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ABSTRACT. We prove that the steady incompressible Navier-Stokes equations with any
given (—3)-homogeneous, locally Lipschitz external force on R™ \ {0}, 4 < n < 16, have
at least one (—1)-homogeneous solution which is scale-invariant and regular away from the
origin. The global uniqueness of the self-similar solution is obtained as long as the external
force is small. The key observation is to exploit a nice relation between the radial component
of the velocity and the total head pressure under the self-similarity assumption. It plays
an essential role in establishing the energy estimates. If the external force has only the
nonnegative radial component, we can prove the existence of (—1)-homogeneous solutions
for all n > 4. The regularity of the solution follows from integral estimates of the positive
part of the total head pressure, which is due to the maximum principle and a “dimension-

reduction” effect arising from the self-similarity.

1. INTRODUCTION AND MAIN RESULTS

We consider the steady Navier-Stokes equations in dimension n with an external force
f: (f17f27"' 7f7b):
(1) —Au+(u-V)u+Vp=f, divu=0,
where the unknowns are the velocity field w = (uy,us, -+ ,u,) and the pressure p. The

existence and uniqueness of solutions to is a fundamental problem in partial differential

equations (see [8]).

1.1. Existence and uniqueness of self-similar solutions. A very important property
of the system is that it is invariant under the scaling

(2) w(@) = ur(x) = (i), p(r) = pa(e) = Np(Az),  f(z) = filz) =N fa),

for any A > 0. That is, if (u,p, f) satisfies (1)), then (uy,py, f,) defined in also satisfies
(). In particular, the solution (u, p) is called scale-invariant or self-similar if (uy, py) = (u, p)
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for any A > 0. In this case, the external force f has also to be scale-invariant, i.e., f, = f for
any A > 0. This is the same as saying that w is (-1)-homogeneous and f is (-3)-homogeneous.

The existence of solutions with given external force f in a scrz}le—invariant space has been
studied extensively, such as L™, L™, and Besov spaces B;qH; (1<p<nl<qg< o),
typically under smallness assumptions (see [14,|15,/18,26]). In particular, the existence of
self-similar solutions to follows from the results in [15,|18], n > 3, if the force f is
small enough. The key idea in [15/18] is to use the contraction mapping argument in the
corresponding space.

Without size restrictions in a scale-invariant space, the nonlinear term may become dom-
inant. This makes the contraction mapping argument difficult to apply to construct large
solutions directly. In dimension n = 4, Shi proved the existence of self-similar solutions
with large external forces in [20]. The key observation there is that under self-similarity
assumptions, for the solutions of four-dimensional steady Navier-Stokes equations, one has
the identity (see also (9) below)

/]Vu|2da:/ f - udo,
S3 S3

which gives enough energy estimates for w. Here and in the following, we use S™ ! to
denote the standard unit sphere in R™. For dimension n > 5, it is remarked in [20, Section
5] that “The author does not know whether there are large self-similar solutions to the
stationary Navier—Stokes equations with arbitrary scaling external force for dimensions n >
5. The natural Dirichlet energy [ |Vul|? is scaled invariant only for dimension four, and
thus we cannot apply the same method to establish the a priori estimates for five or higher
dimensions”.

The main goal here is to show the existence of self-similar solutions to with arbitrary
scale-invariant external force f up to dimension 16. Before stating our main results, we
recall the following standard notations. For a locally (Holder or Lipschitz) continuous ho-
mogeneous vector field v on R™ \ {0} and any a € (0,1), we use ||v||csn-1), [|V|lca(sn-1y,
and ||v|Lip(sn-1y = ||v][co1(sn-1) to denote the standard continuous norm, Hélder norm, and
Lipschitz norm of v on S™~!, respectively. In particular, it follows from Rademacher theorem
(see [4, Theorem 3.2]) that one has

[V[lLipsn-1) = ([l poe(gn-1) + VOl oo gn-1) -
Our main results of this paper are as follows.

Theorem 1.1. Forn € N, 4 < n < 16, let f be a (—3)-homogeneous force such that f is
locally Lipschitz on R™\ {0}. Then we have the following results.
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(i) There exists at least one self-similar solution u to the steady Navier-Stokes equations

such that u € C2*(R™\ {0}) for any a € (0,1) and

loc
(3) [l csn-1) + |Vullon-r) + [Vl gagsa1y < C,

where C' > 0 depends only on o, n, and || f||Lip(sn—1)-

(i) Ifin addition, the external force f is smooth on R"\{0}, then the self-similar solution
u we obtained is also smooth on R™\ {0}.

(iii) There exists a universal constant € > 0 depending only on n such that if

[ fllLipesn-1) <€,

then the self-similar solution is unique in C*(R™\ {0}).
We have a few remarks in order.

Remark 1.1. As mentioned above, the existence of self-similar solutions to with (-3)-
homogeneous forces in the four-dimensional case has been obtained in [20]. We mainly focus
on the proof of Theorem[1.]] for the case n > 5.

Remark 1.2. We can prove the ezistence of (—1)-homogeneous solutions for all n > 4
if the external force has only the radial component whose value is also positive, i.e., f =
r=3fre,, fr >0, where r = |z| and e, = fap s the unit vector in the radial direction. See
Theorem below for the precise statement.

Remark 1.3. We remark that the self-similar solution solves the Navier-Stokes system
across the origin in the sense of distributions because both sides of are locally integrable
around the origin if n > 4. In contrast, for n = 3, the self-similar solutions solve the Navier-
Stokes system across the origin with the right-hand side supplemented by multiples of the

Dirac delta force.

Remark 1.4. The existence of self-similar solutions with large external forces may not al-
ways be guaranteed. The global uniqueness is not always guaranteed, either, even for solu-
tions with small external forces. For example, let us consider the self-similar solutions to the
following one-dimensional toy model:

(4) —u" +uwu' = f, xeR\{0}

where uw and [ are scalar functions. It has the same scaling property as the steady Navier-
Stokes equations. As the domain R\ {0} is not connected, one can consider the positive part

{x > 0} only. For any (=3)-homogeneous f(x) = 5, x > 0, and c is a constant, one can
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find all (—1)-homogeneous solutions must be of the form u(x) = <, where

C=-1£V1—-c

This shows that there does not exist a solution u if c > 1; on the other hand, there are exactly
two solutions if ¢ < 1, and there is exactly one solution if c = 1.

We should mention that similar existence, non-existence, and non-uniqueness results,
which depend on the size of an external force for the three-dimensional steady Navier-Stokes

equations in the azisymmetric setting, were proved in [20].

Remark 1.5. The main point of uniqueness in Theorem[I.]] is the global uniqueness without
size restriction on solutions. Previously, local uniqueness has been obtained in [14, Theorem
1.2] when the external f is small, i.e., the solution is unique in the class with smallness.
The key point in Part (iii) of Theorem 1s that our a priori estimates tmply that all
possible self-similar solutions must admit smallness if the external force is small, and then
global uniqueness follows. The uniqueness here is in the same spirit as that of [17], where

the uniqueness is proved for small initial data in L3*>°(R3).

Remark 1.6. In [15], the global ezistence of self-similar solutions with a (—1)-homogeneous
wnitial data for the unsteady three-dimensional Navier-Stokes equations was established. Our
problem is different from the problem of [15]. At a technical level, for our problem, there are
no available local energy estimates, and the solution of the linearized Stokes equations cannot

serve as the leading term.

Here, we would like to recall some related results on the existence of steady solutions for
the Navier-Stokes equations. The study of the existence of weak solutions of has been
extensive, since the work of Leray [16], where the existence of solutions with finite energy
was established. Especially, the existence of weak solutions belonging to H! follows from
Leray’s arguments in any dimension (see [25, Chapter 2]). Considering the regularity of the
solution when the external force f is smooth, one can show that weak solutions are regular
if the dimension n < 4 (see [9]). In higher dimensions, it is still an open problem whether
any weak solution is smooth.

In the 1990s, Frehse and Ruzicka and also Struwe initiated the study of the existence of
smooth solutions in higher dimensions ([5H7,22]). The analysis in this paper was inspired by
the method developed in [7,22]. Frehse and Ruzicka [7] showed that in a bounded domain
in R with homogeneous Dirichlet boundary condition, has weak solutions which are
“almost regular”. Struwe [22] showed the existence of regular solutions on R® and the torus
T® by establishing C'* a priori bounds of solutions. Frehse and Ruzicka [5,6] then established
the existence of regular solutions of the Dirichlet problem in dimensions n = 5,6, and also
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established the existence of regular solutions on T for 5 < n < 15. Recently, Li and
Yang [17] extended the existence of regular solutions on R™ for n = 5 to 5 < n < 15.
It should be noted that in the above works, when the domain is the whole space R", the
external force f is assumed to be regular and compactly supported or decay fast enough so
that standard a priori energy estimates hold. This makes the results in [17,22] cannot be

applied to the case with (—3)-homogeneous external forces.

1.2. Main ideas and outlines for the proof. In this subsection, we give the key ideas
for the proof of main results in this paper. We prove the existence of self-similar solutions
by applying the Leray-Schauder degree theory. The essential part is to establish a priori
estimates. We begin with the standard energy estimates for the Navier-Stokes equations. It
follows from the self-similarity that the energy estimates can be written as

/ (IVul* + (n — 4)|ul> + (n — 4)Hu") do = f-udo.
Sn-1 gn-1
Here H = L|u|? 4 p is the total head pressure and " = w - z is the radial component of
ru, r = |z|]. When n = 4, it gives the desired energy estimates, and the existence of self-
similar solutions with general external forces was established in [20]. When n > 5, one has
to estimate the non-linear term [, , Hu"do. This term is of order |u|?, and its sign is not
clear.

To estimate |

S
we denote the positive part and the negative part of a function g(x) by

w1 Hu"do, our idea is to split Hu" into Hu!, and Hu’ . Here and below,

g+(x) = max{0,g(z)}, g—(2) := —min{0, g(z)}

respectively. Clearly, one has g(z) = g+ (z) — g_(x) and |g(x)| = g4 (z) + g_(z).
A key observation is that there is a crucial relation between H and u", which is

(5) —Agnu” +u’- VS = 2H + fr on S™L

Here u! = ru — u"e, is the tangential component of ru, and

(6) v =g (V — er%) with e, = %, Agn1 =12 <A - -

are the spherical gradient and the spherical Laplacian, respectively. Using this relation (5]),
we have the following energy estimate

—4
/ IVul? + (n — 4)|u|*do < fru+t(n—4)H u" da—i—nT fru do.
Sn—1 Sn—1 Sn—1
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Hence, the key point is then to control H, and u". One notes that H solves an elliptic

equation

n

1
(7) —AH+u-VH == % |0u; — Opuil* + f - u—div f in R"\ {0},

1,j=1

so that H, satisfies some a priori estimates inspired by the maximum principle. This indeed
leads to integrability estimates of H, beyond the classical regularity criteria exponent “n/2”
in terms of w and f (see Lemma below), where the “dimension-reduction” effect of the
self-similarity also plays an important role. Directly integrating on S"!, we can estimate
|u"|| L2(gn-1) in terms of H, and f and consequently get the estimates of u" in terms of u and
f (see Lemma below). With these ingredients, one can close the energy estimates with
the help of the Sobolev inequality on w, which yields a dimension restriction n < 10, see
Proposition and the wordings below it. To go beyond the scope of the Sobolev inequality,
we instead use the equations again and obtain better integral estimates for w, which yields
a more general condition n < 16. See Lemmas [2.6] and

Along with the proof of the energy estimates for u, higher integrability of H, beyond
“n/2” is also obtained (see Proposition by using Lemma . With this at hand, we

o0

i -regularity estimate of the velocity field away from the

immediately have the well-known L
origin (see Proposition and we can improve the regularity estimate up to 0120? by a
bootstrap argument (see Proposition . This regularity estimate enables us to apply the
Leray-Schauder degree theory to get the existence result.

We mention that the maximum principle for H was observed and used in [1,/11},]19]. Later
on, Frehse and Ruzicka [6], Struwe [22], and Li and Yang |17] used the maximum principle in

a weak form to show the existence of regular solutions with finite energy in high dimensions.

1.3. Organization of the paper. The rest of the paper is organized as follows. In Section
, we give the a priori energy estimates. In Section , the C’fof estimates of solutions are
first established by using the higher integrability of H, and a bootstrap argument. After
that, the existence of solutions is proved by the Leray-Schauder degree theory; in addition,
we prove the global uniqueness. In Section [4] we deal with the case that the external force f
has only a nonnegative radial component, where it follows from ([7]) that H, can be controlled
by u’. and f. Together with some higher integrability estimate for v’ using , we have
the desired a priori estimate for H, and the existence of solutions without restriction of the

dimension. In Appendix [A] we address two technical issues.
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2. A PRIORI ENERGY ESTIMATES

2.1. Energy estimates. We first prove a preliminary result that the homogeneity of u and
f implies the homogeneity of p under mild regularity assumptions.

Lemma 2.1. Assume that n > 5, f is (—3)-homogeneous and f is locally Lipschitz on
R™\{0}. Let u be a (—1)-homogeneous solution to (1)) in R*\ {0} in the sense of distribution

and uw € C?(R™\ {0}). Then the corresponding pressure p € C*(R™\ {0}) is uniquely defined
up to a constant and can be chosen as (—2)-homogeneous.

Proof. We note that the pressure p solves

Then p can be represented by

1 1 .
0 ) = momg | i@y (u) — div £)(u)dy + ),

O

where w,, is the volume of the unit ball in R” and A(z) is a harmonic function on R™ \ {0}.
According to Lemma , the first part in the right-hand side of is (—2)-homogeneous.
It follows from and the homogeneities of w and f that Vp is (—3)-homogeneous. This
implies that VA is (—3)-homogeneous. A Liouville-type theorem for the harmonic function
implies that h is a constant. Indeed, when n = 5, the Liouville-type theorem for harmonic

functions 0;h yields that
C;
pu— W-

Using 0;0;h = 0;0;h, we have ¢; = 0 for all <. This shows that h is a constant and we

Oih

can choose h = 0 as this will not affect Vp. When n > 6, the Liouville-type theorem for
harmonic functions 0;h yields that

0;h = 0.

Then h is a constant, and we can also choose h = 0 without affecting Vp. Then according
to Lemma [A.1] p(z) is (—2)-homogeneous and it holds that p, Vp € L#(S" 1), 1 < 8 < co.

Following the proof in [§], one can then verify that (u,p) is a classical solution to in
R"\ {0}, and p belongs to C'(R" \ {0}) . O

We start to derive the energy estimate for the self-similar solution w. To utilize the

equations on the sphere later in the proof, we decompose
u'+u'e,

t T
+ /e
’Ll,_—7 f:%
r r

9

o]
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Here, u' and u"e, are the tangential and radial components of ru, respectively. Similarly,
f* and fTe, are the tangential and radial components of 73 f, respectively. Under the self-
similarity assumptions, u!, u”, f*, f” and p are all 0-homogeneous. Now we can state our

first main estimate.

Lemma 2.2. Assume n > 4. For any self-similar solution u of such that uw € C?(R™ \
{0}), it holds that

—4
(9) /Sn—l |VU|2 * <n B 4)|U|2d0- = gn—1 f U (TZ - 4)H+UT_ do + L 2 /Sn—l fTUZ- do.

Proof. The proof is divided into two steps.

Step 1. Multiplying by urt™ (r = |z|) and integrating both sides on the annulus
Br\ By (R > 1) yields

/ (IVulr* ™ + (n — Yulr* " + (n — ) Hu'r*") do = / f-urt"dz,
Br\Bi1 Br\B1
where integration by parts and the self-similarity of u have been used. Now dividing it by
R — 1 and sending R — 1 yields the following energy estimate on S™"!,
(10) / Vul2+ (n— Duf + (n—VHdo = [ F-wdo.
Sn—1 Sn—1

We remark that

- 2 n—1 2
(11) / \VUPCZGZ/ ’VS" 111,‘ +]8ru\2daz/ ’VS u) + |ul*do,
Sn—1 Sn—1 Sn—1

where V5" is the spherical gradient defined in @, and in the last equality we used the
property 0,u = —u, which is a consequence of the self-similarity of u.

Step 2. It follows from that we have

/ |Vul? + (n — 4)|u|*do = f-u—(n—4)Hu do
Sn—1 Sn—1
(12) :/ f-u—(n—4)Hu + (n—4)Hu" do
Sn—1
< f-u—(n—4)Hu + (n—4)H u" do.
Sn—1

To control the term f gn—1 Hu!, do, our key observation is that there is a nice relation between
u” and H under the self-similarity assumption on w. To see this, we examine the equations
on the sphere S"~! by utilizing the self-similarity, where the relationship between u" and
H becomes clear. It follows from that u” satisfies the following equation

—Asn—lur + <ut . vsnflur N (UT)Q _ |ut‘2> _ 225 _ fr on Sn—l’
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which was also derived in [23, Appendix 1]. The above equation of u” can be written as
(13) —Agnu” +ut -V W =2H + f7 on S"

Multiplying by ! and integrating both sides on S"=1 we have

2 —9
/ do + M/ (" )? do
Sn—1 2 Sn—1

=2 Hu! do + / frul_do,
Sn—1 Sn—1

v ()

(14)

where the integration by parts and the divergence-free condition

(15) divgn1(u') +(n—2)u" =0 on S"*
has been used. Taking into gives @ U
Next, we derive the estimates for H,. To do so, we consider the equation of the total head
pressure H:
1
(16) ~AH+wu-VH = —§|aiuj -+ f-u—divf inR"\{0}.

Lemma 2.3. Assume n > 5. For any self-similar solution uw of such that u € C*(R™\
{0}), it holds that

(17) IH. || rosn-1y < C(n) ([If - wllpagsn-1) + [|div £ pogsn-1))
where

o (n—2)(n—1) o (n—2)(n—1)
(18) 0 = 2n—3) and q:= yr—

Proof. Multiplying with HY, a0 = 14" and integrating it by parts on Bg \ B yields

2
4oy /
(a+1)% /B

a+1

V(H.* )

2 1
dx:/ (—§|8in_ajUiP"’f'U—din) HE da
(19) e
§/ (f-u—div f) H! dx.
Br\Bi

Here, by using self-similarity, the boundary integrals over the boundary 0(Bg \ B;) will

vanish; the choice of the special exponent v = %‘ is made for this purpose.

In fact, one needs to prove by using a weak formulation of instead of using it in
a classical sense since we only know H is in C'(R" \ {0}). Rigorous justification is given in

Appendix [A]



10 JEAHEANG BANG, CHANGFENG GUI, HAO LIU, YUN WANG, AND CHUNJING XIE

Dividing both sides of by R — 1 and sending R — 1+, one can obtain estimates on
St

4o
20 —
at1l atl
Using (-2)-homogeneity of H, one can obtain 9,(H,? ) = —(a+1)H,*> on S"! and re-write

@) s

2
daﬁ/ (f -u—div f) HS do.
Sn—1

8(n —4 no1 . n=2|2 n—2
8(n —4) VS H, T | do+ (2n — 8) H.” do
(77, - 2)2 Snfl Snfl
(21)
n—4 n—4
< fr-uH? da—/ div fH,* do.
Snfl Snfl

n—2
Using the Sobolev inequality (see [2]) for H.* on S™ ! and the Holder inequality, we obtain

n—212 o1 D=2 2 n—212
Lﬁ(snfl) LQ(Sn—l) LQ(Snfl)
(22) ns
< O - llzagsn—) + [[div £l acsn) HH+2 L (s
where ¢’ = % so that %—1—& = 1. Note that ”T"lq’ = % Then a straightforward
computation yields . O

To close the energy estimates, we still need some estimates for u”. For this purpose, we
integrate the equation for u" on the sphere directly, which gives estimates of " in terms
of H, and f, and hence, u and f.

Lemma 2.4. Assume n > 5. For any self-similar solution u of such that uw € C*(R™ \
{0}), we have

(23) [[u"IZ2(sn—1)+ N H- |1 (sn1y < C(n) (I - wllosn1y + [div Fllzagn-ry + [ o))
where q is defined in .

Proof. Integrating both sides of on the sphere and using the divergence-free condition
yield
/ (n —2)|u"|*do = / 2H + f"do.
Sn—1 Sn—1
This is equivalent to

(24) / (n — 2)|u"|*do + / 2H _do = / 2H, + f"do.
Sn—1 Sn—1 Sn—1
Therefore, one has

(25) (n— 2)||UT||%2(Sn—1) + 2| H- ||z sy < 2[[Ho[[pa(sn-r) + [ f7 [ p2(sn-).
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Now applying the Holder inequality and using yield
(= 2)|u" |72 (gn1) + 2l H- || 1 (sn-1)
< CllHillpogsn-1y + 1f |1 (sm1)
<C (||f : 'U'HL‘I(S"*) + [|div f||Lf1(Sn*1)) + HfTHLl(S"*l)»
where 6 and ¢ are defined in ((18)). This completes the proof. 0
Combining Lemmas we have a further estimate for ||Vl z2(gn-1).

Proposition 2.5. Assume n > 5. For any self-similar solution w of such that u €
C?*(R™\ {0}), we have

3 3 3
) [ 1Vul s < € (11 + 15y + 1o fllens)
Proof. According to Lemma [2.2] it holds that
/s B [Vul® + [ulfdo < C||f | 2snllwllz2sn1y + CllH || ogsn U] 2(sn1y.

By Young’s inequality and Lemmas [2.342.4] one has
[ vul + upds
Sn—1

3 ) 3 s
<CNF I qsnsy + € (1F - wllFaon sy + 108V FlZuqgn sy + 17 Eronr))
This implies and completes the proof for Lemma . O

It is implied by Lemma that one can close the energy estimates as long as one can
estimate ||u||fa(sn—1) in terms of ||Va|[2(gn-1y and f. This can be easily done when n < 10
as ||| pa(sn-1y can be controlled by ||[Va|[z2(sn-1y by a direct use of the Sobolev embedding
inequality on S"~!. To obtain the energy estimates up to dimension 16, a few more estimates
are needed. These are based on some weighted estimates for the pressure and velocity field,
which follow the same strategy as [17, Lemmas 2.10 and 2.11] with necessary adaptations
to the setting of self-similar solutions. We should mention that similar weighted estimates
already appeared in [5}/6].

Lemma 2.6. Assumen > 5. Ifw is a self-similar solution of (1)) such thatu € C*(R™\{0}),

foranyO<s<n—4,y€Bg\B%,0<R0§%, we have

p(x)
(27) /B o gprte <€ (Ml + 190l + 1l )
Ry \Y

where C'= C(n, s, Ry) > 0 depends only on n, s, and Ry, but does not depend on y, and the
value of 0 is defined in .
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Proof. In the proof, we use C' to denote a constant that may depend on n, s and Ry if we do
not specify its dependence clearly. Fix y € By \ B 1. Let ¢ () be a smooth cut-off function
((x) such that

¢(=1in Bg,(y), ¢=0in B (y), and |V(|+ |V < C(Ry).
Multiplying the equation of the pressure

by ((x)|z — y|~* and integrating over R™ with respect to x yield

w- (z —y)*¢ |ul*¢ 128
dr — d - d
3(3+2)/n x S/R x+s(s+2 n)/ x

|z — y|s+t n |z —ylst+? re [T — y[+?

_ / PAC|z — y|~*dz — 2 / pVC-V(a -y )z — [ -Vl —y~)da
R R~ R

(29) - 2/ ww;0i(|r — y|~%)0;¢dx — / uju;lr — y|~°0;;¢dx =: RHS

Since supp(V() C Bag,(y) \ Br,(y) C By \ Bi, and u, p, f are homogeneous, we have

RHS| < C / Ipldz + / udz + | Fll e (am, )
Barq (y)\Brg (y) Bary (¥)\BRg (v)

< € (Il gy + Iy + 1o
By Lemmas [2.1] and the Sobolev embedding inequality,
2 2
HPHL%;(Sn,l) < CHUHL@_—D _— < Cl|Vul[L2(gn-1y-
Hence, we get that
RHS| < € (I Vulfasnsy + If o) -

The left-hand side of can be written as
(x—y)? H 4 — 2
s(s+2)/ Ju-(z=y)I*¢ Cdav—l—s(s—i—2—n)/ _He d:L’—S<S+ n)/ [ul*c
n R

|z — y|+ o |2 — y|*+? 2 n @ —y[st?

Since s(s+2—n) < 0 and S(SZL") < 0, there exists a positive constant C'(s) depending only
on s and n, such that

L Gl ) [
(30) o (Lt [ ) - [

C
SO <||Vu||%2(sn—1) + ||f||Loo(Sn,1)> .
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Replacing H by 2H, — |H| in (30]), we have

lu- (2 —y)|*¢ / lul*¢ / |H|¢
2 D ge+ | o g+ [ — Dy
/n |z — y|stt ge [T — y|+? e [T — y[*+?

H. ¢ 2
< C T d C( v 2 n—1 oo n— )
. /Rn g2t IVllz2ign-1) + |l Lo (snr

<C <HH+HL‘9(S"_1) + ”VUH%z(Snf” + HfHLoo(Sn—l)) ,

(s+2)n

where we used the facts =

holds that

H 1 2
JLSy VP L
g |2 — Y[t g |2 — Y[t 2 Jgn | —ylt

<C <||H+”L9(S”*1) + ||Vu||%2(5n—1) + ||f||Loo(Sn71)> ,

which implies and then the proof of Lemma is completed. 0J

< nand ¢ > 7 for the last inequality. Asp = H — %, it

Lemma 2.7. Assume n > 5. Let u be a self-similar solution to (1) such that uw € C*(R™\
{0}). Then for any 1 < 8 < 4, we have

1 1
(31) lullzscsity < C (IH N oqsnsy + IV 0llzzisn) + 1 F ipgon s )
where C'= C(n, ) > 0 depends only on n and 3.

Proof. In the proof, we use C' to denote a constant that may depend on n and 3. For any
fixed y € S"71, let Ry = 1—16, and ((x) be the cut-off function satisfying

(=1inBry(y); ¢=0in B (y)i |V + |V < 100,

For any % < B < 4, we define

1 1 2
= 2 d R™.
(@)= o | )| s )z a
Here w, is the volume of the unit ball in R” and sgn is the sign function. Clearly, one has
p=2
(32) —Ayp = |p| 7 sgn(p)C.
Let
- 20 4-p

s:=n B_2+eﬁ_2,

where € > 0 is sufficiently small such that 0 < s <n — 4 and

(33) Lﬁ —n+2+(8+2)2(ﬁ_2) =-n-+e>-—n.

W
|
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For every z € Bg,(y), with the aid of Holder inequality, it holds that

lp(x)] < C (|p( 2)Ie( )) |3,j _ Z‘in+2+(s+2)#<.(2)%dz
Rn

’JJ Z|s+2
4-B

Ip( 2o [—nto4 (DB R
<C (/Rn |z — z’s+2 — 2| TP ((z)dz
L
cof [ Al
Ban, (@) |z — z|**

where we used in the last inequality. This, together with Lemma , yields

B—2

2

(B el < C (1 luos + V0l Zagns) + 1 (o)

Multiplying by ¢( and integrating over R" give

/ pAldr + 2/ ©Vp - V{dx +/ poAldx —/ (Oju;05u; — div f)e(de.
n n n B

Ro(y)

By virtue of and the Hoélder inequality,

/ Ip| 7 2dx
Brq ()

(35) :/ (Oju;0u; — div f)eldr — 2/
Br, (y)

BRO (y)

©Vp - V({dx — / ppAldx

Bpr(y)
<Ol (om0 IV 2250t + [ Fllinsnsy + [ 9pllcxsnsy + pllsns)
It follows from the Sobolev embedding inequality that one has
IVpllzrsn—y < V] =

Ln 2 S?’L 1)

- )Vl oy g+ CONF iy

< n— 2(gn—1

< c<n>|ru|rL%(Sn_l)HVuuL 5+ COF

CTulEaqsnsy + CONIFI it g

This, together with , gives

B
(37) [ e < el o (IV8lans + 1 ) -

BRo(y)

Taking into , by Young’s inequality, we have

B8
3 [ <0 (e 10 )
B, (y)
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As |ul? < 2|p| + 2H, owing to and (17), it holds that

8
/ lu|’dx < C / |p|§dx +/ H?dx
B, () B, (y) Bi, (y)

R0 780

(39)

B8
< € (IH s oy 1Ty + 1)

Now let {Bé(yz) Dy € S"‘l} , be a finite collection of balls which covers S"~!. Sum-
i=1

ming (39)) over {B ! (yl)} we get (31)) if 2—" < 8 < 4. This, together with Holder inequality,
gives (31]) in the case g € (1, 2” . Hence the proof of Lemma n is completed. 0

We are in a position to get the major energy estimates.

Proposition 2.8 (Energy estimates ). Assume 5 <n < 16. Let u be a self-similar solution
to such that uw € C*(R™\ {0}). Then there exists a constant C' depending only on the
dimension n such that

(40) /Sn_l [Vul? + (n — 4)|ul*do < C| flEipsn-1) + CllF[Eipisn-1ys
and
@y bl g IV g S O s + CUS sy

Proof. Choose = q = % so that 1 < ¢ < 4, as 5 <n < 16. It follows from Lemma
2.7 that we have

1
(42) lellzasny < C (I oggmsy + 90l zasn 1y + | Fllzgsny) -
It follows from @ and the Holder inequality that

(43) IVl < Clf sy +C [ Hiardo.

Taking into , we have

nmmmu<00mwmml+memlmmﬂyw+wm%wﬁ

S C (”H-l-H[Eﬁ(Snfl) + HH+||[§/9(STL71)||ur||l§/2(5‘n—1) + ||f||LOO(Sn71)) s
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where we used the fact that 6 > % and ¢ < 2. This, together with Lemmas and ,

gives
||U||Lq(sn*1)
<C (I1F - llfagsn sy + 1iv FlFuggn ) - (14 107 aggnry) + ClF leisnsy
<C (I - wllFusomsy + 1 ) - (1H1F 0l sy + 1 lpss )
+ Ol ooy

1 1 3 3
<C (IF - wlagse sy + 1 Wipqsn sy + I1F - wll gy + 1 Wipgsny ) + ClFllzcsey.

Applying Young’s inequality yields

1
(45) [l zagsn-r) < CllFNE psn-1y + CllF Eipgsnry-
Taking into Lemma gives
(46) I (o gsn-1) < CllFllwipgsn-1) + CllF [Eipgsn-)-

It follows from , Lemma and the Holder inequality that we obtain

(47) Hvuﬂé(swl) + HUH%%S"*l) < CHfH%%snfl) + HH+||%9(S”—1)
< Ol Fiipsn-1y + Cll FTip(sn-1y-

Moreover, by , it holds that

IVPH, 22 gy < CIVEllZ2(s0-1) + CIFI 2 < Ol flluipse—) + ClFlEipesn-1)-

Snfl W—%(Snfl) -

Then follows from the Sobolev embedding inequality. The proof of Proposition is
completed. 0

In the course of proving Proposition [2.8, we have already obtained the following proposi-

tion.

Proposition 2.9 (Higher integrability of H,). Assume 5 <n < 16. Let u is a self-simialr
solution of such that uw € C*(R™\ {0}). Then it holds that

|Hillzosnry < C (1 lipgse) + 1 ipsnn) )

for some constant C' depending only on n.
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3. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem [I.1 We first recall the following well-known regularity
criteria of the weak solution in the literature, where H, € L] for some vy > %.

Proposition 3.1 ([17, Proposition 2.3]). Forn > 2, v > %, and f € L*(B), let (v,p) be

a weak solution to the steady Navier—Stokes equations
(48) —Av+ (v-V)v+Vp=f, divv=01in B CR".
Assume

[olle sy + 1Pl e g,y + 1 F ) + 1 Hi sy < Co
Then there exists a constant C' > 0 depending on n, Cy, and v — 5 such that

[0l zy) + IVol=0s,) < C

[N

Now we can establish the following a priori estimate, which is the main estimate that

enables us to apply the Leray-Schauder theory to obtain a regular self-similar solution.

Proposition 3.2. Let f be a (—3)-homogeneous external force that such that f is locally
Lipschitz on R™\ {0}, n > 5. If u € C*(R™\ {0}) is a self-similar solution to the steady
Navier—Stokes equations , then for any a € (0, 1), it holds that

(49) [ullown-1) + [Vallogn-ty + 1Vl oasn-1y < C,
where C' > 0 depends only on o, n and || f||Lip(sn—1)-

Proof. By virtue of Lemma [2.1], there is a (—2)-homogeneous function p, such that (u,p) is
a solution to (1)) in R™\ {0}. Let {z} : 2 € S '}, be a finite collection of points on S

such that {B%O(xk) CR": x € S”’l} covers S™~ 1. Applying Propositions and ,
k=1
and using the homogeneity of u and p, we have

1 iy )+ 1221 (i, )+ 9 i ) Py ) <

for some Cy depending only on || f||Lip(s»-1) and n. Then Proposition 3.1 implies

HUHLOO(B%I(M)) + HVUHLOO(B%I(M)> <C

for some C' depending only on || f||ripsn-1) and n. This gives

| - V’U,HLOO (B%(xk)) <C.
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Now, it follows from the regularity estimates for the Stokes equations (see |25, Lemma 2.12])
that we have for any p > 1

[l

And by Morrey’s embedding theorem (see [10, Theorem 7.26]), it holds that

)SC.

W2 (B; (21)
5

u < C for any a € (0,1).
| ||Cl,a<31m)> < y a€(0,1)
6
Then for any « € (0,1), we have
u-Vu <C.
e Tl () <
It follows from the regularity estimates for the Stokes equations again that

||uHC(Bl1O(zk)) + |’VUHO(B110(M)> * HV2UHCQ (B%(%k)) =C.

m
Since the collection {B%O (1) 12 € S”_l} covers S" !, we finish the proof of Propo-
k=1

sition 3.2 O

We are now ready to apply the Leray-Schauder theorem to solve . For the reader’s
convenience, we recall the following well-known Leray—Schauder theorem, which follows from
the homotopy property of the Leray—Schauder degree (see |25, Theorem 7.12]).

Theorem 3.3 (Leray-Schauder). Let X be a Banach space and T be a compact mapping
from [0,1] x X into X. If T(0,x) = x has exactly one solution and there ezists a constant
M > 0 such that for all possible (A\,x) € [0,1] x X satisfying T(\,x) = x, it holds that
|z|lx < M, then T(1,-), as a mapping from X into itself, has at least one fized point.

Define the function space
(50) X ={v: divv =0, v is (-1)-homogeneous, v € C*(R" \ {0})},
equipped with the norm
[ollx = [ollose + [Vollew,

The function space X is a Banach space.
Assume that f is (—3)-homogeneous and f is locally Lipschitz on R™ \ {0}. For every
(A, v) € [0,1] x X, consider the problem

(51) —Au+Vp=Af—(v-V)v=Af —div(v®wv), divu=0, inR"\{0}.
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Let G;; be the Green tensor to the Stokes equation
. 1 5ij T2
C 20w, (0= 2|z |z ]

where w,, is the volume of the unit ball in R™. The solution u to can be expressed as
(53) ul(:c) = Gij * (—8k(vkvj) + )\fj) = 8kGZj * (’Uk?)j) + )\GU * fj,

(52) Gij(z)

where 1 < 4,5,k < n and the Einstein summation convention is used. It can be di-
rectly checked that w is (—1)-homogeneous, since v is (—1)-homogeneous and f is (—3)-
homogeneous. Moreover, according to Lemma [A.T],
(54)

[Vl Lsgn-1) + ||V2U||Lﬁ(5n—1)

C(m, B) (0113 sn-s) + IVl snsy + | Fllzogsny + [V F lpeisnny ), 1< B < 0.

Choosing some § > n and by Morrey’s embedding, we can conclude that w € X.
Let T be the solution map of the problem (51)), i.e., u = T'(\,v). As we discussed above,
T(A,-) is a map from X to X for every 0 < A < 1.

Proof of Theorem [1.1. (i) Existence. We aim to find a fixed point of the map 7'(1,") :
X — X. First of all, T(0,u) = u has exactly one solution, which is 0. Indeed, it is clear
that w = 0 is a solution of

(55) —Au+(u-V)u+Vp=0, divu=0,

Furthermore, it follows from [23,24] (see also [3]) that for n > 4 all the self-similar solutions
of must be trivial.

On the other hand, by virtue of and the Sobolev embedding theory on S™!, we can
conclude that 7" is a compact mapping from [0,1] x X into X. Indeed, let {u® 1 be a
bounded sequence in X. Then the homogeneity of u® and imply that for any fixed
j =1,---,n, the sequence {T(u®)) - €;}2, is a bounded sequence of scalar functions in
W2B(S"1) 1 < B < oco. Hence using the Sobolev embedding on S™7!, one can find its
subsequence that is convergent in C*(S™~1). Tterating this process for each j = 1,--- ,n, one
can in fact find a subsequence of {T'(u*))}2° | that is convergent in X. This indeed proves
the compactness of T.

Finally, assume that w is the fixed point of T'(A,-) in X, i.e., u is the self-similar solution
to the problem

—Au+u-Vu+Vp=Af, divu=0.

By the regularity estimates for the Stokes equations, u in fact belongs to C*(R™ \ {0}).
According to Proposition 3.2 we have a uniform bound for |[u(|c(sn-1) and [V e(sn-1),
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which is independent of . Now applying Theorem [3.3] we finish the proof for the existence
part of Theorem [I.1]

(ii) Regularity. The regularity of the solution follows from the classical regularity theory
for the Navier-Stokes equations as in the proof of Proposition [3.2] In particular, estimates
holds. Furthermore, it can be proved similarly that the solution is smooth on R™ \ {0}
if the external force f is smooth on R™\ {0}.

(iii) Uniqueness. To show the uniqueness result in Theorem we note that it follows
from |14, Theorem 1.2] that there is only one self-similar solution to satisfying

(56) lu(z)] <
for some universal constant ¢, depending only on n. We are left to verify that all the self-

similar solutions to (1)) satisfy if [| f||Lip(sn-1) < € for some € small enough, which depends
only on n. Write as

—Au+Vp=f—u-Vu, divu=0.
Using Propositions and [3.2] we have
lu- Vu| < C|Vul|, and ||V r2gn-1) < C(n, || fllLipse—1)),

where C'(n, || f||Lipsn-1)) — 0 as long as || f||Lip(sn-1) — 0. Now, it follows from the regularity
estimates for the Stokes equations (see |25, Lemma 2.12]) and the self-similarity of the
solution that we have

[wllw22sn-1) < Cn, || fl[Lipsn-1)) = C(n,€),
and C'(n,e) — 0 as e — 0. Hence, by a bootstrap argument, it holds that for any p > 1
||’u’||W2’p(S"*1) < C(nvpa 6)‘

with C(n,p,€) — 0 as € — 0. This implies as long as € is small enough. 0

4. THE CASE THAT THE FORCES HAVE ONLY NONNEGATIVE RADIAL COMPONENTS

If the tangential part of f vanishes, i.e., f = r2f"e,, and f” is non-negative, we can
remove the dimension restriction in Theorem [I.1} The advantage here is that the term f - w
becomes f"u" and is controlled by f"u’ . Then we can use the relation between H and
u” to get control of v/, in terms of f only (see below), which eventually leads to energy

estimates for all dimensions.

Theorem 4.1. Let f = r—3f"e, be a (—3)-homogeneous force such that f is locally Lipschitz
on R™\ {0} and f™ > 0. Then we have the following results.
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(i) Forn > 4, there ezists at least one self-similar solution w to the steady Navier—Stokes
equations , such that

[ullosary + [Vullesn-1) + IVl gagsn-1y < C,

where the constant o € (0,1) and C > 0 depends only on a, n and || f||Lipsn-1)-

(i) If in addition, the external force f is smooth on R™"\{0}, then the self-similar solution
(u,p) we obtained is also smooth on R™\ {0}.

(iii) There exists a universal constant € > 0 depending only on the dimension n such that
if || FllLip(sn—1y < €, then the self-similar solution is unique in C*(R™ \ {0}).

To show Theorem [£.1], we apply the Leray-Schauder theorem as in the proof of Theorem
[[.1] It remains to establish the a priori estimates. We have the following proposition.

Proposition 4.2. Assume that n > 5, the (—3)-homogeneous force f = r=3f"e, is locally
Lipschitz on R™ \ {0}, and that f* > 0. Let u € C*(R™\ {0}) be a self-similar solution to
(1)). Then there exists a constant C' depending only on the dimension n such that

3 . 3
(57) /S IVuf + (n = 4)fufdo < C (L7 e sy 1 Wy + Y F oo ) -

Moreover, we have
(58)

3
19 8 gy + 1918 sy < € (I Wiy + 1 oy + v Pl ugnr)

Snfl)

and

(59)  MH sy < C (1 Bwqsnsy + 1 ggnmsy + i Fllzagsen)

where q and 6 are defined in .

Proof. It f = f"e, and f" > 0, following the same proof of Lemma 2.3, we can derive that
(60) | H || pocsn—1y < C|lf || agsn—1y + C||div f|La(sn-1y.

Let 8 = 20 — 2. Multiplying by (u’;)ﬁ and integrating on S™7!, after performing
integration by parts, we have

- / H, 7)) do

B+1

v ()

S d 2 (i)™ 2H (u")’d
o+ (n— )/Sn1 511 U+/Sn1 —(ul)Pdo
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Hence, by virtue of (60)),

ﬁ 1 e lEsbagsneny < /S (2H, + f7)(u})do
<2 Hllnosnny 1 Fors gomry + 1 zoogsn-n Il 1 s gomny
<C (I | pagsny + v Fllagsn—) T Doraqgnoty + 1 zoe snny 1l Faggnmny
<C| " Npoismn) W N pasn— W Fosaggnmry + CllAV Fllzagsn) [0 raggnmry
+ C|[f" ]| o (sn-1) ||U+||Lﬁ+z(5n71)
<O | zoe gsn-1y [ [ 22 gnry + CUIAY Fllzagsny + 1 loeqsn-n) W2 sez gy,

where for the third inequality we used the fact ¢'5 = 8 + 2 and for the last inequality we
used the fact ¢ < 20 = § + 2. Then by Young’s inequality, it holds that

61) il < C (1 Mo + 15 Doy + 1iv Flsnmsy )
Taking into , we have

[H | zo(sn-1y < OIS Lo smnllul | Lozsn-ry + Clldiv f | Lagsn)
(62) < C (I ey + 1 e ey + 1V Fllzagsnn)
which is exactly the desired estimate . It follows from that one has

(TL - 2)HUTH%2(SW*1) + 2HH7HL1(Sn—1)
(63) < C”HJFHLQ(S"*) + HfTHLl(Sn—l)
S C <HfrH%OO(Sn71) + ”fTHLOO(Sn—l) + ”le fHLq(Sn_l)> .

Noting ¢’ = 7% < 2, it holds that

e < ey o 5o
(64) < COf[H || posn—yllu" |2 (sn-1y
3
< C (7 Wowqsosy + 1 ey + 1y £l )

We also have

Sn—1 Sn—1
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Finally, putting estimates — into @ and a simple application of Young’s inequality
yield the following energy estimates

-4
. /s |Vul? + (n — 4)|u|?do < ) fru+(n—4)H u" da—l—nT ; frul, do
66 n—1 n—1 n—1

3
< C (I Wmsomy + 1 R oeqsnmsy + 1iv 1 Zgnry) -
The estimates for the pressure p follow the same proof of Proposition [2.8 O

Once Proposition [4.2] is proved, the remaining part of the proof for Theorem is the
same as that for Theorem [[.II We omit the details.

APPENDIX A. TWO TECHNICAL ISSUES

In this appendix, we prove two technical issues used in the paper. First, we give a useful
lemma for estimates of singular integrals on homogeneous functions, which might be also
useful for other related problems. Second, we use the weak formulation of the equation of
total head pressure and prove the validity of the energy estimate ((19) when pressure belongs

to CY(R™ \ {0}).

Lemma A.1. Let g be a (—2)-homogeneous (or (—3)-homogeneous) function and g|gn-1 €
LP(S" 1), 1 < B < oo. Assume that T is the Riesz transform. Then Tyq is also (—2)-
homogeneous (or (—3)-homogeneous respectively). Moreover, there exists a constant C(n, [3)

depending on n and (3, such that

(67) 1Tgllpa(sn-1y < C(n, B)|lgllLe(sn—1)-

Proof. Since g is a (—2)-homogeneous function, it’s easy to check the homogeneity of T'g by

definition. Let
]x | 2—n+1

(1+ |=[)*

a(z) = a(|z]) =

Define L?(R™) to be

LR — {g : ||9||L2(Rn) _ (/Rn l9(x)|Pa(z) dm)é<+oo}
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We claim that g € LZ(R").

|m@w—/mew@m—AfLIMWwwwﬂww
(68) / / =2 g(o)[Pa(r)r"tdr do

- a;;;w-énﬁmemv

= ngﬁﬁ(sn—l)a

which implies that g € LZ(R") if g|gn—1 € LP(S™71).

homogeneous, similarly we have that

Moreover, since T'g is also (—2)-

(69) || gHLﬁ R™) = ||Tg||LB gn—1)*

We claim that a(x) is an Az weight on R”. By then, using the Calderon-Zygmund theorem
for LP(R") (see [21, Chapter V]), we have

Noting and (69), we finish the proof for Lemma when ¢ is (-2)-homogeneous.
Now we prove a(z) is an Ag weight on R”. It suffices to prove that for every x5 € R™, 0 <
R < 00, we have

(70) <|BRE

1 s o
a(x) dm) (— a(x) B-1 dx) < M,
)| Br(zo) |BR($O)| Br(zo)

for some universal constant M depending only on n and 8. If zp =0 and 0 < R < 2,

| B

|Brl| /B0

(71)

|B1| R p2B8—n+l1

n—1

a(x)dr =

d
Bel Jo G+r2 "7

n (B 28

S S
R )y T+
n
< 264’171’1,
SS9t
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On the other hand,

1 B—1
1 B-1 B R 28—n+17"8=1
( a(x)_ﬁ dx) _ (1B {T ] " In dr)

|Bg| Br(0) ~ \IBgl Jo [(1+7)?
B—1
(72) < C(ﬁ) (% /erﬁl_nﬁﬂ 7*"_1 dr>
0
n(ﬁ - 1) ot n+1—
< 0(6) (m) R 28

Combining and yields forxp=0and 0 < R < 2.
If xto =0 and R > 2, we have

1 n Ro28 n
73 —_— a(z)dr = —/ dr < R-1-m,
(73) |Brl JBr(0) (@) R Jo (1+7)? 26 -1

On the other hand, it holds that

1 e B-1 n R r,26-n+1 *ﬁ . o
L ) = (A [ T
|Brl JBr0) R Jo [(T+7)

R . _ p-1
< (ﬁ/ P (1—1—7‘)% dr)
R™ J,

" [ ()]
o, e

Combining and , we derive for zp =0 and R > 2.
If 29 # 0 and R > $|zo|, Br(zo) C Bsg(0) and then

1 1 ot
—_ a(x) dx) <— a(x) #-1 dx)
(\BR($0)| Br(zo) | Br(20)] Br(z0)
1 1 s o
<| = a(x) dm) (— a(x) B-1 dx)
( |Brl| J s (0) 1Bl J 5,00

1 1 1 o
=(3" a(x) dx) (3" a(x) 71 dx) :
( B3kl J B3 0) 1Bsrl J By (0)

Combining the above estimates for the case ¢ = 0, we prove for o # 0 and R > £|zo|.
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At last, we consider the case zg # 0 and 0 < R < 1|zo|. If |zo| > 2,28 —n+1 >0, for
any x € Br(xo),

1 2—n+1 3 2B—n+1
(o) b <aw < (Sl)

If [xo] > 2 and 26 —n+1 < 0, for any = € Br(zy),

3 28—n+1 1 2B—n+1
(Glnl) < e < (Fl)

If0< |zl <2,28—n+12>0, for any z € Bg(zo),

1 28—n+1 3 28—n+1
(§|CUO|) . 4_2 S a(m) S (§|I0|) .

If0 < |zg| <2,268—n+1<0, for any z € Bg(zo),

3 2—n+1 1 28—n+1
(§|$0|> . 4_2 S (I(LU) S (§|LUO|) .

Then it is straightforward to verify that holds when zo # 0 and 0 < R < £|o|.
The argument for the proof of for (—3)-homogeneous function is almost the same, so
we omit the details. Hence the proof of the lemma is completed. O

Let us now prove the validity of for the rest of this appendix.

Proof for the validity of (19). Note that H € C*(R™\ {0}) satisfies a weak formulation of
(16):

(75) VH-ngdx:/

R”

for all ¢ € Hy(R™\ {0}). Let & € C°(0,00). Substituting ¢(z) = H(x)&(r) € Hy(R™\
{0}), 0 =2 in yields

(76) / VH, -V(H}){de = / (—u -VH — %]@-uj — ;> + f - u —div f) HS ¢ dx.

n
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Here we have used that for h(x) := H$ 0, Hy, which is (1 — n)-homogeneous, one can get

VH,-H V{dx:/ h(z) 0,€(r) dz

R

- /O - /S ~ h(x) " 9,4(r) do dr
— /OOO /SMh (’i—|) 0,&(r) do dr
_ /Ooo 0,&(r) dr /S h (y%) do =0,

Lastly, one can choose a sequence {£x(r)}32, of test functions in the interval (0, 00) such
that & (r) = XBp\s (z) in L' as k — oo. Then using &, in and sending k — oo proves
). 0
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