree 2<“.
)

is Lindeldf and scattered.

Proof. (a) implies (b): If R(T) contains a subspace C homeomorphic to the Cantor space, then C is closed,
as the Cantor space is compact and R(T') is Hausdorff. Thus, as the Rothberger property is hereditary
for closed subspaces, R(T') is not Rothberger for the Cantor space is not Rothberger.

(c) implies (a). We proceed by the contrapositive.

Suppose that R(T") is Lindeldf, but not Rothberger, so that we may fix a sequence S = (U,, : n € w) of
open covers attesting this fact. Since R(T") is Lindel6f, we can assume, by recursively applying|Lemma 4.4
that:

(a) Each U, is a countable partition comprised of standard basic sets indexed as ([t;, F;] : @ € I,),
where the I,,’s are pairwise disjoint sets of indices.

(b) Each Uy, is a refinement of U,, and for all i € I,,, J € L,41, if [t;, F;] C [t;, F3], then ¢; < t;.

We will recursively define, for each s € 2<% a natural number Ny, an infinite A; C w and Us € Unin A,
such that:

(i
(ii) Ny < Ny if s C t,
(iii) A C Ay if s Ct,
(iv) Us € Un,,

(v
(v

0y and Ug~ () are distinct and disjoint,

) N,
)
)
)
) U,
i)

(U = n € Ay) attests that U and Uy~ (1) are not Rothberger.

To do that, we proceed as follows. Let Ny = 0. By Lemma there exists Uy € Uy and an infinite
Ay C w such that (U, : n € Ap) attests that Uy is not Rothberger.

Suppose we have defined Uy, A, for some s € 2<¢“. By Lemma applied to any M € A, with
M > N, there exist distinct Us~ gy, Us~(1) € Up and infinite A;~ (o) = Ay~(1) € A, such that (U, :n €
As—~ (7)) attests that both Us~ gy, Us~(1) are not Rothberger. Let Ny~ ;) = M for i € {0,1}.

For each s € 2<%, let i, be such that Us = [t;,, F,] and write t, = t;,. Thus, by (b) above, t, < t,~(;
for i € {0,1}, and as in the proof of (c) implies (b), t,~ (o) and t,~(;) are incomparable and for every
fe2v theset Ry = {scT:3ncws <ty,}isaray in T and Ry € (), o, Usjp. Thus, if f # g, then

new
Ry # R,,.
We now recursively construct an order embedding 6 : 2<% — 2<% so that:
(i) 6(0) =0,

(if) 6(s) € 0(¢) if, and only if s C ¢,
(iii) tg(s) < to() if, and only if s C .

Assume we have defined 6(s) for some s € 2<“. We need to find two incomparable sg, s1 € 2<“ such
that 0(s) < s;, tg(s) < ts, for i € {0,1}, and such that ty(,,) and ¢4, are incomparable. With that done,
we may let (s (i)) = s; for ¢ € {0,1}. Thus, the recursion will be complete, and we may finish the
proof by defining ¢(s) = tg(s) for all s € 2.

Assume that there are no such sg,s;. Then C = {ty : s’ € 2<% ¢’ > 0(s)} is a chain in T. Let
R={teT:3s € 2<% s > 0(s),t <ty}, that is, let R be the smallest ray containing C. Notice that

R=U{Rs:0(s) C f €2},
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As R is well-ordered and each Ry is a different initial segment (possibly equal to R), write (fo : o < 6)
an enumeration of {f € 2 : 6(s) C f} such that Ry, C Ry, if o < 8 < 4. Thus, § is some ordinal greater
or equal to c.

For each ordinal o < 6, {t,, : u € 2<“, C u C f,} is unbounded in Ry, , so we may fix u, € 2<% such
that t,, € Ry, \ Ry,. Thus, if « < <4, then ¢, and t,, are distinct, and therefore u, # ug. Thus,
the mapping « — u,, is injective, so § < w, a contradiction.

Finally, (c) is equivalent to (d) by O

We should emphasize that there are scattered end spaces which are not Rothberger, for instance,
consider an uncountable discrete space. Such space is not Rothberger as it is not Lindel6f, and it can be
attained as the end space of a star with uncountably many rays.

Now, turning our attention back to end spaces, we have the following combinatorial and topological
characterizations.

Corollary 4.7. Let G be a graph. The following are equivalent:

a) Q(G) is Rothberger.

(
(b
(c

d

Q(G) is Lindel6f and does not contain a copy of the Cantor space.

)
)
) Q(G) is Lindeldf and scattered.

) For every C-increasing sequence (F, : n € w) of finite subsets of V(G) there is a sequence (C,, : n €
w), where each C,, is a connected component of G \ F,,, so that every ray of G has a tail in C,, for

some n € w.

Proof. Tt is clear that (a) implies (d). Furthermore, since every end space is homeomorphic to the ray
space of a special rooted tree (Theorem in [23]), equivalence between (a), (b) and (c) follows directly
from Theorem Thus, we only need to show that (d) implies (b) (we do so by its contrapositive).

In this proof, we denote the constant sequence (0,0, ...) by 0 and the constant sequence (1,1,...) by
1. Moreover, if n € w, let [0], = (0,...,0) € 2" and [1],, = (1, ...,1) € 2™, Finally, if sq,...,s, € 2<%,
we write | |, s; for the concatenation of the sequences s; ... s, and | |, s; is the empty sequence.

It is clear, in view of [Theorem 2.2 that (d) fails if Q(G) is not Lindel6f. On the other hand, suppose
P 2¥ — Q(Q) is a topological embedding. We will show that (d) fails.
We recursively construct, for k € w, Fj, ng, for all k € w:

(i)
(ii) nk < Npgr-

iii) For s € 2%, Q¢ (v (|_|i<k[5(i)];\k0) F) N Qa (v (Ucp[s@)]m 1), Fi) = 0.

v) Form <2, {f €29 : |, cp 1 [f (D] € f} S ¥ [ (¥ (Uicppa (D], m) L Fi) |-

This is easily achieved by the injectivity and continuity of ¢. Then (F) : k € w) is an increasing
sequence of finite subsets of V(G) as desired.

Indeed, let (Cy, : n € w) be such that each C,, is a connected component of G\ F,,. Recursively, define
f|(no+- - ~+ns) so that the connected component of G\ Fj, containing rays of 1 [{ f € 2 : ||, .1 [f(D)]n. € f}]
is not C. Then () has no tail in Cy, for all k € w. O

(i

5 On the Menger property

In this section, we adapt the techniques used in the previous section to study the Menger property for
end spaces and ray spaces. In particular, we show that for these spaces, the Menger property is equivalent
to o-compactness — showing that Menger’s conjecture holds for these classes of spaces — and that these
properties are equivalent to the spaces not having a closed copy of the irrationals.

To prove the results in this section we will need the following auxiliary definitions and results.

Definition 5.1. Suppose T is a rooted tree and S C T is a subtree. We will say that ¢t € T is S-compactly
trivial if every s € S above t has finitely many successors in S.
Moreover, we recursively define, for each ordinal «, a subtree 0% (T') of T' as follows:
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° 3?((T) =1T;

e If 9% (T) has been defined, let 0% (T') be the subtree of 9% (T') obtained by removing all 9% (T')-
compactly trivial nodes from 0% (T);

o If 5 is a limit ordinal and 0% (T") has been defined for all o < 3, let aﬁ(T) = Na<p % (T).

If there exists v such that 9}, (T) = (), then we call the least such v the K-Baire rank of T and denote
the smallest such v by rkg (7). In this case, for every ¢ € T, the supremum of all s for which ¢ € 9% (T")
is called the K -Baire rank of t and denoted by rkg (7, ¢). Notice that the supremum is attained, so it is,
in fact, a maximum.

For the next result, notice that if S C T is a subtree of T, then R(S) C R(T) and the ray space
topology of R(S) agrees with the subspace topology inherited from R(T).

Theorem 5.2. For a rooted tree T', the following are equivalent:
(a) R(T) does not contain a closed topological copy of the Baire space w*;

(b) There is no order embedding ¢: w<¥ — T such that for every s € w<* there is a t; € T with
ts > @(s) for which, for every n € w, ¢(s7n) is a successor of 5.

(c) There exists an ordinal v such that 97 (T) = 0.

(d) For every nonempty closed X C R(T') there exists some point z € X and aset V C X withz € V
which is open and compact in X.

Proof. The fact that (d) implies (a) holds as a closed copy of w* would contradict (a), and the fact that
(b) implies (c) holds as the range of ¢ would be contained in T’, for every ordinal ~.

Now we prove that (a) implies (b) by its contrapositive. Suppose that T' contains an order-isomorphic
copy S of w<* as in (b), with order isomorphism s € w<“ + ¢, € S. Then it is clear that the map
few’— Ry € R(T), where Ry is the (unique) ray in which {tf, : n € w} is cofinal, is a topological
embedding. Furthermore, we claim that the union

U (]

sewn

is closed in R(T) for every n € w. Indeed, this is clear for n = 0, as [ty] is clopen in R(T"). Now suppose
that the claim holds for n > 1 and let R € (J ¢ n+1[ts]. Since

U klc U )

sEwn L rewn

it follows from our induction hypothesis that there is an r € w™ such that R € [¢,]. On the other hand,
by our assumption over S, it is clear that |J,,,[t,~x] is closed in R(T’), so it follows that R € [t,~,,] for
some m € w, concluding the proof of our claim.

At last, in order to show that the image of the defined map is closed, suppose that R € {R; : f € w*}.
We recursively define g € w* such that R € [ty;,] for every n € w as follows. Firstly, it is clear that
R € [t(y]. Now suppose that we have found an s = g|n € w" for which R € [t,]. Since

U ]

rewntl

is a closed set in R(T') containing {R; : f € w*}, there must be a (unique) m € w such that R € [ts~,,].
Thus, letting g(n) = m concludes the recursive construction of g.

Clearly, R; C R. If R; C R, let x € R be a top of R,. Then [z] is a standard basic open neighborhood
of R which is disjoint from {R; : f € w*}, contradicting our assumption on R. Thus, R = R, € {R; :
f € w*}. This finishes the proof that (a) implies (b).

Now we prove that (b) implies (c) by its contrapositive. Assume t € 9},(T). Then, by the definition of
O(T), it follows that ¢ is not 97 (T')-compactly trivial, so there exists s € 87 (T') above ¢ with infinitely
many successors in 9} (T'). Let ¢(0) =t and ty = s.

Continuing in this manner, we thus recursively construct the desired ¢: w<* — T.
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Finally, we prove that (c) implies (d). Suppose that X C R(T") is nonempty and closed. Let o < be
the least ordinal such that [JX Z 0% (T'). Notice that o # 0 and « is not a limit, so there exists 5 <
such that o« = 8+ 1. Let t € UX \ R(0%(T)) and fix x € X such that ¢t € x. We claim that the clopen
neighborhood [t] N X of z € X is compact.

Let S ={s € 0%(T):s<tVt<s} Then S is a subtree of T, therefore R(S) C R(T) and the
ray space topology of R(S) agrees with the subspace topology inherited from R(T"). Since t is 0% (T)-
compactly trivial in 0% (T), it follows from Lemma that R(S) is a compact subspace of R(T). As
UX Co%(T), we have X N[t] C R(S). Moreover, both X and [t] are closed in R(T), so X N [t] is closed
in R(S), which is compact. Thus, X N [¢] is compact. O

Lemma 5.3. Let T be a rooted tree and suppose ([t;, F;] : @ € I) is a partition of R(T') comprising
standard basic open sets of R(T). Then the tree {¢; : i € I'} with the induced suborder is rayless.

Proof. Striving for a contradiction, suppose R C {t; : ¢ € I} is a minimal ray. Then R is cofinal in
some ray R’ € R(T). Since {[t;, F;] : ¢ € I} is a partition of R(T), there must be a § € I such that
R' € [ts, F5]. On the other hand, as R is cofinal in R’, there must be a v € I such that ¢, € R and
ty > ts. But, since [ts, F5] N [t,, ] = 0, this means that ¢, is above some s € Fj, contradicting the fact
that R’ € [ts, Fs]. ]

The following lemma is similar to Lemma

Lemma 5.4. Let X be a topological space and (U, : n € A), where A is countable, be a sequence of
countable open covers of X which shows that X is not Menger — that is, for every sequence (F,, : n € A)
such that F,, C U, is finite for all n € A, there exists x € X such that ¢ (J,,c4 U Fn-

Then for every N € A there exists an infinite V C Uy such that for each V' € V there is an infinite
By C A such that (U, : n € B) attests that V' is not Menger.

Proof. Assume the contrary, that is, there is an N € A such the set of all V' € Uy for which there are
infinite By C A such that (U, : n € By ) attests that V' is not Menger is finite, say F

Enumerate Uy \ F' as (Vj, : k € w). Consider a partition (B, : k € w) of A\ {N} into infinite sets.
For each k € w, since Vj is not in the aforementioned finite set, there is a sequence (F, : n € By) such
that each F,, C U, is finite and Vj C UnGBk U Fn-

Then X = UyecrV UUrew Unen, U Fn, showing that (U, : n € A) does not witness that X is not
Menger, a contradiction. O

If T is a rooted tree and s € T, let T(S) ={a €T :s5<aV a< s} be the subtree of T consisting of
all nodes comparable with s.

Lemma 5.5. Suppose T is a rooted tree and that S is a subtree of R. For each s € S, let F be a
countable collection of direct successors of s in T'\ S For each ray x C S, let F, be a collection (of any
cardinality) of tops of z in T'\ S.

Assume that:

(a) For every s € S and u € Fy, S, C T, is a subtree of T such that R(S,) is o-compact.
(b) For every x € R(S) and u € F, S, C T{y) is a subtree of T" such that R(S,) is o-compact.
(¢) R(S) is compact.

Then R(SU U es Uner, SuYUrer(s)y Uuer, Su) is o-compact.

Proof. For each x € SUR(S) and u € F,, as R(S,) is o-compact, let (K? : n € w) be a sequence of
compact subsets of R(S,) such that R(S,) = U, ., K- By Lemma we may assume that each
K} is of the form R(S,,), where S, , C S, is a subtree of S,,. Thus, R(S.) = U,,c,, R(Su,n), where
Su.n C Sy is a subtree of S, such that R(S, ) is compact.

Let 8" = {s € S: F, # 0}. For each s € §', let Fs = {usx : k € w} be an enumeration of Fj
(repeating if necessary).

For each k,n € w, let T}, ,, = S'U Ukn Su,pm- Bach T, is compact: given s € S, s has finitely
many successors in S, and at most one successor not in S (that is, us ). Moreover, given s € Ty ,, \ s,
s in exactly one of the S, »’s, so it has finitely many successors in Sy, , n, and therefore in T} ,. By
Lemma [2.13] R(T},,) is compact. '

Also, for each n € w, let T}, = SUU,cr(s) Uuer, Sun- We verify that R(T},) is compact, again
by Lemma Given s € S, s has finitely many successors in S and no successor in 7/, \ S. Given
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t €T} \ S, thas no successor in S and is in exactly one of the S, ,,’s, so it has finitely many successors
in Sy n, and therefore in 7). Thus, R(T},) is compact.

Now it suffices to see that R(SUUSGS Uuer, SullU er(s) Uuer, Su) = Uk new R(Tkn) VWU e R(TH)U
R(S).

The inclusion from right to left is trivial. For the other inclusion, notice that if x is in the left and
x ¢ R(S), then x intersects some F,, for z € SUR(S) at some point u. Then x € R(S,), so € R(Sy,n)
for some n € w. If x € S, then x = u, i, for some k € w, so x € R(Tkp). fx € R(S), thenx € R(T},). O

Now we are ready to present the main result of this section. To motivate it, we recall the classical result
in descriptive set theory due to Hurewicz |16, Theorem 7.10] stating that a Polish space is o-compact if,
and only if it does not contain a closed topological copy of the irrationals, w®.

Theorem 5.6. For every rooted tree T, the following are equivalent:
(a) R(T) is o-compact.
(b) R(T) is Menger.

(¢) R(T) is Lindelof and there is no order embedding ¢: w<* — T such that for every s € w<*“ there
is a ty € T with ¢5 > ¢(s) for which, for every n € w, p(s™n) is a successor of ts.

(d) R(T) is Lindel6f and does not contain a closed topological copy of the Baire space w®.

(e) R(T) is Lindeldf and, for every nonempty closed X C R(T), there is an © € X with an open
neighborhood V, which is compact in X.

(f) R(T) is Lindelof and there exists an ordinal v such that 97 (T") = 0.

Moreover, if T is a pruned tree, then the “Lindel6f” condition in all items may be swapped by “every
node has at most countably many successors”.

Remark: Items (a) and (b) say that in the realm of ray spaces, Menger spaces are exactly the o-
compact spaces. Item (c) may be seen as a combinatorial characterization of Menger ray spaces, while
items (d), (e) and (f) are topological characterizations.

Proof. Property (a) implies (b) in every topological space, and the fact that (b) implies (d) is clear, as w*
is not Menger and closed subspaces of Menger spaces are Menger. Moreover, the equivalences between
(c), (d), (e) and (f) are direct corollaries of T The final sentence of the theorem follows from
|18, Proposition 2.16] (as stated in Proposition [2.12]). Thus, it suffices to prove that (f) implies (a).

For each t € T, let Ty = {u € T :u <t Vit < u}. We recursively prove that for every o < rkg(T)
and every t € T with rkg (T,t) = «, the space R(T(;)) is o-compact. Then we get our conclusion by
letting ¢ be the root of T'.

Assume that rkg (7,t) = o and that the claim holds for every 8 < a. Let S = T(;) N 0% (T). As t is
compactly trivial in 0% (T), it follows from Lemma that R(S) is compact.

For each s € S, let F; be the collection of all direct successors of s in T(y) \ S which belong to some
ray in T(). For each x € R(S), let F}, be the collection of all tops of = in T{y) \ S.

As R(T) is Lindelof and R(T(4)) is a closed subspace of R(T), the latter is also Lindeldf. Given s € S,
the set C = {x € R(T}) : s € x} is closed in R(tr), thus, is also Lindel6f. It may be partitioned as
C =Uyep iz € R(T(y)) : u € z}, thus, by Lindeléfness, Fy is countable.

As every element u of each F, and Fj is not in 9%(T), it follows from the induction hypothesis that
for each such u, R(1{,)) is o-compact. Thus, by Lemma the following set is o-compact:

r{svUUTwu U Umn

seSueF, zER(S) uEF,

As this ray space is a subspace of R(T(;)), we only need to verify that R(7(4)) is contained in it.

Let y € R(T(y)). If y € S, then y € R(S) and we are done. If not, let u be the first point of y not
in S. Then u is either a top of some ray in S or a direct successor of some s € S not in S belonging to
some ray (say, y itself). In any case, it is clear that y € R(T(,)) and we are done. O

Thus, the representation theorem for end spaces gives us the following corollary.

Corollary 5.7. If G is a graph, then the following are equivalent:
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Q(G) is o-compact.
Q(G) is Menger.
Q

(G) is Lindeldf and does not contain a closed topological copy of the Baire space w®.

(Fn i n € w) such that:

e For every n € w, F, is finite and each element of F,, is a connected component of G\ Fy, ,, for
some m € w.

e Every G-ray 7, has a tail in some element of | J ., Fn-

Proof. The equivalence between (a), (b) and (c) follows from Theorem and the fact that every end
space can be represented as the ray space of a rooted tree.

Now let us show that (a) implies (c): given an indexed family (F,, ., : m,n € w) of finite subsets of
vertices in G, let U, = {Q(C, Fy,n) : m € w,C is a connected component of G \ F, »} for each n € w.
Then (U, : n € w) is a sequence of countable open covers of Q(G). As Q(G) is Menger, there exists a
sequence (F, : n € w) such that each F,, C U, is finite and Q(G) = ., U Fn. This clearly suffices.

We proceed to prove that (c¢) implies (b) by its contrapositive.

In view of Proposition (or |18, Proposition 2.16]), it is clear that (d) fails if Q(G) is not Lindel6f.
Thus, assume it is Lindelof.

Now suppose ¥: w* — Q(G) is a topological embedding with closed image (we will use here once
again the notation implemented in the proof of .

We recursively construct the desired indexed family (F,, ,, : m,n € w) attesting failure of (c) as follows:

Firstly, for each m € w, we use the fact that ¢ is a topological embedding to find a finite F(,,y C V(G)
such that

m € ¢ (QP(m), Finy)) € [(m)]-

Once again, since ¢ is continuous, we can find an n,,) € w for each m € w such that

[(m 1< n(m))] c w_l (Q(w(m)v F(m))) :

Now, for each my € w and each m € w, we use again the fact that ¢ is a topological embedding to
find a finite Fi,,,,m) C V(G) such that

~

(mo 1< n(mo))ﬁm eyt (Q(z,b((mo 1< n(mo)),\m),F(mmm))) C [(mo 1< n(mo)) m],

and then an n(,,m) € w for each m € w such that

(M0 21 < Nong)) " (M2 7 < Mg )] S &7 (Q(w((mo L1 < Nmyy) "), F<m0,m))) .

By proceeding in this manner we define an indexed family (Fy : s € w<¢%\ {f}). Fix an enumeration
(Fin :m € w) of the family {Fs :s € w"“}. We claim that (F, ., : m,n € w) is the desired indexed
family.

Indeed, let (F, : n € w) be such that each F, is finite and each C' € F,, is a connected component of
G\ F,n = G\ F; for some m € w and s € w".

Recursively, let us find k, € w such that F, does not contain any connected component of G \
Flky,....k,)- Then, if we let

f= (ko 1< nko)f\(kl 1< nko,k)l),\ e (k‘;€ 1< nko,,_,k"),
it is clear that +(f) has no tail in any C' € |J,,c,, Fn- O

We should highlight the importance of the “closed” assumption in Theoremd) and Corollary b)7
as the following examples illustrate:

Example 5.8. The tree 2<% is atomless, countable and nonempty, therefore contains a dense subset
order-isomorphic to w<* (whose set of branches is thus a topological copy of w*). However, the ray space
of 2<“ is homeomorphic to the Cantor space, which is compact (and therefore Menger).
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Example 5.9. Consider G as the graph such that V(G) = w<“ and two vertices s,t € V(G) are adjacent
if, and only if, one of the following conditions apply:

e s is a successor of t or vice versa;
e s and ¢ are both successors of some 7 € w<* and s # t.

Then it is clear that Q(G) is compact (and therefore Menger), but it nevertheless contains an obvious
topological copy of the Baire space w®.

Furthermore, one could be tempted to conjecture that the following combinatorial statement about a
graph G is, analogously to the Rothberger property, equivalent to Q(G) being Menger:

(F) For every sequence (Fj, : n € w) of increasing finite subsets of V(G) there is a sequence (Fy, : n € w)
such that each 7, is a finite collection of connected components of G \ F,, and every G-ray has a
tail in C € F,, for some n € w.

However, the following result shows us that this is not the case.
Theorem 5.10. Let G be a graph. Then Q(G) is Lindel6f if, and only if, G satisfies (F).

Proof. Tt is clear that if Q(G) satisfies (F), then it is Lindelof.

Now suppose that Q(G) is Lindelof and let (F), : n € w) be a sequence of increasing finite subsets of
V(G). We may assume it is strictly increasing (otherwise it has a constant subsequence and the proof is
easy). We construct (F, : n € w) as follows: firstly, in view of we may fix an enumeration
{C), : n € w} for the connected components of G \ Fy which contain rays. Then, for each n € w, let
k, € w be the largest integer such that Cy, N (F,41 \ Fo) # 0. Note that, in this case, C,, is a connected
component of G \ F, for every n > k,,. Thus, the sequence (F,, : n € w) with

‘FQ = {Co,...,cko},
fn_._l = {Ckn+1, .. "Ckn+l}7

is as desired. O

We end this section with a final remark. So far, we have focused our analysis in the Menger prop-
erty. Looking at o-compactness instead, it is possible to adapt Lemma [2.13] to derive a combinatorial
characterization. In order to do that, we need the following particular case of Corollary 5.5 of [17].

Lemma 5.11 ([17]). Let G be a graph and F be a closed subspace of (G). Then there exists an induced
subgraph H of G such that the natural inclusion mapping i : Q(H) — Q(G) is a topological embedding
with image F'.

With that and Lemma [2.13] one easily shows the following result.

Proposition 5.12. Let G be a graph. Then Q(G) is o-compact if, and only if, there exists a countable
family {H,, : n € w} of induced subgraphs of G such that:

(a) For every n € w and finite ' C G the number of connected components of H,, \ F which contain
rays is finite.

(b) For every n € w, two rays of H,, are equivalent in H,, if, and only if, they are equivalent in G (i.e.,
the inclusion mapping i : Q(H,) — Q(G) is well-defined and injective).

(¢) Every ray of G is equivalent to a ray of H,, for some n € w.

6 On edge-end spaces

In this section, we adapt our results for end spaces to the context of edge-end spaces.

Edge-end spaces arise as a natural generalization of classical end spaces, particularly when considering
graphs that are not locally finite. While end spaces are defined via vertex separations, edge-end spaces
instead use separations by finite sets of edges, leading to a coarser equivalence relation among rays. This
perspective is especially relevant in infinite graph theory, where edge-based connectivity often reveals
subtler topological properties and distinctions not captured by vertex-based definitions.

The following definitions and results set the stage for this analysis.
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Definition 6.1 (Edge-end space). Let G be a graph.

(a) We say that two rays R and R’ in G are edge-equivalent if for every finite set F' C E(G), there
are tails T and T” of R and R’, respectively, such that both T and T” lie on the same connected
component of G\ F.

(b) The edge-end space of G, denoted by Qg(G), is the set of all equivalence classes of rays in G. An
element € of Qg (G) is called an edge-end of G.

(c) Let F C E(G) be a finite set, C be a connected component of G \ F, and ¢ € Qg(G). We define
Qr(C,F), C(G,F), G(e, F) and Qg(e, F) = Qr(G(e, F), F) as in [Definition 1.8

(d) We say that U C Qg(G) is open if for every edge-end ¢ in U, there exists a finite F' C E(G) such
that QE(G,F) Q U.

(e) Furthermore, we say a vertex v edge-dominates a ray v if no finite set of edges separate them, and
it edge-dominates an edge-end when it edge-dominates one of its representatives.

(f) Finally, we say that a vertex is timid if it does not edge-dominate any ray in G. We denote by t(G)
the set of timid vertices of G.

It should be clear that for locally finite graphs the end space and the edge-end space coincide. On
the other hand, one can easily come up with examples of non-locally finite graphs in which the edge-end
equivalence is coarser than the one in end spaces.

Theorem 6.2 (Theorem 3.1.4 in [3]). The edge-end space of a graph G is compact if, and only if, for
every finite set of timid vertices F, the collection C(G, F') of non-rayless connected components is finite.

Given a graph G, consider the following graph H¢, which is obtained by expanding edge-dominating
vertices to cliques. Formally, for each edge-dominating vertex v € V(G) we will add a complete graph
K, = Kqeg v with deg(v) many vertices. This construction appears in [1]. Each v-neighbour u corresponds
to a vertex u” € V(K,). Denoting by D the set of vertices of G that edge-dominate some ray, the vertex
set of Hg is given by

V(He) = (V(G)\ D) U | V(K.),
veD

while its edge set is defined by the following conditions:

(i) Add the edge {u},uy} for each pair of neighbors uy,us of the edge-dominating v, as to make K,
into a complete sub-graph.

(ii) We maintain the G edges {u,v} for timid pairs.
(iii) Add the edge {u,u”} if w is a timid neighbor of the dominating v.
(iv) Add the edge {v*,u"} if u,v € D are neighboring edge-dominating vertices.
We will rely on throughout the remainder of this section in the following results:
Theorem 6.3 (Theorem 2.1 in [1]). For every graph G, Q(Hg) = Qg (G).
Indeed, we immediately get the following corollaries.
Corollary 6.4. Let G be a graph. Then, the following are equivalent:

a (@) is Rothberger.

(
(b
(c

(d) For every strictly C-increasing sequence (F, : n € w) of finite subsets of E(G) there is a sequence
(Cy, : n € w), where each C,, is a connected component of G \ F,, so that every ray of G has a tail
in C,, for some n € w.

Qp(G
Qg (G) is Lindelof and does not contain a copy of the Cantor space.
Qp(G

(G) is Lindelof and scattered.

)
)
)
)
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Proof. Equivalences (a)<(b)<(c) follow from [Theorem 6.3 and [Corollary 4.7]
(a) implies (d) is clear, since C(G, F') gives us an open cover of Qg(G) for every finite F' C E(G).

At last, the proof of (d) implies (b), is completely analogous to the proof of [Corollary 4.7|(d) implies
(b) (one only needs to switch the finite sets of vertices for finite sets of edges in it). O

Corollary 6.5. Let G be a graph. Then, the following are equivalent:

(a) Qr(G) is o-compact.

(b) Qg(G) is Menger.

(¢) QE(G) is Lindelof and does not contain a closed copy of the Baire space.
Moreover, Qg(G) is a D-space.

Now suppose that F' is a finite set of timid vertices in G. Given a connected component C € C(G, F)
with v € C, let Cy € C(Hg, F) be the connected component containing v if v is timid, or, otherwise,
containing v, for some edge e € C adjacent to v. We will thus rely on the following technical results for
the final part of this section:

Proposition 6.6 (Proposition 3.1.2 in [3]). Let G = (V, E) be a connected graph and e € E be an edge
adjacent to a vertex v which edge-dominates some ray in G. Then |C(Hg, {v.})| < 2.

Proposition 6.7 (Lemma 3.1.3 in [3]). If F C t(G) (and, thus, F C V(H¢)) is finite, then the association

p: C(G,F) — C(Hg,F)
C'—)CH

is a well-defined bijection.

With these tools, we can now prove the last of the main results of this section: a combinatorial
characterization of the Lindelof degree of edge-end spaces.

Corollary 6.8. Let G be a graph. Then, L(Qg(G)) < & if, and ouly if, for every finite F' C t(G),
|C(G, F)| < k.

Proof. First, assume L(Qgr(G)) < k and let F be a given finite set of timid vertices. By [Theorem 6.3
L(Q(Hg)) < k as well. Thus, by [Theorem 2.3) |C(Hg, F)| < x. In this case, it follows from
[tion 6.7 that |C(G, F)| < k.

Now assume [C(G, F')| < & for every finite set of timid vertices F' in G. We will show that |C(G, F)| < k
for every finite ' C V(H¢), which will conclude the proof in view of [Theorem 2.3| and [Theorem 6.3] So
let such F' C V(H¢) be given. Consider

F' = Fnt(Q).

Then |C(G, F')| < k and, by [Proposition 6.7, |C(Hg, F')| < k as well. Furthermore, it follows from
Proposition 6.6 that the additional finite F'\ F’ vertices can only separate finitely many components of
C(Hg, F') into more finite components in C(Hg, F'). Hence, |C(Hg, F)| < k and the proof is complete.

O

We end this section with a remark: note that, in both [I'heorem 6.2 and [Corollary 6.8} the conditions
are given in terms of finite sets of timid vertices, while (d) is given in terms of finite sets of
edges.

Indeed, it is clear that a simple star of x-many rays would satisfy the conditions of
if we switch the finite sets of timid vertices for finite sets of edges, while the corresponding edge-end
space would have its Lindelof degree equal to x (thus, the timid vertices play a role in and
that edges cannot).

On the other hand, the following example shows that condition d) cannot be given in
terms of finite sets of timid vertices.

Example 6.9. For each s € 2<%, let K, denote the complete graph with Nyp-many vertices. Let G be
the graph obtained from the disjoint union of all K,’s with 2<¢_ with the addition of an edge between
each vertex of K, with its corresponding s € 2<%,

In this case, it is clear that every vertex of G edge-dominates some ray, so that t(G) = (. Thus, G
trivially satisfies
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(d’) For every strictly C-increasing sequence (F,, : n € w) of finite subsets of t(G) there is a sequence
(Ch, i n € w), where each C,, is a connected component of G \ F,, so that every ray of G has a tail
in C), for some n € w.

Nevertheless, as Qg(G) contains an obvious copy of the Cantor space, it follows from [Corollary 6.4] that
it is not Rothberger.

Figure 2: Figure of the graph in [Example 6.9} in which no vertex is timid but whose edge-end
space is not Rothberger.

7 Final remarks

In this work, we have investigated several covering properties of ray spaces and end spaces of graphs,
elucidating their connections to the combinatorial structure of trees and graphs. Our results show that
ray spaces form a new and natural class of paracompact D-spaces, and we have characterized the Lindelof
degree and the extent of end spaces and edge-end spaces in terms of the underlying graph’s combinatorics.
We have also provided a combinatorial characterization of the Rothberger property for ray spaces, relating
it to the absence of Cantor subspaces and the scatteredness of the space. Furthermore, we established
that these spaces are Menger if and only if they are o-compact, and gave precise criteria for when this
occurs.

These findings contribute to a deeper understanding of the interplay between topological properties
and graph-theoretic structure, and suggest several directions for future research. However, we feel like
there might exist a simpler characterization for o-compactness of end spaces. Thus, we pose the following
question.

Question 7.1. Is there a simpler combinatorial characterization of when the end space of a graph is
o-compact?

The authors thank Max Pitz for pointing out Corollary 5.5 of [17], which made the proof of Proposi-
tion trivial and directly answered a question posed in the first draft of this manuscript.
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