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Abstract. Let Kln(a, b;m) be the hyper-Kloosterman sum. Fix integers n ⩾ 2, a ̸= 0,
b ̸= 0 and k ⩾ 2. For any 0 ̸= η ∈ C and multiplicative function f : N → C, we prove
that Kln(a, b;m) ̸= ηf(m) holds for 100% square-free k-almost prime numbers m and 100%
square-free numbers m. Counterintuitively, if Kln(a, b; p) = ηf(p) holds for all but finitely
many primes p, we further show that

|{m ⩽ X : Kln(a, b;m) = ηf(m),m square-free k-almost prime}| = O(X1− 1
k+1 ).

These results overturn the general belief that Kln(a, b;m) is nearly multiplicative in m, and
that its distribution at almost prime moduli m closely approximates that at primes.

Moreover, we prove that these results also hold for general algebraic exponential sums
satisfying some natural conditions.

1. Introduction

The hyper-Kloosterman sum

Kln(a, b;m) :=
∑

x1,...,xn (modm)
x1···xn≡1 (modm)

e
(a(x1 + · · ·+ xn−1) + bxn

m

)
,(1.1)

defined for all n ⩾ 2, a, b ∈ Z and m ∈ N, satisfies the following twisted multiplicativity:

Kln(a, b;m1m2) = Kln(am2, bm2;m1)Kln(am1, bm1;m2)

for any m1,m2 ∈ N with (m1,m2) = 1. Here, m2m2 ≡ 1 (modm1) and m1m1 ≡ 1 (modm2).
Given integers n ⩾ 2, a, b, then Kln(a, b;m) is multiplicative in m if and only if ab = 0.

In view of the resemblance between multiplicativity and twisted multiplicativity, even when
ab ̸= 0, Kln(a, b;m) is generally considered to behave like a multiplicative function in m. It
is therefore well believed that studying the information of Kln(a, b;m) at almost-primes m
provides a good approximation for that at primes.

Denote by P the set of primes. Deligne [Del77] proved the Weil bound:

|Kln(a, b; p)| ⩽ np
n−1
2 ,

for any a, b ∈ Z and p ∈ P with p ∤ a.
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Restricting to the case n = 2, one has Kl2(a, b; p)/
√
p ∈ [−2, 2]. Fixing a ̸= 0 and b = 1,

Katz [Kat80, Chapter1] proposed the following three problems (also discussed in [Xi20]),
the last two problems here being equivalent transformations of Katz’s original formulation.

(I) Does the density of {p ∈ P : Kl2(a, 1; p) > 0} in P exist? If yes, is it equal to 1
2
?

(II) Is there a measure on [−2, 2] such that {Kl2(a,1;p)√
p

: p ∈ P} has equidistribution?
(III) Is there a Maass form F of level q with q being a power of 2 such that

λF (p) =
Kl2(a, 1; p)√

p

holds for all but finitely many p ∈ P? Here, λF (p) is the p-th Fourier coefficient of
F .

To the best of the knowledge of the author, almost all research done on these problems
to this day are concentrated on their corresponding almost-prime versions.

For Problem I, Fouvry and Michel [FM07] proved that there are at least ≫ X/ logX
square-free numbers m with at most 23 prime factors in [X, 2X] such that Kl2(a, 1;m) > 0.
Subsequently, the constant 23 was sharpened in [SF09, Mat11, Xi15, Xi18] and [DM19].

For Problem II, Michel [Mic95] proved that there is a positive proportion of pairs of primes
p, q ⩽ X such that

∣∣∣Kl2(a,1;pq)
4
√
pq

∣∣∣ ⩾ 0.16, and for any ϵ > 0, a positive proportion such that∣∣∣Kl2(a,1;pq)
4
√
pq

∣∣∣ ⩽ ϵ.
Denote by µ the Möbius function, and ω(m) counts the number of distinct prime factors

of m. For an integer k ⩾ 1, the set of square-free k-almost primes defined by

Πk := {m ∈ N : µ2(m) = 1, ω(m) = k},(1.2)

and for all X ⩾ 1, denote

Πk(X) := Πk ∩ [1, X].(1.3)

In order to give a negative answer to Problem III, Xi [Xi20] proved the following theorem
(main results of [Xi20, Theorem 1.1, Theorem 1.2]).

Xi’s Theorem. For any 0 ̸= η ∈ R and each primitive Hecke-Maass cusp form F of trivial
nebentypus, there exists r = r(η) ⩾ 2 such that∣∣∣∣∣{m ∈

⋃
k⩽r

Πk(X) : Kl2(1, 1;m) ̸= η
√
mλF (m)}

∣∣∣∣∣ ≫ X

logX

holds for large X. In particular, one may take r(±1) = 100. Here, λF (n) is the n-th Fourier
coefficient of F and equals the eigenvalue of the n-th Hecke operator.

Note that the
√
mλF (m) in Xi’s Theorem is a multiplicative function of m ∈ N. Consid-

ering the general belief that Kl2(a, 1;m) are close to being multiplicative for m, it was then
asserted in [Xi20] that Xi’s Theorem provides a partial negative answer to Problem III.

All these results on the above Katz’s problems lead us to investigate and clarify the
relationship between hyper-Kloosterman sums and multiplicative functions. Surprisingly, we
find that Kln(a, b;m) with fixed n ⩾ 2, a ̸= 0, b ̸= 0, differs fundamentally and significantly



DISTINCTION BETWEEN HYPER-KLOOSTERMAN SUMS AND MULTIPLICATIVE FUNCTIONS 3

from any complex valued multiplicative function of m, in a sense to be made more clear by
the following three main theorems of this paper.

Theorem 1.1. Fix integers n ⩾ 2, a ̸= 0, b ̸= 0 and k ⩾ 2. For any 0 ̸= η ∈ C and
multiplicative function f : N → C, we have

|{m ∈ Πk(X) : Kln(a, b;m) = ηf(m)}| ⩽ π

(
X

Lk

)
+ 5

(
|ab|+

√
nk

)
X1− 1

nk(1.4)

for all X ⩾ 1 and

|{m ∈ Πk(X) : Kln(a, b;m) ̸= ηf(m)}| = |Πk(X)|+O

(
π

(
X

Lk

))
(1.5)

as X → +∞.
In particular, (1.5) implies that Kln(a, b;m) ̸= ηf(m) holds for 100% square-free k-almost

primes m. Here, Lk denotes the product of the first (k−1) primes, π(·) is the prime counting
function.

Remark.
(1) The inequality (1.4) in the above theorem is sharp, so the error term of the asymptotic

formula (1.5) is optimal. Indeed, let f be a multiplicative function satisfying f(p) = 1
for all p | Lk and f(p) = η−1Kln(a, b; pLk) for all p with (p, Lk) = 1. Then we know that

Kln(a, b; pLk) = ηf(pLk)

for all primes p coprime to Lk. Hence,

|{m ∈ Πk(X) : Kln(a, b;m) = ηf(m)}| ⩾ π

(
X

Lk

)
− k + 1.

(2) Since the subset of those m ∈ Πk with Kln(a, b;m) ̸= ηf(m) has density one in Πk, our
result demonstrates in particular that the distribution of such natural numbers m ∈ Πk

is independent of that of the set of primes p with Kln(a, b; p) ̸= ηf(p) for all k ⩾ 2.
(3) Applying Theorem 1.1 to the multiplicative function

√
mλF (m), we know that the set

{m ∈ Πk : Kl2(1, 1;m) ̸= ±
√
mλF (m)} actually always has density one in Πk for all

k ⩾ 2, a fact which is immune to the change of the set {p ∈ P : Kl2(1, 1; p) ̸= ±√
pλF (p)}

as the Hecke-Maass form F varies. In view of this result, it now seems far-fetched to
claim that Xi’s Theorem is logically related to Problem III at all.

Theorem 1.2. Fix integers n ⩾ 2, a ̸= 0, b ̸= 0, then for any complex numbers η ̸= 0 and
complex valued multiplicative function f , we have∣∣{m ⩽ X : Kln(a, b;m) = ηf(m), µ2(m) = 1}

∣∣ ⩽ π(X) +
(
4|ab|n2 + β

)
Xe−

2
√
logX
n

for all X ⩾ 1, and∣∣{m ⩽ X : Kln(a, b;m) ̸= ηf(m), µ2(m) = 1}
∣∣ = X

ζ(2)
+O

(
X

logX

)
as X → +∞.

In particular, this asymptotic formula implies that Kln(a, b;m) ̸= ηf(m) holds for 100%
square-free numbers m. Here, β is an absolute constant and ζ(2) =

∑∞
m=1

1
m2 .
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Remark. The inequality in the above theorem is sharp. Let f be a multiplicative function
with f(p) = η−1Kln(a, b; p) for all primes p. It is then easy to see that∣∣{m ⩽ X : Kln(a, b;m) = ηf(m), µ2(m) = 1}

∣∣ ⩾ π(X).

One sees immediately that all the results in Theorem 1.1 and 1.2 are uniform in η and f .
The main reason is that our proofs are intrinsic for η and f since we only use non-vanishing
of η and multiplicativity of f .

Counterintuitively, when Kln(a, b; p) = ηf(p) holds for all but finitely many primes p, for
k ⩾ 2, the following theorem shows that the number of square-free k-almost primes m with
Kln(a, b;m) = ηf(m) is significantly smaller than the upper bound π( X

Lk
) in Theorem 1.1.

Theorem 1.3. Let η ̸= 0 be a complex number. Fix integers n ⩾ 2, a ̸= 0, b ̸= 0 and k ⩾ 2.
Let f : N → C be a multiplicative function satisfying Kln(a, b; p) = ηf(p) for all but finitely
many prime p. Then

|{m ∈ Πk(X) : Kln(a, b;m) = ηf(m)}| ⩽ (|ab|+ nk)X1− 1
k+1 +

(
pf
k

)
holds for all integers k ⩾ 2 and all X ⩾ 1.

Here, pf is the maximal prime p with Kln(a, b; p) ̸= ηf(p),
(
pf
k

)
is the k-th binomial

coefficient.

Remark 1.4. From the above three theorems (with n ⩾ 2, a ̸= 0, b ̸= 0 fixed), we see that
the twisted multiplicativity of Kln(a, b;m) in m, despite closely resembling multiplicativity,
is in reality fundamentally different from it. Therefore, the strategy of approximating the
distribution of Kln(a, b;m) at prime moduli m by studying its distribution at almost prime
moduli is infeasible.

Outline of the proof. Our method differs from the arguments with sieve methods, ℓ-adic
cohomology and spectral theory of automorphic forms in [FM03, FM07, Xi15, Xi18, Xi20].
The proof here is built on algebraic properties of hyper-Kloosterman sums and elementary
extremal combinatorics. In particular, our main tools are the following two lemmas, which
as far as we know is totally new for studying hyper-Kloosterman sums.

Lemma 1.5 (Lemma 2.4). Let p be a prime, a, b, t three integers with (abt, p) = 1. For any
integer n ⩾ 2, if

Kln(a, b; p)

Kln(at, bt; p)
∈ Q

then tn ≡ 1 (mod p).

Lemma 1.6 (Lemma 2.11). Let S be a finite set with N elements, S1, ..., Sm be m subsets of
S satisfying the condition that the intersection of any t of them contains at most 1 element,
i.e., for any t distinct integers i1, . . . , it ∈ {1, . . . ,m}, we have |Si1 ∩ · · · ∩ Sit | ⩽ 1. Then

m∑
i=1

|Si| ⩽ m+N
√

m(t− 1).
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The basic strategies for proving all our theorems are similar. For the sake of discussion,
we only give a sketch of the proof of Theorem 1.1.

Given any integers n ⩾ 2, a ̸= 0, b ̸= 0, complex number η ̸= 0 and complex valued
multiplicative function f , denote

Rk(X) = {m ∈ Πk(X) : Kln(a, b;m) = ηf(m)}(1.6)

for all integers k ⩾ 2 and real numbers X ⩾ 1 (this is the special case of (2.4) with ηi = η
for all i). Partitioning the integers in Rk(x) according to their largest prime factor, we have

|Rk(X)| =
∑

p∈(1, X
Lk

]

|Rp
k(X)|,(1.7)

where

Rp
k(X) =

{
m

p
: m ∈ Rk(X), P+(m) = p

}
for all primes p, and P+(m) denotes the largest prime factor of m.

We will then estimate |Rk(X)| by dividing the summation interval in (1.7) into four parts
and bound them separately. As we mentioned above, the main tools we use are the algebraic
properties of Klooserman sums and elementary combinatorics.

Using multiplicativity of f , twisted multiplicativity of Kln(a, b;m) and Lemma 1.5, for
X > (|ab|)k+1, we prove the following three intersection properties (Lemma 2.8):
(1) |Rp

k(X) ∩Rq
k(X)| ⩽ 1 for any two different primes p, q ∈ (X

n
n+1 , X

Lk
];

(2)
∣∣∣⋂nk−n

i=1 Rpi
k (X)

∣∣∣ ⩽ 1 for any (nk − n) different primes p1, . . . , pnk−n ∈ (X
1
k , X

n
n+1 ];

(3)
∣∣∣⋂nk

i=1 R
pi
k (X)

∣∣∣ ⩽ 1 for any nk different primes p1, . . . , pnk ∈ (X
1

k+1 , X
1
k ].

For all prime p ∈ (X1, X2] ⊆ (1, X], by the definition of Rp
k(X) we know that

Rp
k(X) ⊆ {m ∈ Πk−1

(
X

X1

)
: P+(m) ⩽ X2}(1.8)

and denote (2.2)

Πk−1

(
X

X1

, X2

)
= {m ∈ Πk−1

(
X

X1

)
: P+(m) ⩽ X2}.

Since we have intersection conditions (2) and (3), by (1.8) and Lemma 1.6 we get the
following two inequalities(Lemmas 3.2,3.3):∑

p∈(X
1

k+1 ,X
1
k ]

|Rp
k(X)| ⩽ c1X

1− 1
2k(1.9)

and ∑
p∈(X

1
k ,X

n
n+1 ]

|Rp
k(X)| ⩽ c2X

1− 1
nk(1.10)

for all X > (|ab|)k+1. Here, c1, c2 are two constants determined by n and k.
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It is also easy to see that∑
p∈(1,X

1
k+1 ]

|Rp
k(X)| ⩽

∣∣∣{m ⩽ X : ω(m) = k, P+(m) ⩽ X
1

k+1}
∣∣∣ ⩽ X

k
k+1 .(1.11)

The above three inequalities (1.9), (1.10) and (1.11) give the error term of the upper bound
of |Rp

k(X)|. And the main term is given by the following inequality:∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)| =

∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩽1

|Rp
k(X)|+

∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩾2

|Rp
k(X)|

⩽ π

(
X

Lk

)
+

∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩾2

|Rp
k(X)|

From (1.8) we know that Rp
k(X) ⊆ Πk−1(X

1
n+1 , X

Lk
) for all prime p ∈ (X

n
n+1 , X

Lk
]. For X >

(|ab|)k+1 by intersection condition (1) and the pigeonhole principle, we have (Lemma 3.4)∣∣∣∣{p ∈ (X
n

n+1 ,
X

Lk

] :

∣∣∣∣Rp
k(X)| ⩾ 2}| ⩽

(∣∣∣Πk−1(X
1

n+1 , X
Lk
)
∣∣∣

2

)
⩽ X

2
n+1 .

Applying Lemma (1.6), we derive (Lemma 3.4)∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩾2

|Rp
k(X)| ⩽ X

2
n+1 +

∣∣∣∣Πk−1(X
1

n+1 ,
X

Lk

)

∣∣∣∣√X
2

n+1 (2− 1)

⩽ 2X
2

n+1

for X > (|ab|)k+1.
Hence, by (1.6) and (1.7) we conclude that

{m ∈ Πk(X) : Kln(a, b;m) = ηf(m)} ⩽ π

(
X

Lk

)
+O

(
X1− 1

nk

)
for X → +∞.

Besides the hyper-Kloosterman sum, our method is also able to treat general algebraic
exponential sums (Theorem A.4, Remark A.5). For instance, we study the Birch sum
(Theorem A.6):

B(a, b;m) :=
∑

x (modm)

e
(ax3 + bx

m

)
(1.12)

and the Salié sum (Proposition A.10):

S̃(a, b;m) :=
∑

x (modm)
xx≡1 (modm)

( x

m

)
e
(ax+ bx

m

)
.(1.13)
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Remark 1.7. In fact, inspired by the proof of Theorems 1.1, 1.2 and 1.3, we introduce
a new concept (Definition A.1): Kloostermanian function. And we generalize these three
theorems of hyper-Kloosterman sums to Kloostermanian function (Theorme A.2).

The paper is organized as follows. We first record some basic algebraic properties of
Kln(a, b;m), especially we prove Lemma 1.5 in § 2.1. Then in § 2.2 we give some definitions,
for example those of Rk and Rp

k(X), which will be fundamental in our proofs. After that,
we obtain two intersection properties Lemmas 2.8 and 2.10 using the previous algebraic
properties of Kln(a, b;m). These two lemmas together with Lemma 1.6 (Lemma 2.11) pave
the way for our proofs of main theorems in subsequent sections. In § 3, we give the proof of
Theorem 1.1. In §§ 4,5, we prove Theorem 4.1 and Theorem 5.1, which include Theorem 1.2
and Theorem 5.1 as special cases respectively. In the Appendix, we introduce the concept of
Kloostermanian functions and more generally almost-Kloostermanian functions, and extend
our results for hyper-Kloosterman sums to their corresponding versions as promised. In
particular, a algebraic sums with some natural properties is Kloostermanian function. As
example, the Birch sum and the Salié sum are studied.

Notation and Convention. In this paper, |·| means the cardinality for a finite set and
the absolute value for a real number, respectively. It will be clear from the context which
meaning is taken. For quantities A and B, if there is an explicit constant c such that
|A| ⩽ c|B|, we denote A = O(B) and do not need c to be an absolute constant like usual
convention.
• e(x) := e2πix, ζm := e( 1

m
) and π(·) is the prime counting function.

• Lk is the product of the first (k − 1) primes for k ⩾ 2.
• P+(1) = 1 and P+(m) denote the largest prime factor of m for an integer m ⩾ 2.
• For any integers u, v, (u, v) = 1 means u coprime to v; if v ⩾ 1,

(
u
v

)
is Jacobi symbol.

When a modulus m is clear from the context, denote by a the multiplicative inverse of
a (modm) for an integer a coprime to m, i.e., aa ≡ 1 (modm).

Acknowledgements. I am deeply indebted to Jing Liu for spending an enormous amount
of time checking the details of the proofs and revising the writing structure and grammar of
this paper. I would like to thank Professor Ye Tian for inviting me to visit MCM Chinese
Academy of Sciences and Professor Zhizhong Huang for warm encouragement and valuable
suggestions. Earlier versions of this paper primarily deal with Kloosterman sums. I am very
grateful to my advisor professor Ping Xi for encouraging me to consider hyper-Kloosterman
sums, and for providing many suggestions to improve the structure of the paper.

2. Preliminaries

In this section, we first collect several algebraic properties of hyper-Kloosterman sums,
then use them to derive some preparatory lemmas for proving our main theorems.

2.1. Algebraic properties of hyper-Kloosterman sums.

Lemma 2.1 ([Wan95, (2.4)]). Fix integer n ⩾ 2, for any prime p and integers a, b we have

Kln(a, b; p) ≡ (−1)n−1 (mod (ζp − 1)).
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Lemma 2.2. Fix integer n ⩾ 2. Then for any integers a, b and u, v ⩾ 1 with (u, v) = 1, we
have

Kln(a, b;uv) = Kln(av, bv;u)Kln(au, bu; v).

Proof. This follows directly from the Chinese Remainder Theorem. □

The following corollary is an immediate consequence of the previous lemmas.

Corollary 2.3. For any integers a, b and square-free positive integer m, Kln(a, b;m) ̸= 0.

Lemma 2.4. Let p be a prime, a, b and t integers with (p, abt) = 1. For any integer n ⩾ 2,
if

Kln(a, b; p)

Kln(at, bt; p)
∈ Q

then tn ≡ 1 (mod p).

Proof. When p = 2, it is obvious.
For p > 2, assume that

Kln(a, b; p)

Kln(at, bt; p)
∈ Q.

From (p, t) = 1 we know that Kln(at, bt; p) is a Galois conjugate of Kln(a, b; p). Hence we
get

Kln(a, b; p)

Kln(at, bt; p)
= ±1

We also have

Kln(a, b; p) + Kln(at, bt; p) ≡ 2(−1)n−1 ̸≡ 0 (mod (ζp − 1)).

by Lemma 2.1. Therefore,

Kln(a, b; p) = Kln(at, bt; p).

Since (p, ab) = 1, from [Wan95, Theorem 1.1] we also know that

[Q(ζp) : Q(Kln(a, b; p))] | n.
Hence, we conclude that tn ≡ 1 (mod p). □

Lemma 2.5 ([Was97, Proposition 2.4]). Let u, v be two positive integers with (u, v) = 1.
Then Q(ζu) ∩Q(ζv) = Q.

2.2. Definitions and some preparatory lemmas. For an integer k ⩾ 1 and a real
number X ⩾ 1, denote

πk(X) := |Πk(X)|,
which admits the following asymptotic formula [DKL12, Chapter 10, Theorem 10.3]:

πk(X) ∼ X(log logX)k−1

(k − 1)! logX
(2.1)

as X → +∞. And we have the following inequality for large k.
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Lemma 2.6. There exists a absolute positive constant C such that

πk(X) ⩽ C
X

logX
e−

√
logX

for any X ⩾ 3 and any integers k ⩾
√
logX
3

.

Proof. It is a direct corollary of the inequality k! ⩾
(
k
e

)k and the Hardy-Ramanujan inequal-
ity [HR00]:

πk(X) ⩽ C1
X(log logX + C2)

k−1

(k − 1)! logX
.

Here, C1 and C2 are two absolute constants. □

We also denote

Πk

(
X, y

)
:= {m ∈ Πk(X) : P+(m) ⩽ y}.(2.2)

Fix integers n ⩾ 2 and a ̸= 0 ̸= b, for any given sequence of non-zero complex numbers
(ηi)

∞
i=1 and complex valued multiplicative function f , denote

Rk := {m ∈ Πk : Kln(a, b;m) = ηkf(m)};(2.3)

Rk(X) := {m ∈ Πk(X) : Kln(a, b;m) = ηkf(m)};(2.4)

rk(X) := |Rk(X)|.(2.5)

In order to obtain an optimal upper bound for its cardinality rk(X), we will partition
Rk(X) according to the largest prime factor of its elements, which leads to the introduction
of the following notation:

Rp
k(X) :=

{
m
p
: m ∈ Rk(X), P+(m) = p

}
.(2.6)

These subsets Rp
k(X) of Rk(X) will be the main player in our estimations throughout this

paper.
Let us remark here that, whereas the data of the sequence (ηi) and the function f is

certainly part of the definition of the above objects, but since no confusion will be caused
in this work, we omit them from the notations for simplicity.

For k ⩾ 2, the following observations are immediate once we unravel the relevant defini-
tions.

rk(X) =
∑

p∈(1,X]

|Rp
k(X)|(2.7)

=
∑

p∈
(
1, X

Lk

]|Rp
k(X)|,

Rp
k(X) ⊆ Πk−1

(X
p
, p
)
.(2.8)

Despite their innocent appearance, these observations will nevertheless play a central role
in the proof of our main theorems.
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Denote

Rp(X) :=
∞⋃
k=2

Rp
k(X).(2.9)

Lemma 2.7. Let p, q be two distinct primes with (pq, ab) = 1, and u, v ∈ Rp(X) ∩ Rq(X)
with u ̸= v. Then we have pq | (un − vn).

More generally, if p1, . . . , pt are t distinct primes with (
∏t

i=1 pi, ab) = 1 and u, v are
distinct elements in

⋂t
i=1 R

pi(X) for any t ⩾ 2, then we have (
∏t

i=1 pi) | (un − vn).

Proof. From u ̸= v ∈ Rp(X) ∩ Rq(X) we know that there exist integers k1, k2 ∈ [2,+∞)
such that

u ∈ Rp
k1
(X) ∩Rq

k1
(X), v ∈ Rp

k2
(X) ∩Rq

k2
(X).

By the definition (2.6), we have

Kln(a, b; pu) = ηk1f(pu), Kln(a, b; qu) = ηk1f(qu)

and

Kln(a, b; pv) = ηk2f(pv), Kln(a, b; qv) = ηk2f(qv).

Since f is a multiplicative function and Kln(a, b;m) ̸= 0 for all square-free positive integers
n, we obtain

Kln(a, b; pu)

Kln(a, b; pv)

Kln(a, b; qv)

Kln(a, b; qu)
= 1.

By twisted multiplicativity of hyper-Kloosterman sums (Lemma 2.2), we derive

Kln(au, bu; p)

Kln(av, bv; p)
=

Kln(ap, bp; v)

Kln(ap, bp;u)

Kln(a, b; qu)

Kln(a, b; qv)
.

Since p is coprime to u, v and q, we get

Kln(au, bu; p)

Kln(av, bv; p)
∈ Q(ζp) ∩Q(ζquv) = Q

from Lemma 2.5.
By Lemma 2.4, we know (uv)n ≡ 1 (mod p), namely p | (un − vn). Similarly, we have

q | (un − vn), and hence pq|(un − vn). This proves the first statement, and the second one
is a direct corollary. □

Lemma 2.8. Let t ⩾ 2 be an integer, p1, . . . , pt ∈ (X
n

n+t , X] be t distinct primes and
X > (|ab|)

n+t
n . Then we have ∣∣∣∣∣

t⋂
i=1

Rpi(X)

∣∣∣∣∣ ⩽ 1.

This intersection property still holds when Rpi(X) is replaced by Rpi
k (X) for any k ⩾ 2.
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Proof. Assuming that there exist u ̸= v ∈
⋂t

i=1R
pi(X), by Lemma 2.7, we get

(
t∏

i=1

pi) | (un − vn).

Hence, we obtain

X
nt
n+t <

t∏
i=1

pi ⩽ max{u2, v2} ⩽
(X
p1

)n

< Xn(1− n
n+t

),

a contradiction. □

Recall that we have defined

R1 = {p ∈ P : Kln(a, b; p) = η1f(p)}.(2.10)

Lemma 2.9. Let p, q ∈ R1 be two distinct primes with (pq, ab) = 1, and u ∈ Rp(X)∩Rq(X).
Then we have pq | (un − 1).

More generally, if p1, . . . , pt ∈ R1 are t distinct primes with (
∏t

i=1 pi, ab) = 1 and u is an
element in

⋂t
i=1 R

pi(X) for any t ⩾ 2, then we have (
∏t

i=1 pi) | (un − 1).

Proof. From u ∈ Rp(X) ∩Rq(X), we know that u ∈ Rp
k(X) ∩Rq

k(X) for some k ⩾ 2. Then
we get

Kln(a, b; pu) = ηkf(pu), Kln(a, b; qu) = ηkf(qu).

Since p, q ∈ R1 and f is a multiplicative function, we know that

Kln(a, b; pu) = ηkf(u)
Kln(a, b; p)

η1
, Kln(a, b; qu) = ηkf(u)

Kln(a, b; q)

η1
.

Note that Kln(a, b;m) ̸= 0 for all square-free positive integers m, so we derive

Kln(a, b; pu)

Kln(a, b; p)

Kln(a, b; q)

Kln(a, b; qu)
= 1.

Hence, using the same argument as in Lemma 2.7, we obtain pq | (un − 1). This proves the
first statement, and the second one is a direct corollary.

□

Lemma 2.10. Let t ⩾ 2 be an integer, p1, . . . , pt ∈ R1 ∩ (X
n

n+t , X] be t distinct primes and
X > (|ab|)

n+t
n . Then we have ∣∣∣∣∣

t⋂
i=1

Rpi(X)

∣∣∣∣∣ = 0.

Again this intersection property is retained when Rpi(X) is replaced by Rpi
k (X) for any k ⩾ 2.

Proof. Assume that there exists u ∈
⋂t

i=1R
pi(X). Applying Lemma 2.9, we get

t∏
i=1

pi | (un − 1).
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We also know that ω(u) ⩾ 1 from u ∈
⋂t

i=1 R
pi(X). Hence, un − 1 > 0 and we obtain

X
nt
n+t <

t∏
i=1

pi ⩽ un − 1 < un ⩽
(X
p1

)n

< Xn(1− n
n+t

),

a contradiction. □

The following elementary result is well-known in extremal combinatorics. For lack of a
convenient reference, we provide a proof here.

Lemma 2.11. Let S be a finite set with N elements, S1, ..., Sm be m subsets of S satis-
fying the condition that the intersection of any t of them contains at most 1 element, i.e.,
|Si1 ∩ · · · ∩ Sit| ⩽ 1 holds for any t distinct integers i1, . . . , it ∈ {1, . . . ,m}. Then

m∑
i=1

|Si| ⩽ m+N
√

m(t− 1).

Proof. By the intersection condition, we know that any subset of 2 elements of S is a subset
of at most (t − 1) distinct sets Si. Double counting on the collection of 2-element subsets
in all Si then gives

m∑
i=1

(
|Si|
2

)
⩽ (t− 1)

(
|S|
2

)
.

Let E denote the sum
∑m

i=1|Si|, using the Cauchy-Schwartz inequality

(
m∑
i=1

|Si|)2 ⩽ m
m∑
i=1

|Si|2

we know that
E2

m
− E ⩽ (t− 1)N(N − 1).

By Vieta’s formula, we see that

E ⩽
m+

√
m2 + 4m(t− 1)N(N − 1)

2
⩽ m+N

√
m(t− 1)

as desired. □

3. Proof of Theorem 1.1

The goal in this section is to estimate

rk(X) = |{m ∈ Πk(X) : Kln(a, b;m) = ηkf(m)}|
for all integers k ⩾ 2.

Proof of Theorem 1.1. Take ηi = η for all i. When 1 ⩽ X ⩽ (|ab|)k+1, it is easy to see that

rk(X) ⩽ X ⩽ |ab|X1− 1
k+1 ,

which is evidently less than π
(

X
Lk

)
+ 5(|ab|+

√
nk)X1− 1

nk .
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When X > (|ab|)k+1, recalling our observation (2.7), we have

rk(X) =
∑

p∈(1, X
Lk

]

|Rp
k(X)|

⩽ Σ1
k + Σ2

k + Σ3
k + Σ4

k,

where for all X ⩾ 1 we have put

Σ1
k :=

∑
p∈(1,X

1
k+1 ]

|Rp
k(X)|;

Σ2
k :=

∑
p∈(X

1
k+1 ,X

1
k ]

|Rp
k(X)|;

Σ3
k :=

∑
p∈(X

1
k ,X

n
n+1 ]

|Rp
k(X)|;

Σ4
k :=

∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|.

We are going to treat these four parts separately in Lemma 3.1, 3.2, 3.3 and 3.4. Granting
these results, we see easily that

rk(X) ⩽ Σ1
k + Σ2

k + Σ3
k + Σ4

k

⩽ X
k

k+1 +
(
1 +

√
nk

)
X1− 1

2k +
(
X

n
n+1 + 4

√
nkX1− 1

2k

)
+

(
π

(
X

Lk

)
+ 2X

2
n+1

)
⩽ π

(
X

Lk

)
+ 5

(
1 +

√
nk

)
X1− 1

nk

⩽ π

(
X

Lk

)
+ 5

(
|ab|+

√
nk

)
X1− 1

nk .

Now by the Prime Number Theorem, we have

|{m ∈ Πk(X) : Kln(a, b;m) ̸= ηf(m)}| = πk(X) +O(π

(
X

Lk

)
).

It is easy to see that

π

(
X

Lk

)
= o(πk(X))

for any fixed k ⩾ 2 by the asymptotic formula (2.1). Hence, we complete the proof of
Theorem 1.1. □

In the rest of this section we estimate the four parts of rk(X) separately as promised.

Lemma 3.1. For all integer k ⩾ 2 and all X ⩾ 1, we have

Σ1
k ⩽ X

k
k+1 .



14 YANG ZHANG

Proof. By (2.8), we obtain

Σ1
k =

∑
p∈(1,X

1
k+1 ]

|Rp
k(X)|

⩽
∑

p∈(1,X
1

k+1 ]

∣∣∣∣Πk−1

(X
p
, p
)∣∣∣∣

⩽
∑

p∈(1,X
1

k+1 ]

∣∣∣Πk−1

(
X,X

1
k+1

)∣∣∣
⩽ π

(
X

1
k+1

)∣∣∣Πk−1

(
X,X

1
k+1

)∣∣∣
⩽ X

k
k+1 .

□

Lemma 3.2. For any integer k ⩾ 2, when X > (|ab|)k+1, we have

Σ2
k ⩽ (1 +

√
nk)X1− 1

2k .

Proof. Since X > (|ab|)k+1, from Lemma 2.8 we know that∣∣∣∣∣
nk⋂
i=1

Rpi
k (X)

∣∣∣∣∣ ⩽ 1

for any nk distinct primes p1, ...pnk ∈ (X
1

k+1 , X]. By (2.8), we get

Rp
k(X) ⊆ Πk−1

(X
p
, p
)
⊆ Πk−1

(
X

k
k+1 , X

1
k

)
for all p ∈ (X

1
k+1 , X

1
k ]. Denote Ik := P ∩ (X

1
k+1 , X

1
k ]. Applying Lemma 2.11, we derive

Σ2
k =

∑
p∈Ik

|Rp
k(X)| ⩽ |Ik|+

∣∣∣Πk−1

(
X

k
k+1 , X

1
k

)∣∣∣√|Ik|(nk − 1)

⩽ X
1
k +

(
X

1
k

)k−1√
nkX

1
k

⩽
(
1 +

√
nk

)
X1− 1

2k .

□

Lemma 3.3. For any integer k ⩾ 2, when X > (|ab|)k, we have

Σ3
k ⩽ X

n
n+1 + 4

√
nkX1− 1

2k .

Proof. Let us denote Tk := ⌊ ( n
n+1

− 1
k
) logX

log 2
⌋, Jt := (2tX

1
k , 2t+1X

1
k ] for 0 ⩽ t ⩽ Tk − 1 and

JTk
:= (2TkX

1
k , X

n
n+1 ]. Then we have the following dyadic decomposition.

Σ3
k =

Tk∑
t=0

∑
p∈Jt

|Rp
k(X)|.
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Since X > (|ab|)k, from Lemma 2.8 we know that∣∣∣∣∣∣
(nk−n)⋂
i=1

Rpi
k (X)

∣∣∣∣∣∣ ⩽ 1

for any (nk − n) distinct primes p1, ..., p(nk−n) ∈ (X
1
k , X], a fortiori if all the pi

′s are in a
single Jt for some 0 ⩽ t ⩽ Tk. By (2.8), we obtain

Rp
k(X) ⊆ Πk−1

(X
p
, p
)
⊆ Πk−1

(
2−tX

k−1
k , 2t+1X

1
k

)
for any p ∈ Jt and 0 ⩽ t ⩽ Tk. Applying Lemma 2.11, we derive∑

p∈Jt

|Rp
k(X)| ⩽ |Jt ∩ P|+

∣∣∣Πk−1

(
2−tX

k−1
k , 2t+1X

1
k

)∣∣∣√|Jt ∩ P|(nk − n− 1).

Hence

Σ3
k =

Tk∑
t=0

∑
p∈Jt

|Rp
k(X)|

⩽
Tk∑
t=0

|Jt ∩ P|+
∣∣∣Πk−1

(
2−tX

k−1
k , 2t+1X

1
k

)∣∣∣√|Jt ∩ P|(nk − n− 1)

⩽ X
n

n+1 +

Tk∑
t=0

2−tX
k−1
k

√
nk(2t+1X

1
k − 2tX

1
k )

⩽ X
n

n+1 +
√
nkX1− 1

2k

Tk∑
t=0

2
−t
2

⩽ X
n

n+1 + 4
√
nkX1− 1

2k .

□

Lemma 3.4. For any integer k ⩾ 2, when X > (|ab|)n+2
n , we have

Σ4
k ⩽ π

(
X

Lk

)
+ 2X

2
n+1 .

Proof. We decompose Σ4
k into the following two parts.

Σ4
k =

∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩽1

|Rp
k(X)|+

∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩾2

|Rp
k(X)|

Evidently, ∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩽1

|Rp
k(X)| ⩽

∑
p∈(X

n
n+1 , X

Lk
]

1 ⩽ π

(
X

Lk

)
.
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By (2.8), we know that

Rp
k(X) ⊆ Πk−1

(X
p
, p
)
⊆ Πk−1

(
X

1
n+1

)
for all primes p ∈ (X

n
n+1 , X

Lk
].

Since X > (|ab|)n+2
n , from Lemma 2.8 we obtain

|Rp
k(X) ∩Rq

k(X)| ⩽ 1,(3.1)

for any two different primes p, q ∈ (X
n

n+1 , X
Lk
].

Denote

Uk(X) := {p : p ∈ (X
n

n+1 ,
X

Lk

], |Rp
k(X)| ⩾ 2}.

Applying Lemma 2.11, we derive∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩾2

|Rp
k(X)| ⩽ |Uk(X)|+

∣∣∣Πk−1

(
X

1
n+1

)∣∣∣√|Uk(X)|

= |Uk(X)|+ πk−1

(
X

1
n+1

)√
|Uk(X)|.

According to (3.1), we know that any 2-element subset of Πk−1

(
X

1
n+1

)
is contained in at

most one Rp
k(X) for all primes p ∈ Uk(X). By the definition of Uk(X) and the pigeonhole

principle, we find

|Uk(X)| ⩽
(∣∣∣Πk−1

(
X

1
n+1

)∣∣∣
2

)
⩽

(
πk−1

(
X

1
n+1

))2

Then ∑
p∈(X

n
n+1 , X

Lk
]

|Rp
k(X)|⩾2

|Rp
k(X)| ⩽

(
πk−1

(
X

1
n+1

))2

+ πk−1

(
X

1
n+1

)√
πk−1

(
X

1
n+1

)2

⩽ 2X
2

n+1 .

Hence

Σ4
k ⩽ π

(
X

Lk

)
+ 2X

2
n+1 .

This completes the proof □
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4. Proof of Theorem 1.2

To prove Theorem 1.2, it suffices to estimate the following quantity:

r(X) :=
∣∣{m ⩽ X : Kln(a, b;m) = ηif(m), µ2(m) = 1 if ω(m) = i ⩾ 2}

∣∣.(4.1)

We denote

P0 := P\R1 = {p ∈ P : Kln(a, b; p) ̸= η1f(p)};(4.2)

π0(X) :=
∣∣{p ⩽ X : p ∈ P0}

∣∣.(4.3)

By the definition of rk(X) and (2.7), we have that

r(X) =
∑

k∈[2, logX
log 2

]

rk(X) =
∑

k∈[2, logX
log 2

]

∑
p∈(1, X

Lk
]

|Rp
k(X)|.(4.4)

In order to give a sharp upper bound for r(X), we need to decompose it into the following
four parts:

Σ1 :=
∑

k∈[2,
√
logX
3

]

∑
p∈(1,X

n
n+1 ]

|Rp
k(X)|;(4.5)

Σ2 :=
∑

k∈[2,
√

logX
3

]

∑
p∈P0

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)|;(4.6)

Σ3 :=
∑

k∈[2,
√

logX
3

]

∑
p∈R1

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)|;(4.7)

Σ4 :=
∑

k∈(
√
logX
3

, logX
log 2

]

rk(X).(4.8)

The desired estimates of these four sums will be given in Lemmas 4.2, 4.3, 4.4 and 4.5
separately. Using these estimates, we prove the following theorem, and Theorem 1.2 will be
the special case with ηi = η for all i.

Theorem 4.1. Fix integers n ⩾ 2, a ̸= 0, b ̸= 0, then for all given sequence of nonzero
complex numbers (ηi)

∞
i=1 and multiplicative function f ,∣∣{m ⩽ X : Kln(a, b;m) = ηif(m), µ2(m) = 1 if ω(m) = i}

∣∣ ⩽ π(X)+
(
4|ab|n2 + β

)
Xe−

2
√
logX
n

for all X ⩾ 1 and∣∣{m ⩽ X : Kln(a, b;m) ̸= ηif(m), µ2(m) = 1 if ω(m) = i}
∣∣ = X

ζ(2)
+O(

X

logX
)

as X → +∞. Here, β = 8 + 2C and C is the absolute constant in Lemma 2.6, and
ζ(2) =

∑∞
m=1

1
m2 .
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Proof. When 1 ⩽ X ⩽ (2|ab|)2, by definition of r(X) we get

r(X) ⩽ X ⩽ 2|ab|X
1
2 ⩽ 4|ab|Xe−

√
logX .

When X > (2|ab|)2, combining Lemmas 4.2, 4.3, 4.4 and 4.5, we obtain

r(X) ⩽ Σ1 + Σ3 + Σ3 + Σ4

⩽ 4|ab|n2Xe−
2
√
logX
n +

(
π0
(X
2

)
+ 2X

2
n+1

)
+
(
X

1
n+1

)
+ 2CXe−

√
logX

⩽ π0
(X
2

)
+
(
4|ab|n2 + 8 + 2C

)
Xe−

2
√
logX
n .

Here, C is the absolute constant in Lemma 2.6. Denoting β := 8 + 2C, evidently, for all
X ⩾ 1 we find

r(X) ⩽ π0
(X
2

)
+
(
4|ab|n2 + β

)
Xe−

2
√
logX
n .(4.9)

Thus, for all X ⩾ 1 we have∣∣{m ⩽ X : µ2(m) = 1,Kln(a, b;m) = ηif(m) if ω(m) = i}
∣∣

= r1(X) + r(X)

⩽ r1(X) + π0
(X
2

)
+
(
4|ab|n2 + β

)
Xe−

2
√
logX
n

⩽ π(X) +
(
4|ab|n2 + β

)
Xe−

2
√
logX
n .

From [Ten15, Chapter I.3, Theorem 3.10], we know that∣∣{m ⩽ X : µ2(m) = 1}
∣∣ = ∑

d⩽
√
X

µ(d)⌊X
d2

⌋ = X

ζ(2)
+O(

√
X),

where ζ(2) =
∑∞

m=1
1
m2 . Therefore we derive that∣∣{m ⩽ X : µ2(m) = 1,Kln(a, b;m) ̸= ηif(m) if ω(m) = i}

∣∣ = X

ζ(2)
+O(

X

logX
).

by the Prime Number Theory. □

In the remainder of this section, we will prove the desired upper bounds of (4.5), (4.6),
(4.7) and (4.8) in the following four lemmas separately.

Lemma 4.2. For all X ⩾ 1,

Σ1 =
∑

k∈[2,
√
logX
3

]

∑
p∈(1,X

n
n+1 ]

|Rp
k(X)| ⩽ 4|ab|n2Xe−

2
√
logX
n .

Proof. When 1 ⩽ X ⩽ (|ab|)k+1, we have∑
p∈(1,X

n
n+1 ]

|Rp
k(X)| ⩽ rk(X) ⩽ X

⩽ |ab|X1− 1
k+1 .
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When X > (|ab|)k+1, combining Lemma 3.1, 3.2 and 3.3, we get∑
p∈(1,X

n
n+1 ]

|Rp
k(X)| = Σ1

k + Σ2
k + Σ3

k

⩽
(
3 + 5

√
nk

)
X1− 1

nk .

Hence, for all X ⩾ 1 we obtain∑
k∈[2,

√
logX
3

]

∑
p∈(1,X

n
n+1 ]

|Rp
k(X)| ⩽

∑
k∈[2,

√
logX
3

]

max{|ab|X1− 1
k+1 ,

(
3 + 5

√
nk

)
X1− 1

nk }

⩽
∑

k∈[2,
√

logX
3

]

5
(
|ab|+

√
nk

)
X1− 1

nk

⩽ 5(|ab|+
√
n)Xe−

3
n

√
logX

(√
logX

3

) 3
2

= 5(|ab|+
√
n)Xe−

2
n

√
logX

[
n

2

(
2
√
logX

3n
e−

2
√
logX
3n

)] 3
2

⩽ 5
(
|ab|+

√
n
)(n

2

) 3
2
Xe−

2
√
logX
n

⩽ 4|ab|n2Xe−
2
√
logX
n .

□

Lemma 4.3. For all X > (|ab|)n+2
n ,

Σ2 =
∑

k∈[2,
√

logX
3

]

∑
p∈P0

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)| ⩽ π0

(X
2

)
+ 2X

2
n+1 .

Proof. Since Rp
k(X) ⊆ Πk−1 and |Πk1 ∩ Πk2| = 0 for any k1 ̸= k2, we have∑

k∈[2,
√
logX
3

]

∑
p∈P0

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)| ⩽

∑
p∈P0

p∈(X
n

n+1 ,X
2
]

∑
k∈[2,

√
logX
3

]

|Rp
k(X)|

=
∑

p∈P0∩(X
n

n+1 ,X
2
]

∣∣∣ ⋃
k∈[2,

√
logX
3

]

Rp
k(X)

∣∣∣.
Denote

Sp(X) :=
⋃

k∈[2,
√

logX
3

]

Rp
k(X).

Then we know that ∑
k∈[2,

√
logX
3

]

∑
p∈P0

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)|
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⩽
∑

p∈P0∩(X
n

n+1 ,X
2
]

|Sp(X)|⩽1

|Sp(X)|+
∑

p∈P0∩(X
n

n+1 ,X
2
]

|Sp(X)|⩾2

|Sp(X)|.

Evidently, ∑
p∈P0∩(X

n
n+1 ,X

2
]

|Sp(X)|⩽1

|Sp(X)| ⩽
∑

p∈P0∩(X
n

n+1 ,X
2
]

1

⩽ π0
(X
2

)
.

Therefore, it suffices to prove that ∑
p∈P0∩(X

n
n+1 ,X

2
]

|Sp(X)|⩾2

|Sp(X)| ⩽ 2X
2

n+1 .

By (2.8), we get

Sp(X) =
⋃

k∈[2,
√
logX
3

]

Rp
k(X) ⊆

⋃
k∈[2,

√
logX
3

]

Πk−1

(X
p
, p
)

⊆
⋃

k∈[2,
√
logX
3

]

Πk−1

(
X

1
n+1

)
,

for all p ∈ (X
n

n+1 , X
2
]. Denote

W (X) :=
⋃

k∈[2,
√
logX
3

]

Πk−1

(
X

1
n+1

)
.

Then W (X) ⊆ {m ⩽ X
1

n+1 : m ∈ N} and

|W (X)| ⩽ X
1

n+1 .(4.10)

Since X ⩾ (|ab|)n+2
n , for any two primes p ̸= q ∈ (X

n
n+1 , X

2
], from Lemma 2.8 we get

|Sp(X) ∩ Sq(X)| ⩽ 1.(4.11)

Denote

U(X) := {p ∈ P0 ∩ (X
n

n+1 ,
X

2
] : |Sp(X)| ⩾ 2}.

Applying Lemma 2.11, we have∑
p∈P0∩(X

n
n+1 ,X

2
]

|Sp(X)|⩾2

|Sp(X)| ⩽ |U(X)|+ |W (X)|
√

|U(X)|.(4.12)

From (4.11) we know that any 2-element subset of W (X) is contained in at most one
Sp(X) for all primes p ∈ U(X). By the definition of U(X) and the pigeonhole principle,
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then we have

|U(X)| ⩽
(
|W (X)|

2

)
⩽ |W (X)|2.(4.13)

Combining (4.12), (4.13) and (4.10), we obtain∑
p∈P0∩(X

n
n+1 ,X

2
]

|Sp(X)|⩾2

|Sp(X)| ⩽ 2|W (X)|2

⩽ 2X
2

n+1 .

Hence the proof is finished. □

Lemma 4.4. For all X > (|ab|)n+2
n ,

Σ3 =
∑

k∈[2,
√
logX
3

]

∑
p∈R1

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)| ⩽ X

1
n+1 .

Proof. Since Rp
k(X) ⊆ Πk−1 and |Πk1 ∩ Πk2| = 0 for any k1 ̸= k2, we have∑

k∈[2,
√
logX
3

]

∑
p∈R1

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)| ⩽

∑
p∈R1

p∈(X
n

n+1 ,X
2
]

∑
k∈[2,

√
logX
3

]

|Rp
k(X)|

=
∑

p∈R1∩(X
n

n+1 ,X
2
]

∣∣∣ ⋃
k∈[2,

√
logX
3

]

Rp
k(X)

∣∣∣.
For all p ∈ (X

n
n+1 , X

2
], from (2.8) we get⋃

k∈[2,
√
logX
3

]

Rp
k(X) ⊆

⋃
k∈[2,

√
logX
3

]

Πk−1

(X
p
, p
)
⊆

⋃
k∈[2,

√
logX
3

]

Πk−1

(
X

1
n+1

)
.(4.14)

Since X > (|ab|)n+2
n , using Lemma 2.10, for any two different primes p, q ∈ R1 ∩ (X

n
n+1 , X

2
]

we have ∣∣∣ ⋃
k∈[2,

√
logX
3

]

Rp
k(X) ∩

⋃
k∈[2,

√
logX
3

]

Rq
k(X)

∣∣∣ = 0.(4.15)

Combining (4.14) and (4.15), we obtain∑
k∈[2,

√
logX
3

]

∑
p∈R1

p∈(X
n

n+1 , X
Lk

]

|Rp
k(X)| ⩽

∑
p∈R1∩(X

n
n+1 ,X

2
]

∣∣∣ ⋃
k∈[2,

√
logX
3

]

Rp
k(X)

∣∣∣
⩽

∣∣∣ ⋃
k∈[2,

√
logX
3

]

Πk−1

(
X

1
n+1

)∣∣∣ ⩽ ∣∣∣{m ⩽ X
1

n+1 : m ∈ N}
∣∣∣

⩽ X
1

n+1 .

This completes the proof. □
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Lemma 4.5. For all X ⩾ 3, we have

Σ4 =
∑

k∈(
√
logX
3

, logX
log 2

]

rk(X) ⩽ 2CXe−
√
logX .

Here C is absolute constant in Lemma 2.6.

Proof. Applying Lemma 2.6, we obtain∑
k∈(

√
logX
3

, logX
log 2

]

rk(X) ⩽
∑

k∈(
√
logX
3

, logX
log 2

]

πk(X)

⩽
∑

k∈(
√

logX
3

, logX
log 2

]

C
X

logX
e−

√
logX

⩽ 2CXe−
√
logX .

□

5. Proof of Theorem 1.3

As in the previous section, Theorem 1.3 follows from the next theorem by setting ηi = η
for all i.

Theorem 5.1. Given integers n ⩾ 2, a ̸= 0, b ̸= 0 and sequence of nonzero complex numbers
(ηi)

∞
i=1. Let f be a complex valued multiplicative function satisfying Kln(a, b; p) = η1f(p) for

all but finitely many primes p. Then

|{m ∈ Πk(X) : Kln(a, b;m) = ηkf(m)}| ⩽ (|ab|+ nk)X1− 1
k+1 +

(
pf
k

)
.

for every X ⩾ 1 and integer k ⩾ 2. Here pf is the maximal prime p with Kln(a, b; p) ̸=
η1f(p),

(
pf
k

)
is the k-th binomial coefficient.

Proof. In view of (2.7), we get

rk(X) =
∑

p∈
(
1, X

Lk

]|Rp
k(X)|

=
∑

p∈P0∩
(
1, X

Lk

]|Rp
k(X)|+

∑
p∈R1∩

(
1, X

Lk

] |Rp
k(X)|.

Denote pf is the maximal element of P0 ((4.2) the set of primes p with Kln(a, b; p) ̸= η1f(p)).
By the definition of Rp

k(X) we know that∑
p∈P0∩

(
1, X

Lk

]|Rp
k(X)| ⩽ πk

(X

Lk

, pf

)
⩽

(
pf
k

)
.

Hence, we only need to prove that∑
p∈R1∩

(
1, X

Lk

]|Rp
k(X)| ⩽ (|ab|+ nk)X1− 1

k+1 .
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When X ⩽ (|ab|)k+1, we have∑
p∈R1∩

(
1, X

Lk

]|Rp
k(X)| ⩽ rk(X) ⩽ X ⩽ |ab|X1− 1

k+1 .(5.1)

Therefore, it suffices to prove that the following inequality holds for all X > (|ab|)k+1.∑
p∈R1∩

(
1, X

Lk

]|Rp
k(X)| ⩽ nkX1− 1

k+1 .(5.2)

From Lemma 3.1, we know that ∑
p∈R1∩(1,X

1
k+1 ]

|Rp
k(X)| ⩽ X

k
k+1 .(5.3)

Then it suffices to prove that the following inequality holds for all X > (|ab|)k+1.∑
p∈R1∩(X

1
k+1 , X

Lk
]

|Rp
k(X)| ⩽ (nk − 1)X1− 1

k+1 .(5.4)

By (2.8), for all p ∈ (X
1

k+1 , X], we have

Rp
k(X) ⊆ Πk−1

(X
p
, p
)
⊆ Πk−1

(
X

k
k+1

)
.(5.5)

For X > (|ab|)k+1, applying Lemma 2.10, we obtain∣∣∣∣∣
nk⋂
i=1

Rpi
k (X)

∣∣∣∣∣ = 0(5.6)

for any nk distinct primes p1, . . . , pnk ∈ R1 ∩ (X
1

k+1 , X]. By (5.5) and the intersection
condition (5.6), we know that any 1-element subset of Πk−1

(
X

k
k+1

)
is a subset of at most

(nk − 1) distinct sets Rp
k(X). Double counting on the collection of 1-element subsets in all

Rp
k(X) then gives∑

p∈R1∩(X
1

k+1 , X
Lk

]

|Rp
k(X)| ⩽ (nk − 1)

∣∣∣Πk−1

(
X

k
k+1

)∣∣∣ ⩽ (nk − 1)X1− 1
k+1 .(5.7)

Hence the proof is finished.
□

Appendix A. Generalization

This section devotes to extend all our theorems of hyper-Kloosterman sums to a more
general setting and provide an axiomatic treatment of these theorems.

Denote

Ns := {m ∈ N : µ2(m) = 1}
Inspired by the proof of previous theorems, we introduce the following concept.
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Definition A.1. For any function E(t;m) : Z×N → C, we call E(1;m) a Kloostermanian
function in m ∈ N, if there exist integers B ⩾ 1, N ⩾ 2 such that the following three
properties are satisfied. And we also call (B;N) a constant pair of E(1;m).
(1) T-multiplicative property: For any m,m1,m2 ∈ Ns with (m1,m2) = 1 and t ∈ Z,

E(t;m) = E(t+m;m); E(t;m) ∈ Q(ζm);

E(t;m1m2) = E(tm2;m1)E(tm1;m2).

(2) Non-vanishing property: For any prime p and t ∈ Z with (p, t) = 1, E(t; p) ̸= 0.
(3) Irrational property: For any prime p > B and integers t1, t2 with (p, t1t2) = 1, if

E(t1; p)/E(t2; p) ∈ Q
then (t1t2)

N ≡ 1 (mod p).

For any integers n ⩾ 2, a ̸= 0, b ̸= 0, define Ka,b
n (t;m) := Kln(at, bt;m). Then we

know that Ka,b
n (1;m) is a Kloostermanian function in m with constant pair (|ab|;n) from

Lemma 2.2, Corollary 2.3 and Lemma 2.4. Indeed, all of our theorems of Kln(a, b;m) can
be extend to general Kloostermanian functions, yielding the following theorem.

Theorem A.2. Let E(1;m) be a Kloostermanian function in m with constant pair (B;N).
Then for any sequence of nonzero complex numbers (ηi)∞i=1 and complex valued multiplicative
function f , we have

|{m ⩽ X : E(1;m) = ηkf(m),m ∈ Πk ∩ Ns}| ⩽ π

(
X

Lk

)
+ 5

(
B +

√
Nk

)
X1− 1

Nk

and

|{m ⩽ X : m ∈ Ns, E(1;m) = ηif(m) if ω(m) = i}| ⩽ π(X) + (4BN2 + β)Xe−
2
√
logX
N

for all integer k ⩾ 2 and real number X ⩾ 1.
In particular, if E(1; p) = η1f(p) holds for all but finite primes p, then we further have

|{m ⩽ X : E(1;m) = ηkf(m),m ∈ Πk ∩ Ns}| ⩽ (B +Nk)X1− 1
k+1 +

(
pf
k

)
for all integer k ⩾ 2 and real number X ⩾ 1. Here, pf is the maximal prime p with
E(1; p) ̸= η1f(p).

Proof. Note that Theorems 1.1, 4.1 and 5.1 are completely determined by Lemmas 2.8
and 2.10. And it is also easy to check that these two lemmas are completely determined by
the fact that Kln(a, b;m) is a Kloostermanian function in m with constant pair (|ab|;n) for
any given integers n ⩾ 2, a ̸= 0, b ̸= 0. Therefore, the theorem follows immediately. □

Remark A.3. If E(1;m) possesses T-multiplicative property but does not possess Non-
vanishing property. Then there exists p0 such that E(1; p0) = 0 and E(1;mp0) = 0 for any
m ∈ N with p ∤ m. Therefore, for any integer k ⩾ 3 and complex valued multiplicative
function f with f(p) = E(1; p), we have

|{m ∈ Πk(X) : E(1;m) = f(m)}| ⩾
∣∣∣∣{m ∈ Πk−1

(
X

p0

)
: (m, p0) = 1}

∣∣∣∣ ≫ πk−1(X).

This means all estimates in Theorems 1.1, 1.2 and 1.3 do not hold for E(1;m).
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In fact, our primary motivation for defining Kloostermanian function is to generalize
and unify all algebraic exponential sums possessing Non-vanishing property and Irrational
property, like hyper-Kloosterman sums. We now return to algebraic exponential sums.

Let l ⩾ 1, r ⩾ 1 be integers. For polynomials F1, . . . , Fl, g, h ∈ Z[x1, . . . , xr], denote

VF,g(
Z
mZ

) := {x ∈ An(
Z
mZ

) : F1(x) = · · · = Fl(x) = 0, g(x) ̸= 0}

and

SF,g(h;m) :=
∑

x∈VF,g(
Z

mZ )

e
(h(x)

m

)
(A.1)

for m ∈ N.
It is easy to see that Kln(a, b;m) is a special case of SF,g(h;m). For SF,g(h;m), we have

the following theorem:

Theorem A.4. The exponential sum SF,g(h;m) is a Kloostermanian function in m with
constant pair (B;N), if there exist integers B ⩾ 1, N ⩾ 2 such that the following two
conditions are satisfied.
• SF,g(h; p) ̸= 0 holds for all primes p.
• For any prime p > B and integer t with (p, t) = 1, if

SF,g(h; p)/SF,g(th; p) ∈ Q

then tN ≡ 1 (mod p).

Proof. Evidently, SF,g(h;m) has T-multiplicative property. It is also easy to see that the
above two conditions are equivalent to SF,g(h;m) having Non-vanishing property and Irra-
tional property. □

Remark A.5. It is rather difficult to provide a unified definition for all algebraic exponential
sums. Therefore, we take SF,g(h;m) as a representative example to illustrate that any
algebraic exponential sum which satisfies the conditions of Theorem A.4 is a Kloostermanian
function.

In the following theorem we obtain necessary and sufficient criterion for the coefficients
a, b in the Birch sum B(a, b;m), another important exponential sum in the class SF,g, for
B(a, b;m) to satisfy the relevant conditions as in Theorem A.4 and hence be Kloostermanian.

Theorem A.6. The Birch sum:

B(a, b;m) =
∑

x (modm)

e
(ax3 + bx

m

)
is a Kloostermanian function in m if and only if a, b satisfy the following two conditions.
• a ̸= 0.
• For any prime p, if p = 3 then p|(a + b); if p|a then p|b; if p ≡ 2 (mod 3) with p|b then
p|a.

In particular, (|ab|; 2) is aconstant pair of B(a, b;m) if both these conditions are satisfied.
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Proof. If a = 0, then B(a, b;m) is a multiplicative function and evidently not a Kloosterma-
nian function. If a ̸= 0 but the second condition not satisfied is not satisfied, then B(a, b;m)
does not possess Non-vanishing property. Thus, the necessity is proved; it remains only to
prove the sufficiency.

Suppose that integers a, b satisfy these two conditions. It is easy to check that ab ̸= 0.
By Theorem A.4, it suffices to prove that B(a, b;m) satisfies the following two conditions:
• B(a, b; p) ̸= 0 holds for all primes p.
• For any prime p > |ab| and integers t with (p, t) = 1, if B(a, b; p)/B(at, bt; p) ∈ Q then
t2 ≡ 1 (mod p).

Note that B(ta, tb, 5) = Kl2(tb, ta; 5) for all t ∈ Z, thus it is evident for p ⩽ 5.
Henceforth, we assume that p ⩾ 7. If p|a and p|b, obviously B(a, b; p) = p ̸= 0. And if

(p, ab) = 1 or p ≡ 1 (mod 3) with p|b and (p, a) = 1, then by [Liv87, Lemma 2.2] we have

B(at, bt; p) ≡ −λl(at)l (modλl+1) if p ≡ 1 (mod 3)(A.2)

and

B(at, bt; p) ≡ −lλl(at)l−1 (modλl+1) if p ≡ 2 (mod 3)(A.3)

for any integer t with (p, t) = 1. Here, l = ⌊p+1
3
⌋ and λ = ζp − 1. Hence, B(a, b; p) ̸= 0.

Assume that p > |ab| and B(a, b; p)/B(at, bt; p) ∈ Q for integer t with (p, t) = 1. Since
B(at, bt; p) is a Galois conjugate of B(a, b; p), we have

B(a, b; p) = ±B(at, bt; p).

If B(a, b; p) = −B(at, bt; p), from (A.2) and (A.3) we obtain

t
p−1
3 = tl ≡ −1 (mod p) if p ≡ 1 (mod 3)

and

t
p−2
3 = tl−1 ≡ −1 (mod p) if p ≡ 2 (mod 3).

Therefore, we conclude that p ≡ 2 (mod 3) and t ≡ −1 (mod p).
From [Liv87, Corollary 2.3] we know that B(a, b; p) is a generator of the maximal real

subfield Q(ζp)
+ of Q(ζp). Thus, if B(a, b; p) = B(at, bt; p) then we have t ≡ ±1 (mod p).

This completes the proof. □

From Theorem A.6, we know that there are only a zero-density of integer pairs a, b such
that B(a, b;m) to be a Kloostermanian function in m. This leads us to introduce the
following concepts.

For any positive density subset M of P , denote

N(M) := {n ∈ N : µ2(n) = 1, if p ∈ P and p|n then p ∈ M}
and

π(X;M) := {p ⩽ X : p ∈ M}.

Definition A.7. Let E(t;m) : Z× N → C be a function possesses the following three prop-
erties for some integers B ⩾ 1, N ⩾ 2 and positive density subset M of P. Then we call
E(1;m) a almost-Kloostermanian function in m, and also call (B;N) a constant pair of
E(1;m), and M a good prime set.
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(1) Almost-T property: For any m,m1,m2 ∈ N(M) and t ∈ Z with (m1,m2) = 1,

E(t;m) = E(t+m;m); E(t;m) ∈ Q(ζm);

E(t;m1m2) = E(tm2;m1)E(tm1;m2).

(2) Almost-N property: For any prime p ∈ M and t ∈ Z with (p, t) = 1, E(t; p) ̸= 0.
(3) Almost-I property: For any p ∈ M with p > B and integers t1, t2 with (p, t1t2) = 1, if

E(t1; p)/E(t2; p) ∈ Q

then (t1t2)
N ≡ 1 (mod p).

As a direct generalization of Theorem A.2, we have the following theorem.

Theorem A.8. Let E(1;m) be a almost-Kloostermanian function with constant pair (B;N)
and good prime set M. Then for any sequence of nonzero complex numbers (ηi)

∞
i=1 and

complex valued multiplicative function f : N → C, we have

|{m ⩽ X : E(1;m) = ηkf(m),m ∈ Πk ∩ N(M)}| ⩽ π
(X

Lk

;M
)
+ 5

(
B +

√
Nk

)
X1− 1

Nk

and

|{m ⩽ X : m ∈ N(M), E(1;m) = ηif(m) if ω(m) = i}|

⩽ π(X;M) + (4BN2 + β)Xe−
2
√
logX
N

for any integer k ⩾ 2 and real number X ⩾ 1.
In particular, if E(1; p) = η1f(p) holds for all but finite p ∈ M, then we further have

|{m ⩽ X : E(1;m) = ηkf(m),m ∈ Πk ∩ Ns(M)}| ⩽ (B +Nk)X1− 1
k+1 +

(
pf
k

)
Here, pf is the maximal p ∈ M with E(1; p) ̸= η1f(p).

Proof. The proofs of these statements is same as the proof of Theorem A.2. All we need to
do is replace P and Ns with M and N(M) respectively in the proof of Theorem A.2. □

Similarly, as an example, we study the Birch sum and the Salié sum and present the
following two propositions.

Proposition A.9. The Birch sum B(a, b;m) is a almost-Kloostermanian function in m ∈ N
if and only if ab ̸= 0.

In particular, if ab ̸= 0, then (|ab|; 2) is a constant pair of B(a, b;m), and the a positive
density subset M of P is a good prime set if and only if it is contained in the following set:

P\{p ∈ P : p = 3 if (3, a+ b) = 1; p|a and (p, b) = 1; p ≡ 2 (mod 3) with p|b, (p, a) = 1}.

Proof. If a = 0, then B(a, b;m) is a multiplicative function and not a almost-Kloostermanian
function.

If a ̸= 0 = b, then from the congruence property (A.2), we know that the set of primes p
with B(a, b; p) ̸= 0 is

{p ∈ P : p ≡ 1 (mod 3) or p|a}.
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In this case, we also know that for any prime p with p ≡ 1 (mod 3) and p > |a|, and any
integer t with t

p−1
3 ≡ 1 (mod p), B(a, b; p)/B(at, b; p) = 1. Therefore, B(a,b;m) does not

possess Almost-I property.
Suppose that ab ̸= 0. It is easy to check that the set of primes p with B(a, b; p) ̸= 0 is

P\{p ∈ P : p = 3 if (3, a+ b) = 1; p|a and (p, b) = 1; p ≡ 2 (mod 3) with p|b, (p, a) = 1}.

From the proof of Theorem A.6 we know that for any prime p > |ab| and integer t with
(p, t) = 1, if B(a, b; p)/B(at, bt; p) ∈ Q then t2 ≡ 1 (mod p). Hence the proof is finished. □

Proposition A.10. The Salié sum:

S̃(a, b;m) =
∑

x (modm)
xx≡1 (modm)

( x

m

)
e
(ax+ bx

m

)

is a almost-Kloostermanian function in m if and only if ab ̸= 0. And if ab ̸= 0, then (|ab|, 2)
is a constant pair of S̃(a, b;m), and a positive density subset M of P is a good prime set if
and only if it is contained in the following set:

{p ∈ P :

(
ab

p

)
= 1 or 0}.

In particular, S̃(a, b;m) is a Kloostermanian function if and only if ab = d2 for some integer
d ∈ N.

Proof. By the definition, we know that S̃(a, b;m) possesses T-multiplicative property for all
integers a, b. If ab = 0, then S̃(a, b;m) is a multiplicative function of m or a quadratic Gauss
sum, evidently it not a almost-Kloostermanian function.

Assuming ab ̸= 0, by the classical theorem of Salié [Sar90, Chapter 4, Lemma 4.4], we get

S̃(a, b; p) = 0 if
(
ab

p

)
= −1; S̃(a, b; p) ̸= 0 if

(
ab

p

)
= 0.

And

S̃(a, b; p) = 2 cos(
4πx

p
)

∑
y (mod p)

e(
ay2

p
) and x2 ≡ ab (mod p) if

(
ab

p

)
= 1.

Hence, for any prime p and integer t with (p, t) = 1, S̃(at, bt; p) ̸= 0 if and only if
(ab/p) = 1 or 0. Furthermore, if (ab/p) = 1 and S̃(a, b; p)/S̃(at, bt; p) ∈ Q, then

cos(4πx
p
)

cos(4πtx
p
)

(
t

p

)
∈ Q and x2 ≡ ab (mod p).

Therefore, we obtain t2 ≡ 1 (mod p). This completes the proof of the first two statements.
By the first two statements and the Chebotarev density theorem, we know that S̃(a, b;m)

is a Kloostermanian function of m ∈ N if and only if ab = d2 for some d ∈ N. Hence the
proof is finished. □
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