FINITE ELEMENT ANALYSIS OF A NONLINEAR HEAT EQUATION
WITH DAMPING AND PUMPING EFFECTS
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ABSTRACT. We study the following nonlinear heat equation with damping and pumping effects
(a reaction-diffusion equation) posed on a bounded simply connected convex domain 2 C RY,
d > 1 with Lipschitz boundary 0§2:

Au(t)
ot

— vAu(t) + alu(t)"Pult) = Y Belu(®)| " Pult) = f(t), t>0,
=1

subject to homogeneous Dirichlet boundary conditions and the initial condition w(0) = uo,
where 2 < p < ocoand 2 < g < pfor 1 < £ < M. For ug € L*(Q) and f € L*(0,T; H~(Q)), we
establish the existence and uniqueness of a weak solution for all dimensions d € N and damping
exponents 2 < p < oo. Furthermore, for ug € H*(Q) N Hg(Q) and f € H*(0,T; H*(Q)), we
obtain regularity results: these hold for every 2 < p < co when 1 < d < 4, and for 2 < p < %dd%f
when d > 5. The proof relies on a modified Faedo-Galerkin approximation scheme. To control
the initial data in the L?(2)-norm, we introduce a new self-adjoint operator, which plays a key
role in the analysis. For every 2 < p < oo when1 < d <4, and for2 <p < 2:%46 when d > 5, we
perform a finite element analysis of the model using conforming, nonconforming, and discontin-
uous Galerkin methods. We establish a priori error estimates for both semi-discrete and fully
discrete schemes, and support our theoretical findings with numerical experiments. To relax
the restriction on p in the semidiscrete error analysis, we employ different projection or interpo-
lation operators depending on the underlying finite element setting. Specifically, for ug € D(A)
and f € H'(0,T; H'(Q)), the Ritz (elliptic) projection is used in the conforming case when
2<p< dQ—_dQ, while the Scott—Zhang interpolation is adopted for the range dQTdQ <p< 2;:46. In
the nonconforming formulation, the Clément interpolation operator is utilized, whereas in the
discontinuous Galerkin setting, the L2-projection onto the fully discontinuous finite element
space is employed. Meanwhile, in the fully discrete framework, the error estimate is established
for all 2 < p < oo when 1 < d <4, and for 2 < p < % when d > 5, under the regular-

ity assumptions ug € D(A%) and f € H'(0,T; H'(Q)). The unified framework developed in
this work captures a wide class of physically relevant models, including the diffusion equation
with radioactive decay, the Allen-Cahn and real Ginzburg-Landau equations, the cubic-quintic
Allen-Cahn equation, the scalar Nagumo (or Huxley) equation, the Newell-Whitehead-Segel
equation, the Zeldovich equation, among others.
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1. INTRODUCTION

Nonlinear partial differential equations with polynomial nonlinearities are fundamental in
modeling phase transitions, pattern formation, and interfacial dynamics across physics, chem-
istry, and biology. Among them, several well-known reaction-diffusion models have been exten-
sively studied in the literature. We refer [29, Chapter 6] for analysis of such reaction-diffusion
equations. Within our unified framework, we highlight several prototypical reaction-diffusion
models of fundamental importance, which are listed below.

1.1. Diffusion equation with radioactive decay. Diffusion with radioactive decay (or a heat
equation with cooling term) can be modeled using a reaction-diffusion equation that combines
two key processes, spatial spreading and exponential decay. If Q ¢ R%, d > 1 is a bounded
Lipschitz domain, and if u(x,t) denotes the concentration of a radioactive substance at position
x and time ¢, the governing equation is ([50])

@:VAU—AU, reQ, t>0,

ot
where v > 0 is the diffusion coefficient and A > 0 is the decay rate. The diffusion term
describes how particles spread out in space due to random motion, while the decay term models
the natural disintegration of the substance at each point. The solution on the whole space
shows that the concentration is given by the usual heat kernel, scaled by the exponential decay
factor e~*. This solution reveals that the spatial distribution of particles follows a spreading
Gaussian profile over time, while the total number of radioactive atoms decreases exponentially
according to their characteristic half-life. Physically, this means the substance both disperses
and diminishes in magnitude over time. In closed systems with no flux across the boundary,
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the total mass decreases exponentially at rate A, reflecting the inherent radioactive decay, while
diffusion influences how the remaining mass redistributes in space before vanishing.

1.2. The Allen-Cahn equation and real Ginzburg-Landau equation. The Allen-Cahn
equation and real Ginzburg-Landau equation are fundamental models in nonlinear science,
describing pattern formation and phase separation, respectively. While both are gradient flows
of free-energy functionals, they differ in their mathematical structure, physical interpretations,
and applications. The Allen-Cahn equation was introduced in [2] to describe the motion of
anti-phase boundaries in crystalline solids. If Q ¢ R? d > 1 is a bounded Lipschitz domain,
then the Allen-Cahn equation reads

%:yAu—f(u), T e, t>0, (1.1)

where v > 0 is the diffusion constant and f(u) is derived from a potential F'(u). The classical
choice is the double-well potential

Flu)=1@w?-1)?2  f(u)=F(u)=u"—u. (1.2)

The Allen-Cahn equation is the L2-gradient flow of the Ginzburg-Landau free energy functional

Elu] = /Q (S17u@)P + Flu(e)) da. (1.3)

This yields energy dissipation

d 2

et = |40

dt

<0,

dt

L2
reflecting relaxation toward stable equilibria. The Allen-Cahn equation arises in phase sepa-
ration and coarsening in alloys and binary mixtures, motion of interfaces by mean curvature,
mathematical analysis of metastability and singular limits (as v — 0, solutions converge to
sharp interfaces moving by mean curvature, [32]), etc.

The Ginzburg-Landau equation arises in bifurcation theory and pattern formation as a uni-
versal amplitude equation near critical instabilities. Its real form is

o

S =vAb+w— Bt U@t ER, (14)

where v > 0 is the diffusion coefficient, v € R is a bifurcation parameter and § > 0 is a
nonlinear saturation coefficient. The equation captures the slow modulation of amplitudes near
supercritical bifurcations, for example, in Rayleigh-Bénard convection and Taylor-Couette flow
([20]). The equation contains a linear growth term (y2)) and a cubic saturation term (—31°). It
describes both growth and nonlinear stabilization of patterns. It has applications in amplitude
description of pattern-forming instabilities, nonlinear stability and mode selection and is a
benchmark model in bifurcation theory.

Both the Allen-Cahn and real Ginzburg-Landau equations belong to the broad class of non-
linear reaction-diffusion models with polynomial nonlinearities. The Allen-Cahn equation is
closely tied to variational principles and interface motion in materials, while the real Ginzburg-
Landau equation captures universal features of pattern formation near bifurcations. Despite
their structural resemblance, their roles in modeling physical phenomena are distinct: Allen-
Cahn emphasizes energy-driven phase separation, whereas Ginzburg-Landau emphasizes ampli-
tude modulation and nonlinear saturation of instabilities.

1.3. The cubic-quintic Allen-Cahn equation. The Allen-Cahn equation has served as a
prototype for phase separation and order-disorder transitions. However, the classical cubic for-
mulation is limited to systems where bistability is sufficient to describe the dynamics. Many
physical and biological systems, particularly those with strong nonlinear interactions, require
higher-order saturation mechanisms. The cubic-quintic Allen-Cahn equation introduces a quin-
tic nonlinearity, enabling the description of systems with multistability, richer front dynamics,
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and stabilized amplitude states. This modification significantly broadens the range of phenom-
ena the equation can capture, making it relevant in nonlinear optics, condensed matter physics,
and biological morphogenesis.

The cubic-quintic Allen-Cahn equation is written as ([37])

% = vAu + au + fud —yu®, (1.5)
where u = u(z,t) is the order parameter, v > 0 is the diffusion coefficient, « represents linear
growth or decay, 8 > 0 introduces cubic saturation, and « > 0 provides quintic stabilization.
This polynomial structure allows for a balance between destabilizing growth and nonlinear
saturation, with the quintic term preventing runaway instabilities. Unlike the standard Allen-
Cahn equation, which typically supports two stable phases, the cubic-quintic variant can sustain
multiple coexisting phases depending on parameter values.

The cubic-quintic Allen-Cahn equation derives from the functional derivative of the Ginzburg-
Landau free energy:

£lu] _/ Yivu(@) + L) + Lut(@) - Lu(@) ) da. (1.6)

o \ 2 2 4 6
The evolution follows the L?-gradient flow %7; = —VE&[ul], guaranteeing energy dissipation
dz[t“] < 0. This variational structure has profound implications for both analytical treatment

and numerical approximation. The cubic-quintic Allen-Cahn equation arises in diverse contexts
such as: multistable phase dynamics in materials science and condensed matter physics, ampli-
tude equations for laser cavity dynamics and optical soliton stabilization, models with multiple
stable states relevant in morphogenesis, chemical oscillations, and population dynamics, and
competition/coexistence between species or cell states in reaction-diffusion models.

1.4. The scalar Nagumo equation or the Huxley equation. Reaction-diffusion equations
with polynomial nonlinearities are fundamental in the study of wave propagation and pattern
formation in excitable systems. Two important examples are the Scalar Nagumo equation
and the Huxley equation, both of which serve as simplified models for nerve pulse transmission.
Despite their structural similarities, they have distinct historical origins and modeling purposes.

The Scalar Nagumo equation is a simplified model for nerve axon dynamics, derived from
the FitzHugh-Nagumo system ([27]) by reducing it to a single scalar PDE. Its standard form is

([48])
ou

azuAu—{—f(u), reQCR? >0, (1.7)
with nonlinear reaction term
flw) =u(l —u)(u—a), 0<a<l (1.8)

Here v > 0 is the diffusion coefficient, and a controls excitability. The cubic nonlinearity exhibits
three equilibria: v = 0, u = a, and v = 1 and it admits traveling wave solutions connecting stable
equilibria (v = 0 and u = 1). Accordingly, the equation (1.7) falls within the class of bistable
reaction-diffusion equations. It also serves as a canonical model for bistability and excitability
in neural systems. It has applications in propagation of nerve impulses (axon conduction),
excitable chemical and biological media and is a benchmark model for bistable wavefronts. The
Huxley equation, originally derived by Huxley [35], also models nerve pulse propagation. Its
standard reaction-diffusion form is the same as (1.7). The nonlinear term resembles that of the
Nagumo equation but arises from empirical fitting to nerve impulse data and is frequently used
in biological and electrophysiological models as a phenomenological description. Although both
equations use cubic nonlinearities and share similar mathematical properties, their differences
lie in motivation and application.
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1.5. The Newell-Whitehead-Segel equation and the Zeldovich equation. Nonlinear
partial differential equations with polynomial nonlinearities play a central role in the theory of
pattern formation across physics, biology, and chemistry. Among them, the Newell- Whitehead-
Segel (NWS) equation stands out as a seminal amplitude equation, originally derived in the
1960s by Newell, Whitehead, and Segel ([49,55]) in the study of Rayleigh-Bénard convection.
Since then, it has become a prototypical model for describing the dynamics of slowly vary-
ing amplitudes near bifurcation points and has been extended well beyond its fluid-dynamical
origins.

The NWS equation provides a unifying framework for understanding how spatial patterns
emerge and stabilize in nonlinear systems. It models the interplay between diffusion, linear
growth or decay, and nonlinear saturation, thereby offering deep insight into the mechanisms
that lead to periodic structures such as convection rolls, stripes, or hexagons. In mathematical
form, the equation reads

ou
i — ~ud
5 vAu~+ pu — yul, (1.9)

where u(z,t) is the amplitude field, v > 0 is the diffusion coefficient, p is the bifurcation
parameter measuring the distance from instability onset, v > 0 controls nonlinear saturation,
and ¢ € N determines the degree of nonlinearity.

This model arises naturally from a weakly nonlinear analysis of Rayleigh-Bénard convection
near the critical Rayleigh number. For p < 0, the trivial solution u = 0 is stable, while for p > 0,
nontrivial steady states appear, reflecting the onset of finite-amplitude patterns. The nonlinear
term ensures saturation, preventing unbounded growth of solutions and stabilizing emergent
structures. In summary, the Newell-Whitehead-Segel equation generalizes the Ginzburg-Landau
formalism to finite-wave number instabilities, making it a cornerstone in the study of pattern
formation. Its simplicity, combined with its ability to capture essential nonlinear phenomena,
ensures its continuing importance across diverse areas of applied mathematics and science.

The Zeldovich equation is a classic reaction-diffusion model that describes how a reactive
substance spreads in space while undergoing nonlinear chemical transformation. Its general
form is ([29])

?ﬁ =vAu+ ku™(1 —u), (1.10)

where u(z, t) is the normalized concentration, D is the diffusion coefficient, k is the reaction rate
constant, and m is the reaction order. Unlike the Fisher-KPP equation, which assumes simple
logistic growth (m = 1), the Zeldovich equation allows higher-order kinetics (m > 1, in partic-
ular m = 2), meaning that the reaction requires a critical concentration of reactant to proceed,
mimicking an ignition threshold. This makes the equation particularly important in combustion
theory, where it captures the propagation of flame fronts, as well as in autocatalytic chemical
reactions and certain biological invasion processes. Its traveling-wave solutions describe how a
sharp reaction front forms and moves at constant speed, balancing diffusion-driven spreading
with reaction-driven consumption of material.

1.6. A general reaction-diffusion equation. Heat conduction in many physical systems
does not follow a purely linear law due to temperature-dependent material properties, nonlin-
ear radiation effects, or other complex physical mechanisms. Such phenomena naturally lead
to nonlinear heat equations, which can more accurately capture these complexities. An impor-
tant variant is the damped heat equation, where a nonlinear damping term accounts for energy
dissipation mechanisms such as radiation, absorption, or resistive effects.

Let Q C R%, d > 1, be a bounded, simply connected convex domain with Lipschitz boundary
092 and let T' > 0 be fixed. Assume that 2 <p <ooand 2 < ¢ < pfor 1 < ¢ < M. Then, we
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consider a general reaction-diffusion equation of the following form:

M
%(ZE, t) — vAu(z,t) + o|u(z, t)|p_2u(:n, t) — Z}ﬁg\u(x, t)|q‘f_2u(m, t)
= f(z,t), in Qx(0,T), (1.11)
u(z,t) =0, on 9Q x [0,T],

u(z,0) = up(x), z € Q,

where M is fixed positive integer, v > 0 is the diffusion coeflicient, a > 0 scales the nonlinear
damping term |u[P~2u, B¢ € R is the coefficient of pumping term |u|%2u and f is an external
force. For f = 0, the reaction-diffusion equation (1.11) derives from the following functional
derivative of the Ginzburg-Landau free energy:

M
v o Be
€u:/ —|Vu(z))? + —|u(z)P — —|u(x)|% | dx. 1.12
[u] Q<2 ()| p\()\ ;qél()l) (1.12)
The evolution follows the L?-gradient flow
ou(t)
5t = —VE&u(t)], (1.13)
guaranteeing energy dissipation
dE[u(t)] du(t)||? 2
. o | =~ IVl <o (114)

The models described in Subsections 1.2-1.5 can be covered under the framework given in (1.11).
In particular, the Newell-Whitehead-Segel equation (1.9) can be covered for odd ¢, while the
Zeldovich equation (1.10) can be covered for even m. We show the existence of a unique strong
solution to the problem (1.11) so that the gradient structure (1.13) of the problem can be
justified.

This PDE is a reaction-diffusion equation with nonlinear dissipation, making it suitable for
modeling systems where diffusion interacts with nonlinear reactions.The finite element method
(FEM) is particularly well-suited for analyzing this equation in realistic scenarios: it can ac-
commodate complex geometries (e.g., irregular catalyst surfaces, intricate chip layouts), het-
erogeneous material properties, and nonlinearities, while enabling adaptive mesh refinement
to resolve localized features such as reaction fronts, thermal hotspots, or regions influenced by
external forcing. Thus, studying the damped—pumped heat equation through FEM not only deep-
ens our understanding of nonlinear diffusion—reaction systems under competing dissipation and
excitation effects, but also provides practical computational tools for engineering, environmental
science, and applied physics.

1.7. Literature survey. The general reaction-diffusion equation

M
Opu — vAu+ alulPPu = Belul*Pu=f,  ulog =0,
/=1
is a representative example of nonlinear parabolic PDEs that combine reactive-diffusive trans-
port, nonlinear dissipation, and external forcing has been extensively studied within the frame-
work of semilinear parabolic theory.

Theoretical Analysis: In this work, we establish the existence, uniqueness and regularity of
weak solutions to the proposed problem. The analysis is primarily based on the Faedo—Galerkin
approximation technique, which serves as a fundamental tool for constructing approximate so-
lutions and deriving uniform a priori estimates [22,42,52]. In the classical setting with purely
dissipative nonlinearities of the form a|u[P~2u for p > 2, monotonicity and coercivity arguments
yield natural energy bounds ensuring global well-posedness and regularity under standard as-
sumptions on the initial data and external forcing. However, the present problem introduces
an additional competing nonlinear effect, where a dissipative damping term coexists with a
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pumping term of the type —|u|92u with ¢ < p. This combination creates a delicate inter-
play between energy dissipation and energy amplification, requiring a more refined analytical
treatment beyond the classical monotonicity framework.

Our results extend the standard existence-uniqueness theory by rigorously proving global reg-
ularity and well-posedness in the presence of both damping and pumping mechanisms, thereby
contributing to the broader understanding of nonlinear evolution equations with competing
nonlinearities.

Numerical Analysis (Finite Element Method): The mathematical development of the finite ele-
ment method (FEM) has been systematically advanced through a sequence of landmark mono-
graphs that established both its analytical foundations and computational frameworks. Ciarlet
in [17] provided one of the earliest rigorous mathematical treatments of FEM, establishing ap-
proximation, stability, and convergence results within the setting of Sobolev spaces. Girault
and Raviart in [30] extended these ideas to incompressible fluid flow, introducing stable mixed
formulations and advancing algorithmic approaches for the Navier—Stokes system. The classical
monograph by Brezzi and Fortin in [10], offered a unified treatment of saddle-point problems
and the inf-sup stability conditions that underpin mixed formulations. Brenner and Scott in [8]
later consolidated these theoretical developments into a modern, comprehensive reference, uni-
fying the analysis of conforming, nonconforming, and discontinuous Galerkin (DG) approaches.
Complementing these works, Ern and Guermond’s in [16] emphasized the interplay between
variational formulations and computational implementation, while Thomée in [61] extended the
rigorous framework to time-dependent PDEs, providing the canonical projection-based analysis
for both semi-discrete and fully discrete schemes.

Ainsworth and Oden in [1] introduced systematic methods for adaptive refinement and error
control, which have since become indispensable in computational PDEs. More recently, Boffi,
Brezzi, and Fortin in [7] expanded the mixed formulation theory to a broader class of problems,
integrating stability and numerical examples. Meanwhile, Zienkiewicz, Taylor, and Zhu in
[64] synthesized both the mathematical and engineering perspectives, reinforcing FEM’s dual
identity as a rigorous analytical tool and a practical computational technique. Together, these
foundational texts form a coherent intellectual lineage that continues to influence modern FEM
research and practice.

Within this historical and theoretical context, the finite element method has long been the
spatial discretization of choice for parabolic problems in complex domains, with Thomée’s mono-
graph [61] providing the canonical projection-based analysis for both semi-discrete and fully
discrete schemes. The strategy, splitting the error into a projection component (either Ritz
or L?) and a discrete evolution component, deriving discrete energy identities parallel to the
continuous ones, and closing estimates using Gronwall-type inequalities, has been successfully
adapted to semilinear equations. Our conforming FEM a priori error analysis follows this well-
established framework, drawing on standard interpolation estimates, projection lemmas, and
discrete stability arguments as in [16,61]. In particular, we employ the Ritz or L? projection
in combination with the Scott—Zhang interpolation [54] to control approximation and stability
properties in different parts of the analysis. For low-regularity solutions, projection techniques
such as the L? projection and Scott-Zhang interpolation provide optimal spatial convergence
rates, and these ideas influence the treatment of projection errors in our conforming analysis.

Beyond conforming methods, nonconforming FEM offers additional flexibility for handling re-
duced regularity, non-matching grids, and certain geometric constraints. Classical nonconform-
ing spaces, such as the Crouzeix—Raviart element, allow discontinuities across element bound-
aries while preserving optimal approximation properties in broken Sobolev norms [8,17,21]. In
the context of parabolic problems, the extension of nonconforming methods requires careful
control of interelement jumps through mesh-dependent norms, and coercivity is maintained via
appropriate modifications to the bilinear form [24,61]. Foundational analysis by Douglas and
Dupont established error bounds for nonconforming Galerkin methods in parabolic settings,
while modern treatments in Brenner—Scott [8] provide a unified theory for both elliptic and
evolutionary problems. The recent work [42] extends these techniques to nonlinear settings
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with memory terms, including detailed projection error bounds, discrete coercivity proofs, and
penalty parameter design.

Discontinuous Galerkin (DG) methods, originally developed for hyperbolic conservation laws,
have been successfully adapted to elliptic and parabolic PDEs due to their local conservation
properties, robustness under mesh irregularity, and natural handling of non-matching grids.
The seminal work of Arnold [4] introduced the interior penalty DG method with discontinuous
elements, establishing stability and convergence for elliptic problems; these ideas were later ex-
tended to parabolic problems by combining IPDG in space with implicit time-stepping [51,58].
DG analysis for parabolic equations typically relies on interior penalty stabilization, discrete
trace inequalities, and mesh-dependent energy norms that incorporate jump contributions [8,51].
Our DG a priori analysis is based on these core concepts, with the treatment of nonlinear reac-
tion terms using monotonicity arguments parallel to those in [41], while stability and coercivity
arguments follow the framework of Arnold’s interior penalty theory. These references together
provide a solid foundation for the DG methodology applied to the nonlinear damped heat
equation studied here.

Time discretization is a crucial component of fully discrete schemes. For semilinear parabolic
equations, backward Euler is a classical choice, offering unconditional stability and a clean
pathway to first-order temporal error bounds [14,61]. Our computations for the conforming
method use backward Euler in time, with Newton linearization to handle the nonlinearity,
following established practices in the literature. In problems with weakly singular kernels or
memory effects, while not the focus of this paper, related works [40,43,47] demonstrate the
effectiveness of convolution quadrature and DG-in-time schemes in preserving positivity and
delivering high-order accuracy.

For computational implementation, modern FEM software frameworks such as FEniCS [3,39]
enable automated variational form generation, efficient solver integration, and mesh handling
for conforming, nonconforming, and DG schemes. Our numerical experiments follow this repro-
ducible, modular approach, aligning with recent computational studies of nonlinear parabolic
equations [44].

1.8. Highlights of the work and novelties. In this work, we undertake a detailed theoretical
and numerical investigation of the homogeneous Dirichlet nonlinear reaction-diffusion equation

M

Oy — vAu + alulP?u — Z Belu|®u = f,

(=1
posed on a bounded convex domain in R? (d > 1) with Lipschitz boundary, for exponents
2 <p< oo and 2 < g < p. The unified framework we develop incorporates a wide range
of physically relevant models, such as the diffusion equation with radioactive decay, the Allen-
Cahn and real Ginzburg-Landau equations, the cubic-quintic Allen-Cahn equation, the scalar
Nagumo (or Huxley) equation, the Newell-Whitehead-Segel equation, the Zeldovich equation,
among others (see Subsection 1.1-1.6).

Our principal contributions can be summarized as follows:

(1) Well-posedness and regularity results: For initial data uy € L?(Q) and forcing
f € L*0,T; H1(Q)), we prove existence, uniqueness, and stability of weak solutions

u € C([0,T]; L*(2)) N L*(0, T3 Hg () N LP (0, T; L (2)),
with time derivative
dyu € L*(0,T; H-Y(Q)) 4+ L¥' (0, T; LP' (),

valid for every 2 < p < oo and arbitrary spatial dimension d € N (Theorems 3.6 and
3.7). Moreover, if the data satisfy ug € H}(Q) N LP(Q) and f € L?(0,T; L*(Q)), we
obtain the higher regularity (Theorems 3.8)

w e C(0,T); HY(Q) 0 L)) N L2(0, T HX(Q)) 0 L2~2(0, T; L¥2(0),

Oy € L*(0,T; L*()).
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Moreover, for ug € D(A) = H*(Q) N HY(Q) and f € HY(0,T; H(Q)), we derive the
following regularity results (Theorem 3.12 ):

u € L®(0,T; D(A)) N L*(0,T; D(A2)), dyu € L(0, T; L*()) N L2(0, T; Hy (2)).
This refined regularity holds
for all 2 <p < oo when 1 <d <4, andf0r2§p§2j%46whend25. (1.15)

Furthermore, for the same values of p, for uy € D(A%) and f € HY(0,T; H(2)), we
obtain (Theorem 3.14)

O € L(0,T; HY(Q)) and dyu € L*(0,T, L*()).

The proof of global well-posedness is carried out via a suitably adapted Faedo-Galerkin
scheme (see (3.13) below). A key component of the analysis is a new self-adjoint operator
(see Proposition 3.4 below, cf. [11-13,33]), which is bounded on LP(£2). This operator
enables control of the initial data in the LP(2)-norm and plays a central role in the
argument. Finally, the analysis explicitly incorporates both the nonlinear damping
and the pumping terms, demonstrating their stabilizing effect in continuous as well as
discrete frameworks. The methodology developed in this work may provide a way to
extend the results of [41,42] on the 3D hereditary generalized Burgers-Huxley equations
to the case of integer nonlinear exponents 3 < § < co.

(2) A priori error estimates for multiple discretization frameworks: A priori error
analysis for conforming, nonconforming and discontinuous Galerkin methods for the
values of p given in (1.15) is performed using suitable projections and interpolations
to control LP-initial data. For ug € L%(Q), f € L?(0,T;L?(Q2)), we prove that the
approximate solution uy, € L*(0,T; H} (2)) N L>®(0,T; LP(R)) for all 2 < p < oo in case
ofd=1,2 and p < d%cg in case of d > 3. Also for uy € D(A), we prove the same result
Wh;n d%dQ < p<ooford=3,4and dQ—_dQ <p< %l%f for d > 5 (Theorems 4.3, 5.3 and
6.4).

We establish the optimal order of convergence O(h) for all p given in (1.15), in both
the semidiscrete and fully discrete settings. Specifically, the semidiscrete convergence
is obtained for initial data uyg € D(A) and forcing term f € H'(0,T; H'), whereas the

fully discrete case assumes ug € D(A%) and f € H'(0,T; H') (Theorems 4.4 and 4.11).
To ensure the stability of the LP-estimate for all p when 1 < d < 4, we employ the Ritz
projection for 2 < p < d%dQ and the Scott—Zhang interpolation for d%dZ <p< %. In
the nonconforming case, the Clément interpolation operator is used to obtain the same
optimal order of convergence O(h) in appropriate norms for both semidiscrete and fully
discrete formulations (Theorems 5.4 and 5.8). A comparable convergence rate is also
achieved for the discontinuous Galerkin method (Theorems 6.5 and 6.7) by employing
the L2-projection onto discontinuous finite element spaces.
Also, we verified the all theoretical results using numerical experiments.

This combination of rigorous PDE theory, multi-framework numerical analysis, and repro-
ducible computational experiments fills a gap in the literature, where such nonlinear damped
parabolic equations along with pumping term have not been treated together but only in
isolated theoretical or single-method numerical studies. Owing to the Sobolev embedding
HE(Q) C LP(Q) valid for 2 < p < dQ—_dz, much of the existing literature restricts attention
to this range of p (see [23,42,46]). In contrast, our results remain valid for the entire range of
values specified in (1.15). It is also worth noting that all numerical experiments are carried out
on a simply connected convex domain Q C R%, d > 1 with Lipschitz boundary 0 in case of
the values of p given in (1.15).

1.9. Organization of the paper. The paper is structured as follows: In Section 2, we discuss
some preliminaries such as functional setting, linear operator, and non-linear operator which
is helpful in further analysis. In next Section 3, existence and uniqueness of the weak solution
is discussed along with regularity results, which are important in performing error analysis in



10

FEM. Then in Section 4, the semidiscrete and fully-discrete conforming schemes are discussed,
and error analysis is proved in both cases in Theorem 4.4 and 4.11. To verify the theoretical
results, we discuss numerical results in Section 4.3. Furthermore, the next Section 5 is devoted
to NCFEM, where, we go through semi discrete scheme 5.1, fully discrete scheme 5.2 with
priori error estimates and numerical implementation to verify theoretical results 5.3. Similarly,
in Section 6, the semidiscrete 6.1 and fully discrete 6.2 are discussed along with error estimates
and to verify theoretical results, the numerical implementation has been done in Section6.3. At
last, we discuss the fundamental difference between the methods in Section 7.1 and also provide
numerical results in Section 7.2. We finish this paper with conclusion 7.3.

2. PRELIMINARIES

In this section, we introduce the function spaces and operators that will be needed to analyze
the solvability of problem (1.11).

2.1. Functional setting. For 1 < p < oo, let
1/p
L) := {u: Q — R measurable : |u] @) < oo}, | flle(@) = (/ ]u(m)]pdx) .
Q

In particular, L?(2) is a Hilbert space with inner product (-,-). We denote by Hg (), the
Sobolev space of L2-functions with weak derivatives in L? and vanishing trace on 952, equipped
with the norm (by the Poincaré inequality)

1/2
oy = (] [Vuta) )"
and by H=Y(Q) := (H}(Q))" its dual, with

1Fllzr-1(0) = sup{(f,u) : w € Hg(Q), ||ull gz () < 1}-

We also use H™(2), m € N to denote the higher-order Sobolev spaces. Note that the Sobolev
embedding H}(Q) < LP(Q) holds true for 2 < p < co when 1 < d < 2 and for 2 < p < dQTdQ
when d > 3. Since the Sobolev embedding H?(2) — LP(Q2) holds for all 2 < p < oo when
1<d<4andfor2<p< d%dzl when d > 5, it follows in particular that the embedding also
holds for all

2d—6 2d—4 2d

d—4 “d—1 Sd-a

which we have used consistently throughout our analysis.

For % + z% =1, both L¥ (Q) and H~'(£2) are Banach spaces. The sum space

2<p<

Q)+ H Q) = {fi+fo: helXQ), e H Q)
is a Banach space with norm
Il e g1 = W[ frll o + ol = f = f1 + fa}
The intersection LP(2) N H} () is a Banach space under

[ell Loy = max{|[u]| e, ull

which is equivalent to the norms ||ul|z» + Hu||H5 and , /|ul|2, + Hu||§{1, and satisfies the duality
0

relation
(LP(Q) + HH () = LP(Q) N H; (%),
with pairing (f,u) = (f1,u) + (fe,u), wu = uj + ug. In particular,

£l o s g1 = sup{(f,w) - w € LP(Q) N Hy(Q), [lullponpy < 1}
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We recall the definition of Bochner spaces (cf. [15, Section 1.7, p. 60]). Let X be a Banach
space and (a,b) C R an interval. For 1 < p < oo, the Bochner space LP(a,b; X) consists of all
equivalence classes of strongly measurable functions u : (a,b) — X such that

b
[ Tl e < .
a
For p = oo, the space L>(a, b; X) consists of strongly measurable functions u : (a,b) — X with

esssup |lu(t)||x < oo.
te(a,b)

In addition to these, we recall two continuity spaces frequently used in evolution problems:
The space C([a,b]; X) consists of all continuous functions u : [a,b] — X, endowed with the
supremum norm

ullc(ap;x) = sup [Ju(t)]x-
te[a,b]

The space Cy([a,b]; X) consists of all functions u : [a,b] — X that are weakly continuous, i.e.,
for every f € X’ (the dual space of X), the scalar function ¢ — (f,u(t)) is continuous on [a, b].

2.2. Linear operator. We define the bilinear form
a: H}(Q) x HY(Q) = R, a(u,v) = (Vu,Vv), u,v € H}(Q).
It follows immediately that a(-,-) is continuous on H}(£2), since
|a(u,v)| < [lul| gy [[v]lf, for all u,ve HY (D).
By the Riesz representation theorem, there exists a unique linear operator
A:HNQ) — H Q)
such that
a(u,v) = (Au,v), for all u,v e Hy(Q).
Furthermore, the bilinear form af(-, -) is coercive on HE(f2), since

a(u,u) > aHuH?{é, for all u € Hy(Q),

with coercivity constant o = 1. Hence, by the Lax-Milgram theorem, A : H} () — H1(Q) is
an isomorphism. We now introduce the associated unbounded operator A in L?(£2) by
Au = Au = —Au, u € D(A) := {u € H}(Q) : Au € L*(Q)}.

This operator is precisely the Dirichlet Laplacian, whose domain is known to be D(A) = H?(Q)N
HE(Q). Since the injection H{(Q) < L?(Q) is compact, From [60, Section 2.1], the operator A
is invertible with bounded, self-adjoint, and compact inverse A~! : L2(Q) — L?(Q). By spectral
theory [53, Chapter 16], the spectrum of A consists of a discrete sequence of positive eigenvalues
0< A <A< <A <o) Ay = 00 as k — 0o, with corresponding eigenfunctions {wy }22
forming an orthonormal basis of L?(Q), satisfying Awy, = A\ywy, k € N.

In addition, for s > 0, we define the fractional domain spaces of the Dirichlet Laplacian via
the spectral decomposition. For u = "3, (u, wi)wy € L*(Q), we set

Abu = Z Az (u, wi)w,
k=1

whenever the right-hand side converges in L?(£2). The corresponding domain is given by

o
D(A%) = {u € LX(Q) : 3 AP (u, wy)? < oo},
k=1
which is a Hilbert space with the norm

lullpgasy = (D0 NI, wi) )
k=1

1/2
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For integer values of s, the spaces D(A®) coincide with classical Sobolev spaces. In particular,
since Q is a convex bounded domain with Lipschitz boundary, D(AY?) = H}(Q), D(A) =
H?(Q) N H}(2). For non-integer s, the spaces D(A®) can be characterized by interpolation
between L?(2) and H?(Q)NHE(2). The dual spaces D(A™*) are defined as D(A~%) := (D(A®))’
with duality inherited from L?(§2). For s > 1, we have the following continuous and compact
embedding also:

D(A®%) < D(A) < D(AY?) — L2(Q) < D(A™'/?) — D(A™") — D(A™*). (2.1)

2.3. Non-linear operator. Let us now consider the non-linear operator b(-) : LP(Q) — L¥ (Q)
defined as b(u) = |u/P~2u. Note that

(b(u), ) = (JulP~2u, ) = /Q ()P~ ?de = /Q u(@)Pdz = [ul,

for all w € LP(Q2). Next, we aim to show that the operator b(-) is locally Lipschitz. For any
u,v € LP(Q), we write

1 1
b(u) — b(v) = /0 digb(@u + (1 —0)v)df = /0 V(0u+ (1 —0)v)(u—v)df

1
:/0 (p— 1)|6u + (1 — )olP~2(u — v) dé.

For p/ = 1%’ we have

1
Io60) = b0l = | [ 0= Dl (= )02yt

1
<(p—1)|ju—0l|re / |Ou + (1 — 0)1}\”72 do
0

=
<(p-1)2""3u— n? v
< (p = 12" lu = vl e (ullze™ + 0llzs)-
Hence, for all [|ul[e, [[v][rr <7, we have
Ib(w) = b()ll L < (p = 12"l — v o

Therefore, the operator b(-) : LP(Q) — L (Q) is locally Lipschitz. It can be shown (see, e.g.,
[28, Sec. 2.4-2.5]) that the nonlinear operator b is monotone in the following sense. For any
2 < p < o0, one has

(b(w) = b(v),u —v) > /Q (lu(@)P~" = Jo(@)P~) (Ju(@)| = Ju(z)]) dz > 0.

In addition, a sharper coercivity estimate is available (cf. [45, p. 626]):
Ly, e=2 2 1y, ex2 2
(b(u) — b(w). =) = llul"F (= )2 + [0l 7 0 )2 22)

Inequality (2.2) immediately implies the monotonicity of b. Moreover, for all u,v € LP(Q2), we
also have the quantitative bound ([6, Proposition 2.2])

1
(b(u) = b(v),u —v) = 5 llu = v|lL,- (2.3)

The above inequality is fundamental in the numerical analysis of problem (1.11).

3. WELL-POSEDNESS

The objective of this section is to establish the existence and uniqueness of both weak and
strong solutions to problem (1.11). Our approach is based on a Faedo-Galerkin approzimation
method. Since the standard projection operator is not bounded from LP to LP for 2 < p < oo,
we instead construct a new self-adjoint operator ([11-13,33]) that is bounded on LP, which
allows us to properly treat the approximation of the initial data in LP-spaces.



13

We begin by presenting the abstract formulation of equation (1.11), together with the cor-
responding notions of weak and strong solutions. Using the linear operator introduced in Sub-
section 2.2, the system (1.11) can be expressed in the following abstract form:

du(t)
dt

)P2u w(t)]|%2u in H™!
+ vAu(t) + alu(t)| Zﬁd ) (1) = 1), HTR), (3.1)

u(0) = ug, in L*(),

for a.e. t € [0,7]. We now proceed to define the notions of weak and strong solutions for
equation (1.11).

Definition 3.1 (Weak solution). For any given initial data ug € L*()) and forcing term
feL?0,T; H 1)), a function

u € L%(0,T; L*(9)) N L*(0, T; Hy (Q)) N LP(0, T3 LP(€2)),
with
deu € L2(0,T; H-H(Q)) + LP'(0,T; LP' (Q))
is called a weak solution of the system (1.11), if u(-) satisfies:

(Oyu, v) + v(Vu, Vo) + af|ulP~2u, v) Zﬁg lu| %2, v) = (f,v),

(u(0),v) = (uo, v),

(3.2)

for all v € HY(Q) N LP(Q) and a.e. t € [0,T).

Remark 3.2. Since w € W' (0, T; H-1(Q) + LP' (R)), it follows from [26, Theorem 2, Section
5.9] that u € Cy (0, T]; H-1(Q) + L¥' ().

Definition 3.3 (Strong solution). For uy € H}(Q2) N LP(Q), p > 2, f € L*(0,T;L*()), a
function w € C([0,T); H3(Q) N LP(Q)) N L2(0,T; H2(Y)) N L*~2(0,T; L*~%(Q)) with dwu €
L%(0,T; L?(S2)) is called a strong solution to the system (1.11), if u(-) satisfies (1.11) in L?()
for a.e. t € [0,T].

3.1. A projection and a self-adjoint operator. The material in this section is adapted from
[6]. We construct a sequence of self-adjoint operators via the Littlewood-Paley decomposition
associated with the operator A. Setting S = —A = A, the compactness of the resolvent of §
guarantees the existence of a complete orthonormal basis {wy, }nen of L?(£2). This basis consists
of eigenfunctions corresponding to a sequence of strictly positive eigenvalues {\, },en, which
increase to infinity, such that

Sv = Z_:l)\n(v,wn)wn, veD(S):= {v € L*(Q): Z_:l)\%|(v,wn)|2 < oo} (3.3)

Moreover, S is a strictly positive, self-adjoint operator that commutes with A. For sufficiently
large k (k > ), there holds the continuous embedding D(S*) — LP(Q) N H} (). Using the
functional calculus [63], we then define the operators P, : L*(Q) — L?(Q) by

Py, == X(02m+1)(S) for m € Nog = NU {0}, (3.4)

where x is the characteristic function.
Since S has the representation given in (3.3), it follows that P, is the orthogonal projection
from L2?(Q) onto Vj, := span {wn neN, A\, < 2m+1} , and hence

Phv= Z (v, Wy )Wy, v € L*(Q). (3.5)

Ap<2m+l
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Note that wy, € ey D(S¥) for all n € N. Since D(S) < H} (), it follows that V;,, is a closed
subspace of Hg(Q) for each m € N. Using the commutativity of S and A, we deduce that P,
commutes with A'/2. Consequently, Therefore, we have

|Poollze < lollge, for all v € L2(9),
1Pl = 14" Pol|Z2 = ([P A 20|72 < [ A 20lfF2 = Jloli3, v € Ho(Q).
Moreover, we deduce
n}i_r)noo | Prv — 2 =0, ve€L? and n}gnoo [Py —vllgy =0, ve H(Q).

However, the sequence of operators { P, } men does not enjoy uniform boundedness as maps from
LP(9) to itself. Since our analysis requires dealing with LP(Q) N H}(Q)-valued solutions, such
uniform boundedness is crucial for deriving a priori estimates in the LP-norm. To overcome this
difficulty, in the next proposition, we construct a sequence of self-adjoint operators {Sy, }men
that possesses the desired properties.

Choose a function p € C§°((0,00)) supported in [3,2] and >, ., p(27™t) = 1, t > 0. Let
m € Ny be fixed, we define

m

Sm : (0,00) = R, sp(7y) := Z p(27"y),

n=-—o0o
and we see that
1 v € (0,2™),

sm(y) =4 p(27My) e [2m 2mth),
0 ol > 2m+l'

With the help of the self-adjoint functional calculus, we define the operator S,, := s,,,(.S). This,
in turn, yields the representation

Smv = Z (v, W )wn, + Z (27N (0, wy )Wy, v € L), (3.6)
Ap<2m An€[2m,2m+1)

from which it is immediate that the range of S,, is contained in V,,. A similar construction
has been used in the works [11-13,33]. This suggests that the approach used in this work may
greatly expand the range of applications for the traditional Faedo-Galerkin method.

Proposition 3.4. For every ) € LP(Q)NH{(Q), there exists a sequence { Sy }men of self-adjoint
operators S, : L*(Q) — Vi, for m € N such that

Sptp = in LP(Q) N HE(Q), as m — oo,
and the following uniform norm estimates hold:

sup [|Smllzz2) <1, sup [[Smllcap@)y < 1 sup [Smllee)) < oo (3.7)
meN meN meN

Next, we recall a result from [33], that provides the relation between P, and Sp,.

Proposition 3.5 ([33, Proposition 3.2]). The operators P,, and Sy, satisfy the following prop-
erties:

(i) Py, is projection, i.e., we have P2 = Py,, for all m € N.
(ii) The operators Pm, Sm are self-adjoint with || Pyl 212y = [Smllz2@)) = 1, for every
m € N.
(iii) P, and S,, commute, for every n,m € N.
(iv) The ranges of P, and Sy, are finite dimensional.
(v) Also, R(Sm—-1) C R(Py) C R(Sm), SmPm = Sm and PySpm—1 = Sm—1, for every
m € N, where R(-) denotes the range space.

(vi) lim Ppv= lim S,v=v, for every v € L*(1).
m—0o0 m—o0
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3.2. Existence and uniqueness. Based on the above discussion, we now establish the exis-
tence and uniqueness of a weak solution to problem (3.1).

Theorem 3.6 (Existence of a weak solution). For given ug € L*(Q) and f € L?(0,T; H~1()),
there exists a weak solution of problem (1.11).

Proof. We establish the proof using the Faedo-Galerkin method in the following steps:

Step 1: Faedo-Galerkin approzimation. For any fixed positive integer m, we define a function
U, ¢ [0, T] = HE(Q) such that

um(t) = > db(t)wy, (3.8)

Ap<2m+l
where d¥,(t) are smooth functions and are selected in such a way that
d® (0) = (up,w;) for all k such that X\, < 2™, (3.9)
Accordingly, we formulate the problem in the finite-dimensional subspace
Vi := span {wk keN, A\ < 2m+1} )
and introduce the projection operator Py, : L?(Q2) — V,,, defined by

Py, = Z (U, W)Wy Uy € L2(Q).

Ap<2mtl
Note that P, (um) = Um, Pn(—Auy,) = —Au,, for all u,, € V,,. Moreover, we define
Um(0) = Sp—1up, (3.10)

where S, is defined in (3.6). Note from (3.8) that
Um (0) = Z dt (0)wy, = Z (up, wi)wg, = Ppug. (3.11)
Ap<2mtl Ap<2m+1
Thus, we conclude from (3.10) and Proposition 3.5(v) that
Prum(0) = PpSm—1up = Sm—1u9 = um(0) = Pyrug. (3.12)
Therefore, we can consider the following finite-dimensional system:

(Ot (1), W) + (Vg (t), Vwg) 4+ o P (|t (1) [P 2t (), wy)

M
= > B Pl (1) 2um(8)), wi) = (f (1), wr), (3.13)
(=1

Um(o) = Sm—luo)

for all wy € Vi, and 0 < ¢ < T, all k such that )\, < 2™+l Since P, (w) = wg, we can
rewrite (3.13) as

(O (t), wi) + vV (£), Vwr) + a(um ()P 2um (1), wy)
M
= Bellum ()% 2um(t), wi) = (f(t), wr), (3.14)
/=1

for 0 <t < T, all k such that )\, < 2™*!. Thus, our goal is to find a function wu,, that satisfies
equation (3.14) together with the prescribed initial condition.

As we have already proved that the non-linear operators are locally Lipschitz, (see section
2.3) and f € L?(0,T; H*()), so, using Carathéodary’s existence theorem ([19, Theorem 1.1,
Chapter 2]), we obtain a local solution (absolutely continuous function) u,, € C([0,T%]; V,;,), for
some 0 < T* < T, for the finite-dimensional problem (3.14). By proving uniform energy esti-
mates, one can show that the time T* can be extended to T. Moreover, if f € C([0,T]; L?(Q2)),
then one can show that u,, € C1([0,T*]; Vi).
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Step 2: L2-energy estimate. Multiplying (3.14) by d% (-) and summing over all & such that
Ak < 27FL we have

(Oettn (£), wn (8)) + (Vi (), Vit (t)) + [t ()Pt (2), um (1))
M

= 3 Bl O 0,1 (8) = {50, 0

Using the Cauchy-Schwarz and Young s inequalities, we reach the relation

1d

M
5 g [em Oz + VI Vum @172 + alum B, = (£, wm®) + D Bellum (t)l| s

for a.e. t € [0,7]. We can estimate the terms on right-hand side by using the Cauchy-Schwarz,
Young’s and Holder’s inequalities, as

1
(s um(®) < 1Ol [V Ollz2 < 5 1@+ 5[ Vum ()3,
P=ap — 2M ,,Z—gz
Jum (@ < I O 10T < i @l + (222 ) (22 20) ™ 0

ap

which implies

a

M 2M =
> Belm ()12 < & im0 +Zﬁ(pwx PO 0L )
/=1

ap

For simplicity of notation, let us take

M _
:Zmd(p;qz) <2Mlﬁe!qz)w‘ (3.16)
=1

ap
Now, combining these estimates, we arrive at

1d v o N
5 sl @3 + 2 IVum @12 + Sl O, < SO +CI9),

for a.e. t € [0,T]. Performing integration from 0 to ¢, taking the supremum over ¢ € [0, 7], and
using the fact that ||um (0)| 2 < ||luo||r2, one obtains

T T
sup IIUm(t)IlinrV/ IV (£)]72 dt+a/0 [ (8) 175 dt

0<t<T
ﬂmhﬁ—/“um%1ﬁ+wmm (3.17)

where the right-hand side is independent of m.

Step 3: Time derivative estimate. For any v € D(Az), for s > % such that D(A%/2) —
LP(Q2) with ||’UHD(A%)
such that A\g < 2™FL. The functions {w;}%2, € D(A?2) are orthonormal in L?(Q), ||111HD(
< 1. From (3.14), we deduce for a.e. 0 <t < T,

(Oum(t), vi(t)) = —V(Vum( ), Voi(t) = al|um(t) P *um (1), v1(t))

< 1, we write v = vy + v9, where v1 € V,,, and (ve,w) = 0, for all k
A%) <

”UHD(A%)

+Zﬁe [t ()19 2 (), v1.(£)) + (£ (£), 01(8)).

Using the Cauchy-Schwarz inequahty, we have
(Dt (£), 01 ()] < VIVt (0)] 22| Vo1 (D 22 + @llum ()5 o1(8)] o
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M
+ 3 Belllum O oallzoe + 1L O 1 1 Vo1 ()]l - (3.18)

By an application of Hélder’s and Young’s inequalities, we attain

1(p—ap) _
Z!ﬂz\!\um B4 < Z\leHum |7 1\91 v < allun ()5 + Ch,

where

- fon(32) ()

Hence, using this estimate in (3.18) and taking the supremum over all v € D(A2), we obtain

[Betim () - < c(u|rVum<t>HLz @l + 20 (B2 + 01)7 (3.19)

for a.e. t € [0,T]. Integrating from 0 to 7" and using Young’s inequality, we end up with

T T T
100l sy e < O [ ivunade s [0 a
0 0 0

T
w0 [ (ol i+ clT}, (3.20)

< C(Hu0||L27 v, o, C1, T, ”f(t)HLQ(O,T;H—l))a
where in the last inequality, we have used (3.17) along with the fact that

r p/ 7(11_2) T 2 ﬁ
/0 1f )5 dt < T2=D </0 ||f(t)|H1dt>

Step 4: Passing to limit. Since the energy estimates (3.17) and (3.20) are uniformly bounded
and do not depend on m, we can use the Banach-Alaoglu Theorem [9, Theorem 3.25, Chapter
3] to extract a subsequence {um;}32, of {uy,}yr_; with the property that

Um, S u in L2°(0,T; L2(Q)),
U B in L2(0,T; HA(Q)),
U, = u in LP(0,T;LP()), (3.21)

Oy, = Oy in dpu € LP'(0,T; (D(A 2))),
|um|p_2um ﬂ) f in Lp/(ovTvL ,( ))7

as j — oo and for every p > 2. Using the fact that (D(A2))* is a Banach space such that
D(A2) < H{(Q) N LP(Q) — HAMQ) < L*(Q) — H'(Q) — (D(A2))*, and applying the
Aubin-Lions compactness lemma [57], we have the following strong convergence:

m, = u in L*(0,T;L*()),
as j — oo. The strong convergence further implies that w,, (t) — u(t) for a.e. t € [0,T] in
L?(2) as j — oo and Unmy, (z,t) — u(x,t), for a.e. (z,t) € [O,T x Q. By an application of
[38, Lemma 1.3], we can prove & = |u|P~2u. Hence, we have
|t [P 2t 5 [ufP~2u in LP (0, T'; LP (). (3.22)
Step 5: Initial condition. Let us choose a function v € C1([0, T]; HE (2) N LP(2)) of the form

N
= b (), (3.23)

k=1
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where {d¥, ()}, are given smooth functions and for fixed integer N. For m > N, multiplying
(3.14) by d* (-) then summing over all k such that Ay < 2™*! and integrating from 0 to 7', we
can see that

T
/0 [@um, V()1 (Vg (1), Vo(t) + afum (8) [P~ 2um (t), v(t))
T
- Zm O une). o) de = [ (@00 21)
0
By setting m = m; and applying the weak limits, we conclude that

T
/O [(@u(t), () +(Vu(t), Vo(t)) + allu(t)P~2u(t), v(t)

M T
=3 A2t = [, o0) a (3.25)
=1 0

This equality then holds true for all functions v € L%(0,T; H3 () N LP(12)), as functions of the
form (3.23) are dense in this space. This completes the proof of convergence.
It remains to show that u(0) = up. By (3.25), we find

T
/0 [ = (u(t), 0w (1)) + v(Vu(t), Vo(t) + a(lu(t)P~>u(t), v(t))
M T
— Zﬁeﬂu(tﬂqe%(t%v(ﬂ)} dt = / {(f(1),v(t)) dt + (u(0),v(0)), (3.26)
=1 0
for each v € C1([0, T]; H3 () N LP(2)) with v(T') = 0. Similarly, from (3.24), we can infer that
T
/0 = (um (1), 0v (1)) + v(Vum (t), Vo (1)) + (| ()P 2um (t), (1)
M
=Y Be(|u
=1

Now, setting m = m;, applying the convergence and passing to limits, we get

T
m(t)lqe_zum(t)w(t))} dt:/ (f(8),v(t)) dt + (um(0),v(0)).
0

T
/O [ = (u(t), () + v(Vu(t), Vo(t)) + allu(t)P~>u(t), v(t)

M T
- Zﬂz(lum(t)!%2um(t),v(t))] dt = / (f(t),v(t)) dt + (uo,v(0)). (3.27)
=1 0

Since 1, (0) — ug in L?(2) as m — oo. So, from (3.26) and (3.27), we have (u(0),v(0)) =
(ug, v(0)) for all arbitrary v(0), therefore u(0) = ug € L?(£2).

Step 6: Let us now prove that dyu € L2(0,T; H-'(Q)) N L¥ (0,T; L” (). For any v €
L%(0,T; H(Q)) N LP(0, T; LP(9)), using the Cauchy-Schwarz inequality, we infer

M
[(Deu(t), v(1))] < vI{Au(t), v(®)] = al(u®)P~2u(t), v(®)] + Y 1Bell{[u(t)|* 2u(t), v(1))]
(=1
+ [(f (), 0())]
< [[Vu(®) | 22 Vo)l 2 + w77 o) v +Z [Belllu()l e 0(t) | o0

TN ON - [Vo@)ll 2
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Integrating from 0 to 7', the above expression implies
T

T T
/ |(yut), v(t))) dt < / IV ()| 2V o(t) |2 di + o / la®) 27 o) o dt
0 0

1 T
+Z|ﬁe! / let) % o8| et + / £ s [V () 12 dt,

where we can bound the term involving g, by using (3.15) and Holder’s inequality as follows:

M T
Zlﬁe!/o ()| % o () ]| 20 dt

M T
P—ay P—qy
Bz!/ lu(@) 155 o0 7 dt <> |82 7 /0 (@) 155 o) 20 dt
(=1

P

(/ ol dt)”l ([ "l dt)’l’

qp—1

T =
([ oz a) 7
0

1
Bl T Hull‘fpoTLp>\!v\\Lp(o,T;Lp)-

|51£HQV 3

”UHLP(O,T;LP)

Thus, we arrive at

S~
3

P

[(Bru(t), v(t))| di

<(] V() dt)é( / "Il dt)% ol [ iz, ) . ([ C i, dt)‘l’

M P—dy
+Z |Bel1€2]

2= -1
A ||U|\qL£p(o,T;Lp)HU”LP(O,T;LP) + Hf”LQ(O,T;H*l)”U”LZ(O,t;Hg)
=1

M
—1 1
< (Iullszioramgy + Nl gy + U lsirin sy + 3 1600 T 5 a1
=1

X (HUHLQ(O,T;H(}) + ||U||LP(0,T;LP))~

Hence, from the above estimate, it follows that

—1
Hatu”L2(0,T;H—1)mLp’(o,T;Lp’) < ||UHL2(0,T;H§) + ||u||1£p(o,T;Lp) + ”fHLQ(O,T;H—l)
M pP—aqy
+) B9

-1
A HUH%(O,T;pr
/=1

Therefore, du € L*(0,T; H~(Q)) N LY (0,T; L” (Q)).

Step 7: Using (3.17) and weakly lower semicontinuity property of norms, we have

T T
sup [ut)fa+ [ IOl e+ [ o, o

0<t<

, T , T
. . . . p
<liminf sup ||um(t)||72 —{—lgliglof/o Hum(t)HHg dt+l7171}l>10%f/0 lwm (O} » dt

m—00 0<¢<T

T T
gliminf< sup Hum(t)Hig—l—/O lum ()11, dt+/0 ()12, dt)

m— 00 0<t<T
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< fuollZa + X / 103 dt + C7IQIT,

where C* is defined in (3.16). The following energy equality follows as a direct consequence of
the absolute continuity lemmas:

Energy equality: As u € L*(0,T;L*(Q)) N L2(0,T; HY(Q)) N LP(0,T; LP(2)) with its weak
derivative dyu € L*(0,T; H~1(Q))NLY (0, T; L (Q)), using an argument similar to [52, Theorem
7.2, Exercise 8.2], we have that the mapping [0, 7] 3 ¢ + [[u(t)||7. € R is absolutely continuous,
u € C([0,T); L?(Q2)) and the following energy equality holds true:

T

T
()], + 20 / IVu(t) 22 dt + 20 /0 ()|, dt

T T
—Huo|rL2+2Zﬂe / ()1 %, dt +2 / (F(t), u(t)) dt,

for all t € [0,7]. This completes the proof of the existence of weak solution. (]

Theorem 3.7 (Uniqueness of weak solution). For ug € L?(2) and f € L*(0,T; H1()), the
weak solution of the system (1.11) as discussed in Theorem 3.6 is unique.

Proof. Let u1(-) and ua(-) bet two weak solutions of (1.11) both subject to same forcing f(-)
and initial data ug. Then, w := u; — uo satisfies the following in the weak sense:

ow(x,t
((%) vAw(x,t) + of|ug (z, )P 2ur (2, 1) — |ug(z, )P 2us(z, 1))
M
— Zﬁg(|u1(as,t)|q"_2u1(:v,t) — Jug(z, )| % 2uy(z, t)) = 0 for all (x,t) € Q x (0,T),
(=1
w(z,t) =0, forall z € 99, t € (0,7T),
w(z,0) =0 for all z € Q.

(3.28)
Using the absolute continuity of the mapping [0,7] > ¢ — [u(t)||3, € R, taking the inner
product with w, we infer

5 lw®lZe + v Vw(®)Z: = —a(lur ()P ur(t) — lua(t)P~ua(t), w(?))

2
+ 3 Bellun ()% Pun (b) = ua(8)*2uz(t), w(t)),  (3:29)

M
/=1

for a.e. t € [0,7].We begin by estimating the nonlinear term —a(|uq[P72u; — |uz|P~2ug, w),
following the approach in [46, Section 3.1] as

—a(|ur|P"ur = |ugP?ug, w) < —*H|U1| > w2, - *|||U2! = 2. (3.30)
We also estimate the pumping term as
(lua |~ 2ur — Jug|® 2uz, w) < (g — 1) (Jua| + [uz])®?|ur — ual, lur — ual)
<2973 (g — 1) ((|ua |72 + Jua|%72)|ur — ugl, [ur — ug|)
<2973 (gp — 1) (Jua | %7 |ur — ual, [ur — ug))
+ 2973 (g — 1) (Jug|?ur — ual, [ur — ual)
=C(I; + Ib),
where

CN' = 2%_3(% — 1), I = (’IL1|qZ_2’ul — U,Q|, |U1 — UQD and Iy = (‘UQ|qZ_2‘U1 — U2|, |U1 — UQ’)
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Using the fact that qe —|— p —L =1 and by an application of Holder’s and Young’s inequalities,
we can estimate I and I as

9 2(9p—2) 2(p—ay)
Y T R T b )
p—2 =2 p—ag
< (NJur| = g — wal||2s) 72 (||U1 — ug||32) P2
< - ]2 | I
u Ul —Uu
T2 IMB (g - 1) T
a2
+ (2%1M‘5€|(QZ - 1)(q£ - 2)> P—ayp (p - q@) ”ul u2H2
- 2
(p—2) p—2 L
L] < sl 112
U uyr —Uu

a(p—2) p—2
Combining the above estimates, we arrive at

1d
2 dt
P

p=2 « p=2
<~ L@ w3 - Jllua()] w<t>ui2

+2[§;éwe|(2quM'5§’(§jﬂ Dl 2)) (];_q;)} fwls

for a.e. t € [0,T]. For simplicity, let us assume

M2 By (g — D)(ge — 2)\ -
cw( )

ap—2
2qe=1 ) f —1 —2)\ru —
n ( |5£|(QZ )(qe )> (p qg) lup — U2H%2'

—llw®|72 + v[[Vw(®)z:

! <p - q‘) — . (3.31)

a(p —2)
Therefore, the above estimate can be simplified as
d
()22 + 2 Vw(t)2 < 4Cl(tulds, for ae. te (0,7,
Using Gronwall’s inequality [26, p. 624], we see that
lw()[72 < [[w(0)[|72 exp(4CoT) = 0.

Since, the exponential term is bounded, therefore, w(t) = 0 for a.e. ¢t € [0,7] and hence
w = u; —uy = 050 u; = uy in L*(Q). Therefore, the weak solution of the system (1.11) is
unique. O

3.3. Regularity results. In this section, we characterize the solution space under suitable
assumptions on the regularity of initial condition and the external force.

Theorem 3.8. For the initial data ug € HE(Q) N LP(Q), p > 2 and f € L?(0,T; L*(Q)), the
weak solution of the system (1.11), u in Q (either conver, or a domain with C*-boundary), is a
strong solution satisfying

w € C(0,T); H(©) 1 IP(9) 0 L2(0, T; HA(9)) 1 L2-2(0, T; L-2(9)),
with Oyu € L2(0,T; L*(2)) and

deu(t) — vAu(t) + alu(t) [P~ 2u(t Zﬂdu )% 2u(t) = f(t), in L*(9Q),

u(0) = ug € H}(Q),
for a.e. t €[0,T].

(3.32)
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Proof. Step-1: H}- energy estimate. Multiplying by \xd,(-) in (3.14) and summing over all k
such that A\, < 2*! we have

—(3tum(t)7ﬁum(t))+V(Aum( ), At (1)) + |t (8) P2 um (t), — Aum(t))

= Zﬁe [t ()] % 211 (£), =D (8)) + (f(2), = Aum (1)),
for a.e. t € [0,T]. Therefore, it is 1mmed1ate that

It () 3|t (1) 22 + 00— 1) ()Tt (1), Tt (1)

M
= Zﬁe(qe = 1)(Jum()|* 2 Vum(t), Vum(t)) + (£(t), —Aum(t))

Z ge = 1)(Jum ()| * 72V (t), V(1)) + | F O 22| Avm (£) ] 22

=

where we have used the Cauchy—Schwarz inequality. The term (|u,|% 2V, Vi,) can be
estimated using the same approach as in Theorem 3.7 as

M
5 Bulae = V)l 2, V)|

=1
M =2 p—dp
—2 p—2 p—2
<[ atae ) (el =Vl ) (19122
ap—1 p—2
< “’2>|||um|”z V[
- 2M|Bel(ge — 1)(a — 2) )
e\\qe — qe — Prae (D — Qg 2
316 qz_l( ) ( )vu B3
;| |( ) a(p*l)(p*Q) p—2 H mHL2 ( )
Using the above estimate and Young’s inequality, we arrive at the following:
a(p—1) =
2dtl!Vum( MZz + vl Adum ()72 + =5 um (DT Vum (®)]72
v
< *Hf(t)\liz + 5 [ Aum (B)]72
tl[*2

{Z|ﬂ|<2Mlﬁzl( 1)(p)(qz2)—2)>

— (p

(229 |Ivunoi

Z‘ﬁ ‘<2M|5£|( 1)(qe —2)> (p qz) G (3.34)

(p=1-2) p—2
Hence, we deduce for a.e. t € [0,7T] that

for a.e. t € [0,T]. For the sake of simplicity, let us take

d p—2
aHVUm(t)Iliz + V)| At (1)1 72 + a(p — Dl (8)] 2 V()|

1
< ;Hf(t)lliz + 20|V (1)]|7 -

Integrating from 0 to ¢ and applying Gronwall’s inequality, we conclude that

t t o
|Vt ()22 + v /0 | At (3)]22 ds + a(p— 1) /0 et ()] Vit (5) 2l

t
< (2 [ 156 s + 1wl ) exp (263 (3.35)
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for all t € [0,T]. By taking supremum over all ¢, we confirm that
U, € L°(0,T; H} (Q)).

Moreover, we have Au,, € L(0,T; L?(Q)) with um(t)‘aQ =0 for all t € [0,T]. By the elliptic
regularity result [31, Theorem 3.1.2.1], it follows that

U € L2(0,T; H*(Q)).

Step-2: Time derivative estimate. For m > 1, multiplying (3.14) by d*/(-) and summing over
all k such that A\, < 2*! we have

|Outim (8)]132 + 5 HVUm( Wiz + alfum (O um(t), Opum (t))

2dt

= (f(1), Beum(t +Zﬁe [t ()% 21 (£), i (8)),

for a.e. t € [0,T]. Using the Cauchy-Schwarz and Young’s inequalities, we attain

ad
JOrtm ()1 + 5 5 IV )13 + 5 S lun )

_*HJ”()HLNL Hatum HL2+Zq dtH m (DI Tae

that is,

2a0 d 153
Bt (D32 + v [Tt (D22 + 22 5 g lum Ol < 170) ||L2+2Zlfum (D%

for a.e. t € [0,T]. Integrating from 0 to ¢, we achieve

Vuvum()||L2+ @t () /||6um ||L2d8+2Z N (O)]1Za

20
< VIV (072 + =~ Hum /Ilf !\de8+z ||m e (3.36)

The term ||um(-)||%%, can be estimated following the calculations in (3.15). Using the fact that
(see Proposition 3.4)

[t )| = [ Sm—1uollzr < [luollzr < oo and [[Vum(0)][r2 < [[Vuoll 2 < oo

(and similarly for ||um (0)||ze ), it follows that the right-hand side of (3.36) is independent of m.
This leads to

Uy € L®(0,T; LP(Q)), Oy, € L(0,T; LA(Q)).

Step-3: Ezxistence of strong solutions. Applications of the Banach-Alaoglu theorem and Aubin-
Lions compactness Lemma as performed in Steps 4 and 5 in the proof of Theorem 3.6, lead
to

U 5 @€ L0, T; HL(Q) N LP(Q)),
U > @ € L2(0,T; H*()),
Oy > Oyt € L?(0,T; L*(Q)),
Uy — @ € C([0,T]; L*(Q)) N L%(0,T; L*(2)),

along a further subsequence still denoted by the same symbol. By the uniqueness of weak limits,
we obtain 4 = u and

w e L0, T; HY () N LP(Q) N L0, T; H*(Q)) and dyu € L*(0,T; L*(Q)).

(3.37)
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Therefore, an application of the Lions-Magenes lemma ([60, Lemma 1.2, p. 176]) yields u €
C([0,T); H}(Q2)). The weakly lowersemicontinuity property of norms yields

T T
sup (Ju®ly +[uOIL) + [ I18u@lRde+ [ o)
0<t<T 0 0

T T
< lim nf ( sup. (o (®) 3 + luon ()17, ) + /0 | A (0|13t + /0 uatum@)r%zdt)
<C.
We infer from (3.1) that for a.e. ¢t € [0, 7]

alu(t)P2u(t) = —du(t) + vAu(t +Zﬁz!u )| 2u(t) + f(t) in HH(Q),

so that

T T T
o [ H|u<t>\P-2u<t>H%2dtsc( | 1oz e +2 [ jauo)e
T
+ZW'2 [ oo | IF(0) et ).

An application of Holder’s and Young’s inequalities yield

a2 r 2p2 T 2 2 T 2
S| ol < c / Joru(®)dt + 7 [ | Au(e) s
0 0

+ z (B (2 D) o [ s

SQ

so that w € L?P=2(0,T; L?*~2(Q2)). This guarantees that the equation (3.2) is satisfied for
all v € L2(0,T;L?*(2)). Moreover, the above estimate enables us to show that the mapping
0,T] >t~ Hu(t)||§p(m € R is absolutely continuous, v € C([0,T7; LP(£2)) and for a.e. ¢t € [0,T]
([6, Step 9, p. 30.])

Sz, =p (250 uop-2un ). (3.38)

Note that, by the Sobolev embedding Theorem, we have

2d
H}(Q) — LP(Q) for d>2 and 2<p<m;

H3(Q) — LP(Q) for d=1,2 and 2 < p < .

For the above two cases, since u € L>(0,T; Hi(Q)) N L%(0,T; D(A)) and %”j € L?(0,T; L*(Q)),
an application of Lions-Magenes lemma yields u € C([0, T]; HZ(Q2)) < C([0,T]; LP (Q))

Therefore, for d > 2, it is enough to show that u € C([0,T]; LP(Q)NHE(Q)) for 24 < p < oo.
Let us first fix 755 < p < oo and define z : |u|g Then, we observe that

p
222y = N2 32y = Il -

By using the fact that u € L>(0,T; LP(Q2)), we have z € L>(0,T; L*(Q2)). We infer from (3.35)
that

T _ T e
/0 ()| "= Vu(t)[32dt < limint /O et (8)] % Ve (8)]2l1 < C.
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Since

T 2 (T _
[ 19l = (5)° [ Ihute) = Vao)3.de < .
0 27 Jo

we infer z € L2(0,T; H}(Q2)). Since % € L%(0,T;L*(Q)) and u € L%*~2(0,T; L*~2(Q)), it

implies
4p—4 2p—2 ﬁ
Tl 0zt || P\ T ou) || =
at || w=s WS35 5 dt ()75 %
0 tllns=tq) 0 tollzz o) 0
(p)éi‘i ‘ O[5t | H@gyimim <
= \5 a7 Ul r2p—2 T 2p—2 0.
2 Ot |2 orzoqy | ETTHOTL @)

Therefore, we deduce

el (0 .0 (Q)) N L*(0,T; H} (Q)),
and since f € L?(0,T; H=1(2)), the above estimate implies
0z 2= 2 —1
% e Lo, LB @) + 0.7 HO (@),
As a consequence of [52, Theorem 7.2, Exercise 8.2], we deduce that
(i) z = |u|? is in the space C([0,T]; L%(Q)), i.e., |[u| € C([0,T]; LP(Q)),
(ii) the function [0,7] 3t — ||2(¢)||2. € R is absolutely continuous and

S lE O = s (2(0),2(0) g

L 3p—4
This implies that the function [0,7] > ¢ — [Ju(t)|[}, r() € R is absolutely continuous and it
satisfies

d ou
Ol = (TP -2un. 7).

for a.e. t € [0,T]. Since u € L?’~2(0,T; L?~2(12)), one can choose the test function v = |u[P~2u
n (3.2) and use the above fact to obtain

(D12, + Lo — / ()| "2 Vu(s) [,y ds + po / () 122,24

= ||luol|® u(s) P2 gs Ju(s) P2 s,
—| o||Lp(m+;/3z/0 ()48 d +/0< (5), [u(s)P2u(s))d

for all t € [0,7]. Note that from the above argument, for any ¢ € [0, T], we have ||u(t)||rr) —
Juol| (), as t — 0. Let us now show that u € Cy([0,T]; LP(Q2) N Hy(€2)). From (3.37), we
observe that

u € C([0,T]; L*(2)) = Cu([0, T); L*(2))-

On the other hand, we also have u € L (0, T; LP(Q) OH&(Q)) By applying the Strauss Lemma
([60, Lemma 1.4]), with the choice X = LP(Q) N H}(Q) and Y = L?*(Q), it follows that u €
Cw ([0,T]; LP(Q2) N H(2)). In particular, since u € Cy([0,T]; LP(12)), we deduce that u(t) e
ug in LP(Q), ast — 0. Moreover, as every Hilbert space and LP(Q2) space for p > 1 are
uniformly convex, the Radon-Riesz property ensures that this weak convergence together with
norm convergence yields strong convergence. Hence, u(t) — ug in LP(Q2), as t — 0, which
shows that u € C([0,T]; LP(12)).

Therefore, u is a strong solution of the system (3.1) and the uniqueness follows from Theorem

3.7. (]
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Remark 3.9. It has been noted in the literature ([36, Theorem 2.3], [42, Theorem 2.12]) that,
when establishing the LP-norm of the Faedo-Galerkin approzimations, the function |um|[P~*un,
is often chosen as a test function. However, we emphasize that |um|[P~*uy, ¢ Vi, and therefore
it cannot be directly used as a test function. Instead, one must take Py, (|um|P™?um) € Vi as
the test function, or alternatively, proceed as in Step 3 of the proof of Theorem 3.8 to derive the
desired regularity results.

Remark 3.10. The regularity results obtained in Theorem 3.8 help us to show the energy
dissipation given in (1.14).

We now establish further regularity results under the additional assumptions uy € D(A),
f € HY0,T;L*(Q)), and, in the stronger case, ug € D(A%?), f € HY(0,T; H'(Q)). Such
regularity is essential for the subsequent numerical analysis of the problem. It is important

to emphasize that obtaining this higher regularity requires certain compatibility conditions
between the initial data ug and the forcing term f, which we specify below.

Remark 3.11 (Compatibility condition). We need the following compatibility conditions for
rest of the regularity results.

(1) For ug € D(A) and f € HY(0,T; L*(R)), we define

M

g0 := vAug — alugl”2ug + > Beluol* uo + £(0).

(=1

In particular, the condition gy € L?(2) make sense if
M
(vAug — aluglP~%ug + Y Beluo|>ug + £(0)) € L*(9). (3.39)
(=1

Note that f € HY0,T;L?(2)) implies f € C([0,T]; L?(Y)) also ([26, Theorem 2, Section
5.9.2]). Since Aug € L*(Q) and f(0) € L3(), it is enough to show that |ug|P~2ug € L?(Q).
It is clear that |ug|P~2ug € L*(Q) if ug € L*~2(Q). Using the fact that D(A) — LP(Q) for all
2 < p< oo whenever 1 <d<4 andp < dg—il if d > 5, we conclude that
2d —4
d—4
Hence, (3.39) makes sense for the values of p given in (3.40), then the condition of |ug|P~2ug €
L?(Y) is automatically satisfied.
(2) For uy € D(A%) and f € HY(0,T; HY(Q)), we define

M

g1 = V(vAug) — a(p — 1)|uol”">Vug + > _ Be(ge — 1)|uo|* *Vug + V £(0).

(=1
In particular, the condition g1 € L?*()) make sense if the right hand side belongs to L*(Q).
Since, ug € D(A%) implies V(Aug) € L*(Q). Since f € HY0,T; HY(Q)), we infer f €
C([0,T); HY(Q)), so that Vf(0) € L*(Q). Hence, it is enough to show that |ug|P~2Vuy € L*(Q).
For the values of p given in (3.40), using Hélder’s inequality and Sobolev’s embedding, we esti-
mate

p—2 2 < p—212 2
uol”*VuollZ2 < Hlluol™II7 4 Vol

D(A) — L*72(Q) for2<p<oo for 1<d<4 and 2<p< for d>5. (3.40)

2(p—2) 32 2(p—2)p 43 2
< ol 2, 1430l < uoll3037 143 uo

we conclude that |ug|P~2Vug € L*()). Therefore, g1 € L?(£2).

Theorem 3.12. Let the initial data uy € D(A) be fized. Then, the following results are valid:

(a) For the values of p given in (3.40), if the external force f € H'(0,T; L?(2)), then the so-
lution u of (1.11) belongs to L°°(0,T; D(A)) and dyu € L>(0,T; L*(Q2))NL2(0,T; HE (Q)).

(b) For the wvalues of p giwven in (1.15), if the forcing term satisfies the extra regular-
ity f € L2(0,T; HY(Q)), then the solution u of (1.11) belongs to L°(0,T; D(A)) N
L2(0,T; D(A?)).



27

Proof. We begin by considering the case 1 < d < 4 with 2 < p < 0o, and for higher dimensions
d>5, therangeZﬁpﬁ%.

(a) We divide the proof into two steps.
Step-1. To show Gyu € L°°(0,T; L*(Q)) N L%(0,T; HL(2)), we differentiate the equation (3.14)
with respect to ¢t and obtain

(Ouetim (t), wi) + V(0 Vum (1), Vewr) + a(De(Jum ()P~ (1)), wr)

M
= (DS (1), wr) + Y Be(Or(Jum ()| > (1)), wi), (3.41)
(=1

for a.e. t € [0,T]. Multiplying above equation by d%/(-) and summing over all k such that
AL < 27 we derive

1d -
5@H@tum(t)H%frVHatVum(t)||2L2 +a(p—1) (Jum()P~*0um(t), drum(t))

M
= (0 (1), Opum (1)) + Y Belae — 1) (Jum (£)| %Oy (), Dpum (1)),
(=1

for a.e. t € [0,7]. Proceeding as in the estimate for (|u,|% 20, Opuy,) given in (3.33),
applying the Cauchy-Schwarz and Young’s inequalities, we obtain

a(p—1 p—2
- Wkl + 10T (132 + St (1)1 Bt (1)

1 leY
< s N0 + 5 1 9utn(8)]3 + C Do (1) 35,

where Cj is defined in (3.34). Integrating from 0 to t, we have

¢ t .
vt ()12 +20 [ 10 Fum(s) 2 ds+ alp = 1) [ ()5 et (532 ds
0 0

1 t t
< 100 O+ [ 10.£(5) s+ 0 +2C) [ [Ouan(5)F ds.
0 0

Using Gronwall’s inequality, we conclude

t t _2
1yt ()17 + 2”/ 105Vt ()[|72 ds + a(p — 1) / |||um(3)’pTasum(5)H2L2 ds (3.42)
0 0

< (10 @)+ = [ 10,7632 ds ) exp (0 e, (3.43

for all ¢ € [0,T]. We estimate [|0;un(0)||3. by taking t = 0, wy = dyum(0) and applying the
Cauchy-Schwarz and Young’s inequalities as

2(p—1 2(q0—1
Brum ()72 < C oz + uol ™ + lluoll 58" + 17 O)7),
where we have used the fact that D(A) < L*~2(Q). Hence, we infer the following:

t t B
st (012 +20 | 190 (5) 2 ds+ alp = 1) [ ()] 5 Drtn(5) 32 ds
0 0
< Clllwole 1Ol 102 (340

Taking supremum over time 0 < ¢ < 7T, we therefore have
T

T b2
sup ||atum(t)||2L2 + 2”/ ”VC?sum(S)”QL? ds+a(p—1) / |um(s)] 2 8sum(5)H%2 ds
0<t<T 0 0

< Clllwollgz, £ O p2s 11l 0,7:22))- (3.45)

An argument similar to Steps 4 and 5 of Theorem 3.6 implies that

Oy € L(0,T; L*(Q)) N L2(0,T; Hy (2)).
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Step-2. Next we prove u € L>(0,T; H?(2)). Multiplying (3.14) by A\rd%,(-) and summing over
all k such that A\, < 2™*! we have

—(Orum(t), Aum) + v (At (t), Aug (t ))— o[ ()P~ um (t), Aum(t))
= —(f (), Aum(t) +Zﬁz [t (8)| %2 (t), — Aum(t)), (3.46)

for a.e. t € [0,T]. On rearranging and using integration by parts, we get for a.e. t € [0,T]
p—2
V]| Au (8)[[72 + alp = DllJum| = Vun(8)]7:

M
= —(F(), Aum(t)) + (Dot (1), A () + > Be(ae = 1)(|um ()47 Vu(t), V(1)) (3.47)
(=1

Using Young’s inequality, we can estimate the terms as
1 v
1 D] < 125 + 2 w3

1 v
Ot A < 022 + ¥ | A
Using these estimates and (3.33) in (3.47), we reach at following estimate:
—2
V][ Aum (8)[172 + (p = Dlllum ()] V(072
2 2
< N @ILe + S l10um @72 +2Cs | Vum (BIIZ2, (3.48)
for a.e. t € [0,T]. Hence, taking supremum over all ¢ and using (3.45), we conclude
p—2
sup || Aun (t)|[72 + sup a(p = Dum()] 2 Vun(@)l72 < Clluollm2, | 1l 0,1:2): Cs)-
0<t<T 0<t<T
(3.49)

Therefore, by elliptic regularity and employing weak limits together with the compactness
lemma, as in Theorem 3.6, we conclude that

ue L>(0,T; H*(5)),
which completes the proof.

Next, we consider the case 1 < d < 4 with 2 < p < 00, and for higher dimensions d > 5, the
range 2 < p < 25%46
(b) By multiplying (3.14) with A2d% (-) and summing over all k such that Ay < 2™FL we have

<meA%mm+wmmmA%M»+MMAW4w@A%mm
= (£(8), Aun (1) +Z@m (D)1 (1), At (1)),
for a.e. t € [0,T]. Using the self-adjointness of the operator A, we get for a.e. t € [0, 7
;iwmmmﬁ;+mm%m@mé:4Aﬂv»A%ma»—a<%wL<WF%meA%mu»

1

3
+Zw A (i (1) 20 (£)), A3t (1)).
By an application of the Cauchy—Schwarz and Young’s inequalities, we obtain

a?(p —
30T = 1) (P2 T ()]

v 3 3 1
5 il Aun @2 + A un O3 < o143 @), + 2L

3M
Zﬁz (qe — V)| Jum (t)[%~ 2Vum( )||L27
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for a.e. t € [0,T]. Integrating from 0 to ¢ and taking supremum over all ¢ € [0,T], we conclude

T
3
sup At (®)|22 + v / A3 ()22 dt
0

0<t<T

3 3a?
<2 [ patropgas 220
0

_1) 4 p—2 2
S O 2V O
M T
3M _
5= 1) [ MOV (1)
=1

Next, we can estimate fOT [t (£)[P~2Vu, (t)]|3 2 dt using the Holder’s and Sobolev’s inequalities
as

T T
| I ®P 2V @)1 e < [ a2 Rl T, de
0 0 Ld=
T
2)
3 A T e N G PP CX 0

As we know that D(A)<—>Ld(p_2) f0r2§p<oofor1§d§4and2§p§%l%ffordZS,we
achieve the following:

T
/ et (8) [P~V (£)]| 72 t<0/ [ Aun (1)1 75 2 dt < CT sup [ Aug (8)[|25
0<t<T

< CT(|luoll g2, 1| fll 20,7 m71))- (3.51)

Observe that the term fOT [ ()% 2Vt (£)||3 2 dt can be estimated using (3.33) together with
the preceding calculation. Therefore, we arrive at

T
3
Sup || At ( )H%HV/O [AZu (8)]|7 dt < C(lluoll g2, v, Bes o, M || fllr2o,msm)) - (3.52)

Hence, by an application of the elliptic regularity, we identify

U € L°(0,T; H2(Q)) N L2(0,T; D(A2)).
An argument similar to Steps 4 and 5 of Theorem 3.6 implies that

u € L0, T; H*(Q)) N L(0,T; D(A?)),
and the proof is completed. O
Remark 3.13. The estimates u € L°°(0,T; D(A))NL*(0,T; D(A%)) and dyu € L?(0,T; HE(Q))
imply Au € L>®(0,T; L?()) N LQ(O,T;D(A%)) and 0y Au € L2(0,T;D(A%)). An application
of the Lions-Magenes lemma yields that Au € C([0, T} L?*(Q)) and the mapping [0,T] > t
|Au(t)[|2, € R is absolutely continuous such that 54 || Auf(t WEe = (8 Au(t), Au(t)) for a.e.

t € [0,T]. Moreover, for the values of p given in (1.15), D(A) < L?*’=2(Q) implies that
ue C(0,7); 1272(2).

Theorem 3.14. For the values of p given in (1.15), if the initial data uy € D(A%) and forcing
f € HY0,T; HY(Q)), then opu € L°°(0,T; HY(Q)) and dyu € L*(0,T, L*(12)).

Proof. Multiplying (3.41) with d& " (-
(8ttum(t), 8ttum( ))+u(8tVum

and summing over all k such that \; < 2™+, we obtain

)
(1), 01 Vum (1)) +a(3t(|um( P 1um (), Qe (1))

= (0cf (1), Onum(t) +Z/3£ Au (| (D)1 2um (1)), Buin (1)),
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for a.e. t € [0,T] which can be further rearranged as

Ok (1)[72 + 5 10 Ve (E)][72 = (e (£), Dprram (£) +Zﬁe Oe([m (1) |2 (£)), Dot (£))

2 dt‘
OO0, B, (3.53)

for a.e. t € [0,T]. By an application of the Cauchy-Schwarz and Young’s inequalities, we have
the following estimates:

3 1
|(Oc f, Opum)| < 5“8tf”%2 + gHattumH%%

2 -1 2
= (D), D) < L=

M M
_ 367 M (qp — 1) _ 1
Zﬁﬁ(atﬂumru 2Um)a att“m)‘ < Z é(2)”|um|qz 28tum||%2 + EHattumH%?
=1 =1

_ 1
| [t |P 28tum”%Q + guattumn?:%

Combining these estimates and substituting in (3.53), we deduce

|Guwum (D72 + v IIOtVUm( M7z < 3ll0f (B)II72 + 302 (p = 1) [[[um ()P Opum (t) 72

+ Z3ﬁe (a0 = D? | fum (D)% 2O (1) 72
for a.e. t € [0,T]. Integrating the above equatlon from 0 to t, we get

t
/ 10ssttm (5)]122 ds + 10Vt (8) 22
0

t t
< V|0V um (0) 172 + 3/0 10£(5)II72 ds + 30 (p — 1)2/0 2t (5) 1P~ D5t () 172 ds

M t
+ 303800 = 12 [ (5 0v ()] s
/=1

for all ¢ € [0, T]. Using (3.40), we can estimate [|0;Vun,(0)]3, as
105Vt (0)[22 < CUUIAZum ()32 + 1|t (0172 T2 (0) 32 + |1t (0| 2Tty (0) 132
+ (142 £(0)]172)
< C(lonHz g, Tl wol| 73y + ol 75y + |42 £(0)[132)-

Also, by an application of Holder’s inequality and Sobolev’s embedding (see (3.50) and (3.51)),
we achieve for all ¢ € [0, 7] that

t
/ i ()P 0ut(5) s < € sup [Aum(®IE ™ / 105 (1) 224t < C,
te|0,

/ lum ()0 ()]s < € sup [ Aum(@) / 10V (1) 224t < C,
tel0,T

by using (3.44) and (3.49). Hence, using all these estimates and then taking supremum over all
t € [0,7T], we conclude

T
1
/ |1Dettim ()72 dt + v sup [|0:Vum ()72 < C(lluoll , 5, 142 FO) |z, [1fll a1 0,20 -
0 0<t<T D(Az2)

Therefore, using similar arguments as performed in Steps 4 and 5 in Theorem 3.2, one obtains
Oy € L°°(0,T; HY(Q)), duu € L*(0,T; L*(Q)),
which completes the proof. O
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Remark 3.15. Note that Theorem 3.12 (a) holds for all 2 < p < co when 1 < d < 4 and for
2<p< % when d > 5. Moreover, if ug € D(A) N L*~2(Q), Theorem 3.12 (a) holds true for
all2 < p < oo and d € N. On the other hand, Theorem 3.12 (b) holds for all p given in (1.15).
Hence, in general, Theorem 3.12 holds true for all values of p given in (1.15).

4. CONFORMING FINITE ELEMENT METHOD

The conforming finite element method is a Galerkin-based spatial discretization technique in
which the finite-dimensional trial and test spaces are subspaces of the continuous energy space
associated with the problem, typically H&(Q) for second-order elliptic and for parabolic PDEs
with homogeneous Dirichlet boundary conditions. By ensuring conformity, the discrete functions
inherit the essential continuity and boundary conditions of the exact solution space, which
allows direct application of the variational formulation without modification of the bilinear form.
Standard choices include piecewise polynomial spaces, such as continuous piecewise linear (P;)
or higher-order Lagrange elements, defined over a shape-regular triangulation of the domain.
The method naturally preserves the symmetry, coercivity, and continuity properties of the
continuous problem, leading to stable and convergent approximations under standard mesh
refinement. This section focuses on proving the optimal convergence rates for semidiscrete
and fully discrete Galerkin approximations in CFEM. The error estimates are derived using
a standard approach, similar to that in [61]. The elliptic projection only provide the error
estimate for 2 < p < d%cg, so, we introduce Scott-Zhang quasi-interpolation operator [8,25] to
prove optimal order of convergence for 2 < p < oo when 1 < d < 4 and when d > 5, it is
obtained for p < 251%44‘ We begin by presenting the semidiscrete conforming scheme, including
its formulation, energy estimates, error analysis, and numerical experiments.

4.1. Semidiscrete conforming FEM. This section focuses on establishing the error estimates
for the semidiscrete Galerkin method. We divide the domain 2 into a regular shape mesh,
denoted by T, consisting of triangles or rectangles. Corresponding to this mesh, we define a
finite-dimensional subspace V}, as follows:

Vi, = {Uh L Up € Co(ﬁ), Uh‘T € Pl(T) for all T € E} s (4.1)

where IP; represents the space of polynomials of degree at most 1. Clearly, V}, is a subspace of
H} () with finite dimension, and the mesh parameter k > 0. The goal is to derive an estimate
of the form (refer to [61, Chapter 1]):

inf {|lu—xllz2 +hIV(u—x)l12} < CP®|lul g,
XEVh

for all w € H%(Q) N H} (), and for some constant C' > 0. For the wellposedness of the semi-
discrete solution and error estimates, we define a projection as well as a quasi-interpolation
operator as:

Definition 4.1 (Ritz (or elliptic) projection [61, Chapter 1]). The Ritz projection Ry, : H}(Q) —
Vi, C H}(Q) is defined by
a(Rpu —u,vp) =0 for all v, € Vy,

where a(-,-) is the bilinear form associated with the elliptic operator (e.g., a(w,v) = [, Vw -
Vudx for the Dirichlet Laplacian).

Note that, unlike the L?-projection, the Ritz projection preserves the elliptic structure of the
problem and requires u € H}(Q2). It satisfies the following estimates:

(VRpu,Vx) = (Vu,Vy) forall x € V. (4.2)

By testing the above relation with x = Rpu, we observe the stability of the Ritz projection:
IVRyull2 < ||Vullz2, for all u € H}(S2). Furthermore, the following approximation estimate
holds:

|Rpu — ul|r2 + h|V(Rpu — )| 2 < Ch®||u||gs, for s=1,2. (4.3)
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Definition 4.2 (Scott-Zhang interpolation [8, Section 4.8]). Let Ty be a shape-regular triangu-
lation of Q C R%, and Vj, be the associated finite element space of degree m. The Scott-Zhang
quasi-interpolation operator

Sh Wl’p(Q) — Vh,
where l > 1 ifp=1andl > % otherwise, is defined nodewise by suitable local averages over
(d — 1)—simplices adjacent to each node, and preserves homogeneous boundary conditions.

From [25, Lemma 1.130], for 1 < p < oo and [ > %, we have

|Shvllwer < Cllv|lpe, for all 0 <k < min{l,l}. (4.4)
Also from [5, Section 3|, we have
v = Spvllyre < CRF|v|lyip, forall 0<k<I<r+1, (4.5)

where 7 is the degree of polynomial. By an application of interpolation inequality [9, Section
8.6] and (4.3), we have

1-26 s 20
1A% (Spu = w) |2 < [[Shu — w2 * | A% (Spu — u)|| >
< Ch* ™ |ul|gs forall 0<s<r+1, (4.6)
for any 6 € [0,1].
The semidiscrete Galerkin approximation of problem (3.1) is formulated in the following way:
Find up(-,t) € Vj, such that, for every ¢ € [0, 7],

M
(@eun(t), x) + v(Vun(t), Vx) + allun ()P un(t),x) = Y Be(lun(®)|un(t), x)
=1

= 0., (&)
(RhUO,X) if 2 < pP= < d 27
(Shuo,x) if %5 <p < H=

for all x € V}. More precisely, we c0n81der the following values of p separately.

(un(0),x) =

4 I

Interpolation operator Values of p Dimension
Ritz (elliptic) projection 2<p< d=1,2
” 2<p< 7% d>3

Scott-Zhang interpolation d%d2 <p< oo d=3,4
7 d%‘g<p§—2j__46 d>5

TABLE 1. Values of p

Lemma 4.3. (a) For f € L*(0,T; H Y(Q)) and vy € L*(Q), the semidiscrete system (4.7)
admits a unique solution up € Vy and the following estimate is satisfied:

T T
supuuaw|;—+u%;uvmh@ﬂ&2w%—a[;nuhuwiwﬁ

0<t<T

< ol + /Hﬂﬂ@1ﬁ+ﬁﬂm, (48)

where C* is defined in (3.16).
(b) Furthemore, if f € L*(0,T; L?()) and ug € D(A), then, we obtain the following improved
estimate:

T 20
/ [0pun (t)]|72 dt + sup (VHvuh()HL?+ [ (t )H’Zp)
0 0<t<T

2c
< v Vuall + =l ArvaMt



33

Proof. (a) For f € L*(0,T; H1(Q)) and ug € L*(2), the proof of existence follows by arguments
similar to those used in Theorem 3.6. Now, for proving the estimate (4.8), taking x = uy, in
(4.7), we infer for a.e. t € [0,T]

1d

M
5 g [t 1Z2 + vIIVun O + allun®)lie = (£ (1), un() + > Bellun ()| o

By an application of the Cauchy-Schwarz and Young’s inequalities along with (3.15), we obtain

1d v « N
5 (s + ZIFun 03 + Sl (DI < o1 Oll-1 + €719,

for a.e. t € [0,T]. Integrating from 0 to ¢, we achieve

t t
lun(®)[22 + v / IVun(s)|22 ds + a / lun(s) |, ds

I .
< un e+, [ 155) o1 ds+ €l

for all ¢ € [0,T]. Taking supremum over all ¢ € [0,T], we conclude that

T T
sup [lun(t)|2s + v / IVun(8) |22 dt + o / lun(6) 2, dt
0

0<t<T

< JuollZ2 + - / 102 dt +CoTI.

Hence, we see that

up, € L°°(0,T; L2(Q)) N L2(0, T, HY () N LP(0, T, LP(Q)).
(b) For f € L?(0,T; L?(Q2)) and ug € D(A), taking x = Gyuy, in (4.7) yields

ad Be d
Opun(t)|22 + = HVUh( Mie + E%IIUh(t)Ilﬁp = (f(t), Opun(t) Z**II up ()] Far

2dt

for a.e. t € [0,T]. Using the Cauchy-Schwarz and Young’s inequalities, we deduce

1 ad
210 Ol + 5 LTI + 5 GOl < 5150 sz @ un (0%

2dt

for a.e. t € [0,T]. Now, integrating from 0 to ¢, we infer the foilowmg:

t 2c
/O J0uun(5) = s+ | Fun(O 2 + = O

2c 20
< Vl[Vun(0))I72 + = 5 lun(0 /Ilf )72 ds +Z ||uh W-Z o 11 (0 M Zae

/=1

for all ¢ € [0, T]. The term [jus(-)||%, can be estimated in the same way as in (3.15). Also using
the Sobolev’s embedding, we have

un(0)||zr = | RauollLr < C||VRuugl| 2 for 2 <p < 2%

By exploiting (4.4) and Sobolev’s embedding, we infer

|un(0)||r = ||Shuollr < CHUoll > < |lug|l pray for all 24 < p < Z=6,

d2 , <
Hence, by taking supremum over all ¢ € [0, T ], we conclude

up, € L°°(0,T; HY(Q)) N L=(0,T; LP(Q)) and dyuy, € L*(0,T; L*(Q)),
which completes the proof. O
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We proceed to present and derive the following theorem concerning the error analysis of the
semi-discrete scheme.

Theorem 4.4. Let V}, be the finite-dimensional subspace of HE(Q) as defined in (4.1). Assume
that ugp € D(A) and u(-) is the solution of (1.11). Then
(a) for f € H'(0,T;L*(Q)) and 2 < p < 2 5, we have
2 @ P
l|un — UHLOO(O,T;L2) + vlup — U”L2(0,T;H5) + FH% - U”Lp(o,T;Lp)

T
< ch2{||uou§,3 gy + [ 100y

T
+ (ol + 1o + Nl 3 sn) [ e

(b) for f € HY(0,T; H(Q)) and d2 L <p< 2 d =8 we obtain
(i) if 2 < qo < 1+ L, the following estimate holds:

2 2 o P
l|lun, — U||Loo(o,T;L2) + vljup — U||L2(07T;H3) + op—2 |un — UHLp(o,T;Lp)
2 2 2 T 2 T 2 T
< Ch {HuouHé gy + [ 1@y de [ OB der [ ) d

g 2
w [ I, g i),

(ii) if 1+ £ < qo < p, the following estimate holds:

l|lun — UH%OO(O,T;H) +vllup — UH%Q(O,T;Hl) 2p Py [|un — uHip(o,T;Lp)
2 2 2 r 2 r 2 r
< o2 uolly 4 1wy + [ 10Oyt [ OB+ [ )

2qp—p—2 T
gy [ IO g}
Proof. Using Theorem 3.1 and equation (4.7), we know that (u, — u)(-) satisfies
(Opun(t) — dpu(t), x) + v(V(up(t) — u(t)), V) + ajun ()P 2un(t) — [u(®)P~?u(t), x)

M
=D Bellun(®)|up(t) — [u(®)|2u(t), x), (4.9)

=1
for all x € V}, and a.e. t € [0,T]. Choosing x = up, —u+u— W € V;, W € V},, we obtain
(Oun(t) — Opu(t), un(t) — u(t)) + v(V (un(t) — u(t)), V(un(t) — u(t)))
+ a(fun ()P un(t) — [u®) P *u(t), un(t) — u(t))
—(Orun(t) = Opu(t), u(t) = W(t)) — v(V(un(t) — u(t)), V(u(t) = W(t)))
— a(lup(O)P2un(t) — [u) P~ 2u(t), u(t) — W (1)) (4.10)

M
+ 3 Balun ()% 2un(t) — [u(®)|*2ult), un(t) — ult)

M
+ 3 Belun ()% 2un(t) — [u(®)|*2ult), u(t) = W(2)),
(=1

for a.e. t € [0,T]. By performing a similar calculation for the nonlinear terms, as was done in
Theorem 3.7, we find

_ _ (0% p=2 (e p=2
olunlP™ un = [ulP " u,un = u) = Sl = (un = w72 + S lllul ™= (un = wllZe,
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and
M
> Belunl®2up — |ul%>u, up — u)

p=2 a, =2
llunl ™= (un = w72+ llul ™= (un = w72 +2Ca un — ulZ,

where Cy given in (3.31). Therefore, using the above estimates in (4.10), we deduce

B un () — (e + VIV Cun(e) — )y + o 6)]° (1) — (0

+ ZHIU( )T (un(t) — u(t)|f3
< =0i(un(t) — u(t),u(t) = W(t)) + (un(t) — u(t), Ox(u(t) — W(t)))
= v(V(un(t) — u(t), V(u(t) = W(t))) — allun ()P un(t) — [ulP~>u,u(t) - W(t)

M
+ 3 Belun(®)1%Pun(t) = [u(®)|*2u(t), u(t) = W(¢)) + 2Ca|lun(t) — uw(®)|F2,  (4.11)

for a.e. t € [0,T]. From ([6, Proposition 2.2]), we have the estimate
«Q p—2 «Q p—2 a
© Ml 2% an = )3+ 2 = )22 2 o —

Therefore, we arrive at

S un®) w3 + VIV unt) ~ I + sy funt) — w2,
4
< —0h(un(t) = u(t), u(t) = WD) + Y I + 20 Jun(t) = ()72 (4.12)

Jj=1

We now need to estimate the above terms separately for 2 < p < 2:1 and 2d <p< 2d 4 ,
since the nonlinear terms must be treated differently in each case.

(a) For 2 < p < d2—_d2: We estimate Iy and Iy by using the Cauchy-Schwarz and Young’s
inequalities as
1 1
111] = (un = w, 0w =W))< llup = ull 2|0 (w = W)l L2 < S llun — ull72 + LAC )2,
and
|| = [v(V(up — u), V(u—W))|
v
< v[[Vup = w2V = W)Lz < 2 [V (un ~ w72 + V||V (u = W)|Z..
Using Taylor’s formula, Holder’s, Young’s, and Gagliardo-Nirenberg’s inequalities [15, Theorem
1.5.2, Chapter 1], we estimate I3 for p > 2 as
I3 = | = a(lunP~?up, — [ufP~u,u — W)
<(p-1) ‘a((@uh +(1- 9)u)p72(uh —u),u— W)l
<alp-1 2p73|( lup |P~2 + |u|p72)(uh —u),u— W)|
< a(p—1)2"?||up — ull 2e (lunllzo 2+l lu — W

m
042(]9 _ 1)222}775

2(p—2 -
< (unl 37 4+ 392w — W2,

IV (un —w)l[72 +

e~

We Estimate I4 using a similar calculation as

1| = (Jun (D)1 2un(t) = [u(t)*~?u(t), u(t) — W(t)




36

M
v M|Be|*(ge — 1)%2%%7° 2) 2)
< ZHV(uh—u)H%mLZ (lan | 752 + lull 78w = W

v
(=1

Using all these estimates in (4.12), we establish the following:

1d v o

5 gl (®) = w17 + 7V (n(t) - w@)ll7: + F\lﬂh(t) —u(t)ll7,

< =0 (un(t) — u(t), u(t) = W(t)) + %H’%(t) u(t)llie + 5 ||3t( () = W)l

aZ(p — 1)292p—5 2(p—2 2(p—2
IVt = WO + S E D (302 4 I ) - WOl

M
M| Be|2(qe — 1)222=5 B B
30 Ml ae = 2 128D 1 )22 () — W) B + 2Csllun(t) — u(t)|s,

14
{=1

for a.e. t € [0,T]. Integrating from 0 to ¢, we arrive at
1% t (6] t
Jun(t) — u(t)I + / 9 (s (5) — ()32 ds + g / lun(s) — u(s)|[2 ds
< Jun(0) — wollZ2 — 2un(t) — wult), u(t) — W(t)) + 2(un(0) — o, uo — W(0))

+ / 104 (u(s) — W (s)) 25 ds + 20 / IV (u(s) — W(s))|[2 ds + (1 + 4Cs) / lun(s) — us) |25 ds

o2 292p—5 ot 2(p—2 2(p—2
+M/(nu<>u( " ) ITE ) luls) = W(s)]7 ds
0

M M 2 — 1)292q¢—5 t _
£ 3 MiePlae =) a2 ) 22 o) = W) o .

v
(=1

For 2 < p < d2d2, using Sobolev embedding and (4.3), we can estimate the terms in above

equation by taking W = Rpu as
lu = WZo < [V (u— Ryu)l|7> < CR||ulfpe,
luo = W(0)[1Z2 = lluo — Rruollz2 < Ch*|luoll3
lu=WiZe = llu— Ryulle < C2ull.,
100 (u = W)IIZ2 = [10e(u — Rpu) |72 < Ch2||0pull3,

Using the Cauchy-Schwarz and Young’s inequalities, we estimate —2(up—u, u—W') and 2(up(0)—
ug, up — W(0)) as

1 1
—2(un —u,u=W) < gllun — ullf2 +2[u = W7. < o llun = ullZ2 + 2002 |[ull3p
2(un(0) — uo, uop — W(0)) < [[un(0) — uollz2 + [luo = W(0)|[ 72 < 2Ch?||uo]|F;y-

Using these estimates, taking supremum over all ¢t € [0, 7] and by an application of Gronwall’s
inequality, we see that

T o T
sup ln(®) = u(®)ls +v [ 190~ u®) e+ 55 [ luntt) =)

0<t<T

T
< [4C’hZHUO||§{3 + 4Ch2||uH%OO(O,T;Hé) + 20h2/0 ||6tu(t)||§{5 dt

a?(p —1)22%—4 T
+ Ch2 ( V) (” h”Loo 02_'[’[/17 + || ”LOO(OTLT’)) /C; ||U(t)”?¥2 dt
M
M |By|?(qe — 1)?220¢~4 5 2 T
oy MO = U2 2o 2 ) /0 ()l dt
=1

T
+ 4Ch21// [u(t)]| dt} exp((2 4+ 8Cy)T).
0
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We already have up,,u € L>(0,T; Hi(Q)) — L>(0,T; LP(Q)) and bounded by the given data,
we can use (3.15) to conclude

«
o (8) = () 2 e 0.1.12) + () = w(t) 20 7y + 5mg Nun(®) = (O 0710

T
< 12 Juolly + 1l oy + [ 10000y

T
2
3 + ) [ B0

that leads to desired result using Theorem 4.3(a).
(b) For d%dg <p< 2d 6 We estimate I; and Iy by using the Cauchy-Schwarz and Young’s
inequalities as

1 1
1] = [(un = w, 0w = W))| < Jlun = ul| 2l|0n(w = W)|z2 < Sllun = ullZe + S 110w = W)][Z2,

and

o] = [v(V(up — u), V(u—W))|
3v v
< v|[V(up = w2V (w = W)z < <[V (un — )72 + gllv(u - W32

To obtain the optimal convergence order under minimal regularity, we estimate I3 and I, sep-
arately for 2 < ¢, <145 and 1 + £ < ¢, < p as follows:

(i) For 2<gq <1+%:

Using Taylor’s formula, Holder’s, Young’s, and Gagliardo-Nirenberg inequalities [15, Theorem
1.5.2, Chapter 1], we estimate I3 for p > 2 as

I3 = | = alun P~ ?up — [ufP~?u,u — W)
< (p—1) a((B(un — u) + " (up —u),u— W)
< 277%a(p — D((Jun — ul’™? + [u[""?)|up, — ul, |u — W)
< 27a(p — 1) ((Jun, — ulP~ Ju = W) + (Jul"~?|up —ul, [u — W)
<27 3a(p = Dllup — ulffy " lu = Wllze + 27 2alp = Dllulag lun = ull g2 lu = Wil 2e-n

a 20 Sa(p— 1) (273 (p — ¥\
< golun =l + (228 Ju— W,

p

_ 2(p—2
L a(p—1) (rruuL<§zp3>rruh P+ Wuim_u)-

Let us now estimate I;. Note that, we have 2 < 2(q; — 1) < p from the range of g;. Therefore,
we infer

M

Z (Jun| 2y, — |u|% %, u — W)’

[L4] =

M

Z (qe — 1)( Guh—i—(l—e)u)q‘2(uh—u),u—W)’
—1

M

ZW@\ e — V)((Jun| + [ul)® 2 up, — ul, |u — W)

1Bel (ge = 1)2% 7 ((Jun |2 + [ul ™) |up — ul, |u = W)

Mz I

~
I
—

-2 -2
1Bel(ge = D2 > (llunl Foigg—r) + ullFomu-i) lun = ull 2 llu = Wl p2, -

Ms

~
Il
—
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(p—2qp+2)(qp—2)

(p=2a42)(ap=2) =242
1Bel(ge — 12973192 (up |57 + lull #5 ) llun — ull 2 Q7@ u = Wl

IN

M= M=

IN

2 2
572 + el ) = wll gl — Wz

1Bel(qe — 1)

~
Il

"
< 2[2 |Bel(ae — 1)
=1

Using these estimates in (4.12), we arrive at

& un®) w3 + Z IV an(t) — )3 + o unt)  u(t) 7,
1

< ~0u(un(t) ~ ) ) = W) + (5 200 ) funte) — w0 + F10Ku(0) - WO
v P—3 oy (p — 2p—3(, _ 1\2\ P—1
# 5 IG) ~ W) + (=) (N ) - wion,

b

o +2 2qp—4 2qp—4
2 ](HuhH C0 Nl 7%, — ullF2 + lu — W70

+2"%a(p - 1) (HU( 752 lun (@) = w32 + Jult) - W(t)\lizw—l)) + u(t) = W(t)|Zs

+2[Zm|

for a.e. t € [0,T]. Integrating from 0 to ¢, we obtain

+2 2
} (lun T + a1 7% lun(t) — u®)][72,

o) = (o) + 5 [ 19 Cn) = ue) s ds+ it [ unte) = (o)
< Nun(0) = wo[F> — 2(un (1) — (), u(t) = W (1)) +2(un (0) — o, up — W(0))

T (1+4Cy) / lun(s) — u(s)|25 ds + / [0x(u(s) ~ W) ds + 5 / IV (u(s) — W(s))|25 ds

+ (21’—20;()17 - 1)) (221’—3(]1; — 1)2)?"1 /Ot llu(s) — o+ 2/ l[u(s) $)|I2, ds

+2p-1a<p—1>( / ()25 2) lun(s) — u(s)|22 ds + / lu(s) = W ()| 2201) ds)

M
+4[ 31—
=1

for all ¢ € [0,T]. Using the Cauchy-Schwarz and Young’s inequalities, we estimate —2(uj —
u,u — W) and 2(up(0) — ug, ug — W(0)) as,

} /0<||uh< I 4 ()2 fun(s) — u(s) 32 ds,

1
—2(Uh —UuU,u— W) S §||Uh - u”%,? + 2”” - W”%,Qa
2(up (0) — ug, ug — W(0)) < [[un(0) — uol|22 + |[uo — W(0)]|%.

Using these estimates in the above equation, applying Gronwall’s inequality, we reach at the
relation

T T
sup [un(®) = u(®)le+ v [ 19 Cun) = u®)adt+ 55 [ lun(®) = u(o)l,

0<t<T

< [4||uh<o> — u(0)132 + 2o — W(O)|[32 + 4u(t) = WO 2o 0z

T v T
+2 [ o) - W aar+ 3 [ 190 - WGt 1 [ o) - WL a
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+ 2<2p2a1()p — 1)) (22p3(§ - 1)2);0—1 /OT ) WO i

T T
+%@@—4)/\wuw—wum;@ndﬂam(ﬂza@—ly/rm DIt di
0 0

M

+4[ 3 oG-

(=1

—2qp+2 2 T
' ]!A (7% + flut (N”44ﬁﬁ+%1+4CﬂT>'

Since, up € L*>®(0,T;LP) and u € L>*(0,T; H?(Q?)), the terms appearing in exponential is
bounded. Also, we can estimate the terms in the above expression by taking W = Sjpu and
using (4.5) as
lug = Spuol[72 < Ch*|luoll g, Ilu = Shull72 < CR?||ul| g,
18 (u — Spu) |72 < Ch*||Bpull gy, V(= Spu)ll72 < Ch?|lulFe.

We can estimate ||u — W||z» by using Gagliardo-Nirenberg’s interpolation inequality and (4.6)
as

2d <p< 2d
d—2~P"=a-w

lu = WIiZs < CllA%(w — W)|[72 < CR*||ufys for

(p 2 To obtain optimal order, we need 2s — 46 = 2, which 1mphes s=1+ d(f — 5)

It means u should belong to L?(0,T; H (s )(Q)) Note that, for 75 < p < 7=, we conclude
14 d(% — %) < 3. Hence, we can rewrite the above estimate as

where 6 =

Ju= Wi < CHul?, g (4.13)
Since, %jl%f < d , the above estimates holds true for all p < 2d 6 Again from (4.6), we also
have

lu = WG, < CRPE=20 |ulff,,
where 6 = d(p 2) " To obtain optimal order, we need p(s — 20) = 2, that is, s = £ + d,(f — 5),

which requlres u € L>(0,T; et +a(} 7%) (€2)). Therefore, for & 2 4+d(s— 5) < 2, we conclude that
p < 2d Wthh is also true for p < 2d_ < and

lu =W, < Ch?|lull}s. (4.14)
Similarly, one can show that
2d 2d — 6
2 20,112
[w = Wl[72-1) < Ch HUHD(AQ) for 1_92 <p= i—4

Hence, combining all these estimates, we arrive at

T a T
sup \|uh(t)—u(t)|%2+u/0 IV Cun (t) — ()72 dt+ 5= 2/0 lun(t) = u(t)||7, dt

0<t<T

T T T
< O (uolly + 1l oy + [ 10Oyt [ e+ [ )

T
2
w [ I, g i),

which completes the proof of Theorem 4.4(b)(i).
(i) For 1+8<qg <p:
Estimating I3 in a similar way as previously done.

2 Falp 1)\ (222 - 1)*\"
] < gl =l + (2 . o= WIE,
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— 2 2)
+2"%a(p — 1) <HUHL(5P o llun = ulZe + u — Wliz@—n)-

Next, we estimate I in the following way:

|14 = (Jup |~ 2up, — %™ 2u uW)‘
M
Z |Bel(ge — 1)((O(un — w) + u)® > (up — u),u — W)‘
=1

< Z |Bel(ge — 1)29 73 ((Jup — |~ + Ju| 72 up, —ul, [u — W)

M: I

|Bel (e — 1)2% 73 ((Jur, — u|* ™ Ju = W) + (Jul *2[un — ul, [u — W)

~
Il
—

M:

|Bel(qe — 1)2%7° (IIWL —ullfo w = Wz + lJull oy o llun =l 2w~ W||L2(qzl>)

~
Il
—

M:

Bel(ae = D29 3QY " Jun = u][§5 |l = W[ e

~
I
—

_ 2 -2
+ Z 1Bl (ge — 1)292 (lun;;i;_L lun — ul|22 + [|lu— W)
(=

MIB |2+ (qp — 1)\ 75T [ — +1
ol + 5 (P2 = DY (00 1) gt g
=1

< 2p+1

M
_ pP—2qp+2
+ 1Bl — 1)29 7 <|U||2L(2q<iz21)> lun = ull72 + Q] 7@ u — Wllip)-
Using all these estimates in (4.12), we obtain the following:
1d v
5 g len® = u®lz + 71V @) —u@®)z: + 55 ||uh( ) —u(@)lILy

< =0 (un(t) — u(t), u(t) = W(t)) + <; + 202) lun () = u(®)ll72 + ||3t( (t) = W)l

v =3y (p — 2p—2(,, _ 1\2\ P—1
+ 319Gl - Wl + (Z2E=) () - wool,

p
2 2 = 2|0 Tt 2
+272a(p — Dfu(t) = WE)IFa0-n + D 1Bel(qe — 1)2%7 2|01 7@ [|u(t) — W ()12,
=1
M|B|2P T (g — 1 P p—aq+1 =gy FRCTES
+Z|ﬂ l( = ap( ) )T u(t) = WOl

(=1
+(2p2a<p—1>||u<> i‘£p21>+2\m| (g = 1)2% 2 Ju(®) 34, 21>>IIUh(> w(®llz,

for a.e. t € [0,T]. Integrating the above equation from 0 to ¢, we get

o) = e+ 5 [ 19 Cun(0) = ue s s+ g [ hunte) = u(s) s

< [un(0) — wollZ> — 2(un(t) — u(t), u(t) = W (1)) + 2(un(0) — uo, ug — W(0))

- W
+(1+4Cy) / lun(s) — u(s)||2 ds + / 104 (u(s) — W(s))[22 ds

+ 2 /Ot||V(U(S)—W(S))||%2ds+<2pQQ]SP1)>(22p2 ) h / Jus) = W (s) %,
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+27 a(p — 1) / lu(s) — W(s)|220 1>ds+Z|m| g — 1)20 110 w5 / u(s) — W (s)|[2, ds
M|Be|2P T (qe — 1)\ 7~ P p—qr+1 =2
+2Z|/3|( p-atl |9|w+1/ lu(s) — W(s)|
—1 ap p

t
+ / (2p-1a<p—1>||u< )l i%zpm}:w (qe — 1)2%Ju <>||i§%;23>)|uh<s>—u<s>|i2 ds,

for all ¢ € [0,7]. Using the Cauchy-Schwarz and Young’s inequalities, we estimate —2(up, —
u,u — W) and 2(up(0) — ug, uo — W(0)) as
1
=2(un = u,u = W) < 2fjup —ul|g2llu = WLz < Sllun — ull7z +2[u = W7,
2(un(0) — uo, up — W(0)) < 2[|up(0) — uollz2lluo — W(0)l| 2
< [Jun(0) = wol[72 + [luo — W(0)||72.

Using the estimates in the above equation and applying Gronwall’s inequality, we arrive at
T

T
sup[un(6) = )2+ [ 19 n) = u®) e+ 555 [ ln(®) = ulo)l e

0<t<T

T
< {4%(0) —uol|Z> +2llug = W(0)[I 72 + 4llu(t) = W)l (o,752) + 2/0 10:(u(t) = W (1) 17 dt

4v 27~ la(p —1) 220=2(p — 1)2 p—1 T )
2 [ 1vtat - wapp e (21 ( ) - wel,

p

T M T
P—2qp+2
+2Pa(p - 1)/ [u(t) = WO F2-n dt+ Y [Bel(ge — 1)2%|0 7@ / [u(t) = W(t)[I2, dt
0 0

=1

M =1
M|Be|20t (qe — D)\ 7 (p—qp+ 1 p—q, [T —2
a3 o (M@ I (220 E Dy gt [ e - wiol

(0%
{=1 p

T
X exp (/O (2p‘1a<p — Dlu()3%2) + Z 1Bel(ge — )20 u(t) |25 2) + 2+ 802) dt),

Since u € L*°(0,T; H?(2)), therefore, the terms appearing in the exponential are uniformly
bounded and independent of h for ug € D(A). Setting W = Spu and applying the same

F1 . .
estimates as in the prev1ous case, we estimate || u—W/||}, T . To achieve the optimal convergence

order, the condition = qé =11 = 2 requires g > 1435 E. ThlS motivates splitting the range of gy, into
two cases. Hence, proceeding with calculations analogous to the previous case with W = Spu,
we obtain

2qp—p—2 2qp—p—2
o= WHE < = W = WL ™ < CR2?, g = W "
Using (4.5), we get
2qp—p—2
Ju— WIET < Ol g ol ™

which implies

T 2qp—p—2 T
P— Q[+1 2 p—qp+1 2
ey = W R < Crlul L [ 1O, g

Hence, by combining all these estimates we arrive to the following error estimate for 1+ & <
qe < p:

T T
sup [un(®) = u(®le+ v [ 19 0un) = u®) adt+ 555 [ lun(®) = u(ol, o

0<t<T
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2 2 2 r 2 r 2 T
<Ch (HuOHH& + HuHLoo(o,T;Hé) +/(; ”&fu(t)HHé dt —l-/(; Hu(t)HH2 dt + /0 Hu(t)w;p dt

2qe p—2 T
p—qp+1 2 dt ).
g [ 0I5 dt)

This completes the proof and yields the desired error estimate. For ;=5 < p < Qdd 46, the argu-
ment was divided into two ranges of ¢, because of the difficulty in estlmatmg I4. Nevertheless,
both cases lead to the optimal order of convergence. O

Remark 4.5. Forp > 2 4 , error estimates can be derived under the assumption of additional
reqularity on the mztzal data and the forcing term. In this case, the data must also satisfy
certain compatibility conditions, similar to those described in [26, Section 7.1.3, Chapter 7].
Since numerical studies are generally restricted to one, two, or three spatial dimensions, we do
not provide further details here.

4.2. Fully-discrete conforming FEM. In this section, we introduce a fully-discrete conform-
ing finite element scheme. We partition the time interval [0,7] into 0 = tg < t] < tg < --+ <
ty = T with uniform time stepping At, that is, t = kAt. We replace the time derivative with
a backward Euler discretization. We denote C as a generic constant which is independent of h
and At. We then define a generic finite element approximate solution uyy, by

N t—tp
Ukhliy ) = ub T+ (At1> (uf —uf™), 1<k<N, for t€ [tp1, - (4.15)
k_, k-1
Note that dpugy, = —2 Aut” . The continuous Galerkin approximation of the problem (3.1) is

defined in the following way: Find ufl € Wy, for k=1,2,..., N, such that for y € Vj:

k k—1
Uy — U
(Atx> — v(Auf, ) + a2k, x) Zﬁe (12, ) = (7%,

R i), X), f 2 < < ,
(Ug(xz)aX) _ ( hu()(‘r ) X) or P> d 22d
(Shuo(i), X)), fOT s <Pp=< 4 )

(4.16)

where i = 1,2,..., N, f&¥ = (At)™! tt: ) f(s)ds for f € L*(0,T; H1()), u) approximates ug
in V and x;,7 = 1,..., N, represents the nodes of triangulation 7; of 2. Note that the initial
data is specified according to the values of p given in Table 1.

The existence of a discrete solution can be established by applying Brouwer’s fixed point
theorem [59, Lemma 1.4, p. 110], as in [36, Theorem 3.1]. Indeed, we have the following result:

Lemma 4.6. For a given uz_l € Vi, and f € H=1(Q), there exists a solution u’fL e Vy, for the
problem (4.16).

Proof. For a given u]}fb_l €eVyand fe H *1(9) we consider

ub k=l
(AI;’X) - V(AUI;N )—I—O[(’U,h’p 2uh7 Z/BE ’uh’% 2uh7 ) <fk+ 77X (417)

for any xy € V. Let the inherited scalar product and norm from H& (Q) in V}, be denoted by
[-,-] and [-]. Then for the projection P = Py, : H}(2) — Vh, we consider

[P(u),v] = (At ) + v(Vu, Vo) + a([ulP~2u, v) Zﬂg lu|?2u, v) — (g, ), (4.18)

k—1
for all u,v € Vj,, where g = f¥ + ugt € H~1(Q). The continuity of the mapping P is clear. Let
us now consider

M
[P(u),u] = (%, u) + v(Vu, Vu) + a(julP~2u, u) — Zﬁg(\u|q"_2u, u) — (g, u)
=1
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1
= EIIUH% +v[[VullFe + allullf, ZBZHUHLQZ — (9, w)

1 a ]
EIIUH%Z‘ + V|| VullF. + 5 lullzy = €19 = llgll a1 Vul 22

1%

v 2 * 1 2 2 * 1 2

Y IVulZs — il gl = Sl 010~ ol (419
where C* is defined in (3.16). It follows that [P(u),u] > 0 for [u] = k, and k sufficiently
large: more precisely, k > \/% (C* + 55 1lgll%,-1)- Therefore, hypothesis of [59, Lemma 1.4,

p. 110] (an application of Brouwer’s fixed point theorem) are satisfied and there exists a solution
uf €V}, for the problem (4.16). O

Vv

To show error estimates, we need the following stability result:

Lemma 4.7. Assume f € L*(0,T; H~1(Q)). Then the set {f*}_| defined by
ty

=™ f(s)ds
tp—1
satisfies
N
A s < Ol Beopsy, and Z P O adt 50 as At >0,
k=1 o1

If f e H(0,T; Hfl( )) for some ~y € [0,1], then

Z / 17— () 12-dt < COADN ozt

Proof. The proof of th1s lemma proceeds along the same lines as [34, Lemma 3.2]. O
Lemma 4.8 (Stability). Assume f € L*(0,T; H1(Q)) and u) € L*(Q). Let {uf}_, C V}, be
defined by (4.1). Then
al 1
v AUV < Iy + Il +2C710), (4.20)
k=1
where C* is defined in (3.16).

Proof. Taking x = qu in (4.16) and using the Cauchy-Schwarz and Young’s inequalities along
with (3.15), we obtain

1
ik — B+ Vs + ol

I k) + Zﬁzllu;ill%‘qu

(=1

L2 kY2, +
BYN LA 2At L?

so that
1

T k k
2At” 2. — 2At” Wi + == lluf — w72 + vl Vg |72 + alluf]h,

2At
1 v o N
< M+ SNV + Sk, + Ol
Using the positivity of the third and fifth terms of the left-hand side, we get
1 1, s 1
Sl = 2 + oI Va2, < 175 + 2070,
where C* is defined in (3.16). Summing over k for k =1,2,..., N, we have

N N
L Nye2 L o2 k2 1 k2 .
EH% 72 — E”“hum + V; [Vup |72 < z/AtAt; £ M5 +2C7(Q.
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Using Lemma 4.7, we attain the following;:
1 al 1 1
N2 k2 2 02 *
A ln llzz + V; IVuplze < 5 Ol 20 msm-1) + zgllunlze +2C7(€,
which further implies

N
1
k *
vy AtVugz < N2 ) + lwollZe + 26712,
k=1
which completes the proof. O

The following result provides the error between semidiscrete and fully-discrete solutions.

3
2

Lemma 4.9. For initial data ug € D(A
estimate:

) and f € HY(0,T; H'), we have the following energy

p—2
Hat'LLh”%oo(QT;LQ) + V“atuhH%Z(O’T;Hé) + O[(p - 1)”|uh| 2 a157“”L||%2(0,T;LQ)
< C (ol 3, 17O s I sz (121

Proof. From (3.42), we infer

p=2
”&UhH%oo(o,T;L?) + VHatuh”%%o,T;Hl) + a(p — 1)|[[un| = atuhH%Q(OvT;LQ)

< (10an O + % [ 1000l ) expla-+ Com),
We estimate the term [|0yup,(0)[|7, as (see Remark 3.11)

0rn(ONIZz < 2010 (un(0) = w(0)) 7 + 19 (0)172)
< CR* [0,V u(0)lIz2 + 19:u(O)IIz < Cllluoll 43, 11/ (O))-

Hence, by combining these estimates, we obtain the required result (4.21). O

Proposition 4.10. For all values of p given in (1.15), if ug € D(A%) and f € HY(0,T; H' (1)),
let up, be the semidiscrete solution (4.7) and ugy be the generic fully-discrete solution of (4.15).
Then, we have

= wrn | Foe o 7s2) + Vllun = wenl|Zao 7y < (A8 (luoll e + 11 £ 20 oy + € (4:22)

Proof. We divide our proof into two steps: In Step 1, we prove the error estimates on the nodal
values and in Step 2, we prove the final estimate.
Step 1: Estimates at ty. Integrating the semi-discrete scheme (4.7) from t;_1 to t, we obtain

(un(t) — untti) o)+ [ vunlt) . vx) + o [ ) ()t x
—Zﬁe( / w0ty = ( t::f(t)dt,x>, (123

for all x € V3. Also, we have the fully-discrete scheme (4.16) as

uk _ uk 1 - M )
<}1Ath’ X |~ V(AUQ, X) + a(|ui|p 2uh, Zﬁg |uh|‘” QUQ,X) = <fk’x>7 (4.24)
=1
for all x € V},. Subtracting (4.23) and (4.24), we infer for all x € V}, that

12
(up(tg) — uz,x) — (up(tr—1) — UZ 1, X) + 1/( Vup(t) dt — AtVulfL, Vx>

th—1

tr
ra( [ 2 ar - sl )

te—1
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- Zﬁe(/ |up () |92 up (t) dt — Atfuf | 2uf, X) — 0.

tk—1
Taking x = up(tr) — uﬁ € Vi, we get
lun(te) = uiil|72 + VALV (un(te) — uf) 172

tg
= (un(ts—1) —uy ' up(ty) —up) — a (/ [un ()P~ 2up(t) dt — At [uf [P~ uf, un (t) — Uﬁ)

tk—1

— v (/tk Vun(t) dt — At Vg (ty), V(up(ty) — ulié))

tp—1
+Zﬁe( / ()1 2un(0) e A2 un0) o )
k-1

Rearranging the terms, we infer the following:

lun(te) — uhll72 + VALY (un(te) — uf) 172
th—1

= (Uh(tk—l) - uﬁ_l,uh(tk) - uﬁ) -V ( " Vuh(t) dt — At Vuh(tk), V(uh(tk) - uﬁ))

— aA(Jup (t) [P 2un (te) — b P~ 2uy, un(ty) — up)

tg
-« (/ g, (4)[P 2 (£) dt — At Jup () [P0, up(te) — Uﬁ)

tk—1

+Zm( [ 00t — ) ) ) —

te—1
M
+ > BeAt(Jun (t)*Pun(tr) — |up| 2wk, un(te) — uf))
=1

6
=> I
=1

Let us first estimate each term on the right hand side. Using the Cauchy-Schwarz and Young’s
inequalities, we can estimate the I; and I, as

_ _ 1
Iy = (up(te—1) —up ' up(te) — uf) < *”uh(tk 1) —up e + o lun(t) = ufl|7»
and

ty

Ig = I/( Vuh(t) dt — AtVuh(tk), V(uh(tk) - uﬁ))
tk—1

ty

<v Vuy(t) dt — AtV uy () || |V (un(tn) — ub)|| 12
te—1 L?
Vun(t)dt - AV ()] + 2LV unon) — )
U — U — U —u
QVAt - h n(tk L n(tk w72
One can calculate the first term of above estimate as

1 ti 2 1 tr 2

-~ V’U,h(t) dt — AtVuh(tk) = - / (Vuh(t) - Vuh(tk)) dt

At th—1 L2 At te—1 L2

2

1 tr t
= — 0sVup(s)dsdt
At /tk 1 Jtg

L2
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SUAA

— |0sVup(s)| 2 ds dt)

ZX te—1 Jlk—1
tr

<ar( 7 9ol ds)

tp—1

i
< (A1)? / 1V 8yun(s) 122 ds.

te—1

Now, I3 can be estimated in the same way as in the proof of Theorem 3.7 as (see (3.30))

Iz = —at(up () P 2un(ty) — g [P~ 2uf, up(ty) — uf)
alt ozAt
< —7\Huh(tk)| 7 (un(te) — w22 — S|l *7 (unte) — uff)| 2.

The damping term I, can be estimated by using Young s inequality as

tk
<Oé/ un (8) [P~ 2w (t) dt — At Jup (te) [P un(tr), un(te) — uﬁ)

tk—1

Oé/tlc (|Uh(t)|p_2uh(t) — Jup ()PP un (te), wn(ty) —Uh> dt

te—1

o / ( "0l (5) P~ 2un (), (1) )t

ty

tr tr
<alp—1) / / () P20t (s), un () — ub)| ds dt

te—1 Jtk—1

<afp- 1)At/ k [(un (D% fun ()] pun (8), un (t) — uf)| dt

lk—1

ty p—2
< a(p— 1At / s (151, 2 N (D17 D)2 1) = w2

tk—1

123 p=2 p—2
< a(p 1)At/ [[un(E)]l > |||uh(t)|73tuh(t)”mHuh(tk)*UZHLP di
k

(p—1)2At (27T (p — 1) At b pp—2) p=2
( ) / lun ()]l 73~ ”muhos)\% Drun(B)|7a" dt
k—1

p_:,_lHuh( ) uh”Lp

2 p_

alp—1)(p—2)(At)* (27 (p —D)At\»2 [ p 2 lunll?
% D 2(p— 1) Uh || Loe (0,T;LP)
alp — 12(AL)? [t p—2 alt
+ A= ™y 0))°2 (O3 e + S ) — b
p te—1 2P

We now estimate the pumping term I, proceeding analogously to the treatment of I4, in order
to obtain

IN

( [ a1 2o e Stfuna) )2 -t )]

L

_2
2 1Bel(ge — 1)(ge — 2)(AD)? [ M]By|(ge — 1)At2P~1 72 a a2 "
Z 2 1) lli=erie

de qe

| Bel( At =2 At
Z tlge = DAY / lun ()] pun(t))122 dt + Fuuh(tk) — up %,
(=

te—1
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In the above estimate, the final term can be further bounded analogously to the argument in
(3.15), as
ar

At aAt (A2 (p—qr\ (2q0\ 70
o on—1 HUh(tk) — UhHLq[ ~ 2p+1 ”uh<tk) - u’;;LHZL)/P + P P ?p

Finally, the term Ig can be estimated in the same way as in Theorem 3.7:

M
> Bet(fun (1) |% 2 (tr) — |2, up () — u£>>\
/=1

alt alt
< 7”|uh(tk)| 7 (un(ty) — uf) 2 + 2 IHUh\ 7 (un(tr) — uf)) |22 + 2C2 At up(ty) — uf 2.

Before bringing together all the estlmates, using (2.3), we observe that the following bound also
holds:

7H\uh(tk)\ 7 (un(ts) —up)ll72 + — Munl = (un(te) — up)|7: > ot lun(te) = upllL,-

Combining all these estimates, we arrive at
1 k 1 k— k
Sllunte) = wpliis = 5 llun(tes) — uy~HIZ + ”V(Uh(tk) R — ”Uh(tk) b7y

2 tr alp — 2 222
RGN / ||5tVuh(t)||%zdt~l—(plp)(At) / |\|uh<t>rﬂtuh<t>|liadt

2v te—1 tr—1

L alp—1(p—2)(A1)? (2(p— 1A il p p’%zH "
2p » 2(p — 1) Unlizeo(0,1;L7)
LV

2
Bel(qe — 1)(qe — 2)(At)? [ M|By|(qe — 1) At2P~1\ a2 a a2 W
+ Z 2 2(qe — 1) ln| °°(0,T;L9¢)
e

qe
Pl - 1) (At)2 " % 2 (At)Q P—a 2qp \ P~
+g§:‘; " / un(t)| "2 dpun(t)]|%2 o ( - ) <ap>

ar

th—1
+ 2C Atljup (ty) — uﬁ”%g.

Now, summing over k =1,..., N, we deduce

N
) =+ 32 v ¥t )l + kZ S8 Juntte) —
=1 1

A2 (T 2a(p — 1)%(At)? [T -
< (81 [ 105w+ A [ @)= 00 0

14

L 20(p = 1)(p— 2)(A)? (2°(p ~ 1) At = p’%zH .
2p D 2(p— 1) UnllLee(0,1;L7)
1)

2
2[Bel(qe — 1)(qe — 2)(At)? ( M|Bq|(qr — 1) At2P~ 1 a2 q a2 :
i Z 2 a 2(q—1) Vs 0,70

a¢

Aol = PO [Tz N0 (D) (20) 7
+; B0 T s 015 o0 e+ 2 (2200 (20

p ap

N

+ ALY 4Cs () — uflf3.
k=1

By an application of Gronwall’s inequality, we conclude

N
lun(tn) =i 172 + D vAHIV (un(ty) — up)|I72 + Z 5o l[un(tk) = uilzs
k=1 k=1
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T

T —
gC(At)2< / 10:Vun (1)2 dt + / |Huh(t)|‘°z23tuh(t)”§2dt+c’) exp(4CHAL),  (4.25)
0 0

where
o _ 20— )(p — 2)(A1) <2p<p - 1>At>p22< P )”p2uum\pw |
2p P 2(p— 1) O
- f: 2|Be|(qe — 12)(% —2)(At) (Mlﬁe(% - 1)At2p_1)q;2 < a ) e [
pt @ a 2(qe — 1) O.L%)
¢
B

Since up € L*™(0,T; LP(Q2)), C" and the exponential term are bounded by given date. Hence,
by an application of the (4.21) for semidiscrete case, the right hand side of (4.25) is bounded.

Step 2: Estimate for any t € [tg—1,tr]. Let us introduce a linear interpolation Zuy for the
semidiscrete solution wuy, by

Zuh(t) = uh(tkfl) + (T) (uh(tk) - uh(tk,l)) for t e [tkfl,tk].

Let us write up, — ugp = up, — Zup, + Zup, — ugp, where Zuy, is the linear interpolation as defined
above. Using the triangle inequality, we obtain

lan = winllZaqo2, ) < 2lwn = Tunlzao o) + 20 Tun = wrallz o r,my)-

The first term can be estimated using [62, Lemma 3.2] and the final term using (4.25) as

N t T
o= Ty = 3 [ on(t)~ Zun@) gy e < 07 [ a0y
=1 ti-1

N N A
IZun = wenl G20, ) = Z/ |Zun(t) = wnn (&)} dt < C Y- Atllup(ts) —ujlF.  (4.27)
i=1"" i=1

ti—1
Once again using the triangle inequality, we have
2 2 2
lun = wenlloo 0,7,22) < 2llun — Zunlfoo o2y + 20Zun — wrnll Lo 012

Similarly as in (4.27), by using [62, Corollary 3.1] and the estimate (4.25), we deduce

lun = Zunl|7oe (o pp2y) < sUD (t sup ||Uh—IUh||%2> < C(A)?||unlffy1.00 0722

1<iSN \ -1 <t<t;
and
1 Zun — wnl|Foo o 2y < sUD ( sup || Zup — Ukh||%2> <C sup ([lun(ts) —upll72)
1<iKN \ -1 <t<t; 1<i<N
and the required result follows. O

Theorem 4.11. For all values of p given in (1.15), if ug € D(A%) and f € HY(0,T; H*(Q)),
the finite element approximation ugy converges to u as At,h — 0. In addition, there exists a
constant C > 0 such that the approximation ugp satisfies the following error estimate:

[ = wrn |7 oo 0,72y + vllu — ukh”;(O’T?Hé)

< OO + ) (ol g + 1 oy + O, (4.28)

where C' is given in (4.26).
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Proof. We can prove this estimate in the following way:
llu — “th%w(o,T;L?) <2||u— uh||%oo(07T;Lz) + 2|up — uth%O@(O,T;LZ)’
and
2 2 2
sk o 7y < 2108~ 0 B gy + 21— gy

Hence, combining above terms and using Theorem 4.4 and Proposition 4.10, we arrive at the
desired estimate (4.28). O

Remark 4.12. In the literature, results analogous to Proposition 4.10 and Theorem 4.11 are
typically derived under the additional assumption uy € L(0,T; L*(2)) (see, for instance, [61,
Theorem 1.5, Chapter 1] for the heat equation). In contrast, our analysis relies on the bound
(4.21) established in Lemma 4.9. Nevertheless, both approaches require the reqularity conditions
ug € D(A3?) and f € H'(0,T; H'(Q)) (see also Theorem 3.14), and we emphasize that neither
assumption leads to any additional advantage in the final estimates.

4.3. Numerical studies. The numerical simulations presented in this section are conducted
to validate the theoretical findings established in Theorem 4.11. All computations have been
carried out using the open-source finite element package FEniCS, version 2019.1.0, with Python
3.11.12. The experiments were performed on a Windows 10 machine running Ubuntu 22.04
through the Windows Subsystem for Linux (WSL), configured with a 12th Generation Intel
Core 15 — 1235U processor (1.30 GHz), featuring 10 physical cores and 12 logical threads, and
8GB of RAM.

In this section, our aim is to understand how pumping term affects the solution. Therefore,
first we present the numerical experiment for the equation

8—1: — vAu+ alulP?u = f. (4.29)
Then, using the same initial condition and forcing term, we present the numerical experiment
for the entire system (1.11).

M
u —2 -2
Frie vAu + alulPu — ;_1 Belu|¥*u = f. (4.30)

For all numerical experiments, we employ a Newton solver. To conduct the experiment
corresponding to (4.29), we prescribe a manufactured solution and compute the corresponding
forcing term using FEniCS. The resulting numerical approximation is then used to evaluate the
errors (with respect to the norm defined below) and the corresponding convergence rates. For
the problem (4.30), we use the same forcing term and initial condition as in the experiment for
(4.29). In this case, however, deriving an exact analytical solution for error calculation is not
straightforward. Therefore, we take the numerical solution obtained on a highly refined mesh
(e.g., of size 256 x 256) as a reference solution, denoted by uef, and compute the errors and
convergence rates with respect to uyer.

The error tables below report the computed errors and the observed orders of convergence
for both systems, measured with respect to the following norm:

9 N
[l = b = Hanten) = b 122 + 0 D" ALV @alty) = w3 (431)
k=1
In all of the experiments, we employ the backward Euler method for time discretization
and finite element methods for spatial discretization. The time interval [0, 7] is discretized as
tr = kAt for k =0,1,..., M, where At = % is the time step size, and h denotes the spatial
discretization parameter. We choose At x h, and the rate of convergence is computed by

o Yog(llu —un | / lu — un )
10g(h1/h2)
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Remark 4.13. As demonstrated in Theorem 4.11, the order of convergence in the ||| norm
is O(At + h). Given that we employ the backward Euler method for time discretization (which
is a first-order method), and conforming FEM with piecewise linear elements (P1) for spa-
tial discretization (which is also first-order), the combined method is expected to converge with
first-order accuracy. Therefore, by choosing At o h, the overall scheme exhibits first-order
convergence.

Example 1: As discussed above, we first consider (4.29) by choosing the parameters v = 1, =
1, and p = 5 on the unit square domain Q = (0,1)? over the time interval ¢ € [0,1]. The exact
solution of (4.29) is

e pt) = sin(ra) o - 3)sintrn) (- 3).

for the given forcing term and initial condition

f= % — vAu + a|ulP"%u and uy = sin(rz)(z — 3) sin(ry) (y - %) .
To validate our numerical method, we compute the numerical solution using uniform triangular
meshes of size N x N and time step At = 0.01. The numerical solution is then compared to
the exact solution using the norm defined in (4.31). We also compute the convergence rates.

The computed errors together with the corresponding convergence rates for (4.29) are pre-
sented in Table 2, where the expected rates of convergence are observed. In addition, Figure 1
provides a visual comparison between the exact and numerical solutions for mesh sizes 32 x 32,
64 x 64, and 128 x 128. The first row shows the exact solution, while the second row displays
the corresponding numerical approximations.

Grid Size h |Hu — uhN H| Convergence Rate
4 x4 3.54e-01 | 7.8785e-02 N/A
8 x 8 1.77e-01 | 4.3238e-02 0.87

16 x 16 | 8.84e-02 | 2.2165e-02 0.96

32 x 32 | 4.42e-02 | 1.1153e-02 0.99

64 x 64 | 2.21e-02 | 5.5854e-03 1.00

128 x 128 | 1.10e-02 | 2.7938e-03 1.00

TABLE 2. Computed errors and rates of convergence for (4.29) in CFEM.

o Exact Solution with Mesh (32x32) Exact Solution with Mesh (64x64) Exact Solution with Mesh (128x128)
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FIGURE 1. Exact solution and approximated solution of (4.29) on different grid
sizes.
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Next, we turn to the full system, namely (1.11) (or equivalently (4.30)), with parameters
chosen as M =2, ¢4 = 3, ¢o = 4, p1 = 2, B2 = 4, while keeping all other parameters the same
as before. In this setting, we compute the numerical solution on different mesh sizes. Since an
analytical solution is not available, we take the solution obtained on the refined mesh 256 x 256
as the reference solution, for computing the errors. The corresponding errors and convergence
rates for various mesh sizes are reported in Table 3, where the expected convergence behavior is
observed. Furthermore, Figure 2 illustrates visual comparisons between the reference solution
uref and the numerical solutions on meshes of size 32 x 32, 64 x 64, and 128 x 128.

Grid Size h |||Uref — uhN ||| Convergence Rate
4 x 4 3.54e-01 | 7.884355¢-02 N/A
8 x 8 1.77e-01 | 4.326943e-02 0.87

16 x 16 | 8.84e-02 | 2.218086¢-02 0.96

32 x 32 | 4.42e-02 | 1.116111e-02 0.99

64 x 64 | 2.21e-02 | 5.589469¢-03 1.00

128 x 128 | 1.10e-02 | 2.831218e-03 0.98

TABLE 3. Computed errors and rates of convergence for (4.30) in CFEM.

Reference Solution with Mesh (32x32)
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FIGURE 2. Reference and approximated solution of (4.30) on different grid sizes.

Example 2: In this example, we consider (1.11) with parameters v =1, a =1, M =3, ¢; = 3,
@2="6,q3=9, 31 =25, f2 =2, f3 =3, and p = 11, on the unit cube domain Q = (0,1)? over
the time interval ¢ € [0,1]. We prescribe the exact solution of (1.11) as
u(z,y,z,t) = e~ sin(rx)(z — 0.50) sin(7y)(y — 0.56) sin(rz)(z — 0.48).

To validate the proposed numerical method, we compute the solution using uniform triangular
meshes of size N x N x N with a time step of At = 0.1. The numerical solution is compared with
the exact solution using the norm defined in (4.31). The computed errors and corresponding
convergence rates are presented in Table 4, which clearly demonstrate the optimal order of

convergence. In addition, Figure 3 provides visual comparisons of the exact and numerical
solutions for mesh sizes 15 x 15 x 15, 20 x 20 x 20, and 25 x 25 x 25.

5. NON-CONFORMING FINITE ELEMENT METHOD

The previous section focused on the conforming finite element approximation. While this
approach provides a robust framework with solid theoretical foundations, it can prove restrictive
in practice, especially for problems involving low-regularity solutions, complex geometries, or
irregular meshes. These challenges motivate the development of nonconforming finite element
methods (NCFEM), which offer a more flexible alternative.
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Grid Size h mu — uth Convergence Rate
5x b x5 |3.46e-01 | 1.0531e-02 N/A

10 x 10 x 10 | 1.73e-01 | 5.9324¢-03 0.83

15 x 15 x 15 | 1.15e-01 | 4.0511e-03 0.94

20 x 20 x 20 | 8.66e-02 | 3.0644¢-03 0.97

25 x 25 x 25 | 6.93e-02 | 2.4614e-03 0.98

TABLE 4. Computed errors and rates of convergence for (4.30) in CFEM of 3D
case.

Exact Solution (z = 0.75, 15x15x15) Exact Solution (z = 0.75, 20x20x20) Exact Solution (z = 0.75, 25x25x25)
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FIGURE 3. Exact and approximated solution of (4.30) on different grid sizes in
3D

In contrast to conforming methods, which require the trial and test spaces to be strict sub-
spaces of H&(Q), nonconforming methods permit finite element spaces that need not satisfy
global continuity. Instead, continuity is imposed in a weaker sense, usually across element inter-
faces, thereby relaxing the constraints on the construction of approximation spaces and allowing
the use of elements with only minimal inter-element continuity. This property is particularly
advantageous when dealing with nonlinear PDEs, where the regularity conditions required by
conforming elements may fail to hold.

Specifically, we employ the Crouzeix-Raviart (CR) element, a widely used nonconforming
element based on piecewise linear functions that are continuous only at edge midpoints. This
element combines computational simplicity with the ability to satisfy essential stability and
convergence requirements. Furthermore, it is particularly well-suited for problems involving
nonlinearities and discontinuities, such as those arising from damping, memory effects, or de-
generate diffusion.

In the sections that follow, we develop both the semidiscrete and fully discrete formulations
of (1.11) using NCFEM. We also derive error estimates that highlight the effectiveness of this
method and compare the results with the conforming formulation analyzed previously.

5.1. Semidiscrete non-conforming FEM. In this subsection, we develop the semidiscrete
Galerkin formulation of (1.11) on the NCFEM approach. The domain 2 is subdivided into
regular-shape meshes. These meshes may consist of triangles or rectangles in two dimensions,
or a tetrahedron in three dimensions, and are denoted by 7. The set of edges of the mesh,
including the interior and boundary edges, is represented by &, S;L, and 52, respectively. For
a given mesh 7j,, the spaces C°(T) and H*(7;,) denote the broken function spaces associated
with continuous and differentiable functions, respectively.

The edge shared by two adjacent mesh cells K, and K_ is denoted by F = K, N K_ € 5};.
For a function w € C°(Ty), its traces on E from K, and K_ are denoted by w, and w_,
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respectively. The average and jump operators on edge E are given by

fwh = Jlws +w) and [o] =win, twon,

respectively. Here, ni are the outward unit normals for the respective elements K. When
w € CY(T), the jump in the normal derivative across E is defined by

Hg:ﬂ =V(wy —w-) - ny.

On boundary edges E € &, N IR, we take [w] = winy and {{w}} = wy. The exterior trace of
a function w is denoted by u®, and on the boundary we set u® = 0.

Let P; denote the space of polynomials of degree at most one. The Crouzeix-Raviart (CR)
finite element space is defined by

VR = {v € L*(Q): for all K € Ty; v|x € Py and / [v] =0, E € gh} : (5.1)
E

For every mesh, the broken (piecewise) gradient operator Vj, : H(7;,) — L?(€; R?) is defined
by setting
(Vh'l})‘K = V(U|K), for all K € 7},

Next, we introduce the Clément interpolation operator, following the definition in [18]:

Definition 5.1 (Modified Clément interpolation operator for the linear Crouzeix-Raviart space
[25, Lemma 1.127]). Let Ty be a shape-reqular simplicial triangulation of Q C R%, and let &,
denote the set of all edges (faces if d > 3). The Crouzeiz—Raviart non-conforming finite element

space of piecewise linear functions is denoted by VhCR.
The modified Clément interpolation operator is the linear mapping

1 / . .
— | vdS, FE €§&, interior,
Ch : WP(Q) = VEE (Ch)le =< |E] J

0, E C 99 (boundary edge),

so that Cpv is the unique CR function whose edge averages coincide with those of v on interior
edges and vanish on boundary edges.

For an element K € Ty, let wi denote the patch consisting of all elements sharing at least
one vertex with K. Then C}, satisfies:

(1) Stability. For 1 < p < oo and 0 < m < 1, there exists a constant C > 0, depending
only on the mesh regularity, such that

IChvllwmr ) < Clvllwmeq) for all ve W™P(Q).

(2) Local approximation. For 1 <p < oo, 0 < m < s <2, there exists C > 0, depending
only on the mesh regularity, such that for every element K € Ty,

v = Crvllwmery < Chg ™ [[Vllwsrg) for all v e WP (wg).
(3) Global estimate. Summing over all elements yields
v = Chollwme () < CRT [Jollwsr @),
where || - |lwmr(T;,) denotes the broken Sobolev norm.

With this setup, the semidiscrete weak formulation of (1.11) is described as: for each t €
(0,7), find u§'F € V;°F such that

M
(Oug (), €) + vacr(uf *(£), &) + ajug F ()P 2ug ™ (£),€) = > Be(|ug F(£)|#2uf (1), €)
=1

= (f(1),9),
(UgR(O),f) = (Ohu()?f)a
for all £ € VhCR where acg(u,v) = (Vyu, Viov).

(5.2)
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The discrete energy norm for the CR, approximation is defined as

T
ol g = /0 V0@ s, dt. (5.3)

The stability estimate for the semidiscrete system is proved in the following lemma:

Theorem 5.2. The semidiscrete system (5.2) has a unique solution ugR € VhCR.

Proof. The existence of a solution can be shown using an argument similar to that in [56,
Theorem 3.1]. Let the basis functions in VhCR be denoted by ¢ f(-), for i = 1,2,...,m. Then

ugR can be expressed as
=3 hi®)¢ R (@), (w,1) € Q% [0,7]. (5.4)
i=1
For j =1,2,...,m, we take £ = quR in (5.2) and utilize (5.4) to obtain, for all ¢ € [0, 7],
dH(t)
—= 4+ B(t)H(t) = F
H(0) = H,,
where
H(t) = (h(t), ha(t), o hin(0)T, A= (67, 05 M imxms  F(t) = (F(£), 85 ) mx1,
m p—2
B(t) = (vh(biCRyvh(bj me + < hz iCR(x)a ]CR(x))
i=1 mxXm
p—2

¢CR

—Zﬁz<

The matrix A is symmetric positive definite since (¢$'%, qb]GR) defines an inner product on
ViCE; hence A is invertible. The initial condition H(0) = Hy follows from the discrete initial
condition u§®(x,0) = Chug(zr). Writing both in the basis {¢¢#}™, and using the linear
independence of the basis functions, we obtain h;(0) = (Hy),, that is, H(0) = Hy.

Since the system (5.5) is finite-dimensional and the nonlinear operator is locally Lipschitz
in H, the standard Picard-Lindel6f theorem ([19, Theorem 3.1, p. 12]) that guarantees the
existence and uniqueness of a local solution. Furthermore, energy estimates for the semidiscrete
system ensure that the solution cannot blow up in finite time, so the local solution extends to
a global solution for all ¢ € [0, T]. Hence, there exists a unique solution uhR € VCR to (5.2).

To prove uniqueness, let ugl and uy R be two solutlons of (5.2). By using an argument

analogous to that in Theorem 3.7, we obtain ug]f = uh o that is, the solution is unique. U

6 (a >,¢$R<x>) |

Theorem 5.3 (Energy estimates). (a) If f € L?(0,T; H-Y(Q)) and ug € L*(Q), then the
solution ugR of (5.2) is unique and satisfies the following estimate:
T

T
C C C
sup [uf MO +v [ IV 0 ey ds - [ S0 e
0<t<T 0 0

< fuolfZa + - / VO3 dt + C7TI,

where C* is defined in (3.16).
(b) If f € L*(0,T; L*(Q)) and ug € D(A), then

T
2c
CR CR CR
| 1o @l i+ sup (unvhuh a7, + 22 fuf (thp)
0 0<t<T p

2 T
< VI Vuolls + =l /OHf(t)H%th-
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Proof. The proof can be derived using a similar reasoning to that employed in establishing
Theorem 4.3. (]

We proceed to derive the optimal error estimates for the semidiscrete case under minimal
regularity assumptions and for the values of p given in Table 1.

Theorem 5.4. Let V,°F be the space defined in (5.1). Assume that ug € D(A) and u(-) is the
solution of problem (1.11). Then ugR, the solution of (5.2), satisfies the following estimate:
(a) For f € HY(0,T,L*(Q)) and 2 < p < 2L

[Jup, ™ — UH%OO(O,T;LQ) +v \HUSR - UH‘CR + ﬁ”“g}% o u”iP(O,T;LT’)

T
< ChQ{HUH%m(QT;Hé) + HUH%OO(O,T;HQ) + /0 H(?tu(t)H?{& dt + Hquoo(oj;Hz)

T
- (Huoly + 1oy + Wl i) [ N

for some positive constant C.
(b)For f € HY(0,T; H'(Q)) and 2d S <p< 2d-6;
i) if 2 <qy <1+ %, the following estzmate holds.'
2

i, ™ = ullFoo o2y + v [Juh = ulll g + WHUSR — ullLeoziLr)

T
< 0h2<||u|\iw(0,T;H3)+Hullim(07T;H2)+ ||u||zj:oo(0,T;H2)+/0 [u(t) |2 dt

T T
s [ty e+ [l g )
0 0 0 D(%)

(ii) if 1+ £ < qo < p, the following estimate holds:
2 CR & . CR
[y, ™ — u||L°°(0,T;L2) +v m“h - UH‘CR + WHU’Z - UHIZP(O,T;LP)

T
< chz{uuuiwmw) - lullo o sty + Nl oy + /0 0ru(t)]13 dt

T ) p(ap—3)+2 T )
p—1
I TR ey A TCT AP

Proof. By an application of the triangle inequality, we have the following:

™ =l o < Nui™ = Wl + W = ullcp-
Note that [|W — u|l g < Chl|u| g2 follows from the result

|u =Wl ggy < weH\gCR lw = wll g1y

from Definition 5.1. Also, we have [|[W —ull}, < Ch?||ul|%,. (sce (4.14)). So, our aim to prove
the estimate for H|ugR — W‘H cp- Using the regularity result (see Theorem 3.12), the following
holds for a.e. t € [0,T7:

M
(Dru(t),€) + vacr(u(t), &) + a(fu®Pu(®),) — 3 Bellu(t)|*>u(t),€)
(=1

+ Y / Quls) ¢ g (5.6)

KeTy

for all £ € V;F. So from (5.2) and (5.6), we infer
(Be(uf, (1) — u(1)), €) + vacr (ug (t) — ult), €) + alug F(@)Fuf () — [ult) P~ *u(?), €)
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M
CR(4\1q0—2, CRp\ _ qe=2,,
+ 30 Blla OO~ ) X | v 5eas,

for a.e. t € [0,7). Rearranging the equation by taking u$'® —u = u{'® — W + W — u, we obtain
(@e(ug, H (1) = W (1)), &) + vaor(ug (1) — W(t),€) + CJé(lu(’YR(lf)\p_2 CR(L‘) — WP (#),€)

— (W (t) = u(t)),€) — vacr(W(t) — -2 /K

KeTy

—a(IW(t)Ip_QW(t)—IU(t)I”_QU(t),ﬁ)JrZﬁe(I B T () — W)W (), €)
/=1

Onp 5 s

M
+ ) BIW D12 W () = Ju(t)]*?u(t), £),
{=1

for a.e. t € [0,7]. Let us choose & = u$® — W in the above equation to find for a.e. ¢t € [0,7]
that

L L)~ WO + VI THWE R0~ W) ey + 1 = ZJ— > [ oo

KeTy

O f ds,

where
Ji = alfug TP 2ul = [WPPW ™ = W), Jo = —(8(W = u), ui ™ = W),
J3 = —vacr(W —u,u® — W), Jy = —a(|[W|P2W — [u|P~2u,ul® — W),

M
Js = Be(lug ™| 2uf T — [WI2W, 0 — W),

M
Jo =D Be(IWIHT2W — Ju|®2u, ufl ™ — W),
(=1
The terms J; and Js can be estimated using calculations analogous to those in the proof of
Theorem 4.4, yielding
@ p—2 @ p—2
1] = §\HUER! 7 (uf = W) 72 + SIWl= (uf ™ = W) 7,
« p=2 Q p—2
| J5] < ZH!UER! = (uf = W)IFe + 21wl (ui = W)72 + 2C|lu™ = W 7.

Also, we use the fact that (see (2.3) )

«
Sl ™= = (uf R - )HL2+*H!W! TR - WP > R - W,

_2171

Combining these estimates, we get

)~ W3 + VI Vu )~ WO o) + gy I (0) ~ W
u(s)

oK 3”}(

<o+ T3+ Ju+ Jo - Z/
KeTh,

€dS + 20, ||u (1) — W (1)), (5.7)

for a.e. t € |0, T]

(a) For 2 < p < %: Estimating Jo, J3,Jy and Jg by the same calculations as in the proof of
Theorem 4.4, we obtaln

1 1
ol < S0V = )2 + Sl = W2,

14
[J3| < 2 Va(W = )l L2 + IVRE™ = W)Ea (),
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a2(p—1)222p_5 2(p—2 2(p—2
AW 4 322 W = ul3s,

14
| Ja| < Zth(UgR = W)llT2¢y +

14
| J6| < Z”Vh(ugR = W)llZ2(7)

2 —2 2 -2
(WISl 52N W = ul| .

M
M|Be|*(qe — 1)%2%47°
> ,,
(=1
Consequently, we may apply the estimate from [8, Section 10.3], which gives
1/2

ou
> [ vgrcas| <0 X viklulegn | IVAGER@) - WO e,
KeT, V0K K KET;,

ou v
> | vo—¢ds| < 20( > uh%(wnzm) + VR (ug () = W27
KeT, /aK 671]( KeT, 8 h

By combining all these estimates, applying arguments similar to those in Theorem 4.4, and
using Definition 5.1, we obtain the desired error estimate. Note that, as in Theorem 4.4, it is
necessary to consider separate cases and perform analogous calculations for all terms. For the
sake of brevity and to avoid repetition, we omit the detailed steps here. O

5.2. Fully-discrete non-conforming FEM. In this section, we introduce a fully-discrete
non-conforming finite element scheme. We partition the time interval [0, 7] into 0 = ¢y < t1 <
to < -+ < ty = T with uniform time stepping At, that is, ty = kAt. We replace the time
derivative with a backward Euler discretization. We dfin(l)te C as a generic constant which is
independent of h and At. Also note that atug,ﬁ ~ uﬁ—Tuth (where for simplicity we are taking
(u§®)k = uf). The fully-discrete non-conforming Galerkin approximation of the problem (3.1)
is defined in the following way:
Find uf € VCE for k=1,2,..., N, such that for £ € V%

ko k-1 M
(“h <" ,5) + v(Vauf, V) + aluf P2, €) = 3 BulJuf|2uf, &) = (/%,€),
(=1

(U?L(ml)?g) = (ChU()(l'i),g),
where fF = (At)™! tif,l f(s)ds for f € L?(0,T;L*(f)), and ) is the approximation of ug in

VhCR. We then define a generic non-conforming finite element approximate solution ukc,f% by

(5.8)

At

The discrete bilinear form is given by acgr(u,v) = (Vyu, Viv), and the discrete energy norm is
defined as

t—tp_
ugff%’[tkfl,tk] = ’U’Z_l + < i 1)(/“]}3 - ul;i_l)7 1 S k S N7 fOI' te [tkfhtk]' (59)

N

k k
lup &g == A IVauglFer)-
k=1

Lemma 5.5. Let us define the set {f*}¥_, by f& = (At)~! Lik_l f(s)ds. If the external forcing
f € L*0,T; L)), then we have

N N th
ALY M7 < ClIfIZ2 02y and Z/ /5 = f(®)|I72dt — 0, At — 0.
k=1 k=1"tk-1

Further, if f € H(0,T; L*(Q)) for some € € [0,1], then

N e
3 / £ = F(0) 22t < COADNS o0 260
k=1"7tk—1
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Proof. The proof of this lemma follows the same arguments as [34, Lemma 3.2] and is therefore
omitted. i

Lemma 5.6 (stability). Assume f € L*(0,T; L*(Q)) and ug € L*(2). Let {uf}_ | C V,OF be
defined by (5.1). Then

2
o]l < oI Zs0ian + ol + 207190, (5.10)
where C* is defined in (3.16).
Proof. Taking £ = u’,fL in (5.2), we get
_ 1
sl — s ™2 + 5k — ™ oV gy +

ko k k
<(f 7uh>+§ Bellug | Far -
=1

Applying (3.15) along with Cauchy’s, Poincaré’s, and Young’s inequalities, we obtain

Lo k2 9 1 "
TAtHuhHLQ - 2At” "3+ 2At”“h —ub 3, 4+ V|| Vauf]3s (Ti) 5”“}1”%1?

Co k2 k2 *
< EHf 172 +§”vhuh“L2(7’h)+C |€2].

Using the positivity of the third and fifth terms of the left-hand side, we see that

ol — el e+ vV ey < 207 e + 267,
Summing over k for £k =1,2,3,..., N, we have
L N2 L2 > k2 Cq k .
il = gl 3 19kl < Atm; 7122 +2C719.

Lemma 5.5 implies that
N

||Uh 172 + VZ thuhHLZ(Th) AtHfHL? 0,T;L?)
k=1

—

+ s lufl3s + 207,

Since,||u? ||z < |luo||z2, we further conclude

N

C

k Q %

v S AUV sy < 210 0,1y + 60135 + 207102,
k=1

so that the proof is completed. O

Proposition 5.7. For all values of p given in (1. 15) if up € D(A%) fe HY 0, T; HY(Q)), and
CR be the semidiscrete solution of (5.2) and u$;f* be the generic fully-discrete solution (5.8).
Then

T
2
iy ™ — UkR”LOO(OTL?) + V/o H‘UgR(t) - Ukcfﬁ(t)mcR di
< c(At) (HUOHQD(Ag) + 1z o,y + €

where C' is the same as (4.26) by replacing up, by uCR.

Proof. The proof of this lemma can be carried out in the same manner as that of Lemma
4.10. O
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Theorem 5.8. For all values of p given in (1.15), if ug € D(A%) and f € HY(0,T; HY(2)), the
non-conforming finite element approximation ukc,f% converges to u as At,h — 0. In addition,
there exists a constant C > 0 such that the approximation ukc,f% satisfies the following error

estimates:
T
o= o v [ lutt) = oG

< C((A)? + ) (I 1 .00y + HUOH;(A%) +o,

where C' is same as (4.26) by replacing uyp, by ugR.
Proof. The proof of this theorem is similar to that of Theorem 4.11 and is therefore omitted to
avoid repetition. O

5.3. Numerical studies. In this section, we present a numerical example using the Crouzeix-
Raviart (CR) finite element method. The error table below reports the error estimates and
observed convergence rates for problems (4.29) and (4.30) with parameters a« = 1, v = 1,
M=2 ¢ =3,qg=4,5 =1, =3, and p=>5 on the unit square domain Q = (0,1)? over
the time interval ¢ € [0, 1], measured in the following norm:

2

2
. B _ L Nj2 —uf
H‘uk B uthc = lun(tn) — up I72¢) + v muh(tk) uh‘HCR'

In this example, the exact solution of (4.29) is
u(z,y,t) = (t — t2 4 1) cos(mz) cos(my)y(1 — y)z(1 — z),
for the forcing term and initial condition
f = 0w — Au+ |ulPu, and ug = cos(mz) cos(my)y(1 — y)z(1 — z).

To validate the numerical method, we compute the solution on uniform triangular meshes of
size N x N with a time step of At = 0.01.

First, Table 5 presents the errors and observed convergence rates for different grid sizes for
problem (4.29), showing that the method achieves the expected convergence rates. We also
provide visual comparisons between the exact and numerical solutions for mesh sizes 16 x 16,

32 x 32, and 64 x 64 in Figure 4. From these visualizations, it is evident that the numerical
solution closely approximates the exact solution, particularly on finer meshes.

Grid Size h Hlu — ugp‘”l Convergence Rate
4 x4 3.54e-01 | 1.7225e-02 N/A
8% 8 1.77e-01 | 7.2360e-03 1.25
16 x 16 | 8.84e-02 | 3.4279¢-03 1.08
32 x 32 | 4.42e-02 | 1.6898e-03 1.02
64 x 64 | 2.21e-02 | 8.4191e-04 1.01

TABLE 5. Computed errors and rates of convergence for (4.29) in NCFEM.

Next, Table 6 presents the computed errors and corresponding convergence rates for problem
(4.30), using the solution on a 256 x 256 mesh as the reference. The expected rates of convergence
are clearly observed. Additionally, Figure 5 provides visual comparisons between the reference
solution and numerical solutions on mesh sizes 16 x 16, 32 x 32, and 64 x 64.

6. DISCONTINUOUS GALERKIN METHOD

The Discontinuous Galerkin (DG) method is a finite element approach in which the trial and
test functions are permitted to be discontinuous across element boundaries. Unlike conforming
methods, which enforce continuity, or nonconforming methods, which impose it weakly, DG does
not require continuity between elements. Instead, inter-element interaction is managed through
numerical fluxes and penalty terms, which ensure stability and consistency in a weak sense. DG
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Exact Solution with Mesh (16x16)

Exact Solution with Mesh (32x32) Exact Solution with Mesh (64x64)
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FIGURE 4. Exact and approximated solution of (4.29) on different grid sizes.

Grid Size h |||ure ;= u%Rm Convergence Rate
4 x4 3.54e-01 | 1.722952e-02 N/A
8 x 8 1.77e-01 | 7.236985e-03 1.25
16 x 16 | 8.84e-02 | 3.431414e-03 1.08
32 x 32 | 4.42e-02 | 1.692934e-03 1.02
64 x 64 | 2.21e-02 | 8.535687e-04 0.99

TABLE 6. Computed errors and rates of convergence for (4.30) in NCFEM.

Reference Solution with Mesh (16x16) Reference Solution with Mesh (32x32) Reference Solution with Mesh (64x64)
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FIGURE 5. Reference and approximated solution of (4.30) on different grid sizes.

methods are highly flexible, locally conservative, and well-suited for complex geometries as well
as adaptive mesh refinement.

We define the discrete space for DG formulation as
ViPY ={ve L*(Q)| forall K € T, : v|x € Pi(K)}, (6.1)

where P;(K) denotes the space of linear polynomials.

6.1. Semidiscrete discontinuous Galerkin FEM. We begin by defining the projection op-
erator employed in the DG method.

Definition 6.1 (Elementwise L2-projection onto discontinuous spaces [25, Section 1.6]). Let Tj,
be a partition of Q into elements K, and let P,(K) denote the polynomials of degree 1 on K.
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Define the operator
T L2(Q) = V,PC,
by requiring, for each K € Ty,

/(W,llv—v)qdmzo for all q € Pi(K).
K

In other words, W}Lle is the local L*-projection of v|x onto Pi(K).
Moreover, there exists a constant C' > 0, independent of h, such that for all integers 0 <1 < 2,
for all 1 < p < oo, and for all v € W'P(Q), the following approzimation estimate is satisfied:

lo = Tyl o) < C bl Jolwin(a-

Remark 6.2. The above estimate holds without assuming strong shape-reqularity of the mesh.
The operator TF}lL is the natural projection onto discontinuous finite element spaces, and it is
particularly useful in discontinuous Galerkin methods, e.g., for projecting initial data and in
error analysis.

We define the semidiscrete formulation of (1.11) as follows: Find u?%(t) € V;PY for t € [0, T]
such that

(D€ (), X) + vape (uf 9 (1), x) + alluf® ()P 2uf (1), x) = oLy Be(luf (1)|%2ufC (1), x)
= (f(1),x);
)

(6.2)
for all x € ;P where

apa(u.0) = (Vi V) = 3 [ @0l ds— Y [ (vpldds+ 3 [ nlullelas

Ecéy Ecé&y, Ecé&y,

Here v, = % The length of the edge F is represented by the parameter hg. In order to guarantee the
stability of the formulation, the penalty parameter v is selected to be sufficiently large. The following
discrete norm is used for further error analysis:

ol = Y IVaoliamy + D wllllie(s)-

KeTh Eeé&y
Note that apg can be bounded as ([4, Section 2]):

lapc(u,v)| < (14 7) [lull pe 0]l pe - (6.3)
Lemma 6.3 (Coercivity). For any v € VhDG, the bilinear form apg is coercive, that is,

2
apc(v,v) = aq [vllpe (6.4)

for a positive constant aq > 0.
Proof. The proof of coercitivity of apg(-,-) follows directly from [4, section 3]. O

Theorem 6.4 (Existence and energy estimates). (a) If f € L*(0,T; H=*(Q)) and ug € L*(Q2), then the
solution u}?G of (6.2) is unique and satisfies the following estimate:

T
s [0+ [ PO o [ 150l a

0<t<T

< JulZe + 2 /Hﬂﬂ%4ﬁ+CTML

where C* is defined in (3.16).
(b)If f € L*(0,T; L*(2)) and ug € D(A), then

T
2 2
/ 100wy (t)]|72 dt + sup (V!thfG(tHHDGJrIuhDG(t)ll’ip>
0 0<t<T p

20 T
< vVaolts + ol + [ 1£)1E at

Proof. The proof of this theorem follows directly from arguments similar to those in Theorem 4.3. O
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Theorem 6.5. Let V;P be the space as defined in (6.1). Assume that ug € D(A), and u(-) is the
solution of (1.11). Then the uP%, the solution of (6.2) satisfies the following estimate:
(a) For f € H'(0,T,L%(Q)) and 2 < p < 2L

T
2 o
lu?® =l 2o 0,7 2) + V/O [ ®) = ullpg dt + 5=z lur™ =l o 7.0y
T
< ChZ{”“”iw(o,T;Hé) + ”uH%N(O,T;H?) +/ ||8tu(t)H§13 dt + ||U||poc(0,T;H2)
0

T
(HUOHD(A) + Hf”Hl(O T;12) T ”uHLoc(o T; Lp))/o ||u(t)||%12 dt}a

for some positive constant C.

(b)For f € H'(0,T; H'(Q)) and 2% < p < 20=5.;

(i) if 2 < qo < 1+ &, the following estzmate holds:

T
2 «
P = ez +v [ RSO = u®llg dt+ gl =l nm

T
< Cn? (IIUIIiw(o,T;H@ e ooty + Nl oy + / ()] dt

T T
2 2
# [ ol e [, @),

(ii) if 1+ 5 < qo < p, the following estimate holds:

T
||U}?G - U”QLw(o,T;L?) + V/o ’”U}?G(t) - U(t)mDG dt + 2p 5 ||U u||L,, 0,T;LP)
T
2 2 2 2
< Ch {nuan(O,T;H@ e all e o2y + Wl oy + / ()| dt

T ) p(ap—3)+2 T )
p—1
+/O IIu(t)llde||u||Loo(0,T;H2)/0 ||u()|D(A2)dt},

where C' > 0.
Proof. An application of the triangle inequality yields

[lur® < Juk® =Wl e +IW = ullpg »

—ullpe
where W = m}u. Given that |W — u|| 5o < Chlu|g2 (see [4, Section 3]), we are thus led to estimating
H’uhDG — WWDG. Using the regularity result (see Theorem 3.12), the following holds for a.e. ¢ € [0, T:

(Qru(t), x) + vape(u(t), x) + a(ju(t) P u(t Zﬂe [u(t)|~2ult), x) = (£(£),X), (6.5)

for all y € V;P¢. Therefore, from (6.2) and (6.5), we get
(01 (uy (1) = u(t), x) + VaDG(U;?G(t) = u(t),x) + alluy® OF a9 () = [u(t)["~?u(t), )

—ZB@ Jur @ ()22 (8) — ()|~ 2ult), x),

for a.e. t € [0,T]. Rearranging the equation by taking uP% — u = uP?% — W + W — u, we obtain
(0(ug % (8) = W (1)), x) + vape (ug ¢ (t) = W(t), x) + a(lug ()P ug % (&) — [W(@)[P>W (1), x)
—(0:(W(t) — u(t), x) — vapa(W(t) — u(t), x) — 04(|W(t)|p_2W(t) = [u(®)[P~?u(t), x)

M
+ > Belup G (@) 2uf (1) — W ()| “ W () +Zﬁz (W@ 2W(t) = u(®)|u(t), X)-
{=1

=1
Taking x = uP% — W and using (6.4), we arrive at

1d
5 P S ®) = WO + vao [ufS @) = WO

+alluy @ @OFuy(8) = W (P2 W(t),uy % (t) = W (1))
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—(0:(W (1) = u(t), uy“ (t) = W (1)) = vape(W () — u(t),uy (t) — W (#))
- a(IW(t)I”*QW(t) = [u()[P"Pu(t), uy ¢ (t) = W(t))

+Zﬂz (Jur ()19 2uy  (8) — [W ()| W (2), uy“ () = W (1))

+ Z Be(IW ()] 72W (1) — Ju(®)|"~ult), u (t) = W (1)),

for a.e. ¢t € [0,T]. Hence, by applying (6.3) and proceeding with calculations analogous to those in
Theorem 5.4, we obtain the desired estimate. O

6.2. Fully-discrete discontinuous Galerkin FEM. The fully discrete weak formulation of (1.11) is
given as follows: Find (uP%)* = uf € V,P%(for simplicity of notation we have taken (uP%)* = u¥), such
that

uk: o uk—l - M
<hAth7X +U(LDG(’LL27X)+OZ(‘UZ|I) QU];:NX)_ZﬂZ(‘ukPZ 2 kaX) (fkaX)7 (6 6)
=1 ’
(up (i), x) = (mhuo(wi), X),
for i = 1,2,..., N and where f* = (At)~ f ~ f(s)ds for f € L2(0,T; L*(2)), and uY is the approxi-
mation of ug in VDG.
We then deﬁne DG approximated solution wuy), DG Ty

t— 1
iy Nt i) = 0+ (A:1> (up —uph), 1<k<N for te[ty1,ty]. (6.7)
The error estimates for the fully discrete case are discussed in the following results:

Lemma 6.6. For all the values of p given in (1.15), if ug € D(A%) and f € H'(0,T; H'(2)), let uPC
be the semidiscrete solution (6.2) and ubC be the generic fully-discrete solution (6.7). Then

T
I4f = b o riny + [ a0 = b Ol
(A2 (ol g, + £ o ziaey + €

where C’ is same as (4.26) by replacing uy, by uP<.

Proof. The proof of this lemma proceeds in the same manner as that of Lemma 4.10. O

Theorem 6.7. For all values of p given in (1.15), if ug € D(A) and f € H*(0,T; L*(S2)), the discontin-

uwous Galerkin finite element approximation uthG converges to u as At,h — 0. In addition, there exists

a constant C' > 0 such that the approzimation ub satisfies the following error estimate:

T
llu — gy ||L°C(OTL2)+V/O |||“( — g ( |||DG dt

< O+ Kol g, + 1 o sy + ')

where C' is same as (4.26) by replacing up by uPC.
Proof. The proof of this theorem can be carried out in the same manner as that of Theorem 4.11. [
6.3. Numerical studies. In this section, we consider an example solved using the DG finite element
method. The error table below reports the error estimates and observed convergence rates for problems
(4.29) and (4.30), with parameters a =1, v =1, M =2,¢1 =3,q2 =4, f1 =1, o =3, and p =5, on
the unit square domain Q = (0, 1)? over the time interval ¢ € [0, 1], measured in the following norm:
2 2
lur = ui||” = llun(tn) = up 12200y + vAE [Jun(te) = ui || he -
In this example, let the exact solution of (4.29) to be
u(x,y,t) = (cos(t) + 1) sin(37z) cos(2my)y(1l — y).

for the forcing term f = dyu— Au+ |u[3u,. To validate our numerical method, we compute the numerical
solution using uniform triangular meshes of size N x N and time step At = 0.01.
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First, we present the error values together with the observed rates of convergence for different mesh
sizes for problem (4.29) in Table 7. Furthermore, Figure 6 provides visual comparisons between the exact
and numerical solutions for mesh sizes 16 x 16, 32 x 32, and 64 x 64.

Grid Size h |||u — u,[l) G ||| Convergence Rate
4x4 3.54e-01 | 1.0407e+00 N/A
8 x 8 1.77e-01 | 5.8507e-01 0.83
16 x 16 | 8.84e-02 | 2.7907e-01 1.07
32 x 32 | 4.42e-02 | 1.3394e-01 1.06
64 x 64 | 2.21e-02 | 6.5800e-02 1.03

TABLE 7. Computed errors and rates of convergence for (4.29) in DGFEM.

Exact Solution with Mesh (16x16) Exact Solution with Mesh (32x32)

Exact Solution with Mesh (64x64)

with Mesh (32x32)

h Mesh (16x16)

Numerical Solution

s

s

FIGURE 6. Exact and approximated solution of (4.29) on different grid sizes.

Next, we compute and present the errors along with the corresponding rates of convergence for (4.30)
in Table 8, using the solution on a 256 x 256 mesh as the reference for error computation. Visual
comparisons between the reference solution and the numerical solutions for mesh sizes 16 x 16, 32 x 32,
and 64 x 64 are shown in Figure 7.

Grid Size h |||ure ;= uf (’||| Convergence Rate
4x4 3.54e-01 | 1.045534e+00 N/A
8 x 8 1.77e-01 | 5.883905e-01 0.83
16 x 16 | 8.84e-02 | 2.806583e-01 1.07
32 x 32 | 4.42¢-02 | 1.346609¢e-01 1.06
64 x 64 | 2.21e-02 | 6.613109e-02 1.03

TABLE 8. Computed errors and rates of convergence for (4.30) in DGFEM.

7. COMPARISON AND CONCLUSION

7.1. Fundamental differences between methods. In this subsection, we provide a brief overview
of the principal theoretical differences among conforming, non-conforming, and discontinuous Galerkin
(DG) finite element methods. These distinctions mainly stem from the selection of discrete function
spaces, the continuity requirements across element interfaces, and the corresponding variational formu-
lations.

Conforming Finite Element Methods (CFEM): Conforming methods employ approximation
spaces Vj, C H'(Q), consisting of globally continuous functions with square-integrable derivatives. Basis
functions are continuous across element boundaries, ensuring that integration by parts can be carried
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rence Solution with Mesh (16x16) Reference Solution with Mesh (32x32) Reference Solution with Mesh (64x64)

FIGURE 7. Reference and approximated solution of (4.30) on different grid sizes.

out over the entire domain without additional interface terms. This strong continuity leads to a simpler
formulation and fewer degrees-of-freedom (DOFs) compared to DG methods of the same polynomial
order, and the convergence theory is well established. However, the requirement of global continuity
restricts the choice of approximation spaces and demands mesh conformity.

Non-Conforming Finite Element Methods (NCFEM) Non-conforming methods employ ap-
proximation spaces that are not strict subsets of H'(f) but satisfy certain weak continuity conditions.
A notable example is the Crouzeix-Raviart (CR) element, where continuity is enforced only at edge
midpoints rather than along the entire interface. In such methods, integration by parts is performed
elementwise, and interface terms may vanish only under specific weak continuity constraints. These
methods offer greater flexibility than conforming methods, particularly for problems with discontinuous
coefficients, but the analysis is more complex and error estimates often require the use of broken Sobolev
norms.

Discontinuous Galerkin Methods (DG) DG methods use fully discontinuous polynomial spaces
Vi, € L%*(Q) without any interelement continuity constraints. Continuity is, instead, enforced weakly
through numerical fluxes and penalty terms. The variational formulation is constructed element-wise,
and integration by parts produces explicit interface terms involving jumps and averages of the solution
and its fluxes. DG methods are highly flexible, allowing non-matching meshes and local hp-refinement,
and are locally conservative, making them attractive for convection-dominated problems. However, they
introduce more degrees of freedom than conforming methods for the same polynomial order, increase
computational cost, and require careful choice of penalty parameters for stability.

In summary, the discrete spaces satisfy the inclusion

Vbe O Vncrem O Verew,

where each relaxation of continuity increases flexibility but also changes the structure of the variational
formulation and typically increases the number of degrees of freedom.

7.2. Numerical studies. In this section, we consider the Allen-Cahn equation solved using conforming,
nonconforming, and discontinuous Galerkin methods, each measured under its respective norm. The table
below reports the error estimates and observed convergence orders for problem (1.11), with parameters
v=1,a=1,M=1,p=1,q =2,p=4, and v = 10, on the unit square domain = (0,1)? over the
time interval ¢ € [0, 1].

Let us assume the exact solution to be

u(z,y,t) = exp(—t) sin(27x) sin(37y).

Table 9 presents the errors and observed convergence rates for different grid sizes, with At = 0.01. The
expected convergence rates are clearly observed for all three methods.

7.3. Conclusion. In this study, we established the well-posedness of (1.11) and derived corresponding
regularity results. Subsequently, we developed a priori error estimates for conforming, nonconforming,
and symmetric interior penalty discontinuous Galerkin (DG) methods, demonstrating that all three
schemes attain optimal convergence rates in mesh-dependent norms. Numerical experiments conducted
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Method | Grid Size h IHu — u]flm Convergence Rate
4x4 3.54e-01 | 2.8717e+00 N/A
8 x 8 1.77e-01 | 1.6973e+4-00 0.76
16 x 16 | 8.84e-02 | 8.8968e-01 0.93
CFEM 32 x 32 | 4.42e-02 | 4.5029¢-01 0.98
64 x 64 | 2.21e-02 | 2.2584e-01 1.00
128 x 128 | 1.10e-02 | 1.1301e-01 1.00
4 x4 3.54e-01 | 9.7766e-01 N/A
8 x 8 1.77e-01 | 4.7234e-01 1.05
16 x 16 | 8.84e-02 | 2.3590e-01 1.00
NCFEM 32 x 32 | 4.42e-02 | 1.1800e-01 1.00
64 x 64 | 2.21e-02 | 5.9006e-02 1.00
128 x 128 | 1.10e-02 | 2.9504e-02 1.00
4x4 3.54e-01 | 1.9102e+00 N/A
8 x 8 1.77e-01 | 1.0189e+4-00 0.91
16 x 16 | 8.84e-02 | 4.8240e-01 1.08
DGFEM 32 x 32 | 4.42e-02 | 2.3203e-01 1.06
64 x 64 | 2.21e-02 | 1.1405e-01 1.02
128 x 128 | 1.10e-02 | 5.6621e-02 1.01

TABLE 9. Computed errors and rates of convergence for (4.30) on different grid
sizes and methods.

using FEniCS verified the theoretical convergence behavior and confirmed the stability of the computed
solutions. The comparative assessment of the three discretizations provided valuable insights into how
method-specific stability mechanisms interact with monotone nonlinearities in parabolic problems. Fu-
ture work will aim to extend these findings by deriving a posteriori error estimates.
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