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ABSTRACT. Associated to all quasi-split Satake diagrams of type ADE and even spherical coweights
{4, we introduce the shifted twisted Yangians *)),, and establish their PBW bases. We construct the
iGKLO representations of *})),,, which factor through quotients known as truncated shifted twisted

Yangians (TSTY) Zyli‘. In type Al with 1 dominant, a variant of Z))ZLV = is identified with the TSTY
in another definition which are isomorphic to finite W-algebras of type BCD. We show that '),
quantizes the involutive fixed point locus *WV,, arising from affine Grassmannians of type ADE, and

expect that Zyj quantizes a top-dimensional component of the affine Grassmannian islice ’W:. We
identify the islices ’W;\L in type Al with suitable nilpotent Slodowy slices of type BCD, building
on the work of Lusztig and Mirkovié-Vybornov in type A. We propose a framework for producing
ortho-symplectic (and hybrid) Coulomb branches from split (and nonsplit) Satake framed double
quivers, which are conjectured to provide a normalization of the islices ZW:.
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1. INTRODUCTION

A connection between truncated shifted Yangians and affine Grassmannian slices Wi for domi-
nant coweights p, was established in [KWWY 14]. A key input here is what has become known as
the GKLO representations of shifted Yangians, inspired by [GKLOOS5], whose images are known
as truncated shifted Yangians Yu/\' These algebras can be viewed as a vast generalization of the
construction of Brundan-Kleshchev [BKO06], who showed that truncated shifted Yangians YHA in
type A (with A = Nwy') are isomorphic to finite W-algebras of gl,, quantizing an isomorphism
between certain affine Grassmannian slices and nilpotent Slodowy slices [WW Y20, MV22].

The above connection extends naturally in the framework of Coulomb branches (see [BFN19,
NW23]). It is shown that a more general class of truncated shifted Yangians YH’\ quantize the

generalized affine Grassmannian slices W, for arbitrary (not necessarily dominant) coweights y.

Moreover, the spaces Wz are identified as Coulomb branches of cotangent type associated with
framed quiver gauge theories (with symmetrizers). This story also admits a ¢g-deformation: it
is shown in [FT19a] that shifted affine quantum groups are mapped homomorphically into the
quantized K-theoretic Coulomb branches of framed quiver gauge theories.

The goal of this paper is to formulate an «fication of the above connections, a framework in which
new families of algebras provide a quantization of new Poisson varieties arising from classical
geometric setting. That is, we shall formulate and establish interconnections among

» shifted twisted Yangians

» iGKLO representations

» affine Grassmannian islices

» type BCD nilpotent Slodowy slices

» (conjecturally) iCoulomb branches.

Some of the main players such as affine Grassmannian islices and iCoulomb branches are new,
and there was little expectation in literature that shifted twisted Yangians of quasi-split ADE type
and their truncations admit geometric interpretations in such a generality as formulated in this
paper. The connection between algebra and geometry is made through the iGKLO representations
of shifted twisted Yangians which we shall construct. Let us introduce these main players and
explain the main results of the paper.

1.1. Shifted twisted Yangians. Associated with Satake diagrams, Letzter formulated quantum
symmetric pairs (U, U") and a generalization to Kac-Moody type was given by Kolb, where U
is a Drinfeld-Jimbo quantum group and U" is a coideal subalgebra of U known as an iquantum
group nowadays. The quantum group U appears as an iquantum group associated to the diagonal
Satake diagram. The :-generalization of affine quantum groups and Yangians are known as affine
iquantum groups and twisted Yangians (or iYangians). Twisted Yangians were defined earlier in
[O1s92, MRO0O2, GR16] in R-matrix form, deforming the twisted current algebras (i.e., involutive
fixed point subalgebras of current algebras).

Recently, a Drinfeld presentation of the twisted Yangian of type Al has been constructed in
[LWZ25b] via Gauss decomposition; such presentations have been extended to twisted Yangians of
all split type [LWZ25a] and then to all quasi-split type [LZ24] via a degeneration construction from



4 KANG LU, WEIQIANG WANG, AND ALEX WEEKES

the corresponding Drinfeld presentation of (quasi-)split affine iquantum groups [LW21, LWZ24].
However, the identification of the two definitions of twisted Yangians (one via R-matrix and the other
via Drinfeld presentation) is only established in type Al and AIll, and in this paper we follow the
ones in Drinfeld presentation. These twisted Yangians and affine iquantum groups are determined
by the underlying finite type quasi-split Satake diagrams (I, 7), see Table 1 with 7 # id. Here, 7 is
a diagram involution of the ADE Dynkin diagram [; the cases with 7 = id are called split.

Associated to an arbitrary quasi-split Satake diagram (I, 7), we have a symmetric pair (g, g“7 ),
where w, = wyoT for the Chevalley involution wy, and the corresponding twisted Yangian') = *).
Modifying the twisted Yangians in Drinfeld presentation, we introduce the shifted twisted Yangians
'Y, see Definition 2.2. Here p is an arbitrary even spherical weight (see Definition 2.1), some
natural conditions imposed by necessity of the iIGKLO representations and the geometric properties
of affine Grassmannian islices. Note that a dominant family of shifted twisted Yangians *},, of
type Al, for 1+ dominant and even (automatically spherical since 7 = id), has appeared and played
a fundamental role in [LPT+25].

Theorem A (PBW basis Theorem 2.16). Let i be an arbitrary even spherical coweight. Then the
set of ordered monomials in the root vectors (2.22) forms a basis for *),,.

The shift homomorphisms between shifted twisted Yangians, L;’V 'Yy = Vgt (see
Lemma 2.7), for v anti-dominant and p, v + 7v even spherical, are injective as a consequence

of Theorem A.

1.2. iGKLO and truncated shifted twisted Yangians. Recall the GKLO homomorphisms from
shifted Yangians to a ring of difference operators [GKLOO05, KWWY 14, BFN19], with images
called truncated shifted Yangians. We define a variant of such a ring of difference operators A as
in (3.6)—(3.7). We construct iGKLO homomorphisms from shifted twisted Yangians to A, first for
'Y, (gl,,) in Theorem 3.4, and then for general '} ,,.

Theorem B (Theorem 3.6). Let (I, 7) be any quasi-split Satake diagram. Let A\ be a dominant 7-
invariant coweight and p be an even spherical coweight subject to the parity constraint (3.5). Then
there exists a unique homomorphism <I>2 :'Y,.[z] — A with prescribed formulas on generators.

Finding the explicit formulas for the images of generators of *),, under (IJQ is part of the main
challenges here. The proof of Theorem B is technical and will occupy the whole Section 4. It is
worth noting that the same parity condition (3.5) appears naturally in the geometric setting; see
Theorem G.

A truncated shifted twisted Yangian (TSTY) of type (I, 7) is by definition the image of the
homomorphism (I)ﬁ and will be denoted by Zy;. This family of algebras will play a fundamental
role in this paper, and they admit several favorable properties; here is one of them.

Proposition C (Proposition 3.12). The center of the TSTY 1)72 is a polynomial algebra.

Associated with the Satake diagram of type Alll,, with an even number of nodes, a variant of
the shifted twisted Yangian based on [LZ24] is also formulated in [SSX25] though no PBW basis
is established; the authors also construct a homomorphism to the ring .A, which factors through a
corresponding Coulomb branch. In this case, we learned from these authors a generating function
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trick which allowed us to verify a Serre relation (2.9) required for the iGKLO homomorphism. The
Satake diagram of type Alll,, is special among all ADE Satake diagrams in that it contains no split
rank one subdiagram.

1.3. A tale of two TSTY’s. Via a parabolic generalization of the Drinfeld presentation of twisted
Yangians of type AI [LWZ25b], a very different definition of shifted twisted Yangians ), has been
given in [LPT*25], where 1 is a partition assumed to be even in the sense that its associated nilpotent
element gives rise to an even Z-grading on the underlying classical Lie algebra. Miraculously, this
notion of evenness is compatible with the evenness condition on p as a dominant coweight (valid
for all ADE type) used in this paper. A family of truncated shifted twisted Yangians (TSTY) of type
Al denoted by H;; ,(0), was defined very differently in [LPT*25] (generalizing [BK06]) in terms of
generators and relations, and one main result loc. cit. is an algebra isomorphism between H;; ,(0)
and finite W-algebras, quantizing the corresponding Slodowy slices of type BCD.

It is a simple matter to align the combinatorial data (n, £; o) used in Y| ,(¢) and a pair (Nwy', 1)

used in TSTY ny:] @1 here. We introduce a variant of zyfj wlv, denoted by Zi}f = in (5.22).

~ v
~ 1Ny

Theorem D (Theorem 5.8). These two versions of TSTY’s are isomorphic: H:; (0) =Y,

SNwy

This in particular gives a presentation for the TSTY *),, ~'. It remains an open problem to give
a presentations for the TSTY Zyz in general; see Conjecture 3.10.

1.4. Twisted Yangians quantize loop symmetric spaces. One can axiomize the notion of Yangian
Uy (g[z]) which quantizes the current algebra U(g[z]); see Definition 6.1. Following the quantum
duality principle [Dri87a, Gav02], one defines a subalgebra U (g[z])" of such a Yangian. Inspired by
[KWWY 14, Shal6], under a general technical Assumption (6.5), one shows that U, (g[z])’ quantizes
the Poisson group G [2"']; see Proposition 6.3.

Let w be an involution and an isometry on g. It induces an involution on g[z] and a Poisson
involution ¢ in (6.11) on G1[27']. One can axiomize a twisted Yangian Uy (g[z]*), which is a
coideal subalgebra of U;(g[z]) and quantizes the twisted current algebra U(g[z]*) (see Defini-
tion 6.15); one also defines its subalgebra U, (g[z]*)’ following the quantum duality principle.
Under a technical Assumption (6.14), by applying a general recipe of Dirac reduction (see [Xu03]
or [Fer94]) at the loop group level, we obtain an isomorphism of Poisson homogeneous spaces
G1[z71]/G1[27']* = G1[27']°, which is compatible with the natural Poisson algebra of G;[z'];
see (6.1) and Proposition 6.14.

Theorem E (Theorem 6.19). Uy (g[z]“)’ quantizes the Poisson symmetric space G1[2 1] /G [z ']
or equivalently the affine scheme G1[z7']? with its (doubled) Dirac Poisson structure, and the
inclusion Uy (g[z]“) C Ux(g[z]) quantizes the map G[z'] — G1[27']” defined by g — go(g).
The left coideal structure on Uy (g[z]“) quantizes the left action of G1[z~'] on G;[27']” given by
g-p=gpo(g).

1.5. Shifted twisted Yangians as a quantization of *)}),,.. Let GG be the adjoint group of the simple
Lie algebra g. Following [FKP"18], for any coweight s, the closed subscheme W, of G((z™1))
defined in (7.1) is quantized by the shifted Yangian Y),(g). Associated to the quasi-split Satake
diagram (I, 7), the involution w, = wy of g leads to an anti-involution o on the loop algebra (7.16)
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as well as on the loop group G((27!)). We show that o preserves the subscheme W, if and only 1 is
even spherical. In this case, o restricts to a Poisson involution on W, and hence the o-fixed point
locus of W, denoted "WV, inherits a Poisson structure from }V,,. Our next main result is that the
Poisson algebra C['WV,] is quantized by the shifted twisted Yangian '},,.

Theorem F (Proposition 7.7, Theorem 7.8). Let i be an even spherical coweight.

[

(1) For pt = pu, + 7141, there is an isomorphism of Q* x Z-graded Poisson algebras gr’’ 511;)/“ =
C['W,], which matches the corresponding generators.

(2) The coordinate ring C['W,] is the Poisson algebra generated by hzm, bz(-s) fori e,reZ
and s > 1, with explicit defining Poisson relations.

(3) C['W,] is a polynomial algebra with explicit PBW generators.

(4) For any antidominant weight v such that v+7vis even, the shiftmap ¢/, , : “Wipi70 — "W,
is quantized by the shift homomorphism ¢, , : 'Y, = "V v4r0-

Theorem E and Theorem F(1) complement each other, as the twisted Yangians '), are expected
to be compatible with the ones used in Theorem E; see Remark 6.23.

1.6. Affine Grassmannian islices. For coweights A > p with A dominant, the (generalized) affine
Grassmannian slice Wﬁ in (8.1) as a closed subscheme of W, was introduced in [BFN19]. For p
dominant, Wz are the usual affine Grassmannian slices between spherical Schubert varieties in the
affine Grassmannian. The Poisson involution o on W, preserves W2 if and only if ) is 7-invariant,
and the affine Grassmannian islice ZWZ is defined to be the o-fixed point locus of W;\L; cf. (8.14).
Some basic properties of ’Wi such as Poisson structure and symplectic leaves can be derived from

the counterparts for Wi; see Theorem 8.7.

Recall the filtration on '), appearing in Theorem F(1) and (8.16), and there is also a filtration on
A.—o as in (8.17). With [KWWY 14, BFN19] in mind, one is tempted to claim that the surjective
iGKLO homomorphism @2 D Vulz] - Zyi; arising from Theorem B quantizes the geometric

embedding ZWi — IW!L. However, one complication arises from the fact that the islices ZWi
may be reducible and may not be normal (as it happens to fixed point loci of irreducible normal
varieties). Such examples do occur in the setting of nilpotent Slodowy slices of type BCD, which
turn out to be affine Grassmannian islices of type Al by Theorem H. Recall notation ‘I from (2.1)
and v, from (3.2).

Theorem G (Theorems 8.11 and 8.12). (1) The open subscheme Uj - Wi from (8.13) is
invariant under o. Its fixed point locus ‘U ﬁ\ is non-empty if and only if the parity condition
(3.5) holds, and in this case we have dim ZUQ =2 Ziezﬂ ;.
(2) The homomorphism <I>/’\;Z:0 'Y, — A,— is filtered, and the associated graded map
gr &3*=0 : C['W,] — gr A, defines the closure 62 C ’Wﬁ, i.e., the kernel of this map
is the defining ideal of 62. Here CS c'U 3 is a top-dimensional irreducible component. In

—\. . ) — . —A
case when “WW RE irreducible, C 18 equal to "W -
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It is quite plausible that WV, are often irreducible, though we do not know of a general criterion.

We expect that 62 is quantized by the TSTY *); see Conjecture 8.13. This boils down to a
technical issue of identifying two filtrations on lyj,

1.7. Nilpotent Slodowy slices of type BCD. In this subsection, we specialize to G = PGLy and
7 = id, which correspond to the Satake diagram of type Al.
Building on Lusztig’s isomorphism [Lus81] between the nilpotent cone N, and the affine

Grassmannian slice Wév “1 Mirkovié-Vybornov [MV22] established a general identification be-
tween nilpotent Slodowy slices and affine Grassmannian slices of type A: O, N S, = Wﬁ‘, and

@m NSy, = Wi It was mentioned in [MV22, Footnote 1] that “These observations clearly do
not literally extend beyond type A”. We offer a proper generalization of the MV isomorphism to
classical type.

Consider an involution o, of sl sending X — —J !XT J_, where J, is any invertible N x N
matrix which is symmetric if ¢ = 4 and skew-symmetric if ¢ = —. The fixed point subalgebra
sly = (sly)? is soy if € = +, and spy, if ¢ = —. By the classic results of Gerstenhaber and
of Hesselink (see Proposition 9.1), intersecting the nilpotent cone, nilpotent orbits, and nilpotent
orbit closures of sly with sl gives rise to the corresponding nilpotent cone, nilpotent orbits (if
nonempty), and nilpotent orbit closures in the classical Lie algebra sl compatibly.

Given an orthogonal/symplectic partition w5 of N (for e = +/—), following [Top23, §4.2] we can
choose J, in (9.2) for an involution o, of sly so that there exists an sly-triple {e, h, f} C sly (i.e.,
fixed pointwise by o.) and e has Jordan form 7. Then the involution o, restricts to an involution on
the Slodowy slice S;.,, and the corresponding o.-fixed point locus can be identified with the Slodowy
slice Sy, in sly. In this way, we show that Mirkovi¢-Vybornov isomorphism is compatible with
taking fixed point loci on both sides. We refer to (9.13) for notation Par(NV)<,_; and Par(N)¢

<n*

Theorem H (Theorem 9.6). Let 7 = id. Let A > u be dominant coweights for PGL,, with p even,
corresponding to partitions m; € Par(N)<,—; and 7w, € Par.(IV)g, with m; > 7. Then we have
Poisson isomorphisms

W, =05, NS

T

A ~ E €
W,=0, NS,
Moreover,
(1) "Wy is non-empAty if and only if m; € Par (V).
(2) The variety zWM is the closure of its stratum ZW}?I = @jr,l N S;,, where the coweight \’
corresponds to the unique maximal element 7] € Par.(N) satisfying w1 > 7.

It follows by Theorem H that the normalizations of affine Grassmannian islices ’Wﬁ of type Al
are always symplectic singularities; cf., e.g., [FJLS17, §1.2]; they may not always be irreducible
though [KP82] (cf. [FJLS17, §1.6.2]).

A class of iquiver varieties was formulated by Li [Li19] as fixed point loci of Nakajima’s quiver
varieties for ADE quivers. Moreover, certain iquiver varieties (generalizing the cotangent bundles
of flag varieties of type B/C; cf. [BKLWI18]) are identified with involutive fixed point loci of
nilpotent Slodowy slices of type A (which are claimed to be nilpotent Slodowy slices of type BCD
if nonempty) and their partial resolutions [Li19]; this identification is built on the isomorphism
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between Nakajima quiver varieties and nilpotent Slodowy slices of type A (a conjecture of Nakajima
[Nak94] proved by Maffei [Maf05]).

1.8. iCoulomb branches. Let ) = (L, 2) be an ADE quiver. Let (V;; W;);c1 be a representation

of its framed double quiver @f. Associated to such datum we have a symplectic vector space Ey
(10.1) with the action of a gauge group GL(V') and a flavor symmetric group G L(W). This gives
rise to Coulomb branch of cotangent type M (V, W) [BEN19].

Let (I,7) be a Satake diagram as before. We impose 7-symmetry and “not-2-odd” parity
conditions (10.4) on the dimension vectors of V. W, and fix a bipartite partition of I in (10.6).
Given such datum, we associate with new vector spaces V;', W/, for 7 € °I, in (10.8). We explain in
details the «fication process on quivers and representations by reducing to the cases of the rank one
and two Satake double quivers; see Tables 2 to 7 in Section 10 for diagrammatic illustrations.

Then we formulate a new symplectic vector space £y, in (10.10) with the actions of a new
gauge group G*(V") and a new flavor symmetry group G*(W"); see Lemma 10.2, and we have
a Coulomb branch M, (V*, W") (not of cotangent type in general) following [BDF"22]. The
component groups of G*(V"*) and G*(WW") are classical type; in case of split Satake diagrams, all
component groups are orthogonal or symplectic. Recall that generalized affine Grassmannian slices

W;\L are realized as Coulomb branches M (V, W) [BEN19].

Conjecture I (Conjecture 10.9). (1) The iCoulomb branch M, (V*, W") is a normalization of

a top-dimensional component of the affine Grassmannian islice ZWf;;
(2) Truncated shifted twisted Yangians are (subalgebras of) quantized Coulomb branches.

Here is some numerology: the rank vectors of the component groups of G*(V*) and G*(W") are
the dimension vectors (0;);c.p and (10;);c.1 in (3.2)—(3.4) which arise from truncated shifted twisted
Yangians and affine Grassmannian islices. In particular, the iCoulomb branch M, (V*, ") and

.= ) )
the affine Grassmannian islice “YV " have the same dimension.

1.9. Other related works and some perspectives. This paper provides a new framework where
a family of algebras (shifted twisted Yangians and TSTY’s) associated with quasi-split Satake
diagrams quantize Poisson varieties which are naturally constructed. The ordinary (truncated)
shifted Yangians and affine Grassmannian slices can be viewed to be associated with Satake diagrams
of diagonal type. These new algebras are expected to admit rich representation theories which will
be very interesting to develop. On the other hand, it will also be exciting to see if the normalizations
of (top-dimensional components of) affine Grassmannian islices ’Wi provide new symplectic
singularities. For type Al, these are indeed well-studied symplectic singularities thanks to the
identification with nilpotent Slodowy slices of type BCD in Theorem H.

There are many papers in the mathematical physics literature on Coulomb branches with type A
or non-type A gauge groups; see [GW09, CHK19] for samples and references therein. Finkelberg,
Hanany and Nakajima [FHN25] have also been working on ortho-symplectic Coulomb branches
and nilpotent Slodowy slices of classical type among other topics; we hope our z-perspectives on
shifted twisted Yangians and affine Grassmannian islices can be complementary to theirs and those
in math physics literature.
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In [SSX25], the authors also formulated (a variant of) shifted twisted Yangians of type Alll,,
and defined a homomorphism from it to a Coulomb branch. Their paper provides a first example of
Coulomb branches which relates precisely to shifted twisted Yangians (through iGKLO like ours),
supporting our general proposal that truncated shifted twisted Yangians are intimately related to
1Coulomb branches through iGKLO and affine Grassmannian islices. Note that the Coulomb branch
of type Allly, loc. cit. is the only one among all iCoulomb branches which is of cotangent type
and has a purely type A gauge group.

The :fication process often leads to type BCD features. The icanonical bases arising from
iquantum groups of quasi-split type AIIl have played a fundamental role in Kazhdan-Lusztig theory
of type BCD [BW18], and these (affine) iquantum groups admit a geometric realization via flag
varieties of classical type in [BKLW 18, FLL*20, SW24]; Theorem H on nilpotent Slodowy slices is
a new example. The root of such type BCD phenomenon can be traced down to the split and quasi-
split rank one iquantum groups. The geometric realization of twisted Yangians in this paper, which
applies to all (quasi-split) ADE type, appears in very different forms. In light of the conjectural
1Coulomb branch connection, the -fication manifests itself again in the component gauge groups
being type (A)BCD. This should be contrasted with the fact that the gauge groups are always of
type A for the quiver gauge theories giving rise to Nakajima quiver varieties as Higgs branches and
the corresponding Coulomb branches [Nak94, BFN19].

The present paper is also naturally related to integrable systems. Indeed, the algebras lyﬁ come
equipped with natural commutative subalgebras, defined in §3.4.1, which we expect to be quantum
integrable systems. The classical limits of these subalgebras give integrable systems in many
examples, and we conjecture that this is always the case. In particular, in the setting of Theorem H
we obtain integrable systems on the varieties O NSy, . We are unaware if these have been studied
previously in general, though some cases are related to work of Harada [Har06] who constructed
integrable systems on generic coadjoint orbits for symplectic Lie algebras.

It is natural to expect a g-deformation of the main constructions in this paper. Drinfeld presen-
tations of quasi-split affine iquantum groups have been constructed in [LW21, LWZ24]. We can
formulate the shifted affine iquantum groups of split and quasi-split types accordingly (compare
[FT19a]), construct their iGKLO representations and thus define the truncated shifted affine iquan-
tum groups. These are then expected to be related to the K-theory of affine Grassmannian islices
and iCoulomb branches.

The ¢-fication framework can be further enlarged. Some main constructions in this paper will be
extended beyond quasi-split Satake diagrams in a sequel [LWW?25]. In particular, we shall identify
the affine Grassmannian islices of type AIl and others with nilpotent Slodowy slices of classical
types, complementary to the results in Section 9.
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Part 1. Algebra
2. SHIFTED TWISTED YANGIANS

In this section, we introduce shifted twisted Yangians ), associated to all quasi-split ADE Satake
diagrams (I, 7) and even spherical coweights . We further establish their PBW bases and shift
morphisms between shifted twisted Yangians.

2.1. Shifted twisted Yangians of quasi-split ADE type. Let C' = (¢;;); jer be the Cartan matrix
of type ADE, and let g be the corresponding simple Lie algebra. We fix a simple system {c; | i € [}
with corresponding set A™ of positive roots. Let 7 be an involution of the Dynkin diagram of g,
i.e., ¢ij = crir; such that 72 = id; note that 7 = id is allowed. We refer to (I, 7) as quasi-split
Satake diagrams and call the Satake diagrams split if 7 = id. The split Satake diagrams formally
look identical to Dynkin diagrams, and the quasi-split Satake diagrams (I, 7) with 7 # id are listed
in Table 1, where the index denotes the number of nodes in a given diagram.

Allly,_y (r > 1) 7-<O ::: (O (Zi:::::;o

ATl (r > 1) { (

DI, (r > 4) o~ /)

Ell,

TaBLE 1. Quasi-split Satake diagrams with 7 = Id

Denote I the set of fixed points of 7 in I, i.e., Iy = {¢ € I | 7¢ = i}. Let I; be a set of
representatives for 7-orbits in I of length 2 and define I_; = 7I;; [; can be conveniently chosen so
that it is underlying Dynkin subdiagram is connected. Then I = I; U Iy L I_;. Set

T=1 Ul 2.1)

The involution 7 naturally acts on the (co)root and (co)weight lattices of g. A weight/coweight
in this paper is always meant to be integral.
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Definition 2.1. A coweight . is called spherical if = pq1 + 711 for some coweight p1. A coweight
p is even if p = 2y for some coweight 1/, i.e., (i1, ;) € 2Z for all i € L.

We shall need to assume that a shift coweight p to be even spherical in the context of twisted
Yangians below, and remarkably, the same condition will be need in consideration of fixed point
loci of affine Grassmannian slices later on.

Denote [A, B], = AB + BA.

Definition 2.2. Let 1 be an even spherical coweight. The shifted twisted Yangians'Y,, :="'Y,(g) of
quasi-split type is the C-algebra with generators HZ-(T), BZ-(S), fori € I,r € Z, and s € Z-~, subject
to the following relations, for r, 71,7y € Z and s, s1, s3 € Z~q:

HZ(T) — 0 for r < —(u,a,), Hi(_w’ai)) —1, (2.2)
H H) = 0, (2.3)
HD, B - (17, B = S Y, B (24)
o, ], + S, B,
[BZ-(51+1),B](82)] B [B£s1)’Bj(82+1)] _ %[Bi(sl), B](-SZ)]J,- +26,55(—1)" j(sl-‘rsz)’ (2.5)

and the Serre relations: for ¢;; = 0,
(B, B = (1) 8 1, 2.6
and for ¢;; = —1,i # Ti # J,

Sym,, ,, [B, (B, BY]] =0, 2.7)
and for ¢;; = —1,1 = 71,
Sym,, o, (B (B, Y]] = (-0, ), 2.8)
and for ¢; ;; = —1,
S1 82 s 81— —p— 52 s1+s—p—1
Sym,, o, [B™, [BI, BY]] = 4Sym,, ,(=1)* 7Y 3B L o
p=0
Here, if ¢;; = —1 and s = 1, we use the following convention in (2.8):
r s—1 — r—2p—2 s+1 r—2p—2 s
[Hi( ),B](- )] _ 22 QP([Hi( P ),B](- + )] _ [Hz( P ),B](- )]+),
p=0

which follows from (2.18) if s > 1, cf. [LWZ25b, Lem. 4.11].

Remark 2.3. If 7 = id, then a spherical coweight p is automatically even. In the quasi-split case, it
is possible to define shifted twisted Yangians without the evenness condition for ;4 by modifying the
second relation in (2.2) to H' ) = (=1).e) where i = p; + 7411. Then Theorems A and
B (on PBW basis and iGKLO representations) still hold. We restrict ourselves to even p to match
the geometric consideration in the second part of this paper. It is also possible to modify the affine

Grassmannian setting to match with this variation, but we have refrained from taking this route.
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Since 7 is an involution, it follows from (2.6) that

H = (-1)HY), (2.10)
and in particular,
H ) =0, if 7i = i. 2.11)
Lemma 2.4 ([LZ24, Lemma 3.4]). If ¢.;; = O, then the relation (2.4) is equivalent to
Cij
[Hi,r+17 Bj,s] - [Hi,ra Bj,s+1] = TJ[HLT; Bj,s]+- (212)

Lemma 2.5. Assume that relations (2.2)—(2.5) hold in an algebra with the same set of generators
as'y,.
(1) If (2.8) holds only for the special case s = s; = 1 and all so > 0, then (2.8) holds for all
S, 81,89 € L.
(2) If (2.9) holds for the special case s = s; = sy = 1, then (2.9) holds for all s, sy, s3 € Z~y.

Proof. Part (1) follows by the same argument of [LWZ25b, §4.3] while Part (2) follows by the same
argument of [LZ24, Proposition 3.12]. 0

Definition 2.6. The Cartan doubled twisted Yangian *) ., of quasi-split type is the C-algebra with
generators HZ.(T), Bi(s), fori € I, r € Z, and s € Z- subject only to the relations (2.3)—(2.8) (i.e.,
excluding (2.2)).

Let @) be the root lattice for g. Consider the abelian group (called the root lattice)

Q=Q/(f+78|BEQ). (2.13)

For # € @, denote its image by 5 € Q*. The algebra 'Y, admits a grading by * defined by
assigning degrees deg H'” = 0 and deg B\’ = @;. Indeed, it is not hard to see that the defining
relations of '), are all homogeneous. Let 7' = Spec C[Q)] denote the torus whose character lattice
is (). Then the grading on *),, by @' corresponds to an action of a subgroup 7" of 7"

T'={teT|(t)=t"'} = SpecC[Q"]. (2.14)
Since 7 permutes the basis {«; }ic1 for Q, we can identify Q* = Z! x (Z/27)%, where the Z" -factor
has basis {@; }sc1, while (Z/27)% is generated by {@; }sc1,. If we quotient * by its torsion subgroup
(Z/27)", we obtain an induced grading on '), by Z". This corresponds to the adjoint action of
the elements { H "9 | i e T, ).

Lemma 2.7. Let 1, v be coweights such that both p and v + Tv are even spherical. Suppose further
that v is anti-dominant. Then there exists a homomorphism

L;J’ . Zyu — ’Lyu_H,_i_TV (215)
defined by

B(s—<V,0éi>)7 if (v, ;) is even,

H(r) . H‘(T‘*<V+Tl/7ai>)’ B(s) s i A
‘ ! ‘ V=IBETWe) iy o) is odd,

forr € Zand s € 7.
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In particular, if 7 = id, we call 'Y, the shifted twisted Yangian of split type.

Remark 2.8. If u = 0, then *Y := ")), is exactly the twisted Yangian introduced in [LWZ25a] (for
7 = id) and in [LZ24] (for 7 # id) via degeneration of Drinfeld presentations of affine :quantum
groups of split and quasi-split types (cf. [LW21, LWZ24]). The definition of '}, formally makes
sense for simply-laced generalized Cartan matrix C' as suggested in [LWZ25b].

If ;v is dominant and spherical, i.e., @ = p; + 7p for some coweight p;, then we have the
homomorphism

L;ﬁm DY — Y.

By the PBW theorem established below, the homomorphism ¢j, _, is injective and hence identifies
'Y, as a subalgebra of *); see Theorem 2.16.

For ¢ € I, we set

Bi(u) = Z Bi(r)u_r.

r>0

Remark 2.9. For fixed i € I such that ¢; ,; = 0, the subalgebra of ), generated by H\"”), B BY),

r € Z and s € Z-~ 1s isomorphic (using Lemma 2.4 and Theorem 2.16) to a shifted Yangian for
sly. Specifically, the identification is given as follows,

e(u) = Bi(u), f(u) — Br(—u), h(u) — H;(u).

If i = 74, then HZ(T), B-(S), r € Z and s € Z~ generate a subalgebra of *),, that is isomorphic to a

(2

shifted twisted Yangian of split type A of rank 1.
For split type, Definition 2.2 greatly simplifies and it is convenient to list it separately as follows.

Definition 2.10. The shifted twisted Yangian 'Y, = 'Y,(g) of split type is the C-algebra with
generators HZ-(T), BZ-(S), for: € I, r € Z, and s € Z-, subject to the following relations, for
r,r1,79 € Z and s, s1, S9 € Z~g:

HP =0 for p< —(u,a;) and H " =1, (2.16)

[H™ HP =0,  HPY =0, (2.17)

[HID, B — [H", BE) = ¢y [HD, BE], + }lcfj H", B, (2.18)
(B, By — (B, By ] = %cz-j B, BED], + 20, (— 1) B, (2.19)
(BE, B](S?)] —0, if c;j =0, (2.20)

Sym,, ., [BIY, [B, B = (1) H T B, ife;; =—1.  (221)

Lemma 2.11. Let 1o be an even coweight and v be an anti-dominant coweight. Then there exists a
homomorphism v}, , - 'Y, — 'Y 2, defined by

HO s gO-2vad)  go)

(2

Bi(s‘—(l/,ai))7 if (v, ;) is even,
V —1BZ-(8_<V’O”>), if (v, ;) is odd,
wherer € Z.and s € Ziy.
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Remark2.12. For 1 = 0,')) is exactly the twisted Yangian introduced in [LWZ25a] via degeneration
of affine 2quantum groups of split types. Similar to Remark 2.8, if x4 is dominant, then '), can be
identified as a subalgebra of * ).

2.2. PBW basis. Consider a positive root 5 and fix an arbitrary ordered decomposition § =
a;, + ...+ «;, into simple roots such that the elements [e;,, [e;,, - - [€;,_,,¢€;,] - - -]] 1S @ nonzero
element in the root subspace gg. For any r > 0, we define a root vector in V,,(g)

Bé” . [B(r) [Bg) ...[BY Bgl)],.”.

i1 ) i ) Gp_17 iy
Fix a total order on elements of the following sets,
{BY:pe At r>0}
U{H i€y, 2p > —(u, )} (2.22)
U{HZ-(p) i el p> —<u,ozi>},
and consider the corresponding ordered monomials in (2.22).

Proposition 2.13. The shifted twisted Yangian') ,, is spanned by ordered monomials in the elements
(2.22).

Proof. For the simplicity of notation, in this proof, we consider an order with respect to the subsets

(2.22), 1.e. the elements H i(s) are always to the right of the elements Bg) in the ordered monomials.
By (2.4), it is easy to see by induction on r that HZ-(T)B](-S) can be rewritten as Hi(r)B](-S) =
B](.S)Hi(r) + > myy BY'H®  for m,, € C. Thus the algebra 'Y, is spanned by

PPt pHp'<r+s J
elements of the form B](-:”)B](-Im) e BJ(:k)H(Tl)HZ(:z?) e Hf;”)

Next, we define a filtration on '), by setting deg Bj(»s) = 1 and deg HZ-(T) = 0. Let gr*y, be the
associated grade and F;S) (resp. Eg)) the corresponding image of B](S) (resp. Bg)). Let gr ly;O be
the subalgebra of gr'),, generated by Eﬁ-s). One can argue as in [Lu24, proof of Theorem 4.2] that

the ordered monomials in E(ﬁr) span gr ’yio. This is because E;s) satisfy the relations for the positive
half of the corresponding ordinary Yangians and hence the claims follows from the corresponding
result of the ordinary Yangians, see [Lev93]. Altogether, it proves the proposition. O

Remark 2.14. For ;. = 0, the set of ordered monomials in the elements (2.22) forms a basis for '),
see [LWZ25a, Theorem 4.12] and [LZ24, Theorem 3.6].

Theorem 2.15. Let j1 be even spherical and anti-dominant. Then the set of ordered monomials in
the elements (2.22) forms a basis for ') .

The proof of Theorem 2.15 will be given in §2.3 below. We can strengthen Theorem 2.15 as
follows.

Theorem 2.16 (PBW basis). Let (1 be an arbitrary even spherical coweight.

(1) The set of ordered monomials in the root vectors (2.22) forms a basis for ') ,,.
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(2) For any anti-dominant v such that v + Tv is even spherical, the shift homomorphism
byt "V = " Yytvtr in (2.15) is injective.

Proof. By Lemma 2.7, we have a shift homomorphism ¢}, : 'YV, — "V ipirp. We pick v so
that ;4 + v + Tv is anti-dominant. Then the root vectors of *},, are sent to root vectors (up to a
scalar multiple) of *Y,,1, 1, under the shift homomorphism L, BY Proposition 2.13, the set of
ordered monomials in the root vectors of '), is a spanning set of *),,. By Theorem 2.15, the set is
bijectively sent to a set of linearly independent ordered monomials (in the root vectors) in ‘Y, 4, .
Hence this spanning set is also linearly independent and thus form a basis of ')/, proving the first
statement. The second statement follows from the first statement. 0

2.3. Proof of PBW basis Theorem 2.15. We shall follow the strategy of [FKP*18, §3.12]. Recall
'Y from Definition 2.6.

Definition 2.17. The algebra 'Y is the quotient of '), by the relations Hi(p ) = 0 forall i € I and
p < 0.

We use the notation A" and B (also E/(;)) for the generators of *).
Lemma 2.18. The ordered monomials in the elements of the set
[BY |peat,r>0U{H™ |icly,p>0}u{H" |icl,p>0} (2.23)
form a basis for .
Proof. Clearly, the elements H Z-(O) for i € I are central in *Y. One checks that the map
Y 'Y RcClg|iel], definedby H” — H" @ &6, B — B w¢,

induces an algebra homomorphism. Then proceed as Proposition 2.13, one finds that the ordered
monomials in the elements of (2.23) span 237. Finally, similar to Theorem 2.16, we show that this
spanning set is bijectively sent to a subset of a basis for ') ®@¢ C[¢; : i € I]. Here we also need the
PBW theorem for ') (see Remark 2.14). Thus the spanning set is linearly independent and hence a
basis. U

Corollary 2.19. If ju is anti-dominant, then Y is free as a right module over the polynomial ring
R:=C[H™ H" |iel,0<2p< ~(pai),j €L,0<q< ()] (2.24)
with a basis given by ordered monomials in the elements of the set
{Eg) | Be At r> 0} U {If_fi(Qp) | i €Ty, 2p > —(u,o@} U {If_fi(p) |iely,p>—(u, ai>}.

Suppose further that p is anti-dominant, then there is a surjective homomorphism 7 : 1Y ‘Y,
defined by

H"” - H"”,  B* - B".
The kernel of the projection 7 is the 2-sided ideal
~ (o -
1, = <Hz'( ' 021, (1) Hg(p) - 5P7*<H’aj>>2—sided’ (2.25)

where i € I, 0 < 2r < —(p, ), 7 € 11,0 < p < —(p, o).
Also denote by I}fft the left ideal generated by the same elements in (2.25).
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Lemma 2.20. We have T, = Iif’ft.

Proof. It is sufficient to prove that Z)°" is also a right ideal.
Recall that in the algebra ‘), if ¢ € I, then we have the following relations

Fe-9 _ g [ﬁ(o) Egs)] —0 [ﬁ(z) é(s)] _ 2cljB(.s+1)]f['(0)
7 9 7 ? Y 7 7 ]

(2 [

ir(r+2) rr(r 2 r 1 1 ) H(s+1) r7(r
[H2, B = [HT B ey [H BV 4 6 HT B + 20, BV H.
Thus an obvious induction on 7 shows that for any > 1, we have

(HD,BY e (B BY, ... B Y

K3 K3 3

Note that here f]i(p ) = 0if pis odd. Therefore, for 1 < 2r < — (1, a;), we have
(ﬁi@r) - 62T,—(/L,ai>)§j(‘8) € Eg( )( 527" (i) ) ILeft = I}f&-
A similar calculation also works for ¢ € I;. It implies that the right multiplication by Ej(-s) preserves

r7(r)

Ileft. It is also clear that right multiplication by H;’ preserves I}fft. Since the algebra 'Y s

generated by B ) and H , we conclude that Z)" is a right ideal. O

Proof of Theorem 2.15. LetT' : R — C be the homomorphism defined by sendlngH (2p) —02p,— (1)
and Hj — Og,—(uay) 0 0, fori € Tp, 0 < 2p < —(p, i), j € 1, and 0 < ¢ < —(p, ). It

follows from Lemma 2.20 that '), is the base change of the right module ) with respect to the
homomorphism I,

ly,u, = Zy Or C
By Corollary 2.19, 'Y is a free right module over R. Therefore, the basis from Corollary 2.19 gives
rise to a basis for *),, over C, completing the proof. U

2.4. Filtrations on shifted twisted Yangians. We shall define filtrations on shifted twisted Yan-
gians '}, via the PBW bases introduced in Theorem 2.15. (These are analogous to the filtrations
F3 .Y, on shifted Yangians [FKP" 18, §5.4] discussed just before Proposition 7.1.)

The definition is uniform for all quasi-split cases: choose any decomposition p = p; + 71,
where (i 1s a coweight. Then we may define an increasing filtration £} 'Y, on Y, by defining the

degrees of PBW generators as follows:
deg H" =1+ (i, o), deg Bés) =5+ {u1, f). (2.26)

That is, for each £ € Z we define the kth filtered piece F) [jl (*Y,) to be the span of all ordered
monomials in the PBW generators whose total degree is at most k. This deﬁnes a separated and
exhaustive filtration on the vector space 'Y, i.e., (), F ('V,) = 0 and J, F)i (‘"V,)) = 'V,.. The
following nontrivial claim will be established below in Proposmon 7.14:

Proposition 2.21. F$ 'Y, is an algebra filtration, is independent of the choice of PBW basis, and
the associated graded algebra gr'i*) u IS commutative.

Since these filtrations are defined in terms of PBW basis vectors, we note a simple consequence
of Theorem 2.16.
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Lemma 2.22. Let 1 be an even spherical coweight and fix a decomposition p. = 11 + 7. For any
anti-dominant coweight v such that v + Tv is even, the shift homomorphism vy, ,, - 'Y, =" virv

respects the filtrations F 'Y, and F}; . 'Y i1y, Moreover, it is strictly filtered in the sense that

LZ—L,V (F;lfl (Zyu)) = L;,y(lyu) N Fjl+u(zyu+u+w)'

Remark 2.23. Similarly to [FKP"18, §5.4], various choices of filtrations on 'Y, defined above
are related to one another by Z-gradings. More precisely, if we have two decompositions p =
p1 + Ty = pig + 7o, then we may define a Z—grading of '), by

deg H" =0,  degBY = (s — 1, ov). (2.27)

The filtrations F;lzyu and F;sz# are then related by the construction of [FKP*18, Lemma 5.1],
and in particular there are (non-graded) algebra isomorphisms

F* ~ F* 1 F*® ~ F* 1
Rees™#1 'Y, = Rees'#2"), and grm'y, Zgrim'),.

Thanks to 7 (s — p11) = — (e — 1), the pairing of s — 111 with the root lattice () naturally descends
to a pairing with ()" in (2.13), allowing us to collapse the ()"—grading on 'Y, to a Z—grading defined
in (2.27).

3. iGKLO REPRESENTATIONS OF SHIFTED TWISTED YANGIANS
In this section, we formulate a family of iGKLO representations of shifted twisted Yangians of

arbitrary quasi-split ADE type.

3.1. Ring of difference operators. Fix a dominant 7-invariant coweight A, i.e., 7TA = A, and an
even spherical coweight y such that A > p. We denote

A=p=Y vy, (3.1)
i€l
where v; € N for 7 € I. Denoting Z, = {0, 1}, we set
T A (3.2)
[5vil, ifTi=1, 0,1, ifTi=1.

Introduce 1J; by

0. ifri 41
0i = . i (3.3)
max{6; | j € land ¢;; # 0}, if 70 =1.

Denote w; = (A, ;). We also set
W, if 7 # 14 0, if 7 #4
O A i 34
5w, if7i=4, Ow, 1, ifTi=1.
Note that
v = by, o, = 1;, forall 2 € I.
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Recall C' = (c¢;;) is the Cartan matrix. Throughout the paper, we shall impose the following
fundamental parity condition on the dimension vector v = (v;);e1; see (3.1)—(3.2):

cij@»@j = O, for ¢ ?éj € ]I, (35)

that is, at least one of v; and v, is even when ¢ # j € I are connected. This condition is needed
in this section and also turns out to be required for geometric constructions in Section 8; see, e.g.,
Theorem 8.11.

Remark 3.1. Leti € 1. If 6; = 1, then the evenness of ; and the parity condition (3.5) imply that
w; = (A, o) is even and hence ¢; = 0.

Let z := (2;5)ie1,1<s<w; be formal variables and denote the polynomial ring
C[Z] = (C[Zi,s]iezmgsgmi
and define the new C-algebra
Vulg)lz] :="Vu(g) @ Clz],
with new central elements z; ;. Consider the C-algebra
A = Clzl(w;, 07, (Wiy £ wir +m) Y (Wi + $M) ™ ict1<r4r<o,mezs (3.6)

subject to the relations

[0}, wj,] = £0;0,,0;), (Wi, wir] = [0, 050/] =0, 3107} =1. (3.7)
It is convenient to extend the notation z; 5, w; », and 0, ,. to all 7 € I as follows. First set
Zris = —Zis, fori eljand 1 < s < tv;. (3.8)
We further set
Wiy 1= — Wi, 411 Orir =00 11 fori € I; and 1 < r < v;. (3.9)

Given a monic polynomial f(u) in u, we define

f(u) := (=1)%8S f(—u) (3.10)

to be the monic polynomial whose roots are the opposite of the roots of f(u).
For each i € I, define

v; o,

Wiu) = [ J(w = wi,), Zi(w) = [ [ = 2), (3.11)
r=1 s=1
W, (u) = u” l_I(u2 —w},), Z;(u) = u® l_I(UJ2 — ZZQS) (3.12)
r=1 s=1

Then we have deg W, (u) = v; and W, (u) = W, (u), and similarly deg Z;(u) = w; and Z; (u) =
Z;(u). We also define

We(u) = [J(u? —w?,), Wio(u) =u(utw,) [[ (@—w?) (3.13)
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Introduce
W;(u) = 1,L6"I/Vi_(u)7 Zf(u) =u"Z; (u). (3.14)
For simplicity, set
1 1
() 5 »(u) e (3.15)
For each 7 € I, we fix a choice of (; € N such that 1 < (; < v; and extenditto? € I; UI_; by
Gri = 0; — G
For: € I; UI_4, set
Ci 0;
Wi(u) = H(u Wiz), Wi(u) = H(u Wiz ),
r=1 r=1
o, o (3.16)
Zi(w) = [J(u— 25, Wiw)= ] (u-wy).
s=1 s=1,s#r

It follows by (3.8) and (3.9) that for z € I, UT_; we have
Wi(u) = W)W (u),  Wori(u) = Wi(u),  Zpi(u) = Z; (u).
We pick a monic polynomial Z;(u), for each i € I; Uy, such that
Zi(u) = Z;(w) Z(u) = (—1)%8 77 Z;(u) Z.s(—u).

3.2. iGKLO representations for type Al. It is convenient to first work with the shifted version
of twisted Yangian of split type A (i.e., type Al), which corresponds to gl,, instead of sl,,. We will
use the Drinfeld type presentation established in [LWZ25b] via Gauss decomposition. In this case,
I=I,={1,...,n—1}.

Given a Laurent series X (u) = >, ., X(u™", denote by (X (u))* its principal part:

(X(u)* = XD
r>0
Definition 3.2. The shifted twisted Yangian 'Y, (gl,) associated to an even coweight p is the
associative C-algebra generated by DZ(T), Dzm, and E](-S), where 1 <i<n, 1 <j<n,r€Lspe,

T € ZL>_(ue;) and s € Z-, with the relations

D =1, [Dy(u), D;(v)] =0, Di(u)Dy(w) = Di(u)Dy(u) = 1, (3.17)

D;i(u)Dys1(u) = Di(—u+ i) Di1(—u + i), (3.18)

[Di(u), Ei(v)] = Di(u)(E;(i)v_ Elv) | (B0) _fjf;“_t )Dilw) (3.19)

[Bi(v), Diyi(u)] = D”l(u)(ff% —5v) | Blo) - Ejg:gj;)>D”l(“), (3.20)
—E;(u)E; (v W B ()] - iU;~(1)1

[Ei(u)aEiJrl(U)] _ EZ( )E’H- ( )+ [Ezu 7_EU+ ( )] [E( ) Ez-i- ]’ (3.21)

[Ei(u), E;(v)] = 0, if ¢;; = 0, (3.22)
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(Ei(u) = Bi(v))*  (Dy(w)Diy1(u))* = (Di(v) Dig1 (v))*

[Ei(u), Bi(v)] = ———— - pra— : (3.23)
(B, [Bi(u), BM]] + [Bi(u), [B{", BV
= (Bj(—u+ Y H;(u) — Bj(u+ 3 H;(u)", ifc;=—1, (3.24)
where
D;(u) = Z Dgr)u_T, D;(u) = 5§T)U_T, Ei(u) = Z EJ(-S)U_S,
r>(ei,H) r>—(€i,m) s>0
Bi(u) = Ef(u+1), Hy(u) = D;(u+L)Dyyy(u+2). (3.25)

Lemma 3.3. For any even coweight 1, there exists a homomorphism
M Yulsly) — " Vyu(gl,)
defined by

Proof. It follows from the same calculation as in [LWZ25b, §4]. Note that the Serre relation (3.24)
is formulated differently from (2.21). Indeed, the Serre relation (3.24) corresponds to [LPT'25,
Lemma 6.5], see [LPT 25, Remark 4.3] for more detail. O

In order to describe the iGKLO representations for shifted twisted Yangians of gl,, (cf. [FPT22,
Theorem. 2.35] for shifted Yangians of gl,), we need additional notation. Recall the polynomials
W, (u) and Z;(u) from §3.1 and note that i = 7i for all i € 1. We denote

Yo = 0, =0, v,=0, Wo(u) = Wn(u) =1,

and take any

Zo(w) = u= [ (u? = 2%,
zeC
that satisfies m, € Z, m, # 0 for only finitely many = € C, and

<)\,51> = 91 — Qme

zeC

Theorem 3.4. Let ;1 be an even coweight. There is a homomorphism @5 : 'Y, (al,)[z] = A

defined by
Wi(u— 5 1 iV, i
Di(u) Hmﬂn{) (“(U — Y Z(u — 5)),

v; _9s RN
E;(u) — — Z st(w; ) "Wy (Wi — %)Wiﬂ(wi,r — %)8’1

(U - % - wi,r)wi,r (wi,r) b

B "Z se(—w;, )TN Ly (Wi + 5)Wiga (wiy + 1)
r=1 (u— S +wiy) Wi, (w;,)

0; (3.26)
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+ \/(_1)mz‘+0i—l+bi+l HW

1
(“ P (3)

(The image of ﬁz(u) is the inverse of the image of D;(u).)

Theorem 3.4 is proved in §4 below.

There is some flexibility in the formula for F;(u) in (3.26), where the factor Z;(w; . + %) can be
split into 2 factors, one for each of the first two summations. In this way, using notation (3.12) and
(3.14) (also see (3.10)), the formula for £;(u) in (3.26) can be modified to be

v; —1; T
Ez(u) o Z %(wi,r) v Zi<wi,r _i_%l)wi—l(wi,r - %)WiJrl(wi,T - %)3;}
r=1 (u - 9 wi,T>Wi,r(wi,r) ’
_ Z wzr i_z‘ (wiT + l)Wi-l-l(wi,T + %>6
- 5 +wz T)Wir<wir> v
+ \/(_1)mi+b¢71+m+1 1 HW
(u 7(3) 50

Fix an arbitrary orientation of the diagram I. For 7,7 € I, we denote by j <> ¢ if there is an
arrow j < 7 or j — ¢. We give another version of iGKLO with the assumption that 6, = 0
for ¢ even (recall the parity assumption (3.5)), whose formulas are more similar to the traditional
Gelfand-Zeitlin formulas. The following theorem is not used elsewhere in this paper.

Theorem 3.5. Let 11 be an even coweight and suppose 0; = 0 for i even. Then there is a homomor-
phism @) - 'Y, (al,,)[z] — A, defined by

Wi_l(u — %) =0
v —19-
A ‘ ’LU
Biu) s = 3 ) P2 HW (wer — DT Wy (s, — D3,
r—1 (u_ 2 _wzr) @,T wzr i i
v; iy
x(—w ‘4 w
_Z ( Zz;) z i,r HW Wiy + HW Wi + zr
r=1 (U o + wi T) T wzr Jj—1 Jji
+ \/<_1)mi+w71+0¢+1 1 H W for i odd,
(u P (2) Jo

E(U)H—i %(wzr) 19 wzr__ HW w; _l
[ i 7 2

(u_lgl_wzr) i,r wzr

r=1 J—
19__
wzr "4y wzr .
— E Zi HW ”—+— Oir, for i even.
- + Ww; r) i,T wzr Gei

(The image of ﬁz(u) is the inverse of the image of D;(u).)
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Proof. The proof is similar to that of Theorem 3.4. The key point is to check that Lemma 4.1 still
holds for the new formulas. U

3.3. iGKLO representations for quasi-split type. Recall the polynomials W;(u) and Z;(u) from
§3.1. Fix an arbitrary orientation of the diagram I such that for each i € I with ¢ # 74, if i — j,
then 75 — 74, orif j — ¢, then 7¢ — 7. Let
1, if @« 74,
i =4 —1, if i — 71, (3.27)
0, if Ciri = O, 2.
We present our main result in this section on the iGKLO representations for shifted twisted
Yangians '), of arbitrary quasi-split ADE types.

Theorem 3.6. Let (I,7) be any quasi-split Satake diagram. Let \ be a dominant T-invariant
coweight and |1 be an even spherical coweight subject to the constraint (3.5) such that X > . Then
there exists a homomorphism

Oh ' Yu[z] — A
such that (see (3.1)-(3.4) and (3. 11)—(3 16)f0r notations)

£ »(u) )
H, (1+%%) W( I,
(u) = +4u W(u——W JI;IZ for i €
Gi
Zi(wi, — 3
Bi(u)H—Z : ’ HW w”—%
r=1 (u+§_wzr) 27“ ]—>Z
CZ Zi (wrir & %) I W-i(wrir + 2)0 for i € I\ 1
- 7\ Wrir DUA NS or 1 )
(U + 1 + wri,r>WTi,r (wﬂ',r) . . ! 7 2 ’ ’
1 2 TJTi

and

Bz(u)H—Z (wlr) 19 w HW wzr_% HW wzr_%ziﬂﬂl

r=1 (u + 2 Wi T) J—n Gé—i
j€lo
wzr ( ZT
_E W;(w;, + 3 W, (wi, + 2)0;,
—1 u+ —{—’LU“»)W (wzr H 2)H j< 7 2) 7
r= J— Jt
j€liq j€lp
+ \/(_1)mi+2i<—>_761110] U‘ZNZO l HW fOl’ 1 € .

2 i

The proof of Theorem 3.6 excluding the quasi-split type Ay, in §4.4 is similar to Theorem 3.4.
Indeed, the verification of relations in *),, under (IJﬁ is either similar to that of the ordinary shifted
Yangians or shifted twisted Yangians of split type, see Remark 2.9.

For the quasi-split type A,,, all relations except for the Serre relation (2.9) can be verified in the
same way as for other types. We shall give detailed verifications for the relation (2.5) when i = n
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and j = n + 1 and the Serre relation (2.9) in §4.5. Note that the extra factor 1+ £ for H;(u) in the
theorem above is compatible with [LLZ24, (6.24)].

Remark 3.7. 1t is possible to also formulate analogous iGKLO representations for shifted twisted
Yangians of split BCFG type, cf. [LWZ25a]. Proving it would require a better understanding of the
complicated Serre relations.

3.4. Truncated shifted twisted Yangians. Inspired by the definition of ordinary truncated shifted
Yangians [BFN19, §B(viii)] and [KWWY 14, §4.3], we make the following.

Definition 3.8. Let A\ be a dominant T-invariant coweight and 1 be an even spherical coweight with
A > 1. The truncated shifted twisted Yangian (TSTY), denoted *))?, is the C-algebra given by the
image of the iGKLO homomorphism @2 ' Vulz] = A

Define a “Cartan” series A;(u) in *Y,,[z][u~'], for i € L, by

N 2e(w) Z(w) T wYs A (u
HZ(U): <1+&> ( ) 2( )1Hj‘<—>l H]<—1>z J( ) -
4u (u - Z)Vl AZ(U - §)Az(u + 5)
where g; is defined in (3.27). Expanding the series A;(u) gives us a family of GKLO-type “Cartan”
elements A" in*Y,[z], for r > 0,i € I

A(u) =1+ > A (3.29)

r>0

(3.28)

Then we have the following simple lemma.
Lemma 3.9. The iGKLO homomorphism <I>l’> from Theorem 3.6 sends
Ai(u) = uV"W;(u).

Define elements B'"

(2

Bi(u) = u" % (u+ )" Bi(u + HAi(w) = u* Y B u, (3.30)

r>0

,forte € I,r > 0, by

cf. [LPT*25, (11.5)]. It is not hard to see that AET) and BZ(-T) fori € I,7 > v; belong to the kernel
of the homomorphism (I););' Motivated by the case of ordinary truncated shifted Yangians [BFN19,
Remark B.21] and [KWWY 14, Theorem 4.10], we propose the following.

Conjecture 3.10. There is an isomorphism
1y2 o Zyu[z]/(Agr), (5‘—,j7()B§s) liel,jelyr>v,s>v,),
induced by the epimorphism @2_

Remark 3.11. In the analogous (conjectural) presentation for ordinary truncated shifted Yangians,

no elements like By) are needed. In our present twisted context, since the series A;(u) is always
(

even for ¢ € [, we need to quotient by extra elements Bir) for r > v; if ¢ € Iy and v; is even, cf.

[LPT+25, (11.6)].
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3.4.1. Commutative subalgebra and center. Consider the subalgebra of lyg generated over C[z]
by the coefficients of all of the series A;(u). (Equivalently, this subalgebra is generated over C[z] by
the coefficients of the series H;(u).) Using Lemma 3.9, one sees that this commutative subalgebra
is a polynomial ring, having the following algebraically independent generators over C|z]:

(AP iely, 1<2r <vitU{A" iie 1 <r < v} (3.31)

We call this the Gelfand-Tsetlin subalgebra of 1322, and in many cases it is a maximal commutative
subalgebra of ny;. We expect that it will be interesting to study corresponding categories of
Gelfand-Tsetlin modules, similarly to [Web24]. We note, however, that the algebras ’yﬁ do not
obviously fit into the context of [Web24], and in particular it is not clear whether ’yﬁ is generally a
Galois order in the sense of Futorny-Ovsienko [FO10].

Note that C[z] is a central subalgebra of Z))ﬁ.

Proposition 3.12. The center of the algebra Z))ﬁ is the polynomial algebra C|z].

Proof. Our proof is inspired by [FO10, Theorem 4.1(4)]. First note that every element x € “yﬁ can
be written uniquely as asum z = } | 7,0, where we have used multi-index notation 9 = [, , ;"
with all a; , € Z, and where the coefficients

zq € Clz|(w;, 11 €1 <7 < vy).

We’ll assume from now on that x is central in Zyﬁ.

We first claim that z, = 0 for all non-trivial @ # 0, so that + = z9 € C|z](w;,). Indeed,
suppose that some z, # 0. By an application of [FO10, Lemma 2.1(4)], there exists an element
f € Clz] [AY)} such that 02 f # f02. But then fx # xf: the coefficient of 0% on the left side is
fq, while the coefficient on the right side is (0% f0~*)xq # fZq.

We next claim that in fact z € C[z]. To simplify notation in the proof, let us think of z = z(w; )
as a function of the variables w;,. For any j € 'I, consider the commutator [®7(B;(u)), z] = 0.
Up to multiplying by some non-zero rational function, the coefficient of 0, on the left side is
x(w; r + 0; 6, ) — x(w; ). This must be zero for all j, s, and since = is rational in the variables w;
the only possibility is that = is constant. In other words, x € C[z], as claimed. 0

Remark 3.13. A similar argument proves that
’yﬁ NClz)(w;, 1€ '[,1 <7 < vy)
is a maximal commutative subalgebra of YA of. [FO10, Theorem 4.1(3)].

3.4.2. Filtrations. Choose a coweight j; such that ;1 = p; + 744, and recall the corresponding
filtration £ 'Y, constructed in §2.4. This extends to a filtration £} '), [z], by putting all variables
2 s in degree 1. Since 13)2 is a quotient of '), [z], it naturally inherits the quotient filtration.
By abuse of notation we will denote this filtration by F,;;yg. Then there is an epimorphism of
associated graded algebras

grfiny 2] — grfin ’yﬁ, (3.32)
and it follows from Proposition 2.21 that gr’’ 512))2 is commutative. We will study the underlying
geometry for this commutative algebra in §8.4.
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4. Proors oF THE iGKLO THEOREMS 3.4 AND 3.6

In this section, we shall prove Theorems 3.4 and 3.6. We prove Theorem 3.4 in §4.1-§4.3. Then

we prove Theorem 3.6 in §4.4 excluding quasi-split type As,, and finish the remaining case in §4.5.
It is clear that the image of D;(u) under <I>i‘L is of the form u~*<:) + (lower order terms in u). We

need to verify that the relations (3.17)—(3.24) are preserved by the map (IDQ. The relations (3.17),

(3.18), and (3.22) are obvious.
We shall verify the remaining relations (3.19)—(3.21), (3.23) and (3.24), respectively.
4.1. The relations (3.19)—(3.21). We start with the relation (3.19). To simplify the notation, we

write
D;(u) = Wi(u — 54)pi(u),
v; + 0, _
& (wir) &ir(wiy) &
Ei(u) — — L SR Oir + ——.
T e

r=1
(w;,), and &2 can be read off directly from formulas in Theorem 3.4 and

The functions ¢;(u), &,
we do not need their explicit forms. Set

v;
0;
Wy, (u) = u” [ [(w® = w?,).
o

4.1)

Clearly, the image of [D;(u), E;(v)] under @ is given by

r=1
_inr(u—% ei(w)&;  (wiy) (( — =2y )5
— > — 3 i ) Yir
gt 5 i,r
1 W) 12 (w,;, — 1)2)9;)}

r=1
N W2 (u— 5w (w)E; (wi)
+ o 2 - — )2 - ir+1261r
; = ((w—5" = (wip + 1))
WP (u — 5 )i ()6 (win)
1,7 2 ¢ 2,7\ LT -
-y Tt g e (2w, — 1)3;}
—1 2 1,7
W g )
r=1 v % + Wi "
Eji(v)) under @, simplifies as

v; © ]
Wi,r (u - 5
7

p Ml el

r=1
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Wi(u — 5)pi(u)§
(uw=3)v=73)
—(Ei(v) — E(—u + 1)) D;(u) under @), simplifies as

WP (u— ) ei(u)E (wiy)

—Z A (v — 5L — (w;, — 1))}

(U - % - wi,r) 81’,1” -

— 5 = Wiy
SWE, (u— 5o (u)E (wi ‘ Wi(u — 5)p(u)&?
_Z 21 )190( )5 ( )(u—%—l—(wl,r—l—l))d,er (u iQ )90 (Zu) 1
2 + Wi (U_i)(v_i)

Summmg up the above formulas, we see that the image of the right-hand side of (3.19) coincides
with the image of the left-hand side, proving the relation (3.19).
The proof of the relation (3.20) is very similar, which eventually reduces to the following identities:

1 1
(b= 512 —wl, (=512 — (wir £ 1)
B 1 1
(u—5)2—w?)(u—"F Twy,) (=52 = (wi, — 1)) (v— 2 Fwy,)
To simplify the notation in the next task, following [GKLOOS5] we set w; o = 5 and introduce
t — —1)witvi—1+0ip1 W 4.2
Xio =V (=1) ww)H (4.2)
jei
X+ _ _%(wi,r)fﬁiwi—l(wi,r - %)Wz_t,_l (wi,r - %)6.,1
" Wi,r (wz,r) o
_ %(_wi,r‘)_mm Wi+ : Zi(w;, + l)
Xi,r == ‘;;ir(wi7r)2) : 8’L',T) for 1 < r < v;.
Note that X;’FO = 0 when #; = 0. Then from (3.25) and (3.26) we derive that
v; 1 v; 1
N B; — o4 _— X, 4.3
,u( (U)) ;0 w4+ % _ wim Xz,r ; u - % T wi’r Xz,r ( )
v; v;
B =3+ D X
r=0 r=1

Now we proceed to prove the relation (3.21), and we shall set j = 7 4 1. Note that §;0; = 0 by
(3.5). Without loss of generality, we assume that 6; = 0.

Lemma 4.1. Let j =1+ 1. We have
(Fwir F wis — DX X = (Fwip Fwis + DXoXer T # 5,
(j:w”j:wzs—l)xwxw tw;, £ w; s + 1)XHX“~, ifr # s,
+3)
+3)

(

(
( Xi, rx]s (Fwiy F wjs — x]sxm
( = (fwiy £ wjs — $)XTXir

:twi,r + U}] s %)
:i:wi,T' :l: w] S Xz TX] s %)
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where r = 0 is allowed in x,.
Proof. Follows from a direct computation. U

Remark 4.2. Alternatively, one can also set w; g = —1 and introduce

o = VDl HW

jei
Then the above lemma also holds for x;,. with r = 0.
The relation (3.21) can be equivalently written as

(u— v+ 1) Bi(u) B;(v) + By(u)B{"” — B B;(v)

1

(4.4)
=(u—v — 1) B;(v) By(u) + B Bi(u) — B;(v)B".
The image of the left-hand side of (4.4) under (193 simplifies as
v Wir — wis + 1 - Wi +wis + 3 L
; ; ( — ww)(v n % — wj’8>Xi,er,s + (wt % — o)+ % n wj,S)Xi7TXj78)

2 wj,s + % -+ _wi,r + w],s + % _
+ X+ ~ o\
2 Z < i itw r)(v 1wy T T ) (0t b )

r=1 s=1

while the image of the left-hand side of (4.4) under CIDQ is

7 v; 1 1
r— Wis T3 + ot Wiy + Wjs — 3 - +)
] ’r+ j,s/\i,r
ZZ( u+——w”)(v+%—w~ )XJ’SXZ’ (u+%—wi7r)(v+%+wj,s)xj’ X,

]78

1
w.]) 5 =+ — wiaT + w.]’s - 5 — — )
+ j,S ir+ s\t |

Clearly, those two images coincide by Lemma 4.1, completing the verification of the relation (3.21).

4.2. The relation (3.23). From now on, we set 4; = u — 5+ and 0; = v — 5*. Then we have

For simplicity, we set

n(u—3)"Wisi(u = 5)Wipi(u — 3)Zi(u — 3)
Qi(u) = 2 2 2 2/, 4.
() W, ()W, (u — 1) *5)
Here Q;(u) = Q;(—u + 1). Moreover, if 6; = 1J;, then
Z (u— )P We(u)We(u—1) '
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To verity the relation (3.23), it is equivalent to check that

0; v;

v; 1 v; 1 - 1 1 )
et e S e S e

r=1 o s=0 * b s=1

v, v; 2
. ! . 1 - @.7)
==& <Z (@ — wir) (B — wiy) 7 +2 (i + wi,s ) (0; + wi,s)Xi’s>

— ;<(Qz(ﬂz))* - (Qz(@z))*>

G+ — 1

We shall move all difference operators X;t,, to the right and then compare the terms not involving
difference operators and terms containing X;? st and Xf,, Xi s

4.2.1. Terms involving Xii,rst and Xz:"?rX;—",:s (r #s). Fix 0 < 7, s < v; such that r # s. We collect

terms containing x;,.x;, and x;’.x;",. The terms containing x; .x;, and x;",x; from the left-hand
side of (4.7) are given by
1 1
+ ot + ot
~ Xi,TXi,S -~ ~ Xi,in,r
(U — wiy) (U — wis) (@ — Wiy ) (0 — wis)
1 1
Fot o
(U — w;,s) (0 — wiy) XissXisr (i — w; ) (0 — wiy) Xior X (4.8)

(= o) (Wi = wi ) XX + (Wis — Wi )X X

(ﬂi - wi,r)(ﬁi - wi,s)(ﬁi - wi,r)(ffi - wi,s)

+

o,

+

The terms containing x X;’S and x;, X;:T from the right-hand side of (4.7) are given by

— (@ — T5) (XX s + XiaXi)

. 4.9
(= Wi ) (T — Wi ) (T — Wiy ) (D5 — W) @9
To prove that (4.8) =(4.9), it is equivalent to prove that
— (@5 = 03) (Wi — wis — DX X0s + (Wi — wir — 1)X30XG,
(8 = 90) (i = i = DX+ (010 — wir = D) _ 4.10)

(Ui - wz’,r)(ﬂz‘ - wi,s)(vi - wi,r)(@i - wi,s)

which follows immediately from Lemma 4.1.

To prove that the terms containing Xfrxfs and Xi,st:’,tr (resp. X?,ETXT, s and Xf Sxf;) on both sides
match, the computation is almost identical. Indeed, it essentially reduces to prove the identity (4.10)
with w; , and w; ; replaced by +w; , and *w; ¢ (resp. £w;, and Fw; ,), respectively. Note that we

allow 7 = 0 in x;,..

+
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+

4.2.2. Terms involving X;,X;, (r > 1). The terms containing x;,x;, from the left-hand side of

(4.7) are given by

1 1 1 1
~ X;":/r ~ X:—r - 2,_7' ~ X:’,_T
Ui — Wiy Vi — Wi Vi — Wiy Ui — Wiy
1 1
+ .+

= — = - ~ ~ ,r AT 4'1 1

<(Uz — Wi ) (0 —wiy + 1) (0 — wiy) (W — w;y + 1))X irXi, ( )

- ﬂz - 172

_ ( ) X

(T — Wi ) (0 — Wy ) (U — Wy + 1) (0 — wy e + 1)
while the terms containing X:r X;f , from the right-hand side of (4.7) are given by

1
U — wi,r)(f)i - wi,r)

—(u; — Uz‘)(

* +. 4.12
Xir (Ui — wi,)(0; — wi ) Xir ( )

It is clear that (4.11) = (4.12) since x;, contains 3.

The case for terms of x; . x; . is reduced to a similar computation with w; , replaced by —w; ;..

4.2.3. The constant terms. We are left with comparing the terms not involving difference operators.
We call such terms constant terms. The constant terms from the left-hand side of (4.7) are given by

v;

1 b 1
+ - -t
TZ:; (/112 _ U}Z’T)(’ﬁz + wi’T _ 1) XZ,’I’XZ,T + TZ:; (al + wl,r)</ﬁz _ wi’r _ 1) XZ,’!’X’L,T

v; v;

1 1
- X — Tt
Z (61 — wi,r)(ﬂi + Wy p — 1)X7,,7’Xz,r Z (ﬂz — Wiy — 1)(’(72 -+ wi,r) XZ’sz’T

r=1 r=1

The constant terms from the right-hand side of (4.7) are

o
d 1

—(77. — 7). J,_ -

(=) ( Z (T — Wi ) (0 — Wiy ) (U + Wy — 1) (0 + Wy — 1)XZ’TXM

r=1
v;

1 -+

” ; (@i + Wiy ) (0 + Wiy ) (U — Wiy — 1) (0 — Wiy — 1)Xi’rxi’r
" ) - e (@) (@)
(@ = P — P o00) T g 1 (W) = (E)),

2 2

which can be further simplified as

1 1 1

+ ( ~ 2,7 z—"—r ~ ~ i_r jr)
z; (2w + 1) M@ = wiy —1)(0: + wiﬂ")x X (i + w;) (0 — Wiy — 1)X X,
! ;)" )" oyt + ot

_ Tt T —1 ((Qz(u1)> o (Qz(vz)) - ( - %)2 Xi,OX@O + (~Z _ %)2)(7:70)(2-70) .
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Hence, we need to prove that

1 K R 1 1
I — ((Qz(uz)) — (Qz(vz)) - m){:o)(:o + mX:OXIO)
3 2 2

)

. Z Q(UJL r 1 ( 1 4+ - 1 4+ - )
~ 2 2wy, — D) \(@ — wi) (8 + wie — 1) T G w0, — 1)@ — w,) N

Zz(wiﬁl ( XirXir = ! X_X+)
— (2’(1)1 »+1 (fbl -+ U}i’r)(’ZN)i — Wiy — 1) ’ ’ (’IL — Wiy — 1)({)@ —+ ww) ’ ’
Set
S#ET
W7, = (u+w,) H (u? — wis).
1<s<y;
Note that, forr > 1,
2(w;, £ 1)
+1 o o 1,7 +1
"\ ir) = W: (w;, £1)———=0,
61,7“ z,r(w, ) z,r(w y ) Qwi,r +1 617’
and thus we have
Ty :_(211)”_1)3 0. :MR 0O, 4.13
XirXir (wZ - 1) CSu=w; Z(u) 2(“%‘,7’ — 1) CSu=—w; ,+1 l(“)) (4.13)
— ot :_(2w7,+1)R Q. _ (2w/,;,,.+1)R Q. 414
Xz,er,r 2(11)“ + 1) SU:*wi,r Z(u) Q(U}i,r + 1) esu=w¢,r+1 Z(U’)? ( . )
where Res,—, f (u) denotes the residue of f(u) at u = a.
Note that by (4.2), we have
O;W;_1(0)W,_1(0)Z;(0
oxts = 1(0)W;11(0)Z;(0) @.15)

W2 (3)Wi(3)
Hence, to show that the constant terms from both sides of (4.7) match, it suffices to prove that

(u(2))" = (u(@))"

is equal to
1 B 1 W,_1(0)W;41(0)Z;(0)
61((2 —3)? (G- %)2> Wi (3) Wi (=3)

1 1 1 1
R u=w; Qz ~ ~ - =0 - = ;
+ ; Suzwir+1 (u) (uZ + w; + U — Wi, —1 U —wi,—1 v+ wm)

this follows from the following standard result, cf. [KWWY 14, proof of Theorem 4.5] and [BFN19,
Appendix B.5.2].
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Lemma 4.3. (1) For any rational function ~y(u) with simple poles {ay} C C and a possible
pole of higher order at u = 0o, we have

’y(u)*zz L Resy—a,7(u).

u—a
Lk k

(2) Let 6; € {0,1} be as before. For any even rational function y(u) with simple poles
{ax} € C* and a possible pole of higher order at u = 0o, we have

29, « 1 1 20,
(w iy (u)" = @02-7(0) + Z " ReSy—a, u 2%y (u).
k

Indeed, we have 2 cases. If §; = ¥;, then the desired equality follows from Lemma 4.3 and (4.6).
If 6; # ¥;, then it only happens if ; = 0 and ¥J; = 1. Thus max{6;_1,6;,1} = 1 and at least one of
W,_1(u) and W1 (u) are odd. It follows that €;(u) has at most a simple pole at u = 3. However,
Q;(u + 3) is even and hence ;(u) must be regular at u = 3.

4.3. The Serre relation (3.24). We prove it for the case j = ¢ + 1 as the other case j =7 — 1 is
similar. In the remainder of this section, sometimes we write I% for fl—’ngr to shorten formulas,
where p, ¢ are polynomials in « and w; 5, and similarly for others. We understand these ratio as
follows: the terms X?,[r involving difference operators are always to the right of the scalar rational
functions. It is also convenient to set x; = x; o = 0.

We start with the left-hand side of (3.24). We have
(@3B, [@(Biw), 2p(B{)]] + [@)(Bi(w)), [@)(B), ®)(B;)]] (4.16)

vy

v; v, + _
— + - Xi,?‘2 Xi,TQ ) + - :|
|2 ) [3 g+ ) 2 0 )

r1=0 ro=0 s=0

v; v;

v; + —
iy Xiry ) [ + - + - H
1 G ) [ e i) 2 o)) |

r1=0 ro=0 s=0

We first consider the case r; # 5. By Lemma 4.1, we have

1 1

+ ot
1 1 X’i7T1 ’ Xj75i| ]
[U+§ — Wiy, Ut 5 = Wi

s [ G + [ |

1 -1
o + + +
= ——— X i X@erj,s}
[U +3— Win Wiy, = Wjs — 3
+ [x+ = Xim XS, }
i) 1 1\ Ad,riAg,s
(u 5 — wig,)(Wig, — Wjs — 3)
1
. _]. + + + wzy"‘l wjvs + 5 -+ + +
— 1 1 Xi,Tl Xi,T‘QXj,S 1 Xi,T‘QXi,T‘l Xj75
(u+ 7~ wim)(wi,m — Wjs — 5) Wigr — Wis — 3
1
-1 Wiy — Wy +

1

+ o+
Xiro Xa X1, —
(u + 2 wz’,m)(wi,m - Wjs — %) ( I

2.4+ ot
1 Xiyry Xigro Xj,s>
— Wjs — 3
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—1
1

Wiy — Wiy — DT v T
(u + 5 wi,m)(wi,rl — Wj,s — %)(Uh’,rz v v >XZ’T1XZ’T2XJ’S

(
— Wjs — %)
_|_ (wi,rg - wi,Tl - 1)X2_7‘2X27_T1 X;’:S) = O

The same type of computation implies that
1 *1 [ *2 *3} + *2 1 *1 *3 =0
u 4+ % — Wi Xi,m? Xi,rg’ Xj,s Xi,rg? u—+ % — Wiy Xi,n?Xj,s -
for x; € {+},i =1,2,3, provided r; # ry. Specifically, one only needs to change Wi gy s Wi Wi
tO Wy, *2W; 1y, ¥3W; 5, TESPECtively, in the above calculation.

Similarly, one finds that
1 * * + * 1
[TXW [Xi,ij,sH + [Xi,rv [Jr———X”’X]’ H =0

for x € {£} for r > 1. Thus the right-hand side of (4.16) is equal to

1 1
+ + % + + *
4,07 1,00 Aj,s [ 7 )|: i.0° si|j| 4.17
[u_'_ % _ wi,OX ,0 [X ,0 X], H X 0 u ; wi,OX ,0 X], ( )

plus

i=2

1

j Y
1
+ — * — + *
7,7 2,7 AJ,s +|: ir7[ 0,7 siH
([ X Dl | + P ——R

1 _
*E{ } s=0 r=1 u + 2 wl’T (418)

1 1
+ * + *
7,7 i,r) Xj,s |: ir?|: i, s]:|)
U+ —21 —&-wi’TX’ [X’ XJ’ }:| X’ U+ —21 —|—w,~’TX’ XJ’

We shall prove the Serre relation (3.24) by compare the terms containing the same X;fs- The case

+

for x; ; is similar.
Recall our assumption (3.5), X;f o and X;:O cannot be both nonzero. Hence if s # 0, it follows

from Lemma 4.1 and (4.15) that the part (4.17) can be transformed to
20;W;_1(0)W;(0)Z;(0) +
1 2 ol o(l J,S” (419)
(u+ 5 —wip)w; W2 (5)W5(3)
Again using Lemma 4.1, the part (4.18) can be rewritten as

1

v,
Z ; - + — + + i|i|
; <[u + 5 — W; rXi’T’ [Xi,r7 X]’S]] + |:Xi,r7 |:'U/ + % - wi,r Xi7r’ Xj73

1
+ + + - +
Xi,?” [X@r?Xj,s]] + |:Xi,r7 [U+ 1 +w, Xi7T’Xj75i|j|>
) 0,7

ol s e
u + + Wiy
Xz r X;TX;FS _ _Xi,TXj,s
Z [ 1 1} + [Xi,r’ 1 1 ]
r—1 U+§_ @,T wzr+w], +§ (u+§_wi,r)(wi,r_wj,s_§)

X'L r _XiJXj,S + X;TXIS
+ 1} + |:Xi,r7 1 1 }
U + + w; T wzr Wjs — 5 (u + 2 + wiﬂ")<wi7'f + Wy,s + 5)
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d ( X Xar X (i = wis + DX
—wi)wir s = 3) (0= 3 = wir)(wie + 3 = i)
B X Xir X s (wn +Wjs — XX s
(u— 3 = wip) Wiy —wjs+3)  (wt g5 —wip)((wiy — 3)? —w3,)
B Xir Xitr X s . (wi,r +wis — XXX
(u+ % + w; ) (W, — wj s + %) (u— % +w;p ) (Wi, — %)2 - wj,s)
. XX s - (wz = Wis + 53X XX s )
(u - l + wiﬂ’)(wiﬂ" + Wy — %) (u + 5 + wiﬂ“)«wiv” + %)2 - wis)
b < 2(wi,r — VXXX - 2(wi, + 1)X;, XX
— — Wi, ) (Wi, — %)2 - wjz,s) (u— ; Wi ) (Wi + %)2 - wis)

2<wi,r + ]‘)X’:TX’:_T‘X;’:S 2(wi,r - 1)X:7'X'er;:s

Sl w57 —ud) = ) (- 5 -

Recall W¢ ((u) from (4.1) and set (cf. (4.5))
() = 28 Wi (u = )W (u = 5)Zi(u — 3)
55 W1<U)W2(’U/ — 1) ’
Note that ((u — 3)? — w3 ) Qyjs(u) = Q(u).
We rewrite the above formula using (4.13)—(4.14) in two cases, i.e., s = 0 and s >
then the above formula is equal to

2
.]78

o
: 1 — 2w, 1 1
Z( ( 1 12”7) >Res +lQi(u+§)( - + -
— (wi, — 5) — Wy s T Ut 5= Wiy U= 5+ Wiy
_ (w,l‘i‘ )QRGS 1Q(U,—|— )( . + .
(Wiy +5)? —wi,  v=wirty U—5 = Wiy U+t 5+ Wiy
If s > 1, then the above formula is equal to
- 1 1
Z (1—2w;,)Res  1Q;,(u+ )< T + il )
—1 U=—wi,rty U+ 3 = Wi r U — b) + Wi r
1 1
— (2wi,r+ 1)Res 1QJS(U+ )( T + T >
u=wirt g U— 75 = Wiy Ut 5+ Wiy

Now we consider the right-hand side of (3.24). Then
O (Bj(—u + 3)Hi(u) — Bj(u+ 3)Hi(u))

0, —
_ ZJ ( Xj:s + Xj,s
e \—utl-wie —ut 1w

1 N 1
u+1l—w;s"" u+1l4w,,

)

1. If s =0,

))xﬁs-
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= 0
u? wio J
vj 2 2 2 2
ut — (wis —1)°  w” — (wjs — 1)
i st + 1 ( s _ J> > +
; el 2)< —u+1—w;, ut L=,
u? — (wis + 1) u? — (wjs+1)%\ _
+ ( d — )X]S
—u+ 1+ w;, u+1+w;, ’
QUQ,L('U/ + l) o -
SRLLIIES I S S
j70 s=1

Comparing the coefficients of X;fo and X;s for s > 1, the Serre relation (3.24) follows from the
formulas established above and Lemma 4.3 (see the end of the previous subsection where this lemma
was applied similarly). Again, we need a case-by-case study. We only remark the following.

e The term (4.19) contributes only if #; = 1, in which case X;fo = 0 by the parity assumption
(3.5).

o If xj, # 0, then W;(u) is an odd function and by (3.3) we have ¥; = 1. It is easy to
see that 2u$;(u + %) is regular at v = 0 and has simple zeros at u = £w,(. Similarly,
2uQ;,; s (u + 1) is regular at u = 0.

This completes the proof of Theorem 3.4.

4.4. Completing the proof except quasi-split type A,,,. It remains to prove Theorem 3.6.

In this subsection, we exclude the quasi-split type Ay,. Note that ¢; ,, # —1 for all i € L, the
Serre relation (2.9) does not show up and p; = 0 forall 7 € I. According to Lemma 2.4 and Remark
2.9, it is not hard to see that the verification of all the relations will be either similar to the case for
the ordinary shifted Yangians, or the case for shifted twisted Yangians of split type A. Here we only

discuss for example the Serre relation for ¢;; = —1 as the relation for ¢;; = 0 reduces to the case of
shifted Yangian.
Suppose ¢;; = —1. Note that j # 71, then we have several cases. First, one needs to verify that

similar identities hold as in Lemma 4.1. We proceed case-by-case.

(1) If both 7 and j are not fixed by 7, then this is the case of ordinary shifted Yangian as verified
in [BFN19, Appendix B].

(2) If both ¢ and j are fixed by 7, then this is the split case as verified in §4.3.

(3) Ifiis fixed by 7 and j is not, i.e., i € Iy and j ¢ I, then we need to verify the relation (2.8).
Then the detail is parallel to that of §4.3. Again one needs to carefully deal with the terms
containing X;LO X:,FO and Xf; X;Fr (those are scalar functions) while all other terms cancel due
to Lemma 4.1.

(4) If j is fixed by 7 and i is not, i.e., ¢ ¢ Iy and j € I, then we need to verify the relation
(2.7). Again, we argue as in §4.3. Since i is not fixed by 7 and j # 71, there is no way
to obtain constant terms (scalar rational functions without difference operators). Thus this
case essentially corresponds to the beginning of §4.3.
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4.5. Completing the proof for the quasi-split type A,,,. In this subsection, we complete the proof
of Theorem 3.6 for the case of quasi-split type Ay,. We shall only verify the most complicated

relations (2.5) and (2.9) for the case j = 7¢ and ¢; ,; = —1 for the iGKLO homomorphism in
Theorem 3.6. We prove the case : — 7 (as the other case 7 <— j is similar). Then p; = —1 and
@j =1.

4.5.1. The relation (2.5). We work with the corresponding relations in terms of generating series,

(1= ) [Bifu), By (0)] = ~3 Bi(u), By(w)]s + (1B

_< 2u (Hz-(u))*—l—

u -+ v

Y. B;(v)] — [Bi(u), B{"])

J
2v

(H, (U))*>,

%

see [LZ24, (3.21)]. It can be equivalently written as
(u— v+ 3)Bi(u)B;(v) + By(u)B{"” — BV B;(v)

)

= (u—v — 3)B;(v)By(u) + B Bi(u) — B;(v)B}" (4.20)
2u * 27) *
N <u—|—U(Hl(u)) + u—l—’U<Hj(U)) >’

cf. (4.4). We proceed as in §4.1 by introducing x;, and x; s for 1 <r < v;and 1 < s < v; such
that
vi 1 il 1
N B;(u)) = —_—Xir N B.:(u)) = —_— Y. 4.21
dB) =3 BB ) =3 (421)

r=1

Note that we have used (3.9). It is convenient to write ' :=v; +1 —r for 1 <r < v,.
Lemma 4.4. [fr # s, then we have
(Wip — Wis — 1)XinXis = (Wir — Wis + 1) XisXirs
(Wi — Wjis + 3)Xir Xjuw = (Wi — Wjs — 3)Xjs' X
Proof. Follows by a direct calculation. 0

Thus it follows from the same calculation as in §4.1 that all x;, X+ (Or Xj.sXir) With 7 # s in
the LHS and RHS of (4.20) cancel. Hence we are left with terms involving x; X and X Xi,r
summed over 7 and the scalar series from H;(u) and H,;(v). Note that by (3.9), we have w; , = —w ,»
and 0, , = 5;’,}, for 1 < r < v;. Thus these terms do not involve the difference operators.

The constant terms from the LHS of (4.20) are given by

1 & 2w, — + 2wj .+ %
> ( L

1
u—i—vr:l U+ 35— Wiy V=35 — Wy

while the constant terms from (v — v — 3)B;(v) B;(u) + Bj(l)Bi(u) — B, (U)Bi(l) is given by

o;

1 211)1"7. + 1 2w ! 1
Z < 1 2 — ] 2 >Xj,r’Xi,r'

1
u—l—vril U—35 =Wy UVt+g5— Wy
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Note that 7 — j. Expressing x; X~ and X Xi,r explicitly, we have

(2wi, — %)Zi(ww -5
i,r Xg,r — 7 W i — l
s (2’(1]1'7,« - l)WLT(wi,r)Wzr wzr - H k Wi 2

2
_ (2wjo + 3)Z;(wjr + 3)
(2wjpr + 5)YW i (w5 YW j o (w0 + 1)

(4.22)

HWk wjr/‘i‘ )

k<—>
The formulas for ;7 x;» are similar but without the extra ratios (due to the choice of © — j):

AL,
Wi (w; — 5
W (W YW o w] v ey )

k<—>_]

X4 Xijr =
(4.23)
Zi(w, r + %)
_ Wi (w;, + 3).
Wi,r<wi,r)w (wzr + 1 H k i 2)

k:(—)z

The rest follows the same type of argument at the end of §4.2, now with the help of Lemma 4.3.
We remark that the extra factor 1 4 ﬁ accounts for the factors

2u(l+ 1)

_ 3
= 2wi’7« + 9

2u(l+ 1)

_ 1
— Qwi,r + 2

1
u:wi,TiE U=wWi r+35

and similar factors for w; .

4.5.2. The relation (2.9). By Lemma 2.5, it suffices to verify the relation (2.9) is preserved by <I>f;
for the case s; = s3 = s = 1. As first pointed out by [SSX25], it is actually easier to prove the
following more general relation in generating function form

[BM,[BY, B;(w)]] = (4u[Bi(3u), Hy(w)])", (4.24)

)

which implies that the relation (2.9) is preserved by @fb for s; = s, = 1 and arbitrary s > 0.
Recall the image of B;(u) from (4.21) and note that w;,» = —w; ... It follows from the identity

1 ( U—w;, +1 B U — W,y )
S3u+ it —wi, \(u—3F+wi,)(u—3+w,) (u+3+w,)(u—3+w,)
B 1
(u+ % + w; ) (u — % + w; ) (u — % + w; ;)
that
v;
o (4u[Bi(3u), Hj(u)]) =3 = (W)X (4.25)
r=1
where
_ du+1)Z;(uw)W,,.(u
Eir(u) = 5 ( 4 Z;()Wirl ) H Wi (u). (4.26)
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On the other hand, the image of [B{", [B{", B;(u)]] under the map P is

v; 0; 0; 1
[Z Xiris [ Z Xi,ras Z m}(j,s’}] . 4.27)

ri=1 ro=1 s=1
If r; # s and ry # s, then a similar calculation as in §4.3 using Lemma 4.4 shows that

1
Sym,., o | Xir s [Xi,mam)(j,sf] = 0.

Thus only the terms with either 7; = s or ry = s in (4.27) survive and will make a nontrivial
contribution to &, ( | BY, [BY, Bj(u)]]). Denote by X, the sum of the surviving terms containing

3 3

Xir from (4.27), for 1 < r < v,. From the discussion above, we have

o (B, 1BV, Biw)]]) = 3 X,. (4.28)
r=1
where
v;
Xo=X7+ > (X[+X0), (4.29)
s=1,s#r
with
1 1
XO: iT7|: irﬂ— A'I‘/:| Y X,: iT7|: i87— ‘S,:| Y
' h’ X’“+%—ww}% } T X’“+%—wwx%
1
X”: isa[ wry 1 's’:| .
s |:>(7 X’ u—f—%—wj,S/X]’
The summand X is equal to
o — 1 2 n 1
r w— % + Wi, Xir Xior Xj,r u— % + Wiy Xior X! Xi,r w+ % T Wiy X! X Xy
It follows from (4.22)—(4.23) (and recall w;,» = —w;, and (4.26) here) that it can be rewritten as
1 1
X, = (B—Resusz, 43+ ——F—Res,_, ,,1
u—§+wi7r Hrt2 u—§+wi7r 2
1 (4.30)
—F  Res,,_ )Ewu i
u+ % +wi,r u—ij/f% El ( )X»

Now let 1 < s < v; with s # r. We have

1
X;: ir7[ sy . 1 's’}:|
|:X7 X, U+%—UJj73/X]7
. XirXi,sXj,s" — Xi,sXg,s' Xi,r + Xj,s' Xi,s X — XiorXi,s' Xiys
= T i

1
U— 35~ Wy U+ 35— Wy

On the other hand, it follows from Lemma 4.4 that

1
XH: isa[ wry 1 's’}
s |:X7 X7 U+%—U)j,s/X]’




38 KANG LU, WEIQIANG WANG, AND ALEX WEEKES

-1
— u—+ % _ wj,s')(wz}r — Wy g + %)X],s/Xz,r:|

_ —Xi,5X4,s' Xi,r XirXi,s' Xi,s
(u— 5 —wi) Wiy —wje —3) (w35 —we) (Wi —wje — 3)

Xi,37
(

Summing up the above two expressions, we have

1
1 Wip — Wiy + 5
/ " 1,7 158 2
Xs + Xs - 1 <Xi,rXi,sz,s’ - 1 Xi,sz,s’Xi,r)

U—E—sz/ wm—wj,s/—i

3

1 Wi — Wj s — 5

1 Xij,8' Xi,s Xir — T XirXj,8' Xiys | -
U+ 5 — Wy Wiy — Wjs — 5

Using (4.22)—(4.23) along with the identities

(wjs +wip + 1)(wse + § — wiy)
W g + Wy p — 1

4w]'75/ —l— 1
)
Wwjs — 1+ Wiy

+ (wi,r — Wy s + %) =

Wy s — % — Wiy + Wiy — % — Wy s
(wj,s’ + wi,r)(wj,s’ -1+ wi,r) (wj,s’ -1+ wi,r)(wj,s’ -2+ wi,r)
4’(1)]'75/ —1

)
(W, + wip) (Wi — 1 4 wiyp ) (w9 — 2+ wiy)
we can rewrite the previous equation as

1 1 _
Res,—, 1+ —1—Res,_, ~,5/—%> = (W)X, (431)

X/+Xl/:(
s 3 U+%—U}j’s/ 7

2
Plugging (4.30)—(4.31) into (4.29) and applying Lemma 4.3 we obtain that X, = (Eivr(u))*xw.
Now comparing (4.25) with (4.28) completes the proof that the relation (2.9) is preserved by <I>/’\,

This completes the proof of Theorem 3.6.

U—75 = Wy

5. IDENTIFICATION OF TWO DEFINITIONS OF TSTY

In this section, we make precise the connections between the TSTY for split type A (type Al)
here with a distinguished family of TSTY defined in a very different way in [LPT*25, Section 11];
that version of TSTY was motivated by its connection to finite 11/-algebras of classical type.

5.1. Shifted twisted Yangians and TSTY from [LPT"25]. Let g = sl,, and 7 = id. We consider
the special case A\ = Nw, where w is the first fundamental coweight. Let 1 be a dominant even
coweight such that Ny > u. Recall v; € N from (3.1) and 6; from (3.2). Define p; € N by

P1=Va1, Pi=Vni—Vaoiy1, Pn=N—vy, (1<i<n). (5.1)

Then (py, pn—1,...,p1) form a partition of N such that p; 11 — p; = (i, a,,—;). It follows that all
p; have the same parity. The parity assumption defined in [LPT*25, (11.1)] then is equivalent
to the evenness condition of u. This partition determines a pair (o, ¢), where ¢ = p, and 0 =
(sij)1<ij<n 1S @ symmetric matrix satisfying s, ;. = %(piﬂ —pi) and 8; ; + §;,, = §; ,, provided
li — j| + |j — m| = |i — m|. We call o a shift matrix.



SHIFTED TWISTED YANGIANS AND AFFINE GRASSMANNIAN iSLICES 39

The shifted twisted Yangian of type A, denoted by Y, (), can be defined in parabolic presentation
in [LPT*25, §8.1] with a composition of n that is admissible to the shift matrix o, or alternatively,
in Drinfeld presentation in [LPT*25, §8.3]. It has been proved in [LPT*25, Proposition 8.9] that
the two shifted twisted Yangians are isomorphic. Here we only recall the Drinfeld presentation.

Let C' = (¢ij)1<ij<n be the Cartan matrix of type A,,_1, and set co; = —0, 1.

Definition 5.1 ([LWZ25b, Theorem 5.3]). The twisted Yangian of type Al is the algebra Y over C

generated by {fHET)}DO, {By)}wo, for0 <i <nandl < j < n,subject to the following relations,
for ri,ro, 7, 8 € Z~y:

O3 0. D o 5
r s r— s T S 1 r— s
067, B — 3000, B = o, BETV) + 23 B, (5.3)
. s r s Cii r s r r+s
(B BY) - B, BEY) = 7][31(» LB — 26,(—1) R, Sh
['BZ(‘T)> B;’S)] _ O, for |Z _ ]‘ > 1’ (55)

B, (B0, 3]

i

Sym

71,72

(—1)m Z 2—2p([U_CZ(r1+7~2—2p—1)7 §r+1)] _ [U_C(T1+r2—2p—1)’ B(T)]-F)? if ;= —1, (5.6)

@ J
p=20

o5

for all admissible indices 7, j, 7, s. Here by convention, 3{1(0) =1.

Definition 5.2 ([LPT"25, Definition 8.7]). The (dominantly) shifted Drinfeld twisted Yangian
associated to the shift matrix o is the algebra Y\ (o) over C generated by {J—CE”}DO, {By)}rx,j 1
for 0 <7 <nand 1 < j < n, subject to the relations (5.2)—(5.6), for all admissible indices
T1,72,7,8 € L.

The shifted twisted Yangian YI (o) can be naturally identified as a subalgebra of Y by identifying
elements with the same symbols.

The twisted Yangian Y, also contains mutually commuting elements DZ@ for1 <7 < nand
r > () defined as follows

Ho(u) = D1(u), Hi(u) = (Di(u — i))_lDz’H(U — 3 l<i<n,
where

Hi(u) =1+ ZJ‘CZ(-T)U_T, Dj(u) =1+ Z@;T)u_r, 0<i<n,1<j<n,

r>0 r>0

see [LPT'25, §3.2] or [LWZ25b, §3].
Introduce Q;(u) for 1 < i < n by the rule

Then
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Moreover, the series Q,,(u) corresponds to the Sklyanin determinant sdet S(u + ”T’l) which is an
even series, see [Mol07, Theorems 2.5.3, 2.12.1].
Let 8Y." be the subalgebra of Y& generated by {9{1@, iBET)}DO, for 0 < i < n. Denote by Y.

the center of Y;7. Then it is known [LWZ25b, Theorem 5.1] that SH:{ is isomorphic to the algebra

generated by {U-CET), BET)},,>0 for 0 < 7 < n subject to the relations (5.2)—(5.6). Define 2" for
r > 0 by

Q) =1+ 20~ (5.8)
r>0

Then it is known [Mol07, Theorem 2.8.2] that the center of Y." is freely generated by the elements
2 for r > 0. Thus it follows from [Mol07, Theorem 2.9.2] that

Yt =8Y @2yt =8y @ C[z™ | r > 0] (5.9)

Similarly, let 8Y (') be the subalgebra of Y; generated by {H\"},~, {23§’”>}T>5N. L.for0<i<
n. Denote by ZY (o) the center of Y7 (o). By passing to the associated graded (the loop filtration),
one obtains that 2Y" (o) = ZY.! (see e.g. [LPT*25, Remark 8.14]) and

Y (o) =8Y} (o) ® 2Y} = 8Yi (o) @ C2") | r > 0], (5.10)

Lemma 5.3. The map r : 'Y, — 8Y, (o) defined by the rule

HV(LZ N %§r+2si,i+1)’ Bfi)l . W358+ﬁi,i+1)7
for0 <i<mn,r>—2s,1,s >0, uniquely induces an isomorphism of algebras.

Proof. It is clear that the map induces an epimorphism. Then it follows from comparing the PBW
bases in Theorem 2.16 and [LWZ25b, Proposition 3.14] that it is indeed an isomorphism. O

Then we recall the truncation from [LPT*25, §11.2] in terms of the Drinfeld presentation rather
than the parabolic presentation, thanks to [LPT*25, Proposition 11.5]. In this case, the composition
vissimply (1,...,1), theelement H 1(T1)1 therein corresponds to ﬂ{((f) forr > Oand stl)l corresponds

r+51,2)

to Bgs) for s > 51 5. Introduce elements %l( for r > 0 by the rule

By(u) = D BUTHu By(w) = By(u+ L) Ho(u) = Y BTy (5.11)
r>0 r>0
Thus the element é&lj’;p 1 corresponds to B>V Then the truncated shifted twisted Yangian

(TSTY) H;; ,(0) in [LPT*25] is defined to be the quotient
rol0) =Y (0) /3, (5.12)
where J, is the 2-sided ideal of Y7 (o) generated by

{HS | r > pr U {6, oBE2 DY (5.13)
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It has been proved that in [LPT*25, Theorem F] that Y' () are isomorphic to finite ¥ -algebra of
classical types. Let k = L%j The precise type is determined as follows:

Cy, ifall p; are even,
Bg, ifall p; and n are odd, (5.14)
Dy, ifall p; are odd and n are even.

We shall slightly modify the iGKLO representations and establish the connections between the
TSTY 'Y= and Y} (o).

Under the choice of the data, we have A = Nw) and hence w; = N and w; = 0 for ¢ > 1. Thus
by the conventions from §3.1-§3.2, only for i = 1, the parameters 1v;, 5; and the polynomials Z; ()
are nontrivial. For that reason we shall drop the index ¢ = 1. Let ¢ = N — 2k. We have

k
Z(u) == uCH u— 22 Z;(u) =1, (5.15)
s=1

fori > 1.

Recall that all p; have the same parity, which we denote by 6. It is easy to see from (3.2)—(3.3)
that ¥; = 6 for all i € . Hence the action of H;(u) in the iGKLO representation <I> = s given as
follows

u 07, u
Hiu) = Wi(ux—< )>vzv(<i+ pLIWi. - r<i<n

Jét
We introduce some variant of the algebra '), [2]:
Va1 = V@ Clat, o 1%, VY = B (D275,
where C[22, ..., 27]%* is the algebra of symmetric polynomials in 27, ..., z2.
Introduce formal variables Z(") for ~ > 0 and consider the tensor product of algebras
V2] ="V, ®C[Z" | r > 0] (5.16)
Set
u) =1+ 20y (5.17)
r>0

Now we have obtained four algebras Y, (o), 'V,.[Z], YV ,.[2?]%, Z;)jlivwl. Since both 'Y, [Z] and
'Y,[z%]%* are extensions of 'Y, by tensoring with a polynomial algebra, it is easy to see we have a
surjective homomorphism 'Y, [Z] — 'Y, [2?]°F via specializing Z(u) to v Z(u), where Z(u) is
given in (5.15).

Introduce elements AZ(»T) and BET) in 'Y, [2?]% for r > 0, respectively, by (3.28) and (3.30). Also,
introduce Ay) (we use the same notation as they are canonically identified under the quotient map

V2] = Y,[2%%) in 'Y, [Z] for r > 0 by
()’ (¥ Z () T u Tl Ai(w)
(u? = )V Ai(u— 3)A(u+3)’

2

H;(u) =

(5.18)
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where AET) are the coefficients of A;(u) as in (3.29). Recall the numbers v; from (3.1). Define a
family of new numbers ¢; for 0 < ¢ < n by

n—i—1

= (vi—0)+2 > (=1Y(vis; —0), (5.19)
j=1

where by convention v = N. If § = 0, then all §; = 0. If § = 1, then 0, is equal to the parity of
n — 1.

Lemma 5.4. There exists a unique isomorphism i : 'Y ,[Z] — Y7 (o) which extends r from Lemma
5.3 by letting

n—1
Z(u) — Q,(u) H (1—(£))"
i=1
Moreover, under the isomorphism k, we have
i—1
Ani(w) = Q(u) [T (1= (5D)*)™ 7, 1<i<n
j=1
Proof. The first statement follows from Lemma 5.3, (5.8), (5.10), and (5.16)—(5.17).
Now we prove the second statement. Denote

i—1

Pow) =[] Q- G, 1<i<n (5.20)
j=1
Recall the definition of A;(u) from (5.18) and the relation
; v Qi (w) Qi (u)
r(H;(u)) = u<u,az>g.cn7i(u) — i)
Qn_i(u — %)Qn_l(u + %)
from (5.7). Thus it suffices to verify that
(1 _ (L)z)%w PBr—i—1 (W) Pri+1(w) 1
2u Sq3n—z(u - %)mn—z (u + %)
which follows from a straightforward calculation using (5.19) and (5.20). UJ
Remark 5.5. 1f all p; are even, then ; = 0 and the polynomial
n—1
Pr(u) = u® [ (u* = (5)*)" (5.21)
j=1

coincides with the polynomial in [LPT*25, Proposition 12.5] for £ even (associated to the symmetric
pyramid determined by the partition p; < po < -+ < pp)-

Similarly, if all p; are odd, then the polynomial (u + 1)P,(u) coincides with the polynomial
in [LPT"25, Proposition 12.5] for ¢ odd. Note that it is not hard to prove that the extra factor
U+ po=1u-+ % there (for ¢ odd) can be removed so that the RHS of [LPT*25, Proposition 12.5]
remains to be a polynomial in w.
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5.2. Identifying two TSTY’s. We introduced a variant of the TSTY ’yﬁf =i, by restricting the
allowed elements coming from C|z]:

YN = (1Y, [27]5). (5.22)
Proposition 5.6. There exists an epimorphism Y} (o) — ZJNi,JLV “
Proof. By the discussion above, the following composition,
Y (0) 5 ' VulZ] = V7% — Yy,
is an epimorphism, where the first isomorphism is from Lemma 5.4, the second epimorphism is
obtained by specializing Z(u) to u~~Z(u), and the last one by definition.

Note that the two-sided ideal generated by AZ , 05,0 BST) for s € I, r > v; is contained in the
kernel of the quotient 'Y, [2?]% —» ’yNwl By Lemma 5.4, we find that Hy(u) = Q;(u) in Y. (o)
is sent to A,_1(u) in 'Y, [2?]%. If v, is even, then it follows from Lemma 5.3, (3.30), and
(5.11) that B> in Y+ (5) s sent to B = BN in '), [22]%. Thus it follows from
(5.12)-(5.13) that the ideal J, is sent to zero. Thus we have an epimorphism H;Z(U) —» N,iv wlv. ]

Recall from [LPT"25, Corollary 11.11], that ‘3:{7 ,(0) quantizes the Slodowy slice S, for classical
Lie algebra s, in (9.3), where 7 is the partition (p,,, ..., p;) of N;cf. (5.1).

Lemma 5.7. The number of PBW generators for H:’Z(U) is equal to dim 8¢, which is given by
QZZ L 0+ k.

Proof. The first equality holds by [LPT*25, Corollary 11.11]. By [LPT*25, Corollary 11.9] (and
taking the admissible shape there to be (1, 1,. .., 1)), this number of PBW generators is given by

n—1

Zn—apa—l—z% (5.23)

a=1

By (5.1), we have

> pa=vVap, forl<b<n-—1, (5.24)

and thus by (3.2) we have

n—1

(]

(n—a)p sz_zzn +Ze (5.25)

Recall that all p, have the same parity, > _, p, = N, and k = [ |. Calculating 6; in (3.2) using
(5.24) case-by-case, we have

a=1

0+ N/2 =k, if all p; are even,
Ze +Z Pa| = (n—1)/2+ (N —n)/2=Fk, ifallp; and n are odd,
n/24+ (N —n)/2 =k, if all p; are odd and n are even.

The lemma now follows by plugging this last formula and (5.25) into (5.23). 0
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Theorem 5.8. The two TSTY’s Y /(o) and 1)75 = are isomorphic.

Proof. In the proof, we will heavily use the notion of Gelfand-Kirillov dimension GKdim A of an
algebra A. We refer the reader to [KLO0O] for a detailed overview.
We shall prove that the epimorphism H:; (o) = ”?,iv “ from Proposition 5.6 is an isomorphism.
By [LPT*25, Corollary 11.11], there is an isomorphism gr’ Y (o) = C[Sg] where S is a
Slodowy slice. Since C[S¢] is a polynomial ring, it follows that Y, ,(0) is a domain. The algebra
%J; ,(0) has a PBW basis in [LPT"25, Corollary 11.9], and thus its Gelfand-Kirillov dimension can
be computed by counting the number of PBW generators, which by Lemma 5.7 is equal to
n—1
GKdimY, (o) = dimS; =2 v; + k.
i=1

’VNwY

Claim. We have GKdim 'Y, ™" > 23" v, + k.
Assuming this claim for the moment, we deduce that

GKdim Y, (o) < GKdim' Y=, (5.26)

Since ‘é:{, ,(0) is a domain, by [KLOO, Proposition 3.15] the Gelfand-Kirillov dimension of any of its
proper quotients is strictly smaller. From the inequality (5.26), we conclude that the epimorphism
Yi (o) = 1575 = must be an isomorphism.

It remains to prove the claim. Consider the quotient filtration £ 1’37,])[ ! inherited from Y, [2%%
asin §3.4.2. Since Gelfand-Kirillov dimensions can only decrease upon passing to associated graded
algebras [KLO0O, Lemma 6.5], we have GKdim Zj)v,iv = > GKdim gr Ij)v,iv wlv. It is also a general fact
that if f : A — B is a filtered map of filtered algebras with associated graded grf : grA — grB,
then Im(f) inherits a quotient filtration from A, and there is a surjection of graded algebras
grlm(f) — Im(grf). Applied to the map <1>LV“1V Y, [2%% — A, we obtain

gr 1j/vlivwlv =gr Im(@ﬁwlv) — Im(gr (IDLVWY).

It follows from Theorem 8.12 that the Gelfand-Kirillov dimension of Im(gr @2) isexactly2) . v,+k.
(Recall that for acommutative algebra the Gelfand-Kirillov dimension is equal to the Krull dimension
[KLOO, Proposition 7.9].) Altogether we have
n—1
GKdimlyfjwlv > GKdim gr zj}iywlv > GKdim Im(gr CI)fjwlv) =2 Z v, + k,
i=1

proving the claim. This completes the proof of the theorem. U
Part 2. Geometry

6. TWISTED YANGIANS VIA QUANTUM DUALITY PRINCIPLE AND DIRAC REDUCTION

In this section, we establish a general relationship between twisted Yangians and fixed point loci
in loop groups by a Poisson involution o, by applying the quantum duality principle and Dirac
reduction. This serves as motivation for our constructions and results in subsequent sections, but it
may be of independent interest.
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6.1. Yangians and quantum duality principle. Let GG be an affine algebraic group over C, with
Lie algebra g. Then we may consider the corresponding loop groups such as G((z71)), G[z] and
G[~7'], whose Lie algebras are g((27')), g[z] and g[2"], respectively. More precisely, these Lie
algebras are defined via base change, such as g((z7')) = g ®c C((27')), while the loop groups are
defined as (ind-)schemes via their functors of points. For example, G((27')) represents the functor
sending each C-algebra R to the group G(R((27"))). Finally, we will denote by G;[z~"] the kernel
of the evaluation G[z'] — G at z=! = 0. Then G;[27'] is an affine group scheme with Lie
algebra z~'g[2'], and the exponential map defines an isomorphism of affine schemes

exp:z gz = Gi[z 7. (6.1)

Suppose that g is equipped with a non-degenerate invariant symmetric bilinear form (-, -);. In
the standard way [CP94, Example 1.3.9] we may form a Manin triple (g((z~")), g[z], 2 *g[z7"]),
equipped with the non-degenerate symmetric invariant bilinear form

(l’, y) = - Reszz()(xvy)g? z,y € g(('zil)) (62)

This endows g((2~')) with a Lie bialgebra structure, with g[z] as a sub-Lie bialgebra. The Lie
algebra g[z| is Z-graded with respect to degree in z, and its Lie cobracket is homogeneous of
degree —1. Its dual 2~ 'g[2~'] is also naturally a Lie bialgebra, corresponding to the Manin triple
(9((=71), 2 g[z7"], g[z]) with respect to the same bilinear form (6.2). The groups G((z~1)), G[z]
and G[z7'] each carry corresponding Poisson structures.

We now turn to quantization. Consider C[%] as a graded ring with deg h = 1.

Definition 6.1. A Yangian for (g, (-,-),) is a Z-graded Hopf algebra U, (g[z]) over C[A], which is
free as a graded module over C[A] and quantizes the Lie bialgebra g[z] in the sense that

U (glz])/AUn(g[2]) = U(gl2]) (6.3)

as graded co-Poisson-Hopf algebras.

For each integer n > 0 define a map A" : Uy(g[z]) — Un(g[z])®", where A° = ¢ is the
counit, A' = Id, and A" = (A ® Id®"?) o A"! for n > 2. The Quantum Duality Principle
[Dri87b, Gav02] (also called Drinfeld-Gavarini Duality) defines a subalgebra:

Wn(gz]) = {a € Wn(gl2]) | (1d—2)®" 0 A™(a) € F"Uy(g[2])®" forall n > 0} . 6.4)

Then Uy (g[2]) is a graded sub-Hopf algebra over C[#], which is almost-commutative in the sense
that for any a,b € Up(g[z])’ we have [a,b] € hlUy(g[z])’. Following [FT19b, §A(ii)], it will be
useful to make the following technical assumption:

There is a subset {x,} C U,(g[z]) consisting of homogeneous elements,

which lifts a basis {z,} for g[z], and such that all hx., € U,(g[2])". ©.5)

Under this assumption, any homogeneous basis for g[z] admits a similar lift. Moreover, an induction
on degree shows that U (g[z]) has a PBW basis over C[] consisting of ordered monomials in the
set {x, }, with respect to any given total order.

Remark 6.2. If g is a simple Lie algebra then the Yangian U;(g[z]) is unique up to isomorphism
[Dri85, Theorem 2], and thus Assumption (6.5) holds by [FT19b, Lemma A.20], see also [Wen24,
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§5.2]. If g = gl,, and Uy (g[z]) is the usual Yangian defined in RTT presentation as in [Mol07], then
Assumption (6.5) holds by [FT19b, Proposition A.25].

In fact, based on related results for formal quantizations of finite-dimensional Lie bialgebras from
[Gav02], it seems likely that Assumption (6.5) holds for any Lie algebra g with a non-degenerate
invariant symmetric bilinear form and corresponding Yangian U (g[z]). We will not address this
question here.

We have the following generalization of [KWWY 14, Theorem 3.9] and [Shal6, Remark 1.12]:

Proposition 6.3. Let U;(g[z]) be a Yangian satisfying Assumption (6.5). Then:

(1) Ux(g[z]) is free over C|h), with a PBW basis consisting of ordered monomials in the elements
{hx,} with respect to any given total order.

(2) Uy(g[z]) is a quantization of the Poisson algebraic group G1[z~']. In other words, there is
an isomorphism of Poisson-Hopf algebras

Un(alz])' /hUn(glz]) = C[Gi]z7']].
In particular, these results hold for Yangian U, (g[z]) when g is simple, and for the (RTT) Yangian
ofg =gl,.

Proof. Part (1) is an application of [FT19b, Proposition A.5].

For Part (2), first note that the Hopf algebras C[G;[27']] and U(z~*g[z7"]) are graded dual to
one another, via the perfect Hopf pairing defined by (X, f) = (X - f)(e) forany X € U(z7g[z}])
and f € C [Gl [[z_l]ﬂ . Here X - f denotes the action of X thought of as a left-invariant differential
operator and e € G4 [27'] denotes the identity element. Meanwhile, the Quantum Duality Princi-
ple provides a non-degenerate graded Hopf pairing between U(z1g[27!]) and the classical limit
Un(glz])' /AU (g[z]). Asin [KWWY 14, Corollary 3.4], this pairing is uniquely determined by the
property that

(v, iy + UA(a[2)) = (3,75) (66)
for all y € z7'g[z"'] and generators hiz, € Uy(g[z])’. This pairing defines an injective map
U (g[2])' /AU (g[2]) — C[G1[27']] of graded Hopf algebras, which is an isomorphism (cf. the
proof of [KWWY 14, Theorem 3.9]) since both have Hilbert series H@l(l — ¢")~4m2, Finally,
the Quantum Duality Principle [Gav02] identifies the Poisson structures. 0

Remark 6.4. We may also specialize i = 1 and work with the filtered C-algebra U;—1(g|[z])’.
Then C[G4[27']] is the associated graded algebra, and we recover Uy (g[z])’ via the Rees algebra
construction, see for example [FT19b, §A(ii1)].

6.2. Dirac reduction and fixed points. Let X = Spec A be an affine Poisson scheme over C. In
other words, A is a commutative algebra over C which is equipped with a Poisson bracket. Let o
be an algebra involution of A, which respects the Poisson structure; one may equivalently think of
o as defining an action of the group Z/27Z on X by Poisson automorphisms. The corresponding
fixed point scheme

X7 = X2/ — Spec R(A, o), (6.7)
is defined via the quotient algebra R(A,0) = A/(c(a) —a : a € A). In particular X7 C X is a
closed subscheme.
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Remark 6.5. Recall that schemes can also be described by their functors of points (see e.g. [GW10,
§4.1]). For any test scheme S, an element z € X (.5) is simply a morphism z : S — X. The functor
corresponding to X7 has a very simple description [F0g73]:

X(S {:ceX —:(:}

Here () denotes the composition S = X % X. In particular, this provides a definition of X7
even when X is not affine.

Lemma 6.6 ([Edi92, Prop. 3.4)). If X is smooth, then X° is smooth.

The fixed-point scheme X “ has a natural Poisson structure defined via Dirac reduction, see [ Xu03,
§4.1] or [Top23, §2.1]. To describe this structure, let A = A(1) & A(—1) denote the eigenspace
decomposition for the action of 0. Then the inclusion A(1) C A induces a natural identification

R(A,0) = A/{A(-1)) = A(1)/A(-1)". (6.8)

It is easy to see that A(1) C A is a Poisson subalgebra, and that A(—1)? C A(1) is a Poisson ideal.
In this way the quotient A(1)/A(—1)? inherits a Poisson structure.

Remark 6.7. Explicitly, given two functions f, g on X, their Poisson bracket is defined by choosing
o—invariant extensions f g to functions on X, computing the Poisson bracket { f g} on X, and
then restricting the result to X .

Lemma 6.8. Assume that X has finitely many symplectic leaves. Then X° also has finitely many
symplectic leaves, i.e., the connected components of the fixed point loci S°, for those leaves S of X
stable under the action of o.

Proof. Since X has finitely many symplectic leaves, each leaf S C X is a smooth locally-closed
subvariety by [BG03, Theorem 3.7]. Its image o(S) is also a leaf, and thus the involution ¢ permutes
the set of all symplectic leaves. It follows that the fixed point locus X is the union of fixed point loci
&7, this union being taken over the set of all leaves S satisfying o(S) = S. For each leaf satisfying
o(S) = &, since S is smooth, S7 is also smooth by Lemma 6.6. Moreover the symplectic leaves
of §7 are precisely its (finitely many) connected components, by [Xu03, Theorem 2.3]. Since the
inclusions §7 C X7 are Poisson by construction, the claim follows. ]

We conclude with two results for later use. For simplicity we ignore Poisson structures.

Lemma 6.9 ([Top23, Lemma 2.2].). Let V' be a vector space equipped with an involution o, with
corresponding eigenspaces V =V (1)®V (—1). Extend o to an involution of the symmetric algebra
S(V) in the natural way. If U C V is a subspace complementary to V (—1), then the composition

S(U) = S(V) - R(S(V),0)
is an isomorphism of algebras. In particular, this applies to U = V (1).

Lemma 6.10. Let XY, Z be schemes, each equipped with an involution o, and let o : X — Z and
B Y — Z be o—equivariant maps. Then there is an equality of schemes:

(X xzY)" =X xz0 Y.
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Proof. Recall the description of a fiber product as a functor of points, see e.g. [GW 10, Chapter 4]:
(X xzY)(5) ={(z,y) € X(5) xY(5) : a(x) = B(y) € Z(5)}.
Using Remark 6.5, we see that:
(X xzY)?(5) = {(z,y) € X(5) x Y(5) : a(z) = By) € Z(5), o(x) =z, a(y) = y}.
For any pair (x,y) on the right side, since «, § are o-equivariant the image z = «a(z) = [(y)

satisfies o(2) = z, so z € Z7(.5). Therefore (X7 X z- Y7)(S) = (X xz Y)7(S). O

6.3. Loop symmetric spaces. Now let w be an involution of G, and denote the corresponding
involution of g by the same notation. We will assume that the bilinear form (-,-); on g is w-
invariant:

(w(z),wy))g = (z,y)q, Vx,y € g. (6.9)
Extend w to an involution, again denoted by w, of g((z71)) via
Wz ® ") = w(x) @ (—2)". (6.10)

This involution preserves the subalgebras g[z] and 2~'g[27'], and there is a natural corresponding
involution w of the group G((z71)), preserving its subgroups G[z] and G;[27!]. Viewed as an
involution of any of these groups w is anti-Poisson, since w is anti-symmetric for the bilinear form

(6.2) on g((z71).

Lemma 6.11. The fixed-point subgroup G,[z7']“ is coisotropic, i.e., its defining ideal J C
C[Gi[=7"]] satisfies {J, J} C J. Consequently, the quotient

Gi[z7']/Gi[= ']
has the structure of a Poisson homogeneous space.

Proof. On the Lie algebra level the orthogonal complement of (2~ *g[z'])“ is g[z]* C g[2]. Since
this orthogonal complement is a Lie subalgebra, it follows that the subgroup G4 [z ~1]“ is coisotropic
and the corresponding quotient space is a Poisson homogeneous space, see e.g. [CG06, §1.3]. U

Remark 6.12. We may think of G4 [271]/G1[27']* as a symmetric space for G;[27'], and thus an
infinite-dimensional Poisson symmetric space in the sense of [Xu03, §5.3] or [Fer94, §4].

This homogeneous space admits a useful alternative description as a fixed point scheme. To this
end, define a map on the group G((271)) by

o =1invow = w o inv, (6.11)

where inv denotes the inverse map. Clearly o is an involution and a group anti-homomorphism.
We use the same notation for the restriction of o to the subgroups G[z] and G, [27].

Lemma 6.13. The map o is a Poisson involution of G((2')), G[z] and G1[z""].

Proof. Follows by definition (6.11) since both w and inv are anti-Poisson maps. 0
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We will be interested in the fixed-point locus

Gilz"1"={g9eGilz " olg) =g} ={9€CGilz""]|wlg) =97"}. (6.12)

Since o is a Poisson involution, this fixed-point locus carries a natural Poisson structure via Dirac
reduction as in §6.2. If we take this Poisson structure and rescale it by 2, we obtain another Poisson
structure. We will always consider this doubled Poisson structure on G [[z‘l]]", because of the
following result. Let e € G[z7!] denote the identity element.

Proposition 6.14. (1) Group multiplication provides an isomorphism of affine schemes
G127 x Gi[z71]Y — Gi[= 7.

(2) There is a transitive Poisson action of G1[z"'] on Gi[z7]7 (with its doubled Poisson

structure) defined by

g-p=gpo(g) = gpw(g)".

(3) There is an induced isomorphism of Poisson homogeneous spaces
Gil="1/Gil=7']* ——= Gi[=7']7, [l g-e=galg).

In particular, there is a corresponding isomorphism

ClGi[71] =5 e[z T

of graded Poisson algebras with left co-actions of C [G1 [[zfl]ﬂ.

Proof. We remark that every g € G4[27'] admits a unique square root h € G;[27'] satisfying
g = h?, as can be seen for example via the exponential map (6.1). Moreover if g € G1[27']“ then
h € G1[z7']*, and similarly if g € G1[27']? then h € G;[27']°.

Given g € G4[2'] we can thus uniquely find p € G;[27'] such that p*> = go(g). Defining
k = p~lg, we have k € G1[2z7']* and g = pk, and this decomposition is easily seen to be unique.
Since these constructions are all algebraic, as is the multiplication map, this proves Part (1).

Next, consider the group action of G [z '] on G [27!]° givenby g-p = gpo(g). If p € G1[271]°,
then there is a unique i € G1[27']° C G4[2'] such that p = h?. Since

h-e=ha(h) =h*=p,

this group action is transitive, and the stabilizer of the identity element e € G4[z71]7 is precisely
G1[271]¥. The action is Poisson by [Xu03, Theorem 5.9], the application of which requires doubling
the Poisson structure on G[27!] coming from Dirac reduction, which proves (2).

On the level of sets and Poisson structures, Part (3) follows from Part (2). Regarding the ring
isomorphism in the end, first consider the simpler map G1[z']” — G1[2']/G1[2']* defined by
p +— [p]. This is a bijection of sets by Part (1), and in fact of affine schemes, via a sequence of ring
isomorphisms:

claiz7'] =clai[z"')] ®C
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Now, composing this simpler map with the claimed isomorphism of homogeneous spaces, one
obtains the map from G [27']7 to itself defined by p — p?. This is an automorphism of this affine
scheme, which proves the desired ring isomorphism. 0

6.4. Twisted Yangians as quantizations. We now turn to quantization of this story. Fix a Yangian
Un(g[z]) for (g, (-, -)4) as in Definition 6.1.

Definition 6.15. We say that a graded left coideal subalgebra Uj;(g[z]*) C Uy(g[z]) over C[A] is a
twisted Yangian for (g, (-, ), w), if the following conditions hold:

(1) Un(g[z]“) is free as a graded module over C[7],

(2) Un(glz]*) N AU(g[2]) = hUx(g[=]*),

(3) Un(g[z]) C Un(g[z]) quantizes g[z]* C g[z], in the sense that the isomorphism (6.3)
restricts to an isomorphism of graded algebras

Un(g[2]*)/MUn(g[2]") = U(g[z]*).

Remark 6.16. In fact Up(g[2]”)/AUs(g[2]*) = U(g[z]*) are isomorphic as Hopf algebras. Indeed,
if we lift T € g[z]“ to an element = € Uy(g[z]*), then since U;(g[z]) quantizes U (g[z]) we see that
Alz) e 2@ 1+1®@x+ hUs(glz]) ® Un(g[2]?).

The classical limit is thus the usual coproduct on U (g[z]*), and similarly for the counit and antipode.

Remark 6.17. By imposing constraints on the coproduct A(z) (mod h?), a related (but stricter)
notion of twisted Yangian is given in [BR17, Definition 5.3].

In [CGO6, CG14], the quantum duality principle was extended to incorporate (coisotropic)
subgroups and homogeneous spaces. Following their approach, define

Un(a[2]*) = {c € Un(gl2]*) | (Id —)*" 0 A"(c) € h"Un(g[2])*" " @ Un(g[2]*), Vn > 0}
(6.13)
(Notation Uy(g[2]*)" was used loc. cit.) Then Us(g[z]*) C Un(g[z]) is a graded left coideal
subalgebra over C[A]. Similarly to (6.5), it will be useful to make the following technical assumption:

There is a subset {y,} C Uy(g[z]*') consisting of homogeneous elements,

which lifts a basis {7, } for g[z]“, and such that all iy, € U,(g[z]*)". (6.14)

In this case any homogeneous basis for g[z]* admits a similar lift, and U;(g[z]*) admits a PBW
basis over C[h] consisting of ordered monomials in the set {y, }, with respect to any total order.

Theorem 6.18. Ler U, (g[z]*) C Un(g[z]) be a twisted Yangian such that Assumptions (6.5) and
(6.14) both hold. Then:

(1) Un(g[z]“) isfree over C[h|, with PBW basis consisting of ordered monomials in the elements
{hy, }-

(2) Un(g[z]*)" N AU(g[z])" = hUn(g[2]*)"

(3) Un(g[z]*) is a quantization of the Poisson homogeneous space G1[z']/G1[z"1]“. More
precisely, the isomorphism Wy (g[2])' /AU (g[2]) = C[G1[z7]] from Proposition 6.3 re-
stricts to an isomorphism of graded Poisson left coideal subalgebras

Un(gl=]*) /MUn(gl2]*) = C[Gh [P F T
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Proof. By Assumption (6.14) we have lifts {y, } of some homogeneous basis {7, } for g[z]~. If we
enlarge {7, } to ahomogeneous basis {7 } for g[z], then using Assumption (6.5) we may also enlarge
{y,} to a set of lifts {x.,}. Choose compatible total orders on these sets. By Proposition 6.3(1),
along with the PBW property for Uy(g[z])*), it follows that Ux(g[z]*) N Ux(g[z])" has a basis
consisting of ordered monomials in {4y, }. But by assumption these monomials all lie in the subset
Un(g[z]“)". Therefore Us(g[z]*)" = Un(g[z]*) N Un(g[z])’, and this discussion proves (1) and (2).

Part (3) formally follows from the Quantum Duality Principle from [CG06, CG14]. However,
since we work in an infinite-dimensional graded situation, we give a detailed direct argument.

First, the classical limit of Uy (g[z]“)’ certainly corresponds to some graded Poisson left coideal
subalgebra C' C C[G1[z7']]. Let C*+ C U(z7'g[z7']) be its orthogonal complement, under the
duality discussed in the proof of Proposition 6.3. Then C* is a left ideal, and a two-sided coideal.
Since Uy (g[z]*)" is a left coideal spanned by monomials in {Ay, }, and the classical limits 7, € g[z]
are orthogonal to (2~ 1g[z~!])“, using the pairing (6.6) it is not hard to see that (2~ *g[z~!])* C C*.
Thus C* contains the left ideal J generated by (2 'g[271]). We claim that in fact C*+ = J.

Indeed, decompose g = £ @ p into (41)-eigenspaces for the involution w. The quotient
U(z"'g[27'])/J is isomorphic as a vector space to the symmetric algebra on the (—1)-eigenspace
for w acting on 2~ 'g[z7"], which is zC[2?]€ & C[z?]p. Thus this quotient has Hilbert series

1
[Tro1, (1 — g 7)dme o1, (1 — g~ )dime”

r odd r even

But the PBW basis for U (g[z]*')’ from Part (1) implies that C' has exactly the same Hilbert series,
up to replacing ¢ by ¢! (i.e., up to taking the graded dual vector space). This is only possible if
C*+ = J, proving the claim.

Finally, we show that the orthogonal complement of the left ideal J = C* is precisely the
coordinate ring of G1[27']/G1[z7']*. A containment in one direction is straightforward, since the
Lie algebra of G[27']? contains (27 'g[z7!]). Equality follows from Proposition 6.14(3), since
the Hilbert series of the affine scheme G [27']7 = (2~ 'g[27'])? is given once again by the Hilbert
series above, up to replacing ¢ by ¢~!. This proves Part (3). 0

Combining Proposition 6.14 and Theorem 6.18, we obtain the main result of this section.

Theorem 6.19. Ler U;(g[z]*) C Un(g[z]) be a twisted Yangian such that Assumptions (6.5) and
(6.14) both hold. Then U;(g[z]*) quantizes the affine scheme G4[z~']° with its (doubled) Dirac
Poisson structure, and the inclusion U;(g[z]*) C Uy (g[z]) quantizes the map G1[27'] — G1[=7']°
defined by g — go(g). The left coideal structure on Uy(g[z]*) corresponds to the left action of
Gi[""] on Gi[7']7 given by g - p = gpo(g).

Remark 6.20. As in Remark 6.4 we may consider instead the filtered algebra U, (g[2]*)’, from
which we recover Uy (g[z]*)" via the Rees algebra construction. This filtered algebra perspective is
in keeping with the approach to (shifted) twisted Yangians taken in the main body of this paper, and
much of the literature.

Assumptions (6.5) and (6.14) hold for many of the twisted Yangians studied in the literature.
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Example 6.21. The classic twisted Yangians were first introduced mathematically by Olshanski
[O1s92]. These algebras fit the framework of this section. More precisely, equip C" with a
nondegenerate bilinear form which we assume to be either orthogonal or symplectic, encoded by
a matrix (). As in [Mol07, Definition 2.1.1], we may associate a corresponding algebra denoted
YQ(gn). It follows from the results of [Mol0O7, §2] that these algebras are twisted Yangians in
the conventions of this section (specialized at 4~ = 1). In this case we take G = GL,, and the
anti-involution o of G[27!] is defined by g(2) — Q'g(—2)TQ where A — AT denotes matrix
transpose. By the above results, it follows that Y (g,,) quantizes a Poisson structure on the fixed
point locus

Gile17 = {9(2) € Gi[e 7] | 9(2) = Q79(=2)" Q} .
This locus is naturally a homogeneous space for G;[2'], quantized by the coideal structure on the
twisted Yangian.

Remark 6.22. In the setting of the previous example, the symplectic case was previously studied
by Harada [Har06, §4.1, 4.2] in connection with integrable systems and Gelfand-Tsetlin bases for
symplectic Lie algebras. Harada views the twisted Yangian as a quantization of the homogeneous
space G1[z7']/G1[z']“, which is isomorphic to G;1[z7']? by Proposition 6.14. Thus, we can
think of Theorem 6.18 and Theorem 6.19 as a generalization of aspects of Harada’s work.

Remark 6.23. We conjecture that a variant of the algebra *)), over the ring C[A] in Drinfeld
presentation considered in other sections is always a twisted Yangian in the sense of Definition 6.15.
This conjecture holds for type Al and quasi-split type AlIL In these cases, the twisted Yangians
in Drinfeld presentation [LWZ25b, LZ24] are isomorphic to the ones defined via R-matrix [Ols92,
MRO?2]; hence they are coideal subalgebras of the type A Yangian. It is nontrivial but possible to
verify more cases.

7. SHIFTED TWISTED YANGIANS AND FIXED POINT LOCI

We show that a Poisson involution o descending from the loop group preserves the closed
subscheme W, exactly when 1. is even spherical. In this case, we give a Poisson algebra presentation
for the coordinate algebra of the o-fixed point locus “VV,, and show that it is isomorphic to the
associated graded of the shifted twisted Yangian '), with respect to a natural filtration.

7.1. Spaces W, fromloop groups. We briefly recall the notion of presentations of Poisson algebras
by generators and relations, following [Top23, §3.1]. The free Poisson algebra generated by a set X
is the symmetric algebra S(Lx ), where Ly is the free Lie algebra generated by X. Here S(Lx) is
endowed with a Poisson structure in the standard way. For any Poisson algebra A, we say that A is
Poisson generated by its subset X C A if there is a surjective homomorphism of Poisson algebras
S(Lx) — A. Given any set R C S(Lyx) which we refer to as Poisson relations, we may consider
the Poisson ideal (R)pyisson C S(Lx) which they generate. If the homomorphism S(Lx) — A
induces an isomorphism S(Lx)/(R) poisson = A, then we refer to this as presentation of A as a
Poisson algebra by generators and relations.

For any affine algebraic group H over C, there is a loop group H ((z~!)) and its subgroups H; [2 7]
and H [z]; see §6.1.
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Recall that g is a simple Lie algebra of type ADE, and let G be a corresponding connected
algebraic group of adjoint type'. Fix Chevalley generators {e;, h;, f; }icr for g, yielding a triangular
decompositiong =nt @ h@dn,andlet UT, U, T C G be the corresponding unipotent subgroups
and maximal torus.

Each coweight i : C* — T yields a point z# € T'(27')). Following [FKPT18, §5.9], we define
a closed subscheme of G((271)) by:

W, = Uz Tz 2 U [271 (7.1)

This is an affine scheme and is the product of its factors. In particular, W, = G[z']. Following
[FKP'18, §5.9], for antidominant coweights v, 15, we define a (surjective) shift map

Luwr s Watintv, — Wy, g m(z"gz7"). (7.2)

Here 7 is the surjective map from U™ (z7") Ty [z~ ]2*U~((27')) onto Uy [z~ T [z ]2+U; [z 7]
defined by projecting along the appropriate factors in the decompositions U*((27!)) = U*[z] x
Uf[z""] (for x = + or —) induced by multiplication.

There is a natural action of C* on G((2')) by loop rotation, however this action does not
preserve the subscheme W, unless © = 0. Following [FKP*18, §5.9] we can correct this via a
slight modification: pick any decomposition ;o = p; + fi2 into coweights i1, 12, and define an
action of C* on W, by

s-g(z) = s Mg(sz)s . (7.3)

For each i € T there are homomorphisms ;" : U* — G,, normalized by ;" (exp(te;)) = t and
Y; (exp(tf;)) = t. We also have homomorphisms «; : T — G, corresponding to the simple roots.
Define distinguished functions on W, as follows: given g = n*hz#n~ € W,, we have

(o) =i ), W) =[ahe), (D) =ern0). a4
Here, for a series F'(z) = > F,,2" we denote by [2"] F'(z) = F, the coeflicient of 2". We note that
e = = 0forr <0, bl = 0fors < —(u, o), and A\ = 1. Under the Z~grading on

C[W,] corresponding to a C*—action as in (7.3), we have
deg hzm =r+ (4, a;), deg e§S> =5+ (U1, ), deg fi(s) =5+ (U2, ). (7.5)

The torus 7" acts on W, by conjugation, inducing a grading on C[W,| by the root lattice () of g.
For each ﬁ € AT and s > 1 we fix arbltrary decompositions 6 =, + ...+, asin §2.2, and set

s) (1) 1 1)
{611 ’{612 ) { 1’ Zz }} fﬁ { 1 ’ 12 ) '{fizfﬁ ig }}}
Followmg [BFN19, Definition B.2] and [FKP*18, Definition 3.5], one defines algebras Y =
Y, (g) called shifted Yangians. The algebra Y, has a PBW basis in elements H; " pY FE by

[FKP*IS Corollary 3.15]. There are shift homomorphlsms Ly Yy = Yt 10, by [FKPT1S,
Proposition 3.8], and filtrations F; Y, by [FKP*18, §5.4] (compare with degrees in (7.5)). There

11,142
is also a grading of Y), by the root lattice, defined by deg EY =q, deg H l.(T) = 0and deg F® — _q,

which respects the filtrations F Y.

'We make the assumption that G is adjoint type in order that it has all fundamental coweights. However this
assumption is largely unnecessary, see [MW24, Remark 2.10].
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As a preparation for Proposition 7.1, we list the Poisson relations satisfied by generators

hlr € ,fs) inCW,|,fori €,r € Zands > 1:
P =0 for r<— (o), RSTWeD =1, (7.6)
() n2y = o, (7.7)
el f2) = g il (7.8)
{hir : ]S = ¢y Z h r—p—1) s+q (79)
p=0
O A e O N e (7.10)
p=0
{€§r1+1)7 e§r2)} — {ez(-m), egrﬁl)} = cijel(”)eg.m), (7.11)
A e B N e B A (7.12)
i#j,N=1-c;=Sym, _, {el {el, .- {e™ ). 3} =0, (7.13)

o LT LT I FOY 3 =0, (7.14)

The next result is an extension of the results of [FKP* 18], inspired by the definition of the semi-
classical shifted Yangian from [Top23, §3.3] and [TT24, Proposition 3.4].

Z;éj, zl—cij:>SymT

Proposition 7.1. (1) For each decomposition ;. = 1 + s there is an isomorphism of () X Z—

graded algebras
ng’:l’“Q Y, = CW,],
where the Z—grading on C)WV,] corresponds to the C*—action (7.3). This isomorphism
identifies the classes ofEZ-(S), HZ-(T), F( with the elements e(s), hgr), f ) It endows W,, with
a Poisson structure, independent of |11, [12, with the Poisson bracket havzng degree (0 —1).
(2) The coordinate ring C[W,] is the Poisson algebra generated by hﬁr), e, f (s) Jor i €1

r € Z and s > 1, with the defining Poisson relations (7.6)—(7.14).

(3) CW,)] is a polynomial algebra on the PBW generators
(e B AT s> UL i€ Lr> —(ua)} UL fe AT, s> 1),

(4) The shift map (7.2) is Poisson, and it is quantized by the shift homomorphism v, ,, ., of
shifted Yangians. On the Poisson generators the corresponding map i, ., ., : CI\W,] —
CWutur 4] is given by

(7“) — 6(7" (v1,04)) h( — h (v1tv2,04)) f( r) — f (v, az>).

) Y

Proof. Parts (1), (3) and (4) follow from [FKP*18, Theorem 5.15], which also implies that C[W,,]
is Poisson generated by the elements in Part (2). Furthermore it follows that the claimed relations
from (2) hold in C[)V,], since these are simply the classical limits of the defining relations of Y,.
Let us temporarily denote by Y,, the Poisson algebra defined by generators and relations as in
Part (2), so we have Y, - C[WW,]. To complete the proof, it remains to prove the claim that
Y, is spanned by the same PBW monomials from Part (3). For ;1 dominant, this follows from
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[Top23, Theorem 3.4]. (Although that result is stated for gl,, it holds for any simple g with
minor modifications.) For general 11, consider the subalgebras Y ;, %}2, J;; Poisson generated by the

elements e\ (resp. h\”, resp. f*). Then Y0 is a quotient of the polynomial ring generated by the

hz(p ), Similarly to [FKP" 18, Remark 3.3] there are surjections Y5 —» H; and Y5 — Y5, so the
spanning set for Y; yields one for Hi, and similarly for ‘é;. Finally using the relations one can see
that H; ® Hg ® Hi — Y, cf. the first half of the proof of Lemma 7.12, which proves the claim. []

Remark 7.2. VV, inherits a Poisson structure from its quantization Y),,, by Proposition 7.1(1). If 1 is
antidominant, then this Poisson structure admits an alternate description by [KPW?22, Theorem A.8]:
it is restricted from the Poisson structure on the group G((z7!)) corresponding to a Manin triple as
in §6.1.

7.2. Fixed point loci of the spaces V.. Recall that 7 is a (possibly trivial) involution of the Dynkin
diagram of g. Define a corresponding involution w, of the Lie algebra g, given on Chevalley
generators by e; — — f.;, h; — —h,; and f; — —e,;. In other words, w, is the composition of the
Chevalley involution wy on g and the involution induced by 7 on g.

We shall work from now on with this explicit involution w; in place of w in Section 6. We define
an anti-involution o of the loop algebra g((z~!)) by

o(r® ) = —w,(2) ® (—2)". (7.15)
Explicitly, this anti-involution o is determined by

The corresponding anti-involution o of the group G((2 1)) (see §6.3 and (6.11)) satisfies o (T1 [z ']) =
Ti[z7'] and o (Uit [271]) = UF[27], as well as

o(zt) = (—2z)™ = (=1)™H"H. (7.17)

Similarly, if s € C* then the element s* € T satisfies o(s") = s™".
Inside the maximal torus 7" C G, recall from (2.14) the following subgroup

T'={teT|ot)=t"}y={tcT|7(t)=t""}.
The coordinate ring of 7" is the group algebra C[Q"]; see (2.13).

Example 7.3. Take g = sl,, and 7 = id, then w; is given by negative transpose w,(x) = —x”. For
any g(z) € PGL,((2")) we then have o(g(z)) = g(—z2)".

Recall the notion of spherical and even coweights from Definition 2.1.

Lemma 7.4. The following are equivalent, for any coweight i:
(1) o preserves the subscheme W, C G((z™1));
(2) o(z") = 21
(3) piseven and Ty = iy
(4) p is even spherical.
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Proof. Each g € W, has a unique Gauss decomposition g = n*hz*n~ in (7.1). Then
o(g) = o(n)a(h)o()o(n™) € Uy [z~ Ti [~ o (z")Ur [«7'].

Since Gauss decompositions are unique, we have o(g) € W, if and only if o (2#) = 2*. Comparing
with (7.17), this holds exactly when (—1)™ = 1 and 7i = p. But (—1)™ = 1 means precisely that
T4 is even, which is equivalent to p itself being even.

The equivalence of (3) and (4) is also clear. ]

Lemma 7.5. Suppose that 1 is an even spherical coweight.
(1) Consider a C*—action on W, as in (7.3), such that j1o = T, and hence (v = i1 + 7.
Then this C*—action commutes with o.
(2) Under the adjoint action of the group I’ on W,, the subgroup T" commutes with o.
(3) Let v be an even antidominant coweight. Then the shift map v, , ., : Wyiviro — W, from
(7.2) intertwines the respective involutions oy, o Ly ry = Lyyry © Olw,, 0
(4) The restriction o|yy, is a Poisson involution, and given on the Poisson generators by
6(7”) — (_1)rf(7’) hz(S) — (_1)sh(5) f(r) — (_1)7”6(7’).

7 Tt ) 7 ) i T

Proof. For Part (1), let g = g(z) € W,. Then we compute:
o(s-g(z)) = a(s"g(sz)s™) = a(s7™")o(g(sz))o(s™)
= s Mo(g(sz))s™™ = s 0(g(2)).
Parts (2) and (3) follow from similar direct calculations.

It remains to prove Part (4). It follows from the results of §6.3 that o is a Poisson involution
of G((2')) in a natural way. For y antidominant, W, C G((z7')) is a Poisson subscheme by
[KPW22, Theorem A.8], and therefore the restriction J|WH is Poisson. For general p, pick an
even antidominant weight v such that 1 4+ v 4 7v is antidominant, and by (3) the corresponding
Poisson embedding C[W,] < C[W,,4,+,] intertwines the action of o, which proves that 7|y, is

Poisson. The explicit description in coordinates in (4) follows from the formula o(nthz#n~) =
o(n”)o(h)z*o(n*) together with equations (7.4) and (7.16). O

Recall an element in W, (7.1) is written naturally as uhz"u_.

Definition 7.6. For any even spherical coweight j, we define the fixed point locus
W, = W, ={uh’u_ e W, |o(u) =u_, o(h) =h}.

Since o defines a Poisson involution of W, the fixed point locus *}V,, inherits a Poisson structure
via Dirac reduction as in §6.2. We may rescale this Poisson structure by a factor of 2, i.e.,
{a,b} := 2{a, b} pirac; see Proposition 6.14 for an explanation. From now on, we will always equip
‘W, with this doubled Poisson bracket.

Proposition 7.7. ‘W, has a natural Poisson structure inherited from W, via (doubled) Dirac
reduction. The group T* acts on “W, by conjugation, and for each choice of decomposition
@ = p + T there is a C*—action on "W, by s - g(z) = s "1 g(sz)s™ ™ such that the Poisson
bracket has degree —1. Finally, for each antidominant weight v such that v + Tv is even, the shift
map 7, Wiy — Wy, g = (27"g277"), is surjective and Poisson.
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Proof. This follows from Lemma 7.5 and Definition 7.6: the subscheme "W, is preserved by
the C*—action on W, corresponding to ;& = 11 + po With o = 7119, as well as the action of
the group 7", and finally the map ¢}, , : W17 — "W, is the restriction of the Poisson map
by - W,LL+U+TV — W,u- O]

We introduce natural functions on ‘W, by restriction from W,,:
_ (s)
W, (_1>Sf7'z

Consider the action of C* on "W, associated with a decomposition y = p; + 7;. Under the
corresponding Z-grading of C[*'W,| we have degrees

R = p

_ r)1,(r)

T
i

(7.18)

ZWM, 7 ZWM

deg hir) =T+ <M7 ai>a deg ez('S) =5+ <M1a ai>

as follows from (7.5); compare with the filtration F} ), defined in (2.26). At the same time, the
adjoint action of 7" induces a grading on C["W,] by Q*, with h\") in degree 0 and b§s) in degree @;.
Since the actions of C* and 7" commute, we obtain a grading on C['W,] by Q' x Z.

As a preparation for Theorem 7.8 below we list the Poisson relation (7.19)—(7.26) satisfied by
generators h\"”, 0" fori € I, r € Z and s >

P =0 for r < — (u,0p), RTHED =1, (7.19)
(R Rl = o, (7.20)
(D 6y =37 (e + (1P e )BT, 21
p=0
(D gl y () Y = e p Vb 4o (— 1)l ) (7.22)
as well as the Serre relations:
{80,652} = (~1)2 =Y for ey = 0, Ti # 5, (7.23)
Sym,, ., {6, {0, 61} = 0, for c;j = —1, i # 7i # 7, (7.24)
Sy, o, {07 {0700V} } = 20y (=)t Y g e,
p=0

for c;; = —1, i = i, (7.25)

Sy 51 sz{b(s1 {bi82 s Y1 }} =4 Syms1 82 81 ' Z h e Q)b(52+2p)’

p=0

for Ciri = —1. (726)

Since 7 is an involution, it follows from (7.23) that
h = (=1)"hl) (7.27)

and in particular,
R — . if 7i = i. (7.28)
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For each 5 € A" and s > 1 we choose an element b e C['W,] similarly to §2.2:

(s) (1)
{bll ’{bZQ ’ .{bizfl’bié }}}
Now we can formulate the main result of this section.

Theorem 7.8. Let 11 be an even spherical coweight.
(1) For each decomposition | = i1 + Ty, there is an isomorphism of Q' X Z—graded Poisson
algebras

gr Fivy, = C'w,),

which identifies the classes H B ) \ith the elements h g bgs).

(2) The coordinate ring C['W,] is the Poisson algebra generated by ")
and s > 1, with defining Poisson relations (7.19)—(7.26).

(3) C['W,] is a polynomial algebra on PBW generators
(5 Be AT s> 13U i€l 2p > —(ma)} UL i e s > —(p,ai) ).

(4) For any antidominant weight v such that v+Tv is even, the shiftmap v}, , - "W v im0 — "W,
is quantized by the shift homomorphism v}, , 'Y, = 'Y yivir0 from Lemmas 2.7and 2.11.

forze]ITEZ

1) Z

The proof of this theorem will be given in §7.3 below.

Remark 7.9. Assume that '), are identified with the twisted Yangians (specialized at h = 1)
in Definition 6.15; this is conjectured to be always true and known in type Al and Alll, see
Remark 6.23. Then Theorem 6.19 is compatible with Theorem 7.8(1), stating that the twisted
Yangian ‘), quantizes G[z7']° = ‘W,. We expect that Theorem 7.8 could then be proven
along the lines of [FKP*18, Theorem 5.15]. Note that our proof below is not reliant on any such
assumptions.

7.3. Proof of quantization Theorem 7.8 of *}V,,. We will break the proof into several steps.

Lemma 7.10. The elements hzm and bg of C['W,] satisfy the Poisson relations (7.19)—(7.26).

Proof. We remind the reader that we use the doubled Dirac reduction Poisson bracket on ‘W,,. By
Remark 6.7, this means that for f, g € C['W,]| we choose o—invariant lifts f.ge C[W,], and then
define {f, g} = 2{]?, g} W, A similar formula applies for iterated Poisson brackets. With this
in mind, the claim is a direct calculation using the relations (7.6)—(7.13); similar calculations also
appeared in the proof of [Top23, Theorem 3.7], except for the analogues of (7.24) and (7.26) which
are not included since 7 = id in [Top23].

We illustrate this process with (7.26). Lift each bz(»s E C['W,] to the o—invariant element
B = e + (1)) € COV,L. Then {5, {50
CW,]:

}} is determined by a calculation in

’TZ

2{b" 2{p\) B 1Y

= %{62(81) + (_1>Slfr(zs‘l)7 62(82) + (_1>ssz(Z‘2)7 e&? + (_1)3fi(5)}}
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= e
(el el 4 (—1)hl sl (crysepletel) g (st ple2) f@}}.

We will expand this Poisson bracket. Observe that the term {e§31), {6582 : ﬂ }} will Vanlsh once we
symmetrize in s; and s, due to (7.13), and similarly for the term (—1)%+52%s{ f T(fl), {fm- : l- }}

We thus omit these terms below. Using the relations (7.8)—(7.10), the remaining terms are seen to
be:

1)8 Z h552+s—p—2)6§s1+P) 32 1 Z h(52+s p—2) S1+p)

p=0 p=0
+ ( 1)82+81{f ‘81+S—1)} + ( )51 1{6 52 o 51+8 1)}
- 1 s1+sl Z h (s2+s—p—2) S1+p) (_1)51+82 Z h(3‘2+3*P 2)f 51+p)

p=0 p=0
_ s (s2+s—p=2) (s1+p) _ 821 (S2+S p— 2) 81+p)
= —(-1) E h; € h.
p=0 p=0
. 52+51 E h (s1+s—p—2) 82+p 511 E h (s1+s5—p—2) 82""17)
p=0 p=0
. sl+sl hSz—i—s p—2) S1+:n 31+32 hSz—l-s p— 2) 81+p)
T .
p=0 p=0

Restricting to 'VV,, and applying (7.18) yields
Z (2(_1>sz—p—1 + (_1)52—1) h(§2+s—p—2)b(81+p) + Z(_1)51—1h(§1+s—p—2)b(sz+p).
p=0 p=0
Finally, after symmetrizing in s; and s, we get
S}/,Hlshs2 Z (2(_1)3171;71 + 2(_1)5171) hs:z1+8*p72)b§82+17).
p=0

The coefficient appearing inside the sum vanishes unless p is even, yielding (7.26). 0

The next result establishes Part (3) of Theorem 7.8.

Lemma 7.11. C["W,] is Poisson generated by the elements W and b fori € L r € Zands > 1
and is a polynomial ring in PBW generators

{b(ﬁs) :BeAT s> 1} U {hz(?p) ci € 1o, 2p > —(u, ) } U {hzm ciel,r > —(u, o)}
Proof. Inside C[W,], consider the subspace V' spanned by the PBW generators
{e(ﬁs) BeAt s=>1yu{n” ielr> —<u,a,~>}U{fé‘s) :Be AT s> 1}

In the definition of the PBW generators in C[W,|, we may choose them is such a way that a(egs)) =
(—1)s+hts-1 fT(;). Then o acts on V, with invariants V(1) C V' having as basis the set

{6(;) + (_1)s+ht671f7€? . ﬁ c A+’ s 2 1}
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UL i e Ty, 20> — (o)} U A + (=1)*m") ci e I, r > —(p, o)}
Proposition 7.1(3) says that C)V,] = S(V') is a symmetric algebra on V. By Lemma 6.9 the
composed map S(V (1)) — C[W,] - C["W,] induces an isomorphism S(V (1)) = C['W,]. To
complete the proof, it suffices to prove that the images of the elements e + (—1)s*+ht#-1 fés) of

V(1) can all be written in terms of the PBW generators from the statement of the lemma. This
follows by an induction on ht 3, similarly to the proof of [LWZ25a, Lemma 2.3]. 0

For the remainder of this section, we denote by *Y,, the Poisson algebra with generators hgr) and

bgs) fori € I, r > —(u, o;), and s > 1, with relations (7.19)—(7.26). By the previous two lemmas,
(r) p(

I )

there is a natural surjective Poisson map *Y,, — C['W,] by sending h *) to the same-named
elements.

We can now prove Part (2) of Theorem 7.8.
Lemma 7.12. The map 'Y, — C['W,] is an isomorphism of Poisson algebras.

Proof. 1t is enough to show that *Y,, is spanned by monomials in the same PBW generators from
Lemma 7.11. This is essentially a Poisson algebra variation on the proof of Proposition 2.13.
First, we claim that ‘Y, is spanned by elements of the form b, - - - bkhgznl)hgm) fe hgw), where

by, ..., by are each nested commutators of the elements bgs). It suffices to prove that the subalgebra
S C 'Y, generated by these elements is closed under Poisson brackets. By the Leibniz rule, it is
in turn sufficient to show the Poisson bracket of any two generators of S is still in S. The only
interesting case is to show that {hl(r), b} € S, where b is any nested commutator in the bgs). This
follows by a straightforward induction on the length of b, using the relation (7.21) in *Y,,.

Next, consider the filtration on 'Y, defined by setting deg b§-8) = 1 and deg hgr) = 0. More

precisely, these degrees define a grading on the free Lie algebra L generated by symbols hz(»r) and
bgs), and thus on the symmetric algebra S(L). There is a surjection S(L) — Y, and the grading on
S(L) thus induces a filtration on *Y,, (a similar and fuller discussion can be found in the paragraph
right after this proof below). Note that the Poisson bracket is degree zero.

Similarly to the proof of Proposition 2.13, one can argue that the associated graded algebra gr *Y,
is spanned by monomials in the images of the PBW generators from Lemma 7.11. This is because

the images bgs) € gr 'Y, satisfy the Poisson relations (7.11) and (7.13) which define the positive
half of the algebra C[W,]|. This completes the proof. O

To complete the proof of the remaining parts (1) and (4) of Theorem 7.8, we turn to the shifted
twisted Yangian '), and its filtrations. We take an indirect approach, inspired by the proof of
[Top23, Theorem 3.4]. Consider the set

X = {HZ.(”,BZ.(” lielreZs> 1} (7.29)

and the free Lie algebra L on this set. Then there is a surjection U(L) = C(X) — 'Y,,. Define a
gradingon L = @, ., L, by declaring that deg HZ-(T) = r+(u, a;)—1 and deg Bi(s) = s+{p1, o) —1.
Then we may define a filtration on the enveloping algebra U (L), such that L,, lives in filtered degree
n + 1. The PBW theorem for U(L) ensures that gr U(L) = S(L) with its standard Poisson
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structure. In particular, gr U(L) is Poisson generated by (the images of) the set X. Via the
surjection U(L) — 'Y, we induce a corresponding (quotient) filtration G3,,*Y,, on *},,. Note that
gra), is commutative and identified with a quotient of S(L).

Lemma 7.13. There is a surjective homomorphism of graded algebras *Y,, — ngZLﬂyw sending

the generators h\" ,b\*) 1o the classes H", B'").

Proof. Looking at the top degree parts of the defining relations (2.2)—-(2.9) of '}, one can see that
the above assignment on generators defines a homomorphism 'Y, — gria ‘Y,.. Let us denote the
image of generators of Y, in gr: 'Y, by A", B’J(.s) and so on. For example, modulo lower terms
the relation (2.4) becomes

(H BY) — (H, B = (cij — crig) HTVBY + (e + e ) HBEYY.(1.30)

This is simply an inductive version of the relation (7.21). Similarly (2.8) reduces to (7.25),
cf. [LWZ25a, (6.18)]. Now we show that (2.9) reduces to (7.26). Indeed, with the help of (7.21)
(corresponding to (7.30)), we rewrite (2.9) in the associated graded after cancellation of many
summands as

Sy 51 . [B(Sl) [3(52) B(S)H

S1+s—2
3 o1 - i (s1+5—p—2—2) [3(s3-+p+29)
__Sym8182( 1) Z 3 p(ZSHm’l P qsz p+2q
p=0 q=0
i7(s1+s—p—3—2q) p(s2+p+2¢+1)
_ Z Hq-il B] 2 >
q=0
4 5 1 s1+5—2—2q) H(s2+2q)
= S Sym,, , (=1)"7 > 3L Vit
q=0

This matches (7.26). Finally, this homomorphism *Y,, — gréiny ., 1s surjective since gr U(L) is
Poisson generated by the set X in (7.29), and thus so is its quotient gr U (L) —» gria ‘Y. 0

Recall that in §2.4, we defined a vector space filtration F;;yﬂ, which a priori depends on a
choice of PBW basis for *),,. The following technical result is key:

Proposition 7.14. The filtrations F) ;gyu and G:“zy . coincide.

In particular, this result establishes Proposition 2.21, since by construction G}, *Y,, is an algebra
filtration and does not depend on any choice of PBW basis.

Proof. We adopt a general proof strategy used in [FKP' 18, KPW22]: the x = 0 case first, then
antidominant g, and finally all remaining .

For each k£ € Z there is a natural inclusion Fjl(zyu) C Gﬁl(zyu), so we must establish the
opposite inclusion. Similarly to Remark 2.23, for each p is suffices to prove this claim for a single
choice of decomposition p = 1 + Tji1.

First, consider the case of ;1 = 0, with 11 = 0. In this case all associated filtrations and gradings
are non-negative: F("Yo) = G§("Yo) = (“Yo)x = 0 for k < 0. By definition F; (*)) has a basis
consisting of those PBW basis elements which have total degree < k. There are finitely many such
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monomials. In addition, analogous monomials label a basis for the degree < k part of 'Yy = C["W)).
Due to the surjection of graded algebras 'Y, —» ng51y0, the dimension of dim G’g(%yo) is at most
that of the degree < k part of 'Y,. Put together, we obtain the estimate

dim F¥("Yo) > dim GE(*Yy).

As FF("Yo) C GE(*Vy), we must have FF(*Yg) = GE(*)o) as claimed.

Next, let u be antidominant. Since p is even and 7y = 1, we can write 1 = 21y with 7y = f15.
Recall the algebra 13) from §2.3, and define a filtration F’“ (" y) as the span of PBW monomials of
degree < k where

deg H" =7+ (u,0;),  deg By = s+ (1, B).

Similarly, we may define a filtration G}, (137) analogously to the definition of G, (*)),,). Recall also
from the proof of Lemma 2.23 that there is an algebra embedding 137 — "V @ C[& | i € I]. If we
consider the tensor product of the filtration F§ (")) = G§(*Yo) with the filtration on C[¢; | i € ]
defined by giving deg &; = (u1, i), then one can see that our algebra embedding is strictly filtered,
for both filtrations. It follows that F3, (1Y) = G, ).
Finally, for general ; we may again write 1 = 21 Choose any shift homomorphism ¢,

'V = "Vytv4r as in Lemma 2.7, such that © + v + 7v is antidominant. Then it is easy to see
that the image of G (‘) lies in G%, ,("Yysv4rv). Since pu + v + 7v is antidominant, we have

pitv
already proven that F/'jl Wl yHJr,,JrTZ,) G ) ("Vysvirv). Therefore:

( 141( yﬂ>) v ( ( yu)) = MV( y,u) n Gﬁl-&-u( yu—i—u—l—ru)
= }L,I/( y#) n F/f1+l/< y,quVJrTl/)'

But by Lemma 2.22 the right hand side above is exactly ¢, ,(Fy (*V,)). As ¢, , is injective we
conclude that ¥ (*Y,) = G ("},,), which completes the proof. O

We can now prove the remaining Parts (1) and (4) of Theorem 7.8. Since FJIZ;))H is defined in
terms of a PBW basis, the algebra ng lelyu inherits a PBW basis. On the other hand, Lemmas
7.11 and 7.12 show that C['W},] = 'Y,, has an analogous PBW basis. These are mapped onto one
another under the surjection (cf. Proposition 7.14)

C[’WH] &~ Z%N —» ngl.ﬂ Zy/ﬁ = ngA:1 Zyu,
Therefore this map is a ()*—grading preserving isomorphism, which proves Part (1). For Part (4),
note that there are two shift homomorphisms C['W,,1,+-,] = C['W,]: one defined geometrically
in Corollary 7.7, and the other inherited from Lemma 2.11 by taking associated graded. They are

both Poisson, and have the same effect on the Poisson generators of C['},]. Therefore they are
equal, which proves (4). This completes the proof of Theorem 7.8.

8. FIXED POINT LOCI OF AFFINE GRASSMANNIAN SLICES

In this section, for any even spherical coweight 1, we show that the Poisson involution o preserves
. . R .. .
the generalized affine Grassmannian slice VW, exactly when A is 7-invariant. Then we study the

. ) ) R — )
affine Grassmannian islices, i.e., the fixed point loci *WV W= (w M)", and connect them to iGKLO.



SHIFTED TWISTED YANGIANS AND AFFINE GRASSMANNIAN iSLICES 63

8.1. Generalized affine Grassmannian slices. Let A > u be coweights with A dominant, and
recall the space W, from (7.1). Define the generalized affine Grassmannian slice as a closed
subscheme of W,:

—\ _—

W, = W, NG[2]2AGz]. (8.1)
This is an irreducible affine variety over C of dimension (2p, A— 1) [BEN19], and is a closed Poisson
subvariety of W,. The C*-actions from (7.3) all preserve Wi C Wy, as does the action of 7" by

o . . o . oAt A
conjugation. The shift maps (7.2) restrict to birational Poisson maps ¢, ,, : W, +Zi +Z§ — W, for

any dominant coweight A > p such that A\ 4 14 + 1, is also dominant [KPW22, Proposition 4.11].

Remark 8.1. The varieties WZ\L admit an alternate description as a moduli space of G-bundles on
P!, see [BFN19, §2] for details.

For 1 dominant, W;} are the usual affine Grassmannian slices between spherical Schubert varieties
in the affine Grassmannian Gr. For general 11, generalized affine Grassmannian slices are Coulomb
branches for quiver gauge theories [BFEN19]. They have symplectic singularities, as proven for p
dominant by [KWWY 14, Theorem 2.7] and in general by [Zho20](and also see [Bel23]). In general,

AL . . .
W, is a union of finitely many symplectic leaves [MW23]:

wo= || w (8.2)

uLVLA,
v dominant

Example 8.2. Let G = PGL,. Given coweights A > p with A\ dominant, we extract non-negative
integers w = (\, ) and v = (\ — i, ). The slice Wﬁ has an explicit description as matrices with
polynomial entries due to Kamnitzer, see [BFN19, Proposition 2.17]:
(i) a,b,c,d e Clz],
W d b\  (#) aismonic of degree v,
B c a (741) b, chave degree < v,
(7v) ad —bc=2z".

Note that the condition (iv) entails that a divides 2™ + bc with quotient d, and in particular d is
uniquely determined by the other matrix entries.

(8.3)

The matrix entries from the previous example admit generalizations to all types, which we
consider in the next section.

8.2. Classical GKLO homomorphism. For each fundamental weight w; of g let V' (—w;) denote
the corresponding irreducible representation of g with lowest weight —w;. Let s; € W denote
the simple reflection for ¢ € I. Choose nonzero extremal weight vectors v_,, € V(—w;)_s, and
V_g;m; € V(—;)—s;m,» With corresponding dual vectors v* _ ,v* € V(—a;)*.

Let A > u be coweights with A dominant, and write A — . = ZZ v;a; asin §3.1. For any element

—A ) L
=nthz*n~ € W', we can extract various formal Laurent series in z~!:
”w

a;(z) = z<’\’w"><viwi, GU_,) = 2V (U o), (8.4)

bi(z) = z<’\’wi><visiwi, GU_, ) = 2V (V" nthu_g.), (8.5)

—S8;T0;?
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ci(z) = z<’\’wi><viwi, GU_sm;) = 2V (0, hn T v g ). (8.6)

In fact, these are all polynomials in z, with a;(z) being monic of degree v;, while b;(z) and ¢;(z)
have degree strictly less than v;, see [MW24, §2.2.1]. Writing a;(z) = ), z"i_sags), and defining
bgs) and c!¥ similarly, these coefficients define regular functions on Wz In fact, the coefficients

ags) and bgs) for 7 € I form a system of birational coordinates on W2 by the results of [FKMM99]
and [BFEN19, §2]. These functions satisfy the following fundamental equation, which stems from a
relation for generalized minors due to Fomin-Zelevinsky [FZ99, Theorem 1.17], see also [MW24,
(2.70)]: for each i € I, recalling that w; = (), «;), we have

a;(2)di(2) = bi(2)ei(z) = 2% [ a(2). (8.7)

jeri, jel
Here d;(z) = 2= (v* | gu_y,o,) which is again a polynomial in z.

Remark 8.3. We have defined G to be the adjoint group associated to g, however V(—w;) is
only a representation of the simply-connected group associated to g. Nevertheless, the functions
(8.4)—(8.6) are well defined on the variety Wi One can see this via zastava spaces, as in [BFN19,
§2]. Alternatively, following [MW24, Remark 2.10], note that U;"[2~'] and 7} [z~'] are naturally
independent of the choice of group, so the factors n*, h of g = n*hztn~ allacton V (—w;)((271)).
Letting D denote the determinant of the Cartan matrix, then the factor z* also has a well-defined

action on V (—w;)((z~ 7). Thus (8.4)~(8.6) are all well-defined as Laurent series in 2~ 7, and in

fact are Laurent series in 2z~ 1.

Let A®~#) denote the variety of tuples (a;(2)),_, of monic polynomials a;(z) of degree v;. Then

AP—1) ig an affine space with coordinates ags) for: € Tand 1 < s < v;. The functions (8.4)
define a natural map Wj — A=) which is faithfully flat by [BEN19, Lemma 2.7]. We may
identify AA=#) = AR=#l/S,  as the quotient of an affine space AM—#I = [, AV by the product
of symmetric groups S\_,, = [[, Sy,. Indeed, we denote natural coordinates on AP=# by w; . for
1 €land 1 < r < v, defined so that

Vi

ai(z) = [J(z — win) (8.8)

r=1

with Sy, acting by permuting these roots. Define also

Yiy = bi(wi,) and yf = ci(wi,), (8.9)
and observe that because of the relation (8.7) these must satisfy
v, =i T ai(w). 8.10)
ji, jel

The polynomials b;(z), ¢;(z) can be recovered from the yf; by Lagrange interpolation:

Vi Vi Vi

oi(2) = ((TI i ail2) =D ( 11 g [N CR LS

r=1  s=1,s#r r=1  s=1,s#r
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Remark 8.4. The functions from (7.4) can also be expressed in terms of the above coordinates:

(r) —r _ bl(2> (r) —r _ _wi —cji (r) _—r Ci(Z)
Zei z =) ;hi 27T =2z Haj(z) : Zfi 2 =) (8.12)

[ jel

This leads to variations on the Lagrange interpolation formulas above, such as
A\ 1
(r) —r _
e’z = E vi y.’ ,
; ' r=1 (Z - wiﬂn) HS:I,S#’I‘ (wi,T - wias) ur

where the right side is expanded as a Laurent series in 271

In a slight variation on the notation of [BFN19, §2], we define an open subset AP=ul  plA=nl
as the complement to all diagonals w; , = w; , for pairs (i,r) # (7, s) with ¢;; # 0. Let AC-1) =
A"\_"'/S,\_u. Then AX—#) < AA=1 is open, consisting of tuples (a;(z));cr Where each a;(z) has
no multiple roots, and where a;(z) and a;(z) have no common roots whenever ¢;; = —1. Define an
open subset U 2 - Wz as the fiber product

_)\ o _
Uy =W, Xg0m AN (8.13)
The following definition provides an étale covering of U 2

Definition 8.5. Consider an affine space A**~# with coordinates wi7r,y;fr,yg . for ¢ € T and
I1<r<v. Let X ;} C A3P—#l be the locally closed subvariety defined by imposing the relations
(8.10) for all pairs (¢, ), and by also imposing that w; ,, — w; s # 0 for all pairs (i,7) # (j, s) where
Cij # 0.

There is a natural map X ﬁ — AM=#l defined by projecting onto the coordinates w; . Note that
the image of X 2 actually lands in the open set AP=#l. The following result is a variant of results

from [BFN19, §2] describing the birational geometry of Wi The Poisson structure on X /;\ is related
to the Poisson structure for zastava spaces in the étale coordinates of [FKMM99]. Denote

5 . 17 if Cij = —1,
B 0, else.

Theorem 8.6 (cf. [BFN19]). (1) The variety X 2 is equipped with a Poisson structure defined
by:

{wi,’l‘7 wj,s} = 07 {wi,ra y]:‘,:s} = :Féi,j(sr,sy;‘,:sa
_ 0 ws
{Vir Yiisd = 0ig0rs 5 — (wz’/ 11 ai(wim)>’

b jeri, Gl

i
{yi:l,:r? yj:‘,:s} = i%yfryfs

7/77‘ ]78

. . )\ A . .
(2) There is a Poisson map X — U}, uniquely determined by

ai(2) = [ [ (= = wis).

T
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z —w; z —wj
bZ — ( 1,8 ) _ ; CZ — ( 1,8 ) J,- )
) XT: g Wi,r — Wis Yir ) ET: g Wi,y — Wiys Yir
This map is finite and faithfully flat, and identifies

A A A— A A A —
X = U X o AR = U 50 AP

Proof. Anisomorphism Wi >~ M (GL(V), N) with the Coulomb branch for a quiver gauge theory

is established in [BFN19, Theorem 3.10]. It follows that the base change W;\L X A —p) AP=#l can be
described using Coulomb branch techniques from [BFN18, §5 and §6]. Indeed, fix a maximal torus
T C GL(V) and let N" = @, Hom(W;, V) be the sub-representation of N where only framing
arrows are left (see [BFN19, §3(iii)] for the definition of IN), there is an isomorphism:

Wi X o AP 2 Mo (T, N') 3 g APRH

Denoting this space by X Ij, there is a natural map X 2 —U /3\ It is finite and faithfully flat since it
arises via base change along AP+l — A= Ttis étale by an application of [Wee22, Theorem 10].

To complete the proof, it suffices to show that X 2 =X ;} . In fact, both can be identified with the
same open subset of a product of Kleinian singularities of type A. For M (T, IN’) this follows from
[BEN18, §3(vii)(a)] and [BFN18, §4(iv)], since T is a product of multiplicative groups (CZ.XJ each
acting independently by scaling a space Hom (W, C; ). Meanwhile, in Definition 8.5 note that all
linear factors of a;(z) in the defining relation (8.10) are invertible. Thus up to renormalizing y;tr
this relation is also simply the Kleinian singularity y;;,y; .= Wi 0

. . e T\ . . .
8.3. Affine Grassmannian islices ‘VV,. Recall from Lemma 7.5 a Poisson involution o of W,
for any even spherical coweight . We are interested in the fixed point loci of the subvarieties

Wf; C W, under the action of o
W, = (W,)". (8.14)
We shall refer to ZWi as an affine Grassmannian islice.

Theorem 8.7. Let 11 be an even spherical coweight, and let \ be a dominant coweight with A > .
Then o preserves the subvariety Wi C W, ifand only if TA = \. In this case, the islice ’Wi inherits

a Poisson structure via (doubled) Dirac reduction, and ZWH C "W, is a Poisson embedding. There
is a decomposition into smooth strata:

A

7 _ 7 v 7 vo._ v\o

W, = | I Wi, where "W, == (W,)°.
UV,

v dominant,
TU=V

—=A
. . . N
The symplectic leaves of "V, consist of the connected components of the strata 'VV,. Finally, the

. . . oA tr+TY A
T . 1 2
shift maps restrict to Poisson maps buw Wu vty W#.

Proof. For any dominant coweight v, using (7.17) we have
0(G[2]2"Glz]) = o (Gl2])a (7)o (Gl2]) = Glz](=1)" 27 Gz] = G[2]2 2]
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Since 7v is dominant, we have G[z]z"G|[z] N G[z]z"VG|z] = @ unless Tv = v. It follows that o
maps W) isomorphically onto W/, and preserves W, if and only if 7v = v. Similarly o preserves

oA . . i . o . .

W, if and only if 7A = A. In this case the fixed point locus ‘W, inherits a Poisson structure by
. . oA N =) C o . .

Dirac reduction, and "W, C "W, is Poisson since VW, C W, is Poisson. The restricted shift maps

are therefore Poisson by Theorem 7.8(4). Finally, the decomposition of ZW;) into symplectic leaves
follows from Lemma 6.8 and (8.2). ]

Remark 8.8. Similarly to Remark 8.1, the islice ’Wz admits a modular description as a moduli
space of GG-bundles. More precisely, using the symmetric definition w of the slice Wi from

M1, TH1
[BEN19, §2(v)], we can cut out ’Wi C Wiwm by imposing that the bundles denoted P, are

related by the involution 0. We leave the details to the interested reader.

Example 8.9. Let G = PGL; and 7 = id. The involution o on G((271)) is givenby g(2) — g(—2)7.

Take coweights A\ > p for GG, with A dominant. We assume that 1 is even; note that it is equivalent

to assume that \ is even, since (A — u, &) = (A — p, 2w) = 2v. Recall the explicit model for Wi
from Example 8.2. After renormalizing by a multiple of the identity matrix (this is harmless since
G = PGLy), in this model the involution takes the form, cf. (8.21):

(3 3) ~ o (€3 5

The fixed point locus can thus be described analogously to Example 8.2:

(1) a,b,c,d e C[z],
R d b (74) a is monic of degree v,
ZW# = ( ) . (#7) b,chave degree < v, (8.15)
c a :
(iv) ad —bc= 2",

(v) a(z) = (=1)¥a(=2), c(2) = (=1)"b(2).

Similarly to Example 8.2, the coordinate d is uniquely determined by the others by condition (iv).
Note that it automatically satisfies d(z) = (—1)vVd(—=z), because of (v), which also determines
¢ uniquely from b. So in the most simple terms, the variety ’W2 consists of pairs (a,b) of
polynomials satisfying the degree conditions (i7) and (ii), such that a(z) = (—1)Va(—z) and a(z)
divides 2% + (—1)Vb(2)b(—2z).

In this case ZWi is normal and a complete intersection. When ;. is dominant, we will give an

o oA . .
alternate description of “W, in terms of Slodowy slices, see Example 9.7. In particular these cases
are all symplectic singularities.

8.4. Classical iGKLO for 1W2. Let ;2 be an even spherical coweight, and let 7A = )\ be a dominant
coweight with A > p. Recall the iGKLO homomorphism @2 : "Y,lz] = A from Theorem 3.6.
This homomorphism depends on a choice of orientation of the Dynkin diagram I, which we fix
from now on.
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8.4.1. Classical iGKLO. We show that the classical limit of <I>2 (or more precisely, its specialization

at z = 0) is related to the fixed point scheme ZWi. We first define appropriate filtrations on these
algebras.

On one hand, we consider a filtration F; (*),,) as in §2.4. Recall that grfin 'y, = C['W,] by
Theorem 7.8. For our purposes here, we define the coweight 1, for g as follows:
deg Zl —V; + Zj(—}i’ Vi, if i € ]I:I:I;

jel

(i, ;) = (8.16)

o, — 20, + > jei, b5 + %(9 +20; + > i, 9]‘)7 if ¢ € Io.
i

Je* j€lo

The following result is necessary so that the filtration F; (*)),,) is defined.
Lemma 8.10. (i, is an integral coweight, and | = iy + T1.

Proof. Both parts follow from direct calculation using the definitions from §3.1. In particular note
that for ¢ € I; we have:

<ILL, Oél> = Ww; — 2Vi —|— ZV]' = (sz —|— gi) — 2(202' —|— 92) + 2 Z Uj —|— 2(20] + 9])
7>, J>, J>,
jel jely j€lp

This is an even integer since y is even, and (1, «;) is forced to be half of this value to ensure that
po= 1+ T O

On the other hand, in the algebra A we specialize all (central) variables z; ; to 0, obtaining
its quotient algebra 4,_,. Similarly to [BFN19, §B(ii)], define a filtration on .4,_, by setting
degw;, = 1 for all pairs (7, r), and setting

. 0, if 1 € I,

degd;, =3 + S v (= i+ Tyeonty), ifi €T, (8.17)
Jj€lo

j€lo
Similarly to the previous lemma, we note that deg 331 is always an integer. By the same argument
as [KWWY 14, Proposition 4.4], the associated graded algebra is a localized polynomial ring:
grA,—o = Clw,,, 5331, (w;r £ wim/)*l,w;: el r £ <oyl (8.18)
Its Poisson structure is determined by {97}, w; s} = +6;;0,.,0; and {w;,, w;} = {0;,,0;.} = 0.
As in §3.1 we extend the notation 9, to7 € I_ by 0;, = —0rjp,+1-r-
The next theorem is the main result of this section.

Theorem 8.11. Retain the notation for filtrations on'Y,, and A,—, as above.

(1) The open subscheme U l’} C WZ from (8.13) is invariant under o. Its fixed point locus "U, ;/4\
is non-empty if and only if the parity condition (3.5) holds, and in this case we have
dim Uy =2) v,
iel
(2) The homomorphism @sz:o 'Y, = Aso is ﬁltere)\d, and )\the associated graded map
er @2’”0 : C['W,| — gr A,— defines the closure q - ZWM, i.e., the kernel of this map

is the defining ideal of C,,. Here C’If cU 3 is a top-dimensional irreducible component.
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The proof of this theorem will be given in §8.5. By Theorem 8.11, if ZWI/\L is irreducible then

_ oA o . SN .. .
gr (bff—o defines "W, itself, and hence it is important to determine when W , is irreducible.

8.4.2. DeformediGKLO. Although we specialize the parameters z = 0 above, this is for simplicity
and not necessity. The variety Wz admits a Beilinson-Drinfeld deformation Wﬁ defined in [BFN19,
§2(x)]. It is a closed subvariety Wﬁ CW, x AR where AN = A>i Wi s the affine space having
points z = (2j)icr.1<s<w,. By definition, the fiber over z € AR is

W =W, NG #G[E], (8.19)

where 2 =[], (2 — 2;,) € G((z™")). In particular, the fiber over 0 € APl is exactly Wﬁ

Now suppose that 7A = X and p is even spherical. Then the involution o of G((2™!)) induces an
involution of Wﬁ, permuting the above fibers with U(Wﬁ’z) = Wﬁ’_z. Define an involution o of
ARl by

O'(Z‘ ) _ —Ziwi—s+1 ifi € HO)
s —Zris) ifiel \ Io.

Then the map Wﬁ — AP is g-equivariant and there is an embedding of fixed point loci

WA 7 7

Wy, €W, x AN (8.20)
Similarly to (8.26) below, one sees that the fixed point locus *A has coordinates {zis:1€'[[1<
s < 1;}. Thus, a point 2 = (2;)icir1<s<m; € “AM is exactly as in §3.1. The fixed point locus U
is an open subvariety of ’Wﬁ.

Let the filtration on ')/, [z] be defined as above for ‘Y,., and with the variables z; ; in degree 1.
‘We can now formulate a deformed version of Theorem 8.11.

Theorem 8.12. The map @ﬁ ' YVulz] = Alis filtered, and its associated graded map
gr @) : C[W, x "AM] — gr A

—A A . . . . .
defines the closure C, C "W . Here C’/% C ZU,% is a top-dimensional irreducible component of
dimension ), _.;(20; + ;).

Recall from Definition 3.8 that we define the truncated shifted twisted Yangian ’yl’) as the image
of the map <I>2. Recall also from §3.4.2 that we define a filtration F,:fyz as the quotient filtration
from 'Y, [z].

Then Zyz inherits natural filtrations: firstly as a quotient of *)),,[2], and second as a subalgebra of
A. Since CIDfL is filtered, the first filtration is contained in the second. There is a canonical surjection,
cf. the proof of Theorem 5.8:

gr' V) = grim(@}) — Im(gr &) = C[C).

We expect that it is an isomorphism:

Conjecture 8.13. The truncated shifted twisted Yangian ny; quantizes the variety éi C ZWﬁ. In

. e . LA
particular, if "W, is irreducible then 1)/2 quantizes "WV .
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Proving this conjecture would be a question of comparing two filtrations on Oﬂﬁz the quotient
filtration from 'Y, (2| as defined above, and the subspace filtration inherited from .A. The former
filtration is contained within the latter, and if they are equal, then the conjecture holds.

For truncated shifted (untwisted) Yangians, the analogous conjecture is proven for ;¢ dominant in
[BEN19, Corollary B.28] and for general y in [Weel9, Theorem 3.13].

Remark 8.14. A weak form of the above conjecture states that 1;)//’) quantizes a scheme supported

on 6%. A similar result was proven for truncated shifted Yangians in [KWWY 14, Theorem 4.8].

8.5. Proof of Theorem 8.11 on ZW?. First, we observe that the involution o on Wz maps
a(ai(z)) = (—1)Viayi(—2), a(bi(z)) = (—=1)Vicy(—2), 821)
J(ci(z)) = (—=1)Viby(—2), a(di(z)) = (=1)Vid,;(—2).

Indeed, one sees this from the identity o(n*hz#n~) = o(n~)o(h)z"c(n*) for n*hz#n= € "W,
together with (7.16) and the definitions (8.4)—(8.6). See also [FZ99, Proposition 2.7]. Therefore,
viewed as functions on 1W; by restriction:

az(z) = (—1)Vian»(—z), CZ‘(Z> = (—].)Vzbﬂ(—Z), dz<Z) = (—1)Vzd7—z(—2) (822)

Remark 8.15. The algebra (C[@Wli] is Poisson generated by the coefficients of a;(z) and b;(z) for
¢t € 1. This follows from Theorem 7.8(2) together with equations (7.18) and (8.12).
Consequently, if we define an involution o on AX~" by o(a;(z)) = (—1)Y"a,;(—z), then the

map Wﬁ — A=) from §8.2 is o-equivariant and induces a map on fixed point loci
W, — AOH), (8.23)
Applying Lemma 6.9, we note that *A*~#) is an affine space with coordinates

{ags) i €1p,1 < s < v; withseven} U {ags) el 1 <s< v} (8.24)

Here, we view the ags) as functions on *A(~#) by restriction from A, Recalling the notation v,

from (3.2), we see that “A*~#) has dimension Zigﬂ ;.

We will next extend o to an involution of A*~#|, such that the map A+ — AG~#) defined by
(8.8) is o-equivariant and well behaved (in the sense of Lemma 8.16 and Corollary 8.17). For: € I
and 1 < r < v;, we set

o(Wiy) = —Wrirr, where 7ri=v;+1-—r. (8.25)

This defines an involution o on the space A*#!,
Using Lemma 6.9, there are various choices of coordinates on the fixed point scheme *A*
defined by restriction from A*~#. For our next result, a good choice is to use coordinates

{wi,r 11 E Z]I, 1<r< Ui}. (826)

The restriction of any other w; , to tAr=#l can be expressed in terms of these coordinates, using
(8.25). Note that for any ¢ € I such that v; = 2v; 4+ 1 is odd (or equivalently if §; = 1, in the
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notation of §3.1) the restriction w; ,,11 = 0. Hence we have dim tARH = > _icip Vi Consider now
the following group:

Sy =[] (So % (2/22)") x ]| S, (8.27)
i€lp i€ly

Then there is an action of *S)_,, on the space *AP=#l: each symmetric group factor S,, permutes
the corresponding coordinates {w;, : 1 < r < v;} in (8.26), while each Z/2Z factor acts on its
corresponding coordinate by w; , — —wj ..

Lemma 8.16. The map A — AP~ from (8.8) is o-equivariant. The induced map *AM—# —
*AC=1 on fixed point loci identifies

A=) — lAIA*ul/lSAi

The open subsets APl gnd AC-1 gre preserved by o, and their fixed point loci 'AP=4l and
*AC=1) are non-empty if and only if the parity condition (3.5) holds.

Proof. The map AP+ — AR~# is determined by (8.8). This map is o-equivariant, since

o( T = win) =TI = owi)) =TI + wrim) = [T (2 + wri,)

T T T s

which agrees with the action o (a;(2)) = (—1)¥ia,;(—z) on A=),

Now consider the restriction *AP~# — *AX=# of this map to fixed point loci. We use the
coordinates (8.26) on ‘APl If i € T,, then we have a;(2) = [['_,(z — w;,). The coefficients
of this polynomial generate the invariants for the action of S,, on Clw; 1, ..., w;,,]. Meanwhile, if

1 € Iy then we have
v;
2) = P H(22 — wzr)
r=1

The coefficients of this polynomial generate the invariants for the action of S,, x (Z/2Z)% on
C[wu, C ,wwi]. It follows that ‘AP~ = 1A|/\7“|/ZS)\_“.
Finally, observe that if there exist ¢, 7 € [, which are connected and have 6;0; = 1, then this

means that a;(z) and a;(z) both have odd degree. Since a;(z) = —a;(—2) and a;(2) = —a;(—2),
this means that these two polynomials must have a common zero z = 0. Therefore *A®~*) is empty.
If no such 7, j exist, then there is no obstruction. The case of *AlA=#l g similar. ]

Corollary 8.17. The map *AP—+ — *AC—1) s finite and faithfully flat.

Proof. The group *Sy_,, is a product of Weyl groups of types B/C and A, acting on the product
APl of affine spaces in the standard ways. Thus the quotient map *AR—# — A=l /18, has
the desired properties, by Chevalley’s Theorem on Weyl group invariants. The claim now follows
from the previous lemma. 0J

Recall that we define the open subset U, ;} C Wi as the preimage of AC=m C AG=1_ Tt follows
from the previous lemma that U, ;i\ is preserved by the involution 0. We will study its fixed point
locus ‘U},, via the simpler space X, from Theorem 8.6.
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Lemma 8.18. There is a Poisson involution o of X ;} defined by

o(wir) = ~Wrigr,  o(yh) = (=1)Vyf (8.28)
such that the map X/i‘ — APl s o-equivariant.
Proof. Follows by Definition 8.5 and Theorem 8.6. 0

Let 'X;} C X, denote the corresponding fixed point locus. Viewed as functions on *X) by
restriction, we thus have

Wi = —Wrirry Z/;Lr = (_1)Viy7:[77—r' (829)
Note that as o is a Poisson involution on X 2, its fixed point locus "X /’) inherits a Poisson structure
by (doubled) Dirac reduction. The same is true of U}, and the map *X;} — U} is Poisson since
Dirac reduction is functorial.
Recalling the notations of §3.1, observe that for any ¢ € I, when restricted to * X 2 we have
Proposition 8.19. Retain the Assumption (3.5). Then the space ' X ﬁ‘ has coordinates
{w”,yw|zeﬂl < vk,

and is defined scheme-theoretically in these coordinates by the relations (1)—(4):
(1) Wrirr = — Wiy, fOl’i €land1 < r < Vi,
2
Virlrimr = (1) [ Wjwi,),  forie'L1<r <ovj; (8.31)

jri, jel
(3) oreachi € Iy with 0; = 1:

. 1)&ieigen® . o wzs, ifw; =0
(yi79i+1>2 — { ( ) H]<—>z j€ ]IH 1 %4, l.;w ~ 0 (832)

4) w;, —wjs # 0, for all pairs (i,1) # (7, s) withi,j € Land c;j # 0.

In terms of these coordinates, the Poisson structure on ' X ﬁ‘ is determined by

{wi,’r‘a wj,s} = 07 {wi,Tﬂ y]_,s} = (5(2',7“)7(]',5) - 5(71’,71"),(]’,3)):%:7»7
o —0isj v 0 1 W
(Ui Vit = =Y Y5 + i rirs) (1) %@ 11 Wj@))

or e jerijel

T=Wj

Proof. The same map from Lemma 8.18 defines an involution of the space A**~#I from Defini-
tion 8.5, and its fixed point locus *A®*~#I is defined simply by imposing (8.29). Put differently,
the fixed point locus is an affine space with coordinates w; ,, Yir fori € 1,1 < r < v, with the
relation (1). Now consider the open subset A3+ C A3-#l where w;,» — wjs # 0 for all pairs
(i,7) # (j, s) with ¢;; # 0. Then its fixed point variety *A3*~# C *A3A~#l is also open, defined by
imposing condition (4). Now observe by Definition 8.5 that X /;\ C A3*-#l is a closed subscheme.
It follows that * X ;‘ C *A3-#l is also closed and is defined by imposing the defining relations (8.10)
of X 2 Keeping in mind the relations (8.29), this is equivalent to conditions (2) and (3) above,
proving the first claim.
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The Poisson structure is calculated using (doubled) Dirac reduction via Remark 6.7, cf. the proof
of Lemma 7.10. For example, let us compute the bracket {y; ., ;. } in C['X}}]. Welifty; . € C['X)]
to the o—invariant element £ (y; . + (—=1)Viy}, ) € C[X}], and compute the Poisson bracket of
these lifts using Theorem 8.6:

2 {%(yz_m + (_]‘>Viy7—'i_i77'7’)7 %(y]_,s + (_]‘)vijjﬂ'S)}

i 9
1 14> _ 1 vi W,
= 3 Yiris + 206, (<1) %(’E 11 Wk(x)> -
T 7,8 rrikel —w;
L5 \E 9 w;j
= 30(ri )G9 (—1) %(U 1T We(v)) -
’U*’LUJPS

5 Lel

0 i<>TJ
_|_ l _1 VZ'+V]' T J + + .
2( ) wTi,Tr . wTj,Ts yTz,TryTj,Ts
Upon restricting to * X 3 the first and last terms above become equal because of (8.29). Let us show
that the second and third terms also become equal upon restriction. If (74, 7r) = (j, ) then we know

that w; s = —w; ., v; = v;, and w; = w;. There is also a bijection between the sets {¢ € I : { <+ j}
and {k € T : k < i} defined by k = 7¢, under which the corresponding polynomials satisfy
W, (v) = (=1)V*Wy(—v). With this in mind, and making the substitution * = —v of dummy

variables, we get:

lj,0€T V=W
V; a W, Vi
= (1) = ((~=) 1o Wi())
k<>, kel ’

Within the derivative on the right side there is a sign of (—1)Wit2Zkei Ve = (—1)# = 1 since p is
even. This gives the claimed equality of the second and third terms. 0J

As in §3.1, for each ¢ € I; we fix a choice of (; € N with 1 < {; < v; = v;, and extend it to
1 € I Ul by (;; = v; — (;. Recall also our conventions from §8.4. The following result defines
the classical iGKLO homomorphism.

Lemma 8.20. Retain the Assumption (3.5) and fix an orientation of the Dynkin diagram I satisfying
the conditions from §3.3. Then there is a Poisson homomorphism

C['X,] — grA.—g (8.33)

defined by (1)—(3) below:
(1) wip = Wiy, forv€land1 <1 < vy,
(2)
Yo { —mw;"r [ Wj(wi,)0;, l:fl <TG
“r _wi,; Hrjem‘ WTj (wTi,T)gTi,Tv ifG <r<vy
forie LUl yand1 <r < vy,
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3)
( —wpy I Wilwis) HJF};W;(ww)éfrla fl<r <o,
J€lo
_w;?qi+<i Hj—”'a Wj (wi,bwr) ij—i, Wj(wi,nﬁr)gi,ni—r, ifv,—v; <r<vy,
J€l+ J€lo
Yir = S b ifr=v;+1,0,=1
\/(_1) s0ta€t™ [ Ljos Wil0), and w; = 0,
0 (fT:UZ+1,QZ:1
’ and w; > 0,

forielyand1 <r < v,

Proof. After unwinding the definitions it is straightforward to see that this assignment satisfies the
relations (1)—(4) from Proposition 8.19, and thus defines an algebra homomorphism C[*X ;\} —
gr A.—o. One proves that it is a Poisson map by a direct case-by-case calculation, essentially an
application of the following basic identity: denoting P = (w;, — w;¢)*(w;, + wj73)35; ! and
Q= (w;s —w;, )% (wjs + wivr)Dﬁj_’; where A, B,C, D € N, one finds that

(ray= A=Cpq, D=0 pg

L w],s wi,r + wj,s

We leave the details to the reader. O

Proposition 8.21. The space ' X ﬁ‘ is non-empty if and only if the parity condition (3.5) holds. In this
case dim ZX;L\ =23 ,cq v and the map (C[ZXQ] — gr A,—q from (8.33) defines a top-dimensional
irreducible component of ' X\, i.e., the kernel of this map is its defining ideal.

Proof. If the condition (3.5) does not hold, then * X 2 is empty by Lemma 8.16. On the other hand, if
(3.5) holds, then the map C['X ;L\] — gr A,_q from (8.33) shows that *.X ;‘ is non-empty. Moreover,
this ring homomorphism becomes surjective if we localize at all w; , and w; , & w; s, which shows
that dim X} > dimgr A,—o =2, 0.

Next, we prove the opposite inequality dim*X 2‘ < 2) .. 0. Recall the coordinates on *X ;L\
from Proposition 8.19. Because of the relations among the w; ,, we need only those elements from
(8.26), of which there are ;c1 Vi In the relation (8.31) observe that either Yir # 0, in which case
we can uniquely solve for y_; ., or else y; . = 0, in which case there is no constraint on y_; .. This
dichotomy applies for each y;, with ¢ € 'Tand 1 < r < v;, and in each case only one of y;,. or
Yi.- 1s needed as a coordinate. Moreover, the relation (8.32) shows that any remaining coordinates
Yiv,+1 are finite over the w;,, and thus may ignored for computing dimension. This shows that
X ;‘ is covered by finitely many locally-closed subvarieties, each of which has dimension at most
2, v;. This gives the claimed upper bound on dim*X [}

Finally, since gr .A,_ is a domain of the correct dimension, we conclude that it corresponds to
an irreducible component of * X L\ of top dimension. O

—=A

Armed with this understanding of * X }, we now return to studying the open subvariety * ;L\ CW,.
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Lemma 8.22. The map X 2 —U 2‘ is o-equivariant. The corresponding map ' X ;} —'U ;\ on fixed
point loci identifies

ZX;‘ = lUli\ Xap(r—u) ZA‘)‘_M = lUli\ Xy A=) ZA‘)‘_”‘.
In particular, the map *X 2‘ — U ;‘ is finite and faithfully flat.

Proof. Under the action of o on X A we have

2 — Wjs v —Z — Wrirs
’ (Z <1;[ wi,r - u;i,s>y2:7q> B (_1) Z Z <1;[ wTi,TT‘ - wTi,Ts>yj:i’Tr‘

This matches with o(b;(2)) = (—=1)¥icy(—z) and o(c;(2)) = (—1)Vib,(—2) from (8.21). Using

Theorem 8.6(2) we conclude that X /’) —U /;\ is o-equivariant.

Recall from Theorem 8.6 that X = U X -, AR/, The maps defining this fiber product
are all o-equivariant, so by Lemma 6.10 we conclude that the fixed point scheme *X ;\ is the fiber
product "U} x.pn- "AP7# of corresponding fixed point loci. Since the map "AR—# — *AG=#)
is finite and faithfully-flat by Lemma 8.16, its base change ' X} — U, is also finite and faithfully
flat. U

Proof of Theorem 8.11. For Part (1), first note that the locus U, ;} is preserved by o because of Lemma
8.16. Since the map *X;} — ‘U, is finite and faithfully flat by Lemma 8.22, the rest of Part (1)
follows from Proposition 8.21.

For Part (2), it is a tedious but straightforward calculation to show that the filtered degrees of the
generators BZ-(T), H i(r) are preserved under ®,*=". The map ®/*=" is therefore filtered by the same
argument as in [BFN19, §B(vii)]. Next we look at the composed map

X, = 'Uy < ZWLAL — W,
which corresponds to a Poisson algebra homomorphism C['W,] — C['X}]. Composed with
Lemma 8.20, we obtain a Poisson map C['W,] — gr.A,—,. Its effect on the Poisson generators
" b € C['W,] is given by substituting Lemma 8.20 into the formulas from Remark 8.4.

We can obtain a second Poisson map C['W,| — gr A,_( from the iGKLO homomorphism: the
map @ is filtered by Part (1), and we know that grfin vy, = C['W,] by Theorem 7.8. Inspecting
leading terms in Theorem 3.6, we see that both homomorphisms agree on the Poisson generators
" b € C['W,]. Thus, the two Poisson maps are equal.

Finally, recall that the map from Proposition 8.21 defines a top-dimensional irreducible com-
ponent of "X, and thus a top-dimensional irreducible component C} C U, under the finite
and faithfully flat map *X ;} — U l’) The map C['W,] — gr.A,_, therefore defines its closure

—A oA .
¢, C'W,, completing the proof of Part (2). 0

9. AFFINE GRASSMANNIAN ISLICES OF TYPE Al AND NILPOTENT SLODOWY SLICES

In this section, we restrict ourselves to affine Grassmannian slices for G of PGL type, and the
diagram automorphism 7 = id, corresponding to the Satake diagram of type Al. We identify the
affine Grassmannian islices with specific nilpotent Slodowy slices of type BCD.
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9.1. Nilpotent orbits and transversal slices ABC". Let a be a reductive Lie algebra over C, and
let \V; denote its nilpotent cone. Then N, C a is an irreducible Poisson subvariety. It decomposes
as a union of finitely many nilpotent orbits under the action of the adjoint type group corresponding
to a, which are also precisely the symplectic leaves of A,. We recall aspects of this theory in
classical types, following [CM93].

For sl, nilpotent orbits are parametrized by the set Par(N) of partitions of N: each m € Par(N)
corresponds to the orbit O, C N, through any nilpotent element e, € sly with Jordan type 7.
Write @, for the closure. Then there are decompositions

Naw= |] 0., ©O.= []| 0. 9.1)
mePar(N) n'€Par(N),
>’

Here m > 7’ denotes the dominance order on partitions.

To treat the classical types uniformly, we shall denote ¢ = + for orthogonal types and € = — for
symplectic. Let J. be an invertible N x N matrix which is symmetric if € = 4 and skew-symmetric
if e = —, and define an involution o, of s(y by

o X —J XTI (9.2)
Denoting by sly, = (sl)?¢ the corresponding fixed point subalgebra, we thus have
e
sl — {5°N’ e=+, 9.3)
5pN7 lf €= —.

The involution o, preserves each nilpotent orbit O, of sly. We will consider the corresponding

fixed point loci:

0c = (0,)%, 0, :=(0,). (9.4)
Recall that a partition is orthogonal (resp. symplectic) if all its even (resp. odd) parts occur with

even multiplicity. Denote by Par (V) the set of orthogonal (resp. symplectic) partitions of N, for

€ = + (resp. —). The following summarizes results of Gerstenhaber and of Hesselink, see [CM93,

Theorems 5.1.6, 6.2.5 & 6.3.3]:

™

Proposition 9.1. The fixed point locus O is non-empty if and only if 1 € Par.(N), and in this

case, Q¢ is an Oy-orbit for ¢ = + and a Spy-orbit for e = —. There are decompositions
-~ €
(-A/’ﬁ[N)U6 = '/\/’5[5\7 = |_| ©§r’ @W = I_I @;1
meParc(N) mEParc(N),
<1

Moreover, for any m € Par(N), the variety Oy, is the closure of the orbit QF, where ' € Par.(N)
is the unique maximal element satisfying ©’ < . In particular, if m € Par.(N) then ' = .

Remark 9.2. For m € Par, (), the Oy-orbit O is connected except for 7 very even, in which case
it has two components (each of which is an SO y-orbit). See [CM93, Theorem 5.1.4] for details.

Fix a partition 7 € Par (N) where ¢ € {@,+,—}, and choose an element e € Q%; it is
understood that the superscript & denotes type A and can be dropped. By the Jacobson-Morozov
Theorem there exists a corresponding sly-triple {e, h, f} C sly;, which is unique up to conjugation
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by a result of Kostant [CM93, §3]. We consider the corresponding Slodowy slice in slf,, defined
by:
St = e+ Ker(ad f). (9.5)

Then S is a transversal slice to the nilpotent orbit O, at e € sl;, and more generally it intersects
all nilpotents in sl transversely [GGO02, §2.2]. It also follows that for any inclusion @;2 - @;,
there are non-empty intersections

NS, #£2, 0, NS, #02. (9.6)

All of these spaces inherit Poisson structures from sly by [GG02, §3]. Note that S¢ is uniquely
determined from O, up to conjugation.

9.2. Results of Lusztig and Mirkovié-Vybornov. Throughout this section we will consider affine

Grassmannian slices Wz where G is of PGL type, and their relation to nilpotent orbits in sl .
First consider G = PGLy. Lusztig [Lus81, §2] constructed an isomorphism

Ny 2 W 9.7)

given explicitly by X € Ny, — I+ 27'X € G1[z7'] = Wy. Moreover, for each partition
= (A1,...,A\y) € Par(N) this map restricts to isomorphisms of strata O, = W, and their
closures O, 2 W, where 7 and \ are related by A = \eY + ... + Ayel.

More generally, let G = PGL,, and let A > p be dominant coweights. Label the nodes of the
Dynkin diagram by I = {1,...,n — 1} in the standard way. Recall our notation w; = (\, «;)
for ¢ € I, and define an 1nteger N ZZ | tw;. Define a partition m; € Par(/V) in exponential
notation followed by a transpose ¢ by letting

mo=(1"12%2 - (n — )W) 9.8)
Note that its length ¢(m1) < n — 1. For example, for n = 4, w; = 4, wy = 3, w3 = 2, the Young
diagram of 7, can be depicted as follows:

9.9)

A second partition 7 = (p, = pn_1 = -+ = p1) € Par(IN) may be defined uniquely by
requiring

(ty i) = pig1 —ps, forl <i<n—1 (9.10)

The dominance condition A > p translates into the partition dominance condition 7y > 7. Con-

versely, given a pair of partitions 7, mo € Par(/N) such that /(7)) < n — 1, {(m3) < nand m; > 7o,
we can reconstruct a pair of dominant coweights \, i for G = PGL,, such that A\ > p.

Proposition 9.3. (Mirkovi¢-Vybornov [MV22, Proposition 4.3.4]) With notation as above, there is
an isomorphism

—N Vv
Nay NSy ZW, 7

0
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It restricts to isomorphisms of strata and their closures:
EVRYYN o) ~ W
O, NSry =W, Or NS, =W,

Strictly speaking, we will use an alternate formulation of this isomorphism by Cautis-Kamnitzer
[CK18, §3.3]. Note that the above isomorphisms are Poisson by [WWY?20, Theorem A].

Remark 9.4. In fact, the above works use transverse slices which are generally different from
Slodowy’s S,. Thankfully this is not important: all reasonable slices (“MV slices”) are Poisson
isomorphic by [WWY20, Theorem 5.5], and these isomorphisms are easily seen to restrict to
isomorphisms of intersections with nilpotent orbits and their closures. Similarly the precise choice
of sly-triple {e,h, f} € sl used to define St is irrelevant, up to an isomorphism induced by
conjugation.

9.3. iSlices and Oy-orbit closures. Let G = PGLy, and on the loop group G((2')) we have

0(g(2)) = g(—=2)" as in Example 7.3. Transporting o via the isomorphism N, = Wévwl from
(9.7), we obtain the involution o : X — —X7 on sy~ 1ts fixed point locus is Ny ~ as follows
from [CM93, Proposition 1.1.3]. By restriction, we thus obtain an isomorphism of fixed point loci:
_Nw\/
Nooy =W, ™
Recall that the isomorphism N, = Wévwlv restricts to isomorphisms of strata and their closures.
Since our involutions preserve strata, we obtain isomorphisms of fixed point loci:

0 ='W, O, =W, (9.11)

By Proposition 9.1 the locus O, is non-empty if and only if the partition 7 is orthogonal. Recall
also that @, is the closure of an orbit Q¢, (with 7 = 7’ if 7 is orthogonal, but 7 # 7’ otherwise),

and thus ZWS is the closure of a corresponding stratum *W,". We also deduce that the variety ’Wé
is reducible for some A (see Remark 9.2), or even non-normal since this is true of classical nilpotent
orbits by [KP82, Theorem 1].

9.4. iSlices and nilpotent Slodowy slices. Next, we move on to the setting of Proposition 9.3 with
G = PGL,,. First, we focus on the special case where A = Nwy. In this case, from Lemma 9.3 we
have

—Nwy

Nay NSry =W, (9.12)

To consider the fixed point locus ZWivwlv, recall from Lemma 7.5 that we need to assume that j is
even (and spherical, but this is automatic since 7 = id). Inspecting Equation (9.10), we observe that
1+ being even corresponds to the partition 7o having all parts of the same parity. Following [Top23,
§4.1], we let e = + if all parts of 7 are odd, and e = — if all parts of 7 are even. Observe that 7o
is orthogonal when € = +-, and symplectic when € = —, just as in §9.1.

Define the following subsets of Par.(V):

Par.(N)® := {m € Par(N) | all parts are odd (resp. even) for ¢ = + (resp. € = —)}, (9.13)
Par(N)<, := {7 € Par(N) | {(7) < n}, (9.14)
Par.(N)Z,, := Par (N)° N Par.(N)<,. (9.15)

<n
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Given my € Par(N), we choose J, in (9.2) for the involution o, of sl exactly as in [Top23, §4.2]
(the assumption that 5 € Par.(/N)° can be relaxed for now). This allows Topley [Top23, §4.2] to
choose e € sl of Jordon form 7, and construct an sly-triple {e, h, f} which is fixed pointwise by
o., i.e., lies inside sly,. We shall use this sl,-triple throughout the rest of this section. Then we see
that the involution o, on sly in (9.2) restricts to an involution on the Slodowy slice S;,, and the
corresponding fixed point locus is the Slodowy slice Sy, in the classical Lie algebra s[i:

(S,y)7 = S5, (9.16)

While we did not find this formulation in literature, an isomorphism (instead of equality) of this
form seems implicit in [Top23, (4.24)] by passing through the Dirac reduction.

Proposition 9.5. Let i be the even dominant coweight for G = PGL,, such that Nw, > pu, with

~Y

J— w\/
corresponding partition 7y € Par.(N)2, via (9.10). Then the isomorphism ny ' Nay NSy
in (9.12) is o.-equivariant, giving rise to a Poisson isomorphism of fixed-point loci:

W 2 Ny NS, 9.17)

Proof. In brief, by [WWY20, Theorem 4.3(d)] the isomorphism (9.12) can be understood as the
classical limit of the Brundan-Kleshchev isomorphism [BKO06, Theorem 10.1] between a finite
W-algebra and a quotient of a shifted Yangian. Topley has proven [Top23, Proposition 4.7] that
the classical Brundan-Kleshchev isomorphism is o.-equivariant. Putting these two pieces together
proves our claim.

More precisely, following the conventions of [WWY?20, Theorem 4.3] the Brundan-Kleshchev
isomorphism is an isomorphism of filtered algebras:

YV S W (gly, m). (9.18)

The left side is a truncated shifted Yangian for s(,,, while the right side is a finite W-algebra for gl ;.
These algebras have non-trivial centers, and we should pass to central quotients as in [WW Y20,
Theorem 4.9]. (The precise choice of central quotient is not important, since all choices yield
the same associated graded algebras.) Taking a central quotient on the left side, we obtain an

algebra Y,fvw1v (R) whose associated graded algebra is the coordinate ring C[Wgwlv] by [WWY20,
Theorem 2.5]. On the right side, we obtain a central quotient W (gl,, m2)r defined as in [WWY20,
§3.3.2].

Now consider the classical finite W-algebra S(gly,m) = gr W(gly,m). By [GGO02, The-
orem 4.1], there is an isomorphism S(gly,m) = C[S; |, where S; denotes the Slodowy
slice defined in gly. Consider also the quotient algebra S(gly,m2)o = S(gly,m)/J, where
J is the ideal generated by the coeflicients of the characteristic polynomial. Then we have
S(gly,m2)o = gr W(gly, m2)r, as follows from [WWY20, (4.5)] combined with [BK08, Lemma

3.7]. There is an isomorphism
S(gly, m2)o = CNay N Sry]

as in [WWY20, Remark 3.18]. This is related to the well-known fact that if X' C C[gly] denotes
the ideal generated by the coefficients of the characteristic polynomial, then C[Ny, ] = Clgly]/K.
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Altogether, the isomorphism (9.12) is induced by a composition of algebra isomorphisms:

—NwY

CW, '] —— S(gly, m)o — C[Naiy N Sr, ). (9.19)

Finally, (9.2) naturally induces an involution on S(gly, ), see [Top23, §2.3]. By [Top23,
Proposition 4.7], the classical limit of (9.18) is o.-equivariant. Note that Topley works with
classical shifted Yangians for gl,,, whereas we work with sl,,. These algebras are easily compared,
as in (the classical limit) of [WWY20, §4.2]. Tracing through conventions, one can see that [Top23,
(3.58)] matches with Lemma 7.5(4). As a result, we see that the first map in (9.19) is o.-equivariant.
By construction, the second isomorphism in (9.19) is also o.-equivariant. This completes the
proof. U

We now return to the case of general dominant coweights A > p for PGL,,. Using equations
(9.8) and (9.10) we extract corresponding partitions m; € Par(/N)<,—1 and m € Par(N)g, such
that m; > m,. Recall that this correspondence is reversible. Since we wish to consider fixed points
we must assume that 4 is even, which corresponds to m, € Par.(N)2, . Note however that there is
no need to impose any additional condition on \ or 7.

The following is the main result of this section.

Theorem 9.6. Let 7 = id. Let A > p be dominant coweights for PGL,, with . even, corresponding
to partitions ™, € Par(N)<,—1 and 7y, € Par (N)%, with 71 > 7. Then the isomorphism

——Nw) . : . .

‘W, = sty Sy, from (9.17) restricts to Poisson isomorphisms
AN~ M€ € A ~ ¢ €
w; =05, NS, w,=0, NS,

Moreover,

(1) 1W3 is non—empAty if and only if m; € Par(N).
(2) The variety ZWH is the closure of its stratum ZW;‘/ = @fT,l NS

2’

where N is the unique
coweight corresponding to the maximal element 7 € Par.(N) satisfying m > 7.

~Y

Proof. By Proposition 9.5, the isomorphism Wﬁwlv = Noiy N Oy, is o.-equivariant. We also know
from Proposition 9.3 that this isomorphism restricts to isomorphisms of strata and their closures.
Since these strata and closures are preserved by o, by restriction we obtain isomorphisms of their
respective fixed point loci. This proves the first claim, and the remaining claims then follow from
Proposition 9.1. 0J

Example 9.7. We return once again to G = PGL;, and 7 = id, as in Examples 8.2 and 8.9. Let
A > p be dominant coweights for G, with p even (or equivalently, with A\ even). We extract
partitions 1, = (N) = (w) and 1o = (W — v, v). We have ¢ = + for v odd, and ¢ = — for v even,
and an isomorphism ZWi = N, N Sy, , where the right-hand side is identified with the space of
matrices from Example 8.9.

10. iCOoUuLOMB BRANCHES AND AFFINE GRASSMANNIAN iSLICES

In this section, starting with quiver gauge theory data under some mild 7-symmetry/parity
conditions suggested in earlier sections, we produce a new symplectic representation with new gauge
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group and flavor symmetry group. We speculate that the resulting iCoulomb branch (typically not
of cotangent type) provides a normalization of the affine Grassmannian islices constructed earlier.

10.1. Quiver datum. Let Q) = (I,2) be an ADE quiver, and an arrow h in €2 sends a vertex /' in

I to another vertex /" in I, that is, we denote h’ s 1. We have

» the double quiver Q = (I, 2 U Q2), with a reversed arrow h for each h € Q;

» the framed quiver Q7 = (IUT', QU ), where I’ = {i'|i € 1} is an isomorphic copy of I and
Qg consists of arrows from 7’ to ¢, one for each 7 € I;

» the framed double quiver @f = (IUT, QUQUY UO).

Let (V;; W;);c1 be a representation of the framed double quiver @f, with dimension vectors
v = (v;)ier and W = (W;);cr; it is understood that 1 is attached to the vertex ¢/, for i € I. We have
a symplectic vector space:

Evw = @ Hom(Viy, Vi) @ D (Hom(W;, Vi) & Hom(V;, W), (10.1)
heQUQ i€l

which can be identified with the cotangent space 1™ (®pecqHom (Vs , Vi) @ @ierHom(W;, V).
Denote the gauge group by GL, = GL(V) = [[,.,; GL(v;) and the flavor symmetry group by
GLw = GL(W) = [[,c; GL(W;).

Associated to such data, one attaches a Nakajima quiver variety My (v, w) as well a Coulomb
branch M (v, w) (of cotangent type) corresponding to type A quiver gauge theories [BFN19].

10.2. iCoulomb branches. Following earlier sections, we let 7 be a bijection on I such that 72 =id.
This induces a bijection 7 on 2 U {2 such that, for h € Q U €2,

(1) (7h) = 7(h") and (7h)" = T(N');

(2) 7h = h whenever both ends of & are fixed by 7, i.e., 7(h') = b/, 7(h") = h";

(3) 7h = h whenever T(h’) =h".

Note that 7 is always a non-identity involution, and this makes the double quiver equipped with 7,
denoted by (Q,7,7) or (Q,7), a symmetric quiver & la [DW02]. Examples of symmetric quivers
with two neighboring vertices fixed by 7, see Case (2) above (e.g., 7 = id), were not explicitly
considered loc. cit., as they do not occur if one considers ADE quivers () (instead of ()); but they
occur frequently and form an important family in our setting (see Example 10.5) as we consider
symmetric quivers on the double quivers Q.

Applying the above construction to the double quiver @f, we obtain a symmetric quiver (@f, 7).

Recall Iy = {i € I | 7i = i}, and the partition [ = I; U T, UI_; so that I; (and resp. I_;) a set
of representatives of 7-orbits in I of length 2. We shall choose I; such that the underlying Dynkin
subdiagram on [; is connected. Recall ‘I = I; U [. Introduce the following distinguished subsets
of the arrow set €2

Qo={heQ|M h ely}
Mo={heQ | el,h €y}, (10.2)
Qoo = {h € | 7(1) = ).



82 KANG LU, WEIQIANG WANG, AND ALEX WEEKES
Denote
I¥* = {i € I | i, Ti are connected by an edge h € Q}. (10.3)

There is a bijection I7° — (s, sending 7 to the edge h connecting ¢ and 4.
Throughout this section, we make the following 7-symmetry and “not-2-odd” parity assumption:

dimV; = dimV,;, dimW;=dim W, fori e I; Ul_y;
dim V; or dim WW; must be even, for ¢ € Ip; (10.4)
dim V},, or dim V},» must be even, for h € Q.

The third assumption here is a rephrasing of the assumption (3.5), while the second one comes from
Remark 3.1.

Denote by Q! the full subquiver of Q” with vertex set I U T, where I} is the subset of I' which
is in natural bijection with I;. Let

(VAW = (Vi; Waier, (10.5)

be the representation of @{, and Ey» s be the corresponding symplectic vector space; cf. (10.1).

Note that the gauge group for the subquiver @{ is type A.
We fix a bipartite partition of Ij:

Iy =I5 UIY (10.6)

such that each arrow in () connects a vertex in Iy and a vertex in Iy (There are exactly two bipartite
partitions for I of ADE type and rank > 2.) We shall denote

if; € I®
=4 Me (10.7)
—, ifielf.

For U = V or U = W, U;" denotes an orthogonal vector space (i.e., equipped with a non-
degenerate symmetric bilinear form) of the same dimension as U;, and U; denotes a symplectic
vector space of dimension 2| 5 dim U; . For ¢ € I, we define

_ vt foriclIy - W, foricl?
o ye 2V foriels W= we =4 i e (10.8)
V.o, foriely, W, foriely.

2

We also define G(V}") to be the ¢;-isometry group of V*, which means special orthogonal for
€¢; = + and symplectic for ¢; = —. Similarly, we define G (W}) to be the €;-isometry group of W".
Define the new gauge group and flavor symmetry group

GV = [ GLvi) x [T G (v,

i€l i€ly

GW) = [ GLwy) x [[ G (wy).

i€l i€y

(10.9)
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Given a quiver representation (V, W) of @f subject to the 7-symmetry and parity condition
(10.4), with the above preparation we can now construct a new vector space

Ely = Bvrwn @ (@nea, o Hom(Vi, Vin) @ @),cq,  Hom (Vi Vi)
B ( ®nea, Hom(Vy, Vi) @ @jer, Hom (W, V') (10.10)
D Vi Ay,

. s
i€l

Remark 10.1. If IT® # &, then I$° is a singleton and this only occurs in the Satake diagram (I, 7)
of type Alll,; see Table 1. This case corresponds to the last rank one framed iquiver in Table 4
with A2V; & A2V;* attached. We learned how to include the last summand in (10.10) when I$° # &
from [SSX25].

Given (natural) representations M, of groups G,, for a = 1,2, G; x G; acts on Hom (M, Ms)
naturally by ((gl, gg).f) (my) = go.f(g7'my), for g, € G, and m; € M;. All the smaller
components of the first three big summands of Yy, in (10.10) are of the form Hom(M;, M>) and
so the (suitable components of) groups G*(V*), G*(W?*) act on them naturally. Only GL(V;) for
i € I3 acts nontrivially on the ith component A?V; @& A?V;* of the fourth summand in (10.10). In
this way we have defined the action of the groups G*(V*) and G*(W") on Ey,y,.

Lemma 10.2. The vector space Ey;yy, in (10.10) is naturally symplectic and endowed with actions
of G'(V*) and G*(W").

Proof. Clearly the first and fourth summands Fyaya (see (10.5)) and A%V, @ A2V = T*(A%V;)
of the vector space Ly, are symplectic. The second summand ( Bheq,, Hom(Vy, VL) &
Dpea,,Hom(V}, Vi) is isomorphic to T* ( @peq,, Hom(Viy, Vi%)), and hence symplectic too.
By the :fication rule, exactly one of the two vector spaces W/} and V' in (10.8), for ¢ € I, is
symplectic while the other one is orthogonal. Hence Hom(W}, V;") is naturally symplectic. By
the bipartite partition requirement (10.6), exactly one of the two vector spaces V,,, and V), for
h € Qp, is symplectic while the other one is orthogonal. Hence, Hom(V}!,, V}!,) is symplectic
as well. Therefore, the third summand ( @peq, Hom(V}, Vi) & @ier, Hom(W¢, Vi) of E},y, is

naturally symplectic. This proves that £y, is symplectic. 0

By Lemma 10.2, we can define a Coulomb branch M (V*, W*). Note that this Coulomb branch
is not of cotangent type in most cases, and thus for its definition one should follow [BDF*22,
Tel22, BF24]. Here we gloss over verifying necessary homotopy vanishing conditions in these
constructions, and we wonder if the 7-symmetry and not-2-odd condition (10.4) helps. To distinguish
from M (V, W) arising from type A quiver guage theories, we shall refer to M, (V*, W") as
iCoulomb branches.

Remark 10.3. We reinterpret (3.2)—(3.4) as defining new dimension vectors (v;);c.q and (10;);c
from v = (v;);e1 and w = (W;);¢, respectively. Then the ranks of the component groups of the
gauge group G*(V*) and the flavor symmetry group G*(W") (see (10.8)—(10.9)) are exactly given by
these dimension vectors (v;);c.; and (1;);c:1, respectively. See Remark 10.11 for more numerology!
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Remark 10.4. The discussions and the formulation of Ejy; in this section are valid for general
quivers () without loops under some mild assumptions; for example, they are valid for affine quivers
(except the cyclic quiver AS) due to (10.6)). We have restricted ourselves to ADE type in order to
match with earlier sections and to be more specific with the subsets defined in (10.2).

Example 10.5. The construction of £y, is much simplified in two cases.

(1) (Split type, i.e., 7 = id). In this case, we have I, = I, {2y = 2 and thus

By = @ Hom(V;i, Vi) @D €D Hom(W}, V7).

heQ 1€l

In this case, the gauge group is purely ortho-symplectic.
(2) In another extreme case with [y = &, we have

Bl = Byapn @ @(/\2% ® A2V).

. as
i€ll

In and only in this case, the gauge group is purely type A and Ey, y;, is of cotangent type; the
new case with I° # & is studied in [SSX25].

10.3. :fication on (framed) Satake double quivers. We can visualize the construction of £y, in
(10.10) via a new iquiver *Q = ('I,’Q2) and the corresponding framed iquiver ’@f =(TuT,"QU
*Q.1), by applying «fication rules to @ and @f, respectively. We first focus on :fications of quivers.

Recall the genuinely quasi-split ADE Satake diagrams (I, 7) from Table 1; the split Satake
diagrams (with 7 = id) formally look the same as ADE Dynkin diagrams. By Satake double
quivers, we simply mean double quivers enhanced with a diagram involution 7. Rank one framed
Satake double quivers, which are building blocks of general framed Satake double quivers, are listed
in Table 2. In the first diagram where no 7 is visible, it is understood that 7 = id. We denote nodes
in the quiver () by () and nodes on the framing by [J.

4 oots SR =S,
| | .| | . ]
; o e

TaBLE 2. Rank one framed Satake double quivers

Rank two Satake double quivers are listed in Table 3. To build rank two framed Satake double
quivers, we simply need to copy and paste suitable frames from Table 2 to Table 3.

In Tables 4-5, we present the iquivers obtained by fication of Satake double quivers from Tables
2-3, respectively. Here and below we set

ec{£}, and €:= —¢,
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Vi ]

om0 geotroo

TaBLE 3. Rank two Satake double quivers
and we add signs to (framed or not) nodes, e.g., &, ©, B, or H, in iquivers obtained from modifying

a 7-fixed node in Satake double quivers. Note that the signs are always opposite in neighboring
connected nodes.

: : s
H H
: :

TaBLE 4. Rank one framed iquivers

©—0© O=—=0
J ? 7 7

O=—0© O=—=0
J ? i 7

TaBLE 5. Rank two iquivers

Following the «fication rules on rank one and rank two Satake double quivers, we can assemble
them together naturally to obtain modifications of arbitrary Satake double quivers of split and
quasi-split ADE type.

Now we illustrate diagrammatically how we modify the representations (V, W) of framed double
quivers to become (V*, W) of the corresponding frame iquivers; this provides the input for the
symplectic vector space Ej,y, in (10.10). It suffices to do so on rank one framed Satake double
quivers. By attaching vector spaces V;, W, to the nodes in Table 2 and V*, W} defined in (10.8) to the
nodes in Table 4, we obtain Table 6 and Table 7 below. The O inside () in Table 7 is used to indicate
the summand A?V; @ A?V;* in By in (10.10) which corresponds to the case when I7* = {7} in
Remark 10.1. Applying the :fication rule to Table 6 yields Table 7. Note that no arrow is indicated
in the first diagram in Table 7 thanks to a natural identification Hom(V;*, W}) = Hom (W}, V}*).

17 71
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Vi Vi_1 Vi Vi_1 Vi
O o O =0
H | -] | -]
O ] [ L] [
W W Wi Wi Wri

TaBLE 6. Representations of rank one framed Satake double quivers

gg (VD; A2V @ AQVféS
L] L]
w} W; Wi

TaBLE 7. Representations of rank one framed iquivers

10.4. Discussions and examples.

Example 10.6. In Table 8, we specify the dimension vectors v on () and w on [l on framed double
quiver of type Ay _;. Itis well known that the corresponding Coulomb branch is identified with the
nilpotent cone Ny, for sly.

o VG VR V. e A O
[
N

TaBLE 8. Nilpotent cone for sl

Example 10.7. Fix N = 2n in Table 8, and specify the bipartite partition of I with the leftmost
node to be in I°. Note that the leftmost node () got removed under the «fication (see (10.8)—(10.9))
since the corresponding V' = 0. Then applying the :fication rules, we obtain the (orth-symplectic)
iquiver in Table 9, where the new orthogonal/symplectic (or &/6, H/B diagramatically) vector
spaces V' and W/ and their dimensions are specified.

The corresponding iCoulomb branch M (V*, W*) is indeed the nilpotent cone N, for $0s,,;
cf. [FHN25].

Example 10.8. Fix N = 2n + 1 in Table 8, and specify the bipartite partition of I with the leftmost
node to be in I®. The leftmost node () is again removed under «fication (see (10.8)—(10.9)) since the
corresponding V;* = 0. Then applying the «fication rules, we obtain the (ortho-symplectic) iquiver
in Table 10, where the new orthogonal/symplectic vector spaces V' and W} and their dimensions
are specified.
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2n—2 2n—2
f4n) /4R

N> N\
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TaBLE 9. Nilpotent cone for s05,

The corresponding iCoulomb branch M, (V*, ") is indeed the nilpotent cone N,,,,,; cf.
[FHN25].

2n—2 2n—2 2n
P S SP)

D
Or
Sehs
O*=

TaBLE 10. Nilpotent cone for 509,11

We continue to assume that V, W satisfy the 7-symmetry/parity conditions (10.4).

By [BEN19, Theorem 3.10], generalized affine Grassmannian slices WZ are realized as Coulomb
branches M (V, W) for specified dimension vectors v, w or equivalently for specific groups
GL(V),GL(W). Such group datum give rise to new groups G*(V*) and G*(W") as in (10.9) and
then the corresponding iCoulomb branch M. (V*, W*).

Conjecture 10.9. (1) TheiCoulomb branch M, (V*, W*) is anormalization of a top-dimensional

component of the affine Grassmannian islice IW;

(2) Truncated shifted twisted Yangians are (subalgebras of) quantized iCoulomb branches.

(3) Truncated shifted affine iquantum groups are (subalgebras of) K-theoretic iCoulomb branch
algebras.

Remark 10.10. For type Al in light of Theorem 9.6, Conjecture 10.9(1) can be rephrased as a
connection between iCoulomb branches and a family of nilpotent Slodowy slices of type BCD.

Remark 10.11. By Theorem 8.11(2) and Remark 10.3, the dimension of 1W2 is equal to twice the
rank of the group G*(V*), which is the known dimension of the iCoulomb branch M, (V*, W").
In addition, the deformation space *AP in (8.20) has dimension equal to Zielﬂ tv;, the rank of the
group G*(W*) by Remark 10.3 again. This is consistent with Conjecture 10.9.

Conjecture 10.9 as formulated is a bit ambiguous and perhaps too general to take it literally; there
is a sign ambiguity arising from the choice of bipartite partition (10.6). There is also a subtle issue
of choosing G* (V") or G (W) to be orthogonal or special orthogonal. Nevertheless, we hope that
it points toward a meaningful connection between seemingly unrelated subjects which can be made
rigorous.
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A natural sufficient condition for the third assumption of (10.4) is that v = (v;);¢g is parity-
alternating. Under such a parity-alternating condition, we can fix the ambiguity of (10.6) by letting
I® (resp. I°) correspond to even (resp. odd) v;. In this case, the type B group does not appear as a
component group of G*(V*).

Let us specialize to the type Ay_; quiver with [ = {1,..., N — 1}. We denote \ = Zivzl A€y,
=N pae), and write A — p = Yo Viay = >0 cq€e,, with ¢, € Z and ¢, ¢, # 0. Then
one checks that

¢ (I < a < wu) are odd, and

a) v is parity-alternating < (b
@) pary ge (® #{l < a < u|c,isodd} iseven.

Actually the set of v satisfying (a) is in bijection with the set of (¢, | 1 < a < N) satisfying (b)
together with > ¢, = 0.

For example, let A\ = (V). In this case, if ;= N has all parts odd, then v is parity-alternating.

Take another example with 1 = (1%). In this case, the partition A = (A1, A, ...) F N satisfies
that \; are even for all © > 2 if and only if v is parity-alternating. In Examples 10.6, 10.7 and 10.8,
we have A = (N) and p = (1V).

We end with raising a question of geometric symmetric pairs.

Problem 10.12. Is M (V*, W?") a normalization of a Dirac reduction of Mc(V,W)?

We may refer to (Mc(V,W), ML (V*,W")) as a geometric symmetric pair if the answer to
the above problem is affirmative. It might be of interest to study geometric symmetric pairs
under symplectic duality. If Conjecture 10.9 holds for the islices corresponding to the nilpotent
Slodowy slices of type BCD covered by Theorem 9.6, then we obtain a large class of geometric
symmetric pairs. Already in this case, understanding the Poisson involution ¢ within the framework
of iCoulomb branches could be a good starting point.
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