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Abstract. We prove that the steady incompressible Navier-Stokes equations with any

given (−3)-homogeneous, locally Lipschitz external force on Rn \ {0}, 4 ≤ n ≤ 16, have

at least one (−1)-homogeneous solution which is scale-invariant and regular away from the

origin. The global uniqueness of the self-similar solution is obtained as long as the external

force is small. The key observation is to exploit a nice relation between the radial component

of the velocity and the total head pressure under the self-similarity assumption. It plays

an essential role in establishing the energy estimates. If the external force has only the

nonnegative radial component, we can prove the existence of (−1)-homogeneous solutions

for all n ≥ 4. The regularity of the solution follows from integral estimates of the positive

part of the total head pressure, which is due to the maximum principle and a “dimension-

reduction” effect arising from the self-similarity.

1. Introduction and main results

We consider the steady Navier-Stokes equations in dimension n with an external force

f = (f1, f2, · · · , fn):

−∆u+ (u · ∇)u+∇p = f , divu = 0,(1)

where the unknowns are the velocity field u = (u1, u2, · · · , un) and the pressure p. The

existence and uniqueness of solutions to (1) is a fundamental problem in partial differential

equations (see [8]).

1.1. Existence and uniqueness of self-similar solutions. A very important property

of the system (1) is that it is invariant under the scaling

(2) u(x) → uλ(x) = λu(λx), p(x) → pλ(x) = λ2p(λx), f(x) → fλ(x) = λ3f(λx),

for any λ > 0. That is, if (u, p,f) satisfies (1), then (uλ, pλ,fλ) defined in (2) also satisfies

(1). In particular, the solution (u, p) is called scale-invariant or self-similar if (uλ, pλ) = (u, p)
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for any λ > 0. In this case, the external force f has also to be scale-invariant, i.e., fλ = f for

any λ > 0. This is the same as saying that u is (-1)-homogeneous and f is (-3)-homogeneous.

The existence of solutions with given external force f in a scale-invariant space has been

studied extensively, such as Ln, Ln,∞, and Besov spaces Ḃ
−1+n

p
p,q (1 ≤ p < n, 1 ≤ q ≤ ∞),

typically under smallness assumptions (see [14, 15, 18, 26]). In particular, the existence of

self-similar solutions to (1) follows from the results in [15, 18], n ≥ 3, if the force f is

small enough. The key idea in [15, 18] is to use the contraction mapping argument in the

corresponding space.

Without size restrictions in a scale-invariant space, the nonlinear term may become dom-

inant. This makes the contraction mapping argument difficult to apply to construct large

solutions directly. In dimension n = 4, Shi proved the existence of self-similar solutions

with large external forces in [20]. The key observation there is that under self-similarity

assumptions, for the solutions of four-dimensional steady Navier-Stokes equations, one has

the identity (see also (9) below) ∫
S3

|∇u|2dσ =

∫
S3

f · udσ,

which gives enough energy estimates for u. Here and in the following, we use Sn−1 to

denote the standard unit sphere in Rn. For dimension n ≥ 5, it is remarked in [20, Section

5] that “The author does not know whether there are large self-similar solutions to the

stationary Navier–Stokes equations with arbitrary scaling external force for dimensions n ≥
5. The natural Dirichlet energy

∫
|∇u|2 is scaled invariant only for dimension four, and

thus we cannot apply the same method to establish the a priori estimates for five or higher

dimensions”.

The main goal here is to show the existence of self-similar solutions to (1) with arbitrary

scale-invariant external force f up to dimension 16. Before stating our main results, we

recall the following standard notations. For a locally (Hölder or Lipschitz) continuous ho-

mogeneous vector field v on Rn \ {0} and any α ∈ (0, 1), we use ∥v∥C(Sn−1), ∥v∥Cα(Sn−1),

and ∥v∥Lip(Sn−1) = ∥v∥C0,1(Sn−1) to denote the standard continuous norm, Hölder norm, and

Lipschitz norm of v on Sn−1, respectively. In particular, it follows from Rademacher theorem

(see [4, Theorem 3.2]) that one has

∥v∥Lip(Sn−1) = ∥v∥L∞(Sn−1) + ∥∇v∥L∞(Sn−1) .

Our main results of this paper are as follows.

Theorem 1.1. For n ∈ N, 4 ≤ n ≤ 16, let f be a (−3)-homogeneous force such that f is

locally Lipschitz on Rn \ {0}. Then we have the following results.
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(i) There exists at least one self-similar solution u to the steady Navier-Stokes equations

(1) such that u ∈ C2,α
loc (Rn \ {0}) for any α ∈ (0, 1) and

(3) ∥u∥C(Sn−1) + ∥∇u∥C(Sn−1) + ∥∇2u∥Cα(Sn−1) ≤ C,

where C > 0 depends only on α, n, and ∥f∥Lip(Sn−1).

(ii) If in addition, the external force f is smooth on Rn\{0}, then the self-similar solution

u we obtained is also smooth on Rn \ {0}.
(iii) There exists a universal constant ϵ > 0 depending only on n such that if

∥f∥Lip(Sn−1) ≤ ϵ,

then the self-similar solution is unique in C2(Rn \ {0}).

We have a few remarks in order.

Remark 1.1. As mentioned above, the existence of self-similar solutions to (1) with (-3)-

homogeneous forces in the four-dimensional case has been obtained in [20]. We mainly focus

on the proof of Theorem 1.1 for the case n ≥ 5.

Remark 1.2. We can prove the existence of (−1)-homogeneous solutions for all n ≥ 4

if the external force has only the radial component whose value is also positive, i.e., f =

r−3f rer, f
r ≥ 0, where r = |x| and er = x

|x| is the unit vector in the radial direction. See

Theorem 4.1 below for the precise statement.

Remark 1.3. We remark that the self-similar solution solves the Navier-Stokes system (1)

across the origin in the sense of distributions because both sides of (1) are locally integrable

around the origin if n ≥ 4. In contrast, for n = 3, the self-similar solutions solve the Navier-

Stokes system (1) across the origin with the right-hand side supplemented by multiples of the

Dirac delta force.

Remark 1.4. The existence of self-similar solutions with large external forces may not al-

ways be guaranteed. The global uniqueness is not always guaranteed, either, even for solu-

tions with small external forces. For example, let us consider the self-similar solutions to the

following one-dimensional toy model:

−u′′ + uu′ = f, x ∈ R \ {0}(4)

where u and f are scalar functions. It has the same scaling property as the steady Navier-

Stokes equations. As the domain R \ {0} is not connected, one can consider the positive part

{x > 0} only. For any (−3)-homogeneous f(x) = c
x3 , x > 0, and c is a constant, one can
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find all (−1)-homogeneous solutions must be of the form u(x) = C
x
, where

C = −1±
√
1− c.

This shows that there does not exist a solution u if c > 1; on the other hand, there are exactly

two solutions if c < 1, and there is exactly one solution if c = 1.

We should mention that similar existence, non-existence, and non-uniqueness results,

which depend on the size of an external force for the three-dimensional steady Navier-Stokes

equations in the axisymmetric setting, were proved in [20].

Remark 1.5. The main point of uniqueness in Theorem 1.1 is the global uniqueness without

size restriction on solutions. Previously, local uniqueness has been obtained in [14, Theorem

1.2] when the external f is small, i.e., the solution is unique in the class with smallness.

The key point in Part (iii) of Theorem 1.1 is that our a priori estimates imply that all

possible self-similar solutions must admit smallness if the external force is small, and then

global uniqueness follows. The uniqueness here is in the same spirit as that of [12], where

the uniqueness is proved for small initial data in L3,∞(R3).

Remark 1.6. In [13], the global existence of self-similar solutions with a (−1)-homogeneous

initial data for the unsteady three-dimensional Navier-Stokes equations was established. Our

problem is different from the problem of [13]. At a technical level, for our problem, there are

no available local energy estimates, and the solution of the linearized Stokes equations cannot

serve as the leading term.

Here, we would like to recall some related results on the existence of steady solutions for

the Navier-Stokes equations. The study of the existence of weak solutions of (1) has been

extensive, since the work of Leray [16], where the existence of solutions with finite energy

was established. Especially, the existence of weak solutions belonging to H1 follows from

Leray’s arguments in any dimension (see [25, Chapter 2]). Considering the regularity of the

solution when the external force f is smooth, one can show that weak solutions are regular

if the dimension n ≤ 4 (see [9]). In higher dimensions, it is still an open problem whether

any weak solution is smooth.

In the 1990s, Frehse and Růžička and also Struwe initiated the study of the existence of

smooth solutions in higher dimensions ([5–7,22]). The analysis in this paper was inspired by

the method developed in [7, 22]. Frehse and Růžička [7] showed that in a bounded domain

in R5 with homogeneous Dirichlet boundary condition, (1) has weak solutions which are

“almost regular”. Struwe [22] showed the existence of regular solutions on R5 and the torus

T5 by establishing C1 a priori bounds of solutions. Frehse and Růžička [5,6] then established

the existence of regular solutions of the Dirichlet problem in dimensions n = 5, 6, and also
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established the existence of regular solutions on Tn for 5 ≤ n ≤ 15. Recently, Li and

Yang [17] extended the existence of regular solutions on Rn for n = 5 to 5 ≤ n ≤ 15.

It should be noted that in the above works, when the domain is the whole space Rn, the

external force f is assumed to be regular and compactly supported or decay fast enough so

that standard a priori energy estimates hold. This makes the results in [17, 22] cannot be

applied to the case with (−3)-homogeneous external forces.

1.2. Main ideas and outlines for the proof. In this subsection, we give the key ideas

for the proof of main results in this paper. We prove the existence of self-similar solutions

by applying the Leray-Schauder degree theory. The essential part is to establish a priori

estimates. We begin with the standard energy estimates for the Navier-Stokes equations. It

follows from the self-similarity that the energy estimates can be written as∫
Sn−1

(
|∇u|2 + (n− 4)|u|2 + (n− 4)Hur

)
dσ =

∫
Sn−1

f · u dσ.

Here H = 1
2
|u|2 + p is the total head pressure and ur = u · x is the radial component of

ru, r = |x|. When n = 4, it gives the desired energy estimates, and the existence of self-

similar solutions with general external forces was established in [20]. When n ≥ 5, one has

to estimate the non-linear term
∫
Sn−1 Hurdσ. This term is of order |u|3, and its sign is not

clear.

To estimate
∫
Sn−1 Hurdσ, our idea is to split Hur into Hur

+ and Hur
−. Here and below,

we denote the positive part and the negative part of a function g(x) by

g+(x) := max{0, g(x)}, g−(x) := −min{0, g(x)}

respectively. Clearly, one has g(x) = g+(x)− g−(x) and |g(x)| = g+(x) + g−(x).

A key observation is that there is a crucial relation between H and ur, which is

(5) −∆Sn−1ur + ut · ∇Sn−1

ur = 2H + f r on Sn−1.

Here ut = ru− urer is the tangential component of ru, and

(6) ∇Sn−1

= r

(
∇− er

∂

∂r

)
with er =

x

|x|
, ∆Sn−1 = r2

(
∆− ∂2

∂r2
− n− 1

r

∂

∂r

)
,

are the spherical gradient and the spherical Laplacian, respectively. Using this relation (5),

we have the following energy estimate∫
Sn−1

|∇u|2 + (n− 4)|u|2dσ ≤
∫
Sn−1

f · u+ (n− 4)H+u
r
− dσ +

n− 4

2

∫
Sn−1

f rur
+ dσ.
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Hence, the key point is then to control H+ and ur. One notes that H solves an elliptic

equation

−∆H + u · ∇H = −1

2

n∑
i,j=1

|∂iuj − ∂jui|2 + f · u− div f in Rn \ {0},(7)

so that H+ satisfies some a priori estimates inspired by the maximum principle. This indeed

leads to integrability estimates of H+ beyond the classical regularity criteria exponent “n/2”

in terms of u and f (see Lemma 2.3 below), where the “dimension-reduction” effect of the

self-similarity also plays an important role. Directly integrating (5) on Sn−1, we can estimate

∥ur∥L2(Sn−1) in terms of H+ and f and consequently get the estimates of ur in terms of u and

f (see Lemma 2.4 below). With these ingredients, one can close the energy estimates with

the help of the Sobolev inequality on u, which yields a dimension restriction n ≤ 10, see

Proposition 2.5 and the wordings below it. To go beyond the scope of the Sobolev inequality,

we instead use the equations again and obtain better integral estimates for u, which yields

a more general condition n ≤ 16. See Lemmas 2.6 and 2.7.

Along with the proof of the energy estimates for u, higher integrability of H+ beyond

“n/2” is also obtained (see Proposition 2.9) by using Lemma 2.3. With this at hand, we

immediately have the well-known L∞
loc-regularity estimate of the velocity field away from the

origin (see Proposition 3.1) and we can improve the regularity estimate up to C2,α
loc by a

bootstrap argument (see Proposition 3.2). This regularity estimate enables us to apply the

Leray-Schauder degree theory to get the existence result.

We mention that the maximum principle for H was observed and used in [1,11,19]. Later

on, Frehse and Růžička [6], Struwe [22], and Li and Yang [17] used the maximum principle in

a weak form to show the existence of regular solutions with finite energy in high dimensions.

1.3. Organization of the paper. The rest of the paper is organized as follows. In Section

2, we give the a priori energy estimates. In Section 3, the C2,α
loc estimates of solutions are

first established by using the higher integrability of H+ and a bootstrap argument. After

that, the existence of solutions is proved by the Leray-Schauder degree theory; in addition,

we prove the global uniqueness. In Section 4, we deal with the case that the external force f

has only a nonnegative radial component, where it follows from (7) that H+ can be controlled

by ur
+ and f . Together with some higher integrability estimate for ur

+ using (5), we have

the desired a priori estimate for H+ and the existence of solutions without restriction of the

dimension. In Appendix A, we address two technical issues.
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2. A priori energy estimates

2.1. Energy estimates. We first prove a preliminary result that the homogeneity of u and

f implies the homogeneity of p under mild regularity assumptions.

Lemma 2.1. Assume that n ≥ 5, f is (−3)-homogeneous and f is locally Lipschitz on

Rn\{0}. Let u be a (−1)-homogeneous solution to (1) in Rn\{0} in the sense of distribution

and u ∈ C2(Rn \{0}). Then the corresponding pressure p ∈ C1(Rn \{0}) is uniquely defined

up to a constant and can be chosen as (−2)-homogeneous.

Proof. We note that the pressure p solves

∆p = −∂i∂j(uiuj) + div f .

Then p can be represented by

(8) p(x) =
1

n(n− 2)ωn

∫
Rn

1

|x|n−2
(∂i∂j(uiuj)− div f)(y)dy + h(x),

where ωn is the volume of the unit ball in Rn and h(x) is a harmonic function on Rn \ {0}.
According to Lemma A.1, the first part in the right-hand side of (8) is (−2)-homogeneous.

It follows from (1) and the homogeneities of u and f that ∇p is (−3)-homogeneous. This

implies that ∇h is (−3)-homogeneous. A Liouville-type theorem for the harmonic function

implies that h is a constant. Indeed, when n = 5, the Liouville-type theorem for harmonic

functions ∂ih yields that

∂ih =
ci
|x|3

.

Using ∂i∂jh = ∂j∂ih, we have ci = 0 for all i. This shows that h is a constant and we

can choose h = 0 as this will not affect ∇p. When n ≥ 6, the Liouville-type theorem for

harmonic functions ∂ih yields that

∂ih = 0.

Then h is a constant, and we can also choose h = 0 without affecting ∇p. Then according

to Lemma A.1, p(x) is (−2)-homogeneous and it holds that p,∇p ∈ Lβ(Sn−1), 1 < β < ∞.

Following the proof in [8], one can then verify that (u, p) is a classical solution to (1) in

Rn \ {0}, and p belongs to C1(Rn \ {0}) . □

We start to derive the energy estimate for the self-similar solution u. To utilize the

equations on the sphere later in the proof, we decompose

u =
ut + urer

r
, f =

f t + f rer

r3
, p =

p̄

r2
.



8 JEAHEANG BANG, CHANGFENG GUI, HAO LIU, YUN WANG, AND CHUNJING XIE

Here, ut and urer are the tangential and radial components of ru, respectively. Similarly,

f t and f rer are the tangential and radial components of r3f , respectively. Under the self-

similarity assumptions, ut, ur, f t, f r and p̄ are all 0-homogeneous. Now we can state our

first main estimate.

Lemma 2.2. Assume n ≥ 4. For any self-similar solution u of (1) such that u ∈ C2(Rn \
{0}), it holds that

(9)

∫
Sn−1

|∇u|2 + (n− 4)|u|2dσ ≤
∫
Sn−1

f · u+ (n− 4)H+u
r
− dσ +

n− 4

2

∫
Sn−1

f rur
+ dσ.

Proof. The proof is divided into two steps.

Step 1. Multiplying (1) by ur4−n (r = |x|) and integrating both sides on the annulus

BR \B1 (R > 1) yields∫
BR\B1

(
|∇u|2r4−n + (n− 4)|u|2r3−n + (n− 4)Hurr2−n

)
dx =

∫
BR\B1

f · u r4−ndx,

where integration by parts and the self-similarity of u have been used. Now dividing it by

R− 1 and sending R → 1 yields the following energy estimate on Sn−1,

(10)

∫
Sn−1

|∇u|2 + (n− 4)|u|2 + (n− 4)Hurdσ =

∫
Sn−1

f · u dσ.

We remark that

(11)

∫
Sn−1

|∇u|2dσ =

∫
Sn−1

∣∣∣∇Sn−1

u
∣∣∣2 + |∂ru|2dσ =

∫
Sn−1

∣∣∣∇Sn−1

u
∣∣∣2 + |u|2dσ,

where ∇Sn−1
is the spherical gradient defined in (6), and in the last equality we used the

property ∂ru = −u, which is a consequence of the self-similarity of u.

Step 2. It follows from (10) that we have

(12)

∫
Sn−1

|∇u|2 + (n− 4)|u|2dσ =

∫
Sn−1

f · u− (n− 4)Hurdσ

=

∫
Sn−1

f · u− (n− 4)Hur
+ + (n− 4)Hur

−dσ

≤
∫
Sn−1

f · u− (n− 4)Hur
+ + (n− 4)H+u

r
−dσ.

To control the term
∫
Sn−1 Hur

+dσ, our key observation is that there is a nice relation between

ur and H under the self-similarity assumption on u. To see this, we examine the equations

(1) on the sphere Sn−1 by utilizing the self-similarity, where the relationship between ur and

H becomes clear. It follows from (1) that ur satisfies the following equation

−∆Sn−1ur +
(
ut · ∇Sn−1

ur − (ur)2 − |ut|2
)
− 2p̄ = f r on Sn−1,
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which was also derived in [23, Appendix 1]. The above equation of ur can be written as

(13) −∆Sn−1ur + ut · ∇Sn−1

ur = 2H + f r on Sn−1.

Multiplying (13) by ur
+ and integrating both sides on Sn−1, we have

(14)

∫
Sn−1

∣∣∣∇Sn−1

(ur
+)
∣∣∣2 dσ +

(n− 2)

2

∫
Sn−1

(ur
+)

3 dσ

=2

∫
Sn−1

Hur
+ dσ +

∫
Sn−1

f rur
+ dσ,

where the integration by parts and the divergence-free condition

(15) div Sn−1(ut) + (n− 2)ur = 0 on Sn−1

has been used. Taking (14) into (12) gives (9). □

Next, we derive the estimates for H+. To do so, we consider the equation of the total head

pressure H:

−∆H + u · ∇H = −1

2
|∂iuj − ∂jui|2 + f · u− div f in Rn \ {0}.(16)

Lemma 2.3. Assume n ≥ 5. For any self-similar solution u of (1) such that u ∈ C2(Rn \
{0}), it holds that

(17) ∥H+∥Lθ(Sn−1) ≤ C(n)
(
∥f · u∥Lq(Sn−1) + ∥div f∥Lq(Sn−1)

)
,

where

(18) θ :=
(n− 2)(n− 1)

2(n− 3)
and q :=

(n− 2)(n− 1)

4n− 10
.

Proof. Multiplying (16) with Hα
+, α = n−4

2
, and integrating it by parts on BR \B1 yields

4α

(α + 1)2

∫
BR\B1

∣∣∣∇(H
α+1
2

+ )
∣∣∣2 dx =

∫
BR\B1

(
−1

2
|∂iuj − ∂jui|2 + f · u− div f

)
Hα

+ dx

≤
∫
BR\B1

(f · u− div f) Hα
+ dx.

(19)

Here, by using self-similarity, the boundary integrals over the boundary ∂(BR \ B1) will

vanish; the choice of the special exponent α = n−4
2

is made for this purpose.

In fact, one needs to prove (19) by using a weak formulation of (16) instead of using it in

a classical sense since we only know H is in C1(Rn \ {0}). Rigorous justification is given in

Appendix A.
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Dividing both sides of (19) by R − 1 and sending R → 1+, one can obtain estimates on

Sn−1:

4α

(α + 1)2

∫
Sn−1

∣∣∣∇(H
α+1
2

+ )
∣∣∣2 dσ ≤

∫
Sn−1

(f · u− div f) Hα
+ dσ.(20)

Using (-2)-homogeneity of H, one can obtain ∂r(H
α+1
2

+ ) = −(α+1)H
α+1
2

+ on Sn−1 and re-write

(20) as

(21)

8(n− 4)

(n− 2)2

∫
Sn−1

∣∣∣∇Sn−1

H
n−2
4

+

∣∣∣2 dσ + (2n− 8)

∫
Sn−1

H
n−2
2

+ dσ

≤
∫
Sn−1

f · uH
n−4
2

+ dσ −
∫
Sn−1

div fH
n−4
2

+ dσ.

Using the Sobolev inequality (see [2]) for H
n−2
4

+ on Sn−1 and the Hölder inequality, we obtain

(22)

∥∥∥H n−2
4

+

∥∥∥2
L

2(n−1)
n−3 (Sn−1)

≤ C

(∥∥∥∇Sn−1

H
n−2
4

+

∥∥∥2
L2(Sn−1)

+
∥∥∥H n−2

4
+

∥∥∥2
L2(Sn−1)

)
≤ C

(
∥f · u∥Lq(Sn−1) + ∥div f∥Lq(Sn−1)

) ∥∥∥H n−4
2

+

∥∥∥
Lq′ (Sn−1)

,

where q′ = (n−2)(n−1)
(n−3)(n−4)

so that 1
q
+ 1

q′
= 1. Note that n−4

2
q′ = (n−2)(n−1)

2(n−3)
. Then a straightforward

computation yields (17). □

To close the energy estimates, we still need some estimates for ur. For this purpose, we

integrate the equation (13) for ur on the sphere directly, which gives estimates of ur in terms

of H+ and f , and hence, u and f .

Lemma 2.4. Assume n ≥ 5. For any self-similar solution u of (1) such that u ∈ C2(Rn \
{0}), we have

(23) ∥ur∥2L2(Sn−1)+∥H−∥L1(Sn−1) ≤ C(n)
(
∥f · u∥Lq(Sn−1) + ∥div f∥Lq(Sn−1) + ∥f r∥L1(Sn−1)

)
,

where q is defined in (18).

Proof. Integrating both sides of (13) on the sphere and using the divergence-free condition

(15) yield ∫
Sn−1

(n− 2)|ur|2dσ =

∫
Sn−1

2H + f rdσ.

This is equivalent to

(24)

∫
Sn−1

(n− 2)|ur|2dσ +

∫
Sn−1

2H−dσ =

∫
Sn−1

2H+ + f rdσ.

Therefore, one has

(25) (n− 2)∥ur∥2L2(Sn−1) + 2∥H−∥L1(Sn−1) ≤ 2∥H+∥L1(Sn−1) + ∥f r∥L1(Sn−1).
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Now applying the Hölder inequality and using (17) yield

(n− 2)∥ur∥2L2(Sn−1) + 2∥H−∥L1(Sn−1)

≤ C∥H+∥Lθ(Sn−1) + ∥f r∥L1(Sn−1)

≤ C
(
∥f · u∥Lq(Sn−1) + ∥div f∥Lq(Sn−1)

)
+ ∥f r∥L1(Sn−1),

where θ and q are defined in (18). This completes the proof. □

Combining Lemmas 2.2-2.4, we have a further estimate for ∥∇u∥L2(Sn−1).

Proposition 2.5. Assume n ≥ 5. For any self-similar solution u of (1) such that u ∈
C2(Rn \ {0}), we have

(26)

∫
Sn−1

|∇u|2 + |u|2dσ ≤ C
(
∥f∥2L∞(Sn−1) + ∥f∥

3
2

Lip(Sn−1) + ∥f∥
3
2

L∞(Sn−1)∥u∥
3
2

Lq(Sn−1)

)
.

Proof. According to Lemma 2.2, it holds that∫
Sn−1

|∇u|2 + |u|2dσ ≤ C∥f∥L2(Sn−1)∥u∥L2(Sn−1) + C∥H+∥Lθ(Sn−1)∥ur∥L2(Sn−1).

By Young’s inequality and Lemmas 2.3-2.4, one has∫
Sn−1

|∇u|2 + |u|2dσ

≤C∥f∥2L∞(Sn−1) + C
(
∥f · u∥

3
2

Lq(Sn−1) + ∥div f∥
3
2

Lq(Sn−1) + ∥f r∥
3
2

L1(Sn−1)

)
.

This implies (26) and completes the proof for Lemma 2.5. □

It is implied by Lemma 2.5 that one can close the energy estimates as long as one can

estimate ∥u∥Lq(Sn−1) in terms of ∥∇u∥L2(Sn−1) and f . This can be easily done when n ≤ 10

as ∥u∥Lq(Sn−1) can be controlled by ∥∇u∥L2(Sn−1) by a direct use of the Sobolev embedding

inequality on Sn−1. To obtain the energy estimates up to dimension 16, a few more estimates

are needed. These are based on some weighted estimates for the pressure and velocity field,

which follow the same strategy as [17, Lemmas 2.10 and 2.11] with necessary adaptations

to the setting of self-similar solutions. We should mention that similar weighted estimates

already appeared in [5, 6].

Lemma 2.6. Assume n ≥ 5. If u is a self-similar solution of (1) such that u ∈ C2(Rn\{0}),
for any 0 < s < n− 4, y ∈ B2 \B 1

2
, 0 < R0 ≤ 1

8
, we have

(27)

∫
BR0

(y)

|p(x)|
|x− y|s+2

dx ≤ C
(
∥H+∥Lθ(Sn−1) + ∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
,

where C = C(n, s, R0) > 0 depends only on n, s, and R0, but does not depend on y, and the

value of θ is defined in (18).
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Proof. In the proof, we use C to denote a constant that may depend on n, s and R0 if we do

not specify its dependence clearly. Fix y ∈ B2 \ B 1
2
. Let ζ(x) be a smooth cut-off function

ζ(x) such that

ζ = 1 in BR0(y), ζ = 0 in Bc
2R0

(y), and |∇ζ|+ |∇2ζ| ≤ C(R0).

Multiplying the equation of the pressure

(28) −∆p = ∂iuj∂jui − divf

by ζ(x)|x− y|−s and integrating over Rn with respect to x yield

s(s+ 2)

∫
Rn

|u · (x− y)|2ζ
|x− y|s+4

dx− s

∫
Rn

|u|2ζ
|x− y|s+2

dx+ s(s+ 2− n)

∫
Rn

pζ

|x− y|s+2
dx

= −
∫
Rn

p∆ζ|x− y|−sdx− 2

∫
Rn

p∇ζ · ∇(|x− y|−s)dx−
∫
Rn

f · ∇(ζ|x− y|−s)dx

− 2

∫
Rn

ujui∂i(|x− y|−s)∂jζdx−
∫
Rn

ujui|x− y|−s∂ijζdx =: RHS(29)

Since supp(∇ζ) ⊂ B2R0(y) \BR0(y) ⊂ B4 \B 1
4
, and u, p,f are homogeneous, we have

|RHS| ≤ C

(∫
B2R0

(y)\BR0
(y)

|p|dx+

∫
B2R0

(y)\BR0
(y)

|u|2dx+ ∥f∥L∞(B2R0
(y))

)

≤ C

(
∥p∥

L
n−1
n−3 (Sn−1)

+ ∥u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
By Lemmas 2.1, A.1 and the Sobolev embedding inequality,

∥p∥
L

n−1
n−3 (Sn−1)

≤ C∥u∥2
L

2(n−1)
n−3 (Sn−1)

≤ C∥∇u∥2L2(Sn−1).

Hence, we get that

|RHS| ≤ C
(
∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
.

The left-hand side of (29) can be written as

s(s+2)

∫
Rn

|u · (x− y)|2ζ
|x− y|s+4

dx+s(s+2−n)

∫
Rn

Hζ

|x− y|s+2
dx− s(s+ 4− n)

2

∫
Rn

|u|2ζ
|x− y|s+2

dx.

Since s(s+2−n) < 0 and s(s+4−n)
2

< 0, there exists a positive constant C(s) depending only

on s and n, such that

(30)

1

C(s)

(∫
Rn

|u · (x− y)|2ζ
|x− y|s+4

dx+

∫
Rn

|u|2ζ
|x− y|s+2

dx

)
−
∫
Rn

Hζ

|x− y|s+2
dx

≤C
(
∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
.
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Replacing H by 2H+ − |H| in (30), we have∫
Rn

|u · (x− y)|2ζ
|x− y|s+4

dx+

∫
Rn

|u|2ζ
|x− y|s+2

dx+

∫
Rn

|H|ζ
|x− y|s+2

dx

≤ C

∫
Rn

H+ζ

|x− y|s+2
dx+ C

(
∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
≤ C

(
∥H+∥Lθ(Sn−1) + ∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
,

where we used the facts (s+2)n
n−2

< n and θ > n
2
for the last inequality. As p = H − |u|2

2
, it

holds that ∫
Rn

|p|ζ
|x− y|s+2

dx ≤
∫
Rn

|H|ζ
|x− y|s+2

dx+
1

2

∫
Rn

|u|2ζ
|x− y|s+2

dx

≤ C
(
∥H+∥Lθ(Sn−1) + ∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)
,

which implies (27) and then the proof of Lemma 2.6 is completed. □

Lemma 2.7. Assume n ≥ 5. Let u be a self-similar solution to (1) such that u ∈ C2(Rn \
{0}). Then for any 1 < β < 4, we have

∥u∥Lβ(Sn−1) ≤ C
(
∥H+∥

1
2

Lθ(Sn−1)
+ ∥∇u∥L2(Sn−1) + ∥f∥

1
2

Lip(Sn−1)

)
.(31)

where C = C(n, β) > 0 depends only on n and β.

Proof. In the proof, we use C to denote a constant that may depend on n and β. For any

fixed y ∈ Sn−1, let R0 =
1
16
, and ζ(x) be the cut-off function satisfying

ζ = 1 in BR0
2
(y); ζ = 0 in Bc

R0
(y); |∇ζ|+ |∇2ζ| ≤ 100.

For any 2n
n−2

< β < 4, we define

φ(x) :=
1

(2− n)nωn

∫
Rn

1

|x− z|n−2
|p(z)|

β−2
2 sgn(p(z))ζ(z)dz, x ∈ Rn.

Here ωn is the volume of the unit ball in Rn and sgn is the sign function. Clearly, one has

(32) −∆φ = |p|
β−2
2 sgn(p)ζ.

Let

s := n− 2β

β − 2
+ ϵ

4− β

β − 2
,

where ϵ > 0 is sufficiently small such that 0 < s < n− 4 and

(33)
2

4− β
·
[
−n+ 2 +

(s+ 2)(β − 2)

2

]
= −n+ ϵ > −n.
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For every x ∈ BR0(y), with the aid of Hölder inequality, it holds that

|φ(x)| ≤ C

∫
Rn

(
|p(z)|ζ(z)
|x− z|s+2

)β−2
2

|x− z|−n+2+
(s+2)(β−2)

2 ζ(z)
4−β
2 dz

≤ C

(∫
Rn

|p(z)|ζ(z)
|x− z|s+2

dz

)β−2
2
(∫

Rn

|x− z|
2

4−β
·[−n+2+

(s+2)(β−2)
2

]ζ(z)dz

) 4−β
2

≤ C

(∫
B2R0

(x)

|p(z)|
|x− z|s+2

dz

)β−2
2

,

where we used (33) in the last inequality. This, together with Lemma 2.6, yields

(34) ∥φ∥L∞(BR0
(y)) ≤ C

(
∥H+∥Lθ(Sn−1) + ∥∇u∥2L2(Sn−1) + ∥f∥L∞(Sn−1)

)β−2
2

.

Multiplying (28) by φζ and integrating over Rn give∫
Rn

p∆φζdx+ 2

∫
Rn

φ∇p · ∇ζdx+

∫
Rn

pφ∆ζdx =

∫
BR0

(y)

(∂iuj∂jui − div f)φζdx.

By virtue of (32) and the Hölder inequality,

(35)

∫
BR0

(y)

|p|
β
2 ζ2dx

=

∫
BR0

(y)

(∂iuj∂jui − div f)φζdx− 2

∫
BR0

(y)

φ∇p · ∇ζdx−
∫
BR0

(y)

pφ∆ζdx

≤C∥φ∥L∞(BR0
(y))

(
∥∇u∥2L2(Sn−1) + ∥f∥Lip(Sn−1) + ∥∇p∥L1(Sn−1) + ∥p∥L1(Sn−1)

)
.

It follows from the Sobolev embedding inequality that one has

(36)

∥∇p∥L1(Sn−1) ≤ ∥∇p∥
L

n−1
n−2 (Sn−1)

≤ C(n)∥u · ∇u∥
L

n−1
n−2 (Sn−1)

+ C(n)∥f∥
L

n−1
n−2 (Sn−1)

≤ C(n)∥u∥
L

2(n−1)
n−3 (Sn−1)

∥∇u∥L2(Sn−1) + C(n)∥f∥
L

n−1
n−2 (Sn−1)

≤ C(n)∥∇u∥2L2(Sn−1) + C(n)∥f∥
L

n−1
n−2 (Sn−1)

.

This, together with (35), gives

(37)

∫
BR0

(y)

|p|
β
2 ζ2dx ≤ C∥φ∥L∞(BR0

(y))

(
∥∇u∥2L2(Sn−1) + ∥f∥Lip(Sn−1)

)
.

Taking (34) into (37), by Young’s inequality, we have

(38)

∫
B 1

2R0
(y)

|p|
β
2 dx ≤ C

(
∥H+∥

β
2

Lθ(Sn−1)
+ ∥∇u∥βL2(Sn−1) + ∥f∥

β
2

Lip(Sn−1)

)
.
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As |u|2 ≤ 2|p|+ 2H+, owing to (38) and (17), it holds that

(39)

∫
B 1

2R0
(y)

|u|βdx ≤ C

∫
B 1

2R0
(y)

|p|
β
2 dx+

∫
B 1

2R0
(y)

H
β
2
+dx


≤ C

(
∥H+∥

β
2

Lθ(Sn−1)
+ ∥∇u∥βL2(Sn−1) + ∥f∥

β
2

Lip(Sn−1)

)
.

Now let
{
B 1

32
(yi) : yi ∈ Sn−1

}m

i=1
, be a finite collection of balls which covers Sn−1. Sum-

ming (39) over
{
B 1

32
(yi)
}
, we get (31) if 2n

n−2
< β < 4. This, together with Hölder inequality,

gives (31) in the case β ∈ (1, 2n
n−2

]. Hence the proof of Lemma 2.7 is completed. □

We are in a position to get the major energy estimates.

Proposition 2.8 (Energy estimates ). Assume 5 ≤ n ≤ 16. Let u be a self-similar solution

to (1) such that u ∈ C2(Rn \ {0}). Then there exists a constant C depending only on the

dimension n such that

(40)

∫
Sn−1

|∇u|2 + (n− 4)|u|2dσ ≤ C∥f∥2Lip(Sn−1) + C∥f∥8Lip(Sn−1),

and

(41) ∥p∥
L

n−1
n−3 (Sn−1)

+ ∥∇p∥
L

n−1
n−2 (Sn−1)

≤ C∥f∥Lip(Sn−1) + C∥f∥8Lip(Sn−1).

Proof. Choose β = q = (n−2)(n−1)
4n−10

so that 1 < q < 4, as 5 ≤ n ≤ 16. It follows from Lemma

2.7 that we have

(42) ∥u∥Lq(Sn−1) ≤ C
(
∥H+∥

1
2

Lθ(Sn−1)
+ ∥∇u∥L2(Sn−1) + ∥f∥L∞(Sn−1)

)
.

It follows from (9) and the Hölder inequality that

(43) ∥∇u∥2L2(Sn−1) ≤ C∥f∥2L2(Sn−1) + C

∫
Sn−1

H+u
r
−dx.

Taking (43) into (42), we have

(44)
∥u∥Lq(Sn−1) ≤ C

(
∥H+∥

1
2

Lθ(Sn−1)
+ ∥H+∥

1
2

Lθ(Sn−1)
∥ur∥

1
2

Lθ′ (Sn−1)
+ ∥f∥L∞(Sn−1)

)
≤ C

(
∥H+∥

1
2

Lθ(Sn−1)
+ ∥H+∥

1
2

Lθ(Sn−1)
∥ur∥

1
2

L2(Sn−1) + ∥f∥L∞(Sn−1)

)
,
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where we used the fact that θ > n
2
and θ′ < 2. This, together with Lemmas 2.3 and 2.4,

gives

∥u∥Lq(Sn−1)

≤C
(
∥f · u∥

1
2

Lq(Sn−1) + ∥div f∥
1
2

Lq(Sn−1)

)
·
(
1 + ∥ur∥

1
2

L2(Sn−1)

)
+ C∥f∥L∞(Sn−1)

≤C
(
∥f · u∥

1
2

Lq(Sn−1) + ∥f∥
1
2

Lip(Sn−1)

)
·
(
1 + ∥f · u∥

1
4

Lq(Sn−1) + ∥f∥
1
4

Lip(Sn−1)

)
+ C∥f∥L∞(Sn−1)

≤C
(
∥f · u∥

1
2

Lq(Sn−1) + ∥f∥
1
2

Lip(Sn−1) + ∥f · u∥
3
4

Lq(Sn−1) + ∥f∥
3
4

Lip(Sn−1)

)
+ C∥f∥L∞(Sn−1).

Applying Young’s inequality yields

(45) ∥u∥Lq(Sn−1) ≤ C∥f∥
1
2

Lip(Sn−1) + C∥f∥3Lip(Sn−1).

Taking (45) into Lemma 2.3 gives

(46) ∥H+∥Lθ(Sn−1) ≤ C∥f∥Lip(Sn−1) + C∥f∥4Lip(Sn−1).

It follows from (46), Lemma 2.2 and the Hölder inequality that we obtain

(47)
∥∇u∥2L2(Sn−1) + ∥u∥2L2(Sn−1) ≤ C∥f∥2L2(Sn−1) + ∥H+∥2Lθ(Sn−1)

≤ C∥f∥2Lip(Sn−1) + C∥f∥8Lip(Sn−1).

Moreover, by (36), it holds that

∥∇p∥
L

n−1
n−2 (Sn−1)

≤ C∥∇u∥2L2(Sn−1) + C∥f∥
L

n−1
n−2 (Sn−1)

≤ C∥f∥Lip(Sn−1) + C∥f∥8Lip(Sn−1).

Then (41) follows from the Sobolev embedding inequality. The proof of Proposition 2.8 is

completed. □

In the course of proving Proposition 2.8, we have already obtained the following proposi-

tion.

Proposition 2.9 (Higher integrability of H+). Assume 5 ≤ n ≤ 16. Let u is a self-simialr

solution of (1) such that u ∈ C2(Rn \ {0}). Then it holds that

∥H+∥Lθ(Sn−1) ≤ C
(
∥f∥Lip(Sn−1) + ∥f∥4Lip(Sn−1)

)
,

for some constant C depending only on n.
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3. Proof of the main theorem

In this section, we prove Theorem 1.1. We first recall the following well-known regularity

criteria of the weak solution in the literature, where H+ ∈ Lγ
loc for some γ > n

2
.

Proposition 3.1 ([17, Proposition 2.3]). For n ≥ 2, γ > n
2
, and f ∈ L∞(B1), let (v, p) be

a weak solution to the steady Navier–Stokes equations

−∆v + (v · ∇)v +∇p = f , div v = 0 in B1 ⊂ Rn.(48)

Assume

∥v∥H1(B1) + ∥p∥
W

1, n
n−1 (B1)

+ ∥f∥L∞(B1) + ∥H+∥Lγ(B1) ≤ C0.

Then there exists a constant C > 0 depending on n, C0, and γ − n
2
such that

∥v∥L∞(B 1
2
) + ∥∇v∥L∞(B 1

2
) ≤ C.

Now we can establish the following a priori estimate, which is the main estimate that

enables us to apply the Leray-Schauder theory to obtain a regular self-similar solution.

Proposition 3.2. Let f be a (−3)-homogeneous external force that such that f is locally

Lipschitz on Rn \ {0}, n ≥ 5. If u ∈ C2(Rn \ {0}) is a self-similar solution to the steady

Navier–Stokes equations (1), then for any α ∈ (0, 1), it holds that

(49) ∥u∥C(Sn−1) + ∥∇u∥C(Sn−1) + ∥∇2u∥Cα(Sn−1) ≤ C,

where C > 0 depends only on α, n and ∥f∥Lip(Sn−1).

Proof. By virtue of Lemma 2.1, there is a (−2)-homogeneous function p, such that (u, p) is

a solution to (1) in Rn \ {0}. Let {xk : xk ∈ Sn−1}mk=1 be a finite collection of points on Sn−1

such that
{
B 1

10
(xk) ⊂ Rn : xk ∈ Sn−1

}m

k=1
covers Sn−1. Applying Propositions 2.8 and 2.9,

and using the homogeneity of u and p, we have

∥u∥
H1

(
B 1

2
(xk)

) + ∥p∥
W

1, n
n−1

(
B 1

2
(xk)

) + ∥f∥
Lip

(
B 1

2
(xk)

) + ∥H+∥
Lθ

(
B 1

2
(xk)

) ≤ C0,

for some C0 depending only on ∥f∥Lip(Sn−1) and n. Then Proposition 3.1 implies

∥u∥
L∞

(
B 1

4
(xk)

) + ∥∇u∥
L∞

(
B 1

4
(xk)

) ≤ C

for some C depending only on ∥f∥Lip(Sn−1) and n. This gives

∥u · ∇u∥
L∞

(
B 1

4
(xk)

) ≤ C.



18 JEAHEANG BANG, CHANGFENG GUI, HAO LIU, YUN WANG, AND CHUNJING XIE

Now, it follows from the regularity estimates for the Stokes equations (see [25, Lemma 2.12])

that we have for any p > 1

∥u∥
W 2,p

(
B 1

5
(xk)

) ≤ C.

And by Morrey’s embedding theorem (see [10, Theorem 7.26]), it holds that

∥u∥
C1,α

(
B 1

6
(xk)

) ≤ C for any α ∈ (0, 1).

Then for any α ∈ (0, 1), we have

∥u · ∇u∥
Cα

(
B 1

8
(xk)

) ≤ C.

It follows from the regularity estimates for the Stokes equations again that

∥u∥
C

(
B 1

10
(xk)

) + ∥∇u∥
C

(
B 1

10
(xk)

) + ∥∇2u∥
Cα

(
B 1

10
(xk)

) ≤ C.

Since the collection
{
B 1

10
(xk) : xk ∈ Sn−1

}m

k=1
covers Sn−1, we finish the proof of Propo-

sition 3.2. □

We are now ready to apply the Leray–Schauder theorem to solve (1). For the reader’s

convenience, we recall the following well-known Leray–Schauder theorem, which follows from

the homotopy property of the Leray–Schauder degree (see [25, Theorem 7.12]).

Theorem 3.3 (Leray-Schauder). Let X be a Banach space and T be a compact mapping

from [0, 1] ×X into X. If T (0, x) = x has exactly one solution and there exists a constant

M > 0 such that for all possible (λ, x) ∈ [0, 1] × X satisfying T (λ, x) = x, it holds that

∥x∥X ≤ M , then T (1, ·), as a mapping from X into itself, has at least one fixed point.

Define the function space

(50) X = {v : div v = 0, v is (-1)-homogeneous, v ∈ C1(Rn \ {0})},

equipped with the norm

∥v∥X = ∥v∥C(Sn−1) + ∥∇v∥C(Sn−1).

The function space X is a Banach space.

Assume that f is (−3)-homogeneous and f is locally Lipschitz on Rn \ {0}. For every

(λ,v) ∈ [0, 1]×X, consider the problem

(51) −∆u+∇p = λf − (v · ∇)v = λf − div (v ⊗ v), divu = 0, in Rn \ {0}.
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Let Gij be the Green tensor to the Stokes equation

(52) Gij(x) =
1

2nωn

[
δij

(n− 2)|x|n−2
+

xixj

|x|n

]
,

where ωn is the volume of the unit ball in Rn. The solution u to (51) can be expressed as

(53) ui(x) = Gij ∗ (−∂k(vkvj) + λfj) = ∂kGij ∗ (vkvj) + λGij ∗ fj,

where 1 ≤ i, j, k ≤ n and the Einstein summation convention is used. It can be di-

rectly checked that u is (−1)-homogeneous, since v is (−1)-homogeneous and f is (−3)-

homogeneous. Moreover, according to Lemma A.1,

(54)
∥∇u∥Lβ(Sn−1) + ∥∇2u∥Lβ(Sn−1)

≤C(n, β)
(
∥v∥2L∞(Sn−1) + ∥∇v∥2L∞(Sn−1) + ∥f∥L∞(Sn−1) + ∥∇f∥L∞(Sn−1)

)
, 1 < β < ∞.

Choosing some β > n and by Morrey’s embedding, we can conclude that u ∈ X.

Let T be the solution map of the problem (51), i.e., u = T (λ,v). As we discussed above,

T (λ, ·) is a map from X to X for every 0 ≤ λ ≤ 1.

Proof of Theorem 1.1. (i) Existence. We aim to find a fixed point of the map T (1, ·) :
X → X. First of all, T (0,u) = u has exactly one solution, which is 0. Indeed, it is clear

that u = 0 is a solution of

(55) −∆u+ (u · ∇)u+∇p = 0, divu = 0,

Furthermore, it follows from [23,24] (see also [3]) that for n ≥ 4 all the self-similar solutions

of (55) must be trivial.

On the other hand, by virtue of (54) and the Sobolev embedding theory on Sn−1, we can

conclude that T is a compact mapping from [0, 1] ×X into X. Indeed, let {u(k)}∞k=1 be a

bounded sequence in X. Then the homogeneity of u(k) and (54) imply that for any fixed

j = 1, · · · , n, the sequence {T (u(k)) · ej}∞k=1 is a bounded sequence of scalar functions in

W 2,β(Sn−1), 1 < β < ∞. Hence using the Sobolev embedding on Sn−1, one can find its

subsequence that is convergent in C1(Sn−1). Iterating this process for each j = 1, · · · , n, one
can in fact find a subsequence of {T (u(k))}∞k=1 that is convergent in X. This indeed proves

the compactness of T.

Finally, assume that u is the fixed point of T (λ, ·) in X, i.e., u is the self-similar solution

to the problem

−∆u+ u · ∇u+∇p = λf , divu = 0.

By the regularity estimates for the Stokes equations, u in fact belongs to C2(Rn \ {0}).
According to Proposition 3.2, we have a uniform bound for ∥u∥C(Sn−1) and ∥∇u∥C(Sn−1),
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which is independent of λ. Now applying Theorem 3.3, we finish the proof for the existence

part of Theorem 1.1.

(ii) Regularity. The regularity of the solution follows from the classical regularity theory

for the Navier-Stokes equations as in the proof of Proposition 3.2. In particular, estimates

(3) holds. Furthermore, it can be proved similarly that the solution is smooth on Rn \ {0}
if the external force f is smooth on Rn \ {0}.

(iii) Uniqueness. To show the uniqueness result in Theorem 1.1, we note that it follows

from [14, Theorem 1.2] that there is only one self-similar solution to (1) satisfying

(56) |u(x)| ≤ ϵ0
|x|

for some universal constant ϵ0 depending only on n. We are left to verify that all the self-

similar solutions to (1) satisfy (56) if ∥f∥Lip(Sn−1) ≤ ϵ for some ϵ small enough, which depends

only on n. Write (1) as

−∆u+∇p = f − u · ∇u, divu = 0.

Using Propositions 2.8 and 3.2, we have

|u · ∇u| ≤ C|∇u|, and ∥∇u∥L2(Sn−1) ≤ C(n, ∥f∥Lip(Sn−1)),

where C(n, ∥f∥Lip(Sn−1)) → 0 as long as ∥f∥Lip(Sn−1) → 0. Now, it follows from the regularity

estimates for the Stokes equations (see [25, Lemma 2.12]) and the self-similarity of the

solution that we have

∥u∥W 2,2(Sn−1) ≤ C(n, ∥f∥Lip(Sn−1)) = C(n, ϵ),

and C(n, ϵ) → 0 as ϵ → 0. Hence, by a bootstrap argument, it holds that for any p > 1

∥u∥W 2,p(Sn−1) ≤ C(n, p, ϵ).

with C(n, p, ϵ) → 0 as ϵ → 0. This implies (56) as long as ϵ is small enough. □

4. The case that the forces have only nonnegative radial components

If the tangential part of f vanishes, i.e., f = r−3f rer, and f r is non-negative, we can

remove the dimension restriction in Theorem 1.1. The advantage here is that the term f ·u
becomes f rur and is controlled by f rur

+. Then we can use the relation (13) between H and

ur to get control of ur
+ in terms of f only (see (61) below), which eventually leads to energy

estimates for all dimensions.

Theorem 4.1. Let f = r−3f rer be a (−3)-homogeneous force such that f is locally Lipschitz

on Rn \ {0} and f r ≥ 0. Then we have the following results.
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(i) For n ≥ 4, there exists at least one self-similar solution u to the steady Navier–Stokes

equations (1), such that

∥u∥C(Sn−1) + ∥∇u∥C(Sn−1) + ∥∇2u∥Cα(Sn−1) ≤ C,

where the constant α ∈ (0, 1) and C > 0 depends only on α, n and ∥f∥Lip(Sn−1).

(ii) If in addition, the external force f is smooth on Rn\{0}, then the self-similar solution

(u, p) we obtained is also smooth on Rn \ {0}.
(iii) There exists a universal constant ϵ > 0 depending only on the dimension n such that

if ∥f∥Lip(Sn−1) ≤ ϵ, then the self-similar solution is unique in C2(Rn \ {0}).

To show Theorem 4.1, we apply the Leray-Schauder theorem as in the proof of Theorem

1.1. It remains to establish the a priori estimates. We have the following proposition.

Proposition 4.2. Assume that n ≥ 5, the (−3)-homogeneous force f = r−3f rer is locally

Lipschitz on Rn \ {0}, and that f r ≥ 0. Let u ∈ C2(Rn \ {0}) be a self-similar solution to

(1). Then there exists a constant C depending only on the dimension n such that

(57)

∫
Sn−1

|∇u|2 + (n− 4)|u|2dσ ≤ C
(
∥f r∥3L∞(Sn−1) + ∥f r∥

3
2

L∞(Sn−1) + ∥div f∥
3
2

Lq(Sn−1)

)
.

Moreover, we have

(58)

∥p∥
L

n−1
n−3 (Sn−1)

+ ∥∇p∥
L

n−1
n−2 (Sn−1)

≤ C
(
∥f r∥3L∞(Sn−1) + ∥f r∥L∞(Sn−1) + ∥div f∥

3
2

Lq(Sn−1)

)
,

and

(59) ∥H+∥Lθ(Sn−1) ≤ C
(
∥f r∥2L∞(Sn−1) + ∥f r∥

3
2

L∞(Sn−1) + ∥div f∥Lq(Sn−1)

)
,

where q and θ are defined in (18).

Proof. If f = f rer and f r ≥ 0, following the same proof of Lemma 2.3, we can derive that

(60) ∥H+∥Lθ(Sn−1) ≤ C∥f rur
+∥Lq(Sn−1) + C∥div f∥Lq(Sn−1).

Let β = 2θ − 2. Multiplying (13) by (ur
+)

β and integrating on Sn−1, after performing

integration by parts, we have

4β

(β + 1)2

∫
Sn−1

∣∣∣∇Sn−1

(ur
+)

β+1
2

∣∣∣2 dσ + (n− 2)

∫
Sn−1

(ur
+)

β+2

β + 1
dσ +

∫
Sn−1

2H−(u
r
+)

βdσ

=

∫
Sn−1

(2H+ + f r)(ur
+)

β dσ.
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Hence, by virtue of (60),

n− 2

β + 1
∥ur

+∥
β+2
Lβ+2(Sn−1)

≤
∫
Sn−1

(2H+ + f r)(ur
+)

βdσ

≤2∥H+∥Lθ(Sn−1)∥ur
+∥

β

Lθ′β(Sn−1)
+ ∥f r∥L∞(Sn−1)∥ur

+∥
β
Lβ(Sn−1)

≤C
(
∥f rur

+∥Lq(Sn−1) + ∥div f∥Lq(Sn−1)

)
∥ur

+∥
β
Lβ+2(Sn−1)

+ ∥f r∥L∞(Sn−1)∥ur
+∥

β
Lβ(Sn−1)

≤C∥f r∥L∞(Sn−1)∥ur
+∥Lq(Sn−1)∥ur

+∥
β
Lβ+2(Sn−1)

+ C∥div f∥Lq(Sn−1)∥ur
+∥

β
Lβ+2(Sn−1)

+ C∥f r∥L∞(Sn−1)∥ur
+∥

β
Lβ+2(Sn−1)

≤C∥f r∥L∞(Sn−1)∥ur
+∥

β+1
Lβ+2(Sn−1)

+ C(∥div f∥Lq(Sn−1) + ∥f r∥L∞(Sn−1))∥ur
+∥

β
Lβ+2(Sn−1)

,

where for the third inequality we used the fact θ′β = β + 2 and for the last inequality we

used the fact q < 2θ = β + 2. Then by Young’s inequality, it holds that

(61) ∥ur
+∥L2θ(Sn−1) ≤ C

(
∥f r∥L∞(Sn−1) + ∥f r∥

1
2

L∞(Sn−1) + ∥div f∥
1
2

Lq(Sn−1)

)
.

Taking (61) into (60), we have

(62)
∥H+∥Lθ(Sn−1) ≤ C∥f r∥L∞(Sn−1)∥ur

+∥Lβ+2(Sn−1) + C∥div f∥Lq(Sn−1)

≤ C
(
∥f r∥2L∞(Sn−1) + ∥f r∥

3
2

L∞(Sn−1) + ∥div f∥Lq(Sn−1)

)
,

which is exactly the desired estimate (59). It follows from (24) that one has

(63)

(n− 2)∥ur∥2L2(Sn−1) + 2∥H−∥L1(Sn−1)

≤ C∥H+∥Lθ(Sn−1) + ∥f r∥L1(Sn−1)

≤ C
(
∥f r∥2L∞(Sn−1) + ∥f r∥L∞(Sn−1) + ∥div f∥Lq(Sn−1)

)
.

Noting θ′ = θ
θ−1

< 2, it holds that

(64)

∫
Sn−1

|H+u
r| dσ ≤ ∥H+∥Lθ(Sn−1)∥ur∥Lθ′ (Sn−1)

≤ C∥H+∥Lθ(Sn−1)∥ur∥L2(Sn−1)

≤ C
(
∥f r∥3L∞(Sn−1) + ∥f r∥2L∞(Sn−1) + ∥div f∥

3
2

Lq(Sn−1)

)
.

We also have

(65)

∫
Sn−1

f · udσ =

∫
Sn−1

f rurdσ ≤ C∥f r∥L∞(Sn−1)∥ur∥L2(Sn−1).
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Finally, putting estimates (63)-(65) into (9) and a simple application of Young’s inequality

yield the following energy estimates

(66)

∫
Sn−1

|∇u|2 + (n− 4)|u|2dσ ≤
∫
Sn−1

f · u+ (n− 4)H+u
r
− dσ +

n− 4

2

∫
Sn−1

f rur
+ dσ

≤ C
(
∥f r∥3L∞(Sn−1) + ∥f r∥2L∞(Sn−1) + ∥div f∥

3
2

Lq(Sn−1)

)
.

The estimates for the pressure p follow the same proof of Proposition 2.8. □

Once Proposition 4.2 is proved, the remaining part of the proof for Theorem 4.1 is the

same as that for Theorem 1.1. We omit the details.

Appendix A. Two technical issues

In this appendix, we prove two technical issues used in the paper. First, we give a useful

lemma for estimates of singular integrals on homogeneous functions, which might be also

useful for other related problems. Second, we use the weak formulation of the equation of

total head pressure and prove the validity of the energy estimate (19) when pressure belongs

to C1(Rn \ {0}).

Lemma A.1. Let g be a (−2)-homogeneous (or (−3)-homogeneous) function and g|Sn−1 ∈
Lβ(Sn−1), 1 < β < ∞. Assume that T is the Riesz transform. Then Tg is also (−2)-

homogeneous (or (−3)-homogeneous respectively). Moreover, there exists a constant C(n, β)

depending on n and β, such that

(67) ∥Tg∥Lβ(Sn−1) ≤ C(n, β)∥g∥Lβ(Sn−1).

Proof. Since g is a (−2)-homogeneous function, it’s easy to check the homogeneity of Tg by

definition. Let

a(x) = a(|x|) = |x|2β−n+1

(1 + |x|)2
.

Define Lβ
a(Rn) to be

Lβ
a(Rn) :=

{
g : ∥g∥Lβ

a(Rn) =

(∫
Rn

|g(x)|βa(x) dx
) 1

β
<+∞

}
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We claim that g ∈ Lβ
a(Rn).

(68)

∥g∥β
Lβ
a(Rn)

=

∫
Rn

|g(x)|βa(x) dx =

∫ ∞

0

∫
Sn−1

|g(σr)|βa(r) rn−1dr dσ

=

∫ ∞

0

∫
Sn−1

r−2β|g(σ)|βa(r)rn−1dr dσ

=

∫ ∞

0

1

(1 + r)2
dr ·

∫
Sn−1

|g(σ)|β dσ

= ∥g∥β
Lβ(Sn−1)

,

which implies that g ∈ Lβ
a(Rn) if g|Sn−1 ∈ Lβ(Sn−1). Moreover, since Tg is also (−2)-

homogeneous, similarly we have that

(69) ∥Tg∥β
Lβ
a(Rn)

= ∥Tg∥β
Lβ(Sn−1)

.

We claim that a(x) is an Aβ weight on Rn. By then, using the Calderon-Zygmund theorem

for Lβ
a(Rn) (see [21, Chapter V]), we have

∥Tg∥Lβ
a(Rn) ≤ C(n, β)∥g∥Lβ

a(Rn).

Noting (68) and (69), we finish the proof for Lemma A.1 when g is (-2)-homogeneous.

Now we prove a(x) is an Aβ weight on Rn. It suffices to prove that for every x0 ∈ Rn, 0 <

R < ∞, we have

(70)

(
1

|BR(x0)|

∫
BR(x0)

a(x) dx

)(
1

|BR(x0)|

∫
BR(x0)

a(x)−
1

β−1 dx

)β−1

≤ M,

for some universal constant M depending only on n and β. If x0 = 0 and 0 < R < 2,

(71)

|B1|
|BR|

∫
BR(0)

a(x) dx =
|B1|
|BR|

∫ R

0

r2β−n+1

(1 + r)2
rn−1n dr

=
n

Rn

∫ R

0

r2β

(1 + r)2
dr

≤ n

2β + 1
R2β+1−n.
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On the other hand,

(72)

(
1

|BR|

∫
BR(0)

a(x)−
1

β−1 dx

)β−1

=

(
|B1|
|BR|

∫ R

0

[
r2β−n+1

(1 + r)2

]− 1
β−1

rn−1n dr

)β−1

≤ C(β)

(
n

Rn

∫ R

0

r
2β−n+1

1−β rn−1 dr

)β−1

≤ C(β)

(
n(β − 1)

(n− 2)β − 1

)β−1

Rn+1−2β.

Combining (71) and (72) yields (70) for x0 = 0 and 0 < R < 2.

If x0 = 0 and R ≥ 2, we have

(73)
1

|BR|

∫
BR(0)

a(x) dx =
n

Rn

∫ R

0

r2β

(1 + r)2
dr ≤ n

2β − 1
R2β−1−n.

On the other hand, it holds that

(74)

(
1

|BR|

∫
BR(0)

a(x)−
1

β−1 dx

)β−1

=

(
n

Rn

∫ R

0

[
r2β−n+1

(1 + r)2

]− 1
β−1

rn−1 dr

)β−1

≤
(

n

Rn

∫ R

0

r
(n−3)β
β−1 · (1 + r)

2
β−1 dr

)β−1

=

[
n

Rn

(∫ 1

0

+

∫ R

1

)
r

(n−3)β
β−1 · (1 + r)

2
β−1 dr

]β−1

≤
[
2n

Rn

∫ R

0

r
(n−3)β
β−1 · (2r)

2
β−1 dr

]β−1

≤ 4

(
2n(β − 1)

(n− 2)β + 1

)β−1

Rn−2β+1.

Combining (73) and (74), we derive (70) for x0 = 0 and R ≥ 2.

If x0 ̸= 0 and R > 1
2
|x0|, BR(x0) ⊂ B3R(0) and then(

1

|BR(x0)|

∫
BR(x0)

a(x) dx

)(
1

|BR(x0)|

∫
BR(x0)

a(x)−
1

β−1 dx

)β−1

≤
(

1

|BR|

∫
B3R(0)

a(x) dx

)(
1

|BR|

∫
B3R(0)

a(x)−
1

β−1 dx

)β−1

=

(
3n

1

|B3R|

∫
B3R(0)

a(x) dx

)(
3n

1

|B3R|

∫
B3R(0)

a(x)−
1

β−1 dx

)β−1

.

Combining the above estimates for the case x0 = 0, we prove (70) for x0 ̸= 0 and R > 1
2
|x0|.
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At last, we consider the case x0 ̸= 0 and 0 < R ≤ 1
2
|x0|. If |x0| ≥ 2, 2β − n + 1 ≥ 0, for

any x ∈ BR(x0), (
1

2
|x0|
)2β−n+1

· (2|x0|)−2 ≤ a(x) ≤
(
3

2
|x0|
)2β−n+1

|x0|−2.

If |x0| ≥ 2 and 2β − n+ 1 < 0, for any x ∈ BR(x0),(
3

2
|x0|
)2β−n+1

· (2|x0|)−2 ≤ a(x) ≤
(
1

2
|x0|
)2β−n+1

|x0|−2.

If 0 < |x0| < 2, 2β − n+ 1 ≥ 0, for any x ∈ BR(x0),(
1

2
|x0|
)2β−n+1

· 4−2 ≤ a(x) ≤
(
3

2
|x0|
)2β−n+1

.

If 0 < |x0| < 2, 2β − n+ 1 < 0, for any x ∈ BR(x0),(
3

2
|x0|
)2β−n+1

· 4−2 ≤ a(x) ≤
(
1

2
|x0|
)2β−n+1

.

Then it is straightforward to verify that (70) holds when x0 ̸= 0 and 0 < R ≤ 1
2
|x0|.

The argument for the proof of (67) for (−3)-homogeneous function is almost the same, so

we omit the details. Hence the proof of the lemma is completed. □

Let us now prove the validity of (19) for the rest of this appendix.

Proof for the validity of (19). Note that H ∈ C1(Rn \ {0}) satisfies a weak formulation of

(16): ∫
Rn

∇H · ∇ϕ dx =

∫
Rn

(
−u · ∇H − 1

2
|∂iuj − ∂jui|2 + f · u− div f

)
ϕ dx(75)

for all ϕ ∈ H1
0 (Rn \ {0}). Let ξ ∈ C∞

c (0,∞). Substituting ϕ(x) = Hα
+(x) ξ(r) ∈ H1

0 (Rn \
{0}), α = n−4

2
in (75) yields

∫
Rn

∇H+ · ∇(Hα
+) ξ dx =

∫
Rn

(
−u · ∇H − 1

2
|∂iuj − ∂jui|2 + f · u− div f

)
Hα

+ ξ dx.(76)
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Here we have used that for h(x) := Hα
+ ∂r H+, which is (1− n)-homogeneous, one can get∫

Rn

∇H+ ·Hα
+∇ξ dx =

∫
Rn

h(x) ∂rξ(r) dx

=

∫ ∞

0

∫
Sn−1

h(x) rn−1 ∂rξ(r) dσ dr

=

∫ ∞

0

∫
Sn−1

h

(
x

|x|

)
∂rξ(r) dσ dr

=

∫ ∞

0

∂rξ(r) dr

∫
Sn−1

h

(
x

|x|

)
dσ = 0.

Lastly, one can choose a sequence {ξk(r)}∞k=1 of test functions in the interval (0,∞) such

that ξk(r) → χBR\B1(x) in L1 as k → ∞. Then using ξk in (76) and sending k → ∞ proves

(19). □
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l’hydrodynamique. J. Math. Pures Appl., 12:1–82, 1933.

[17] Y. Li and Z. Yang. Regular solutions of the stationary Navier-Stokes equations on high dimensional

Euclidean space. Comm. Math. Phys., 394(2):711–734, 2022.

[18] T. V. Phan and N. C. Phuc. Stationary Navier-Stokes equations with critically singular external forces:

existence and stability results. Adv. Math., 241:137–161, 2013.

[19] J. Serrin. Mathematical principles of classical fluid mechanics, volume Bd. 8/1, Strömungsmecha of
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