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Abstract

The reconstruction of an unknown quantity from noisy measurements is a mathematical prob-
lem relevant in most applied sciences, for example, in medical imaging, radar inverse scattering, or
astronomy. This underlying mathematical problem is often an ill-posed (non-linear) reconstruction
problem, referred to as an ill-posed inverse problem. To tackle such problems, there exist a myriad
of methods to design approximate inverse maps, ranging from optimization-based approaches, such as
compressed sensing, over Bayesian approaches, to data-driven techniques such as deep learning, and
variants in between the two techniques. For all stable approximate inverse maps, there are accuracy
limits that are strictly larger than zero for ill-posed inverse problems, due to the accuracy-stability
tradeoff [Gottschling et al., SIAM Review, 67.1 (2025), pp. 73-104] and [Colbrook et al., Proceed-
ings of the National Academy of Sciences, 119.12 (2022), pp. €2107151119]. The variety of methods
that aim to solve such problems with optimal accuracy begs for a unifying approach to help scientists
choose the approximate inverse map that obtains this theoretical optimum. However, up to now there
do not exist computable accuracy bounds to this optimum that are applicable to all inverse problems.
In this work, we provide computable sharp accuracy bounds to the reconstruction error of solution
methods to inverse problems. The accuracy bounds are method-independent and purely depend on
the dataset of signals, the forward model of the inverse problem, and the noise model. The simplicity
and mathematical rigor of our approach enable an efficient computation of accuracy bounds before
designing and optimizing inverse maps. In order to facilitate the use of these bounds in scientific appli-
cations, we provide an algorithmic framework and an accompanying software library to compute these
accuracy bounds. We demonstrate the applicability and validity of the algorithms on two challeng-
ing and relevant inverse problems from different domains: fluorescence localization microscopy and
super-resolution of multi-spectral satellite data. Computing the accuracy bounds for a given problem
before solving it enables a fundamental shift towards optimizing datasets and forward models. The
accuracy bounds facilitate a theoretical and empirical understanding of the accuracy limits of different
methods.
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1 Introduction

In recent years, the intersection of artificial intelligence and inverse problems has revolutionized various
scientific fields. Inverse problems, at their core, involve reconstructing an unknown signal, such as an
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image or features of an image, from indirect or incomplete measurements. This task is often ill-posed
and computationally challenging [16].

Ill-posed finite dimensional inverse problems are ubiquitous in the computational sciences as they appear
in multiple applications. An incomplete list of examples includes most types of computational imaging
[3,11,22], matrix completion [25], parametric partial differential equations and system identification [1],
phase retrieval [26, 38, 68], and quantized sampling [21]. Examples of applications are radar inverse
scattering [20] or astronomy [34].

Traditional reconstruction methods, such as regularization inverse techniques [71] or compressed sens-
ing [39], have achieved significant success. However, emerging Al and deep learning workflows have
ushered in a new era of methods. Al-based methods and combinations of optimization-based iterative and
Al methods, such as [32], have enabled remarkable improvements in reconstruction quality and speed
in various inverse problems. These include, but are not limited to, the inverse problems of Magnetic
Resonance Imaging (MRI) [48,78], microscopy [44], and computer tomography (CT) [73]. For example,
deep neural networks, trained on large datasets, can learn complex data-driven reconstruction methods
that outperform classical methods in MRI [43].

1.1 What are accuracy limits in benchmark challenges?

After the successful rise of Al-based methods for solving inverse problems, a striking phenomenon has
emerged in benchmark dataset challenges: despite a plethora of universal approximation theorems for
neural networks [10, 12,45, 54,61, 74] and diverse architectures, training strategies, and theoretical ap-
proaches, the top-performing participants in benchmark challenges based on data sets report similar
reconstruction errors. This accuracy plateau of different state-of-the-aft methods is apparent in different
applied inverse problems: in the fast MRI challenge [48,57,76], in [33] on three benchmark problems
- designed from image inpainting, x-ray tomography, and phase retrieval - and in the recently published
benchmark dataset collection [77] covering five different inverse problems, linear inverse scattering, MRI,
black hole imaging, full waveform inversion, and the discretized Navier Stokes equation. This begs the
question: what dataset and inverse problem-dependent accuracy limits on benchmark dataset challenges
are? In theory, deep neural networks are universal approximators that obtain vanishing errors. However,
the authors of [2] point out that there is a gap between theoretical guaranties and the practical training
and design of such networks. This observed gap between theory and practice even further motivates
the question of what inverse problem- and dataset-dependent accuracy limits are. In fact, previous re-
sults even prove that there are accuracy bounds to these limits for any method that calculates solutions
to inverse problems on measurable metric spaces [42, 63]. An open question remains whether there
are computable accuracy bounds for methods computing solutions to inverse problems on finitely many
samples and general datasets [24]. Computing method-independent accuracy bounds from datasets and
corresponding inverse problems could enable dataset and inverse problem optimization by minimizing
these accuracy bounds. This would be a crucial step to break the accuracy plateaus that are obtained
in benchmark dataset challenges [33, 48,57, 76,77] and bridge the gap between theory and practice by
providing limits to the accuracy that can be obtained on a given dataset.

2 Overview of the paper

In this section, we present a brief overview of the paper. We first formalize the main problem studied and
then introduce three key challenges and discuss the related literature. Finally, we give a summary of our
main result and discuss its scientific impact.

2.1 Problem outline

Following [42], we express an inverse problem using the following general framework:
recover z € M;  C% given a point y = F(z,e) € C®2 of zand e € £  C%. 2.1)

Here, x represents the signal of interest, while e represents the noise. The sets M7 and £ describe the
signals of interest and noise, respectively. The function F': M; x & — My < C% which describes the



forward model maps onto its image Mo = F(M; x £) and is deliberately kept general to encompass
many known models.

In applications, the inverse problem in (2.1) often does not have a unique solution and/or the solutions
cannot be computed. However, applying the forward model to verify that a solution maps to a noisy
measurement is often computable.

The goal of solving the inverse problem is to produce an approximation or set of approximations
Z to the true solution x. Any algorithm or method that yields an approximate inverse map from noisy
measurements in the set M to an approximation to the true solution z, is denoted by ¢ : My —
C% with ¢(y) = . Some examples are approximate inverse maps obtained from optimization-based
inverse methods, such as compressed sensing [39] or total variation minimization [46,66], combinations
of optimization and data-driven inverse methods [6, 19], and (un-)supervised Deep Learning methods
[13,70,78]. A valuable and comprehensive mathematical review of data-driven methods for solving
inverse problems is provided in [6]. The reconstruction error of an approximate inverse map ¢ : My —
C® for approximately solving (2.1) is often quantified by the empirical expectation of the residual of the
reconstruction and solutions of the M € N samples D = {(2, Y ) }M_1 = {(Zm, F(Tm, em))} M,
M1 x My, and can be denoted by

| M /p
L(D,¢,p) = (M D7 zm —<f>(ym)||p> : (2.2)
m=1

for some p € (0, 00) and some (pseudo) norm | - | on M;. For p = 1 this is the mean absolute error,
and for p = 2 this is the mean squared error and is also known as empirical risk or mean squared loss,
which are commonly used to evaluate the accuracy of models and also approximate inverse maps, see,
e.g., [ [17], Chapter 1] and [ [58], Chapter 1].

A common objective in inverse problems for applications in various fields, is to find an approximate
inverse map that minimizes the loss (2.2) in a given class of functions, such as finding the optimal
architecture and parameter values for deep neural networks [6,40].

The accuracy limit for any approximate inverse map ¢ : My — C% is simply obtained by taking the
infimum over all possible maps of the reconstruction error,

inf £(D,0,p) < L(D, ¢, p), (2.3)

where we take the infimum over all functions 6 : My — C%. Such functions are kept as general as
possible and do not necessarily need to be continuous. The accuracy limit in (2.3) in theory can be
obtained by devising and computing infinitely many approximate inverse maps to solve (2.1). As this is
impossible in practice, the aim in this work is to find a data-driven bound for (2.3) that is independent of
any special function class. However, computing solutions to inverse problems can face challenges, some
of which are described below.

2.2 Challenges for computing solutions to inverse problems

(i) No unique solution: In real-world scenarios, the measurements y € My in (2.1) may only be partially
available and corrupted by errors due to equipment constraints [24]. As a result, the same measurement
can result from more than one unique signal € M and an instance of noise e € £. In fact, in most
instances of inverse problems of interest given a measurement, there is no unique solution. For example,
this occurs if the problem of recovering x given y in (2.1) is ill-posed or undersampled, unless further
assumptions are made, such as the robust null space property or the restricted isometry property [30,39].
If the forward model F' is poorly conditioned or dimensionality reducing, then, given a measurement,
there may not exist a unique solution. In particular, this means that for some y € M, the first component
of the pre-image of the measurement y under F' contains more than one element,

|m (F~ ' (y))| = {z e My : Je€ Est F(z,e) = y}| > 1, 2.4

where 1 : My x & — M is the projection onto the first component 71 (x, ¢) = x for (z,e) € My x &.
Note that (2.4) can be true if M; < C% is countable, countably finite, infinite, or uncountable.



(ii) Existence of accuracy bounds: For inverse problems where there are multiple solutions for one mea-
surement, as in (2.4), we can only obtain approximate inverse maps ¢ : Mo — C%. This is equivalent to
only being able to obtain a non-zero reconstruction error. In [41] we establish an accuracy-stability trade-
off for approximate inverse maps that solve ill-posed inverse problems. In particular, in [41] we show
that approximate inverse maps with smaller error and, thus, higher accuracy are prone to instabilities and
incorrect transfer of details. This accuracy-stability trade-off that is also proved in [32] and implies that
there exists a constant K = K(F, M1,&,p) > 0 depending on F, M1, € and p that is independent of
any approximate inverse map ¢ : My — C% such that

K < L(D,¢,p), (2.5)

for all stable, or also Lipschitz continuous, ¢ : My — C9. Note that Lipschitz continuity is well-
defined, as any normed space induces a metric space. For optimal inverse maps, previous works have
provided fundamental upper and lower bounds to the average and worst-case reconstruction error [42].
By providing sharp and quantifiable lower and upper bounds to the reconstruction error of optimal inverse
maps, this answers the question posed by M. Burger and T. Roith in Learning in Image Reconstruction:
A Cautionary Tale [24],

“Can we ever quantify the reconstruction error [of ill-posed inverse problems]?”

However, the provided average bounds in [42] are not computable and this remains a key challenge for
many applications.

(iii) Universal approximators do not evade accuracy bounds: In theory, neural networks are universal
approximators and have shown great success in obtaining a vanishing approximation error [10, 12,45,54,
61,74]. As the authors of [2] point out, such approximation results typically do not provide theoretical
guaranties on trainability. In fact, in [77] in a benchmark test in different realistic inverse problems,
an accuracy-efficiency trade-off for diffusion models as approximate inverse maps is established. In
particular, accuracy bounds to the best worst-case reconstruction error are established by some existing
frameworks. For example, for noiseless linear inverse problems, there are the Gelfand widths [62] and the
best k-term approximation [30]. Worst-case accuracy bounds for set-valued decoders on Banach spaces
have been derived in [S] and then extended to metric spaces in [53]. For inverse problems with noise,
optimal learning [18] can provide such worst-case accuracy bounds. For linear inverse problems, the
notion of generalized instance optimality [23] provides point-wise upper bounds on the reconstruction
error. Worst- and average- case accuracy bounds on measurable metric spaces are established in [42,63].

2.3 Contributions

In this work, we address the challenges that were previously mentioned for computing solutions to inverse
problems. Challenge (i) - that of inverse problems (2.1) that have no unique solution - is a necessary
assumption for our main result. This is encapsulated in our central assumption, (2.4), that is satisfied if
the forward model of (2.1) is not injective on the product set of signals and noise M; x £. Due to the
non-injectivity of the forward model, there exist measurements y € My such that the inverse problem
(2.1) does not have a unique solution. From this the challenge (i) - that there exist accuracy bounds -
follows. Unfortunately, this leads to the challenge (ii%) - that universal approximators cannot evade the
accuracy bounds. In order to address these challenges, we develop a framework to compute accuracy
bounds for the reconstruction error of inverse problems. In this work, we provide computable lower and
upper accuracy bounds to the empirical reconstruction error in (2.2) of any inverse map solving an inverse
problem (2.1).

We now present a nontechnical summary of our main result and refer to Section 3 for the formal state-
ment. The accuracy bounds for any approximate inverse map in (2.5) can be computed with the av-
erage kernel size. Informally, the average kernel size is the average distance between samples of the
x-components of (z,e), (z',e’) € M; x & that the forward model maps to the same measurement
y = F(xz,e) = F(2',€’) over all the measurement samples. If for each measurement sample, the aver-
age kernel size is computed with an equal number of z-components we refer to this as computed with an
equal number of samples.



Main result 2.1 (Accuracy Bounds for Computing Solutions to Inverse Problems - Theorem 3.3). Let
p € (0, 00), then for an inverse problem as in (2.1), we have that

(i) half the average kernel size computed with an equal number of samples is a sharp lower bound
to the reconstruction error of any approximate inverse map. Additionally, the average kernel size
is a sharp upper bound to the reconstruction error of approximate inverse maps that attain the
accuracy limit in (2.3),

(ii) half the average kernel size is a sharp lower bound to the reconstruction error of any measurable
approximate inverse map.

The average kernel size in Theorem 3.3 provides sharp accuracy bounds that depend only on samples
from the sets M and &, the forward model F' and the evaluation (pseudo) norm for the reconstruction
error in (2.2). For linear F' the bounds depend on its kernel, and the kernel size generalizes the concept
of kernel to non-linear forward models. We also provide a software library that enables users to apply
the proposed approach with minimal implementation overhead on custom data sets and problems. In
Section 4 in order to demonstrate the applicability of our results and accompanying software library,
we apply the framework to two characteristic examples of inverse problems with non-injective forward
models. As a characteristic example for an inverse problem with a non-injective and highly non-linear
forward model, we use fluorescence localization microscopy. For a large-scale inverse problem with a
linear and non-injective forward model, we take super-resolution of multi-spectral satellite data, which is
a common large scale problem in geoscience [64]. Our library enables computing the accuracy bounds
on super-resolution of multi-spectral satellite data and other inverse problems requiring the use of GPUs
based on their size.

2.4 Outlook and impact

The lower bound to the reconstruction error can be computed before designing and engineering approx-
imate inverse maps, such as training deep neural networks or optimization methods. This is because
the bounds only depend on the forward model F', and the sets M; and £. Thus, the provided accuracy
bounds can give researchers and practitioners insight into model development and understanding and sig-
nificantly increase computational efficiency by elucidating possible accuracy measures. Such bounds can
be used as early stopping thresholds during DNN training procedures. As the bounds can be computed
for a given dataset, the accuracy bounds can be used to assess the quality of datasets to train approxi-
mate inverse maps. The bounds help to satisfy the principles of numerical analysis when solving inverse
problems [2] - in particular, accuracy, computational efficiency, and sample complexity.

2.5 Outline

The remainder of this paper is as follows. In Section 3 we introduce the computational framework for
inverse problems and corresponding forward problems. In Section 3.2 we introduce the algorithms for
computing the accuracy bounds in Section 3.3. In sections 4.1 and 4.2 we describe the forward prob-
lems for localization microscopy and super-resolution of multi-spectral satellite data, as well as present
numerical results validating our theoretical results. Additional information for this paper is provided in
the supplementary material. The library accompanying the computational framework is available at the
following Github repository.

3 Main results

In this section, we define a framework for inverse problems and present the corresponding main theoreti-
cal results. The section is divided into three subsections. Firstly, Section 3.1 formulates inverse problems,
secondly, Section 3.2 introduces an algorithm for computing the lower bound and thirdly, Section 3.3 es-
tablishes inequalities using the lower bound provided by the introduced algorithm. The proofs of the
main results are referred to Section 5.


https://github.com/nm19000/AccuracyBounds

3.1 Problem formulation

We define an inverse problem as a forward problem (F, M1, £) equipped with the task from (2.1). The
dimensions in (2.1) are dy, da, d3 € N and C% is equipped with a pseudo-norm | - | and C92 is equipped
with a norm || - |||. We equip [0, c0) with the standard Borel sigma algebra. We equip C%*, My and &
with sigma algebras such that /' : M; x & — M5 is measurable. Throughout the text, we denote by
m: My x € > M the projection (z,e) — z. Finally, an approximate inverse map that, from noisy
measurements in the set Ms computes an approximation to the true solution z, is denoted by

¢: My —Ch, y—oy) =i 3.1

The reconstruction error of an approximate inverse map (3.1) for approximately solving (2.1) is often
quantified by the empirical expectation of the residual of the reconstruction and a solution. For M € N
samples

{(xmaym)}%zl = {("Ijm7F(Im7e/’7l))}%zl < My x My, (3.2)

and for p € (0, 0), the reconstruction error is defined by (2.2). Note that in (2.2) explicitly only the

samples {(Z.n, ym)}M_; © My x M are needed and not the noise samples {e,,, }M_, € £.
The forward model F' : M; x & - Msin(2.1)is a

‘ Forﬁard Model ‘ measurable map onto its image, Mo = F(M; x &).
€ \ Examples of the forward model include, but are not
\Noise £| = Easy: y = F(x,e) limited to,

\ F(z,e) = G(z) + e,

| Dataset M | F(z,e) = G(z) Qe, (3.3)

7—/ r -
Hard: find z. Yy (z,e) = G(z) Oer + ea,

/ where G: C% — C% is a linear or non-linear for-

ward model, and the dimension ds of the set £ de-

pends on the considered model in such a way that the

Figure 1: Inverse problem framework. pOint-Wise multiplication @® is defined.

3.2 Algorithms for computing the average kernel sizes

In the following, we present two algorithms for computing the lower accuracy bound - the average kernel
size - to the reconstruction error (2.2) and the optimal accuracy established in Theorem 3.3. The lower
bound in Theorem 3.3 may be non-zero because of our central assumption that for some measurement
there does not exist a unique solution. In particular, we assume that given a noisy measurement y € Mo,
there can exist multiple feasible solutions z € M that the forward model maps to the measurement with
some realization of noise. Following [42] we denote the set of possible solutions z € M corresponding
to a given y € M as the feasible set with

F, = T (F 7 (y)) = {x e My :Jee Est. F(x,e) = y}. (3.4)

This is the projection onto the first component of the pre-image of y. For many inverse problems (2.1)
the feasible sets are non-singletons. This means that there are often practical cases where at least two
signals z, 2’ € M and noise realizations e, e’ € £ map to the same noisy measurement y = F(z,¢e) =
F(a',¢’'). Methods for solving ill-posed inverse problems (2.1) rely on exact or approximate inverse
maps ¢ : My — C% that take noisy measurements y € My as inputs and provide an approximation
Z to a solution & € F,. The core issue is that no exact or approximate inverse map ¢ : My — Ch
can distinguish between elements in the feasible set F, of a given measurement y € M. The basic
observation that the feasible set (3.4) contains more than one element motivates the inequality in Theorem
3.3. Algorithm 1 is the first algorithm required to compute the lower bound. Algorithm 1 approximates
the feasible sets (3.4) for a set of measurements, which is depicted in Figure 2.

Algorithm 1 requires a number K € N of measurement samples in Mo, a description of the dataset
M x & and a measurable forward model F'. This is applicable to all the different types of forward
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Figure 2: Allocation of x-components of samples into feasible sets with Algorithm 1. Note that the noise components
can enlarge the feasible sets. For example, this occurs for additive and multiplicative noise models.

models in (3.3). For example, Section 4.1 and Section 4.2 demonstrate that Algorithm 2 is applicable to
complicated forward models, such as those in localization microscopy, and for very large data dimensions
di,dy € N, such as in multi-spectral satellite data. Given samples of measurements from an inverse
problem (2.1) depicted in Figure 2, the feasible sets for each measurement sample are approximated from
below in Algorithm 1. This step can be implemented in various ways, yet the samples of z-components
all have to satisfy F'(z,e) = y. This requires finding possible solutions and instances of noise that the
forward model maps to the same measurement. The different possible samples of noise are a crucial
part of any measurement and these are relevant in Algorithm 1, as they increase the possible samples of
x-components that can map to this measurement.

Algorithm 1 Algorithm for approximating the feasible sets
Require: K, N(K)pax € N, Mo, My x E, F

D=g
forke{l,...,K}do
Yk € Mo, = The samples y; can be inputs or sampled during the algorithm.
N (k)
Fyk =
N(k)=0
while (2, ex,n) € My x € do > Depending on problem acquire samples.
if F(x pn,€kn) = yi then > Implementation is forward model dependent.
) — B o)
D — D U{(zk.n, yx)} = This relates (g, Yi) 10 (T, Y ) in (2.2).
else if (F;X ““)‘ > N(K)max then = Threshold for M, x & infinite.
break
end if
end while

N(k) = ||

V(RN Uizi N(k)
N (k N (k

{Fy’“( )}kzl - Uf:l Fyk( )

K
M = Zk=1 N (k)
end for
N K M
return { £/} ANGHL,. D = (o ym il
. . — : NN K o )
Algorithm 1 returns a list of approximations to feasible sets {Fyk } and their sizes {N(k)};_,
k=1

after sampling measurements and, then, elements in the feasible sets of these measurements. In order to
compute the average kernel size, there are no restrictions on how the samples are acquired in Algorithm
1, such as restricting to Monte Carlo, Markov chain Monte Carlo, [27,52] or to brute force root-finding.

Remark 3.1 (Does the Distribution of Noise Matter?). In the while loop of Algorithm 1, samples (z n, €k.n) €
M x & are obtained. As mentioned, there is no restriction on how these samples of z- and noise com-
ponents are acquired. For example, consider the set of bounded noise in a closed ball around zero and



note that this set can be equipped with different distributions to model the noise. However, the closed ball
around zero contains exactly the same instantiations of noise vectors, albeit with different frequencies.
As Theorem 3.3 is an analytical result, independent of any probabilistic setting, it is valid in both cases.

The output of Algorithm 1 are the input of Algorithm 2 to compute the accuracy bounds: (half) the
average kernel size.

Definition 3.2 (Average Kernel Size). Let p € (0,00). Let (F, M1,&) be a forward problem. Fix

K
K, N(K)max € Nand apply Algorithm 1 to the forward problem (F, M1, £) to obtain {{Wen}ﬁ[:(’i) }k
=1

WK
{ij\,i(k) }k=1’ {N(k)}£_,, D.The average kernel size is defined as

181
Kersize(F, M1,&,p)k = Z

SN akn —wral? | 3.5)

The average kernel size is the average distance between the samples of z-components of (z, e), (z/,¢’) €
M x & that the forward model maps to the same measurement F(x,e) = F(2',€¢’) = y; on all the
measurement samples {yy, }~_,. For linear inverse problems, this is the average size of the kernel or null
space of the forward model intersected with the dataset M, — My = {& — 2’ : x,2’ € M;}. This is the
motivation to refer to the lower bound as the average kernel size for general non-linear forward models.
Half of the average kernel size, the output of Algorithm 2, provides a lower bound to the reconstruction
error for any approximate inverse map computed with the same data. This is because, in order to prove
the inequality in Theorem 3.3, the triangle inequality and the allocation of data points that the forward
model maps to the same measurements are used. Thus, the lower bound in Theorem 3.3 computed
with Algorithm 2 is independent of the applied approximate inverse map ¢ : My — C%. In total,
Algorithm 2 only requires an order of the pseudo-norm p € (0, c0), a list of approximations to feasible

K K
sets {ijz(k)}kzl = {{xkn}ﬂ’})}kzl and their sizes { N (k)}X_,. Finally, Algorithm 2 computes the

average kernel size (3.5).

Algorithm 2 Algorithm for computing the average kernel size with feasible sets

Require: p € (0,0), K € N, {Fﬁ(k)}ﬁ(:l’ {N (R}
Kersize(F, M1,E,p)k =0
forke{l,..., K} do
Vr = 0
if N(k) # 0 then
while zy, ,, x) v € F, do
Vg < Vg + Hl‘k,n - xk,n’Hp
end while
= e
else if N (k) = O then

Vi = 0
end if
Kersize(F, M1, E,p)k < Kersize(F, M1,E,p)k + vy
end for

Kersize(F, M1,E,p)k = (% Kersize(F, M1, 5,p)K) e
return Kersize(F, M1,E,p)k

Note that the average kernel size depends on the parameter p € (0,00) and this parameter is fixed by
the relevant loss function. Moreover, the average kernel size depends on the number of measurement
samples and samples in the feasible sets. This means that the values of the loss and average kernel size
may vary, but optimizing these is out of the scope of this work and highly dependent on the considered
inverse problem. However, even in this general setting it is possible to prove sharp accuracy bounds for
computing solutions to inverse problems, as our main result, Theorem 3.3, shows.



3.3 Sharp accuracy bounds for computing solutions to inverse problems

Our main theorem provides a lower bound to the reconstruction error (2.2) that any measurable approx-
imate inverse map for any inverse problem of the form (2.1) can attain. In particular, the lower bound is
independent of the approximate inverse map applied - or method to obtain an approximate solution - and
depends only on the forward model F, the data set M and the set of noise £, as well as evaluation tools,
such as the pseudo-norm | - || on C% and norm || - ||| on C?% and sample number K € N.

Theorem 3.3 (Accuracy Bounds for Computing Solutions to Inverse Problems). Let p € (0,00). Let

(F, My, &) be a forward problem and ¢ : My — C% be a measurable approximate inverse map. Fix
K

K, N(K)max € N and apply Algorithm 1 to the forward problem (F, My, &) to obtain {Fﬁ(k)}k ,
=1

K
{N(k)}_,, D. Input p, K, {Fyl\,i(k) }k and {N (k)}£_, into Algorithm 2 to obtain the average kernel
=1

size. Then

(i) if N(k) = N(K) forallk € {1, ..., K} we have that half the average kernel size is a lower bound
to the reconstruction error of any approximate inverse map ¢ on the dataset D = {(x, ym)M_,,

1
5 Kersize(F, Mla 5ap)K < [’(Dv ¢ap)7
where M = KN(K). Additionally, we have that

1
B Kersize(F, M1,E,p)k < ir(;f L(D,¢,p) < Kersize(F, M1,E,p)k,

where the infimum is taken over all approximate inverse maps ¢ : My — C%. The approximate
inverse map

1 N(K)
O(yr) := argmin ——— > = |lzpn — 2|,
2eCh N(K) 7;1

is one map that attains the infimum.

(ii) half the average kernel size is a lower bound to the reconstruction error of any measurable ap-
proximate inverse map ¢ on the dataset D = {(xp, ym)}M_,,

1
3 Kersize(F, M1,E,p)k < L(D, ¢,p),

where M = Zszl N(k).

Part (i) of Theorem 3.3 in combination with Algorithm 2 and Algorithm 1 provides a practical recipe for
quantifying the lower accuracy bound to the reconstruction error of any approximate inverse map. This
is useful in various settings. For example, for deep learning engineers that aim to fit an optimal model or
network architecture as an approximate inverse map for a given inverse problem on a given dataset with
supervised training. Part (i) of Theorem 3.3 provides an upper bound, in terms of the average kernel size,
on the accuracy of the reconstruction for the optimal approximate inverse maps that attain the infimum
in the accuracy limit (2.3). Moreover, in Section SM 1 we show that the lower bound is sharp - in the
sense that for a specific forward model, dataset, and set of noise, as well as approximate inverse map, the
lower is attained. Additionally, if N (k) # N (k') for some k, k" € {1,..., K} with k # &/, then part (i7)
of Theorem 3.3 holds for all approximate inverse maps ¢ : My — C% that are measurable.

Remark 3.4 (Application to Finite Datasets My). Consider M’ € N and D' = {(2p,ym)} M., <
My x My with a given forward model F' and noise £. Then, Theorem 3.3 in combination with Algorithm
2 and Algorithm 1 now enable to compute accuracy bounds before even fitting a model to a given dataset.
The relation between the dataset D’ = {(2,, Ym)}M_, of size M’ € N and the allocation to feasible sets
(F (k)}szl and dataset D is provided by 1. In particular, by setting I = |m2(D’)|, M2 = 72(D’) and
My = m1(D’) and letting N (K ) max = | M| € N the full dataset can be allocated into feasible sets and a




larger dataset of size M > M’. This means that the output dataset D of Algorithm 1 is a super-set of the
input data, D’ < D. However, note that depending on the set of noise and forward model, the size of the
feasible sets may be one. In this case, the average kernel size is zero and, in order to find z-components
that are mapped onto a given measurement by the forward model, dataset enlargement techniques may
be needed.

3.4 Fast lower bound

For forward models F' : M; x & — My of the form F(z,e) = Az + e, with A € C%*% and
(z,e) € My x &, Theorem 3.3 in combination with Algorithm 2 for a dataset of size M can be optimized
with an additional symmetry assumption from the computational complexity of O(M?) down to O(M).
The symmetry assumption in (3.6) is equivalent to assuming that the reflection of a vector around the
orthogonal component to the kernel of the forward model is a realistic data point. If the forward model F'
is a linear map on M, x &, we can compute the projection onto the kernel of F' with its Moore-Penrose
inverse, [14,50]. In the following Pyr(p) : My x & — C% denotes the projection onto the kernel of the
forward model F' and is computed by Py/(py = 1 — FTF, where F' is the Moore-Penrose inverse of F.

Theorem 3.5 (Fast Lower Bound for Functions on the Measurement Data). Letp € (0, o). Let (F, M1, &)
be a forward problem with F(z,e) = Az + e with A € C2*% for (z,e) e My x E. Let ¢ : My — Ch
be an approximate inverse map. Let D' = {(z,,, ym)}M_; € My x Ma. Extend D' to D by adding

(x/,ym) = (m ((:Em, em) — 2P./\/(F)(xma em)) ;Ym) to D, (3.6)
for all x,,, € w1 (D') with e, € € such that F(xp,, em) = Ym. Then,

(i) we have that the average symmetric kernel size is a lower bound to the reconstruction error of any
approximate inverse map ¢ on the dataset D = {(xy,, ym )} M_,, with M = 2M’

1 M’ 1/17
SKersize(F, M17 5ap)M = (M 7;1 ||Um|p> < ‘C(D7 ¢ap>7

with [vm|| = [71(Pxr(r) (@m, em))| form e {1,..., M'}.
(ii) additionally, we have that

SKersize(F, M1,E,p)pr < inf . L(D, ¢,p) < 2SKersize(F, M1,E,p)ur,
¢:Mo—C

where the infimum is taken over all approximate inverse maps ¢ : My — C%.

4 Computing accuracy bounds in applied inverse problems

In the following, we apply the framework from Section 3.1 to two common inverse problems that arise
in localization microscopy and super-resolution of multi-spectral satellite data. First, we formulate the
inverse problems in the proposed framework. Then, we empirically verify Theorem 3.3 and Theorem 3.5
by computing the lower and upper accuracy bounds based on the average (symmetric) kernel size and,
respectively, the loss.

4.1 Accuracy bounds in microscopy

Localization microscopy aims to localize point-like light-sources at the highest possible resolution that
attains the system’s inherent accuracy limits [51,67]. With the average kernel size, the upper and lower
bounds of the optimum localization error in microscopy can be quantified. In previous work in lo-
calization microscopy, the inverse of the Fischer information matrix is computed as a lower bound to
the variance of an estimator for the localization [59]. The work of [59] uses the classical Cramer-Rao
bound [35,47,65,75], which bounds the variance of an unbiased estimator by the inverse Fischer infor-
mation matrix. For the derivation of this lower bound in [59] the following assumptions are made. Firstly,
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the estimator is unbiased (i.e., an estimation procedure whose mean produces the correct result), second,
the spatial coordinates of the detected photons are independent and identically distributed random vari-
ables, and thirdly, the counting process and the random variables that describe the spatial coordinates are
mutually independent. Unfortunately, these assumptions are not satisfied in many applications of inter-
est to practitioners [51]. For example, as there may exist multiple possible locations corresponding to
a measurement data sample, obtaining an unbiased estimator may be impossible, even with a very large
sample size. As Theorem 3.3 holds under more general assumptions, part (i) of Theorem 3.3 provides
a lower bound to the localization accuracy of any estimator in a broader context. Additionally, the best
estimators for a given dataset can be determined using part (i¢) of Theorem 3.3.

4.1.1 Localization microscopy as an inverse problem

In the following, we give a brief conceptual introduction to single-molecule localization microscopy as
an inverse problem. For further details, see the reviews on [51, 72]. In localization microscopy, one
objective is to recover the position of a particle in a volume V < R? and the background photon flux
C € [0,C)az] and the particle photon emission rate h € [0, hy,q.] given a detection discretized into
d% x dj pixels for d3,dy € N. In summary, one tries to reconstruct © = (x,y, z,C, h) from noisy
measurements of pixel-wise intensities at pixels (pg,py) € Za, = {1,...,d5} x {1,...,d%}. Hence,
the set of signals is given by M1 = V x [0, Cpnaz] % [0, hmaz] = R®, the set of noise is given by
E = B(0,1¢;) x B(0, Ley) < R2(42%43) and the forward model is given by

F: My xE— [0, Lnge]®2 <% .
4.
(@,6) = F(@76) = w(@,e) = (w(pz,py)(®7e))

(p:r, 7py)€IdQ :

The measured intensity w(,, , )(©,e) for (pz,p,) € Za, results from a mixture of additive and multi-
plicative noise and a non-linear forward model, for details, see Section SM 2.1. In this setting, the inverse
problem in the framework of (2.1) is given by

recover © given data w(©,e) = F(0,e¢)of O € M; c R°and e € £ = R% “4.2)

The key point here is that the inverse problem of localization microscopy in (4.2) satisfies our central
assumption (2.4). In particular, two different ©,0" € M; with © # ©’ and noise samples e, ¢’ € £ can
be mapped to the same noisy measurement

F(0,e) = F(O',¢). 4.3)

Now (4.3) states that two correct results can lead to exactly the same noisy measurement. As there is
more than one possible correct result, and hence, the average kernel size is non-zero, and, hence, there
is no estimation procedure that can yield a mean which is the unique correct result. As (2.4) is satisfied,
this motivates computing the accuracy bounds, the average kernel sizes, and validating the lower bound
in Theorem 3.3.

4.1.2 Numerical experiments for computing the average kernel size

For the inverse problem of fluorescence microscopy (4.2) any method providing an estimator of O is an
approximate inverse map 6: My - R® taking noisy measurements w € My as input and producing
approximations to the location and background photon flux and particle photon emission rate ©, ¢(w) =
6. We adapt the algorithm for allocating samples to the feasible sets Algorithm 1 for the particular
forward model of fluorescence microscopy (4.1). In particular, the condition of assigning samples to
feasible sets F'(©,e) = w(O,e), is met by obtaining MCMC samples where the noise samples are
within the desired noise model. Details on the MCMC sampling are given in Section SM 2.3. We use
samples from four imaging set-ups, where the different set-ups {41, As, A3, A4} correspond to different
background photon fluxes and particle photon emission rates. The best set-up is A;, which has a low
background photon flux and a high particle photon emission rate, and the worst is A4. Using these
samples, we apply Algorithm 1 and Algorithm 2 to compute the average kernel size and the root mean
squared error (RMSE) loss for different estimators from these simulated localization microscopy datasets.
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Estimators Al A2 A3 A4

Dataset Size | 25 25 x 1501 | 25 25 x 1501 | 25 25 x 1501 25 25 x 1501
Mean 2.917 2.634 3.905 3.965 6.559 6.296 12.195  11.635
Median 2.634 2.634 3.965 3.965 6.294 6.294 11.632  11.632
MAP 3.611 3.611 5.089 5.089 9.318 9.318 16.923  16.923
ML 4.248 3.719 5.338 5.812 9.453 8.153 17.009  16.675
3 Kersize | 1.863 | 2.804 | 4451 | 8.225

Table 1: RMSE in [nm] with for different estimators on the dataset consisting of the ground truth and
on the dataset output of Algorithm 1 for microscope set-ups { A1, Ao, A3, A4}. The last row is the corre-
sponding lower accuracy bound, half the average kernel size % Kersize(F, M1, &, 2) g, for microscope
set-ups {Al, Ay, Az, A4} with K = 25 and N(K) = 1501.

For each set-up {A1, As, A3, A4} we consider K = 25 different noisy measurements {wy, }2° ;| © My =
F(M; x &). For each example measurement, we approximate the feasible sets with N(25) = 1501
MCMC samples. We use a pseudo-norm, which is the {5 norm composed with the projection onto the
first two spatial components 71 2(©) = O, , = (x,y), to compute the average kernel size as in (3.5).
We compute the RMSE loss £(D, ¢,2) from (2.2) for the mean, median, maximum a posteriori, and
maximum likelihood estimators to validate the lower accuracy bound in part (7) of Theorem 3.3. The
scatter plots of the RMSE against half the average kernel size in Figure 3 validate Theorem 3.3 for
each measurement and microscope set-up. Moreover, the mean and median estimators are consistently
optimal and within the accuracy bounds of Theorem 3.3, (i¢). Additionally, we compute the RMSE on
the input datasets and the output datasets of Algorithm 1 in Table 1. Table 1 shows that the loss remains
consistently in the same range for different set-ups and estimators across the input datasets and the output
datasets of Algorithm 1. A convergence study of the number of samples in the feasible set is provided in
Figure SM 2.

4.2 Accuracy bounds for super-resolution of multi-spectral satellite data

Single image super-resolution converts a low-resolution image with coarse details to a corresponding
high-resolution image with higher visual quality and refined details. Even if prior information is utilized,
there can exist multiple high-resolution solutions for the same low-resolution image. Thus, the inverse
problem of super-resolution satisfies our central assumption (2.4). Additionally, assessing the quality of
the output is not straightforward, there are many different quantitative metrics - such as the peak signal
to noise ratio (PSNR) or the structural similarity index (SSIM) - and these metrics only loosely correlate
to human perception [4]. Another key challenge is to determine the limit to the super-resolution factor.
This is particularly difficult in super-resolution of multi-spectral satellite data due to dataset sizes and the
resulting need for quantitative methods. A resulting challenge is to choose the optimal fraction between
high and low resolution for different senors and selections of spectral bands. This question is unanswered.
However, the question that is tackled in [8], is what the best spatial resolution for obtaining the optimum
accuracy on a down-stream task, such as land cover classification. The authors [8] claim that the spatial
resolution with the maximal local variance is optimal. The underlying assumption is that scenes are
assumed to be composed of objects with different reflectance values on a continuous background and
that if the spatial resolution is that of the objects the local variance will be maximal [36]. Similarly,
in [55], as early as 1911, and [69] in 1938, the authors empirically investigate the relation between local
variance and spatial resolution. Part () of Theorem 3.5 provides a lower bound depending on the super-
resolution factor to the super-resolution error of any method on a given dataset. Additionally, the best
super-resolution methods on a given dataset can be determined with the upper bound, in part (i) of
Theorem 3.5. In the following, we only compute the RMSE to validate the accuracy bounds provided by
Theorem 3.5. However, as mentioned, determining the best super-resolution method on a given dataset
is dependent on the norm and evaluation score and beyond the scope of this work.
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() Different noisy measurements per microscope set-up { A1, A2, Az, A4} with increasing background photon flux and decreasing
particle photon emission rate from left to right.
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Figure 3: RMSE of the (x, y)—location from different estimators against half of the average kernel size computed
with feasible sets of size N(1) = 15001 with K = 1 for 25 different noisy measurements per microscope set-up
{A1, Az, A3, As}. The lower and upper gray lines (y = z and y = 2z) visualize the lower and upper accu-
racy bounds. All RMSE values are above the computed lower accuracy bounds and validate Theorem 3.3, (4).
The mean and median estimator’s RMSE are below the upper accuracy bound. The different microscope set-ups
{A1, Az, As, A4} highlight the increase of the kernel size with worsening imaging settings - a higher background
photon flux and decreasing particle photon emission rate.

4.2.1 Spatial super-resolution of multi-spectral satellite data as an inverse problem

In super-resolution of multi-spectral satellite data the aim is to enhance spatial resolution of multi-
dimensional arrays encoding the reflectance values of different spectral bands at possibly different spa-
tial resolutions. For fourfold super-resolution, the task is to obtain a higher resolution satellite im-
age r € [O,rmam]dSX4dTX4d§/ where d* € N is the number of spectral bands, di,d} € N are the
number of pixels, and 7,4, > 0 is the maximum reflectance value, from a lower resolution image
Y € [0, Pmae] ¥4 %9 . We consider the simplest possible forward model that band-wise maps the higher
resolution to lower resolution data with bilinear interpolation and additive noise y; = DS(x;) + es, for
se{l,...,d°} where e, € B(0,1€) € RE*U | 1 € [0, x| *@ 44 and y € [0, 7mas + €]4 44 . For
this down-sampling, each pixel in the output only depends on its neighboring pixels within a distance of
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(a) High Resolution (b) Reflected Version (c) Low Resolution

Figure 4: RGB example visualizations of different versions of a multi-spectral satellite Croplands image from the
NAIP data set. The images correspond to (a) the original high-resolution image, (b) a high-resolution version re-
flected around the orthogonal component of the downsampling maps kernel (according to 3.6), and (c) the low-
resolution image computed with the down sampling operator.
]ds x4df x4d¥

two pixels. Hence, the set My = [0, "pmqz and the forward model are given by

F: My x B(0,1€) = [0, s + ]

(z,¢) = F(z,e) = DS(z) +e. 4.4)

As the inverse problem of super-resolution satisfies our central assumption (2.4), we validate the lower
bound Theorem 3.5 by computing the average symmetric kernel size and the loss in the symmetrized
dataset.

4.2.2 Numerical experiments

We compute the average symmetric kernel size from Theorem 3.5. Here we use the Moore-Penrose in-
verse to compute the projection onto the kernel of the down-sampling forward model, see Section SM
4 for further details. In the numerical experiments, in addition to our library, we use the computational
framework to evaluate methods for super-resolution of multi-spectral satellite data from [9], see Sec-
tion SM 3.3 for further details. We use four different multi-spectral satellite image datasets: one from
the National Agriculture Imagery Program (NAIP), one from SPOT imagery that was obtained from the
worldstat dataset and the SPAIN- URBAN and CROPS datasets. We use a dataset consisting of four dif-
ferent datasets from the opensr-test benchmark dataset collection. The datasets consist of high-resolution
aerial imagery at 2.5 m ground sampling distance captured in the visible and near-infrared spectrum
(RGBNIR) and all Sentinel-2 L1C and L2A spectral bands. The satellite images cover diverse land cover
classes ranging from urban areas over crop fields to forests. For fluorescence microscopy we compute
the RMSE loss £(D, ¢, 2) from (2.2) for different super-resolutions maps to validate the lower accuracy
bound in part (¢) of Theorem 3.5. We use the approximate inverse map introduced by [37], referred to
as Diffusion (Open SR) map in the following and bilinear upscaling and bicubic interpolations from the
pytorch library [60]. The scatter plots of the RMSE against half the average symmetric kernel size in Fig-
ure 6 validate part (¢) of Theorem 3.5 for each super-resolution map, each low-resolution measurement
and land cover class. The assumption that the satellite image reflected around the orthogonal component
of the kernel of the forward model is a realistic image in Theorem 3.5 is visually validated in Figure 4.
Moreover, all considered super-resolution maps are consistently optimal and within the accuracy bounds
of Theorem 3.5, (i7). Additionally, as a loss we compute the RMSE on the whole input datasets and the
whole output datasets of Algorithm 1 in Table 2. Table 2 shows that the RMSE remains consistently in
the same range for different land cover classes and super-resolution methods across the input datasets
and the output datasets of Algorithm 1. In Section SM 3.4 we show that the RMSE on the dataset of
the selected methods is in the range of the RMSE obtained in previous work. By computing the average
symmetric kernel size, we can provide a theoretically sound and empirically validated bound to model-
ing accuracy. These accuracy bounds, computed before modeling, can help determine the optimal spatial
and temporal resolution of earth observation images, which are fundamental bottlenecks in downstream
applications [15,29,49,64].
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Figure 6: RMSE of different super-resolution methods against the average symmetric kernel size for triplets, M = 3,
of 119 of images from the NAIP, SPAIN Crops and Urban and SPOT datasets. The lower and upper gray lines
(y = x and y = 2xz) visualize the lower and upper accuracy bounds. All RMSE values are within the computed
accuracy bounds. The separation into urban, cropland and forest images highlight the increase of the kernel size
with increasing detail content of the images. The columns in Table 2 show the RMSE for different super-resolution
methods on the dataset consisting of the ground truth and low resolution input with A/ = 119 and an enlarged
dataset with 2M = 6 x 119. The output of Algorithm 1, with feasible sets of size N (K) = 3, is used in addition to
Theorem 3.5 to obtain an enlarged dataset of size 2M = 6 x 119.
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5 Proofs of the main results

We now prove the main results.

5.1 Proof of Theorem 3.3
Proof of Theorem 3.3. We start with the proof of part (7). Let {yx}X_ , « My = F(M; x £). Now

WK
obtain {Fﬁ (k)} from Algorithm 1. For each distinct y;, € My we obtain a lower approxima-
k=1

tion to the feasible set 7y (F'~!(yz)) defined in (3.4) with Flf\,i(k) = {xkn}nNz(li) In the following,
we assume without loss of generality that the size of each feasible set satisfies N(k) > 0 for all
ke {l1,...,K}. Let$ : My — C% be an approximate inverse map. Now using the inequal-
ity |z + 2'|P < 2P~ Y(|z|P + |’||P), we obtain for fixed k € {1,..., K} with y € My and fixed
non' € {1,...,N(k)} with 2g n, 25 € Fiy ") that

|k = @ |7 = |20 — D(yr) + (yr) — pne |7

o1 » » (5.1)
<277 (|zkn — o) [P + [6(yk) — zrm[F) -
Now, averaging over all n,n’ € {1,..., N(k)}, and thus all zj, ,,, 2 n' € F;,Z(k), yields
L NENG)
~s |z — o P

WGP 2 2

(5.2)

2p 1 N(k) N(k

< 37F o S (i — I? + 16601) — ).

n=1 n'=1

Now we use the fact that for a constant ¢ > 0, we have that ﬁ ij(li) ¢ = c and that ¢(yg) is

independent of n € {1,..., N(k)}, to obtain

N(k) N (k)

1 T 2 ks —anl?

n=1 n'=1

2p 1 N(k) N(k)
S N2 0 20 (wkm — d(w)l” + 16(yx) — zpm () (5-3)
n=1n'=1
N (k)
op
= = O, lern — olyw)[”.
N(k) n=1

Now we sum over all k € {17 ..., K} and divide by 2P K, to obtain

k) N (k) K

N (k)
e Zl\xkn—xml\p Z Z\xkn— swe)P. (54

k=1 n=1 n'=1 k=1

K
In the following we prove for M = 21§=1 N(k), {Fﬁ(k) }k X and D = {(Zyn, Ym) }M_, from Algorithm
1 and for any ¢ : My — C%, that the right hand side of (5.4) satisfies

K N(k)

M

1
Z Z |k — &(yn)|” < L(D, ¢, p) Z | — (ym)IP- (5.5)
We now prove that if N (k) = N(K) forall k € {1, ..., K}, we have equality in (5.5). If N(k) = N(K)

forallke {1,..., K}, then M = Zszl N (k) = KN(K). Multiplying the reconstruction error over the
dataset D from Algorithm 1 by M yields,

M
ML = > zm — d(ym)|- (5.6)

m=1
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Now we introduce two bijective maps to reassign the summation indices. Later we will use these in-
troduced maps on the indices to prove part (i7), where N (k) # N(k') for some k, k" € {1,...,K}
with k # k’. We define a surjective function that maps the indices in {1,..., M} to the index of the
corresponding feasible set by

g: {1, M} > 1{1,... K}
(5.7)

m+— g(m) = argmin (2—]1 R J(k)—1 k ,_mk>,
(m) bl K} 0< Zj:(}N(])( ) 0<Y*_, N(j) (k)

For any m € {1,..., M} we have that g(m) = k € {1,..., K}. Moreover, as by definition M =
ZkK=1 N(k), we have that m and k = g(m) are such that

k—1
0< Y N() <m< Y N(j) <M. (5.8)
j=0

j=1

From (5.8) forany k € {1, ..., K} we have that

k—1 k
@#f%@—(ZAW%ZNU)ﬁNCwaM} (5.9)
j=0 j=1

Hence, g is surjective. Now we show that for &' # k, g~ (k') N g~ 1 (k) = &. Let k' # k, without

loss of generality we have that & < k' and k' = k + 1. Then, we have that (Zf;é N(y), Z?Zl NN
(Z?zo N(j), f:ll N(j)] = & and, thus g~ (k') N g~ 1(k) = &. Now we define a bijective function
depending on the function g to reassign the indices of samples to samples allocated to the feasible sets by

widl, o, MY — [ J{k} x {1, N(k)}
k=1

g(m)—1

meu(m) = (glm),m— ) N(k)
k=1

(5.10)

Note that w : {1,...,M} — Ule{k} x {1,...,N(k)} is surjective, as the function g defined in (5.7)
is surjective and as, by definition, we have that

{1,...,N(g(m))}
g(m)—1 g(m)—1 g(m)
={neN: n=m'— > N(k)form'e| > N(k), Y N(k)|NN
k=1 k=0 k=1

Moreover, the function u is injective, as for m # m’ € {1,..., M}, u(m) # u(m’). Now as u :

{(1,...,M} — Ui {k} x {1,...,N(k)} is bijective, we can reassign the indices in the summation
overm € {1,..., M} with u. Then, we obtain

ML(D, ¢,p)?

M M
met mt (5.11)

N(k)
Yo 2 ek = d(F (@, )P

kel K} n=1

Dividing by M = KN (K) yields (5.5). Combining (5.4) and (5.5) and taking the p-th root yields the
desired inequality.
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In order to prove the second part of (i) we define the map

0 : {yk}llc(:l — Ch

. — 0 = in —— — z|P.
= O(un) = axguin o 3 o — 2

2eC%
For fixed k € {1,..., K} now define

fr: €M — [0, )
1 Nf )
2= fi(2) = |2k m — 2.
N(K) n=1

We define

rE = sup |2k n — Thn P
n,n’e{l,...,N(K)}

In the following we prove that
(I) fx is continuous,
(II) argmin,cca, fi(z) = argmin.cp,, . 2p,) fe(z) foralln e {1,..., N(K)}.

In order to prove (I) - that fj is continuous - we first prove that f,i/ P is continuous. By Minkowski’s
inequality for the counting measure and dividing by N(K)'/?, we obtain

1/p

N(K)
1
[V = | —= |k — 2|7
N(K) 24

L N / p N p (5.12)
<\ ~vm 7;1 lzen =217 )+ N(K) n; B
IO B
Reversing the role of z, 2/ € C% and subtracting the resulting inequalities leads to
[Fe(2) 7 = fu()P] < |12 = 2]. (5.13)

Thus, f,i/ ?'is continuous and, hence, fi = ( f,i/ P)P is continuous. Now we proceed to prove (I7). Let

ne{l,...,N(K)}. Fix z € C"\B(2,n, 2r%). Then, for n’ € {1,..., N(K)} we have that
”ZL’k,n/ — ZH = HZ — xk,n” — ”xk,n — Tk p H > 21y — T = Tk (5.14)

Summing over n’ € {1,..., N(K)} and dividing by N (K), proves that fx(z) = r} for z € CH\B(zy n, 2ry).

On the other hand, fi(xg,) < ri, which proves that f;, cannot have minimizers outside the ball
B(xk,n,2rx) forany n € {1,..., N(K)}. This proves (/). Now recall the that 0(yy,) = argmin.cp,, . or,) f5(2)
forany n € {1,...,N(K)}. As B(zgn,2rg) is closed and bounded, it is compact by Heine-Borel.

Thus, as fi is continuous by the Extreme Value Theorem there exists a minimum that is attained on
B(zk.n,2r;). Hence, the map 6 defined in (5.12) has non-empty values. We now prove that 6 is an

optimal map. Let ¢ : My — C% be a map, then by the minimizing definition of #, we have that

N(K) N(K)

ﬁ nZ::l |2k — OCF (o, en)) P < ﬁ nz::l |2k — P(F (T ns€rn))|”-
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Summing over k € {1, ..., K} and dividing by K yields,

T 1 N(K)
E Z W Z ||1‘k7n — Q(F(-Tk,na ek,’n))Hp
k=1 n=1
N(K)

K
Z Z |xkn - (wk‘,mek,n))Hp-

Now using the bijective index map u : {1,..., M} — Uszl{k} x {1,...,N(k)}, that M = KN(K),
taking the p-th root and, then, taking the infimum over maps ¢ : My — C% yields

1 M v
(M Z | — B(F(xmem))p)

1/p
< Tm — O(F (T, em)) [P = inf L(D,¢,p).
¢M2m< 2 | >>|> nt L £(D.6.p)

The reverse inequality trivially holds and thus

1/p
m myEm p = i f E’D7 5 .
( > lom = OFlae >>|> it £(D.6.p)

m=1
By the minimization property of § we have that for any n’ € {1,..., N(K)} that

N(K)

|xk,n — Tper [P

1
7) Z ka,n _G(F(xk‘,n7ek:,n) ”p
n=1

Summing over n’ € {1,..., N(K)} and dividing by N (K) yields that

N(K) N(K) N
2 |z, = O(F (2k,ns €x,0) [P < N > Z |2k — k[P
n=1 n=1 n'=1

Summing over k € {1,..., K}, dividing by K and using the bijective index map w and that M =
K N(K) on the left hand side of the inequality yields that

N(K) N(K)

M
7 2 m = (G, em) P < 72 2 FE 5 2 o ol
m=1

n=1 n'=1
Thus, taking the p-th root and using the definition of the average kernel size and the above, we obtain
1 1
— Kersize(F,M1,E,p)k < inf  L(D,¢,p) < = Kersize(F, M1,E,p)k
2 $:Ma—Cd1 2

In Section SM 1, we show that the lower accuracy bound is sharp. In particular, we show with a linear
algebra example that for a specific forward model, dataset and set of noise as well as approximate inverse
map the lower accuracy bound is attained.

We now prove the inequality (5.5) for part (i7) by using conditional probability densities and utilize these
as disintegrations of a measure with respect to a measurable map on the indices as in [28]. This is the
only part of the proof where we use that the forward model and approximate inverse map is measurable.
We equip {1,..., M} with the sigma algebra of the power set G = 2{1+M} Equip the set {1,..., K}

with the sigma algebra of the power set 2{1+%} and note that by definition of G the function g :
{1,...,M} — {1,..., K} is measurable. We define a measure on G by

(5.15)
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for A € G with A # ¢ and u(A) = 0 otherwise. The elementary definition of disintegration and
conditioning applied to the measure on G, as in [28], is

(Ang~'(k) _[Ang~'(k)|

P
Pr(A) = P(Alg~ ' (k) = = (5.16)
A ORI
Following [28] we can check the following
(i) Pg(-) is a probability measure on {1,..., M} forall k€ {1,..., K}.
(ii) The measure P;(-) concentrates on the set g~ (k),
Py, ({{1,..., M}}\g (k) = 0. (5.17)
(iii) For A c {1,..., M}
K
P(A) = > P(g~" (k)Pi(A). (5.18)
k=1

The key point in proving (i) is that g is surjective and that for k # j, g~ (k) N g~1(j) = &. For (i)
let A={1,...,M}eGandke{l,...,K},thenas ANg~'(k) = g7 (k)

ANng 1k
) = ST

For (ii), as ({1,..., M}\g~'(k)) Ng~*(k) = &, we have that

{1,...,Mp\g~*(k)) g (k)|
lg=1 (k)]

Then, for (iii), recall that for k # j, g1 (k) N g~1(j) = &. Thus, for A < {1,..., M} we have that
[(ANng=t(k))N(ANg=1(4))| = 0. Hence, we obtain

=1 (5.19)

Py ({1,..., MP\g~* (k) = I - 0. (5.20)

KIP*kIPA—lKA *1k—|A|—PA 5.21
2P RPL(A) = 37 3] 14097 )] = 77 = P(A) (5:21)

Now let f : {1,...,M} — [0,00) be measurable and note that ¢ is measurable, as {1,..., M} is
equipped with the sigma algebra of the power set. Then, by Theorem 1.6.12 [7], using the push-forward
of IP with respect to g yields

E(f)= >, fmPm)= > flg7 (k)(g+P)(k). (5.22)

me{l,...,M} keg({1,...,M})

Note that f(g~*(k)) = L14-1(k)(m)f(m) and that by (i) and (ii) we have

> P(imlgT () = L. (5.23)

meg—1(j)

Now weinsert 1 = >} 1) P({m}|g~'(k)) into (5.22) to obtain,

E(f)= D flg (R)(gP)(k)

keg({1,...,M})
= D1 Blmlg ()1 xy (m).f (m) (94P) (k) 528
keg({1,...,M}) meg—1 (k) )

- Y wm D fmeE),

ke{l,...,K} (k) meg—1(k)
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where in the last equality we used that f > 0 and P({m}|g~'(k)) = x{zy for m € g~'(k). Now we

have that

_ g~ (k)] N(k)
«P) (k) =P(g7 (k) = =

N(k) 1
> A s 2 )
Kmlﬂje{l ..... K} N(j) K

(5.25)

with equality if N(k) = N(K) forall k € {1,..., K} and note that by assumption N (k) > 0. Thus,
inserting (5.25) in (5.24) and noting that P(m) = ﬁ in (5.22) we obtain

1 1 1
E(f) B M me{l,Z.,M} f(m) g ? ke{l,Z..,K} W me;(k) f(m)7 (526)

with equality if N(k) = N(K) forall k € {1,...,K}. Now we define a special f : {1,..., M} —
[0, 00) with f := |z — ¢(F (z,€))|P in order to obtain our desired result,

Fi{l,..., M} —[0,00)

m — f(m) = Hf — qﬁ(F(x, g))“p(m) — me . ¢(F($m, em))Hp. (5.27)

Then, f is measurable as {1, ..., M} is equipped with the sigma algebra of the power set 2{1*} and
as a composition of measurable functions, the norm, the approximate inverse map ¢ : My — C% and
the forward model F. Here we need that the approximate inverse map ¢ : My — C% and the forward
model F' are measurable. Hence, by inserting this choice of f into (5.26) we obtain

Ef)=a: D lem— 0(F(men)l?

me{l,....M}

1 1
> 3 N D rm = SF (@, em)) [P

ke{l,....K} ( ) meg—1(k)

(5.28)

Now we can reassign the indices in the inner summation over m € g~ (k) on the left hand side of (5.28)
by the function v : {1,..., M} — Uszl{k;} x {1,...,N(k)} defined in (5.10). Then, reassigning the
indices of the samples from Algorithm 1 in the inner summation over m € g~!(k) on the left hand side
of (5.24) with w yields

Ef)=— S fom— 0(F(@m,en))l”

M me{l,...,M}
1 1
> = D w2 ey = OF @ i) s uim)) 1P
K ke{l,...,.K} (k) meg—1(k) (5.29)
1 1 N(k)
= E Z W Z ka,n - ¢(F(-Tk,naek,n)>“p-
ke{1,...,.K} n=1

5.2 Proof of Theorem 3.5

Proof. The proof of Theorem 3.5 closely follows the proof of Theorem 3.3. We start with proving part
(7). We merely change the application of the triangle inequality in (5.1) to obtain the desired result. In
particular, using the inequality ||z +2'|P < 2P~ (||z|P+]2’|[?), we obtain for fixed m € {1, ..., M’} with
Ym € Ma. Let e, € € be given by e, = Yy, — F(2,,0) and note that y,,, = F (2, €,). Now define
U = 71 (Pn(p) (Tm, €m)) and vy, = 71 (Ppre () (@m, €)) and by the properties of the Moore-Penrose
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inverse, see Section SM 4, we have that 2,y = v — v,,, € F~!(y,,) with m’ = m/(m) = M’ + m.
Then, we have that

120 [P = [Zm — ¢(ym) + ¢(ym) — (Ujrﬁ — v [P

o , (5.30)
<277 (Jem = o) + [6(ym) — 2 [7) -
Averaging over m € {1, ..., M’} yields
M/ _ M/
2p 2p—1
2 Toml? < 2 S (e — S + [9(m) — Zurn?) (531)
m=1 m=1
Reassigning the indices with m’ : {1,..., M’} — {1,..., M} where m'(m) = M’ + m yields
M’ M
2p 2p
3 2 onll < 3 3% e = oum)l (532

To prove part (i7) the analogous steps as in the proof of part (i) of Theorem 3.3 can be used. Here the
approximate feasible sets need to be replaced by {2y, T, — 2Ppr(py T } foreachm e {1,...,M'}. O

6 Discussion

Inverse problems with non-injective forward models occur often in the sciences and engineering yield-
ing reconstruction problems with no unique solution. The myriad of techniques to design approximate
inverse maps that can tackle such problems beg for a unifying framework of evaluation to enable a theo-
retical and empirical understanding of the method-independent accuracy bounds of methods for designing
approximate inverse maps. In this work we have provided sharp accuracy bounds - the average (symmet-
ric) kernel size - to the reconstruction error of any approximate inverse map and algorithms to compute
these bounds. Furthermore, we have provided a framework that enables scientists to apply the algorithms
to given datasets with low computational and implementation overhead. The lower accuracy bound in
part (i) of Theorem 3.3 holds for any possible approximate inverse map, such as deep neural networks
and stochastic estimators, and only depend on the forward model F, the dataset of signals M and the
set of noise £. For linear forward models with additive noise, the bounds, (half) the average kernel size,
depend on the kernel. The average kernel size generalizes the notion of the kernel to non-linear forward
models by the notion of non-injectivity. In particular, we prove part (i) of Theorem 3.3 for measurable
forward models, but the sigma algebras on the domain and image of the forward model can be chosen
such that it is measurable - rendering the inequalities valid under assumptions that are satisfied in a large
number of applications.

In Section 4, we demonstrate the applicability of the algorithms and validate the lower accuracy
bounds for two different inverse problems. In localization microscopy, our lower accuracy bounds from
Theorem 3.3 improve upon the well-known Cramer-Rao lower bounds [59] to the variance of estimators,
by providing bounds to the localization accuracy under experimentally verified assumptions. Together
with the provided implementations, this provides a general framework applicable to localization mi-
croscopy for the optimization and design of experiments and estimators - which are approximate inverse
maps. For super-resolution of multi-spectral satellite data, Theorem 3.5 provides theoretically funded
and computationally feasible quantification of accuracy bounds to the empirical error obtained by any
super-resolution map. We empirically validated the lower accuracy bound, the average symmetric kernel
size, from Theorem 3.5 on four different satellite imaging modalities and for three different approximate
inverse maps. Additionally, with respect to the RMSE, the three methods empirically are all within the
upper and lower accuracy bounds and, hence, optimal. While we compute and validate the accuracy
bounds for the most common loss, the RMSE, the provided bounds and algorithms are applicable for any
other evaluation (pseudo) norm of interest to applicants. In fact, our main results, part (i) of Theorem
3.3 and Theorem 3.5, can be generalized to all evaluation functions and scores that satisfy the triangle
inequality.
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6.1 Relation to previous work

Many frameworks for the classification of the lowest achievable worst-case reconstruction error for prob-
lems, similar to the inverse problem in (2.1), exist. For example, Gelfand widths for noiseless linear
forward models [62], best k-term approximation [30], and worst-case bounds for set-valued approximate
inverse maps on Banach spaces have been established in [5] and, then, extended to metric spaces in [53].
For a forward models with noise, [18] have established the notion of optimal learning and upper bounds
for the worst-case accuracy based on the Chebycheff radius. Generalized instance optimality of approxi-
mate inverse maps and the corresponding upper bounds on the reconstruction error have been presented
in [23]. In [31] the authors propose a framework to measure the optimal accuracy for non-linear methods
of approximation. See also [56] for a survey of early work on optimal recovery. For normed spaces,
worst- and average- case accuracy bounds are established in [63]. In many of these works, the under-
lying spaces are infinite or finite dimensional Banach spaces, and the reconstruction error is measured
by a given norm and (upper) bounds on the worst-case error are provided. However, these results have
not been sufficient for evaluating approximate inverse maps, such as stochastic estimators or deep neu-
ral networks, in order to be applicable in computationally challenging settings - with large datasets and
non-linear forward models with a mixture of additive and multiplicative noise. For example, in [2] B.
Adcock and N. Dexter state that despite the ability of deep neural networks to approximate functions
relevant to scientific computing, a large gap between expressivity and practical performance remains.
Previous work has not provided a feasible approach and a corresponding software library for computing
accuracy bounds on a general class of inverse problems and large datasets requiring the use of GPUs.
In this work, by providing computable and quantifiable lower and upper accuracy bounds to the average
reconstruction error of any approximate inverse maps, we provide a computable answer to the question
posed by M. Burger and T. Roith in [24].

6.2 Conclusion

A fundamental limitation of this work is that the accuracy bounds in Theorem 3.3 only hold on a dataset
processed by Algorithm 1. In order to evaluate approximate inverse maps on an extension of this dataset
requires convergence estimates of the average kernel size as the number of samples increases. The av-
erage kernel size could be shown to converge to a factor times the average kernel size on measurable
metric spaces defined in [42]. Ideally, this result is proved for exchangeable samples, as in many appli-
cations there is no guarantee that the samples are independently distributed. A further limitation of the
proposed framework is that Algorithm 1 requires possible solutions of a given inverse problem and in
some applications it may not be possible to acquire these. However, a benefit of this work is that neither
the distribution nor the number of possible solutions influence the validity of the accuracy bounds in
Theorem 3.3 and Theorem 3.5. The accuracy bounds in Theorem 3.5 only require one possible solution
for linear forward models with additive noise, thereby enabling a computationally efficient estimation of
accuracy bounds. In the realm of deep learning, yet another limitation of this work is, that Algorithm
1 requires the existence of training data with ground truth labels and is not immediately applicable to a
self-supervised setting. Establishing a generalization of the accuracy bounds, the average (symmetric)
kernel size, is an intriguing question for future work and would enable guarantees for generalization of
approximate inverse maps obtained by optimization on a finite dataset to an uncountable set.
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