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Abstract

We investigate the inclusive hadroproduction of pseu-

doscalar heavy quarkonia, ηc and ηb mesons, in high-

energy proton collisions. Our framework bases on the

single-parton collinear fragmentation within a variable-

flavor number scheme, tailored to describe the moder-

ate to large transverse momentum regime. To this end,

we construct a new set of collinear fragmentation func-

tions, denoted as NRFF1.0, which evolve via standard

DGLAP equations with a consistent treatment of fla-

vor thresholds. Initial conditions for all parton-induced

channels are computed using next-to-leading-order non-

relativistic QCD. We perform our analysis within the

NLL/NLO+ hybrid factorization framework, employ-
ing the JETHAD numerical interface together with the

symJETHAD symbolic engine. These tools allow us to

deliver predictions for high-energy observables sensi-

tive to quarkonium final states at 13 TeV LHC. To

the best of our knowledge, the NRFF1.0 sets represent

the first-ever release of collinear fragmentation func-

tions for heavy quarkonia that consistently includes all

partonic channels within collinear factorization.
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1 Introduction

Hadrons with heavy quarks play a key role in the

search for New Physics. As natural probes of potential

Beyond the Standard Model (BSM) interactions, they

are sensitive to rare processes and symmetry violations,

making them valuable tools in precision experiments

and theoretical studies.

Concurrently, studying their production mecha-

nisms in high-energy collisions has been equally instru-

mental in advancing our understanding of Quantum

Chromodynamics (QCD). In particular, these systems

offer a unique window into the transition between per-
turbative and nonperturbative regimes, shedding light

on color confinement and the hadronization process.

A key category of heavy-flavored hadrons consists

of mesons whose dominant Fock component is a heavy

quark-antiquark pair. These are known as heavy quarko-

nia. The field of quarkonium physics emerged in 1974

during the so-called “November Revolution,” marked

by the discovery of a new vector meson, the J/ψ, with

mass around 3.1 GeV and quantum numbers matching

those of the photon. This particle was independently

observed at SLAC [1] and BNL [2], and soon confirmed

at Frascati [3].

The hadronic nature of J/ψ was established by ana-

lyzing of the hadron-to-muon ratio in electron-positron

annihilation at resonance, which implies strong hadronic

decays. This discovery offered concrete proof of the ex-

istence of the charm quark (previously hypothesized by

Bjorken and Glashow [4]) and a clear indication that

quarks are physical constituents, not theoretical con-

structs. The charm quark also played a critical role in

the Glashow-Iliopoulos-Maiani (GIM) mechanism [5],

which explained the suppression of flavor-changing neu-

tral currents (FCNCs) in weak interactions.

Quarkonium systems were among the earliest tools

to reveal key features of QCD, most notably asymp-

totic freedom. The discovery of ψ(2S), the first radial
excitation of the J/ψ, demonstrated that the strong

force weakens at short distances, leading to a binding

potential with a Coulomb-like behavior at small sepa-

rations and a confining term at large ones. The J/ψ

itself was the first observed charmonium state (|cc̄⟩),
soon followed by other charmonia, such as the P -wave

χc and the pseudoscalar ηc, as well as singly charmed

D mesons [6].

A few years later, in 1977, the first bottomonium

state (|bb̄⟩) was discovered: Υ , a vector meson analo-

gous to J/ψ, but composed of bottom quarks [7]. This

milestone opened the way to the observation of ex-

cited bottomonium states like the Υ (2S) and singly

bottomed B mesons [8].

Despite decades of intense theoretical efforts, the

production of heavy quarkonia remains one of the most

intricate aspects of QCD. While their experimental

signatures—especially for vector mesons—are remark-

ably clean, the underlying mechanisms involve nontriv-

ial combinations of perturbative and nonperturbative

dynamics.

Several approaches have been developed to describe

the hadronization of a heavy [QQ̄] pair into a phys-

ical bound state, each relying on different assump-

tions about color flow and spin correlations. Among

them, the Nonrelativistic Quantum Chromodynam-

ics (NRQCD) effective field theory offers a systematic

framework to organize both color-singlet and color-

octet contributions in a double expansion in αs and

the relative velocity vQ [9–15].

NRQCD allows for a clear separation between the

short-distance dynamics, computable in perturbation

theory, and the long-distance hadronization step, which

must be modeled or extracted from data. Nonetheless,
the large number of free parameters introduced by the

theory, and the delicate interplay between direct and

feed-down components, still pose open challenges for

precision predictions and global fits [16, 17].

Another complication arises from the so-called “non-

prompt” production: quarkonia like J/ψ can originate
from B meson decays [18], leading to delayed ver-

tices. Experiments can isolate prompt components by

separating these vertices. Within prompt production,

further subdivision exists: indirect contributions come

from higher quarkonia decays, such as [χc → J/ψ,

while the direct component (produced in the hard

process itself) can be inferred by subtraction.

At low transverse momentum |q⃗T |, quarkonium

production is dominated by short-distance generation

mechanisms, where a [QQ̄] pair is produced in the hard

scattering and subsequently hadronizes into the final

state. Because the quark and antiquark are created

with a relative transverse separation of order 1/|q⃗T |,
this channel becomes suppressed as |q⃗T | increases.
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At high |q⃗T |, an other production mechanism be-

comes relevant: the fragmentation of a single high-

energy parton into a quarkonium plus other partons.

This process is described by collinear fragmentation

functions (FFs), whose energy evolution is controlled by

the well-known Dokshitzer-Gribov-Lipatov-Altarelli-

Parisi (DGLAP) equations [19–23]. Initial-scale input

for these quarkonium FFs contains perturbative ingre-

dients that can be computed in NRQCD [24]. The [QQ̄

pair is formed with a typical separation of order 1/mQ.

Although this mechanism appears at higher perturba-

tive order, it is enhanced by a factor (Q/mQ)2, making

it dominant when Q≫ mQ.

Phenomenological leading-order (LO) studies of the

transition region between short-distance and fragmen-

tation mechanisms appeared in Refs. [25–29]. Stud-

ies on S- and P -wave channels were conducted in

Refs. [30, 31], showing that single-parton fragmentation

becomes increasingly important at higher transverse

momenta.

The gluon FFs to S-wave vector and pseudoscalar

quarkonia were calculated in NRQCD at LO in Ref. [24],

and at next-to-leading order (NLO) in Refs. [24, 32, 33].

Correspondingly, the quark FFs were obtained at LO in

Ref. [34] and at NLO in Ref. [35–37]. Building on these

fixed-order calculations as input at the initial energy
scale, the first determinations of DGLAP-evolved FFs

for vector quarkonia within the variable flavor number

scheme (VFNS) [38, 39] were presented in Refs. [40, 41],

under the name ZCW19+. An extension to charmed B

mesons, known as ZCFW22, was subsequently developed

in Refs. [42, 43].
While the ZCW19+ sets faithfully implement the

NLO NRQCD FFs for constituent heavy quarks and

gluons, as well as a numerically exact DGLAP evo-

lution, they lack a consistent treatment of partonic

flavor thresholds across all species. To address this

limitation, the heavy-flavor nonrelativistic evolution

(HF-NRevo) scheme was developed [44–46]. This frame-

work is specifically tailored to evolve heavy-hadron FFs

from nonrelativistic initial conditions, incorporating

heavy-quark threshold effects in a fully consistent way.

Building on this foundation, a broader effort was

launched to derive a family of nonrelativistic-based,

DGLAP-evolved FFs for quarkonium states, collec-

tively named NonRelativistic Fragmentation Functions

(NRFF1.0). These functions are intended to supersede

the ZCW19+ sets for J/ψ and Υ vectors, and to pro-

vide the first-ever collinear FFs for ηc and ηb pseu-

doscalars. Preliminary results for charm and bottom

quark fragmentation into these states have been pre-

sented in Refs. [44, 45], while early developments to-

ward quarkonium-in-jet fragmentation [47–56] within

the HF-NRevo approach were reported in Ref. [46].

In this work, we focus on the pseudoscalar quarko-

nium sector. To this end, we construct and publicly

release the first version of the NRFF1.0 HF-NRevo func-

tions describing the collinear fragmentation of ηc and

ηb mesons. Studying pseudoscalar quarkonia offers the-

oretical and phenomenological advantages that make

this sector a compelling testing ground for fragmenta-

tion dynamics.

First, as illustrated in Fig. 1 and summarized in

the first row of Table 1, the NRQCD initial-scale in-

puts are known at NLO for all partonic channels:

gluon [32, 33], constituent heavy quark [37], and non-

constituent quarks [36]. In contrast, for vector quarko-

nia, the nonconstituent quark channels vanish within

NLO accuracy (see Fig. 2 and lower row of Table 1).

This makes pseudoscalar states well-suited to testing

the relative weight of all NRQCD fragmentation chan-

nels simultaneously, as well as the combined impact

of DGLAP evolution across flavor thresholds. In this
respect, the pseudoscalar sector stands out as an ideal

laboratory for validating the HF-NRevo methodology.

Another key theoretical feature is the predicted

suppression of color-octet mechanisms in pseudoscalar

quarkonium production. As discussed in prior studies

of exotic hadrons, color-octet transitions play a critical
role in vector quarkonium phenomenology, particularly

for the hadroproduction of J/ψ at moderate and large

transverse momentum. In that case, singlet-only ap-

proaches fail to reproduce observed rates, necessitating

the inclusion of gluon and heavy-quark fragmentation

into color-octet |cc̄⟩ states—most notably the 3S
(8)
1 ,

1S
(8)
0 , and 3P

(8)
J configurations [12, 13, 24, 57–60]. How-

ever, for pseudoscalar states such as ηc and ηb, NRQCD

predicts a dominant 1S
(1)
0 singlet contribution, with

octet channels suppressed by spin and parity selection

rules [24, 61]. This theoretical expectation is supported

by the available LHCb data [62, 63], which can be well

described without invoking octet terms.

A similar suppression holds in the Υ (nS) fam-

ily [64], where larger masses and reduced sensitivity
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to soft-gluon effects minimize octet contributions [65],

though minor corrections may still be relevant at large

transverse momentum [66]. As a result, it is theoreti-

cally well-justified and methodologically advantageous

to restrict our study to the color-singlet channel in this

pioneering work.

Then, from a phenomenological perspective, fu-

ture colliders will offer increasingly favorable condi-

tions for accessing the pseudoscalar sector. Precise

measurements of ηc and ηb production will be within

reach at the LHC and its high-luminosity upgrade

(HL-LHC) [67, 68], as well as at next-generation ma-

chines such as the Electron-Ion Collider (EIC) [69–

75], NICA-SPD [76, 77], the International Muon Col-

lider (IMC) [78–82], and the Future Circular Col-

lider (FCC) [83–85]. These facilities will open the

way to detailed studies of semi-inclusive processes and

quarkonium-in-jet observables in kinematic regimes

where DGLAP-based predictions become testable.

Finally, we stress that, to date, no public collinear

FFs exist for pseudoscalar quarkonia. The public re-

lease of the NRFF1.0 sets for ηc and ηb thus fills a sig-

nificant gap in the available phenomenological toolkit,

enabling both precision theoretical predictions and

dedicated comparisons with upcoming experimental

data.
To validate our fragmentation framework, we inves-

tigate the semi-inclusive production of a pseudoscalar

quarkonium state ηQ accompanied by either a singly

heavy-flavored hadron HQ or a jet, with both final-

state objects well separated in rapidity. The process

is studied within the NLL/NLO+ hybrid factoriza-
tion (HyF) formalism, which combines NLO collinear

factorization with the resummation of high-energy log-

arithms beyond next-to-leading logarithmic (NLL) ac-

curacy.

Our predictions are obtained using the JETHAD nu-

merical interface in synergy with the symJETHAD sym-

bolic engine [41, 86–89]. These tools enable precise

and efficient computations of high-energy observables

sensitive to heavy-quarkonium final states in the for-

ward regime of the 13 TeV LHC. For completeness, we

refer the reader to Refs. [90–120] for other studies of

quarkonium production at high energies.

This work is structured as follows. Section 2 outlines

the technical aspects underlying the construction of the

new NRFF1.0 collinear FFs for ηQ mesons and provides

details on our treatment of the collinear fragmentation

of HQ hadrons. Section 3 offers a technical overview

of the HyF framework employed with NLL/NLO+ ac-

curacy. Section 4 presents a phenomenological study

of the semi-inclusive associated production of ηQ plus

jet systems, including predictions for rapidity distribu-

tions, angular multiplicities, and transverse-momentum

spectra. Finally, Section 5 offers concluding remarks

and discusses perspectives for future developments.

2 Theoretical setup: Heavy-flavor fragmenta-

tion

The fragmentation of heavy hadrons presents a richer

and more nuanced structure compared to that of their

light counterparts. This added complexity arises from

the fact that heavy-quark masses fall within the per-

turbative regime of QCD when considering their low-

est Fock components. As a result, unlike light-hadron

FFs—which are fully nonperturbative at the starting

scale—FFs for heavy hadrons inherently involve both

perturbative inputs and nonperturbative modeling.

For singly heavy systems such as D and B mesons

or ΛQ baryons, the fragmentation mechanism is typ-

ically separated into two well-defined stages [39, 121–

125]. In the first, a parton a generated with large trans-

verse momentum during the hard scattering evolves

into a heavy quark Q. Because the strong coupling at

the heavy-quark scale remains moderate, αs(mQ) < 1,

this transition can be addressed using perturbative
QCD.

This perturbative contribution is described by short-

distance coefficients (SDCs) for the [a → Q transi-

tion, with a the fragmenting parton. SDCs capture

the parturbative dynamics at time scales much shorter

than hadronization. NLO determinations of these coef-

ficients were provided in Ref. [38, 126], and were later

extended to higher accuracy in a series of works [127–

132]. Very recently, single- and double-parton frag-

mentation has been investigated using a soft-gluon

factorization approach [133, 134].

The second stage, occurring at longer timescales,

is governed by nonperturbative QCD and accounts for

the hadronization of the heavy quark into a physical
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g Q̄

S−
Q [1S

(1)
0 ]

Q

Q Q̄

S−
Q [1S

(1)
0 ]

g

Q̄

S−
Q [1S

(1)
0 ]

q or Q̃ Q

Fig. 1 Left panel: A leading diagram for the fragmentation of a gluon to S−
Q [1S(1)

0 ] at O(α2
s). Central panel: One of the

leading diagrams for the fragmentation of a constituent heavy quark (Q) to a S-wave color singlet pseudoscalar quarkonium

S−
Q [1S(1)

0 ] at O(α2
s ). Right panel: A leading diagram for the fragmentation of a nonconstituent light (q̃) or heavy (Q̃) quark

to S−
Q [1S(1)

0 ] at O(α3
s). Green blobs refer to the S−

Q [1S(1)
0 ] nonperturbative NRQCD LDME.

g

Q̄ VQ [3S
(1)
1 ]

Q

Q Q̄

VQ [3S
(1)
1 ]

g Q̄ VQ [3S
(1)
1 ]

q or Q̃ Q

Fig. 2 Left panel: A leading diagram for the fragmentation of a gluon to VQ [3S(1)
1 ] at O(α3

s). Central panel: One of the
leading diagrams for the fragmentation of a constituent heavy quark (Q) to a S-wave color singlet vector quarkonium

VQ [3S(1)
1 ] at O(α2

s ). Right panel: A leading diagram for the fragmentation of a nonconstituent light (q̃) or heavy (Q̃) quark

to VQ [3S(1)
1 ] at O(α4

s). Violet blobs refer to the VQ [3S(1)
1 ] nonperturbative NRQCD LDME.

hadron. This phase is modeled either through empirical

FFs inspired by fits to data [135–140], or within the

language of effective field theories, such as Heavy Quark

Effective Theory (HQET) [122, 141–144].

Mathematically, the fragmentation of a parton a

into a singly heavy-flavored hadron HQ at the initial

scale µF,0 ∼ mQ, where mQ is the heavy-quark mass,

is described by [121, 145]

DHQ
a (z, µF,0) =

∫ 1

z

dζ

ζ
DQ

a (ζ, µF,0)D
HQ

[np]

(
z

ζ

)
. (1)

In this expression, DQ
a denotes the perturbative com-

ponent of the initial-scale FF, namely the SDC associ-

ated with a massless parton fragmenting into a massive

heavy quark Q via a perturbative QCD cascade. The

function D
HQ

[np], by contrast, represents the nonpertur-

bative fragmentation into the physical hadron. It is

assumed to be universal, independent of the initiating

parton flavor, and scale-independent with respect to

µF,0.

To obtain a fully evolved set of FFs within a VFNS,

it is essential to incorporate energy-scale dependence.

Assuming the initial conditions are free from scaling

violations, the FFs are evolved through the DGLAP

timelike equations, at the appropriate perturbative

order, to generate predictions across a wide kinematic

range.

We now turn to quarkonia, mesons whose lowest

Fock level is |QQ̄⟩. Charmed B mesons, having as low-

est Fock states |cb̄⟩ or |c̄b⟩, are sometimes classified as

generalized quarkonium states. The presence of two

heavy quarks makes their formation more complex

than that of heavy-light hadrons. The earliest model

proposed was the color evaporation model (CEM) [146,

147], which assumes that the color of the produced

[QQ̄] pair is fully randomized before hadronization.

CEM cannot describe polarization or relative produc-

tion rates of distinct states, such as J/ψ versus χc,

limiting its predictive power [16, 148–151].

A more structured approach is the color-singlet

mechanism [152, 153], where hadronization preserves

both color and spin. The |QQ̄⟩ system must be pro-

duced directly in a color-singlet state with the same
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Quarkonium [Q] g → Q Q→ Q q̃ or Q̃→ Q

Q ≡ S−
Q [1S

(1)
0 ] ≡ ηc, ηb

O(α2
s) ≡ LO

O(α3
s) ≡ NLO

O(α4
s) ≡ NNLO

...

O(α2
s) ≡ LO

O(α3
s) ≡ NLO

O(α4
s) ≡ NNLO

...

−

O(α3
s) ≡ NLO

O(α4
s) ≡ NNLO

...

Q ≡ VQ [3S
(1)
1 ] ≡ J/ψ, Υ

−

O(α3
s) ≡ NLO

O(α4
s) ≡ NNLO

...

O(α2
s) ≡ LO

O(α3
s) ≡ NLO

O(α4
s) ≡ NNLO

...

−

−

O(α4
s) ≡ NNLO

...

Table 1 Perturbative QCD expansion of NRQCD initial-scale inputs for parton to color singlet pseudoscalar (green, first
line) and vector (violet, second line) quarkonium fragmentation. All channels, if nonzero, have been calculated within
O(α3

s) ≡ NLO accuracy. They are unknown (gray) starting from O(α4
s) ≡ NNLO.

quantum numbers as the final quarkonium. Assum-

ing mQ ≈ 2mQ, one adopts a static approximation,

treating the quarks as at rest in the meson frame.

For S-wave states, the only nonperturbative input is

the wave function at the origin, RQ(0), while for P -

wave states one uses its derivative, R′
Q(0). These are

typically extracted from leptonic decay widths. How-

ever, infrared divergences arise at NLO in P -wave

channels [154, 155], pointing to the limitations of the

color-singlet mechanism.

Ref. [155] showed that these divergences are can-

celed by matching singularities in color-octet matrix

elements, demonstrating that octet contributions are

essential for consistency. This led to the formulation

of NRQCD, an effective theory that incorporates both

singlet and octet channels [9–15]; see also Refs. [156–

159] for reviews. Within the NRQCD framework, the

quarkonium is expressed as a linear combination of

Fock states, ordered via a double expansion in αs and

the relative velocity vQ of the quark pair.

NRQCD offers a systematic approach to disentan-

gle short-distance and long-distance contributions in

quarkonium production. Treating heavy quark and

antiquark fields as nonrelativistic in the effective La-

grangian allows a consistent factorization between per-

turbative SDCs, which describe the production of the

|QQ̄⟩ intermediate state, and long-distance matrix ele-

ments (LDMEs), which encode the hadronization pro-

cess. LDMEs are nonperturbative and must be ex-

tracted from experimental data, computed via poten-

tial models [160], or obtained from lattice QCD [161,

162].

NRQCD was originally designed under the assump-

tion that quarkonium is formed through a hard, short-

distance production of a |QQ̄⟩ state, followed by non-

perturbative hadronization. As mentioned in the In-

troduction (Section 1), the pair is generated with a

transverse separation of order 1/Q, where Q identi-

fies a characteristic energy scale of the considered pro-

cess [163]. In the high-|q⃗T | regime,Q ∼ |q⃗T |, so the time

and volume available for hadronization shrink as 1/|q⃗T |
and 1/|q⃗T |3, respectively. This reduces the amplitude

for direct formation of the physical state [163–165].

This suppression is compensated by the emergence

of the fragmentation mechanism. At large |q⃗T |, a single

high-energy parton produced in the hard subprocess

can fragment into a quarkonium state plus additional

hadronic radiation. Though formally starting at higher

order in αs, the fragmentation contribution scales like

(|q⃗T |/mQ)2 and dominates at high energies [24, 26, 27,

166, 167]. Adapting NRQCD to this context enabled

LO calculations of gluon and charm FFs to S-wave

color-singlet charmonia in Refs. [24, 34], later extended

to P -wave states [168–170].
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Early phenomenological analyses on the transition

between short-distance and fragmentation regimes fo-

cused mainly on charmonium production [17, 27, 28,

171, 172]. These works showed that gluon fragmenta-

tion becomes dominant for transverse momenta above

10 ÷ 15 GeV. A similar threshold was identified for

charmed B mesons [173], though later analyses [174]

suggest the onset may occur at even higher |q⃗T | values.

Because fragmentation is rooted in collinear factor-

ization, one must consistently connect NRQCD to the

QCD fragmentation correlator formalism. Recent devel-

opments leverage NRQCD as a robust model for setting

initial conditions of FFs at the scale µF,0 [30, 31, 175],

enabling a unified and predictive framework for heavy-

flavor fragmentation to quarkonia.

This approach offers two main benefits. On the

one side, NRQCD enables the factorization of initial
FF inputs into a convolution of perturbative SDCs

and nonperturbative LDMEs, paralleling the treat-

ment of singly heavy-flavored hadrons (see Eq. (1)).

On the other side, it provides a robust framework for

calculating SDCs and interpreting LDMEs physically.

From these inputs, VFNS quarkonium FFs can be con-

structed via DGLAP evolution. Recent applications

of VFNS fragmentation to ψ(2S) production, includ-

ing the impact of relativistic corrections, have further

confirmed its phenomenological robustness [176].

The ZCW19+ [40, 41] and ZCFW22 [42, 43] sets rep-

resent the first attempt at determining VFNS collinear
FFs for vector quarkonia (J/ψ, Υ ) and charmed B

mesons (Bc(
1S0), Bc(

3S1)), based on NLO NRQCD

calculations for gluon and heavy-quark channels [24,

177–183]. These studies provided supporting evidence

that gluon FFs with smooth, nondecreasing µF de-

pendence serve as effective stabilizers for high-energy
resummed cross sections in semi-inclusive hadroproduc-

tions. This striking feature, observed for both singly

and multiply heavy-flavored bound states, is referred

to as the natural stability of high-energy resumma-

tion [184].

Beyond the phenomenology of the high-energy re-

summation sector, FFs for (generalized) quarkonium

states serve as powerful tools for precision investiga-

tions of collinear dynamics and hadronization. A no-

table example is provided by the recent analysis in

Ref. [43], where rapidity and transverse-momentum

distributions of charmed B mesons, described using

the ZCFW22 FF set, were studied in detail. That study

confirmed the estimate by LHCb [185, 186] that the

production-rate hierarchy between Bc(
1S0) mesons and

singly bottomed B mesons remains below the 0.1%

level.

This served as a simultaneous benchmark for both

the hybrid factorization scheme and the NRQCD-based

fragmentation framework applied to charmed B mesons

at our reference transverse masses. It reinforced the

robustness of using leading-power NRQCD initial-scale

inputs, which are subsequently evolved to higher energy

scales via DGLAP equations.

From studies performed using ZCW19+ and ZCFW22

functions, it became evident that a consistent frame-

work is needed to integrate NRQCD-based inputs
within collinear factorization, ensuring the correct im-

plementation of DGLAP evolution thresholds across

all partonic fragmentation channels.

To meet this requirement, the novel HF-NRevo scheme

was developed [44–46]. This framework is specifically

designed to describe the DGLAP evolution of heavy-

hadron FFs starting from nonrelativistic inputs.

The HF-NRevo methodology relies on three essential

components: interpretation, evolution, and uncertain-

ties.

The first component enables a reinterpretation of

the short-distance mechanism—dominant at low trans-

verse momentum—as a fixed-flavor number scheme

(FFNS) two-parton fragmentation process that goes be-

yond the leading-power approximation (see Refs. [187,

188] for further details). This picture is supported by

the observation that introducing transverse-momentum

dependence reveals distinct singularity structures, par-

ticularly in the transition region between low-|q⃗T |
shape functions [189] and large-|q⃗T | FFs [190].

The second component concerns the implementa-

tion of DGLAP evolution within HF-NRevo, which pro-

ceeds in two stages. First, an expanded, semi-analytical,

and decoupled evolution module (EDevo) handles thresh-

old matching for all partonic channels. Second, the

standard all-order evolution (AOevo) is numerically ac-
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tivated, providing a seamless transition to the higher-

scale regime.

The third component addresses the computation of

perturbative and nonperturbative uncertainties. The

former correspond to missing higher-order uncertain-

ties (MHOUs), stemming from scale variations associ-

ated with threshold settings in the evolution process.

The latter arise from the genuinely nonperturbative

part of the fragmentation, namely the LDMEs in our

case.

By leveraging a subset of the core features of the

HF-NRevo scheme, pioneering determinations of VFNS

collinear FFs have been achieved for a variety of exotic

heavy-flavored systems. These include the TQHL1.x

and TQ4Q1.x1 sets for doubly heavy and fully heavy

tetraquarks [88, 199–202], the PQ5Q1.0 set for S-wave

pentacharm baryons [203], and the OMG3Q1.0 set for
rare triply charmed Ω baryons in the heavy-flavor

Omega sector [44]. These results mark a foundational

step toward a unified framework for the collinear frag-

mentation of exotic hadrons, built upon nonrelativis-

tic inputs and evolved through threshold-matched

DGLAP dynamics.

In the next section (Section 2.1), we present in

detail our strategy for constructing the NRFF1.0 func-

tions for pseudoscalar quarkonia. In the final part (Sec-

tion 2.2), we discuss the main features of the HCFF1.0

functions for singly charmed hadrons.

2.1 NRFF1.0: NRQCD FFs for pseudoscalars

First and pioneering determinations of collinear FFs for

doubly heavy-flavored mesons were obtained by com-

paring NRQCD based versus collinear-factorization in-

spired formulæ of cross sections featuring the emission

of that meson [177, 204]. A correlator-like definition of

doubly heavy-flavored meson FFs in terms of nonlocal,

gauge-invariant operators [205] was provided a cou-

ple of years later [179]. Making use of fragmentation

1Recent studies suggest that NRQCD factorization may
describe double J/ψ excitations [191–193] as fully charmed
tetraquarks [194, 195]. Initial NRQCD inputs for T4c FFs
were computed in Refs. [196–198].

correlator significantly eases the extension to higher

perturbative orders.

According to NRQCD, the function describing the

fragmentation process of a parton a into a physical

quarkonium state Q with momentum fraction z takes

a simple and intuitive form

DQ
a (z, µF,0) =

∑
[n]

DQ
a (z, [n])⟨OQ([n])⟩ . (2)

This expression can be expanded in powers of αs and

contains DGLAP-type logarithms to be subsequently

resummed. Then, ⟨OQ([n])⟩ stands for the nonpertur-
bative NRQCD LDME, which embodies suppression

factors in the relative velocity vQ of the [QQ̄ system.

LDMEs have to be extracted through global fits or es-

timated via lattice or potential-model QCD techniques.

Finally, [n] ≡ 2S+1L
(c)
J denotes the set of quarkonium

quantum numbers in the spectroscopic notation, with

the (c) superscript referring to the color state, singlet

(1) or octet (8). From Eq. (2) the two founding as-
sumptions of NRQCD emerge. First, all possible Fock

states contribute to the physical quarkonium by means

of a linear superposition given by the sum over quan-

tum numbers [n]. Second, all terms contributing to

the formation mechanism are organized as a double

expansion in powers of αs and vQ.

A close comparison between Eq. (1) and Eq. (2)

highlights both structural analogies and fundamental

differences in the treatment of heavy-flavored hadron

and quarkonium fragmentation. In the case of singly

heavy-flavored hadrons HQ, the [a→ HQ] FF at the

initial scale µF,0 is expressed as a convolution between
a perturbatively calculable FF, DQ

a (ζ, µF,0), and a

nonperturbative transition function, D
HQ

[np](z/ζ), which

models the long-distance hadronization of a heavy

quark Q into the hadron HQ. This convolution over

the light-cone momentum fraction ζ reflects the fact

that the nonperturbative transition is z-dependent,

encoding the probability for a heavy quark with mo-

mentum fraction ζ to hadronize into a final hadron

carrying a fraction z of the momentum of the frag-

menting parton.

Conversely, in the NRQCD factorization approach

for quarkonium, the DQ
a (z, [n]) FF is decomposed as a

sum over Fock states [n], where each term is a product

of a SDC function, DQQ̄
a (z, [n]), and a corresponding
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LDME, ⟨OQ([n])⟩. This structure arises from the fact

that in NRQCD, the transition from the perturbative

[QQ̄] pair to the bound quarkonium state is local-

ized in momentum space, and governed by a finite

number of hadronic matrix elements with no explicit

z-dependence. In other words, the LDMEs act as multi-

plicative constants that parameterize the nonperturba-

tive probabilities of hadronization for each Fock state

[n] independently of the momentum fraction z.

This conceptual difference has a direct physical

interpretation: in singly heavy-flavored hadron produc-

tion, the heavy quark combines with soft, light con-

stituents from the vacuum, and the energy-momentum

sharing is dynamically distributed, hence the need for

a convolution. In contrast, quarkonia are composed

entirely of heavy constituents produced in the short-

distance process; the long-distance transition only in-

volves spin and color rearrangements, not momentum

reshuffling. Therefore, the nonperturbative component

of the fragmentation probability into a quarkonium

depends only on the internal quantum numbers and

not on the longitudinal momentum fraction, resulting

in LDMEs being pure numbers.

Figures 1 and 2, together with Table 1, provide

a visual and analytic summary of the leading rep-

resentative Feynman diagrams and the perturbative

QCD expansion of the initial-scale FFS for color singlet

quarkonium states in the NRQCD formalism. All par-
tonic channels are divided into three main categories:

gluon [g → Q], constituent heavy-quark [Q→ Q], and

nonconstituent (light or heavy, [q̃ or Q̃ → Q]) quark

fragmentation. The figures show representative LO dia-

grams for each channel, while the table summarizes the

perturbative order at which each channel contributes.

For comparison, we also show the case of vector
quarkonia VQ [3S

(1)
1 ] such as J/ψ or Υ (Fig. 2 and sec-

ond row of Table 1), even though in this work we focus

exclusively on pseudoscalar quarkonia S−
Q such as ηc

or ηb (Fig. 1 and first row of Table 1). As a general

convention, we classify as LO the lowest nonvanishing
term in the perturbative expansion for each channel,

namely, O(α2
s) for the gluon and heavy-quark (con-

stituent) initiated channels in the case of pseudoscalar

quarkonia S−
Q [1S

(1)
0 ], and for the heavy-quark initiated

channel only in the vector case VQ [3S
(1)
1 ].

The key difference lies in the perturbative accessi-

bility of the various channels. For pseudoscalars, all

three channels are active within NLO: [g → Q] and

[Q → Q] at O(α2
s), and [q̃ or Q̃ → Q] at O(α3

s). In

contrast, for vector quarkonia, the latter channel starts

at next-to-NLO (NNLO), O(α4
s), beyond our working

accuracy. This feature makes pseudoscalar quarkonia

especially suitable for testing the HF-NRevo framework

in its full structure, since all relevant channels can be

consistently included at the initial scale. In particu-

lar, all FF channels receive initial-scale inputs from

NRQCD, rather than being generated only through

DGLAP evolution.

Finally, we note that the higher-order activation

of the gluon nonconstituent-quark channels for vector

quarkonia is a consequence of the Landau-Yang selec-

tion rule [206, 207]. This rule forbids the coupling of a

vector particle to two on-shell massless vector bosons,

implying that an additional gluon emission is required

to make the process nonvanishing. As a result, the lead-

ing diagrams appear at higher order in αs compared

to the pseudoscalar case.

In this section we will make use of NRQCD cal-

culations for gluon (Section 2.1.2), constituent heavy-

quark (Section 2.1.3), and nonconstituent quark (Sec-

tion 2.1.4) channels as initial-scale inputs to build

the novel NLO DGLAP-evolving FFs for pseudoscalar

quarkonium mesons. In Section 2.1.5 we will discuss the
DGLAP evolution of these functions from HF-NRevo.

From this point onward in the text, we fix the

values of the heavy-quark masses to mc = 1.27 GeV

and mb = 4.18 GeV, as commonly adopted in modern

MS determinations [208].

2.1.1 LDMEs

The nonperturbative LDMEs entering the NRQCD

factorization formalism play a key role in determin-

ing the hadronization probability of a heavy quark-

antiquark pair into a physical quarkonium state. Al-

though LDMEs are typically unknown quantities that

must be extracted from experimental data or computed

using nonperturbative methods such as lattice QCD

or potential models, certain assumptions can simplify

their structure.
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One such simplification arises from the so-called

vacuum saturation approximation (VSA) [11, 209, 210],

which assumes that contributions from intermediate

states other than the vacuum are suppressed by powers

of the relative velocity vQ of the heavy quarks. Under

this approximation, the matrix element for the tran-

sition into a quarkonium Q reduces to the squared

matrix element between the vacuum and the lowest-

order Fock state, |QQ̄⟩. Symbolically, the VSA reads

⟨0|χ†κnψPQ ψ
†κ′nχ|0⟩ ≃ ⟨0|χ†κnψ|Q⟩⟨Q|ψ†κ′nχ|0⟩ (3)

where κn and κ′n are spin-color matrices projecting

onto the relevant NRQCD state, and PQ is the projec-

tor onto the physical quarkonium Q. Here, χ and ψ are

the nonrelativistic Pauli spinor fields that annihilate a

heavy antiquark and create a heavy quark, respectively,

in the NRQCD effective theory.

For pseudoscalar S-wave quarkonium states such

as ηc and ηb mesons, the relevant matrix element cor-

responds to a [1S
(1)
0 ] configuration. In this case, the

VSA leads to a direct relation between the LDME and

the radial wave function at the origin, RS−
Q

(0), namely

⟨OS−
Q [1S

(1)
0 ]⟩ =

Nc

2π
|RS−

Q
(0)|2 , (4)

with Nc = 3 representing the number of colors in

QCD. This matching coefficient arises from the color

and spin projection of the singlet state and from the

normalization conventions used in NRQCD.

The factor 3 stems from the dimension of the color

space (number of color polarizations for a singlet),

while the 2π arises from phase-space integration and

amplitude normalization. This compact formula encap-

sulates the nonperturbative content of the pseudoscalar

quarkonium NRQCD fragmentation, and allows one

to express the full LDME in terms of a well-defined,

physically meaningful wave-function parameter.

While color-octet transitions play a crucial role in

the production of vector quarkonia, particularly in the

high-|q⃗T | regime of J/ψ hadroproduction, their impact

in the case of pseudoscalar quarkonia is predicted to

be strongly suppressed. This suppression originates

from spin and parity selection rules in NRQCD, which

disfavor contributions from channels such as 3S
(8)
1 and

3P
(8)
J for S−

Q = ηc, ηb states. As a result, the dominant

hadronization mechanism for pseudoscalar quarkonia

proceeds via the color-singlet configuration 1S
(1)
0 , as

captured by Eq. (4).

This theoretical expectation is supported by recent

LHCb measurements [62, 63], which are well described

by singlet-only calculations, and has motivated our
choice to focus exclusively on the color-singlet channel

in this study. A more comprehensive discussion of the

so-called quarkonium production puzzle, including its

phenomenological implications and relevance for vector

versus pseudoscalar states, is provided in Appendix A.

A few remarks are in order regarding the scale de-

pendence of LDMEs and their interplay with DGLAP
evolution. In the NRQCD framework, the LDMEs are

defined at an intermediate scale µΛ, characteristic of

the binding dynamics of the heavy quark-antiquark

pair, and typically of the order of the relative momen-

tum mQvQ inside the quarkonium. These matrix ele-

ments are assumed to encapsulate all soft contributions

from lower energy scales, and their scale dependence is

formally governed by NRQCD-specific renormalization

group equations [11, 16].

However, in most phenomenological applications,

LDMEs are treated as static, process-independent pa-

rameters, either extracted from data or estimated via

potential models, implicitly assuming that the evolu-

tion from infrared scales up to µΛ has already been

resummed into their fitted value. This practical treat-

ment simplifies the use of NRQCD while maintaining

consistency with factorization.

Such separation of scales ensures that the DGLAP

evolution of FFs performed in our formalism above µΛ

remains theoretically sound. The collinear evolution

acts on the FF Da→Q(x, µF ) as a whole, while the

LDMEs enter as fixed nonperturbative coefficients in

the NRQCD matching performed at the scale µΛ.

As a result, our use of DGLAP equations to evolve

the FFs starting at scales above µΛ toward the fi-

nal factorization scale µF is fully compatible with the

NRQCD approach and does not entail any implicit dou-

ble evolution of the LDMEs themselves. This distinc-

tion, while sometimes overlooked, is crucial to correctly

interpret the role and scale dependence of nonpertur-

bative inputs in quarkonium fragmentation [11].
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In our numerical analysis, we employ specific values

for the color-singlet LDMEs entering Eq. (4), corre-

sponding to the pseudoscalar quarkonium states S−
Q

considered in this work. These have been estimated

using a combination of potential NRQCD models and

inputs from previous phenomenological studies.

For the charmonium state ηc, we adopt the central

value

|Rηc(0)|2 = (0.810 ± 0.052) GeV3 , (5)

derived from potential-model calculations consistent

with the Buchmüller-Tye [211] and Eichten-Quigg [212]

frameworks, and cross-checked against values used in

global NRQCD fits, such as the one by Butenschoen

and Kniehl [213]. The quoted uncertainty, approxi-

mately 6.45%, reflects the spread among different mod-
els and is propagated linearly to the LDME via Eq. (4).

For the bottomonium state ηb, we use the analogous

potential-model estimate

|Rηb
(0)|2 = (6.477 ± 0.836) GeV3 , (6)

where the relative uncertainty has been conservatively

set to twice that of the ηc case, in light of the absence of

direct fits for bottomonium pseudoscalar LDMEs. This

choice ensures a realistic estimate of the theoretical

systematics affecting the normalization of the FFs, and

has been validated by cross-checks against predictions

based on the Cornell potential [212].

We note that the extraction of the wave function at

the origin from leptonic decay widths is highly sensitive

to higher-order QCD corrections, with recent studies

showing large variations between NLO and NNLO

estimates [214]. Although the analysis in Ref. [214]

concerns vector quarkonia, the underlying issue extends

to pseudoscalar states as well, since potential-model

approaches commonly assume identical values of the

wave function for spin-singlet and spin-triplet S-wave

quarkonia. Notably, the extracted value can nearly

double at each successive perturbative order, reflecting

substantial scale uncertainties and renormalization-

scheme dependence.

Our analysis, however, is consistently performed at

NLO in both the NRQCD matching and the DGLAP

evolution. Therefore, we accordingly employ input val-

ues of |RηQ
(0)|2 consistent with this level of accuracy,

and adopt conservative uncertainties to account for

model dependence, thus protecting ourselves from pre-

cision issues associated with higher-order extractions.

2.1.2 Gluon channel

The [g → ηQ] SDC in the 1S
(0)
1 quantum configuration

(see Fig. 1, left diagram) reads

DQ
g (z,1S(0)) = α2

s d[LO]
g (z,1S(0))

+ α3
s d[NLO]

g (z,1S
(0)
1 ) ,

(7)

where the QCD running coupling αs(µR ≡ µR,0) is

evaluated at µR,0 = 2mQ, corresponding to the mini-

mal invariant mass of the gluon in the LO fragmenta-

tion process [24, 32, 33]. The LO SDC, first derived in

Ref. [24], is

d[LO]
g (z,1S

(1)
0 ) =

3z − 2z2 + 2(1 − z) ln(l − z)

36m3
Q

. (8)

The NLO correction has been computed in Refs. [32,

33]. Reference [32] offers a comprehensive discussion

of the subtraction and matching procedures. In turn,

Ref. [33] presents a fully equivalent semi-analytical

result, incorporating both real and virtual corrections.

For practical purposes, in the symJETHAD implementa-

tion we have adopted the semi-analytical expression of

Ref. [33]. This choice enables a numerically stable and

efficient evaluation of the NLO correction across the
full z range, avoiding spurious singularities near the

endpoints.

We write

d[NLO]
g (z,1S

(1)
0 ) =

1

6πm3
Q

[d[NLO]
g,reg (z,1S

(1)
0 )

+ d
[NLO]
g,dist (z,1S

(1)
0 ) ] .

(9)

The NLO correction splits into a regular part,

d
[NLO]
g,reg , which captures the resolved-emission dynamics

away from the [z → 1] endpoint, and a distributional

part, d
[NLO]
g,dist , containing plus-distributions and δ(1− z)

terms. The latter ensure the cancellation of infrared

divergences and maintain consistency with DGLAP

evolution. As presented in Ref. [33], both components
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are expressed in a fully regularized form, suitable for di-

rect numerical evaluation. For completeness, we report

their expressions in Appendix B.

The full expression for our initial-scale gluon FF is

readily obtained by combining Eqs. (2), (8), and (9).

To benchmark the numerical implementation of our

gluon SDC and facilitate a direct comparison with the

results of Refs. [32, 33], we adopt the same strategy

as employed in those studies. Specifically, we apply

a simplified, diagonal, timelike DGLAP evolution at

NLO, using only the LO Altarelli-Parisi kernel Pgg(z)

for the gluon FF.

For illustration purposes, Fig. 3 shows the [g → ηb]

FF at LO and NLO, for different choices of factorization

and renormalization scales. The left plot corresponds

to µF = µF,0 with µR varied in the range µR,0/2 to

2µR,0, while in the right plot µR is kept fixed at µR,0

and µF is varied.

As mentioned earlier, we set the central renormal-

ization and factorization scales to µR,0 = µF,0 = 2mQ,

corresponding to the minimal invariant mass of the

gluon and the final heavy-quark pair, respectively, in

the LO fragmentation process [24, 32, 33].

Here, for simplicity, the wave function at the origin

is fixed to its central value, and uncertainty variations

are not considered (see Section 2.1.1).

We find that the behavior illustrated in Fig. 3 is
consistent with the results reported in Figs. 3 and 4 of

Ref. [32], and in Figs. 8 and 10 of Ref. [33].

The plots in Fig. 3 highlight several characteristic

features of the gluon FFs into pseudoscalar quarkonia.

At LO, the FF steadily increases with z and reaches

its maximum near the endpoint, [z → 1]. This be-

havior is consistent with the original observation of
Ref. [24], where the LO color-singlet [g → ηQ] FF ex-

hibits a monotonic rise toward z = 1 without vanishing.

At NLO, the situation changes dramatically: the FF

becomes negative in large regions of z, and develops

logarithmic divergences both at [z → 0] and [z → 1].

These features are well known and have been dis-

cussed in Refs. [32, 33], where the divergence at small

z is shown to be harmless, as physical cross sections

are obtained through convolution with partonic hard

parts that strongly suppress the small-z region. The

divergence at [z → 1], instead, might reflect a break-

down of fixed-order perturbation theory, and points

to the need for threshold resummation techniques to

restore predictive power.

We remark that the endpoint behavior observed

here for ηQ production is not unique. A similar phe-

nomenon has been encountered in the study of color-

singlet fragmentation into scalar or tensor fully heavy

tetraquarks, where the NRQCD input for the initial-

scale gluon FF, DT4c
g (0++, 2++)(z, µF,0), remains finite

and no-vanishing as [z → 1] [196, 202, 215]. In that con-

text, the lack of suppression at the endpoint challenges

the leading-twist interpretation of collinear factoriza-

tion, where only one parton fragments into the hadron,

and the probability of transferring all its momentum

should ideally vanish.

Some authors argue that the divergent NLO evolu-

tion induced by this nonzero boundary condition may

still yield physically meaningful results when convo-

luted with partonic cross sections [32], while others

interpret it as a signal of perturbative instability and

advocate for an extension of the formalism, possibly

involving resummation [33]. In our view, a deeper un-

derstanding of the endpoint structure of NRQCD-based

FFs remains an open and relevant direction for future

work.

2.1.3 Constituent heavy-quark channel

The [Q→ ηQ] SDC in the 1S
(0)
1 quantum configuration

(see Fig. 1, central diagram) reads

DQ
Q(z,1S(0)) = α2

s d
[LO]
Q (z,1S(0))

+ α3
s d

[NLO]
Q (z,1S

(0)
1 ) ,

(10)

where the QCD running coupling αs(µR ≡ µR,0) is eval-

uated at µR,0 = 2mQ, corresponding to the minimal

invariant mass of the gluon in the LO fragmentation

process [34, 37]. The LO SDC, first derived in Ref. [34],

is

d
[LO]
Q (z,1S

(1)
0 ) =

16 z(1 − z)2

81Nc(2 − z)6m3
Q

×
(
3z4 − 8z3 + 8z2 + 48

)
.

(11)



13

0.0 0.2 0.4 0.6 0.8 1.0

-4

-2

0

2

4

6

8

0.0 0.2 0.4 0.6 0.8 1.0

-4

-2

0

2

4

6

8

Fig. 3 NRQCD [g → ηb] fragmentation channel at LO and NLO, for µR,0 = µF,0 = 2mb. Left plot: µR runs from µR,0/2 to
2µR,0, while µF is fixed at µF,0. Right plot: µR is fixed at µR,0, while µF runs from µF,0/2 to 2µF,0.

The NLO correction has been computed in Ref. [37]

and can be expressed in terms of the following polyno-

mial functions

d[NLO]
ηc

(z,1S
(1)
0 ) =

2π

Ncm3
c

× ( 0.60361z8 − 3.48697z7

+ 8.69232z6 − 11.43404z5 + 8.39029z4

− 3.73948z3 + 1.14322z2 − 0.16352z

− 0.00453 − 0.001282/z ) , (12a)

d[NLO]
ηb

(z,1S
(1)
0 ) =

2π

Ncm3
b

× ( 1.16869z8 − 6.27381z7

+ 14.08792z6 − 16.85613z5 + 11.51566z4

− 4.78788z3 + 1.33076z2 − 0.18076z

− 0.00359 − 0.001282/z ) . (12b)

The difference between Eqs. (12a) and (12b) stems

from the number of active heavy flavors considered in

the gluon vacuum polarization loop. In the charm case,

only the charm quark contributes to the loop, while in

the bottom case both charm and bottom quarks are

included, resulting in distinct d
[NLO]
ηQ profiles.

The full expression for our initial-scale constituent

heavy-quark FF is obtained by combining Eqs. (2),

(11), (12a), and (12b). Due to the symmetry of the

final-state quarkonium, FFs from constituent quark

and antiquark of the same flavor are identical.

To validate the numerical implementation of our

constituent heavy-quark SDC and facilitate a direct
comparison with the results of Ref. [37], we follow

the same strategy adopted in that work. In particular,

we employ a simplified timelike DGLAP evolution at

NLO, retaining only the LO Altarelli-Parisi splitting

kernels, namely Pgg(z) and Pgq(z), corresponding to

gluon and quark contributions to the gluon FF evolu-

tion, respectively. As initial-scale inputs, we use the

NRQCD result for the quark-induced channel derived

in this section, together with the gluon-induced FF

discussed in the previous one.

For illustration purposes, Fig. 4 displays the FFs
for [c→ ηc] (upper panels) and [b→ ηb] (lower panels)

at LO and NLO, under different choices of factoriza-

tion and renormalization scales. The left-hand plots

correspond to fixed µF = µF,0 with µR varied in the

range µR,0/2 to 2µR,0, while the right-hand plots keep

µR = µR,0 fixed and explore variations in µF .

We set the central renormalization and factorization

scales to µR,0 = 2mQ and µF,0 = 3mQ, respectively.

The choice µR,0 = 2mQ corresponds to the minimal

invariant mass of the intermediate gluon that produces

the [QQ̄] pair in the LO fragmentation process. In

contrast, µF,0 = 3mQ reflects the minimal invariant

mass of the initial-state configuration in the quark-
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induced channel, where a heavy quark fragments via

[Q→ QQ̄Q]. This differs from the gluon-induced case

(see previous section), and accounts for the distinct

partonic content of the corresponding collinear subpro-

cess.

As in the gluon case, for simplicity, the wave func-

tion at the origin is fixed to its central value, and uncer-

tainty variations are not considered (see Section 2.1.1).

Our results are in excellent agreement with those

shown in Figs. 4 to 7 of Ref. [37], both in shape and

magnitude across the entire z range. For both the

charm and bottom fragmentation channels, we observe

the same pattern of NLO corrections: moderate sup-

pression in the intermediate z, an enhancement in the

large z, and the onset of a 1/z divergence in the small-z

region, absent at LO. These features reflect the well-

known behavior of the constituent-quark FFs, driven
by real-emission contributions at NLO and consistent

with the structure of light-quark-initiated fragmenta-

tion as discussed in [37].

The sensitivity of the FFs to scale variations is also

found to match that of Ref. [37]. In particular, varia-

tions in the renormalization scale µR affect predomi-

nantly the low-z region, where the NLO corrections

are largest and the LO contribution vanishes. Con-

versely, changes in the factorization scale µF impact

the entire z range, but only at NLO, confirming that

DGLAP evolution effects enter beyond LO in this chan-

nel. Notably, both [c → ηc] and [b → ηb] FFs exhibit
good perturbative stability: the NLO bands lie close

to the LO ones, with reduced uncertainty and no sign

of pathological behavior. This agreement reinforces

the reliability of our implementation and supports the

applicability of our constituent heavy-quark NRQCD

inputs in phenomenological studies.

2.1.4 Nonconstituent quark channel

The [q̃ or Q̃→ ηQ] SDC in the 1S
(0)
1 quantum config-

uration (see Fig. 1, right diagram) was first derived in

Ref. [36]. As mentioned earlier, this channel is absent

at leading order and starts contributing only at NLO

(namely at O(α3
s)), as summarized in Table 1. This

structural feature marks a key distinction from gluon

and constituent-quark channels, which both appear

already at O(α2
s). Due to the symmetry of the final-

state quarkonium, SDCs from nonconstituent quark

and antiquark of the same flavor are identical. One has

DQ
q̃,Q̃(z,1S(0)) ≡ α3

s d
[NLO]

q̃,Q̃
(z,1S

(0)
1 )

= α3
s

∫ 1

z

dυ

∫ ∞

4υ m2
Q

z

dω d̂
[NLO]

q̃,Q̃
(ω, υ, z,1S

(0)
1 ) ,

(13)

where the QCD running coupling αs(µR ≡ µR,0) is

evaluated at µR,0 = mq̃,Q̃ +2mQ, corresponding to the

minimal invariant mass of nonconstituent heavy-quark

in the fragmentation process [36]. Furthermore, one

writes

d̂
[NLO]

q̃,Q̃
(ω, υ, z,1S

(0)
1 ) =

2 f̂q̃,Q̃
9πNcmQ

×
{

(υ − 1)
[
ω3

(
υ4 − 2υ3(z + 1)

+ 2 υ2(z2 + 6z + 1)

− 12 υz(z + 1) + 12z2
)

+ ω2
(
2υ4m2

q̃,Q̃
− 4υ3(2m2

Q(z + 4) + z m2
q̃,Q̃

)

+ 4υ2(4m2
Q(3z + 2) + z2m2

q̃,Q̃
) − 48 υz m2

Q

)
+ 16ωυ2m2

Q

(
υ2m2

Q − υ (2m2
Q + z m2

q̃,Q̃
)

+ 2m2
Q

)
+ 32 υ4m4

Qm
2
q̃,Q̃

]
−

[
(1 − υ)ω + υ2m2

q̃,Q̃

]
×

[
z2(ω − 4

υ

z
m2

Q)2 + (υ − z)2ω2
]
υ2 ,

(14)

with

f̂q̃,Q̃ =
{
υ4ω2(ω − 4m2

Q)2

×
[
(1 − υ)ω + υ2m2

q̃,Q̃

]}−1

.

(15)

The integration variables υ and ω in Eqs. (13) and (14)

respectively parametrize the longitudinal momentum

fraction carried by the fragmenting quark and the
invariant mass squared of the recoiling system. The

integrand function d̂
[NLO]

q̃,Q̃
exhibits an explicit depen-

dence on the mass of the constituent heavy quark, mQ,

and that of the nonconstituent one, mq̃,Q̃. Numerical
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Fig. 4 NRQCD [c→ ηc, upper] and [b→ ηb, lower] fragmentation channels at LO and NLO, for µR,0 = 2mQ and µF,0 = 3mQ.
Left plot: µR runs from µR,0/2 to 2µR,0, while µF is fixed at µF,0. Right plot: µR is fixed at µR,0, while µF runs from µF,0/2
to 2µF,0.

benchmarks have confirmed that our symJETHAD imple-

mentation of our NLO SDC is in excellent agreement

with the results of Ref. [36] over the entire z range.

For illustration purposes, Fig. 5 shows the [b→ ηc]

FF at NLO, for different choices of factorization and

renormalization scales. The left plot corresponds to

µF = µF,0 with µR varied in the range µR,0/2 to 2µR,0,

while in the right plot µR is kept fixed at µR,0 and µF

is varied.

We adopt a simplified NLO timelike DGLAP evo-

lution, retaining only the LO Pgq(z) splitting kernel.

The initial inputs are given by the NRQCD-derived

nonconstituent-quark FF discussed above and the gluon-

induced FF introduced earlier.

We set the central renormalization and factoriza-

tion scales to µR,0 = 2mQ and µF,0 = mq̃,Q̃ + 2mQ,

respectively. The choice µR,0 = 2mQ corresponds to

the minimal invariant mass of the intermediate gluon
that produces the [QQ̄] pair in the fragmentation pro-

cess, while µF,0 = mq̃,Q̃ + 2mQ reflects the minimal

invariant mass of the initial-state configuration in the

quark-induced channel, where a nonconstituent quark

fragments into itself, a [QQ̄ pair, and a gluon.

As in the previous cases, for simplicity, the wave

function at the origin is fixed to its central value,

and uncertainty variations are not considered (see Sec-

tion 2.1.1).
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Fig. 5 NRQCD [b → ηc, lower] fragmentation channel at NLO for µR,0 = 2mc and µF,0 = mb + 2mc. Left plot: µR runs
from µR,0/2 to 2µR,0, while µF is fixed at µF,0. Right plot: µR is fixed at µR,0, while µF runs from µF,0/2 to 2µF,0.

For µR = µR,0 and µF = µF,0, the FF is negative

across the entire z range. This behavior is consistent

with the logarithmic structure of the NLO SDC. As z

increases, the FF smoothly approaches zero from below,

and the scale variation bands become progressively

narrower, indicating reduced sensitivity in the large-z

region.

In the left panel, the renormalization-scale depen-

dence mainly affects the normalization of the FF in the

small-z domain, as expected from the α3
s(µR) term in

Eq. (13). Conversely, the right panel shows that varia-

tions in µF lead to a distortion of the FF shape at low
z, with the function becoming shallower and eventually

positive as µF increases. Despite the relatively small

numerical size of this FF compared to the gluon and

constituent heavy-quark channels, the nonconstituent

fragmentation components remain essential for a con-

sistent, flavor-complete initial condition within the

HF-NRevo scheme.

2.1.5 DGLAP evolution from HF-NRevo

The final step in the construction of our NRFF1.0 FFs

for pseudoscalar quarkonia ηQ is the DGLAP evolution

of the initial-scale functions introduced in the previous

sections.

Unlike light-hadron fragmentation, where the gluon

and light-quark FFs are defined down to very low

scales, the ηQ FFs relevant possess intrinsic thresholds

arising from the kinematic structure of the perturbative

splittings that generate the color-singlet [QQ̄] pair.

These splittings are schematically represented via Lo

representative diagrams in Fig. 1 and reflect different

underlying mechanisms depending on the parton flavor.

In the gluon-induced channel (left diagram), the

minimal invariant mass corresponds to the threshold

for producing an on-shell [QQ̄] pair. Accordingly, we

set [µF,0(g → ηQ) = 2mQ] as the natural starting point
for gluon fragmentation.

In the case of a constituent heavy quark Q fragment-

ing into ηQ (central diagram), LO kinematics require an

additional spectator quark in the final state. This raises

the minimal invariant mass to [µF,0(Q→ ηQ) = 3mQ],

which we take as the starting scale for evolution in this

channel.

For the nonconstituent channels (right diagram),

where a light quark q̃ = u, d, s or a heavier noncon-

stituent quark Q̃ fragments via gluon emission into

ηQ, the corresponding thresholds are [µF,0(q̃ → ηQ) =

mq + 2mQ] and [µF,0(Q̃→ ηQ) = mQ̃ + 2mQ], respec-

tively.
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S−
Q [1S(1)

0 ] quarkonium µF,0(g → S−
Q ) µF,0(d, u, s→ S−

Q ) µF,0(Q→ S−
Q ) µF,0(Q̃→ S−

Q ) Q0 ≡ max ({µF,0})

ηc 2mc md,u,s + 2mc 3mc mb + 2mc mb + 2mc

ηb 2mb md,u,s + 2mb 3mb mc + 2mb 3mb

Table 2 Central columns: initial factorization scale, µF,0, for the fragmentation of a given parton species (gluon, light quark,

constituent and nonconstituent heavy quark) to a color-singlet pseudoscalar quarkonium, S−
Q [1S(1)

0 ] ≡ ηc, ηb. Rightmost
column: evolution-ready energy scale, Q0, set to the maximum of µF,0 values. For clarity, values of Q0 are highlighted in bold
red font. Due to the symmetry of the final-state quarkonium, FFs from quark and antiquark of the same flavor are identical.

All threshold scales µF,0 and the scale Q0, taken

as the maximum among these values for a given ηQ,

are summarized in Table 2.

To consistently incorporate scale evolution into our

fragmentation framework, we adopt a dedicated strat-

egy tailored to the pseudoscalar quarkonium case. We

rely on the HF-NRevo methodology [44, 45], originally

designed to describe the fragmentation of color-singlet

quarkonium states from nonrelativistic inputs. This

approach enables a rigorous DGLAP evolution while

consistently incorporating mass thresholds and the
sequential activation of flavor channels.

As already mentioned, the framework is structured

around three core components: a physical interpreta-

tion of the fragmentation process beyond the leading-

power approximation, thus enabling a consistent match-

ing between FFNS and VFNS schemes; a two-step

evolution strategy that separates threshold matching
from scaling; and a systematic assessment of perturba-

tive uncertainties associated with renormalization and

factorization scale choices.

In the present study, which investigates HF-NRevo

evolution of pseudoscalar quarkonia at high transverse

momentum, we defer the explicit implementation of

matching techniques. Our focus is instead placed on

developing a consistent and accurate scheme for han-

dling DGLAP evolution across all parton thresholds,

and on a controlled propagation of LDME-related un-

certainties, whose impact will be analyzed in detail.

According to the HF-NRevo scheme, the DGLAP

evolution of FFs with multiple parton thresholds is

structured into two sequential phases. The first one,

labeled as EDevo, is a semi-analytical and expanded

evolution, valid from the lowest factorization threshold

up to the highest one. In this stage, flavor channels are

activated dynamically and independently, allowing for

a decoupled treatment of the partonic evolution across

distinct threshold regimes. The second phase, referred

to as AOevo, involves a standard all-order numerical

evolution, performed from the highest initial scale Q0

upward. This two-step strategy ensures accurate con-
trol over threshold matching effects while maintaining

perturbative stability throughout the evolution range.

To better visualize the HF-NRevo approach to quar-

konium fragmentation, we present in Fig. 7 a concep-
tual flowchart illustrating the two-stage evolution of

the ηc[
1S

(1)
0 ] color-singlet channel. The horizontal axis

encodes the flow of energy from infrared to ultraviolet

scales (right to left), thus inverting the direction of

physical time.

If the diagram is read chronologically (from left to

right), one observes a high-energy parton emitted from
the hard-scattering kernel (leftmost block, depicted as

a firebrick pentagon) radiating energy and fragmenting

into the final-state quarkonium. Conversely, reading

the diagram in the direction of energy flow (right to

left), one follows the construction workflow of the FFs:

the process begins from NRQCD factorization inputs

(rightmost block), built via the convolution of SDCs

with LDMEs.

From there, the semi-analytical EDevo module (cen-

ter-right block) initiates DGLAP evolution at the low-

est flavor threshold, µF,0(g → ηc) = 2mc (orange bar),

and continues in a stepwise fashion by successively

activating additional parton channels. First, the non-

constituent light-quark thresholds, µF,0(q̃ → ηc) =

mq̃ + 2mc (blue bar), is crossed—for simplicity, in our

sketch we do not distinguish among u, d, and s flavors,
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Fig. 6 Evolution workflow for ηc[1S
(1)
0 ] FFs within the HF-NRevo scheme. The diagram illustrates the two-stage DGLAP

evolution: a semi-analytical EDevo phase, starting from the lowest threshold and valid up to the evolution-ready scale
Q0 = mb + 2mc, where flavor channels are dynamically activated in a stepwise fashion, followed by a numerical AOevo phase.
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Fig. 7 Evolution workflow for ηb[1S
(1)
0 ] FFs within the HF-NRevo scheme. The diagram illustrates the two-stage DGLAP

evolution: a semi-analytical EDevo phase, starting from the lowest threshold and valid up to the evolution-ready scale
Q0 = 3mb, where flavor channels are dynamically activated in a stepwise fashion, followed by a numerical AOevo phase.

given their negligible mass differences. Then, the charm-

quark channel is activated at µF,0(c → ηc) = 3mc

(green bar), followed by the bottom-quark threshold

(purple bar). This hierarchical sequence leads up to the

highest scale in the system, µF,0(b→ ηc) = mb + 2mc,

which we identify as the evolution-ready scale, Q0

(marked in bold red in Table 2).

At this point, the numerical AOevo module (center-

left block) takes over and performs an all-order DGLAP

evolution at NLO, acting on the fully active flavor set

and evolving it to higher scales. For this second step, we

make use of the APFEL++ evolution library [216–218],

while future developments will interface symJETHAD

with the EKO framework [219, 220]. The resulting evolved

FFs are finally convoluted with the partonic hard-
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scattering cross section (left block) to yield physical

predictions.

The overall structure of the evolution workflow for

ηb[
1S

(1)
0 ] FFs is analogous to the one discussed for ηc,

and is sketched in Fig. 7. The horizontal axis encodes

the flow from infrared to ultraviolet energy scales (right

to left) and, conversely, from early to late stages of the

fragmentation process (left to right). The rightmost

block corresponds to the NRQCD input, followed by

the semi-analytical EDevo evolution (center-right), the

all-order numerical AOevo evolution (center-left), and

the final convolution with the hard-scattering kernel

(left block). Colored bars indicate the activation of the

g, q̃, c, and b channels, using the same scheme as in

the ηc case.

In this case, the EDevo module starts at the gluon

threshold, µF,0(g → ηb) = 2mb, and proceeds across all
other channels in a flavor-ordered sequence. The light-

quark nonconstituent channel is activated at µF,0(q̃ →
ηb) = mq̃ + 2mb, followed by the charm threshold at

µF,0(c→ ηb) = mc + 2mb. Notably, this configuration

differs from the ηc case in the ordering and spacing

of thresholds, leading to a distinct activation pattern.

The final active channel is the bottom quark itself,

with the evolution-ready scale identified as Q0 = 3mb,

consistently with Table 2. The subsequent AOevo stage,

implemented via the APFEL++ library, performs the all-

order NLO DGLAP evolution up to the hard-scattering
scale.

Finally, among the two sources of FF uncertainty

anticipated earlier—namely, the perturbative MHOUs

from scale variations and the nonperturbative contribu-

tions from LDMEs—we focus in this first study on the

latter. Specifically, we include only the LDME-induced

uncertainties, as detailed in Section 2.1.1. A systematic
strategy for evaluating the perturbative MHOUs asso-

ciated with the SDCs is currently under development

and will be employed in future studies.

Momentum dependence. We now examine the z-

dependence of the NRFF1.0 FFs at NLO, shown in

Figs. 8 and 9 for ηc (left) and ηb (right) pseudoscalar

production. Each panel displays the evolved FFs at
three representative factorization scales, µF = 40, 80,

and 160 GeV, with bands encoding LDME uncertain-

ties.

The gluon and constituent-quark channels are shown

in the upper and lower panels of Fig. 8, respectively.

As expected, heavy-quark FFs exhibit a pronounced

peak in the moderate-z region, around z ≃ 0.6 ÷ 0.8,

reflecting the fact that a large fraction of the con-

stituent quark’s momentum is retained by the final-

state quarkonium [34]. In contrast, gluon-induced FFs

display a broader shape, with a maximum at lower

z and a gentle enhancement toward the low-z region,

due to the larger phase space available for collinear

radiation [24].

We observe a common and clear scale dependence:

increasing µF leads to a moderate suppression in the

bulk region and an enhancement in the low-z tail,

driven by logarithmic scaling violations encoded in
the DGLAP evolution. This behavior is consistent

with previous findings on heavy-flavor and quarkonium

fragmentation [33, 36, 37, 201, 202].

Light-quark (u, shown as a proxy for d and s, see

upper panels of Fig. 9) and nonconstituent heavy-

quark channels (lower panels) exhibit a characteristic

enhancement at small z, followed by a smooth turnover

and rapid suppression as [z → 1]. This behavior reflects

the expected kinematics of fragmentation from noncon-

stituent partons: only a limited fraction of the initial

energy can be retained by the final-state quarkonium,

with the rest dissipated through collinear emissions.

Although globally suppressed compared to con-
stituent channels, these FFs show a pronounced sensi-

tivity to scale evolution. Increasing the factorization

scale µF leads to a marked enhancement of the low-z

region, particularly visible at µF = 160 GeV, consistent

with the accumulation of logarithmic terms ln(1/z) in

the perturbative expansion.

A direct comparison between the [c → ηb] and

[b → ηc] channels reveals an intriguing cross-flavor

asymmetry: while both are suppressed as they do not

contribute to the leading Fock state of the final quarko-

nium, the different mass hierarchies introduce nontriv-

ial variations in both the shape and normalization of

the corresponding FFs.
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At z ≃ 0.05, the fragmentation probability can

increase by a factor of 3 ÷ 5 when evolving from µF =

40 GeV to 160 GeV, depending on the channel. Despite

their small absolute normalization, such growth at

low z, combined with favorable parton luminosities at

small x, may render these channels phenomenologically

relevant in forward production environments.

As a general remark, when comparing charmonium

and bottomonium channels in Figs. 8 and 9, we observe

that the overall shape is preserved across quark flavors,

while the normalization reflects the mass and LDME

hierarchy, leading to systematically smaller values for

ηb FFs. In addition, the uncertainty bands associated

with [b→ ηb] and [g → ηb] channels are visibly broader,

as a direct consequence of the more conservative treat-

ment of nonperturbative inputs in the bottom sector

(see Sec. ??).

Energy dependence. For completeness, in Fig. 10

we display the energy dependence of the NRFF1.0 NLO

FFs for ηc (left panel) and ηb (right panel), multiplied

by z and evaluated at a representative momentum

fraction z = ⟨z⟩ ≃ 4.5 × 10−1. This value is typical in

phenomenological applications involving high-energy

hadron collisions [40, 42, 43, 86, 222, 223]. For clarity,

only the central value of the FFs is shown, with LDME-

induced uncertainties not included in the present visu-
alization.

The gluon FF shows an almost flat behavior with

µF , indicating a radiatively stable evolution across

the full range. This regular pattern aligns with ex-
pectations from timelike DGLAP evolution at fixed

z, where gluon self-splitting dominates at large µF

without inducing significant distortions in the shape
or normalization.

The constituent heavy-quark channels, [c → ηc]

(left) and [b → ηb] (right), lie slightly above or near

the gluon-induced FFs and exhibit a mild logarithmic

growth with µF , driven by positive-valued Pqq splitting

kernels. In contrast, the nonconstituent channels (u(ū),

d(d̄), s(s̄) for both panels, and b(b̄) for ηc or c(c̄) for

ηb) are suppressed by about one order of magnitude

over the full µF spectrum.

Among these, the light-flavor FFs (u, d, s) appear

nearly degenerate and indistinguishable, as expected

from their negligible mass and universal NRQCD in-

put. A more distinctive behavior is seen for the heavy

no-constituent contributions: the [b→ ηc] and [c→ ηb]

FFs are clearly separated from the light-quark plateau

and grow visibly with µF . This trend arises from the

explicit mass dependence of the short-distance coef-

ficients, which account not only for the fragmenting-

quark mass but also for that of the constituent heavy

quark within the bound state. Although this effect

is negligible for mu,d,s ≪ mQ, it becomes significant

when both masses are heavy, especially for the [b→ ηc]

channel.

An overall feature emerging from Fig. 10 is the

smoothness and radiative stability of the evolution

profiles across all flavors. Such regular behavior, al-

ready observed in studies of heavy-light mesons [222],

vector quarkonia [40], Bc-like systems [42], and exotic

hadrons [199, 201, 202, 215], enhances the theoreti-

cal predictivity of the fragmentation framework. In

particular, the NRFF1.0 FFs for pseudoscalar quarko-

nia inherit the same natural-stabilization properties

that are crucial for precision applications, especially

when controlling the impact of scale uncertainties in

high-energy observables.

2.2 HCFF1.0: FFs for singly charmed hadrons

We describe the production of a singly charmed hadron,

Hc, in terms of a new NLO collinear FF parameteriza-

tion, called HCFF1.0, which we have built in LHAPDF for-

mat [224]. The HCFF1.0 set was obtained by combining

the output of KKKS08 NLO FFs for D mesons [225, 226],

together with the output of KKSS19 NLO FFs for Λc

baryons [227]. Vice versa, the production of a singly

bottomed hadron, Hb, is portrayed by KKSS07 NLO

FFs [228, 229]. The latters encode both the heavy-light,

noncharmed B-meson and the Λb channels.

All these FF determinations were provided by the

same collaboration and they share the same extraction

technology. While the interested reader will find tech-

nical details in the corresponding references, we limit

ourselves to say that these VFNS functions mainly rely

upon Bowler [136], Peterson [137], or power-like [230]

based initial-scale inputs for heavy-quark species, while

light quarks are generated by DGLAP evolution.
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Fig. 8 z-dependence of the NRFF1.0 NLO FFs [221] for ηc[1S
(1)
0 ] (left) and ηb[1S

(1)
0 ] (right) production at µF = 40, 80, and

160 GeV. The upper (lower) panels show the gluon (constituent heavy-quark) fragmentation channel. The shaded bands
represent the uncertainty associated with the LDMEs.

Plots of Fig. 11 illustrate the µF -behavior of NLO

functions for D±, D0(D̄0), D∗±, and Λ±
c particles, at

z ≡ ⟨z⟩ ≃ 4.5×10−1. Starting from them, the HCFF1.0

NLO set was constructed. Left (right) plot of Fig. 12

exhibits µF -trend of HCFF1.0 (KKSS07) functions de-

scribing the collinear emission of a Hc (Hb) hadron.

As already discussed in our previous studies [222, 223],
and in analogy to our findings for pseudoscalar quarko-

nia (see Section 2.1.5), we remark that the smooth-

behaved, nondecreasing pattern of the [g → Hc] func-

tion, as well as the moderately increasing one of the

[g → Hb] one, represent the key ingredient for the

natural stability [184] of the high-energy resummation

via heavy-hadron fragmentation [231–233].

3 Theoretical setup: High-energy resummation

Section 3.1 begins with a brief survey of recent phe-

nomenological developments aimed at understanding

QCD dynamics in the semihard regime. Section 3.2

then introduces the NLL/NLO+ HyF formalism and
describes its application to the semi-inclusive produc-



22

0.0 0.2 0.4 0.6 0.8 1.0

z

0.0

0.5

1.0

1.5

2.0

z
D
η
c
u

(z
,
µ
F
)

×10−4

|Rηc(0)|2 = (0.810 ± 0.052) GeV3

JETHAD v0.5.5

[u→ ηc] fragmentation channel

NRFF1.0_cs_nlo

µF = 40 GeV

µF = 80 GeV

µF = 160 GeV

0.0 0.2 0.4 0.6 0.8 1.0

z

0.00

0.25

0.50

0.75

1.00

z
D
η
b
u

(z
,
µ
F
)

×10−5

|Rηb(0)|2 = (6.477 ± 0.836) GeV3

JETHAD v0.5.5

[u→ ηb] fragmentation channel

NRFF1.0_cs_nlo

µF = 40 GeV

µF = 80 GeV

µF = 160 GeV

0.0 0.2 0.4 0.6 0.8 1.0

z

0.0

0.5

1.0

1.5

2.0

z
D
η
c

b
(z
,
µ
F
)

×10−4

|Rηc(0)|2 = (0.810 ± 0.052) GeV3

JETHAD v0.5.5

[b→ ηc] fragmentation channel

NRFF1.0_cs_nlo

µF = 40 GeV

µF = 80 GeV

µF = 160 GeV

0.0 0.2 0.4 0.6 0.8 1.0

z

0.00

0.25

0.50

0.75

1.00

z
D
η
b
c

(z
,
µ
F
)

×10−5

|Rηb(0)|2 = (6.477 ± 0.836) GeV3

JETHAD v0.5.5

[c→ ηb] fragmentation channel

NRFF1.0_cs_nlo

µF = 40 GeV

µF = 80 GeV

µF = 160 GeV

Fig. 9 z-dependence of the NRFF1.0 NLO FFs [221] for ηc[1S
(1)
0 ] (left) and ηb[1S

(1)
0 ] (right) production at µF = 40, 80, and

160 GeV. The upper (lower) panels show the up-quark (nonconstituent heavy-quark) fragmentation channel. The shaded
bands represent the uncertainty associated with the LDMEs.

tion of a pseudoscalar quarkonium state accompanied

by a jet in hadronic collisions.

3.1 Semihard processes: A brief review

Heavy-flavored hadron production offers valuable in-

sight into the high-energy behavior of QCD, partic-

ularly in regimes where large logarithms in energy

challenge the reliability of fixed-order perturbation

theory. The Balitsky-Fadin-Kuraev-Lipatov (BFKL)

framework [234–236] addresses this issue by resum-

ming energy logarithms to all orders, including both

leading-logarithmic (LL) terms of the form [αn
s (ln s)n

and NLL corrections [αn
s (ln s)n−1.

Within BFKL, cross sections are calculated through

transverse momentum convolutions involving a univer-

sal NLO Green’s function and process-specific emission

functions, often referred to as forward impact factors.

These functions incorporate collinear elements like par-

ton distribution functions (PDFs) and FFs, resulting
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Fig. 10 Factorization-scale dependence, at z ≡ ⟨z⟩ ≃ 4.5× 10−1, of NRFF1.0 NLO FFs [221] depicting ηc[1S
(1)
0 ] (left) and

ηb[1S
(1)
0 ] (right) pseudoscalar quarkonium production. For simplicity, the analysis is performed using only the central value

of the LDMEs.

in a hybrid factorization scheme, named HyF, that

blends high-energy and collinear QCD dynamics.

Over the years, the HyF formalism has been ap-

plied to a wide range of processes, such as Mueller-

Navelet jets at NLO [237–246], dihadron [87, 243, 247–

249] and hadron-jet systems [86, 249–254], multijet

configurations [243, 255–258], forward Higgs produc-

tion [253, 259–270], Drell-Yan processes [271, 272], and

heavy-flavor observables [40–43, 95, 184, 222, 223, 231,

273, 274].

Forward production observables have offered a win-

dow into small-x gluon dynamics via the unintegrated

gluon distribution (UGD), with key measurements at

HERA [275–282] and prospects at the EIC [281, 283–

286]. These developments have also enabled the con-

struction of energy-resummed PDFs [287–292] and

small-x resummed transverse-momentum-dependent

(TMD) distributions [293–303].

In heavy-hadron emissions, observables such as

Λc [222] and b-hadron production [223] have revealed

effective strategies to address the issue of unnatural

scales that often affect semihard processes. Unlike their

light-flavored counterparts, which exhibit enhanced

sensitivity to threshold effects and large NLL correc-

tions [86, 250], heavy-flavored hadrons tend to exhibit

a natural stabilization pattern [184], driven by collinear

fragmentation within a variable-flavor number scheme

(VFNS).

This behavior has inspired the development of

VFNS FFs grounded in NRQCD-based initial con-

ditions [24, 34, 35, 177–183], spanning a wide range of

final states—from vector quarkonia [40, 41] to heav-

ier mesons like Bc(
1S0) and Bc(

3S1) [42, 43]. This

stabilization pattern has paved the way for new inves-

tigations into rare exotic hadrons, supporting leading-

power-fragmentation studies into triply heavy baryons

[304], doubly and fully heavy tetraquarks [199–202,

215], and five-quark configurations such as pentacharm

states [203].

3.2 HyF distributions at NLL/NLO+

The reaction under scrutiny is

p(P1) + p(P2) → ηQ(q1, y1, φ1) + X + P(q2, y2, φ2) ,

(16)

where p(P1,2) denotes an incoming proton with mo-

mentum P1,2, ηQ(q1, y1, φ1) represents a pseudoscalar

quarkonium (ηc or ηb) produced with momentum q1
and rapidity y1, P(q2, y2, φ2) inclusively refers to a

singly heavy flavored hadron HQ (Hc or Hb) or a

jet emitted with momentum q2 and rapidity y2, and
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u(ū)

s(s̄)

c(c̄)/30

b(b̄)/30

1023× 1014× 101 6× 101 2× 102

µF [GeV]

10−5

10−4

10−3

10−2

10−1

z
D
i
(z
,
µ
F

)

JETHAD v0.5.5

Λ±c baryon VFNS FFs

z = 0.45; KKSS19 FFs
g

d(d̄)

u(ū)
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Fig. 11 Factorization-scale dependence, at z ≡ ⟨z⟩ ≃ 4.5× 10−1, of KKKS08 NLO FFs [225, 226] depicting D± (upper left),
D0(D̄0) (upper right), and D∗± (lower left) meson emissions, and of KKSS19 NLO FFs [227] describing Λ±

c baryon production
(lower right).

accounts for all undetected final-state particles. The

azimuthal angle distance between ηQ and P is φ =

φ1 − φ2. By Hc, we consider an inclusive hadron state

comprising the sum over fragmentation channels into

singly charmed mesons (D±, D0, and D∗±) as well

as Λ±
c hyperons. Similarly, Hb denotes an inclusive

configuration involving noncharmed B mesons and Λ0
b

baryons [223].

To ensure a semihard diffractive configuration in

the final state, the observed transverse momenta |q⃗T1,2
|

must be large, and a sizable rapidity separation, ∆Y =

y1 − y2, is required. Additionally, the transverse mo-

mentum ranges must be sufficiently high to justify a

description of the quarkonium production mechanism

in terms of single-parton VFNS collinear fragmenta-

tion.

The momenta of the incoming protons are taken as
Sudakov vectors satisfying the relations P 2

1 = P 2
2 = 0

and 2(P1 ·P2) = s. The four-momenta of the final-state

particles can then be decomposed as

q1,2 = x1,2 P1,2 −
q21,2⊥
x1,2s

P2,1 + q1,2⊥ , (17)
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Fig. 12 Factorization-scale dependence, at z ≡ ⟨z⟩ ≃ 4.5× 10−1, of HCFF1.0 NLO FFs depicting Hc hadron emission (left),
and of KKSS07 NLO FFs [228, 229] describing Hb hadron production (right).

with q21,2⊥ ≡ −q⃗ 2
T1,2

, and the longitudinal momentum

fractions of the outgoing particles, x1,2, being related

to their rapidities via y1,2 = ± ln(x1,2
√
s/|q⃗T1,2

|). This

implies dy1,2 = ±dx1,2/x1,2, and the rapidity separa-

tion is given by

∆Y = y1 − y2 ≡ ln
x1x2s

|q⃗T1 ||q⃗T2 |
. (18)

Within the pure collinear factorization framework,

the differential LO cross section for the two-hadron

process [ηQ+HQ in the left diagram of Fig. (13) can be

expressed as a one-dimensional convolution involving

the partonic hard-scattering factor, the proton PDFs,

the ηQ FFs and the HQ ones. One has

dσ
[pp→ ηQ + jet]

LO [collinear]

dx1dx2d2q⃗T1d2q⃗T2

=
∑

i,j=q,q̄,g

∫ 1

0

dxa

∫ 1

0

dxb fi (xa) fj (xb)

×
∫ 1

x1

dξ1
ξ1

D
ηQ

i

(
x1
ξ1

)∫ 2

x1

dξ2
ξ2

D
HQ

j

(
x2
ξ2

)
× dσ̂i,j (ŝ)

dx1dx2d2q⃗T1
d2q⃗T2

, (19)

where the indices i and j run over all parton types, ex-

cluding the (anti)top quark, which does not hadronize.

Here, fi,j(x1,2, µF ) are the proton PDFs. Moreover,

D
ηQ,HQ

i,j (x1,2/ξ1,2 ≡ z1,2, µF ) denotes ηQ or HQ FFs.

The quantities x1,2 and ξ1,2 are the longitudinal mo-

mentum fractions of the incoming and fragmenting

partons, respectively, while dσ̂ij is the partonic cross

section.

Analogously, the differential LO cross section for

the single-hadron process [ηQ + jet in the right diagram

of Fig. (13) reads as a one-dimensional convolution

partonic hard-scattering factor, the proton PDFs and

the ηQ FFs. One writes

dσ
[pp→ ηQ+HQ]

LO [collinear]

dx1dx2d2q⃗T1
d2q⃗T2

=
∑

i,j=q,q̄,g

∫ 1

0

dxa

∫ 1

0

dxb fi (xa) fj (xb)

×
∫ 1

x1

dξ

ξ
D

ηQ

i

(
x1
ξ

)
dσ̂i,j (ŝ)

dx1dx2d2q⃗T1
d2q⃗T2

. (20)

For brevity, the explicit dependence on the factoriza-

tion scale µF is omitted.

In our HyF framework, which combines high-energy

and collinear factorization, the differential cross section

is formulated as a transverse momentum convolution

involving the BFKL Green’s function and two singly

off-shell impact factors. The cross section is expressed

in terms of a Fourier expansion over azimuthal-angle

coefficients, Cn≥ 0, as follows

(2π)2 dσ

dy1dy2d|q⃗T1 |d|q⃗T2 |dφ1dφ2
=

[
C0 + 2

∞∑
n=1

cos(nφ) Cn
]
,

(21)
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Fig. 13 Hybrid factorization for the semi-inclusive hadroproduction of a ηc,b quarkonium accompanied by a Hc,b hadron
(left) or a light jet (right). Blues oval and orange squares respectively represent ηc,b and Hc,b collinear FFs, while gray
arrows portray jet emissions. Red ovals depict parent-proton collinear PDFs. The BFKL Green’s function (turquoise blob) is
connected to the two singly off-shell emission functions by waggle Reggeon lines.

where φ ≡ φ1 − φ2 − π. In the MS renormalization

scheme [305], and using the HyF formalism, the az-

imuthal coefficients read

CNLL/NLO+

n =
e∆Y

s

∫ +∞

−∞
dν e∆Y ᾱs(µR)χNLO(n,ν) (22)

×α2
s(µR)

{
ENLO
1 (n, ν, |q⃗T1

|, x1)[ENLO
2 (n, ν, |q⃗T2

|, x2)]∗

+α2
s(µR)∆Y

β0
4π
χ(n, ν)

[
ln (|q⃗T1

||q⃗T2
|)+

i

2

d

dν
ln

E1
E∗
2

]}
.

In this formula, ᾱs(µR) ≡ αs(µR)Nc/π is the QCD

running coupling and β0 = 11Nc/3− 2nf/3 is the first

coefficient of the QCD β-function. We employ a two-

loop evolution for the coupling, with αs(mZ) = 0.118

and a dynamic number of active flavors nf .

The high-energy kernel exponentiated in Eq. (22)

resums energy logarithms at LL and NLL:

χNLO(n, ν) = χ(n, ν) + ᾱsχ̂(n, ν) , (23)

where χ(n, ν) is the eigenvalue of the LO BFKL kernel

χ (n, ν) = −2γE − 2 Re

{
ψ

(
1 + n

2
+ iν

)}
, (24)

with γE denoting the Euler-Mascheroni constant, and

ψ(z) ≡ Γ ′(z)/Γ (z) being the digamma function. The

term χ̂(n, ν) in Eq. (23) encodes the NLO correction
to the BFKL kernel

χ̂ (n, ν) = χ̄(n, ν) +
β0

8Nc
χ(n, ν) (25)

×
{
χ(n, ν) +

10

3
+ 2 ln

[
µ2
R/(|q⃗T1

||q⃗T2
|)
]}

,

where χ̄(n, ν) is the characteristic NLO correction func-

tion [306].

The two functions

ENLO
1,2 (n, ν, |q⃗T1,2 |, x1,2) = E1,2 + αs(µR) Ê1,2 (26)

represent the NLO impact factors the depicting the for-

ward or backward emission of the final-state particles.

These emission functions are computed in Mellin space

and projected onto the eigenfunctions of the LO. For

the production of ηQ and HQ hadrons, we employ the

NLO result from Ref. [307]. Although originally derived

for light-flavored hadrons, this expression is compatible

with our VFNS description of heavy baryons, provided

that the transverse momenta exceed the heavy-quark

thresholds relevant for DGLAP evolution.
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At LO, the hadron impact factor reads

EH(n, ν, |q⃗T1
|, x) = δc |q⃗T1

|2iν−1

∫ 1

x

dξ

ξ
x̂1−2iν

×
[
ρcfg(ξ)DH

g (x̂)
∑
i=q,q̄

+fi(ξ)D
H
i (x̂)

]
,

(27)

where x̂ = x/ξ, δc = 2
√
CF /CA, and ρc = CA/CF .

Here, CF = (N2
c − 1)/(2Nc) and CA = Nc are the

usual QCD Casimir operators, corresponding to gluon

emissions from quarks and gluons, respectively. The

full expression for ENLO
H can be found in Ref. [307].

The LO emission function for the jet reads

EJ(n, ν, |q⃗T2
|, x) = δc |q⃗T2

|2iν−1

×
[
ρcfg(x)

∑
j=q,q̄

fj(x)
]
. (28)

The NLO correction to the jet impact factor was cal-

culated in Refs. [307, 308] and has been adapted for

numerical implementation. It relies on a small-cone

approximation for jet definition [309, 310], using a

cone-type jet algorithm as outlined in Ref. [239].

Equations (22),(27), and(28) illustrate the structure

of our hybrid high-energy and collinear factorization

framework. Within this approach, the cross section

is formulated through the BFKL formalism, with the

Green’s function and the emission functions serving

as the principal components. The Green’s function

governs the resummation of large logarithmic contribu-

tions arising in the high-energy limit, while the emis-

sion functions encode the parton distribution functions
(PDFs) and FFs, thereby linking collinear factorization

with high-energy dynamics.

The ‘+’ superscript in CNLL/NLO+

n denotes that the

expression for the azimuthal coefficients in Eq. (22) in-

cludes corrections that go beyond strict next-to-leading

logarithmic (NLL) accuracy. These refinements orig-

inate from two primary sources: the exponentiation

of NLO corrections to the BFKL kernel and the con-

tributions arising from the NLO terms in the impact

factors. Consequently, the resulting azimuthal coeffi-

cients offer a more accurate and detailed description

of the dynamics, incorporating subtle effects that are

crucial for precision predictions in processes sensitive

to both high-energy and collinear logarithms.

By neglecting all NLO contributions in Eq. (22),

one recovers the pure LL limit of the azimuthal coeffi-

cients. In this regime, the expression becomes

CLL/LO
n =

e∆Y

s

∫ +∞

−∞
dν e∆Y ᾱs(µR)χ(n,ν)

× α2
s(µR) E1(n, ν, |q⃗T1

|, x1)[E2(n, ν, |q⃗T2
|, x2)]∗ .

(29)

In our notation, the NLL/NLO(+) label indicates

the perturbative accuracy of the BFKL kernel used

in resumming high-energy logarithms. As mentioned

earlier, the LL/LO level corresponds to resumming

all terms [αn
s (ln s)n using the LO kernel, while the

NLL/NLO(+) level accounts for next-to-leading terms

[αn
s (ln s)n−1 via the NLO kernel. This kernel is convo-

luted with process-specific impact factors, computed

at LO or NLO to match the fixed-order accuracy of the

observable. Focusing on the kernel accuracy provides

a universal prescription that avoids ambiguities from

process-dependent variations in the impact factors,

whose leading αs behavior can differ—for instance,

between Higgs and jet or hadron production [262].

To enable a meaningful comparison between high-

energy resummed predictions and those obtained from

purely collinear, DGLAP-inspired frameworks, it is

essential to evaluate observables in both our hybrid

factorization formalism and fixed-order approaches.

However, current computational limitations prevent

the evaluation of fixed-order distributions at NLO accu-

racy for inclusive semihard hadron-plus-jet production.

To overcome this constraint and quantify the effects

of high-energy resummation relative to DGLAP-based

predictions, we adopt an alternative methodology.

Our approach—originally introduced for the study
of azimuthal correlations in Mueller-Navelet [240, 241]

and hadron-jet [86] configurations—relies on truncat-

ing the high-energy series expansion at the NLO level.

This allows us to emulate how high-energy dynamics

would manifest within a purely fixed-order context. In

particular, we truncate the azimuthal coefficients at

O(α3
s), thereby constructing a high-energy fixed-order

approximation, denoted HE-NLO+. This scheme offers

a practical means to assess the role of BFKL resumma-

tion by contrasting it with its fixed-order counterpart

in the high-energy domain. The HE-NLO+ azimuthal

coefficients, computed within the MS scheme, take the
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form

CHE-NLO+

n =
e∆Y

s

∫ +∞

−∞
dν α2

s(µR)

× [1 + ᾱs(µR)∆Y χ(n, ν)] (30)

× ENLO
1 (n, ν, |q⃗T1 |, x1)[ENLO

2 (n, ν, |q⃗T2 |, x2)]∗ .

In our analysis, the factorization and renormaliza-

tion scales are set to natural values dictated by the kine-

matics of the final state. Specifically, we adopt µF =

µR ≡ µN , where the natural scale is defined as µN ≡
m1,⊥ +m2,⊥|. Here, mηQ,HQ,⊥ =

√
m2

ηQ,HQ
+ |q⃗T1,2|2

represents the transverse mass of the detected hadron,

with: mηc = 2.9834 GeV, mηb
= 9.3909 GeV, mHc ≡

mΛ±
c

= 2.28646 GeV, and mHb
≡ mΛ0

b
= 5.6202 GeV.

The transverse mass of the jet coincides with its trans-

verse momentum, |q⃗T2 |.
While two-particle emission naturally introduces

distinct energy scales for each final-state object, we

simplify the calculation by consolidating them into a

single reference scale, µN . This prescription—defined

as the sum of the transverse masses—aligns with widely

adopted strategies in precision QCD studies and im-

plementations [311–313], allowing for a consistent com-

parison with predictions from other approaches.

To explore the impact of MHOUs, we perform a

scale variation analysis by independently varying µF

and µR over the range µN/2 to 2µN , controlled by the

scale factor Cµ. This enables us to gauge the theoretical

uncertainty and assess the sensitivity of our predictions

to the choice of scales.

4 Phenomenological analysis

All numerical results shown in this work were obtained

using the multimodular JETHAD interface, developed

in Python and Fortran [41, 86–89].

Incoming protons are described in terms of collinear

PDFs as provided by the novel NNPDF4.0 NLO determi-

nation [314, 315]. This PDF set was obtained by means

of global fits and through the Monte-Carlo replica

method, introduced in Ref. [316] in the context of

neural-network analyses. In principle, a potentially rel-

evant source of uncertainty comes from the choice of dif-

ferent PDFs, as well as different replica members inside

the same set.2 It was shown, however, that the choice

of distinct PDF parametrizations or members does not

generate any relevant uncertainty [86, 87, 223, 250]).

Therefore, we make use of just the central member

the NNPDF4.0 set, and we will focus on other relevant

sources of uncertainties, as explained hereafter.

Shaded bands in the plots represent the combined

effect of MHOUs, LDME variations, and numerical

uncertainties from multidimensional integrations, the

latter kept consistently below 1% by the JETHAD inte-

gration routines. We set the center-of-mass energy at

set to
√
s = 13 TeV.

4.1 Rapidity distributions

The first observable examined in our phenomenological

analysis is the rapidity distribution, that is, the cross

section differential with respect to the rapidity interval

∆Y ≡ y1 − y2 between the two outgoing objects

dσ(∆Y, s)

d∆Y
=

∫ ymax
1

ymin
1

dy1

∫ ymax
2

ymin
2

dy2 δ(∆Y − (y1 − y2))

×
∫ |q⃗T1

|max

|q⃗T1
|min

d|q⃗T1
|
∫ |q⃗T2

|max

|q⃗T2
|min

d|q⃗T2
| C[level]

0 ,

(31)

where C0 denotes the φ-summed angular coefficient

defined in Section 3.2. The superscript ‘[level]’ identifies

the perturbative precision used in the calculation, i.e.,

NLL/NLO+, LL/LO, or HE-NLO+.

The transverse momentum range for the quarko-

nium spans from 60 to 120 GeV, while that for the

singly heavy hadron (jet) extends from 30 (50) to

120 GeV. These intervals are consistent with current

and forthcoming LHC analyses involving hadrons and

jets [318, 319]. The adoption of asymmetric trans-

verse momentum windows is expected to magnify high-

energy resummation effects relative to the fixed-order

background [86, 240, 241].

2We refer to Ref. [317] for a comprehensive discussion on
ambiguities in the correlations among different PDF deter-
minations.
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Our choice of rapidity coverage follows the experi-

mental constraints adopted in ongoing LHC measure-

ments. Hadrons are assumed to be detected in the

barrel calorimeter region, as in the CMS setup [320],

restricting their rapidities to be within the interval

between −2.5 and +2.5. Jets, which can also be re-

constructed in the endcap regions [318], are allowed a

broader rapidity range of |y2| < 4.7.

Figures 14 and 15 show the rapidity distributions

for the semi-inclusive hadroproduction of pseudoscalar

quarkonia, either ηc or ηb, in association with a singly

heavy-flavored hadron (HQ) or a light jet, respec-

tively. Left (right) panels correspond to ηc (ηb) pro-

duction. Ancillary panels below the main plots display

the ratio of LL/LO and HE-NLO+ predictions to the

NLL/NLO+ baseline.

All distributions exhibit a marked decrease as ∆Y
increases, with cross section values spanning two to

three orders of magnitude. This suppression reflects

the lower probability of producing two hard final-state

objects at large rapidity separation, resulting from the

interplay between two competing effects: While BFKL

dynamics leads to a growth with energy at the partonic

level, this trend is mitigated by the convolution with

collinear PDFs and FFs in the impact factors, which

uniformly dampen the rise.

A notable aspect of our results is the pronounced

stability of the predictions against theoretical uncer-

tainties. At NLL/NLO+ accuracy, uncertainty bands
from MHOUs, LDMEs, and multidimensional integra-

tion remain tightly constrained throughout the ∆Y

spectrum. Furthermore, the NLL/NLO+ bands are

almost entirely nested within the LL/LO ones—par-

ticularly in the [ηQ + HQ channel, where both final

states originate from heavy-flavor fragmentation.

This dual-fragmentation scenario enhances the sta-
bilizing role of the collinear framework, underscoring

how heavy-quark thresholds and DGLAP evolution
act as intrinsic regulators of high-energy logarithmic

behavior. The impact of NLL/NLO+ corrections rela-

tive to LL/LO predictions is typically limited to 10%

or less and becomes even milder at large ∆Y , where

BFKL resummation is expected to dominate.

The behavior of the LL/LO to NLL/NLO+ ratio

further confirms this picture. In both channels, the

ratio approaches unity as ∆Y increases, signaling the

stabilizing role of NLL resummation. This convergence

is more rapid and uniform in the double heavy-hadron

case (see Fig. 14), once again demonstrating that dual

heavy-flavor fragmentation suppresses the influence of

subleading contributions.

This emerging pattern exemplifies the natural sta-

bility [184] observed in high-energy QCD observables

involving heavy-flavor production. As noted in previous

studies on ordinary heavy hadrons[40, 42, 43, 222, 223,

268] and exotic matter [199–203, 215], the presence

of heavy-flavored FFs—especially in both emission

functions—naturally suppresses logarithmic instabili-

ties and reduces perturbative sensitivity. This makes

[ηQ + HQ production one of the most reliable chan-

nels to study BFKL-resummed dynamics in collider

environments.

Closer examination of the ancillary plots in Figs. 14

and 15 reveals that the discriminating power of ∆Y

distributions is comparatively modest, especially when

contrasted with that of transverse momentum observ-

ables (see Section 4.3). In both [ηQ +HQ and [ηQ + jet

configurations, the HE-NLO+ to NLL/NLO+ ratio re-

mains within a narrow range around unity, showing

deviations no larger than 20This confirms that ∆Y dis-

tributions are generally less sensitive to resummation

structures due to their reduced response to logarithmic

enhancements.

This behavior is not surprising. It aligns with ear-
lier findings in high-energy QCD involving final-state

heavy-flavor fragmentation [42, 43, 87, 201, 202], where

the smoothness of the emission functions and the

collinear robustness of the FF inputs suppress the

contrast between fixed-order and resummed predic-

tions.

A notable exception to this trend was found in the
study of rare baryon production, where the [Ω3c + jet

channel exhibited a surprisingly high discriminating
power even in ∆Y distributions [304]. This remains an

open topic of investigation and may be linked to the

unique interplay between multi-heavy-quark fragmen-

tation and high-energy effects in the semihard regime.
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Fig. 14 Rapidity distributions for the semi-inclusive hadroproduction of an ηc (left) or ηb (right) meson in association with
a heavy-light hadron, Hc or Hb, respectively, at

√
s = 13 TeV. Shaded bands in the main panels represent the combined

uncertainty from MHOUs, LDMEs, and multidimensional phase-space integration. The ancillary panels below the main plots
show the ratio of LL/LO and HE-NLO+ predictions to NLL/NLO+, with bands capturing MHOUs only.
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Fig. 15 Rapidity distributions for the semi-inclusive hadroproduction of an ηc (left) or ηb (right) meson in association with
jet, at

√
s = 13 TeV. The shaded bands in the main panels represent the combined uncertainty from MHOUs, LDMEs, and

multidimensional phase-space integration. The ancillary panels below the main plots display the ratio of the LL/LO and
HE-NLO+ predictions to the NLL/NLO+ result, with bands capturing MHOUs only.

4.2 Angular multiplicities

The second key observable in our investigation is the

angular distribution. We analyze the following normal-

ized multiplicities

1

σ

dσ(φ, s)

dφ
=

1

2π
+

1

π

∞∑
n=1

⟨cos(nφ)⟩ cos(nφ) , (32)
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where φ = φ1−φ2−π, and the mean values ⟨cos(nφ)⟩ =

C
[level]
n /C

[level]
0 are the azimuthal-correlation moments.

Here, C
[level]
n≥0 are the azimuthal coefficients integrated

over the full rapidity and transverse momentum ranges

described in Section 4.1, and integrated over fixed

bins of ∆Y . For simplicity, we restrict our analysis to

the quarkonium plus jet channel (Fig. (13), right dia-

gram), considering the same rapidity intervals adopted

throughout, namely |y1| < 2.5 for the ηQ and |y2| < 4.7

for the jet.

Originally introduced to study the azimuthal decor-

relation of light two-jet systems [321], these angular

multiplicities have emerged as highly promising ob-

servables for exploring high-energy QCD dynamics.

They carry information from all azimuthal harmonics

and provide a robust probe of the underlying partonic

structure.

Moreover, their differential form in φ is particu-

larly advantageous for experimental studies, as it fa-

cilitates direct comparison with data from detectors
that may not have uniform acceptance over the full

azimuthal range (2π). A recent study on double-jet

multiplicities revealed two notable benefits [245]. First,

it helps mitigate longstanding issues in modeling light-

flavored final states at natural energy scales. Second,

it improves agreement with the CMS measurements at√
s = 7 TeV [318].

Predictions
√
s = 13 TeV and within NLL/NLO+

accuracy (see upper panels of Fig.16) are compared to

those computed at LL/LO accuracy (see lower panels

of Fig. 16). The left and right columns correspond to

emissions of pseudoscalar charmonium and bottomo-

nium, respectively. The rapidity difference ∆Y is var-

ied within the range of three to six units, and results

are presented for two representative, nonoverlapping

unit-length bins. By definition, the azimuthal distribu-

tions described by Eq. (32) are symmetric under the

transformation φ → −φ. As a result, we display the

distributions only in the interval 0 < φ < π. For easier

comparison with future measurements, distributions

are computed as averages over uniform φ bins.

Our multiplicity distributions feature a pronounced

peak around φ = 0, which corresponds kinematically

to configurations in which the detected particles are

nearly back-to-back. This peak is most prominent in

the lowest rapidity-difference interval, 3 < ∆Y < 4.

As ∆Y increases, the height of the peak gradually de-

creases. This behavior signals the growing relevance of

high-energy dynamics in the large ∆Y regime. In this

domain, the contribution of secondary gluon emissions,

effectively described our high-energy resummation, be-

comes increasingly significant. As a result, the number

of nearly back-to-back events is reduced, leading to

a progressive weakening of the azimuthal correlation

between the two final-state particles.

This progressive flattening of the distribution with

increasing∆Y reflects the onset of gluon-induced decor-

relation effects. The qualitative similarity between the

ηc and ηb panels confirms that the trend is primar-

ily driven by kinematics and resummation dynamics,

rather than by the mass or flavor of the quarkonium.

4.3 Transverse momentum distributions

Although rapidity and angular distributions are key to

exploring high-energy QCD effects, they do not fully

capture dynamics in regimes where additional loga-

rithmic enhancements arise. In particular, when the

detected particles carry large transverse momenta or

exhibit a strong momentum imbalance, one encounters

enhanced collinear DGLAP logarithms and soft thresh-

old logarithms [322–341]. These logarithmic structures,

unrelated to those resummed at high energy, demand

a dedicated resummation strategy.

Performing a joint resummation of threshold and

high-energy logarithms remains a complex task. In

inclusive Higgs production via gluon fusion, a break-

through came from isolating small- and large-x loga-

rithms in Mellin space [342], enabling separate resum-

mation of the small-N and large-N contributions [343,

344]. However, the semi-inclusive and rapidity-sensitive

nature of our observables prevents us from apply-

ing this method directly, and a unified resummation

scheme is still lacking.

Conversely, in the low transverse momentum region,

Sudakov logarithms become large and fall outside the

scope of hybrid factorization. Here, a significant influ-

ence is also expected from the so-called diffusion pat-

tern [345–347]. The most reliable technique to resum



32

0 π

4

π

2

3π

4

π

ϕ = ϕ1 − ϕ2 − π

0.0

0.5

1.0

1.5

2.0

d
σ

(ϕ
,
s
)

σ
d
ϕ

60 < |~qT1
|/GeV < 120

50 < |~qT2
|/GeV < 120

|y1| < 2.5 ; |y2| < 4.7
√
s = 13 TeV

NNPDF4.0_nlo + NRFF1.0_cs_nlo

JETHAD v0.5.5

p(P1) + p(P2)→ ηc(|~qT1
|, y1) + X + jet(|~qT2

|, y2)

NLL/NLO+

3 < ∆Y < 4

5 < ∆Y < 6

0 π

4

π

2

3π

4

π

ϕ = ϕ1 − ϕ2 − π

0.0

0.5

1.0

1.5

2.0

d
σ

(ϕ
,
s
)

σ
d
ϕ

60 < |~qT1
|/GeV < 120

50 < |~qT2
|/GeV < 120

|y1| < 2.5 ; |y2| < 4.7
√
s = 13 TeV

NNPDF4.0_nlo + NRFF1.0_cs_nlo

JETHAD v0.5.5

p(P1) + p(P2)→ ηb(|~qT1
|, y1) + X + jet(|~qT2

|, y2)

NLL/NLO+

3 < ∆Y < 4

5 < ∆Y < 6

0 π

4

π

2

3π

4

π

ϕ = ϕ1 − ϕ2 − π

0.0

0.5

1.0

1.5

2.0

d
σ

(ϕ
,
s
)

σ
d
ϕ

60 < |~qT1
|/GeV < 120

50 < |~qT2
|/GeV < 120

|y1| < 2.5 ; |y2| < 4.7
√
s = 13 TeV

NNPDF4.0_nlo + NRFF1.0_cs_nlo

JETHAD v0.5.5

p(P1) + p(P2)→ ηc(|~qT1
|, y1) + X + jet(|~qT2

|, y2)

LL/LO

3 < ∆Y < 4

5 < ∆Y < 6

0 π

4

π

2

3π

4

π

ϕ = ϕ1 − ϕ2 − π

0.0

0.5

1.0

1.5

2.0
d
σ

(ϕ
,
s
)

σ
d
ϕ

60 < |~qT1
|/GeV < 120

50 < |~qT2
|/GeV < 120

|y1| < 2.5 ; |y2| < 4.7
√
s = 13 TeV

NNPDF4.0_nlo + NRFF1.0_cs_nlo

JETHAD v0.5.5

p(P1) + p(P2)→ ηb(|~qT1
|, y1) + X + jet(|~qT2

|, y2)

LL/LO

3 < ∆Y < 4

5 < ∆Y < 6

Fig. 16 Angular multiplicities for the semi-inclusive hadroproduction of an ηc (left) or ηb (right) meson in association with
jet, at

√
s = 13 TeV. Predictions in the upper (lower) plots are computed at NLL/NLO+ (LL/LO) accuracy within the

hybrid factorization framework. The shaded bands in the main panels represent the combined uncertainty from MHOUs and
multidimensional phase-space integration.

these effects is the transverse momentum resummation

framework [348–355].

Semi-inclusive final states involving two tagged par-

ticles in hadronic collisions, such as photon pairs [356–

359], Higgs [360], W± bosons [361], or combinations

like Higgs plus jet [362, 363] and Z plus photon [364],

are valuable for probing transverse momentum resum-

mation mechanisms. Recent studies achieved third-

order resummation in Drell-Yan and Higgs channels

[365–371], and Ref. [362] performed joint resummation

of transverse logarithms for Higgs plus jet observables

using RadISH [369]. Analogous distributions were exam-

ined for W+W− leptonic decays at the LHC in [372].

Complications arise when heavy-flavor observables

are involved. As the transverse momentum of a heavy

hadron decreases, its transverse mass approaches the

quark-mass thresholds that control the DGLAP evolu-

tion. This undermines the reliability of purely variable-

flavor-number schemes, especially near or below thresh-

old.

To explore synergies between the NLL/NLO+ hy-

brid formalism and other resummation strategies, singly
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and doubly differential transverse momentum distri-

butions have been analyzed in jet [373], Higgs [262],

b-hadron [223], cascade baryon [254], and exotic mat-

ter [200, 203, 215] production. Here, we focus on the

high-energy limit of cross sections differential in the ηQ
transverse momentum, |q⃗T1

|, integrating over |q⃗T2
| in

the 40 to 120 GeV jet range and across two bins in ∆Y .

We adopt the same rapidity intervals as in previous

sections, namely |y1| < 2.5 for the quarkonium and

|y2| < 4.7 for the jet.

To the best of our knowledge, no dedicated analysis

of transverse momentum distributions in quarkonium-

jet systems has been performed so far within the high-

energy resummation framework. Therefore, our anal-

ysis presented here represents a novel and original

contribution, opening the way to deeper investigations

of transverse observables in quarkonium-associated

production.

The analytical expression for our transverse mo-

mentum rate reads

dσ(|q⃗T1
|, s)

d|q⃗T1
| =

∫ ∆Y max

∆Y min

d∆Y

∫ ymax
1

ymin
1

dy1

∫ ymax
2

ymin
2

dy2

× δ(∆Y − (y1 − y2))

∫ |q⃗T2
|max

|q⃗T2
|min

d|q⃗T2
| C[level]

0 .

(33)

Figure 17 shows the transverse momentum distri-

butions of the ηQ meson in semi-inclusive ηQ plus jet

production at
√
s = 13 TeV. Left (right) panels refer

to ηc (ηb), while the upper and lower plots correspond

to the rapidity intervals 2 < ∆Y < 4 and 4 < ∆Y < 6,
respectively. Distributions are averaged over uniform

|q⃗T1 | bins of 10 GeV. We use the same rapidity ranges as

in previous sections, namely |y1| < 2.5 for the quarko-

nium and |y2| < 4.7 for the jet. The ancillary panels

below the main plots display the ratio of LL/LO and

HE-NLO+ predictions to the NLL/NLO+ result.

As expected, the overall cross section decreases as

∆Y increases, reflecting the suppression of phase space.

The |q⃗T1
| spectra fall off with increasing transverse

momentum, without any pronounced peaks.

The general trend shared by all our distributions

is a steep decline as |q⃗T1 | increases. The results ex-

hibit strong stability against MHOUs, with uncertainty

bands showing a maximum width of 30%. We observe

that HE-NLO+ to NLL/NLO+ ratios generally remain

below one, diminishing as q⃗T1
grows. In contrast, the

LL/LO to NLL/NLO+ ratio shows an almost oppo-

site pattern: it starts below one in the low-|q⃗T1 | region

but steadily grows as |q⃗T1
| rises, eventually reaching a

maximum value between 1.5 and two. Explaining these

trends is challenging, as they result from a combination

of several interacting effects.

On the one hand, previous studies on semihard

processes have revealed that the behavior of the NLL-

resummed signal relative to its NLO high-energy back-

ground in transverse-momentum rates tends to vary

depending on the process under consideration. For

instance, the HE-NLO+ to NLL/NLO+ ratio for the

cascade baryon plus jet channel consistently exceeds

one, as shown in Fig. 7 of Ref. [254]. However, prelimi-

nary analyses of Higgs plus jet distributions, performed

within a partially NLL-to-NLO matched accuracy, have

exhibited a more complex pattern [374].

The observation that the HE-NLO+ to NLL/NLO+

ratios are less than one in the context of ηQ plus jet

tags appears to be a distinctive characteristic of this

particular process, and it is shared also by the same

differential observables sensitive to the production of

heavy-flavored rare baryons [304] and exotics [200, 203,

215]. This suggests that the dynamics governing these

emissions are different from those observed in other

semihard reactions, highlighting the unique interplay
of high-energy and NLL resummation effects in these

channels.

On the other hand, the behavior of the ratio be-

tween the pure LL/LO limit and the full NLL/NLO+

resummation is shaped by a nontrivial interplay of NLO

corrections affecting different emission functions. For

jets, NLO terms are typically negative [239, 308, 375],
while hadronic emissions combine positive contribu-

tions from the Cgg coefficient with negative ones from

other terms [307]. Depending on the transverse mo-

mentum region, these effects can partially offset, pro-

ducing process-dependent patterns in the LL/LO to
NLL/NLO+ ratio.

As an example cascade baryon plus jet produc-

tion, the ratio exceeds one [254], whereas for charmed

tetraquarks [199, 200], the enhancement is milder. Such

variations reflect the differing balance between LL and
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Fig. 17 Transverse momentum distributions for the semi-inclusive hadroproduction of an ηc (left) or ηb (right) meson in
association with a jet, at

√
s = 13 TeV, and for 2 < ∆Y < 4 (upper) or 4 < ∆Y < 6 (lower) rapidity separation intervals.

The shaded bands in the main panels represent the combined uncertainty from MHOUs, LDMEs, and multidimensional
phase-space integration. The ancillary panels below the main plots display the ratio of the LL/LO and HE-NLO+ predictions
to the NLL/NLO+ result, with bands capturing MHOUs only.

NLL dynamics across channels. The results in Fig. 17

confirm the stability of our spectra under MHOUs

and NLL effects, underscoring the predictive power

of transverse-momentum observables in quarkonium

production within the VFNS framework.

This trend is a further manifestation of the natural

stability [184] that becomes manifest across the full

|q⃗T1
| range. All this highlights the potential of quarko-

nium transverse momentum rates to cleanly isolate

high-energy resummation from fixed-order contribu-
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tions, offering a valuable window into semihard QCD

dynamics.

5 Toward new directions

We have investigated the inclusive hadroproduction

of pseudoscalar heavy quarkonia, ηc and ηb mesons,

in high-energy proton collisions at moderate to large

transverse momentum.

To this end, we have developed a new set of collinear

FFs, denoted as NRFF1.0, tailored to describe quarko-

nium production at moderate to large transverse mo-

mentum. These functions build on the single-parton

fragmentation approximation and evolve according to

standard DGLAP equations in a VFNS. The underly-

ing framework, known as the HF-NRevo scheme [44–46],

is specifically designed to evolve heavy-hadron FFs

from nonrelativistic NRQCD initial conditions, while

incorporating heavy-quark threshold effects in a con-

sistent and systematic way. Initial conditions for all

relevant partonic channels are computed at NLO in

NRQCD. To the best of our knowledge, the NRFF1.0

sets constitute the first public release of collinear FFs

for heavy quarkonia that include all partonic chan-

nels within a fully consistent collinear factorization

framework.

This work marks a significant advancement over pre-

vious determinations such as the ZCW19+ sets [40, 41]

for vector quarkonia, which do not incorporate a con-

sistent treatment of flavor thresholds across all par-

tonic channels. In contrast, our NRFF1.0 functions for

pseudoscalar mesons ηc and ηb are constructed from

fully NLO-accurate NRQCD inputs [32, 33, 36, 37]

and evolved using the HF-NRevo scheme [44–46], which

systematically accounts for heavy-quark threshold ef-

fects within DGLAP evolution. The pseudoscalar sector

offers a particularly suitable testing ground for this

methodology, since all partonic fragmentation channels

are simultaneously active at NLO accuracy, unlike the

vector case where the nonconstituent-quark contribu-

tion vanishes.

In addition, theoretical expectations and exper-

imental results both point to a strong suppression

of color-octet mechanisms for ηQ production [24, 61–

63], making the singlet-only approach adopted here

both safe and well-motivated. On the phenomenological

side, upcoming facilities such as the HL-LHC [67, 68],

EIC [69–75], NICA-SPD [76, 77], IMC [78–82], and

FCC [83–85] will offer unprecedented opportunities

to investigate the pseudoscalar channel through semi-

inclusive observables and quarkonium-in-jet studies.

The release of the NRFF1.0 sets thus fills a key gap

in the toolkit for heavy-flavor phenomenology and

provides a solid foundation for precision studies of

quarkonium fragmentation in the high-energy limit.

To support phenomenological implications, we have

analyzed the semi-inclusive hadroproduction of a pseu-

doscalar quarkonium state ηQ accompanied by either

a singly heavy-flavored hadron HQ or a jet, with both

final-state objects well separated in rapidity. This pro-

cess has been studied within the NLL/NLO+ HyF

formalism, which combines NLO collinear factoriza-

tion with the resummation of high-energy logarithms

beyond NLL accuracy. Predictions have been obtained

using the JETHAD numerical interface in synergy with

the symJETHAD symbolic engine [41, 86–89], enabling

precise computations of forward high-energy observ-

ables sensitive to heavy-quarkonium final states at the

13 TeV LHC.

The results reveal a remarkable perturbative sta-

bility across the full transverse momentum spectrum,

reinforcing the natural-stabilization pattern [184] pre-
viously observed in high-energy observables involving

heavy-flavor production. As shown in earlier studies

on ordinary heavy hadrons [40, 42, 43, 222, 223, 268]

and exotic bound states [199–203, 215], the presence

of heavy-flavored FFs suppresses large logarithmic cor-

rections and reduces the sensitivity to higher-order

perturbative uncertainties. In this context, ηQ produc-

tion emerges as one of the cleanest and most robust

channels to investigate BFKL-resummed dynamics in

collider environments.

Our study provides an additional and complemen-

tary handle to isolate high-energy resummation effects
from the fixed-order background, in a way that is

both innovative and synergistic with more traditional

approaches based on dijet correlations or forward light-

hadron emissions. The theoretical cleanliness and nu-

merical control offered by the [ηQ + HQ or [ηQ + jet
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systems highlight the potential of pseudoscalar quarko-

nia to serve as precision probes of high-energy QCD.

As a natural outlook, we plan to further develop

the NRFF1.0 sets by performing a systematic uncer-

tainty analysis, with particular emphasis on the role of

model-dependent inputs and their associated MHOU

effects [376–380]. This effort will lay the groundwork

for precision benchmarking of heavy-quarkonium frag-

mentation and its interplay with high-energy dynamics.

In parallel, our aim is to extend the present study

to vector quarkonia such as J/ψ and Υ , for which the

inclusion of color octet contributions is crucial. The

ability to consistently quantify the impact of both sin-

glet and octet channels will represent a significant step

towards a unified and realistic description of quarko-

nium production at large transverse momentum.

Furthermore, the collinear fragmentation of quarko-

nia inside jets offers an additional window into the

dynamics of hadronization in the presence of hard sub-

structure. Future analyses will address this observable,

both as a testing ground for the NRFF1.0 sets and as

a bridge to more differential studies, including TMD

factorization and soft-collinear effective approaches [46–

56].

From a phenomenological standpoint, the exten-

sion and application of the NRFF1.0 functions within a

purely collinear framework is of paramount importance.

Fixed-order calculations in collinear factorization re-

main the most powerful and versatile tool to describe

quarkonium production across a wide kinematic range,
including both central and forward rapidities, and span-

ning a broad interval in transverse momentum and hard

scales.

In particular, single-parton fragmentation, being

applicable even at moderate transverse momentum,

can act as a “thermometer” to determine the energy

scales at which factorization instabilities and small-x

logarithmic enhancements start to become significant.

Its flexibility makes it a valuable probe for delineat-

ing the transition between regions where fixed-order

collinear predictions are reliable and those where re-

summation effects become necessary.

Beyond the present analysis, the HyF framework

can be extended to cover single-inclusive emissions of

quarkonium states in the forward region—unlike the

two-particle final states at large rapidity separation

considered here. It is widely recognized that forward

quarkonium production at small Bjorken-x and mod-

erate scales Q serves as a sensitive testbed for the

perturbative stability and accuracy of collinear gluon

PDFs in the low-x domain. Recent studies [381, 382]

have demonstrated that enhancing collinear factoriza-

tion by including high-energy resummation offers a

promising path to curing the instabilities observed in

this regime, leading to more robust predictions for

quarkonium production at small x and Q.

The recently reported evidence for the existence

of intrinsic charm in the proton [383]—building upon

long-standing theoretical expectations [384] and sup-

ported by several phenomenological studies [385–388]

as well as by new determinations of its valence com-

ponent [389]—has reignited interest in the nonpertur-

bative structure of the proton at moderate to large x.

This breakthrough opens timely and compelling av-

enues for investigating how intrinsic charm manifests

itself in high-energy hadronic processes.

In this context, the use of collinear fragmentation

frameworks, and in particular the novel NRFF1.0 func-

tions, offers an idellay approach to probe the hadroniza-

tion of heavy quarkonia in the presence of intrinsic

charm [390]. Their flexibility, theoretical consistency,

and high-precision evolution enable detailed studies of
how intrinsic charm may alter production rates, an-

gular distributions, and flavor-tagged correlations in

quarkonium-enriched final states. These developments

place collinear fragmentation at the forefront of ongo-

ing efforts to unravel the role of intrinsic heavy flavors

in proton structure.
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A On the quarkonium production puzzle

In this Appendix, we present a focused discussion of the so-called quarkonium production puzzle, a longstanding

issue in heavy-quarkonium phenomenology that challenges the completeness of the NRQCD factorization

framework in (semi-)inclusive processes. Our aim is to provide a basic and structured overview of the key

mechanisms, spin configurations, and production environments where the puzzle manifests or, conversely, appears

to be absent. Particular attention is given to the comparative role of color-singlet and color-octet channels in

vector and pseudoscalar quarkonia, as well as to the process-dependent nature of the theoretical tension. The
discussion is tailored to offer a coherent reference for future studies, especially in view of the increasing relevance

of NRQCD-based fragmentation frameworks for both standard and exotic hadron production.

A.1 The puzzle in hadroproduction

From the Tevatron era onward, high-qT hadroproduction of vector quarkonia (particularly J/ψ and ψ(2S)

has revealed persistent inconsistencies between theoretical predictions and experimental data. In fixed-order

calculations restricted to the 3S
(1)
1 color-singlet configuration, the predicted cross sections fall significantly below

those observed at the Tevatron and in early LHC runs. These discrepancies motivated the adoption of the
NRQCD factorization framework, which includes color-octet contributions from intermediate cc̄ states such as
1S

(8)
0 , 3S

(8)
1 , and 3P

(8)
J [12, 24, 57, 58, 60].

With the advent of the LHC, quarkonium production and polarization measurements have become more

precise and systematic. The inclusive yields of J/ψ at
√
s = 7, 8, and 13 TeV are well measured by CMS, ATLAS,

and LHCb over a broad range in transverse momentum and rapidity. However, no clear signal of the strong

transverse polarization expected from dominant gluon fragmentation into 3S
(8)
1 configurations has emerged.

CMS reported nearly unpolarized prompt J/ψ production up to |q⃗T | ∼ 70 GeV [391], while LHCb observed
similarly small polarization in the forward region [392]. These results challenge standard NRQCD expectations

and have triggered extensive theoretical efforts to refine fits of LDMEs and incorporate higher-order QCD

corrections [59, 393].

Global fits that attempt to reconcile hadroproduction, photoproduction, and e+e− data often yield LDME

values that vary significantly between processes, casting doubts on their universality. In particular, polarization

observables remain sensitive to feed-down effects, kinematic cuts, and resummation of soft-gluon emissions—all

of which complicate direct comparisons. Monte Carlo generators such as PYTHIA8 [394] include NRQCD-based

production mechanisms and are routinely used to simulate quarkonium observables under various color-octet and

singlet assumptions. Although useful for phenomenological studies, these tools often rely on effective modeling of

the hadronization stage, limiting the precision with which they can constrain LDMEs. Despite these challenges,

NRQCD remains the most systematic framework for analyzing inclusive quarkonium production. However, the

persistent mismatch between data and theory (especially in polarization) continues to motivate further theoretical
development and more differential experimental analyses.

A.2 Color-octet mechanisms in pseudoscalar production

In contrast to vector quarkonia, pseudoscalar mesons such as ηc and ηb offer a phenomenologically cleaner

environment to assess the validity of NRQCD factorization and the relevance of color-octet contributions. Their

quantum numbers, JPC = 0−+, forbid a direct coupling to two vector gluons in several production channels at
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LO. As a result, the dominant contribution is expected to arise from the color-singlet 1S
(1)
0 channel, with octet

mechanisms entering only at higher orders in the NRQCD velocity expansion and often vanishing at tree level.

This picture is confirmed by hadroproduction data: for example, measurements of ηc transverse-momentum

spectra by LHCb [62, 63] are well described by singlet-only predictions, with no compelling need for octet terms.

The situation is even more constrained for the ηb, where the heavier quark mass implies smaller relative

velocities (v2Q ∼ 0.1), and hence stronger suppression of all color-octet channels. Thus, any observable ηb cross

section is expected to be highly dominated by the singlet contribution, and any discrepancy from theoretical
predictions could provide strong evidence for unexpected octet enhancements or for a breakdown of the NRQCD

factorization.

However, the situation changes in photon-initiated processes. In γp photoproduction, the singlet contribution

to ηc production vanishes at both LO and NLO in αs, due to the absence of appropriate final-state configurations.

This makes ηc photoproduction a clean probe of the 1S
(8)
0 LDME [61, 395], which dominates the cross section in

this regime. Similar behavior is expected in leptoproduction with virtual photons (γ∗), though the phenomenology

is more involved and remains largely unexplored.

In e+e− annihilation and γγ collisions, the hierarchy between singlet and octet channels is reversed again.

For ηc, direct color-singlet production is suppressed or forbidden depending on the final state, while color-octet

mechanisms can already contribute at LO. These channels offer an opportunity to test NRQCD scaling rules

and the universality of LDMEs extracted from hadronic collisions.

Overall, pseudoscalar quarkonia provide a sensitive testing ground for the color-octet mechanism across

different processes. In hadroproduction, the singlet dominance supports the validity of the color-singlet model.

In contrast, photoproduction and e+e− annihilation amplify the octet contribution, offering a complementary

perspective on the NRQCD expansion.

A.3 Insights from photoproduction and lepton collisions

The relative suppression of color-octet channels observed in pseudoscalar quarkonia hadroproduction motivates

the exploration of complementary processes, such as photoproduction and e+e− annihilation, where the color-

singlet contributions are either suppressed or vanish at leading order. These channels provide an independent

handle on color-octet-dominated transitions and thus serve as ideal benchmarks to assess the universality of the

NRQCD factorization framework.

In γp photoproduction events, extensively studied at HERA and relevant for future EIC programs, the energy

distribution of produced vector quarkonia, such as the J/ψ, constitutes a key observable. A commonly used

variable is

z =
EQ
Eγ

, (34)

defined in the proton rest frame, where EQ is the energy of the observed quarkonium and Eγ that of the incoming

photon. Large-z events (z ≳ 0.6) correspond to nearly elastic configurations, while low-z events (z ≲ 0.3) are

associated with highly inelastic processes.

At large z, theoretical predictions for J/ψ photoproduction suffer from endpoint divergences due to soft-gluon

emission in the hadronization of color-octet [cc̄ pairs. This complicates the extraction of color-octet LDMEs

from the tail of the spectrum and requires the inclusion of shape-function effects or the resummation of endpoint

logarithms [396, 397]. Conversely, in the low-z region, resolved-photon processes—where the photon fluctuates
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into partons before the hard scattering—become significant. These processes are enhanced for color-octet

configurations such as 1S
(8)
0 and 3P

(8)
J , making them a crucial probe of subleading NRQCD channels. However,

experimental precision in this regime remains limited, and more differential measurements would be highly

beneficial.

Lepton-lepton collisions offer an even cleaner environment. In e+e− annihilation, color-singlet contributions

such as e+e− → J/ψ + gg or cc̄ are suppressed relative to color-octet channels like e+e− → J/ψ + g or qq̄. This

makes e+e− data a unique laboratory to test color-octet dominance and extract individual LDMEs through

energy-dependent analyses. For example, low-energy (
√
s < 20 GeV) data are more sensitive to 3S

(8)
1 transitions,

whereas higher energies allow access to linear combinations involving 1S
(8)
0 and 3P

(8)
J [161].

Finally, semi-inclusive deep inelastic scattering (SIDIS) processes at EIC energies, particularly in ep and eA
collisions, open new windows to explore the quarkonium puzzle. Theoretical studies suggest that J/ψ production

in such setups can isolate the interplay between color-octet and singlet channels, and offer sensitivity to nuclear

effects, initial-state radiation, and parton saturation dynamics [398]. These insights, especially when combined

with hadro- and photoproduction data, will allow more robust and process-independent determinations of

NRQCD matrix elements.

A.4 Velocity scaling of NRQCD LDMEs

The phenomenological relevance of each NRQCD channel depends on its scaling with the relative velocity vQ of

the heavy quark-antiquark pair in the quarkonium rest frame. Within the NRQCD factorization approach, this
scaling governs the relative importance of the LDMEs, and thus determines which color and angular-momentum

configurations are expected to dominate in a given process.

In the table below, we summarize the expected velocity suppression of singlet and octet contributions for ηc,

ηb, J/ψ, and Υ states, following the standard power-counting rules [11]. Only the leading terms for each channel

are shown. Octet contributions suppressed by higher powers of vQ may still be phenomenologically relevant in

specific processes, but are generally subdominant.

State 1S
(1)
0

3S
(1)
1

1S
(8)
0

3S
(8)
1

3P
(8)
0

3P
(8)
1

3P
(8)
2

ηc or ηb 1 – v4Q v3Q v4Q v4Q v4Q

J/ψ or Υ – 1 v3Q v4Q v4Q v4Q v4Q

Table 3 Velocity scaling of LDMEs for J/ψ and ηc production in NRQCD [11].

As seen in Table 3, the dominant contribution to ηc,b production comes from the color-singlet 1S
(1)
0 channel,

which is unsuppressed in the NRQCD expansion. All octet configurations are power-suppressed, with 3S
(8)
1

contributing at O(v3Q) and the others at O(v4Q) or beyond. This renders the ηc a particularly clean testing

ground for singlet-dominated quarkonium production, with reduced sensitivity to color-octet ambiguities. Indeed,

recent LHCb measurements of ηc production at
√
s = 7 and 13 TeV are well described by color-singlet-only

predictions [62, 63].

In the case of J/ψ and Υ , the singlet 3S
(1)
1 channel is leading and unsuppressed, but multiple color-octet

channels contribute at similar or only mildly suppressed orders, especially the 1S
(8)
0 term at O(v3Q). This makes
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the J/ψ significantly more sensitive to the details of the LDME extraction, and explains the richer phenomenology

and associated uncertainties discussed in Sections A.1 to A.3.

The same power counting logic applies to the bottomonium sector. However, due to the larger quark mass,

the characteristic velocity of the (bb̄) pair in bound states is significantly smaller: v2Q ∼ 0.1 for bottomonia

versus v2Q ∼ 0.3 for charmonia. As a consequence, all octet contributions in ηb and Υ (nS) production are more

strongly suppressed, and color-singlet dominance becomes even more pronounced. This supports the expectation

that bottomonium production, especially for ηb, is less sensitive to octet mechanisms, though experimental

limitations—such as suppressed decay channels—currently hinder detailed comparisons.

A.5 Current status and open directions

The quarkonium production puzzle remains a key test of our understanding of QCD factorization and nonpertur-

bative dynamics. Although the inclusion of color-octet channels in NRQCD has enabled significant progress, a

fully consistent description across production modes, kinematic regions, and quarkonium species is still lacking.

The case of ηc and, more generally, of pseudoscalar quarkonia, provides a crucial testing ground due to their

reduced sensitivity to octet mechanisms. Measurements in complementary channels (photoproduction, e+e−,

ultraperipheral collisions) and for excited states (e.g., ηc(2S), ηc2) will be essential to further clarify the picture
and validate the universality of LDMEs across processes.

B NLO correction to the gluon SDC

In this Appendix, we report the expressions of the regular and distributional functions entering the NLO

correction to the [g → ηQ SDC (see Section 2.1.2).

The regular part of the SDC is expressed as a piecewise function

d[NLO]
g,reg (z,1S

(1)
0 ) =



− Nc

2z
+

2∑
m=0

∞∑
n=0

(ln z)m (2z)n

[
nf A(f)

mn +Nc A(1)
mn +

A(N)
mn

Nc

]
, for 0 < z <

1

4

∞∑
n=0

(2z − 1)n

[
nf B(f)

n +Nc B(1)
n +

B(N)
n

Nc

]
, for

1

4
≤ z ≤ 3

4

3∑
m=0

∞∑
n=0

[ln(1 − z)]m (2 − 2z)n

[
nf C(f)

mn +Nc C(1)
mn +

C(N)
mn

Nc

]
, for

3

4
< z < 1

, (35)

with nf the number of active flavors. The numerical values of the first 50 A(f,1,N)
mn , B(f,1,N)

mn , and C(f,1,N)
mn

coefficients are provided in Appendix E of Ref. [33]. These coefficients have been tabulated and implemented in

the symJETHAD interface for direct numerical use.

Then, the distributional part of the SDC reads

d
[NLO]
g,dist (z, 1S

(1)
0 ) = Nc

[
− 2(z + 2) Li2(z) − 2(z − 1) ln2(1 − z) + 2(z − 1) ln z ln(1 − z) + (z − 4)z ln z

− (2z + 1)
(
9z2 − 5z − 6

)
ln(1 − z)

6z
+

46z3 + (8π2 − 3)z2 + 4(π2 − 9)z + 4

12z

]
− 6nf m

3
Q d[LO]

g (z, 1S
(1)
0 ) ,

(36)
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with d
[LO]
g given in Eq. 8. As in the case of the regular component, the expression above corresponds to the

fully regulated form of the distributional part, where all plus-distributions and δ(1 − z) terms have already been

integrated against suitable test functions. This form is directly usable in numerical codes without requiring

additional distributional handling.
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97. A. Cisek, W. Schäfer, and A. Szczurek, Phys. Rev. D 97, 114018 (2018), 1711.07366.

98. R. Maciu la, A. Szczurek, and A. Cisek, Phys. Rev. D 99, 054014 (2019), 1810.08063.

99. A. Prokhorov, A. Lipatov, M. Malyshev, and S. Baranov, Eur. Phys. J. C 80, 1046 (2020), 2008.12089.
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Mex. Fis. Suppl. 3, 0308109 (2022), 2202.02513.

286. A. D. Bolognino, F. G. Celiberto, D. Yu.. Ivanov, A. Papa, W. Schäfer, and A. Szczurek, in 29th International
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