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Abstract. We study the following nonlinear heat equation with damping and pumping effects
(a reaction-diffusion equation) posed on a bounded simply connected convex domain Ω ⊂ Rd,
d ≥ 1 with Lipschitz boundary ∂Ω:

∂u(t)

∂t
− ν∆u(t) + α|u(t)|p−2u(t)−

M∑
ℓ=1

βℓ|u(t)|qℓ−2u(t) = f(t), t > 0,

subject to homogeneous Dirichlet boundary conditions and the initial condition u(0) = u0,
where 2 ≤ p < ∞ and 2 ≤ qℓ < p for 1 ≤ ℓ ≤ M . For u0 ∈ L2(Ω) and f ∈ L2(0, T ;H−1(Ω)), we
establish the existence and uniqueness of a weak solution for all dimensions d ∈ N and damping
exponents 2 ≤ p < ∞. Furthermore, for u0 ∈ H2(Ω) ∩ H1

0 (Ω) and f ∈ H1(0, T ;H1(Ω)), we
obtain regularity results: these hold for every 2 ≤ p < ∞ when 1 ≤ d ≤ 4, and for 2 ≤ p ≤ 2d−6

d−4

when d ≥ 5. The proof relies on a modified Faedo-Galerkin approximation scheme. To control
the initial data in the Lp(Ω)-norm, we introduce a new self-adjoint operator, which plays a key
role in the analysis. For every 2 ≤ p < ∞ when 1 ≤ d ≤ 4, and for 2 ≤ p ≤ 2d−6

d−4
when d ≥ 5, we

perform a finite element analysis of the model using conforming, nonconforming, and discontin-
uous Galerkin methods. We establish a priori error estimates for both semi-discrete and fully
discrete schemes, and support our theoretical findings with numerical experiments. To relax
the restriction on p in the semidiscrete error analysis, we employ different projection or interpo-
lation operators depending on the underlying finite element setting. Specifically, for u0 ∈ D(A)
and f ∈ H1(0, T ;H1(Ω)), the Ritz (elliptic) projection is used in the conforming case when
2 ≤ p ≤ 2d

d−2
, while the Scott–Zhang interpolation is adopted for the range 2d

d−2
< p ≤ 2d−6

d−4
. In

the nonconforming formulation, the Clément interpolation operator is utilized, whereas in the
discontinuous Galerkin setting, the L2-projection onto the fully discontinuous finite element
space is employed. Meanwhile, in the fully discrete framework, the error estimate is established
for all 2 ≤ p < ∞ when 1 ≤ d ≤ 4, and for 2 ≤ p ≤ 2d−6

d−4
when d ≥ 5, under the regular-

ity assumptions u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)). The unified framework developed in

this work captures a wide class of physically relevant models, including the diffusion equation
with radioactive decay, the Allen-Cahn and real Ginzburg-Landau equations, the cubic-quintic
Allen-Cahn equation, the scalar Nagumo (or Huxley) equation, the Newell-Whitehead-Segel
equation, the Zeldovich equation, among others.
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1. Introduction

Nonlinear partial differential equations with polynomial nonlinearities are fundamental in
modeling phase transitions, pattern formation, and interfacial dynamics across physics, chem-
istry, and biology. Among them, several well-known reaction-diffusion models have been exten-
sively studied in the literature. We refer [29, Chapter 6] for analysis of such reaction-diffusion
equations. Within our unified framework, we highlight several prototypical reaction-diffusion
models of fundamental importance, which are listed below.

1.1. Diffusion equation with radioactive decay. Diffusion with radioactive decay (or a heat
equation with cooling term) can be modeled using a reaction-diffusion equation that combines
two key processes, spatial spreading and exponential decay. If Ω ⊂ Rd, d ≥ 1 is a bounded
Lipschitz domain, and if u(x, t) denotes the concentration of a radioactive substance at position
x and time t, the governing equation is ([50])

∂u

∂t
= ν∆u− λu, x ∈ Ω, t > 0,

where ν > 0 is the diffusion coefficient and λ > 0 is the decay rate. The diffusion term
describes how particles spread out in space due to random motion, while the decay term models
the natural disintegration of the substance at each point. The solution on the whole space
shows that the concentration is given by the usual heat kernel, scaled by the exponential decay
factor e−λt. This solution reveals that the spatial distribution of particles follows a spreading
Gaussian profile over time, while the total number of radioactive atoms decreases exponentially
according to their characteristic half-life. Physically, this means the substance both disperses
and diminishes in magnitude over time. In closed systems with no flux across the boundary,
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the total mass decreases exponentially at rate λ, reflecting the inherent radioactive decay, while
diffusion influences how the remaining mass redistributes in space before vanishing.

1.2. The Allen-Cahn equation and real Ginzburg-Landau equation. The Allen-Cahn
equation and real Ginzburg-Landau equation are fundamental models in nonlinear science,
describing pattern formation and phase separation, respectively. While both are gradient flows
of free-energy functionals, they differ in their mathematical structure, physical interpretations,
and applications. The Allen-Cahn equation was introduced in [2] to describe the motion of
anti-phase boundaries in crystalline solids. If Ω ⊂ Rd, d ≥ 1 is a bounded Lipschitz domain,
then the Allen-Cahn equation reads

∂u

∂t
= ν∆u− f(u), x ∈ Ω, t > 0, (1.1)

where ν > 0 is the diffusion constant and f(u) is derived from a potential F (u). The classical
choice is the double-well potential

F (u) = 1
4(u

2 − 1)2, f(u) = F ′(u) = u3 − u. (1.2)

The Allen-Cahn equation is the L2-gradient flow of the Ginzburg-Landau free energy functional

E [u] =
∫
Ω

(ν
2
|∇u(x)|2 + F (u(x))

)
dx. (1.3)

This yields energy dissipation

d

dt
E(u(t)) = −

∥∥∥∥du(t)dt

∥∥∥∥2
L2

≤ 0,

reflecting relaxation toward stable equilibria. The Allen-Cahn equation arises in phase sepa-
ration and coarsening in alloys and binary mixtures, motion of interfaces by mean curvature,
mathematical analysis of metastability and singular limits (as ν → 0, solutions converge to
sharp interfaces moving by mean curvature, [32]), etc.

The Ginzburg-Landau equation arises in bifurcation theory and pattern formation as a uni-
versal amplitude equation near critical instabilities. Its real form is

∂ψ

∂t
= ν∆ψ + γψ − βψ3, ψ(x, t) ∈ R, (1.4)

where ν > 0 is the diffusion coefficient, γ ∈ R is a bifurcation parameter and β > 0 is a
nonlinear saturation coefficient. The equation captures the slow modulation of amplitudes near
supercritical bifurcations, for example, in Rayleigh-Bénard convection and Taylor-Couette flow
([20]). The equation contains a linear growth term (γψ) and a cubic saturation term (−βψ3). It
describes both growth and nonlinear stabilization of patterns. It has applications in amplitude
description of pattern-forming instabilities, nonlinear stability and mode selection and is a
benchmark model in bifurcation theory.

Both the Allen-Cahn and real Ginzburg-Landau equations belong to the broad class of non-
linear reaction-diffusion models with polynomial nonlinearities. The Allen-Cahn equation is
closely tied to variational principles and interface motion in materials, while the real Ginzburg-
Landau equation captures universal features of pattern formation near bifurcations. Despite
their structural resemblance, their roles in modeling physical phenomena are distinct: Allen-
Cahn emphasizes energy-driven phase separation, whereas Ginzburg-Landau emphasizes ampli-
tude modulation and nonlinear saturation of instabilities.

1.3. The cubic-quintic Allen-Cahn equation. The Allen-Cahn equation has served as a
prototype for phase separation and order-disorder transitions. However, the classical cubic for-
mulation is limited to systems where bistability is sufficient to describe the dynamics. Many
physical and biological systems, particularly those with strong nonlinear interactions, require
higher-order saturation mechanisms. The cubic-quintic Allen-Cahn equation introduces a quin-
tic nonlinearity, enabling the description of systems with multistability, richer front dynamics,
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and stabilized amplitude states. This modification significantly broadens the range of phenom-
ena the equation can capture, making it relevant in nonlinear optics, condensed matter physics,
and biological morphogenesis.

The cubic-quintic Allen-Cahn equation is written as ([37])

∂u

∂t
= ν∆u+ αu+ βu3 − γu5, (1.5)

where u = u(x, t) is the order parameter, ν > 0 is the diffusion coefficient, α represents linear
growth or decay, β > 0 introduces cubic saturation, and γ > 0 provides quintic stabilization.
This polynomial structure allows for a balance between destabilizing growth and nonlinear
saturation, with the quintic term preventing runaway instabilities. Unlike the standard Allen-
Cahn equation, which typically supports two stable phases, the cubic-quintic variant can sustain
multiple coexisting phases depending on parameter values.

The cubic-quintic Allen-Cahn equation derives from the functional derivative of the Ginzburg-
Landau free energy:

E [u] =
∫
Ω

(
ν

2
|∇u(x)|2 + α

2
u2(x) +

β

4
u4(x)− γ

6
u6(x)

)
dx. (1.6)

The evolution follows the L2-gradient flow ∂u
∂t = −∇E [u], guaranteeing energy dissipation

dE[u]
dt ≤ 0. This variational structure has profound implications for both analytical treatment

and numerical approximation. The cubic-quintic Allen-Cahn equation arises in diverse contexts
such as: multistable phase dynamics in materials science and condensed matter physics, ampli-
tude equations for laser cavity dynamics and optical soliton stabilization, models with multiple
stable states relevant in morphogenesis, chemical oscillations, and population dynamics, and
competition/coexistence between species or cell states in reaction-diffusion models.

1.4. The scalar Nagumo equation or the Huxley equation. Reaction-diffusion equations
with polynomial nonlinearities are fundamental in the study of wave propagation and pattern
formation in excitable systems. Two important examples are the Scalar Nagumo equation
and the Huxley equation, both of which serve as simplified models for nerve pulse transmission.
Despite their structural similarities, they have distinct historical origins and modeling purposes.

The Scalar Nagumo equation is a simplified model for nerve axon dynamics, derived from
the FitzHugh-Nagumo system ([27]) by reducing it to a single scalar PDE. Its standard form is
([48])

∂u

∂t
= ν∆u+ f(u), x ∈ Ω ⊂ Rd, t > 0, (1.7)

with nonlinear reaction term

f(u) = u(1− u)(u− a), 0 < a < 1. (1.8)

Here ν > 0 is the diffusion coefficient, and a controls excitability. The cubic nonlinearity exhibits
three equilibria: u = 0, u = a, and u = 1 and it admits traveling wave solutions connecting stable
equilibria (u = 0 and u = 1). Accordingly, the equation (1.7) falls within the class of bistable
reaction-diffusion equations. It also serves as a canonical model for bistability and excitability
in neural systems. It has applications in propagation of nerve impulses (axon conduction),
excitable chemical and biological media and is a benchmark model for bistable wavefronts. The
Huxley equation, originally derived by Huxley [35], also models nerve pulse propagation. Its
standard reaction-diffusion form is the same as (1.7). The nonlinear term resembles that of the
Nagumo equation but arises from empirical fitting to nerve impulse data and is frequently used
in biological and electrophysiological models as a phenomenological description. Although both
equations use cubic nonlinearities and share similar mathematical properties, their differences
lie in motivation and application.
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1.5. The Newell-Whitehead-Segel equation and the Zeldovich equation. Nonlinear
partial differential equations with polynomial nonlinearities play a central role in the theory of
pattern formation across physics, biology, and chemistry. Among them, the Newell-Whitehead-
Segel (NWS) equation stands out as a seminal amplitude equation, originally derived in the
1960s by Newell, Whitehead, and Segel ([49, 55]) in the study of Rayleigh-Bénard convection.
Since then, it has become a prototypical model for describing the dynamics of slowly vary-
ing amplitudes near bifurcation points and has been extended well beyond its fluid-dynamical
origins.

The NWS equation provides a unifying framework for understanding how spatial patterns
emerge and stabilize in nonlinear systems. It models the interplay between diffusion, linear
growth or decay, and nonlinear saturation, thereby offering deep insight into the mechanisms
that lead to periodic structures such as convection rolls, stripes, or hexagons. In mathematical
form, the equation reads

∂u

∂t
= ν∆u+ µu− γuq, (1.9)

where u(x, t) is the amplitude field, ν > 0 is the diffusion coefficient, µ is the bifurcation
parameter measuring the distance from instability onset, γ > 0 controls nonlinear saturation,
and q ∈ N determines the degree of nonlinearity.

This model arises naturally from a weakly nonlinear analysis of Rayleigh-Bénard convection
near the critical Rayleigh number. For µ < 0, the trivial solution u = 0 is stable, while for µ > 0,
nontrivial steady states appear, reflecting the onset of finite-amplitude patterns. The nonlinear
term ensures saturation, preventing unbounded growth of solutions and stabilizing emergent
structures. In summary, the Newell-Whitehead-Segel equation generalizes the Ginzburg-Landau
formalism to finite-wave number instabilities, making it a cornerstone in the study of pattern
formation. Its simplicity, combined with its ability to capture essential nonlinear phenomena,
ensures its continuing importance across diverse areas of applied mathematics and science.

The Zeldovich equation is a classic reaction-diffusion model that describes how a reactive
substance spreads in space while undergoing nonlinear chemical transformation. Its general
form is ([29])

∂u

∂t
= ν∆u+ κum(1− u), (1.10)

where u(x, t) is the normalized concentration, D is the diffusion coefficient, k is the reaction rate
constant, and m is the reaction order. Unlike the Fisher-KPP equation, which assumes simple
logistic growth (m = 1), the Zeldovich equation allows higher-order kinetics (m > 1, in partic-
ular m = 2), meaning that the reaction requires a critical concentration of reactant to proceed,
mimicking an ignition threshold. This makes the equation particularly important in combustion
theory, where it captures the propagation of flame fronts, as well as in autocatalytic chemical
reactions and certain biological invasion processes. Its traveling-wave solutions describe how a
sharp reaction front forms and moves at constant speed, balancing diffusion-driven spreading
with reaction-driven consumption of material.

1.6. A general reaction-diffusion equation. Heat conduction in many physical systems
does not follow a purely linear law due to temperature-dependent material properties, nonlin-
ear radiation effects, or other complex physical mechanisms. Such phenomena naturally lead
to nonlinear heat equations, which can more accurately capture these complexities. An impor-
tant variant is the damped heat equation, where a nonlinear damping term accounts for energy
dissipation mechanisms such as radiation, absorption, or resistive effects.

Let Ω ⊂ Rd, d ≥ 1, be a bounded, simply connected convex domain with Lipschitz boundary
∂Ω and let T > 0 be fixed. Assume that 2 ≤ p < ∞ and 2 ≤ qℓ < p for 1 ≤ ℓ ≤ M . Then, we
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consider a general reaction-diffusion equation of the following form:

∂u

∂t
(x, t)− ν∆u(x, t) + α|u(x, t)|p−2u(x, t)−

M∑
ℓ=1

βℓ|u(x, t)|qℓ−2u(x, t)

= f(x, t), in Ω× (0, T ),

u(x, t) = 0, on ∂Ω× [0, T ],

u(x, 0) = u0(x), x ∈ Ω,

(1.11)

where M is fixed positive integer, ν > 0 is the diffusion coefficient, α > 0 scales the nonlinear
damping term |u|p−2u, βℓ ∈ R is the coefficient of pumping term |u|qℓ−2u and f is an external
force. For f = 0, the reaction-diffusion equation (1.11) derives from the following functional
derivative of the Ginzburg-Landau free energy:

E [u] =
∫
Ω

(
ν

2
|∇u(x)|2 + α

p
|u(x)|p −

M∑
ℓ=1

βℓ
qℓ
|u(x)|qℓ

)
dx. (1.12)

The evolution follows the L2-gradient flow

∂u(t)

∂t
= −∇E [u(t)], (1.13)

guaranteeing energy dissipation

dE [u(t)]
dt

= −
∥∥∥∥du(t)dt

∥∥∥∥2
L2

= −∥∇E [u(t)]∥2L2 ≤ 0. (1.14)

The models described in Subsections 1.2-1.5 can be covered under the framework given in (1.11).
In particular, the Newell-Whitehead-Segel equation (1.9) can be covered for odd q, while the
Zeldovich equation (1.10) can be covered for even m. We show the existence of a unique strong
solution to the problem (1.11) so that the gradient structure (1.13) of the problem can be
justified.

This PDE is a reaction-diffusion equation with nonlinear dissipation, making it suitable for
modeling systems where diffusion interacts with nonlinear reactions.The finite element method
(FEM) is particularly well-suited for analyzing this equation in realistic scenarios: it can ac-
commodate complex geometries (e.g., irregular catalyst surfaces, intricate chip layouts), het-
erogeneous material properties, and nonlinearities, while enabling adaptive mesh refinement
to resolve localized features such as reaction fronts, thermal hotspots, or regions influenced by
external forcing. Thus, studying the damped–pumped heat equation through FEM not only deep-
ens our understanding of nonlinear diffusion–reaction systems under competing dissipation and
excitation effects, but also provides practical computational tools for engineering, environmental
science, and applied physics.

1.7. Literature survey. The general reaction-diffusion equation

∂tu− ν∆u+ α|u|p−2u−
M∑
ℓ=1

βℓ|u|qℓ−2u = f, u|∂Ω = 0,

is a representative example of nonlinear parabolic PDEs that combine reactive-diffusive trans-
port, nonlinear dissipation, and external forcing has been extensively studied within the frame-
work of semilinear parabolic theory.

Theoretical Analysis: In this work, we establish the existence, uniqueness and regularity of
weak solutions to the proposed problem. The analysis is primarily based on the Faedo–Galerkin
approximation technique, which serves as a fundamental tool for constructing approximate so-
lutions and deriving uniform a priori estimates [22, 42, 52]. In the classical setting with purely
dissipative nonlinearities of the form α|u|p−2u for p ≥ 2, monotonicity and coercivity arguments
yield natural energy bounds ensuring global well-posedness and regularity under standard as-
sumptions on the initial data and external forcing. However, the present problem introduces
an additional competing nonlinear effect, where a dissipative damping term coexists with a
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pumping term of the type −|u|q−2u with q < p. This combination creates a delicate inter-
play between energy dissipation and energy amplification, requiring a more refined analytical
treatment beyond the classical monotonicity framework.

Our results extend the standard existence-uniqueness theory by rigorously proving global reg-
ularity and well-posedness in the presence of both damping and pumping mechanisms, thereby
contributing to the broader understanding of nonlinear evolution equations with competing
nonlinearities.

Numerical Analysis (Finite Element Method): The mathematical development of the finite ele-
ment method (FEM) has been systematically advanced through a sequence of landmark mono-
graphs that established both its analytical foundations and computational frameworks. Ciarlet
in [17] provided one of the earliest rigorous mathematical treatments of FEM, establishing ap-
proximation, stability, and convergence results within the setting of Sobolev spaces. Girault
and Raviart in [30] extended these ideas to incompressible fluid flow, introducing stable mixed
formulations and advancing algorithmic approaches for the Navier–Stokes system. The classical
monograph by Brezzi and Fortin in [10], offered a unified treatment of saddle-point problems
and the inf–sup stability conditions that underpin mixed formulations. Brenner and Scott in [8]
later consolidated these theoretical developments into a modern, comprehensive reference, uni-
fying the analysis of conforming, nonconforming, and discontinuous Galerkin (DG) approaches.
Complementing these works, Ern and Guermond’s in [16] emphasized the interplay between
variational formulations and computational implementation, while Thomée in [61] extended the
rigorous framework to time-dependent PDEs, providing the canonical projection-based analysis
for both semi-discrete and fully discrete schemes.

Ainsworth and Oden in [1] introduced systematic methods for adaptive refinement and error
control, which have since become indispensable in computational PDEs. More recently, Boffi,
Brezzi, and Fortin in [7] expanded the mixed formulation theory to a broader class of problems,
integrating stability and numerical examples. Meanwhile, Zienkiewicz, Taylor, and Zhu in
[64] synthesized both the mathematical and engineering perspectives, reinforcing FEM’s dual
identity as a rigorous analytical tool and a practical computational technique. Together, these
foundational texts form a coherent intellectual lineage that continues to influence modern FEM
research and practice.

Within this historical and theoretical context, the finite element method has long been the
spatial discretization of choice for parabolic problems in complex domains, with Thomée’s mono-
graph [61] providing the canonical projection-based analysis for both semi-discrete and fully
discrete schemes. The strategy, splitting the error into a projection component (either Ritz
or L2) and a discrete evolution component, deriving discrete energy identities parallel to the
continuous ones, and closing estimates using Gronwall-type inequalities, has been successfully
adapted to semilinear equations. Our conforming FEM a priori error analysis follows this well-
established framework, drawing on standard interpolation estimates, projection lemmas, and
discrete stability arguments as in [16, 61]. In particular, we employ the Ritz or L2 projection
in combination with the Scott–Zhang interpolation [54] to control approximation and stability
properties in different parts of the analysis. For low-regularity solutions, projection techniques
such as the L2 projection and Scott–Zhang interpolation provide optimal spatial convergence
rates, and these ideas influence the treatment of projection errors in our conforming analysis.

Beyond conforming methods, nonconforming FEM offers additional flexibility for handling re-
duced regularity, non-matching grids, and certain geometric constraints. Classical nonconform-
ing spaces, such as the Crouzeix–Raviart element, allow discontinuities across element bound-
aries while preserving optimal approximation properties in broken Sobolev norms [8,17,21]. In
the context of parabolic problems, the extension of nonconforming methods requires careful
control of interelement jumps through mesh-dependent norms, and coercivity is maintained via
appropriate modifications to the bilinear form [24, 61]. Foundational analysis by Douglas and
Dupont established error bounds for nonconforming Galerkin methods in parabolic settings,
while modern treatments in Brenner–Scott [8] provide a unified theory for both elliptic and
evolutionary problems. The recent work [42] extends these techniques to nonlinear settings
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with memory terms, including detailed projection error bounds, discrete coercivity proofs, and
penalty parameter design.

Discontinuous Galerkin (DG) methods, originally developed for hyperbolic conservation laws,
have been successfully adapted to elliptic and parabolic PDEs due to their local conservation
properties, robustness under mesh irregularity, and natural handling of non-matching grids.
The seminal work of Arnold [4] introduced the interior penalty DG method with discontinuous
elements, establishing stability and convergence for elliptic problems; these ideas were later ex-
tended to parabolic problems by combining IPDG in space with implicit time-stepping [51,58].
DG analysis for parabolic equations typically relies on interior penalty stabilization, discrete
trace inequalities, and mesh-dependent energy norms that incorporate jump contributions [8,51].
Our DG a priori analysis is based on these core concepts, with the treatment of nonlinear reac-
tion terms using monotonicity arguments parallel to those in [41], while stability and coercivity
arguments follow the framework of Arnold’s interior penalty theory. These references together
provide a solid foundation for the DG methodology applied to the nonlinear damped heat
equation studied here.

Time discretization is a crucial component of fully discrete schemes. For semilinear parabolic
equations, backward Euler is a classical choice, offering unconditional stability and a clean
pathway to first-order temporal error bounds [14, 61]. Our computations for the conforming
method use backward Euler in time, with Newton linearization to handle the nonlinearity,
following established practices in the literature. In problems with weakly singular kernels or
memory effects, while not the focus of this paper, related works [40, 43, 47] demonstrate the
effectiveness of convolution quadrature and DG-in-time schemes in preserving positivity and
delivering high-order accuracy.

For computational implementation, modern FEM software frameworks such as FEniCS [3,39]
enable automated variational form generation, efficient solver integration, and mesh handling
for conforming, nonconforming, and DG schemes. Our numerical experiments follow this repro-
ducible, modular approach, aligning with recent computational studies of nonlinear parabolic
equations [44].

1.8. Highlights of the work and novelties. In this work, we undertake a detailed theoretical
and numerical investigation of the homogeneous Dirichlet nonlinear reaction-diffusion equation

∂tu− ν∆u+ α|u|p−2u−
M∑
ℓ=1

βℓ|u|qℓ−2u = f,

posed on a bounded convex domain in Rd (d ≥ 1) with Lipschitz boundary, for exponents
2 ≤ p < ∞ and 2 ≤ qℓ < p. The unified framework we develop incorporates a wide range
of physically relevant models, such as the diffusion equation with radioactive decay, the Allen-
Cahn and real Ginzburg-Landau equations, the cubic-quintic Allen-Cahn equation, the scalar
Nagumo (or Huxley) equation, the Newell-Whitehead-Segel equation, the Zeldovich equation,
among others (see Subsection 1.1-1.6).

Our principal contributions can be summarized as follows:

(1) Well-posedness and regularity results: For initial data u0 ∈ L2(Ω) and forcing
f ∈ L2(0, T ;H−1(Ω)), we prove existence, uniqueness, and stability of weak solutions

u ∈ C([0, T ];L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)) ∩ Lp(0, T ;Lp(Ω)),

with time derivative

∂tu ∈ L2(0, T ;H−1(Ω)) + Lp′(0, T ;Lp′(Ω)),

valid for every 2 ≤ p < ∞ and arbitrary spatial dimension d ∈ N (Theorems 3.6 and
3.7). Moreover, if the data satisfy u0 ∈ H1

0 (Ω) ∩ Lp(Ω) and f ∈ L2(0, T ;L2(Ω)), we
obtain the higher regularity (Theorems 3.8)

u ∈ C([0, T ];H1
0 (Ω) ∩ Lp(Ω)) ∩ L2(0, T ;H2(Ω)) ∩ L2p−2(0, T ;L2p−2(Ω)),

∂tu ∈ L2(0, T ;L2(Ω)).
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Moreover, for u0 ∈ D(A) = H2(Ω) ∩ H1
0 (Ω) and f ∈ H1(0, T ;H1(Ω)), we derive the

following regularity results (Theorem 3.12 ):

u ∈ L∞(0, T ;D(A)) ∩ L2(0, T ;D(A
3
2 )), ∂tu ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω)).

This refined regularity holds

for all 2 ≤ p <∞ when 1 ≤ d ≤ 4, and for 2 ≤ p ≤ 2d−6
d−4 when d ≥ 5. (1.15)

Furthermore, for the same values of p, for u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)), we

obtain (Theorem 3.14)

∂tu ∈ L∞(0, T ;H1
0 (Ω)) and ∂ttu ∈ L2(0, T, L2(Ω)).

The proof of global well-posedness is carried out via a suitably adapted Faedo-Galerkin
scheme (see (3.13) below). A key component of the analysis is a new self-adjoint operator
(see Proposition 3.4 below, cf. [11–13, 33]), which is bounded on Lp(Ω). This operator
enables control of the initial data in the Lp(Ω)-norm and plays a central role in the
argument. Finally, the analysis explicitly incorporates both the nonlinear damping
and the pumping terms, demonstrating their stabilizing effect in continuous as well as
discrete frameworks. The methodology developed in this work may provide a way to
extend the results of [41,42] on the 3D hereditary generalized Burgers-Huxley equations
to the case of integer nonlinear exponents 3 ≤ δ <∞.

(2) A priori error estimates for multiple discretization frameworks: A priori error
analysis for conforming, nonconforming and discontinuous Galerkin methods for the
values of p given in (1.15) is performed using suitable projections and interpolations
to control Lp-initial data. For u0 ∈ L2(Ω), f ∈ L2(0, T ;L2(Ω)), we prove that the
approximate solution uh ∈ L∞(0, T ;H1

0 (Ω))∩L∞(0, T ;Lp(Ω)) for all 2 ≤ p <∞ in case

of d = 1, 2 and p ≤ 2d
d−2 in case of d ≥ 3. Also for u0 ∈ D(A), we prove the same result

when 2d
d−2 < p < ∞ for d = 3, 4 and 2d

d−2 < p ≤ 2d−6
d−4 for d ≥ 5 (Theorems 4.3, 5.3 and

6.4).
We establish the optimal order of convergence O(h) for all p given in (1.15), in both

the semidiscrete and fully discrete settings. Specifically, the semidiscrete convergence
is obtained for initial data u0 ∈ D(A) and forcing term f ∈ H1(0, T ;H1), whereas the

fully discrete case assumes u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1) (Theorems 4.4 and 4.11).

To ensure the stability of the Lp-estimate for all p when 1 ≤ d ≤ 4, we employ the Ritz
projection for 2 ≤ p ≤ 2d

d−2 and the Scott–Zhang interpolation for 2d
d−2 < p ≤ 2d−6

d−4 . In
the nonconforming case, the Clément interpolation operator is used to obtain the same
optimal order of convergence O(h) in appropriate norms for both semidiscrete and fully
discrete formulations (Theorems 5.4 and 5.8). A comparable convergence rate is also
achieved for the discontinuous Galerkin method (Theorems 6.5 and 6.7) by employing
the L2-projection onto discontinuous finite element spaces.

Also, we verified the all theoretical results using numerical experiments.

This combination of rigorous PDE theory, multi-framework numerical analysis, and repro-
ducible computational experiments fills a gap in the literature, where such nonlinear damped
parabolic equations along with pumping term have not been treated together but only in
isolated theoretical or single-method numerical studies. Owing to the Sobolev embedding
H1

0 (Ω) ⊂ Lp(Ω) valid for 2 ≤ p ≤ 2d
d−2 , much of the existing literature restricts attention

to this range of p (see [23, 42, 46]). In contrast, our results remain valid for the entire range of
values specified in (1.15). It is also worth noting that all numerical experiments are carried out
on a simply connected convex domain Ω ⊂ Rd, d ≥ 1 with Lipschitz boundary ∂Ω in case of
the values of p given in (1.15).

1.9. Organization of the paper. The paper is structured as follows: In Section 2, we discuss
some preliminaries such as functional setting, linear operator, and non-linear operator which
is helpful in further analysis. In next Section 3, existence and uniqueness of the weak solution
is discussed along with regularity results, which are important in performing error analysis in
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FEM. Then in Section 4, the semidiscrete and fully-discrete conforming schemes are discussed,
and error analysis is proved in both cases in Theorem 4.4 and 4.11. To verify the theoretical
results, we discuss numerical results in Section 4.3. Furthermore, the next Section 5 is devoted
to NCFEM, where, we go through semi discrete scheme 5.1, fully discrete scheme 5.2 with
priori error estimates and numerical implementation to verify theoretical results 5.3. Similarly,
in Section 6, the semidiscrete 6.1 and fully discrete 6.2 are discussed along with error estimates
and to verify theoretical results, the numerical implementation has been done in Section6.3. At
last, we discuss the fundamental difference between the methods in Section 7.1 and also provide
numerical results in Section 7.2. We finish this paper with conclusion 7.3.

2. Preliminaries

In this section, we introduce the function spaces and operators that will be needed to analyze
the solvability of problem (1.11).

2.1. Functional setting. For 1 ≤ p <∞, let

Lp(Ω) := {u : Ω → R measurable : ∥u∥Lp(Ω) <∞}, ∥f∥Lp(Ω) =
(∫

Ω
|u(x)|pdx

)1/p
.

In particular, L2(Ω) is a Hilbert space with inner product (·, ·). We denote by H1
0 (Ω), the

Sobolev space of L2-functions with weak derivatives in L2 and vanishing trace on ∂Ω, equipped
with the norm (by the Poincaré inequality)

∥u∥H1
0 (Ω) =

(∫
Ω
|∇u(x)|2dx

)1/2
,

and by H−1(Ω) := (H1
0 (Ω))

′ its dual, with

∥f∥H−1(Ω) = sup{⟨f, u⟩ : u ∈ H1
0 (Ω), ∥u∥H1

0 (Ω) ≤ 1}.

We also use Hm(Ω), m ∈ N to denote the higher-order Sobolev spaces. Note that the Sobolev
embedding H1

0 (Ω) ↪→ Lp(Ω) holds true for 2 ≤ p < ∞ when 1 ≤ d ≤ 2 and for 2 ≤ p ≤ 2d
d−2

when d ≥ 3. Since the Sobolev embedding H2(Ω) ↪→ Lp(Ω) holds for all 2 ≤ p < ∞ when
1 ≤ d ≤ 4 and for 2 ≤ p ≤ 2d

d−4 when d ≥ 5, it follows in particular that the embedding also
holds for all

2 ≤ p ≤ 2d− 6

d− 4
<

2d− 4

d− 4
<

2d

d− 4
,

which we have used consistently throughout our analysis.
For 1

p + 1
p′ = 1, both Lp′(Ω) and H−1(Ω) are Banach spaces. The sum space

Lp′(Ω) +H−1(Ω) := {f1 + f2 : f1 ∈ Lp′(Ω), f2 ∈ H−1(Ω)}

is a Banach space with norm

∥f∥Lp′+H−1 := inf{∥f1∥Lp′ + ∥f2∥H−1 : f = f1 + f2}.

The intersection Lp(Ω) ∩H1
0 (Ω) is a Banach space under

∥u∥Lp∩H1
0
:= max{∥u∥Lp , ∥u∥H1

0
},

which is equivalent to the norms ∥u∥Lp + ∥u∥H1
0
and

√
∥u∥2Lp + ∥u∥2

H1
0
, and satisfies the duality

relation

(Lp′(Ω) +H−1(Ω))′ ∼= Lp(Ω) ∩H1
0 (Ω),

with pairing ⟨f, u⟩ = ⟨f1, u⟩+ ⟨f2, u⟩, u = u1 + u2. In particular,

∥f∥Lp′+H−1 = sup{⟨f, u⟩ : u ∈ Lp(Ω) ∩H1
0 (Ω), ∥u∥Lp∩H1

0
≤ 1}.
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We recall the definition of Bochner spaces (cf. [15, Section 1.7, p. 60]). Let X be a Banach
space and (a, b) ⊂ R an interval. For 1 ≤ p < ∞, the Bochner space Lp(a, b;X) consists of all
equivalence classes of strongly measurable functions u : (a, b) → X such that∫ b

a
∥u(t)∥pX dt <∞.

For p = ∞, the space L∞(a, b;X) consists of strongly measurable functions u : (a, b) → X with

ess sup
t∈(a,b)

∥u(t)∥X <∞.

In addition to these, we recall two continuity spaces frequently used in evolution problems:
The space C([a, b];X) consists of all continuous functions u : [a, b] → X, endowed with the
supremum norm

∥u∥C([a,b];X) := sup
t∈[a,b]

∥u(t)∥X .

The space Cw([a, b];X) consists of all functions u : [a, b] → X that are weakly continuous, i.e.,
for every f ∈ X ′ (the dual space of X), the scalar function t 7→ ⟨f, u(t)⟩ is continuous on [a, b].

2.2. Linear operator. We define the bilinear form

a : H1
0 (Ω)×H1

0 (Ω) → R, a(u, v) := (∇u,∇v), u, v ∈ H1
0 (Ω).

It follows immediately that a(·, ·) is continuous on H1
0 (Ω), since

|a(u, v)| ≤ ∥u∥H1
0
∥v∥H1

0
, for all u, v ∈ H1

0 (Ω).

By the Riesz representation theorem, there exists a unique linear operator

A : H1
0 (Ω) → H−1(Ω)

such that
a(u, v) = ⟨Au, v⟩, for all u, v ∈ H1

0 (Ω).

Furthermore, the bilinear form a(·, ·) is coercive on H1
0 (Ω), since

a(u, u) ≥ α∥u∥2H1
0
, for all u ∈ H1

0 (Ω),

with coercivity constant α = 1. Hence, by the Lax-Milgram theorem, A : H1
0 (Ω) → H−1(Ω) is

an isomorphism. We now introduce the associated unbounded operator A in L2(Ω) by

Au := Au = −∆u, u ∈ D(A) := {u ∈ H1
0 (Ω) : Au ∈ L2(Ω)}.

This operator is precisely the Dirichlet Laplacian, whose domain is known to beD(A) = H2(Ω)∩
H1

0 (Ω). Since the injection H1
0 (Ω) ↪→ L2(Ω) is compact, From [60, Section 2.1], the operator A

is invertible with bounded, self-adjoint, and compact inverse A−1 : L2(Ω) → L2(Ω). By spectral
theory [53, Chapter 16], the spectrum of A consists of a discrete sequence of positive eigenvalues
0 < λ1 ≤ λ2 ≤ · · · ≤ λk ≤ · · · , λk → ∞ as k → ∞, with corresponding eigenfunctions {wk}∞k=1

forming an orthonormal basis of L2(Ω), satisfying Awk = λkwk, k ∈ N.
In addition, for s ≥ 0, we define the fractional domain spaces of the Dirichlet Laplacian via

the spectral decomposition. For u =
∑∞

k=1(u,wk)wk ∈ L2(Ω), we set

Asu :=

∞∑
k=1

λsk(u,wk)wk,

whenever the right-hand side converges in L2(Ω). The corresponding domain is given by

D(As) :=
{
u ∈ L2(Ω) :

∞∑
k=1

λ2sk |(u,wk)|2 <∞
}
,

which is a Hilbert space with the norm

∥u∥D(As) :=
( ∞∑

k=1

λ2sk |(u,wk)|2
)1/2

.
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For integer values of s, the spaces D(As) coincide with classical Sobolev spaces. In particular,

since Ω is a convex bounded domain with Lipschitz boundary, D(A1/2) ∼= H1
0 (Ω), D(A) ∼=

H2(Ω) ∩ H1
0 (Ω). For non-integer s, the spaces D(As) can be characterized by interpolation

between L2(Ω) and H2(Ω)∩H1
0 (Ω). The dual spaces D(A−s) are defined as D(A−s) := (D(As))′

with duality inherited from L2(Ω). For s ≥ 1, we have the following continuous and compact
embedding also:

D(As) ↪→ D(A) ↪→ D(A1/2) ↪→ L2(Ω) ↪→ D(A−1/2) ↪→ D(A−1) ↪→ D(A−s). (2.1)

2.3. Non-linear operator. Let us now consider the non-linear operator b(·) : Lp(Ω) → Lp′(Ω)
defined as b(u) = |u|p−2u. Note that

(b(u), u) = (|u|p−2u, u) =

∫
Ω
|u(x)|p−2u(x)2dx =

∫
Ω
|u(x)|pdx = ∥u∥pLp ,

for all u ∈ Lp(Ω). Next, we aim to show that the operator b(·) is locally Lipschitz. For any
u, v ∈ Lp(Ω), we write

b(u)− b(v) =

∫ 1

0

d

dθ
b(θu+ (1− θ)v) dθ =

∫ 1

0
b′(θu+ (1− θ)v)(u− v) dθ

=

∫ 1

0
(p− 1)|θu+ (1− θ)v|p−2(u− v) dθ.

For p′ = p
p−1 , we have

∥b(u)− b(v)∥Lp′ =

∥∥∥∥∫ 1

0
(p− 1)|θu+ (1− θ)v|p−2(u− v) dθ

∥∥∥∥
L

p
p−1

≤ (p− 1)∥u− v∥Lp

∥∥∥∥∫ 1

0
|θu+ (1− θ)v|p−2 dθ

∥∥∥∥
L

p
p−2

≤ (p− 1)2p−3∥u− v∥Lp(∥u∥p−2
Lp + ∥v∥p−2

Lp ).

Hence, for all ∥u∥Lp , ∥v∥Lp ≤ r, we have

∥b(u)− b(v)∥Lp′ ≤ (p− 1)2p−2rp−2∥u− v∥Lp .

Therefore, the operator b(·) : Lp(Ω) → Lp′(Ω) is locally Lipschitz. It can be shown (see, e.g.,
[28, Sec. 2.4-2.5]) that the nonlinear operator b is monotone in the following sense. For any
2 ≤ p <∞, one has

⟨b(u)− b(v), u− v⟩ ≥
∫
Ω

(
|u(x)|p−1 − |v(x)|p−1

)(
|u(x)| − |v(x)|

)
dx ≥ 0.

In addition, a sharper coercivity estimate is available (cf. [45, p. 626]):

⟨b(u)− b(v), u− v⟩ ≥ 1

2

∥∥|u| p−2
2 (u− v)

∥∥2
L2 +

1

2

∥∥|v| p−2
2 (u− v)

∥∥2
L2 . (2.2)

Inequality (2.2) immediately implies the monotonicity of b. Moreover, for all u, v ∈ Lp(Ω), we
also have the quantitative bound ([6, Proposition 2.2])

⟨b(u)− b(v), u− v⟩ ≥ 1

2p−2
∥u− v∥pLp . (2.3)

The above inequality is fundamental in the numerical analysis of problem (1.11).

3. Well-posedness

The objective of this section is to establish the existence and uniqueness of both weak and
strong solutions to problem (1.11). Our approach is based on a Faedo-Galerkin approximation
method. Since the standard projection operator is not bounded from Lp to Lp for 2 ≤ p < ∞,
we instead construct a new self-adjoint operator ([11–13, 33]) that is bounded on Lp, which
allows us to properly treat the approximation of the initial data in Lp-spaces.
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We begin by presenting the abstract formulation of equation (1.11), together with the cor-
responding notions of weak and strong solutions. Using the linear operator introduced in Sub-
section 2.2, the system (1.11) can be expressed in the following abstract form:

du(t)

dt
+ νAu(t) + α|u(t)|p−2u(t)−

M∑
ℓ=1

βℓ|u(t)|qℓ−2u(t) = f(t), in H−1(Ω),

u(0) = u0, in L2(Ω),

(3.1)

for a.e. t ∈ [0, T ]. We now proceed to define the notions of weak and strong solutions for
equation (1.11).

Definition 3.1 (Weak solution). For any given initial data u0 ∈ L2(Ω) and forcing term
f ∈ L2(0, T ;H−1(Ω)), a function

u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)) ∩ Lp(0, T ;Lp(Ω)),

with

∂tu ∈ L2(0, T ;H−1(Ω)) + Lp′(0, T ;Lp′(Ω)),

is called a weak solution of the system (1.11), if u(·) satisfies:⟨∂tu, v⟩+ ν(∇u,∇v) + α⟨|u|p−2u, v⟩ −
M∑
ℓ=1

βℓ⟨|u|qℓ−2u, v⟩ = ⟨f, v⟩,

(u(0), v) = (u0, v),

(3.2)

for all v ∈ H1
0 (Ω) ∩ Lp(Ω) and a.e. t ∈ [0, T ].

Remark 3.2. Since u ∈W 1,p′(0, T ;H−1(Ω)+Lp′(Ω)), it follows from [26, Theorem 2, Section

5.9] that u ∈ Cw([0, T ];H
−1(Ω) + Lp′(Ω)).

Definition 3.3 (Strong solution). For u0 ∈ H1
0 (Ω) ∩ Lp(Ω), p ≥ 2, f ∈ L2(0, T ;L2(Ω)), a

function u ∈ C([0, T ];H1
0 (Ω) ∩ Lp(Ω)) ∩ L2(0, T ;H2(Ω)) ∩ L2p−2(0, T ;L2p−2(Ω)) with ∂tu ∈

L2(0, T ;L2(Ω)) is called a strong solution to the system (1.11), if u(·) satisfies (1.11) in L2(Ω)
for a.e. t ∈ [0, T ].

3.1. A projection and a self-adjoint operator. The material in this section is adapted from
[6]. We construct a sequence of self-adjoint operators via the Littlewood-Paley decomposition
associated with the operator A. Setting S = −∆ = A, the compactness of the resolvent of S
guarantees the existence of a complete orthonormal basis {wn}n∈N of L2(Ω). This basis consists
of eigenfunctions corresponding to a sequence of strictly positive eigenvalues {λn}n∈N, which
increase to infinity, such that

Sv :=

∞∑
n=1

λn(v, wn)wn, v ∈ D(S) :=

{
v ∈ L2(Ω) :

∞∑
n=1

λ2n|(v, wn)|2 <∞
}
. (3.3)

Moreover, S is a strictly positive, self-adjoint operator that commutes with A. For sufficiently
large k (k > d

2), there holds the continuous embedding D(Sk) ↪→ Lp(Ω) ∩ H1
0 (Ω). Using the

functional calculus [63], we then define the operators Pm : L2(Ω) → L2(Ω) by

Pm := χ(0,2m+1)(S) for m ∈ N0 = N ∪ {0}, (3.4)

where χ is the characteristic function.
Since S has the representation given in (3.3), it follows that Pm is the orthogonal projection

from L2(Ω) onto Vm := span
{
wn : n ∈ N, λn < 2m+1

}
, and hence

Pmv =
∑

λn<2m+1

(v, wn)wn, v ∈ L2(Ω). (3.5)
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Note that wn ∈
⋂

k∈ND(Sk) for all n ∈ N. Since D(S) ↪→ H1
0 (Ω), it follows that Vm is a closed

subspace of H1
0 (Ω) for each m ∈ N. Using the commutativity of S and A, we deduce that Pm

commutes with A1/2. Consequently, Therefore, we have

∥Pmv∥L2 ≤ ∥v∥L2 , for all v ∈ L2(Ω),

∥Pmv∥2H1
0
= ∥A1/2Pmv∥2L2 = ∥PmA

1/2v∥2L2 ≤ ∥A1/2v∥2L2 = ∥v∥2H1
0
, v ∈ H1

0 (Ω).

Moreover, we deduce

lim
m→∞

∥Pmv − v∥L2 = 0, v ∈ L2 and lim
m→∞

∥Pmv − v∥H1
0
= 0, v ∈ H1

0 (Ω).

However, the sequence of operators {Pm}m∈N does not enjoy uniform boundedness as maps from
Lp(Ω) to itself. Since our analysis requires dealing with Lp(Ω) ∩H1

0 (Ω)-valued solutions, such
uniform boundedness is crucial for deriving a priori estimates in the Lp-norm. To overcome this
difficulty, in the next proposition, we construct a sequence of self-adjoint operators {Sm}m∈N
that possesses the desired properties.

Choose a function ρ ∈ C∞
0 ((0,∞)) supported in [12 , 2] and

∑
m∈Z ρ(2

−mt) = 1, t > 0. Let
m ∈ N0 be fixed, we define

sm : (0,∞) → R, sm(γ) :=

m∑
n=−∞

ρ(2−nγ),

and we see that

sm(γ) =

 1 γ ∈ (0, 2m),
ρ(2−mγ) γ ∈ [2m, 2m+1),

0 γ ≥ 2m+1.

With the help of the self-adjoint functional calculus, we define the operator Sm := sm(S). This,
in turn, yields the representation

Smv =
∑

λn<2m

(v, wn)wn +
∑

λn∈[2m,2m+1)

ρ(2−mλn)(v, wn)wn, v ∈ L2(Ω), (3.6)

from which it is immediate that the range of Sm is contained in Vm. A similar construction
has been used in the works [11–13,33]. This suggests that the approach used in this work may
greatly expand the range of applications for the traditional Faedo-Galerkin method.

Proposition 3.4. For every ψ ∈ Lp(Ω)∩H1
0 (Ω), there exists a sequence {Sm}m∈N of self-adjoint

operators Sm : L2(Ω) → Vm for m ∈ N such that

Smψ → ψ in Lp(Ω) ∩H1
0 (Ω), as m→ ∞,

and the following uniform norm estimates hold:

sup
m∈N

∥Sm∥L(L2(Ω)) ≤ 1, sup
m∈N

∥Sm∥L(H1
0 (Ω)) ≤ 1, sup

m∈N
∥Sm∥L(Lp(Ω)) <∞. (3.7)

Next, we recall a result from [33], that provides the relation between Pm and Sm.

Proposition 3.5 ([33, Proposition 3.2]). The operators Pm and Sm satisfy the following prop-
erties:

(i) Pm is projection, i.e., we have P 2
m = Pm, for all m ∈ N.

(ii) The operators Pm, Sm are self-adjoint with ∥Pm∥L(L2(Ω)) = ∥Sm∥L(L2(Ω)) = 1, for every
m ∈ N.

(iii) Pm and Sn commute, for every n,m ∈ N.
(iv) The ranges of Pm and Sm are finite dimensional.
(v) Also, R(Sm−1) ⊂ R(Pm) ⊂ R(Sm), SmPm = Sm and PmSm−1 = Sm−1, for every

m ∈ N, where R(·) denotes the range space.
(vi) lim

m→∞
Pmv = lim

m→∞
Smv = v, for every v ∈ L2(Ω).
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3.2. Existence and uniqueness. Based on the above discussion, we now establish the exis-
tence and uniqueness of a weak solution to problem (3.1).

Theorem 3.6 (Existence of a weak solution). For given u0 ∈ L2(Ω) and f ∈ L2(0, T ;H−1(Ω)),
there exists a weak solution of problem (1.11).

Proof. We establish the proof using the Faedo-Galerkin method in the following steps:

Step 1: Faedo-Galerkin approximation. For any fixed positive integer m, we define a function
um : [0, T ] → H1

0 (Ω) such that

um(t) :=
∑

λk<2m+1

dkm(t)wk, (3.8)

where dkm(t) are smooth functions and are selected in such a way that

dkm(0) = (u0, wk) for all k such that λk < 2m+1. (3.9)

Accordingly, we formulate the problem in the finite-dimensional subspace

Vm := span
{
wk : k ∈ N, λk < 2m+1

}
,

and introduce the projection operator Pm : L2(Ω) → Vm defined by

Pmum =
∑

λk<2m+1

(um, wk)wk, um ∈ L2(Ω).

Note that Pm(um) = um, Pm(−∆um) = −∆um for all um ∈ Vm. Moreover, we define

um(0) = Sm−1u0, (3.10)

where Sm is defined in (3.6). Note from (3.8) that

um(0) =
∑

λk<2m+1

dkm(0)wk =
∑

λk<2m+1

(u0, wk)wk = Pmu0. (3.11)

Thus, we conclude from (3.10) and Proposition 3.5(v) that

Pmum(0) = PmSm−1u0 = Sm−1u0 = um(0) = Pmu0. (3.12)

Therefore, we can consider the following finite-dimensional system:
(∂tum(t), wk) + ν(∇um(t),∇wk) + α(Pm(|um(t)|p−2um(t)), wk)

−
M∑
ℓ=1

βℓ(Pm(|um(t)|qℓ−2um(t)), wk) = (f(t), wk),

um(0) = Sm−1u0,

(3.13)

for all wk ∈ Vm and 0 ≤ t ≤ T, all k such that λk < 2m+1. Since Pm(wk) = wk, we can
rewrite (3.13) as

(∂tum(t), wk) + ν(∇um(t),∇wk) + α(|um(t)|p−2um(t), wk)

−
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), wk) = (f(t), wk), (3.14)

for 0 ≤ t ≤ T, all k such that λk < 2m+1. Thus, our goal is to find a function um that satisfies
equation (3.14) together with the prescribed initial condition.

As we have already proved that the non-linear operators are locally Lipschitz, (see section
2.3) and f ∈ L2(0, T ;H−1(Ω)), so, using Carathéodary’s existence theorem ([19, Theorem 1.1,
Chapter 2]), we obtain a local solution (absolutely continuous function) um ∈ C([0, T ∗];Vm), for
some 0 < T ∗ ≤ T , for the finite-dimensional problem (3.14). By proving uniform energy esti-
mates, one can show that the time T ∗ can be extended to T . Moreover, if f ∈ C([0, T ];L2(Ω)),
then one can show that um ∈ C1([0, T ∗];Vm).
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Step 2: L2-energy estimate. Multiplying (3.14) by dkm(·) and summing over all k such that
λk < 2m+1, we have

(∂tum(t), um(t)) + ν(∇um(t),∇um(t)) + α(|um(t)|p−2um(t), um(t))

−
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), um(t)) = ⟨f(t), um(t)⟩.

Using the Cauchy-Schwarz and Young’s inequalities, we reach the relation

1

2

d

dt
∥um(t)∥2L2 + ν∥∇um(t)||2L2 + α∥um(t)∥pLp = ⟨f(t), um(t)⟩+

M∑
ℓ=1

βℓ∥um(t)∥qℓLqℓ ,

for a.e. t ∈ [0, T ]. We can estimate the terms on right-hand side by using the Cauchy-Schwarz,
Young’s and Hölder’s inequalities, as

⟨f(t), um(t)⟩ ≤ ∥f(t)∥H−1∥∇um(t)∥L2 ≤ 1

2ν
∥f(t)∥2H−1 +

ν

2
∥∇um(t)∥2L2 ,

∥um(t)∥qℓLqℓ ≤ ∥um(t)∥qℓLp |Ω|
p−qℓ

p ≤ α

2M |βℓ|
∥um(t)∥pLp +

(
p− qℓ
p

)(
2M |βℓ|qℓ

αp

) qℓ
p−qℓ |Ω|,

which implies

M∑
ℓ=1

βℓ∥um(t)∥qℓLqℓ ≤ α

2
∥um(t)∥pLp +

M∑
ℓ=1

|βℓ|
(
p− qℓ
p

)(
2M |βℓ|qℓ

αp

) qℓ
p−qℓ |Ω|. (3.15)

For simplicity of notation, let us take

C∗ =

M∑
ℓ=1

|βℓ|
(
p− qℓ
p

)(
2M |βℓ|qℓ

αp

) qℓ
p−qℓ

. (3.16)

Now, combining these estimates, we arrive at

1

2

d

dt
∥um(t)∥2L2 +

ν

2
∥∇um(t)||2L2 +

α

2
∥um(t)∥pLp ≤ 1

2ν
∥f(t)∥2H−1 + C∗|Ω|,

for a.e. t ∈ [0, T ]. Performing integration from 0 to t, taking the supremum over t ∈ [0, T ], and
using the fact that ∥um(0)∥L2 ≤ ∥u0∥L2 , one obtains

sup
0≤t≤T

∥um(t)∥2L2 + ν

∫ T

0
∥∇um(t)∥2L2 dt+ α

∫ T

0
∥um(t)∥pLp dt

≤ ∥u0∥2L2 +
1

ν

∫ T

0
∥f(t)∥2H−1 dt+ C∗|Ω|T, (3.17)

where the right-hand side is independent of m.

Step 3: Time derivative estimate. For any v ∈ D(A
s
2 ), for s ≥ d(p−2)

2p such that D(As/2) ↪→
Lp(Ω) with ∥v∥

D(A
s
2 )

≤ 1, we write v = v1 + v2, where v1 ∈ Vm and (v2, wk) = 0, for all k

such that λk < 2m+1. The functions {wk}∞k=0 ∈ D(A
s
2 ) are orthonormal in L2(Ω), ∥v1∥D(A

s
2 )

≤
∥v∥

D(A
s
2 )

≤ 1. From (3.14), we deduce for a.e. 0 ≤ t ≤ T ,

⟨∂tum(t), v1(t)⟩ = −ν(∇um(t),∇v1(t))− α(|um(t)|p−2um(t), v1(t))

+

M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), v1(t)) + ⟨f(t), v1(t)⟩.

Using the Cauchy-Schwarz inequality, we have

|⟨∂tum(t), v1(t)⟩| ≤ ν∥∇um(t)∥L2∥∇v1(t)∥L2 + α∥um(t)∥p−1
Lp ∥v1(t)∥Lp
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+

M∑
ℓ=1

|βℓ|∥um(t)∥qℓ−1
Lqℓ ∥v1∥Lqℓ + ∥f(t)∥H−1∥∇v1(t)∥L2 . (3.18)

By an application of Hölder’s and Young’s inequalities, we attain

M∑
ℓ=1

|βℓ|∥um(t)∥qℓ−1
Lqℓ ≤

M∑
ℓ=1

|βℓ|∥um(t)∥qℓ−1
Lp |Ω|

(qℓ−1)(p−qℓ)

pqℓ ≤ α∥um(t)∥p−1
Lp + C1,

where

C1 =
M∑
ℓ=1

|βℓ|
(
p− qℓ
p− 1

)(
M |βℓ|(qℓ − 1)

α(p− 1)

) qℓ−1

p−qℓ |Ω|
(qℓ−1)(p−1)

pqℓ .

Hence, using this estimate in (3.18) and taking the supremum over all v ∈ D(A
s
2 ), we obtain

∥∂tum(t)∥
(D(A

s
2 ))∗

≤ C

(
ν∥∇um(t)∥L2 + ∥f(t)∥H−1 + 2α∥um(t)∥p−1

Lp + C1

)
, (3.19)

for a.e. t ∈ [0, T ]. Integrating from 0 to T and using Young’s inequality, we end up with∫ T

0
∥∂tum(t)∥p

′

(D(A
s
2 ))∗

dt ≤ C

{
νp

′
∫ T

0
∥∇um(t)∥p

′

L2 dt+

∫ T

0
∥f(t)∥p

′

H−1 dt

+ (2α)p
′
∫ T

0
∥um(t)∥pLp dt+ C1T

}
, (3.20)

≤ C(∥u0∥L2 , ν, α, C1, T, ∥f(t)∥L2(0,T ;H−1)),

where in the last inequality, we have used (3.17) along with the fact that∫ T

0
∥f(t)∥p

′

H−1dt ≤ T
(p−2)
2(p−1)

(∫ T

0
∥f(t)∥2H−1dt

) p
2(p−1)

.

Step 4: Passing to limit. Since the energy estimates (3.17) and (3.20) are uniformly bounded
and do not depend on m, we can use the Banach-Alaoglu Theorem [9, Theorem 3.25, Chapter
3] to extract a subsequence {umj}∞j=1 of {um}∞m=1 with the property that

umj

w∗
→ u in L∞(0, T ;L2(Ω)),

umj

w→ u in L2(0, T ;H1
0 (Ω)),

umj

w→ u in Lp(0, T ;Lp(Ω)),

∂tumj

w→ ∂tu in ∂tu ∈ Lp′(0, T ; (D(A
s
2 ))∗),

|um|p−2um
w→ ξ in Lp′(0, T ;Lp′(Ω)),

(3.21)

as j → ∞ and for every p ≥ 2. Using the fact that (D(A
s
2 ))∗ is a Banach space such that

D(A
s
2 ) ↪→ H1

0 (Ω) ∩ Lp(Ω) ↪→ H1
0 (Ω) ↪→ L2(Ω) ↪→ H−1(Ω) ↪→ (D(A

s
2 ))∗, and applying the

Aubin-Lions compactness lemma [57], we have the following strong convergence:

umj → u in L2(0, T ;L2(Ω)),

as j → ∞. The strong convergence further implies that umj (t) → u(t) for a.e. t ∈ [0, T ] in

L2(Ω) as j → ∞ and umkj
(x, t) → u(x, t), for a.e. (x, t) ∈ [0, T ] × Ω. By an application of

[38, Lemma 1.3], we can prove ξ = |u|p−2u. Hence, we have

|um|p−2um
w→ |u|p−2u in Lp′(0, T ;Lp′(Ω)). (3.22)

Step 5: Initial condition. Let us choose a function v ∈ C1([0, T ];H1
0 (Ω) ∩ Lp(Ω)) of the form

v(t) =
N∑
k=1

dkm(t)wk, (3.23)
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where {dkm(t)}Nk=1 are given smooth functions and for fixed integer N . For m ≥ N , multiplying

(3.14) by dkm(·) then summing over all k such that λk < 2m+1 and integrating from 0 to T , we
can see that∫ T

0

[
⟨∂tum, v(t)⟩+ν(∇um(t),∇v(t)) + α(|um(t)|p−2um(t), v(t))

−
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), v(t))

]
dt =

∫ T

0
⟨f(t), v(t)⟩dt. (3.24)

By setting m = mj and applying the weak limits, we conclude that∫ T

0

[
⟨∂tu(t), v(t)⟩+ν(∇u(t),∇v(t)) + α(|u(t)|p−2u(t), v(t))

−
M∑
ℓ=1

βℓ(|u(t)|qℓ−2u(t), v(t))

]
dt =

∫ T

0
⟨f(t), v(t)⟩ dt. (3.25)

This equality then holds true for all functions v ∈ L2(0, T ;H1
0 (Ω) ∩ Lp(Ω)), as functions of the

form (3.23) are dense in this space. This completes the proof of convergence.
It remains to show that u(0) = u0. By (3.25), we find∫ T

0

[
− ⟨u(t), ∂tv(t)⟩+ ν(∇u(t),∇v(t)) + α(|u(t)|p−2u(t), v(t))

−
M∑
ℓ=1

βℓ(|u(t)|qℓ−2u(t), v(t))

]
dt =

∫ T

0
⟨f(t), v(t)⟩ dt+ (u(0), v(0)), (3.26)

for each v ∈ C1([0, T ];H1
0 (Ω) ∩ Lp(Ω)) with v(T ) = 0. Similarly, from (3.24), we can infer that∫ T

0

[
− ⟨um(t), ∂tv(t)⟩+ ν(∇um(t),∇v(t)) + α(|um(t)|p−2um(t), v(t))

−
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), v(t))

]
dt =

∫ T

0
⟨f(t), v(t)⟩ dt+ (um(0), v(0)).

Now, setting m = mj , applying the convergence and passing to limits, we get∫ T

0

[
− ⟨u(t), ∂tv(t)⟩+ ν(∇u(t),∇v(t)) + α(|u(t)|p−2u(t), v(t))

−
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), v(t))

]
dt =

∫ T

0
⟨f(t), v(t)⟩ dt+ (u0, v(0)). (3.27)

Since um(0) → u0 in L2(Ω) as m → ∞. So, from (3.26) and (3.27), we have (u(0), v(0)) =
(u0, v(0)) for all arbitrary v(0), therefore u(0) = u0 ∈ L2(Ω).

Step 6: Let us now prove that ∂tu ∈ L2(0, T ;H−1(Ω)) ∩ Lp′(0, T ;Lp′(Ω)). For any v ∈
L2(0, T ;H1

0 (Ω)) ∩ Lp(0, T ;Lp(Ω)), using the Cauchy-Schwarz inequality, we infer

|⟨∂tu(t), v(t)⟩| ≤ ν|⟨∆u(t), v(t)⟩| − α|⟨|u(t)|p−2u(t), v(t)⟩|+
M∑
ℓ=1

|βℓ||⟨|u(t)|qℓ−2u(t), v(t)⟩|

+ |⟨f(t), v(t)⟩|

≤ ∥∇u(t)∥L2∥∇v(t)∥L2 + α∥u(t)∥p−1
Lp ∥v(t)∥Lp +

M∑
ℓ=1

|βℓ|∥u(t)∥qℓ−1
Lqℓ ∥v(t)∥Lqℓ

+ ∥f(t)∥H−1∥∇v(t)∥L2 .
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Integrating from 0 to T , the above expression implies∫ T

0
|⟨∂tu(t), v(t)⟩| dt ≤

∫ T

0
∥∇u(t)∥L2∥∇v(t)∥L2 dt+ α

∫ T

0
∥u(t)∥p−1

Lp ∥v(t)∥Lp dt

+

M∑
ℓ=1

|βℓ|
∫ T

0
∥u(t)∥qℓ−1

Lqℓ ∥v(t)∥Lqℓ dt+

∫ T

0
∥f(t)∥H−1∥∇v(t)∥L2 dt,

where we can bound the term involving qℓ by using (3.15) and Hölder’s inequality as follows:

M∑
ℓ=1

|βℓ|
∫ T

0
∥u(t)∥qℓ−1

Lqℓ ∥v(t)∥Lqℓ dt

≤
M∑
ℓ=1

|βℓ|
∫ T

0
∥u(t)∥qℓ−1

Lp ∥v(t)∥Lp |Ω|
p−qℓ

p dt ≤
M∑
ℓ=1

|βℓ||Ω|
p−qℓ

p

∫ T

0
∥u(t)∥qℓ−1

Lp ∥v(t)∥Lp dt

≤
M∑
ℓ=1

|βℓ||Ω|
p−qℓ

p

(∫ T

0
∥u(t)∥

p(qℓ−1)

p−1

Lp dt

) p−1
p
(∫ T

0
∥v(t)∥pLp dt

) 1
p

≤
M∑
ℓ=1

|βℓ||Ω|
p−qℓ

p

[(∫ T

0
∥u(t)∥pLp dt

) qℓ−1

p−1

T
p−qℓ
p−1

] p−1
p

∥v∥Lp(0,T ;Lp)

≤
M∑
ℓ=1

|βℓ||Ω|
p−qℓ

p T
p−qℓ

p ∥u∥qℓ−1
Lp(0,T ;Lp)∥v∥Lp(0,T ;Lp).

Thus, we arrive at∫ T

0

|⟨∂tu(t), v(t)⟩| dt

≤
(∫ T

0

∥∇u(t)∥2L2 dt

) 1
2
(∫ T

0

∥∇v(t)∥2L2 dt

) 1
2

+ α

(∫ T

0

∥u(t)∥pLp dt

) p−1
p
(∫ T

0

∥v(t)∥pLp dt

) 1
p

+

M∑
ℓ=1

|βℓ||Ω|
p−qℓ

p T
p−qℓ

p ∥u∥qℓ−1
Lp(0,T ;Lp)∥v∥Lp(0,T ;Lp) + ∥f∥L2(0,T ;H−1)∥v∥L2(0,t;H1

0 )

≤
(
∥u∥L2(0,T ;H1

0 )
+ ∥u∥p−1

Lp(0,T ;Lp) + ∥f∥L2(0,T ;H−1) +

M∑
ℓ=1

|βℓ||Ω|
p−qℓ

p T
p−qℓ

p ∥u∥qℓ−1
Lp(0,T ;Lp)

)
×
(
∥v∥L2(0,T ;H1

0 )
+ ∥v∥Lp(0,T ;Lp)

)
.

Hence, from the above estimate, it follows that

∥∂tu∥L2(0,T ;H−1)∩Lp′ (0,T ;Lp′ ) ≤ ∥u∥L2(0,T ;H1
0 )

+ ∥u∥p−1
Lp(0,T ;Lp) + ∥f∥L2(0,T ;H−1)

+
M∑
ℓ=1

βℓ|Ω|
p−qℓ

p T
p−qℓ

p ∥u∥qℓ−1
Lp(0,T ;Lp).

Therefore, ∂tu ∈ L2(0, T ;H−1(Ω)) ∩ Lp′(0, T ;Lp′(Ω)).

Step 7: Using (3.17) and weakly lower semicontinuity property of norms, we have

sup
0≤t≤T

∥u(t)∥2L2 +

∫ T

0
∥u(t)∥2H1

0
dt+

∫ T

0
∥u(t)∥pLp dt

≤ lim inf
m→∞

sup
0≤t≤T

∥um(t)∥2L2 + lim inf
m→∞

∫ T

0
∥um(t)∥2H1

0
dt+ lim inf

m→∞

∫ T

0
∥um(t)∥pLp dt

≤ lim inf
m→∞

(
sup

0≤t≤T
∥um(t)∥2L2 +

∫ T

0
∥um(t)∥2H1

0
dt+

∫ T

0
∥um(t)∥pLp dt

)
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≤ ∥u0∥2L2 +
1

ν

∫ T

0
∥f(t)∥2H−1 dt+ C∗|Ω|T,

where C∗ is defined in (3.16). The following energy equality follows as a direct consequence of
the absolute continuity lemma:
Energy equality: As u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1

0 (Ω)) ∩ Lp(0, T ;Lp(Ω)) with its weak

derivative ∂tu ∈ L2(0, T ;H−1(Ω))∩Lp′(0, T ;Lp′(Ω)), using an argument similar to [52, Theorem
7.2, Exercise 8.2], we have that the mapping [0, T ] ∋ t 7→ ∥u(t)∥2L2 ∈ R is absolutely continuous,

u ∈ C([0, T ];L2(Ω)) and the following energy equality holds true:

∥u(t)∥2L2 + 2ν

∫ T

0
∥∇u(t)∥2L2 dt+ 2α

∫ T

0
∥u(t)∥pLp dt

= ∥u0∥2L2 + 2

M∑
ℓ=1

βℓ

∫ T

0
∥u(t)∥qℓLqℓ dt+ 2

∫ T

0
⟨f(t), u(t)⟩ dt,

for all t ∈ [0, T ]. This completes the proof of the existence of weak solution. □

Theorem 3.7 (Uniqueness of weak solution). For u0 ∈ L2(Ω) and f ∈ L2(0, T ;H−1(Ω)), the
weak solution of the system (1.11) as discussed in Theorem 3.6 is unique.

Proof. Let u1(·) and u2(·) bet two weak solutions of (1.11) both subject to same forcing f(·)
and initial data u0. Then, w := u1 − u2 satisfies the following in the weak sense:

∂w(x, t)

∂t
− ν∆w(x, t) + α(|u1(x, t)|p−2u1(x, t)− |u2(x, t)|p−2u2(x, t))

−
M∑
ℓ=1

βℓ(|u1(x, t)|qℓ−2u1(x, t)− |u2(x, t)|qℓ−2u2(x, t)) = 0 for all (x, t) ∈ Ω× (0, T ),

w(x, t) = 0, for all x ∈ ∂Ω, t ∈ (0, T ),

w(x, 0) = 0 for all x ∈ Ω.

(3.28)
Using the absolute continuity of the mapping [0, T ] ∋ t 7→ ∥u(t)∥2L2 ∈ R, taking the inner
product with w, we infer

1

2

d

dt
∥w(t)∥2L2 + ν∥∇w(t)∥2L2 = −α(|u1(t)|p−2u1(t)− |u2(t)|p−2u2(t), w(t))

+

M∑
ℓ=1

βℓ(|u1(t)|qℓ−2u1(t)− |u2(t)|qℓ−2u2(t), w(t)), (3.29)

for a.e. t ∈ [0, T ].We begin by estimating the nonlinear term −α(|u1|p−2u1 − |u2|p−2u2, w),
following the approach in [46, Section 3.1] as

−α(|u1|p−2u1 − |u2|p−2u2, w) ≤ −α
2
∥|u1|

p−2
2 w∥2L2 −

α

2
∥|u2|

p−2
2 w∥2L2 . (3.30)

We also estimate the pumping term as

(|u1|qℓ−2u1 − |u2|qℓ−2u2, w) ≤ (qℓ − 1)(|u1|+ |u2|)qℓ−2|u1 − u2|, |u1 − u2|)
≤ 2qℓ−3(qℓ − 1)((|u1|qℓ−2 + |u2|qℓ−2)|u1 − u2|, |u1 − u2|)
≤ 2qℓ−3(qℓ − 1)(|u1|qℓ−2|u1 − u2|, |u1 − u2|)
+ 2qℓ−3(qℓ − 1)(|u2|qℓ−2|u1 − u2|, |u1 − u2|)

= C̃(I1 + I2),

where

C̃ = 2qℓ−3(qℓ − 1), I1 = (|u1|qℓ−2|u1 − u2|, |u1 − u2|) and I2 = (|u2|qℓ−2|u1 − u2|, |u1 − u2|).
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Using the fact that qℓ−2
p−2 + p−qℓ

p−2 = 1 and by an application of Hölder’s and Young’s inequalities,

we can estimate I1 and I2 as

|I1| = |(|u1|qℓ−2|u1 − u2|
2(qℓ−2)

p−2 , |u1 − u2|
2(p−qℓ)

p−2 )|

≤ (∥|u1|
p−2
2 |u1 − u2|∥2L2)

qℓ−2

p−2 (∥u1 − u2∥2L2)
p−qℓ
p−2

≤ α

2qℓ−1M |βℓ|(qℓ − 1)
∥|u1|

p−2
2 |u1 − u2|∥2L2

+

(
2qℓ−1M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)
∥u1 − u2∥2L2

|I2| ≤
α

2qℓ−1M |βℓ|(qℓ − 1)
∥|u2|

p−2
2 |u1 − u2|∥2L2

+

(
2qℓ−1M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)
∥u1 − u2∥2L2 .

Combining the above estimates, we arrive at

1

2

d

dt
∥w(t)∥2L2 + ν∥∇w(t)∥2L2

≤ −α
4
∥|u1(t)|

p−2
2 w(t)∥2L2 −

α

4
∥|u2(t)∥

p−2
2 w(t)∥2L2

+ 2

[ M∑
ℓ=1

C̃|βℓ|
(
2qℓ−1M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)]
∥w∥2L2 ,

for a.e. t ∈ [0, T ]. For simplicity, let us assume

M∑
ℓ=1

C̃|βℓ|
(
2qℓ−1M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)
= C2. (3.31)

Therefore, the above estimate can be simplified as

d

dt
∥w(t)∥2L2 + 2ν∥∇w(t)∥2L2 ≤ 4C2∥(t)w∥2L2 , for a.e. t ∈ [0, T ].

Using Gronwall’s inequality [26, p. 624], we see that

∥w(t)∥2L2 ≤ ∥w(0)∥2L2 exp(4C2T ) = 0.

Since, the exponential term is bounded, therefore, w(t) = 0 for a.e. t ∈ [0, T ] and hence
w = u1 − u2 = 0 so u1 = u2 in L2(Ω). Therefore, the weak solution of the system (1.11) is
unique. □

3.3. Regularity results. In this section, we characterize the solution space under suitable
assumptions on the regularity of initial condition and the external force.

Theorem 3.8. For the initial data u0 ∈ H1
0 (Ω) ∩ Lp(Ω), p ≥ 2 and f ∈ L2(0, T ;L2(Ω)), the

weak solution of the system (1.11), u in Ω (either convex, or a domain with C2-boundary), is a
strong solution satisfying

u ∈ C([0, T ];H1
0 (Ω) ∩ Lp(Ω)) ∩ L2(0, T ;H2(Ω)) ∩ L2p−2(0, T ;L2p−2(Ω)),

with ∂tu ∈ L2(0, T ;L2(Ω)) and∂tu(t)− ν∆u(t) + α|u(t)|p−2u(t)−
M∑
ℓ=1

βℓ|u(t)|qℓ−2u(t) = f(t), in L2(Ω),

u(0) = u0 ∈ H1
0 (Ω),

(3.32)

for a.e. t ∈ [0, T ].
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Proof. Step-1: H1
0 - energy estimate. Multiplying by λkd

k
m(·) in (3.14) and summing over all k

such that λk < 2m+1, we have

−(∂tum(t),∆um(t))+ν(∆um(t),∆um(t)) + α(|um(t)|p−2um(t),−∆um(t))

=
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t),−∆um(t)) + (f(t),−∆um(t)),

for a.e. t ∈ [0, T ]. Therefore, it is immediate that

1

2

d

dt
∥∇um(t)∥2L2+ν∥∆um(t)∥2L2 + α(p− 1)(|um(t)|p−2∇um(t),∇um(t))

=
M∑
ℓ=1

βℓ(qℓ − 1)(|um(t)|qℓ−2∇um(t),∇um(t)) + (f(t),−∆um(t))

≤
∣∣∣∣ M∑
ℓ=1

βℓ(qℓ − 1)(|um(t)|qℓ−2∇um(t),∇um(t))

∣∣∣∣+ ∥f(t)∥L2∥∆um(t)∥L2 ,

where we have used the Cauchy-Schwarz inequality. The term (|um|qℓ−2∇um,∇um) can be
estimated using the same approach as in Theorem 3.7 as∣∣∣∣ M∑

ℓ=1

βℓ(qℓ − 1)(|um|qℓ−2∇um,∇um)

∣∣∣∣
≤
∣∣∣∣ M∑
ℓ=1

βℓ(qℓ − 1)

(
∥|um|

p−2
2 ∇um∥2L2

) qℓ−2

p−2
(
∥∇um∥2L2

) p−qℓ
p−2
∣∣∣∣

≤ α(p− 1)

2
∥|um|

p−2
2 ∇um∥2L2

+
M∑
ℓ=1

|βℓ|(qℓ − 1)

(
2M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 1)(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)
∥∇um∥2L2 . (3.33)

Using the above estimate and Young’s inequality, we arrive at the following:

1

2

d

dt
∥∇um(t)∥2L2 + ν∥∆um(t)∥2L2 +

α(p− 1)

2
∥|um(t)|

p−2
2 ∇um(t)∥2L2

≤ 1

2ν
∥f(t)∥2L2 +

ν

2
∥∆um(t)∥2L2

+

[ M∑
ℓ=1

|βℓ|
(
2M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 1)(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)]
∥∇um(t)∥2L2 ,

for a.e. t ∈ [0, T ]. For the sake of simplicity, let us take

M∑
ℓ=1

|βℓ|
(
2M |βℓ|(qℓ − 1)(qℓ − 2)

α(p− 1)(p− 2)

) qℓ−2

p−qℓ

(
p− qℓ
p− 2

)
= C3. (3.34)

Hence, we deduce for a.e. t ∈ [0, T ] that

d

dt
∥∇um(t)∥2L2 + ν∥∆um(t)∥2L2 + α(p− 1)∥|um(t)|

p−2
2 ∇um(t)∥2L2

≤ 1

ν
∥f(t)∥2L2 + 2C3∥∇um(t)∥2L2 .

Integrating from 0 to t and applying Gronwall’s inequality, we conclude that

∥∇um(t)∥2L2 + ν

∫ t

0
∥∆um(s)∥2L2 ds+ α(p− 1)

∫ t

0
∥|um(s)|

p−2
2 ∇um(s)∥2L2ds

≤
(
1

ν

∫ t

0
∥f(s)∥2L2ds+ ∥∇u0∥2L2

)
exp

(
2C3t

)
, (3.35)
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for all t ∈ [0, T ]. By taking supremum over all t, we confirm that

um ∈ L∞(0, T ;H1
0 (Ω)).

Moreover, we have ∆um ∈ L2(0, T ;L2(Ω)) with um(t)
∣∣
∂Ω

= 0 for all t ∈ [0, T ]. By the elliptic
regularity result [31, Theorem 3.1.2.1], it follows that

um ∈ L2(0, T ;H2(Ω)).

Step-2: Time derivative estimate. For m ≥ 1, multiplying (3.14) by dkm
′(·) and summing over

all k such that λk < 2m+1, we have

∥∂tum(t)∥2L2 +
ν

2

d

dt
∥∇um(t)∥2L2 + α(|um(t)|p−2um(t), ∂tum(t))

= (f(t), ∂tum(t)) +

M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), ∂tum(t)),

for a.e. t ∈ [0, T ]. Using the Cauchy-Schwarz and Young’s inequalities, we attain

∥∂tum(t)∥2L2 +
ν

2

d

dt
∥∇um(t)∥2L2 +

α

p

d

dt
∥um(t)∥pLp

≤ 1

2
∥f(t)∥2L2 +

1

2
∥∂tum(t)∥2L2 +

M∑
ℓ=1

βℓ
qℓ

d

dt
∥um(t)∥qℓLqℓ ,

that is,

∥∂tum(t)∥2L2 + ν
d

dt
∥∇um(t)∥2L2 +

2α

p

d

dt
∥um(t)∥pLp ≤ ∥f(t)∥2L2 + 2

M∑
ℓ=1

βℓ
qℓ

d

dt
∥um(t)∥qℓLqℓ ,

for a.e. t ∈ [0, T ]. Integrating from 0 to t, we achieve

ν∥∇um(t)∥2L2 +
2α

p
∥um(t)∥pLp +

∫ t

0
∥∂sum(s)∥2L2 ds+ 2

M∑
ℓ=1

βℓ
qℓ
∥um(0)∥qℓLqℓ

≤ ν∥∇um(0)∥2L2 +
2α

p
∥um(0)∥pLp +

∫ t

0
∥f(s)∥2L2 ds+

M∑
ℓ=1

βℓ
qℓ
∥um(t)∥qℓLqℓ . (3.36)

The term ∥um(·)∥qℓLqℓ can be estimated following the calculations in (3.15). Using the fact that
(see Proposition 3.4)

∥um(0)∥Lp = ∥Sm−1u0∥Lp ≤ ∥u0∥Lp <∞ and ∥∇um(0)∥L2 ≤ ∥∇u0∥L2 <∞

(and similarly for ∥um(0)∥Lqℓ ), it follows that the right-hand side of (3.36) is independent of m.
This leads to

um ∈ L∞(0, T ;Lp(Ω)), ∂tum ∈ L2(0, T ;L2(Ω)).

Step-3: Existence of strong solutions. Applications of the Banach-Alaoglu theorem and Aubin-
Lions compactness Lemma as performed in Steps 4 and 5 in the proof of Theorem 3.6, lead
to 

um
w∗
−−→ ũ ∈ L∞(0, T ;H1

0 (Ω) ∩ Lp(Ω)),

um
w−→ ũ ∈ L2(0, T ;H2(Ω)),

∂tum
w−→ ∂tũ ∈ L2(0, T ;L2(Ω)),

um → ũ ∈ C([0, T ];L2(Ω)) ∩ L2(0, T ;L2(Ω)),

(3.37)

along a further subsequence still denoted by the same symbol. By the uniqueness of weak limits,
we obtain ũ = u and

u ∈ L∞(0, T ;H1
0 (Ω) ∩ Lp(Ω)) ∩ L2(0, T ;H2(Ω)) and ∂tu ∈ L2(0, T ;L2(Ω)).
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Therefore, an application of the Lions-Magenes lemma ([60, Lemma 1.2, p. 176]) yields u ∈
C([0, T ];H1

0 (Ω)). The weakly lowersemicontinuity property of norms yields

sup
0≤t≤T

(
∥u(t)∥2H1

0
+ ∥u(t)∥pLp

)
+

∫ T

0
∥∆u(t)∥2L2dt+

∫ T

0
∥∂tu(t)∥2L2dt

≤ lim inf
m→∞

(
sup

0≤t≤T

(
∥um(t)∥2H1

0
+ ∥um(t)∥pLp

)
+

∫ T

0
∥∆um(t)∥2L2dt+

∫ T

0
∥∂tum(t)∥2L2dt

)
≤ C.

We infer from (3.1) that for a.e. t ∈ [0, T ]

α|u(t)|p−2u(t) = −∂tu(t) + ν∆u(t) +

M∑
ℓ=1

βℓ|u(t)|qℓ−2u(t) + f(t) in H−1(Ω),

so that

α2

∫ T

0
∥|u(t)|p−2u(t)∥2L2dt ≤ C

(∫ T

0
∥∂tu(t)∥2L2 dt+ ν2

∫ T

0
∥∆u(t)∥2L2dt

+
M∑
ℓ=1

|βℓ|2
∫ T

0
∥|u(t)|qℓ−2u(t)∥2L2dt+

∫ T

0
∥f(t)∥2L2dt

)
.

An application of Hölder’s and Young’s inequalities yield

α2

2

∫ T

0
∥u(t)∥2p−2

L2p−2dt ≤ C

(∫ T

0
∥∂tu(t)∥2L2 dt+ ν2

∫ T

0
∥∆u(t)∥2L2dt

+
M∑
ℓ=1

(
p− qℓ
p− 1

)(
2M(qℓ − 1)

α(p− 1)

) qℓ−1

p−qℓ |βℓ|
p−1
p−qℓ |Ω|+

∫ T

0
∥f(t)∥2L2dt

)
≤ C,

so that u ∈ L2p−2(0, T ;L2p−2(Ω)). This guarantees that the equation (3.2) is satisfied for
all v ∈ L2(0, T ;L2(Ω)). Moreover, the above estimate enables us to show that the mapping
[0, T ] ∋ t 7→ ∥u(t)∥pLp(Ω) ∈ R is absolutely continuous, u ∈ C([0, T ];Lp(Ω)) and for a.e. t ∈ [0, T ]

([6, Step 9, p. 30.])

d

dt
∥u(t)∥pLp = p

〈
∂u(t)

∂t
, |u(t)|p−2u(t)

〉
. (3.38)

Note that, by the Sobolev embedding Theorem, we have

H1
0 (Ω) ↪→ Lp(Ω) for d ≥ 2 and 2 ≤ p ≤ 2d

d− 2
;

H1
0 (Ω) ↪→ Lp(Ω) for d = 1, 2 and 2 ≤ p <∞.

For the above two cases, since u ∈ L∞(0, T ;H1
0 (Ω))∩L2(0, T ;D(A)) and ∂u

∂t ∈ L2(0, T ;L2(Ω)),

an application of Lions-Magenes lemma yields u ∈ C([0, T ];H1
0 (Ω)) ↪→ C([0, T ];Lp(Ω)).

Therefore, for d ≥ 2, it is enough to show that u ∈ C([0, T ];Lp(Ω)∩H1
0 (Ω)) for

2d
d−2 < p <∞.

Let us first fix 2d
d−2 < p <∞ and define z := |u|

p
2 . Then, we observe that

∥z∥2L2(Ω) = ∥|u|
p
2 ∥2L2(Ω) = ∥u∥pLp(Ω).

By using the fact that u ∈ L∞(0, T ;Lp(Ω)), we have z ∈ L∞(0, T ;L2(Ω)). We infer from (3.35)
that ∫ T

0
∥|u(t)|

p−2
2 ∇u(t)∥2L2dt ≤ lim inf

m→∞

∫ T

0
∥|um(t)|

p−2
2 ∇um(t)∥2L2dt ≤ C.
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Since ∫ T

0
∥∇z(t)∥2L2dt =

(p
2

)2 ∫ T

0
∥|u(t)|

p−2
2 ∇u(t)∥2L2dt ≤ C,

we infer z ∈ L2(0, T ;H1
0 (Ω)). Since ∂u

∂t ∈ L2(0, T ;L2(Ω)) and u ∈ L2p−2(0, T ;L2p−2(Ω)), it
implies∫ T

0

∥∥∥∥∂z(t)∂t

∥∥∥∥ 4p−4
3p−4

L
4p−4
3p−4 (Ω)

dt ≤
(p
2

) 4p−4
3p−4

(∫ T

0

∥∥∥∥∂u(t)∂t

∥∥∥∥2
L2(Ω)

dt

) 2p−2
3p−4

(∫ T

0
∥u(t)∥2p−2

L2p−2(Ω)
dt

) p−2
3p−4

=
(p
2

) 4p−4
3p−4

∥∥∥∥∂u∂t
∥∥∥∥ 4p−4

3p−4

L2(0,T ;L2(Ω))

∥u∥
(p−2)(2p−2)

3p−4

L2p−2(0,T ;L2p−2(Ω))
<∞.

Therefore, we deduce

z ∈ L
4p−4

p (0, T ;L
4p−4

p (Ω)) ∩ L2(0, T ;H1
0 (Ω)),

and since f ∈ L2(0, T ;H−1(Ω)), the above estimate implies

∂z

∂t
∈ L

4p−4
3p−4 (0, T ;L

4p−4
3p−4 (Ω)) + L2(0, T ;H−1(Ω)),

As a consequence of [52, Theorem 7.2, Exercise 8.2], we deduce that

(i) z = |u|
p
2 is in the space C([0, T ];L2(Ω)), i.e., |u| ∈ C([0, T ];Lp(Ω)),

(ii) the function [0, T ] ∋ t 7→ ∥z(t)∥2L2 ∈ R is absolutely continuous and

1

2

d

dt
∥z(t)∥2L2 =

L
4p−4

p

〈
z(t), z′(t)

〉
L

4p−4
3p−4

.

This implies that the function [0, T ] ∋ t 7→ ∥u(t)∥pLp(Ω) ∈ R is absolutely continuous and it

satisfies

1

p

d

dt
∥u(t)∥pLp(Ω) =

(
|u(t)|p−2u(t),

∂u(t)

∂t

)
,

for a.e. t ∈ [0, T ]. Since u ∈ L2p−2(0, T ;L2p−2(Ω)), one can choose the test function v = |u|p−2u
in (3.2) and use the above fact to obtain

∥u(t)∥pLp(Ω) + p(p− 1)ν

∫ t

0
∥|u(s)|

p−2
2 ∇u(s)∥pLp(Ω)ds+ pα

∫ t

0
∥u(s)∥2p−2

L2p−2(Ω)
ds

= ∥u0∥pLp(Ω) +

M∑
ℓ=1

βℓ

∫ t

0
∥u(s)∥p+qℓ−2

Lp+qℓ−2ds+

∫ t

0
(f(s), |u(s)|p−2u(s))ds,

for all t ∈ [0, T ]. Note that from the above argument, for any t ∈ [0, T ], we have ∥u(t)∥Lp(Ω) →
∥u0∥Lp(Ω), as t → 0. Let us now show that u ∈ Cw([0, T ];L

p(Ω) ∩ H1
0 (Ω)). From (3.37), we

observe that

u ∈ C([0, T ];L2(Ω)) ↪→ Cw([0, T ];L
2(Ω)).

On the other hand, we also have u ∈ L∞(0, T ;Lp(Ω)∩H1
0 (Ω)

)
. By applying the Strauss Lemma

([60, Lemma 1.4]), with the choice X = Lp(Ω) ∩ H1
0 (Ω) and Y = L2(Ω), it follows that u ∈

Cw

(
[0, T ];Lp(Ω) ∩ H1

0 (Ω)
)
. In particular, since u ∈ Cw([0, T ];L

p(Ω)), we deduce that u(t)
w−→

u0 in Lp(Ω), as t → 0. Moreover, as every Hilbert space and Lp(Ω) space for p > 1 are
uniformly convex, the Radon-Riesz property ensures that this weak convergence together with
norm convergence yields strong convergence. Hence, u(t) → u0 in Lp(Ω), as t → 0, which
shows that u ∈ C([0, T ];Lp(Ω)).

Therefore, u is a strong solution of the system (3.1) and the uniqueness follows from Theorem
3.7. □
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Remark 3.9. It has been noted in the literature ([36, Theorem 2.3], [42, Theorem 2.12]) that,
when establishing the Lp-norm of the Faedo-Galerkin approximations, the function |um|p−2um
is often chosen as a test function. However, we emphasize that |um|p−2um /∈ Vm, and therefore
it cannot be directly used as a test function. Instead, one must take Pm(|um|p−2um) ∈ Vm as
the test function, or alternatively, proceed as in Step 3 of the proof of Theorem 3.8 to derive the
desired regularity results.

Remark 3.10. The regularity results obtained in Theorem 3.8 help us to show the energy
dissipation given in (1.14).

We now establish further regularity results under the additional assumptions u0 ∈ D(A),

f ∈ H1(0, T ;L2(Ω)), and, in the stronger case, u0 ∈ D(A3/2), f ∈ H1(0, T ;H1(Ω)). Such
regularity is essential for the subsequent numerical analysis of the problem. It is important
to emphasize that obtaining this higher regularity requires certain compatibility conditions
between the initial data u0 and the forcing term f , which we specify below.

Remark 3.11 (Compatibility condition). We need the following compatibility conditions for
rest of the regularity results.

(1) For u0 ∈ D(A) and f ∈ H1(0, T ;L2(Ω)), we define

g0 := ν∆u0 − α|u0|p−2u0 +

M∑
ℓ=1

βℓ|u0|qℓ−2u0 + f(0).

In particular, the condition g0 ∈ L2(Ω) make sense if(
ν∆u0 − α|u0|p−2u0 +

M∑
ℓ=1

βℓ|u0|qℓ−2u0 + f(0)
)
∈ L2(Ω). (3.39)

Note that f ∈ H1(0, T ;L2(Ω)) implies f ∈ C([0, T ];L2(Ω)) also ([26, Theorem 2, Section
5.9.2]). Since ∆u0 ∈ L2(Ω) and f(0) ∈ L2(Ω), it is enough to show that |u0|p−2u0 ∈ L2(Ω).
It is clear that |u0|p−2u0 ∈ L2(Ω) if u0 ∈ L2p−2(Ω). Using the fact that D(A) ↪→ Lp(Ω) for all
2 ≤ p <∞ whenever 1 ≤ d ≤ 4 and p ≤ 2d

d−4 if d ≥ 5, we conclude that

D(A) ↪→ L2p−2(Ω) for 2 ≤ p <∞ for 1 ≤ d ≤ 4 and 2 ≤ p ≤ 2d− 4

d− 4
for d ≥ 5. (3.40)

Hence, (3.39) makes sense for the values of p given in (3.40), then the condition of |u0|p−2u0 ∈
L2(Ω) is automatically satisfied.

(2) For u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)), we define

g1 = ∇(ν∆u0)− α(p− 1)|u0|p−2∇u0 +
M∑
ℓ=1

βℓ(qℓ − 1)|u0|qℓ−2∇u0 +∇f(0).

In particular, the condition g1 ∈ L2(Ω) make sense if the right hand side belongs to L2(Ω).

Since, u0 ∈ D(A
3
2 ) implies ∇(∆u0) ∈ L2(Ω). Since f ∈ H1(0, T ;H1(Ω)), we infer f ∈

C([0, T ];H1(Ω)), so that ∇f(0) ∈ L2(Ω). Hence, it is enough to show that |u0|p−2∇u0 ∈ L2(Ω).
For the values of p given in (3.40), using Hölder’s inequality and Sobolev’s embedding, we esti-
mate

∥|u0|p−2∇u0∥2L2 ≤ ∥|u0|p−2∥2
L

d
2
∥∇u0∥2

L
2d
d−4

≤ ∥u0∥2(p−2)

L
d
2 (p−2)

∥A
3
2u0∥2L2 ≤ ∥u0∥2(p−2)

D(A) ∥A
3
2u0∥2L2 ,

we conclude that |u0|p−2∇u0 ∈ L2(Ω). Therefore, g1 ∈ L2(Ω).

Theorem 3.12. Let the initial data u0 ∈ D(A) be fixed. Then, the following results are valid:

(a) For the values of p given in (3.40), if the external force f ∈ H1(0, T ;L2(Ω)), then the so-
lution u of (1.11) belongs to L∞(0, T ;D(A)) and ∂tu ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;H1

0 (Ω)).
(b) For the values of p given in (1.15), if the forcing term satisfies the extra regular-

ity f ∈ L2(0, T ;H1(Ω)), then the solution u of (1.11) belongs to L∞(0, T ;D(A)) ∩
L2(0, T ;D(A

3
2 )).
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Proof. We begin by considering the case 1 ≤ d ≤ 4 with 2 ≤ p <∞, and for higher dimensions
d ≥ 5, the range 2 ≤ p ≤ 2d−4

d−4 .

(a) We divide the proof into two steps.
Step-1. To show ∂tu ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;H1

0 (Ω)), we differentiate the equation (3.14)
with respect to t and obtain

(∂ttum(t), wk) + ν(∂t∇um(t),∇wk) + α(∂t(|um(t)|p−2um(t)), wk)

= (∂tf(t), wk) +
M∑
ℓ=1

βℓ(∂t(|um(t)|qℓ−2um(t)), wk), (3.41)

for a.e. t ∈ [0, T ]. Multiplying above equation by dkm
′(·) and summing over all k such that

λk < 2m+1, we derive

1

2

d

dt
∥∂tum(t)∥2L2+ν∥∂t∇um(t)∥2L2 + α(p− 1)

(
|um(t)|p−2∂tum(t), ∂tum(t)

)
= (∂tf(t), ∂tum(t)) +

M∑
ℓ=1

βℓ(qℓ − 1)(|um(t)|qℓ−2∂tum(t), ∂tum(t)),

for a.e. t ∈ [0, T ]. Proceeding as in the estimate for (|um|qℓ−2∂tum, ∂tum) given in (3.33),
applying the Cauchy-Schwarz and Young’s inequalities, we obtain

1

2

d

dt
∥∂tum(t)∥2L2 + ν∥∂t∇um(t)∥2L2 +

α(p− 1)

2
∥|um(t)|

p−2
2 ∂tum(t)∥2L2

≤ 1

2α
∥∂tf(t)∥2L2 +

α

2
∥∂tum(t)∥2L2 + C3∥∂tum(t)∥2L2 ,

where C3 is defined in (3.34). Integrating from 0 to t, we have

∥∂tum(t)∥2L2 + 2ν

∫ t

0
∥∂s∇um(s)∥2L2 ds+ α(p− 1)

∫ t

0
∥|um(s)|

p−2
2 ∂sum(s)∥2L2 ds

≤ ∥∂tum(0)∥2L2 +
1

α

∫ t

0
∥∂sf(s)∥2L2 ds+ (α+ 2C3)

∫ t

0
∥∂sum(s)∥2L2 ds.

Using Gronwall’s inequality, we conclude

∥∂tum(t)∥2L2 + 2ν

∫ t

0
∥∂s∇um(s)∥2L2 ds+ α(p− 1)

∫ t

0
∥|um(s)|

p−2
2 ∂sum(s)∥2L2 ds (3.42)

≤
(
∥∂tum(0)∥2L2 +

1

α

∫ t

0
∥∂sf(s)∥2L2 ds

)
exp

(
(α+ C3)t

)
, (3.43)

for all t ∈ [0, T ]. We estimate ∥∂tum(0)∥2L2 by taking t = 0, wk = ∂tum(0) and applying the
Cauchy-Schwarz and Young’s inequalities as

∥∂tum(0)∥2L2 ≤ C(∥u0∥2H2 + ∥u0∥2(p−1)
H2 + ∥u0∥2(qℓ−1)

H2 + ∥f(0)∥2L2),

where we have used the fact that D(A) ↪→ L2p−2(Ω). Hence, we infer the following:

∥∂tum(t)∥2L2 + 2ν

∫ t

0
∥∇∂sum(s)∥2L2 ds+ α(p− 1)

∫ t

0
∥|um(s)|

p−2
2 ∂sum(s)∥2L2 ds

≤ C(∥u0∥H2 , ∥f(0)∥L2 , ∥f∥H1(0,T ;L2)). (3.44)

Taking supremum over time 0 ≤ t ≤ T , we therefore have

sup
0≤t≤T

∥∂tum(t)∥2L2 + 2ν

∫ T

0
∥∇∂sum(s)∥2L2 ds+ α(p− 1)

∫ T

0
∥|um(s)|

p−2
2 ∂sum(s)∥2L2 ds

≤ C(∥u0∥H2 , ∥f(0)∥L2 , ∥f∥H1(0,T ;L2)). (3.45)

An argument similar to Steps 4 and 5 of Theorem 3.6 implies that

∂tu ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)).
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Step-2. Next we prove u ∈ L∞(0, T ;H2(Ω)). Multiplying (3.14) by λkd
k
m(·) and summing over

all k such that λk < 2m+1, we have

−(∂tum(t),∆um) + ν(∆um(t),∆um(t))− α(|um(t)|p−2um(t),∆um(t))

= −(f(t),∆um(t)) +
M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t),−∆um(t)), (3.46)

for a.e. t ∈ [0, T ]. On rearranging and using integration by parts, we get for a.e. t ∈ [0, T ]

ν∥∆um(t)∥2L2 + α(p− 1)∥|um|
p−2
2 ∇um(t)∥2L2

= −(f(t),∆um(t)) + (∂tum(t),∆um(t)) +

M∑
ℓ=1

βℓ(qℓ − 1)(|um(t)|qℓ−2∇um(t),∇um(t)). (3.47)

Using Young’s inequality, we can estimate the terms as

|(f,∆um)| ≤ 1

ν
∥f∥2L2 +

ν

4
∥∆um∥2L2 ,

|(∂tum,∆um)| ≤ 1

ν
∥∂tum∥2L2 +

ν

4
∥∆um∥2L2 .

Using these estimates and (3.33) in (3.47), we reach at following estimate:

ν∥∆um(t)∥2L2 + α(p− 1)∥|um(t)|
p−2
2 ∇um(t)∥2L2

≤ 2

ν
∥f(t)∥2L2 +

2

ν
∥∂tum(t)∥2L2 + 2C3∥∇um(t)∥2L2 , (3.48)

for a.e. t ∈ [0, T ]. Hence, taking supremum over all t and using (3.45), we conclude

sup
0≤t<T

ν∥∆um(t)∥2L2 + sup
0≤t≤T

α(p− 1)∥|um(t)|
p−2
2 ∇um(t)∥2L2 ≤ C(∥u0∥H2 , ∥f∥H1(0,T ;L2), C3).

(3.49)

Therefore, by elliptic regularity and employing weak limits together with the compactness
lemma, as in Theorem 3.6, we conclude that

u ∈ L∞(0, T ;H2(Ω)),

which completes the proof.

Next, we consider the case 1 ≤ d ≤ 4 with 2 ≤ p < ∞, and for higher dimensions d ≥ 5, the
range 2 ≤ p ≤ 2d−6

d−4 .

(b) By multiplying (3.14) with λ2kd
k
m(·) and summing over all k such that λk < 2m+1, we have

(∂tum(t), A2um(t)) + ν(Aum(t), A2um(t)) + α(|um(t)|p−2um(t), A2um(t))

= (f(t), A2um(t)) +

M∑
ℓ=1

βℓ(|um(t)|qℓ−2um(t), A2um(t)),

for a.e. t ∈ [0, T ]. Using the self-adjointness of the operator A, we get for a.e. t ∈ [0, T ]

1

2

d

dt
∥Aum(t)∥2L2 + ν∥A

3
2um(t)∥2L2 = (A

1
2 f(t), A

3
2um(t))− α(A

1
2 (|um(t)|p−2um(t)), A

3
2um(t))

+
M∑
ℓ=1

βℓ(A
1
2 (|um(t)|qℓ−2um(t)), A

3
2um(t)).

By an application of the Cauchy-Schwarz and Young’s inequalities, we obtain

1

2

d

dt
∥Aum(t)∥2L2 +

ν

2
∥A

3
2um(t)∥2L2 ≤ 3

2ν
∥A

1
2 f(t)∥2L2 +

3α2(p− 1)

2ν
∥|um(t)|p−2∇um(t)∥2L2

+
3M

2ν

M∑
ℓ=1

β2ℓ (qℓ − 1)∥|um(t)|qℓ−2∇um(t)∥2L2 ,
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for a.e. t ∈ [0, T ]. Integrating from 0 to t and taking supremum over all t ∈ [0, T ], we conclude

sup
0≤t≤T

∥Aum(t)∥2L2 + ν

∫ T

0
∥A

3
2um(t)∥2L2 dt

≤ 3

ν

∫ T

0
∥A

1
2 f(t)∥2L2 dt+

3α2(p− 1)

ν

∫ T

0
∥|um(t)|p−2∇um(t)∥2L2 dt

+
3M

ν

M∑
ℓ=1

β2ℓ (qℓ − 1)

∫ T

0
∥|um(t)|qℓ−2∇um(t)∥2L2 dt.

Next, we can estimate
∫ T
0 ∥|um(t)|p−2∇um(t)∥2L2 dt using the Hölder’s and Sobolev’s inequalities

as ∫ T

0
∥|um(t)|p−2∇um(t)∥2L2 dt ≤

∫ T

0
∥|um(t)|(p−2)∥2Ld∥∇um(t)∥2

L
2d
d−2

dt

≤
∫ T

0
∥um(t)∥2(p−2)

Ld(p−2)∥∇um(t)∥2
L

2d
d−2

dt. (3.50)

As we know that D(A) ↪→ Ld(p−2) for 2 ≤ p <∞ for 1 ≤ d ≤ 4 and 2 ≤ p ≤ 2d−6
d−4 for d ≥ 5, we

achieve the following:∫ T

0
∥|um(t)|p−2∇um(t)∥2L2 dt ≤ C

∫ T

0
∥Aum(t)∥2p−2

L2 dt ≤ CT sup
0≤t≤T

∥Aum(t)∥2p−2
L2

≤ CT (∥u0∥H2 , ∥f∥L2(0,T ;H1)). (3.51)

Observe that the term
∫ T
0 ∥|um(t)|qℓ−2∇um(t)∥2L2 dt can be estimated using (3.33) together with

the preceding calculation. Therefore, we arrive at

sup
0≤t≤T

∥Aum(t)∥2L2 + ν

∫ T

0
∥A

3
2um(t)∥2L2 dt ≤ C(∥u0∥H2 , ν, βℓ, α,M, ∥f∥L2(0,T ;H1)). (3.52)

Hence, by an application of the elliptic regularity, we identify

um ∈ L∞(0, T ;H2(Ω)) ∩ L2(0, T ;D(A
3
2 )).

An argument similar to Steps 4 and 5 of Theorem 3.6 implies that

u ∈ L∞(0, T ;H2(Ω)) ∩ L2(0, T ;D(A
3
2 )),

and the proof is completed. □

Remark 3.13. The estimates u ∈ L∞(0, T ;D(A))∩L2(0, T ;D(A
3
2 )) and ∂tu ∈ L2(0, T ;H1

0 (Ω))

imply Au ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;D(A
1
2 )) and ∂tAu ∈ L2(0, T ;D(A

1
2 )). An application

of the Lions-Magenes lemma yields that Au ∈ C([0, T ];L2(Ω)) and the mapping [0, T ] ∋ t 7→
∥Au(t)∥2L2 ∈ R is absolutely continuous such that 1

2
d
dt∥Au(t)∥

2
L2 = ⟨∂tAu(t), Au(t)⟩ for a.e.

t ∈ [0, T ]. Moreover, for the values of p given in (1.15), D(A) ↪→ L2p−2(Ω) implies that
u ∈ C([0, T ];L2p−2(Ω)).

Theorem 3.14. For the values of p given in (1.15), if the initial data u0 ∈ D(A
3
2 ) and forcing

f ∈ H1(0, T ;H1(Ω)), then ∂tu ∈ L∞(0, T ;H1
0 (Ω)) and ∂ttu ∈ L2(0, T, L2(Ω)).

Proof. Multiplying (3.41) with dkm
′′(·) and summing over all k such that λk < 2m+1, we obtain

(∂ttum(t), ∂ttum(t))+ν(∂t∇um(t), ∂tt∇um(t)) + α(∂t(|um(t)|p−2um(t)), ∂ttum(t))

= (∂tf(t), ∂ttum(t)) +
M∑
ℓ=1

βℓ(∂t(|um(t)|qℓ−2um(t)), ∂ttum(t)),
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for a.e. t ∈ [0, T ] which can be further rearranged as

∥∂ttum(t)∥2L2 +
ν

2

d

dt
∥∂t∇um(t)∥2L2 = (∂tf(t), ∂ttum(t)) +

M∑
ℓ=1

βℓ(∂t(|um(t)|qℓ−2um(t)), ∂ttum(t))

− α(∂t(|um(t)|p−2um(t)), ∂ttum(t)), (3.53)

for a.e. t ∈ [0, T ]. By an application of the Cauchy-Schwarz and Young’s inequalities, we have
the following estimates:

|(∂tf, ∂ttum)| ≤ 3

2
∥∂tf∥2L2 +

1

6
∥∂ttum∥2L2 ,

| − α(∂t(|um|p−2um), ∂ttum)| ≤ 3α2(p− 1)2

2
∥|um|p−2∂tum∥2L2 +

1

6
∥∂ttum∥2L2 ,∣∣∣∣ M∑

ℓ=1

βℓ(∂t(|um|qℓ−2um), ∂ttum)

∣∣∣∣ ≤ M∑
ℓ=1

3β2ℓM(qℓ − 1)2

2
∥|um|qℓ−2∂tum∥2L2 +

1

6
∥∂ttum∥2L2 .

Combining these estimates and substituting in (3.53), we deduce

∥∂ttum(t)∥2L2 + ν
d

dt
∥∂t∇um(t)∥2L2 ≤ 3∥∂tf(t)∥2L2 + 3α2(p− 1)2∥|um(t)|p−2∂tum(t)∥2L2

+

M∑
ℓ=1

3β2ℓM(qℓ − 1)2∥|um(t)|qℓ−2∂tum(t)∥2L2 ,

for a.e. t ∈ [0, T ]. Integrating the above equation from 0 to t, we get∫ t

0
∥∂ssum(s)∥2L2 ds+ ν∥∂t∇um(t)∥2L2

≤ ν∥∂t∇um(0)∥2L2 + 3

∫ t

0
∥∂sf(s)∥2L2 ds+ 3α2(p− 1)2

∫ t

0
∥|um(s)|p−2∂sum(s)∥2L2 ds

+

M∑
ℓ=1

3β2ℓM(qℓ − 1)2
∫ t

0
∥|um(s)|qℓ−2∂sum(s)∥2L2 ds,

for all t ∈ [0, T ]. Using (3.40), we can estimate ∥∂t∇um(0)∥2L2 as

∥∂t∇um(0)∥2L2 ≤ C(∥A
3
2um(0)∥2L2 + ∥|um(0)|p−2∇um(0)∥2L2 + ∥|um(0)|qℓ−2∇um(0)∥2L2

+ ∥A
1
2 f(0)∥2L2)

≤ C(∥u0∥2
D(A

3
2 )

+ ∥u0∥2p−2
D(A) + ∥u0∥2qℓ−2

D(A) + ∥A
1
2 f(0)∥2L2).

Also, by an application of Hölder’s inequality and Sobolev’s embedding (see (3.50) and (3.51)),
we achieve for all t ∈ [0, T ] that∫ t

0
∥|um(s)|p−2∂sum(s)∥2L2ds ≤ C sup

t∈[0,T ]
∥Aum(t)∥2(p−2)

L2

∫ T

0
∥∂t∇um(t)∥2L2dt ≤ C,∫ t

0
∥|um(s)|qℓ−2∂sum(s)∥2L2ds ≤ C sup

t∈[0,T ]
∥Aum(t)∥2(qℓ−2)

L2

∫ T

0
∥∂t∇um(t)∥2L2dt ≤ C,

by using (3.44) and (3.49). Hence, using all these estimates and then taking supremum over all
t ∈ [0, T ], we conclude∫ T

0
∥∂ttum(t)∥2L2 dt+ ν sup

0≤t≤T
∥∂t∇um(t)∥2L2 ≤ C

(
∥u0∥

D(A
3
2 )
, ∥A

1
2 f(0)∥L2 , ∥f∥H1(0,T ;H1)

)
.

Therefore, using similar arguments as performed in Steps 4 and 5 in Theorem 3.2, one obtains

∂tu ∈ L∞(0, T ;H1
0 (Ω)), ∂ttu ∈ L2(0, T ;L2(Ω)),

which completes the proof. □
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Remark 3.15. Note that Theorem 3.12 (a) holds for all 2 ≤ p < ∞ when 1 ≤ d ≤ 4 and for
2 ≤ p ≤ 2d−4

d−4 when d ≥ 5. Moreover, if u0 ∈ D(A)∩L2p−2(Ω), Theorem 3.12 (a) holds true for

all 2 ≤ p <∞ and d ∈ N. On the other hand, Theorem 3.12 (b) holds for all p given in (1.15).
Hence, in general, Theorem 3.12 holds true for all values of p given in (1.15).

4. Conforming finite element method

The conforming finite element method is a Galerkin-based spatial discretization technique in
which the finite-dimensional trial and test spaces are subspaces of the continuous energy space
associated with the problem, typically H1

0 (Ω) for second-order elliptic and for parabolic PDEs
with homogeneous Dirichlet boundary conditions. By ensuring conformity, the discrete functions
inherit the essential continuity and boundary conditions of the exact solution space, which
allows direct application of the variational formulation without modification of the bilinear form.
Standard choices include piecewise polynomial spaces, such as continuous piecewise linear (P1)
or higher-order Lagrange elements, defined over a shape-regular triangulation of the domain.
The method naturally preserves the symmetry, coercivity, and continuity properties of the
continuous problem, leading to stable and convergent approximations under standard mesh
refinement. This section focuses on proving the optimal convergence rates for semidiscrete
and fully discrete Galerkin approximations in CFEM. The error estimates are derived using
a standard approach, similar to that in [61]. The elliptic projection only provide the error
estimate for 2 ≤ p ≤ 2d

d−2 , so, we introduce Scott-Zhang quasi-interpolation operator [8, 25] to
prove optimal order of convergence for 2 ≤ p < ∞ when 1 ≤ d ≤ 4 and when d ≥ 5, it is
obtained for p ≤ 2d−4

d−4 . We begin by presenting the semidiscrete conforming scheme, including
its formulation, energy estimates, error analysis, and numerical experiments.

4.1. Semidiscrete conforming FEM. This section focuses on establishing the error estimates
for the semidiscrete Galerkin method. We divide the domain Ω into a regular shape mesh,
denoted by Th, consisting of triangles or rectangles. Corresponding to this mesh, we define a
finite-dimensional subspace Vh as follows:

Vh =
{
vh : vh ∈ C0(Ω), vh|T ∈ P1(T ) for all T ∈ Th

}
, (4.1)

where P1 represents the space of polynomials of degree at most 1. Clearly, Vh is a subspace of
H1

0 (Ω) with finite dimension, and the mesh parameter h > 0. The goal is to derive an estimate
of the form (refer to [61, Chapter 1]):

inf
χ∈Vh

{∥u− χ∥L2 + h∥∇(u− χ)∥L2} ≤ Ch2∥u∥H2 ,

for all u ∈ H2(Ω) ∩H1
0 (Ω), and for some constant C > 0. For the wellposedness of the semi-

discrete solution and error estimates, we define a projection as well as a quasi-interpolation
operator as:

Definition 4.1 (Ritz (or elliptic) projection [61, Chapter 1]). The Ritz projection Rh : H1
0 (Ω) →

Vh ⊂ H1
0 (Ω) is defined by

a(Rhu− u, vh) = 0 for all vh ∈ Vh,

where a(·, ·) is the bilinear form associated with the elliptic operator (e.g., a(w, v) =
∫
Ω∇w ·

∇v dx for the Dirichlet Laplacian).

Note that, unlike the L2-projection, the Ritz projection preserves the elliptic structure of the
problem and requires u ∈ H1

0 (Ω). It satisfies the following estimates:

(∇Rhu,∇χ) = (∇u,∇χ) for all χ ∈ Vh. (4.2)

By testing the above relation with χ = Rhu, we observe the stability of the Ritz projection:
∥∇Rhu∥L2 ≤ ∥∇u∥L2 , for all u ∈ H1

0 (Ω). Furthermore, the following approximation estimate
holds:

∥Rhu− u∥L2 + h∥∇(Rhu− u)∥L2 ≤ Chs∥u∥Hs , for s = 1, 2. (4.3)
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Definition 4.2 (Scott-Zhang interpolation [8, Section 4.8]). Let Th be a shape-regular triangu-
lation of Ω ⊂ Rd, and Vh be the associated finite element space of degree m. The Scott-Zhang
quasi-interpolation operator

Sh :W l,p(Ω) → Vh,

where l ≥ 1 if p = 1 and l > 1
p otherwise, is defined nodewise by suitable local averages over

(d− 1)–simplices adjacent to each node, and preserves homogeneous boundary conditions.

From [25, Lemma 1.130], for 1 ≤ p <∞ and l > 1
p , we have

∥Shv∥Wk,p ≤ C∥v∥W l,p for all 0 ≤ k ≤ min{1, l}. (4.4)

Also from [5, Section 3], we have

∥v − Shv∥Wk,p ≤ Chl−k∥v∥W l,p , for all 0 ≤ k ≤ l ≤ r + 1, (4.5)

where r is the degree of polynomial. By an application of interpolation inequality [9, Section
8.6] and (4.3), we have

∥Aθ(Shu− u)∥L2 ≤ ∥Shu− u∥1−
2θ
s

L2 ∥A
s
2 (Shu− u)∥

2θ
s

L2

≤ Chs−2θ∥u∥Hs for all 0 ≤ s ≤ r + 1, (4.6)

for any θ ∈ [0, 1].
The semidiscrete Galerkin approximation of problem (3.1) is formulated in the following way:
Find uh(·, t) ∈ Vh such that, for every t ∈ [0, T ],

⟨∂tuh(t), χ⟩+ ν(∇uh(t),∇χ) + α(|uh(t)|p−2uh(t), χ)−
M∑
ℓ=1

βℓ(|uh(t)|qℓ−2uh(t), χ)

= ⟨f(t), χ⟩,

(uh(0), χ) =

(Rhu0, χ) if 2 ≤ p ≤ 2d
d−2 ,

(Shu0, χ) if 2d
d−2 < p ≤ 2d−6

d−4 ,

(4.7)

for all χ ∈ Vh. More precisely, we consider the following values of p separately.

Interpolation operator Values of p Dimension
Ritz (elliptic) projection 2 ≤ p <∞ d = 1, 2

” 2 ≤ p ≤ 2d
d−2 d ≥ 3

Scott-Zhang interpolation 2d
d−2 < p <∞ d = 3, 4

” 2d
d−2 < p ≤ 2d−6

d−4 d ≥ 5

Table 1. Values of p

Lemma 4.3. (a) For f ∈ L2(0, T ;H−1(Ω)) and u0 ∈ L2(Ω), the semidiscrete system (4.7)
admits a unique solution uh ∈ Vh and the following estimate is satisfied:

sup
0≤t≤T

∥uh(t)∥2L2 + ν

∫ T

0
∥∇uh(t)∥2L2 dt+ α

∫ T

0
∥uh(t)∥pLp dt

≤ ∥u0∥2L2 +
1

ν

∫ T

0
∥f(t)∥2H−1 dt+ C∗T |Ω|, (4.8)

where C∗ is defined in (3.16).
(b) Furthemore, if f ∈ L2(0, T ;L2(Ω)) and u0 ∈ D(A), then, we obtain the following improved
estimate: ∫ T

0
∥∂tuh(t)∥2L2 dt+ sup

0≤t≤T

(
ν∥∇uh(t)∥2L2 +

2α

p
∥uh(t)∥pLp

)
≤ ν∥∇u0∥2L2 +

2α

p
∥u0∥pD(A) +

∫ T

0
∥f(t)∥2L2 dt.



33

Proof. (a) For f ∈ L2(0, T ;H−1(Ω)) and u0 ∈ L2(Ω), the proof of existence follows by arguments
similar to those used in Theorem 3.6. Now, for proving the estimate (4.8), taking χ = uh in
(4.7), we infer for a.e. t ∈ [0, T ]

1

2

d

dt
∥uh(t)∥2L2 + ν∥∇uh(t)∥2L2 + α∥uh(t)∥pLp = (f(t), uh(t)) +

M∑
ℓ=1

βℓ∥uh(t)∥qℓLqℓ .

By an application of the Cauchy-Schwarz and Young’s inequalities, along with (3.15), we obtain

1

2

d

dt
∥uh(t)∥2L2 +

ν

2
∥∇uh(t)∥2L2 +

α

2
∥uh(t)∥pLp ≤ 1

2ν
∥f(t)∥H−1 + C∗|Ω|,

for a.e. t ∈ [0, T ]. Integrating from 0 to t, we achieve

∥uh(t)∥2L2 + ν

∫ t

0
∥∇uh(s)∥2L2 ds+ α

∫ t

0
∥uh(s)∥pLp ds

≤ ∥uh(0)∥L2 +
1

ν

∫ t

0
∥f(s)∥2H−1 ds+ C∗t|Ω|,

for all t ∈ [0, T ]. Taking supremum over all t ∈ [0, T ], we conclude that

sup
0≤t≤T

∥uh(t)∥2L2 + ν

∫ T

0
∥∇uh(t)∥2L2 dt+ α

∫ T

0
∥uh(t)∥pLp dt

≤ ∥u0∥2L2 +
1

ν

∫ T

0
∥f(t)∥2H−1 dt+ C∗T |Ω|.

Hence, we see that

uh ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T,H1
0 (Ω)) ∩ Lp(0, T, Lp(Ω)).

(b) For f ∈ L2(0, T ;L2(Ω)) and u0 ∈ D(A), taking χ = ∂tuh in (4.7) yields

∥∂tuh(t)∥2L2 +
ν

2

d

dt
∥∇uh(t)∥2L2 +

α

p

d

dt
∥uh(t)∥pLp = (f(t), ∂tuh(t)) +

M∑
ℓ=1

βℓ
qℓ

d

dt
∥uh(t)∥qℓLqℓ ,

for a.e. t ∈ [0, T ]. Using the Cauchy-Schwarz and Young’s inequalities, we deduce

1

2
∥∂tuh(t)∥2L2 +

ν

2

d

dt
∥∇uh(t)∥2L2 +

α

p

d

dt
∥uh(t)∥pLp ≤ 1

2
∥f(t)∥2L2 +

M∑
ℓ=1

βℓ
qℓ

d

dt
∥uh(t)∥qℓLqℓ ,

for a.e. t ∈ [0, T ]. Now, integrating from 0 to t, we infer the following:∫ t

0
∥∂suh(s)∥2L2 ds+ ν∥∇uh(t)∥2L2 +

2α

p
∥uh(t)∥pLp

≤ ν∥∇uh(0)∥2L2 +
2α

p
∥uh(0)∥pLp +

∫ t

0
∥f(s)∥2L2 ds+

M∑
ℓ=1

2βℓ
qℓ

∥uh(t)∥qℓLqℓ −
M∑
ℓ=1

2βℓ
qℓ

∥uh(0)∥qℓLqℓ ,

for all t ∈ [0, T ]. The term ∥uh(·)∥qlLql can be estimated in the same way as in (3.15). Also using
the Sobolev’s embedding, we have

∥uh(0)∥Lp = ∥Rhu0∥Lp ≤ C∥∇Rhu0∥L2 for 2 ≤ p ≤ 2d
d−2 .

By exploiting (4.4) and Sobolev’s embedding, we infer

∥uh(0)∥Lp = ∥Shu0∥Lp ≤ C∥u0∥
W

d−2
2d

,p
≤ ∥u0∥D(A) for all

2d
d−2 < p ≤ 2d−6

d−4 .

Hence, by taking supremum over all t ∈ [0, T ], we conclude

uh ∈ L∞(0, T ;H1
0 (Ω)) ∩ L∞(0, T ;Lp(Ω)) and ∂tuh ∈ L2(0, T ;L2(Ω)),

which completes the proof. □
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We proceed to present and derive the following theorem concerning the error analysis of the
semi-discrete scheme.

Theorem 4.4. Let Vh be the finite-dimensional subspace of H1
0 (Ω) as defined in (4.1). Assume

that u0 ∈ D(A) and u(·) is the solution of (1.11). Then
(a) for f ∈ H1(0, T ;L2(Ω)) and 2 ≤ p ≤ 2d

d−2 , we have

∥uh − u∥2L∞(0,T ;L2) + ν∥uh − u∥2L2(0,T ;H1
0 )

+
α

2p−3
∥uh − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u0∥2H1

0
+ ∥u∥2L∞(0,T ;H1

0 )
+

∫ T

0
∥∂tu(t)∥2H1

0
dt

+
(
∥u0∥pD(A) + ∥f∥2H1(0,T ;L2) + ∥u∥2(p−2)

L∞(0,T ;Lp)

)∫ T

0
∥u(t)∥2H2 dt

}
,

(b) for f ∈ H1(0, T ;H1(Ω)) and 2d
d−2 < p ≤ 2d−6

d−4 , we obtain

(i) if 2 ≤ qℓ < 1 + p
2 , the following estimate holds:

∥uh − u∥2L∞(0,T ;L2) + ν∥uh − u∥2L2(0,T ;H1
0 )

+
α

2p−2
∥uh − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u0∥2H1

0
+ ∥u∥2L∞(0,T ;H1

0 )
+

∫ T

0
∥∂tu(t)∥2H1

0
dt+

∫ T

0
∥u(t)∥2H2 dt+

∫ T

0
∥u(t)∥p

H2 dt

+

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt

}
,

(ii) if 1 + p
2 ≤ qℓ < p, the following estimate holds:

∥uh − u∥2L∞(0,T ;L2) + ν∥uh − u∥2L2(0,T ;H1
0 )

+
α

2p−2
∥uh − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u0∥2H1

0
+ ∥u∥2L∞(0,T ;H1

0 )
+

∫ T

0
∥∂tu(t)∥2H1

0
dt+

∫ T

0
∥u(t)∥2H2 dt+

∫ T

0
∥u(t)∥p

H2 dt

+ ∥u∥
2qℓ−p−2

p−qℓ+1

L∞(0,T ;H2)

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt

}
.

Proof. Using Theorem 3.1 and equation (4.7), we know that (uh − u)(·) satisfies

⟨∂tuh(t)− ∂tu(t), χ⟩+ ν(∇(uh(t)− u(t)),∇χ) + α(|uh(t)|p−2uh(t)− |u(t)|p−2u(t), χ)

=
M∑
ℓ=1

βℓ(|uh(t)|qℓ−2uh(t)− |u(t)|qℓ−2u(t), χ), (4.9)

for all χ ∈ Vh and a.e. t ∈ [0, T ]. Choosing χ = uh − u+ u−W ∈ Vh, W ∈ Vh, we obtain

⟨∂tuh(t)− ∂tu(t), uh(t)− u(t)⟩+ ν(∇(uh(t)− u(t)),∇(uh(t)− u(t)))

+ α(|uh(t)|p−2uh(t)− |u(t)|p−2u(t), uh(t)− u(t))

= −⟨∂tuh(t)− ∂tu(t), u(t)−W (t)⟩ − ν(∇(uh(t)− u(t)),∇(u(t)−W (t)))

− α(|uh(t)|p−2uh(t)− |u(t)|p−2u(t), u(t)−W (t)) (4.10)

+
M∑
ℓ=1

βℓ(|uh(t)|qℓ−2uh(t)− |u(t)|qℓ−2u(t), uh(t)− u(t))

+
M∑
ℓ=1

βℓ(|uh(t)|qℓ−2uh(t)− |u(t)|qℓ−2u(t), u(t)−W (t)),

for a.e. t ∈ [0, T ]. By performing a similar calculation for the nonlinear terms, as was done in
Theorem 3.7, we find

α(|uh|p−2uh − |u|p−2u, uh − u) ≥ α

2
∥|uh|

p−2
2 (uh − u)∥2L2 +

α

2
∥|u|

p−2
2 (uh − u)∥2L2 ,
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and
M∑
ℓ=1

βℓ(|uh|qℓ−2uh − |u|qℓ−2u, uh − u)

≤ α

4
∥|uh|

p−2
2 (uh − u)∥2L2 +

α

4
∥|u|

p−2
2 (uh − u)∥2L2 + 2C2∥uh − u∥2L2 ,

where C2 given in (3.31). Therefore, using the above estimates in (4.10), we deduce

1

2

d

dt
∥uh(t)− u(t)∥2L2 + ν∥∇(uh(t)− u(t)∥2L2(Ω) +

α

4
∥|uh(t)|

p−2
2 (uh(t)− u(t))∥2L2

+
α

4
∥|u(t)|

p−2
2 (uh(t)− u(t)∥2L2

≤ −∂t(uh(t)− u(t), u(t)−W (t)) + (uh(t)− u(t), ∂t(u(t)−W (t)))

− ν(∇(uh(t)− u(t)),∇(u(t)−W (t)))− α(|uh(t)|p−2uh(t)− |u|p−2u, u(t)−W (t))

+

M∑
ℓ=1

βℓ(|uh(t)|qℓ−2uh(t)− |u(t)|qℓ−2u(t), u(t)−W (t)) + 2C2∥uh(t)− u(t)∥2L2 , (4.11)

for a.e. t ∈ [0, T ]. From ([6, Proposition 2.2]), we have the estimate

α

4
∥|uh|

p−2
2 (uh − u)∥2L2 +

α

4
∥|u|

p−2
2 (uh − u)∥2L2 ≥ α

2p−1
∥uh − u∥pLp .

Therefore, we arrive at

1

2

d

dt
∥uh(t)− u(t)∥2L2 + ν∥∇(uh(t)− u(t))∥2L2 +

α

2p−1
∥uh(t)− u(t)∥pLp

≤ −∂t(uh(t)− u(t), u(t)−W (t)) +
4∑

j=1

Ij + 2C2∥uh(t)− u(t)∥2L2 . (4.12)

We now need to estimate the above terms separately for 2 ≤ p ≤ 2d
d−2 and 2d

d−2 < p ≤ 2d−6
d−4 ,

since the nonlinear terms must be treated differently in each case.

(a) For 2 ≤ p ≤ 2d
d−2 : We estimate I1 and I2 by using the Cauchy-Schwarz and Young’s

inequalities as

|I1| = |(uh − u, ∂t(u−W ))| ≤ ∥uh − u∥L2∥∂t(u−W )∥L2 ≤ 1

2
∥uh − u∥2L2 +

1

2
∥∂t(u−W )∥2L2 ,

and

|I2| = |ν(∇(uh − u),∇(u−W ))|

≤ ν∥∇(uh − u)∥L2∥∇(u−W )∥L2 ≤ ν

4
∥∇(uh − u)∥2L2 + ν∥∇(u−W )∥2L2 .

Using Taylor’s formula, Hölder’s, Young’s, and Gagliardo-Nirenberg’s inequalities [15, Theorem
1.5.2, Chapter 1], we estimate I3 for p ≥ 2 as

|I3| = | − α(|uh|p−2uh − |u|p−2u, u−W )|
≤ (p− 1)

∣∣α((θuh + (1− θ)u)p−2(uh − u), u−W )
∣∣

≤ α(p− 1)2p−3
∣∣((|uh|p−2 + |u|p−2)(uh − u), u−W

)∣∣
≤ α(p− 1)2p−3∥uh − u∥

L
2d
d−2

(∥uh∥p−2
Lp + ∥u∥p−2

Lp )∥u−W∥
L

2dp
(2−d)p+4d

≤ ν

4
∥∇(uh − u)∥2L2 +

α2(p− 1)222p−5

ν
(∥uh∥

2(p−2)
Lp + ∥u∥2(p−2)

Lp )∥u−W∥2Lp .

We Estimate I4 using a similar calculation as

|I4| =
∣∣∣∣ M∑
ℓ=1

βℓ(|uh(t)|qℓ−2uh(t)− |u(t)|qℓ−2u(t), u(t)−W (t))

∣∣∣∣
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≤ ν

4
∥∇(uh − u)∥2L2 +

M∑
ℓ=1

M |βℓ|2(qℓ − 1)222qℓ−5

ν
(∥uh∥

2(qℓ−2)
Lqℓ + ∥u∥2(qℓ−2)

Lqℓ )∥u−W∥2Lqℓ .

Using all these estimates in (4.12), we establish the following:

1

2

d

dt
∥uh(t)− u(t)∥2L2 +

ν

4
∥∇(uh(t)− u(t)∥2L2 +

α

2p−1
∥uh(t)− u(t)∥pLp

≤ −∂t(uh(t)− u(t), u(t)−W (t)) +
1

2
∥uh(t)− u(t)∥2L2 +

1

2
∥∂t(u(t)−W (t))∥2L2

+ ν∥∇(u(t)−W (t))∥2L2 +
α2(p− 1)222p−5

ν
(∥uh(t)∥2(p−2)

Lp + ∥u(t)∥2(p−2)
Lp )∥u(t)−W (t)∥2Lp

+

M∑
ℓ=1

M |βℓ|2(qℓ − 1)222qℓ−5

ν
(∥uh(t)∥2(qℓ−2)

Lqℓ + ∥u(t)∥2(qℓ−2)
Lqℓ )∥u(t)−W (t)∥2Lqℓ + 2C2∥uh(t)− u(t)∥2L2 ,

for a.e. t ∈ [0, T ]. Integrating from 0 to t, we arrive at

∥uh(t)− u(t)∥2L2 +
ν

2

∫ t

0

∥∇(uh(s)− u(s))∥2L2 ds+
α

2p−2

∫ t

0

∥uh(s)− u(s)∥pLp ds

≤ ∥uh(0)− u0∥2L2 − 2(uh(t)− u(t), u(t)−W (t)) + 2(uh(0)− u0, u0 −W (0))

+

∫ t

0

∥∂s(u(s)−W (s))∥2L2 ds+ 2ν

∫ t

0

∥∇(u(s)−W (s))∥2L2 ds+ (1 + 4C2)

∫ t

0

∥uh(s)− u(s)∥2L2 ds

+
α2(p− 1)222p−5

ν

∫ t

0

(
∥uh(s)∥2(p−2)

Lp + ∥u(s)∥2(p−2)
Lp

)
∥u(s)−W (s)∥2Lp ds

+

M∑
ℓ=1

M |βℓ|2(qℓ − 1)222qℓ−5

ν

∫ t

0

(∥uh(s)∥2(qℓ−2)
Lqℓ + ∥u(s)∥2(qℓ−2)

Lqℓ )∥u(s)−W (s)∥2Lqℓ ds.

For 2 ≤ p ≤ 2d
d−2 , using Sobolev embedding and (4.3), we can estimate the terms in above

equation by taking W = Rhu as

∥u−W∥2Lp ≤ ∥∇(u−Rhu)∥2L2 ≤ Ch2∥u∥2H2 ,

∥u0 −W (0)∥2L2 = ∥u0 −Rhu0∥2L2 ≤ Ch2∥u0∥2H1
0
,

∥u−W∥2L2 = ∥u−Rhu∥2L2 ≤ Ch2∥u∥H1
0
,

∥∂t(u−W )∥2L2 = ∥∂t(u−Rhu)∥2L2 ≤ Ch2∥∂tu∥2H1
0
.

Using the Cauchy-Schwarz and Young’s inequalities, we estimate−2(uh−u, u−W ) and 2(uh(0)−
u0, u0 −W (0)) as

−2(uh − u, u−W ) ≤ 1

2
∥uh − u∥2L2 + 2∥u−W∥2L2 ≤ 1

2
∥uh − u∥2L2 + 2Ch2∥u∥2H1

0
,

2(uh(0)− u0, u0 −W (0)) ≤ ∥uh(0)− u0∥2L2 + ∥u0 −W (0)∥2L2 ≤ 2Ch2∥u0∥2H1
0
.

Using these estimates, taking supremum over all t ∈ [0, T ] and by an application of Gronwall’s
inequality, we see that

sup
0≤t≤T

∥uh(t)− u(t)∥2L2 + ν

∫ T

0
∥∇(uh(t)− u(t))∥2L2 dt+

α

2p−3

∫ T

0
∥uh(t)− u(t)∥pLp dt

≤
[
4Ch2∥u0∥2H1

0
+ 4Ch2∥u∥2L∞(0,T ;H1

0 )
+ 2Ch2

∫ T

0
∥∂tu(t)∥2H1

0
dt

+ Ch2
α2(p− 1)222p−4

ν

(
∥uh∥

2(p−2)
L∞(0,T ;Lp) + ∥u∥2(p−2)

L∞(0,T ;Lp)

) ∫ T

0
∥u(t)∥2H2 dt

+ Ch2
M∑
ℓ=1

M |βℓ|2(qℓ − 1)222qℓ−4

ν

(
∥uh∥

2(qℓ−2)
L∞(0,T ;Lqℓ ) + ∥u∥2(qℓ−2)

L∞(0,T ;Lqℓ )

) ∫ T

0
∥u(t)∥2H2 dt

+ 4Ch2ν

∫ T

0
∥u(t)∥2H2 dt

]
exp((2 + 8C2)T ).
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We already have uh, u ∈ L∞(0, T ;H1
0 (Ω)) ↪→ L∞(0, T ;Lp(Ω)) and bounded by the given data,

we can use (3.15) to conclude

∥uh(t)− u(t)∥2L∞(0,T ;L2) + ν∥uh(t)− u(t)∥2L2(0,T ;H1
0 )

+
α

2p−3
∥uh(t)− u(t)∥pLp(0,T ;Lp)

≤ Ch2
{
∥u0∥2H1

0
+ ∥u∥2L∞(0,T ;H1

0 )
+

∫ T

0
∥∂tu(t)∥H1

0
dt

+ (∥uh∥
2(p−2)
L∞(0,T ;Lp) + ∥u∥2(p−2)

L∞(0,T ;Lp))

∫ T

0
∥u(t)∥2H2 dt

}
,

that leads to desired result using Theorem 4.3(a).
(b) For 2d

d−2 < p ≤ 2d−6
d−4 : We estimate I1 and I2 by using the Cauchy-Schwarz and Young’s

inequalities as

|I1| = |(uh − u, ∂t(u−W ))| ≤ ∥uh − u∥L2∥∂t(u−W )∥L2 ≤ 1

2
∥uh − u∥2L2 +

1

2
∥∂t(u−W )∥2L2 ,

and

|I2| = |ν(∇(uh − u),∇(u−W ))|

≤ ν∥∇(uh − u)∥L2∥∇(u−W )∥L2 ≤ 3ν

4
∥∇(uh − u)∥2L2 +

ν

3
∥∇(u−W )∥2L2 .

To obtain the optimal convergence order under minimal regularity, we estimate I3 and I4 sep-
arately for 2 ≤ qℓ < 1 + p

2 and 1 + p
2 ≤ qℓ < p as follows:

(i) For 2 ≤ qℓ < 1 + p
2 :

Using Taylor’s formula, Hölder’s, Young’s, and Gagliardo-Nirenberg inequalities [15, Theorem
1.5.2, Chapter 1], we estimate I3 for p ≥ 2 as

|I3| = | − α(|uh|p−2uh − |u|p−2u, u−W )|
≤ (p− 1)

∣∣α((θ(uh − u) + u)p−2(uh − u), u−W )
∣∣

≤ 2p−3α(p− 1)((|uh − u|p−2 + |u|p−2)|uh − u|, |u−W |)
≤ 2p−3α(p− 1)

(
(|uh − u|p−1, |u−W |) + (|u|p−2|uh − u|, |u−W |)

)
≤ 2p−3α(p− 1)∥uh − u∥p−1

Lp ∥u−W∥Lp + 2p−3α(p− 1)∥u∥p−2

L2(p−1)∥uh − u∥L2∥u−W∥L2(p−1)

≤ α

2p
∥uh − u∥pLp +

(
2p−3α(p− 1)

p

)(
22p−3(p− 1)2

p

)p−1

∥u−W∥pLp

+ 2p−2α(p− 1)

(
∥u∥2(p−2)

L2(p−1)∥uh − u∥2L2 + ∥u−W∥2
L2(p−1)

)
.

Let us now estimate I4. Note that, we have 2 ≤ 2(qℓ − 1) < p from the range of qℓ. Therefore,
we infer

|I4| =
∣∣∣∣ M∑
ℓ=1

βℓ(|uh|qℓ−2uh − |u|qℓ−2u, u−W )

∣∣∣∣
≤
∣∣∣∣ M∑
ℓ=1

βℓ(qℓ − 1)((θuh + (1− θ)u)qℓ−2(uh − u), u−W )

∣∣∣∣
≤

M∑
ℓ=1

|βℓ|(qℓ − 1)((|uh|+ |u|)qℓ−2|uh − u|, |u−W |)

≤
M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3((|uh|qℓ−2 + |u|qℓ−2)|uh − u|, |u−W |)

≤
M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3(∥uh∥qℓ−2

L2(qℓ−1) + ∥u∥qℓ−2

L2(qℓ−1))∥uh − u∥L2∥u−W∥L2(qℓ−1)
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≤
M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
(p−2qℓ+2)(qℓ−2)

2p(qℓ−1) (∥uh∥qℓ−2
Lp + ∥u∥qℓ−2

Lp )∥uh − u∥L2 |Ω|
p−2qℓ+2

2p(qℓ−1) ∥u−W∥Lp

≤
M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
p−2qℓ+2

2p (∥uh∥qℓ−2
Lp + ∥u∥qℓ−2

Lp )∥uh − u∥L2∥u−W∥Lp

≤ 2

[ M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
p−2qℓ+2

2p

]2
(∥uh∥2qℓ−4

Lp + ∥u∥2qℓ−4
Lp )∥uh − u∥2L2 + ∥u−W∥2Lp .

Using these estimates in (4.12), we arrive at

1

2

d

dt
∥uh(t)− u(t)∥2L2 +

ν

4
∥∇(uh(t)− u(t))∥2L2 +

α

2p
∥uh(t)− u(t)∥pLp

≤ −∂t(uh(t)− u(t), u(t)−W (t)) +

(
1

2
+ 2C2

)
∥uh(t)− u(t)∥2L2 +

1

2
∥∂t(u(t)−W (t))∥2L2

+
ν

3
∥∇(u(t)−W (t))∥2L2 +

(
2p−3α(p− 1)

p

)(
22p−3(p− 1)2

p

)p−1

∥u(t)−W (t)∥pLp

+ 2p−2α(p− 1)

(
∥u(t)∥2(p−2)

L2(p−1)∥uh(t)− u(t)∥2L2 + ∥u(t)−W (t)∥2
L2(p−1)

)
+ ∥u(t)−W (t)∥2Lp

+ 2

[ M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
p−2qℓ+2

2p

]2
(∥uh(t)∥2qℓ−4

Lp + ∥u(t)∥2qℓ−4
Lp )∥uh(t)− u(t)∥2L2 ,

for a.e. t ∈ [0, T ]. Integrating from 0 to t, we obtain

∥uh(t)− u(t)∥2L2 +
ν

2

∫ t

0

∥∇(uh(s)− u(s))∥2L2 ds+
α

2p−1

∫ t

0

∥uh(s)− u(s)∥pLp ds

≤ ∥uh(0)− u0∥2L2 − 2(uh(t)− u(t), u(t)−W (t)) + 2(uh(0)− u0, u0 −W (0))

+ (1 + 4C2)

∫ t

0

∥uh(s)− u(s)∥2L2 ds+

∫ t

0

∥∂s(u(s)−W (s))∥2L2 ds+
2ν

3

∫ t

0

∥∇(u(s)−W (s))∥2L2 ds

+

(
2p−2α(p− 1)

p

)(
22p−3(p− 1)2

p

)p−1 ∫ t

0

∥u(s)−W (s)∥pLp + 2

∫ t

0

∥u(s)−W (s)∥2Lp ds

+ 2p−1α(p− 1)

(∫ t

0

∥u(s)∥2(p−2)

L2(p−1)∥uh(s)− u(s)∥2L2 ds+

∫ t

0

∥u(s)−W (s)∥2L2(p−1) ds

)
+ 4

[ M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
p−2qℓ+2

2p

]2 ∫ t

0

(∥uh(s)∥2qℓ−4
Lp + ∥u(s)∥2qℓ−4

Lp )∥uh(s)− u(s)∥2L2 ds,

for all t ∈ [0, T ]. Using the Cauchy-Schwarz and Young’s inequalities, we estimate −2(uh −
u, u−W ) and 2(uh(0)− u0, u0 −W (0)) as,

−2(uh − u, u−W ) ≤ 1

2
∥uh − u∥2L2 + 2∥u−W∥2L2 ,

2(uh(0)− u0, u0 −W (0)) ≤ ∥uh(0)− u0∥2L2 + ∥u0 −W (0)∥2L2 .

Using these estimates in the above equation, applying Gronwall’s inequality, we reach at the
relation

sup
0≤t≤T

∥uh(t)− u(t)∥2L2 + ν

∫ T

0
∥∇(uh(t)− u(t))∥2L2 dt+

α

2p−2

∫ T

0
∥uh(t)− u(t)∥pLp dt

≤
[
4∥uh(0)− u(0)∥2L2 + 2∥u0 −W (0)∥2L2 + 4∥u(t)−W (t)∥2L∞(0,T ;L2)

+ 2

∫ T

0
∥∂t(u(t)−W (t))∥2L2 dt+

4ν

3

∫ T

0
∥∇(u(t)−W (t))∥2L2 dt+ 4

∫ T

0
∥u(t)−W (t)∥2Lp dt
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+ 2

(
2p−2α(p− 1)

p

)(
22p−3(p− 1)2

p

)p−1 ∫ T

0
∥u(t)−W (t)∥pLp dt

+ 2pα(p− 1)

∫ T

0
∥u(t)−W (t)∥2

L2(p−1) dt

]
exp

(
2p−2α(p− 1)

∫ T

0
∥u(t)∥2p−4

L2(p−1) dt

+ 4

[ M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
p−2qℓ+2

2p

]2 ∫ T

0
(∥uh(t)∥2qℓ−4

Lp + ∥u(t)∥2qℓ−4
Lp ) dt+ (1 + 4C2)T

)
.

Since, uh ∈ L∞(0, T ;Lp) and u ∈ L∞(0, T ;H2(Ω)), the terms appearing in exponential is
bounded. Also, we can estimate the terms in the above expression by taking W = Shu and
using (4.5) as

∥u0 − Shu0∥2L2 ≤ Ch2∥u0∥H1
0
, ∥u− Shu∥2L2 ≤ Ch2∥u∥H1

0
,

∥∂t(u− Shu)∥2L2 ≤ Ch2∥∂tu∥H1
0
, ∥∇(u− Shu)∥2L2 ≤ Ch2∥u∥2H2 .

We can estimate ∥u−W∥Lp by using Gagliardo-Nirenberg’s interpolation inequality and (4.6)
as

∥u−W∥2Lp ≤ C∥Aθ(u−W )∥2L2 ≤ Ch2s−4θ∥u∥2Hs for
2d

d− 2
< p ≤ 2d

d− 4
,

where θ = d(p−2)
4p . To obtain optimal order, we need 2s−4θ = 2, which implies s = 1+d(12 −

1
p).

It means u should belong to L2(0, T ;H
1+d( 1

2
− 1

p
)
(Ω)). Note that, for 2d

d−2 < p ≤ 2d
d−4 , we conclude

1 + d(12 − 1
p) ≤ 3. Hence, we can rewrite the above estimate as

∥u−W∥2Lp ≤ Ch2∥u∥2
D(A

3
2 )
. (4.13)

Since, 2d−6
d−4 < 2d

d−4 , the above estimates holds true for all p ≤ 2d−6
d−4 . Again from (4.6), we also

have

∥u−W∥pLp ≤ Chp(s−2θ)∥u∥pHs ,

where θ = d(p−2)
4p . To obtain optimal order, we need p(s − 2θ) = 2, that is, s = 2

p + d
(
1
2 − 1

p

)
,

which requires u ∈ L∞(0, T ;H
2
p
+d
(

1
2
− 1

p

)
(Ω)). Therefore, for 2

p +d
(
1
2 −

1
p

)
≤ 2, we conclude that

p ≤ 2d−4
d−4 which is also true for p ≤ 2d−6

d−4 and

∥u−W∥pLp ≤ Ch2∥u∥p
H2 . (4.14)

Similarly, one can show that

∥u−W∥2
L2(p−1) ≤ Ch2∥u∥2

D(A
3
2 )

for
2d

d− 2
< p ≤ 2d− 6

d− 4
.

Hence, combining all these estimates, we arrive at

sup
0≤t≤T

∥uh(t)− u(t)∥2L2 + ν

∫ T

0
∥∇(uh(t)− u(t))∥2L2 dt+

α

2p−2

∫ T

0
∥uh(t)− u(t)∥pLp dt

≤ Ch2
(
∥u0∥2H1

0
+ ∥u∥2L∞(0,T ;H1

0 )
+

∫ T

0
∥∂tu(t)∥2H1

0
dt+

∫ T

0
∥u(t)∥2H2 dt+

∫ T

0
∥u(t)∥p

H2 dt

+

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt

)
,

which completes the proof of Theorem 4.4(b)(i).
(ii) For 1 + p

2 ≤ qℓ < p :
Estimating I3 in a similar way as previously done.

|I3| ≤
α

2p+1
∥uh − u∥pLp +

(
2p−3α(p− 1)

p

)(
22p−2(p− 1)2

p

)p−1

∥u−W∥pLp
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+ 2p−2α(p− 1)

(
∥u∥2(p−2)

L2(p−1)∥uh − u∥2L2 + ∥u−W∥2
L2(p−1)

)
.

Next, we estimate I4 in the following way:

|I4| =
∣∣∣∣ M∑
ℓ=1

βℓ(|uh|qℓ−2uh − |u|qℓ−2u, u−W )

∣∣∣∣
≤
∣∣∣∣ M∑
ℓ=1

|βℓ|(qℓ − 1)((θ(uh − u) + u)qℓ−2(uh − u), u−W )

∣∣∣∣
≤

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3
(
(|uh − u|qℓ−2 + |u|qℓ−2)|uh − u|, |u−W |

)
≤

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3
(
(|uh − u|qℓ−1, |u−W |) + (|u|qℓ−2|uh − u|, |u−W |)

)
≤

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3

(
∥uh − u∥qℓ−1

Lqℓ ∥u−W∥Lqℓ + ∥u∥qℓ−2

L2(qℓ−1)∥uh − u∥L2∥u−W∥L2(qℓ−1)

)

≤
M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−3|Ω|
p−qℓ

p ∥uh − u∥qℓ−1
Lp ∥u−W∥Lqℓ

+

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−2

(
∥u∥2(qℓ−2)

L2(qℓ−1)∥uh − u∥2L2 + ∥u−W∥2
L2(qℓ−1)

)

≤ α

2p+1
∥uh − u∥pLp +

M∑
ℓ=1

|βℓ|
(
M |βℓ|2p+1(qℓ − 1)

αp

) qℓ−1

p−qℓ+1
(
p− qℓ + 1

p

)
|Ω|

p−qℓ
p−qℓ+1 ∥u−W∥

p
p−qℓ+1

Lp

+

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−2

(
∥u∥2(qℓ−2)

L2(qℓ−1)∥uh − u∥2L2 + |Ω|
p−2qℓ+2

p(qℓ−1) ∥u−W∥2Lp

)
.

Using all these estimates in (4.12), we obtain the following:

1

2

d

dt
∥uh(t)− u(t)∥2L2 +

ν

4
∥∇(uh(t)− u(t)∥2L2 +

α

2p
∥uh(t)− u(t)∥pLp

≤ −∂t(uh(t)− u(t), u(t)−W (t)) +

(
1

2
+ 2C2

)
∥uh(t)− u(t)∥2L2 +

1

2
∥∂t(u(t)−W (t))∥2L2

+
ν

3
∥∇(u(t)−W (t))∥2L2 +

(
2p−3α(p− 1)

p

)(
22p−2(p− 1)2

p

)p−1

∥u(t)−W (t)∥pLp

+ 2p−2α(p− 1)∥u(t)−W (t)∥2L2(p−1) +

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−2|Ω|
p−2qℓ+2

p(qℓ−1) ∥u(t)−W (t)∥2Lp

+

M∑
ℓ=1

|βℓ|
(
M |βℓ|2p+1(qℓ − 1)

αp

) qℓ−1

p−qℓ+1
(
p− qℓ + 1

p

)
|Ω|

p−qℓ
p−qℓ+1 ∥u(t)−W (t)∥

p
p−qℓ+1

Lp

+

(
2p−2α(p− 1)∥u(t)∥2(p−2)

L2(p−1) +

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−2∥u(t)∥2(qℓ−2)

L2(qℓ−1)

)
∥uh(t)− u(t)∥2L2 ,

for a.e. t ∈ [0, T ]. Integrating the above equation from 0 to t, we get

∥uh(t)− u(t)∥2L2 +
ν

2

∫ t

0

∥∇(uh(s)− u(s))∥2L2 ds+
α

2p−1

∫ t

0

∥uh(s)− u(s)∥pLp ds

≤ ∥uh(0)− u0∥2L2 − 2(uh(t)− u(t), u(t)−W (t)) + 2(uh(0)− u0, u0 −W (0))

+ (1 + 4C2)

∫ t

0

∥uh(s)− u(s)∥2L2 ds+

∫ t

0

∥∂s(u(s)−W (s))∥2L2 ds

+
2ν

3

∫ t

0

∥∇(u(s)−W (s))∥2L2 ds+

(
2p−2α(p− 1)

p

)(
22p−2(p− 1)2

p

)p−1 ∫ t

0

∥u(s)−W (s)∥pLp ds
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+ 2p−1α(p− 1)

∫ t

0

∥u(s)−W (s)∥2L2(p−1) ds+

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−1|Ω|
p−2qℓ+2

p(qℓ−1)

∫ t

0

∥u(s)−W (s)∥2Lp ds

+ 2

M∑
ℓ=1

|βℓ|
(
M |βℓ|2p+1(qℓ − 1)

αp

) qℓ−1

p−qℓ+1
(
p− qℓ + 1

p

)
|Ω|

p−qℓ
p−qℓ+1

∫ t

0

∥u(s)−W (s)∥
p

p−qℓ+1

Lp ds

+

∫ t

0

(
2p−1α(p− 1)∥u(s)∥2(p−2)

L2(p−1) +

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−1∥u(s)∥2(qℓ−2)

L2(qℓ−1)

)
∥uh(s)− u(s)∥2L2 ds,

for all t ∈ [0, T ]. Using the Cauchy-Schwarz and Young’s inequalities, we estimate −2(uh −
u, u−W ) and 2(uh(0)− u0, u0 −W (0)) as

−2(uh − u, u−W ) ≤ 2∥uh − u∥L2∥u−W∥L2 ≤ 1

2
∥uh − u∥2L2 + 2∥u−W∥2L2 ,

2(uh(0)− u0, u0 −W (0)) ≤ 2∥uh(0)− u0∥L2∥u0 −W (0)∥L2

≤ ∥uh(0)− u0∥2L2 + ∥u0 −W (0)∥2L2 .

Using the estimates in the above equation and applying Gronwall’s inequality, we arrive at

sup
0≤t≤T

∥uh(t)− u(t)∥2L2 + ν

∫ T

0

∥∇(uh(t)− u(t))∥2L2 dt+
α

2p−2

∫ T

0

∥uh(t)− u(t)∥pLp dt

≤
[
4∥uh(0)− u0∥2L2 + 2∥u0 −W (0)∥2L2 + 4∥u(t)−W (t)∥2L∞(0,T ;L2) + 2

∫ T

0

∥∂t(u(t)−W (t))∥2L2 dt

+
4ν

3

∫ T

0

∥∇(u(t)−W (t))∥2L2 dt+

(
2p−1α(p− 1)

p

)(
22p−2(p− 1)2

p

)p−1 ∫ T

0

∥u(t)−W (t)∥pLp dt

+ 2pα(p− 1)

∫ T

0

∥u(t)−W (t)∥2L2(p−1) dt+

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ |Ω|
p−2qℓ+2

p(qℓ−1)

∫ T

0

∥u(t)−W (t)∥2Lp dt

+ 4

M∑
ℓ=1

|βℓ|
(
M |βℓ|2p+1(qℓ − 1)

αp

) qℓ−1

p−qℓ+1
(
p− qℓ + 1

p

)
|Ω|

p−qℓ
p−qℓ+1

∫ T

0

∥u(t)−W (t)∥
p

p−qℓ+1

Lp dt

]

× exp

(∫ T

0

(
2p−1α(p− 1)∥u(t)∥2(p−2)

L2(p−1) +

M∑
ℓ=1

|βℓ|(qℓ − 1)2qℓ−1∥u(t)∥2(qℓ−2)

L2(qℓ−1) + 2 + 8C2

)
dt

)
.

Since u ∈ L∞(0, T ;H2(Ω)), therefore, the terms appearing in the exponential are uniformly
bounded and independent of h for u0 ∈ D(A). Setting W = Shu and applying the same

estimates as in the previous case, we estimate ∥u−W∥
p

p−qℓ+1

Lp . To achieve the optimal convergence
order, the condition p

p−qℓ+1 ≥ 2 requires qℓ ≥ 1+ p
2 . This motivates splitting the range of qℓ, into

two cases. Hence, proceeding with calculations analogous to the previous case with W = Shu,
we obtain

∥u−W∥
p

p−qℓ+1

Lp ≤ ∥u−W∥2Lp∥u−W∥
2qℓ−p−2

p−qℓ+1

Lp ≤ Ch2∥u∥2
D(A

3
2 )
∥u−W∥

2qℓ−p−2

p−qℓ+1

H2 .

Using (4.5), we get

∥u−W∥
p

p−qℓ+1

Lp ≤ Ch2∥u∥2
D(A

3
2 )
∥u∥

2qℓ−p−2

p−qℓ+1

H2 ,

which implies ∫ T

0
∥u(t)−W (t)∥

p
p−qℓ+1

Lp dt ≤ Ch2∥u∥
2qℓ−p−2

p−qℓ+1

L∞(0,T ;H2)

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt.

Hence, by combining all these estimates we arrive to the following error estimate for 1 + p
2 ≤

qℓ < p:

sup
0≤t≤T

∥uh(t)− u(t)∥2L2 + ν

∫ T

0
∥∇(uh(t)− u(t))∥2L2 dt+

α

2p−2

∫ T

0
∥uh(t)− u(t)∥pLp dt
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≤ Ch2
(
∥u0∥2H1

0
+ ∥u∥2L∞(0,T ;H1

0 )
+

∫ T

0
∥∂tu(t)∥2H1

0
dt+

∫ T

0
∥u(t)∥2H2 dt+

∫ T

0
∥u(t)∥p

H2 dt

+ ∥u∥
2qℓ−p−2

p−qℓ+1

L∞(0,T ;H2)

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt

)
.

This completes the proof and yields the desired error estimate. For 2d
d−2 < p ≤ 2d−6

d−4 , the argu-
ment was divided into two ranges of qℓ because of the difficulty in estimating I4. Nevertheless,
both cases lead to the optimal order of convergence. □

Remark 4.5. For p > 2d−6
d−4 , error estimates can be derived under the assumption of additional

regularity on the initial data and the forcing term. In this case, the data must also satisfy
certain compatibility conditions, similar to those described in [26, Section 7.1.3, Chapter 7].
Since numerical studies are generally restricted to one, two, or three spatial dimensions, we do
not provide further details here.

4.2. Fully-discrete conforming FEM. In this section, we introduce a fully-discrete conform-
ing finite element scheme. We partition the time interval [0, T ] into 0 = t0 < t1 < t2 < · · · <
tN = T with uniform time stepping ∆t, that is, tk = k∆t. We replace the time derivative with
a backward Euler discretization. We denote C as a generic constant which is independent of h
and ∆t. We then define a generic finite element approximate solution ukh by

ukh|[tk−1,tk] = uk−1
h +

(
t− tk−1

∆t

)
(ukh − uk−1

h ), 1 ≤ k ≤ N, for t ∈ [tk−1, tk]. (4.15)

Note that ∂tukh =
uk
h−uk−1

h
∆t . The continuous Galerkin approximation of the problem (3.1) is

defined in the following way: Find ukh ∈ Vh, for k = 1, 2, . . . , N, such that for χ ∈ Vh:

(
ukh − uk−1

h

∆t
, χ

)
− ν(∆ukh, χ) + α(|ukh|p−2ukh, χ)−

M∑
ℓ=1

βℓ(|ukh|qℓ−2ukh, χ) = ⟨fk, χ⟩,

(u0h(xi), χ) =

{
(Rhu0(xi), χ), for 2 ≤ p ≤ 2d

d−2 ,

(Shu0(xi), χ), for 2d
d−2 < p ≤ 2d−6

d−4 ,

(4.16)

where i = 1, 2, . . . , N , fk = (∆t)−1
∫ tk
tk−1

f(s) ds for f ∈ L2(0, T ;H−1(Ω)), u0h approximates u0
in Vh and xi, i = 1, . . . , N, represents the nodes of triangulation Th of Ω. Note that the initial
data is specified according to the values of p given in Table 1.

The existence of a discrete solution can be established by applying Brouwer’s fixed point
theorem [59, Lemma 1.4, p. 110], as in [36, Theorem 3.1]. Indeed, we have the following result:

Lemma 4.6. For a given uk−1
h ∈ Vh, and f ∈ H−1(Ω), there exists a solution ukh ∈ Vh for the

problem (4.16).

Proof. For a given uk−1
h ∈ Vh and f ∈ H−1(Ω), we consider(

ukh
∆t

, χ

)
− ν(∆ukh, χ) + α(|ukh|p−2ukh, χ)−

M∑
ℓ=1

βℓ(|ukh|qℓ−2ukh, χ) =

〈
fk +

uk−1
h

∆t
, χ

〉
, (4.17)

for any χ ∈ Vh. Let the inherited scalar product and norm from H1
0 (Ω) in Vh be denoted by

[·, ·] and [·]. Then for the projection P = Ph : H1
0 (Ω) → Vh, we consider

[P (u), v] =
( u

∆t
, v
)
+ ν(∇u,∇v) + α(|u|p−2u, v)−

M∑
ℓ=1

βℓ(|u|qℓ−2u, v)− ⟨g, v⟩ , (4.18)

for all u, v ∈ Vh, where g = fk +
uk−1
h
∆t ∈ H−1(Ω). The continuity of the mapping P is clear. Let

us now consider

[P (u), u] =
( u

∆t
, u
)
+ ν(∇u,∇u) + α(|u|p−2u, u)−

M∑
ℓ=1

βℓ(|u|qℓ−2u, u)− ⟨g, u⟩
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=
1

∆t
∥u∥2L2 + ν∥∇u∥2L2 + α∥u∥pLp −

M∑
ℓ=1

βℓ∥u∥qℓLqℓ − ⟨g, u⟩

≥ 1

∆t
∥u∥2L2 + ν∥∇u∥2L2 +

α

2
∥u∥pLp − C∗|Ω| − ∥g∥H−1∥∇u∥L2

≥ ν

2
∥∇u∥2L2 − C∗|Ω| − 1

2ν
∥g∥2H−1 =

ν

2
[u]2 − C∗|Ω| − 1

2ν
∥g∥2H−1 , (4.19)

where C∗ is defined in (3.16). It follows that [P (u), u] > 0 for [u] = k, and k sufficiently

large: more precisely, k >
√

2
ν

(
C∗|Ω|+ 1

2ν ∥g∥
2
H−1

)
. Therefore, hypothesis of [59, Lemma 1.4,

p. 110] (an application of Brouwer’s fixed point theorem) are satisfied and there exists a solution
ukh ∈ Vh for the problem (4.16). □

To show error estimates, we need the following stability result:

Lemma 4.7. Assume f ∈ L2(0, T ;H−1(Ω)). Then the set {fk}Nk=1 defined by

fk = (∆t)−1

∫ tk

tk−1

f(s)ds,

satisfies

∆t

N∑
k=1

∥fk∥2H−1 ≤ C∥f∥2L2(0,T ;H−1), and

N∑
k=1

∫ tk

tk−1

∥fk − f(t)∥2H−1dt→ 0 as ∆t→ 0.

If f ∈ Hγ(0, T ;H−1(Ω)) for some γ ∈ [0, 1], then

N∑
k=1

∫ tk

tk−1

∥fk − f(t)∥2H−1dt ≤ C(∆t)2γ∥f∥2Hγ(0,T ;H−1).

Proof. The proof of this lemma proceeds along the same lines as [34, Lemma 3.2]. □

Lemma 4.8 (Stability). Assume f ∈ L2(0, T ;H−1(Ω)) and u0h ∈ L2(Ω). Let {ukh}Nk=1 ⊂ Vh be
defined by (4.1). Then

ν
N∑
k=1

∆t∥∇ukh∥2L2 ≤ 1

ν
∥f∥2L2(0,T ;H−1) + ∥u0h∥2L2 + 2C∗|Ω|, (4.20)

where C∗ is defined in (3.16).

Proof. Taking χ = ukh in (4.16) and using the Cauchy-Schwarz and Young’s inequalities along
with (3.15), we obtain

1

2∆t
∥ukh∥2L2 −

1

2∆t
∥uk−1

h ∥2L2 +
1

2∆t
∥ukh − uk−1

h ∥2L2 + ν∥∇ukh∥2L2 + α∥ukh∥
p
Lp

≤ ⟨fk, ukh⟩+
M∑
ℓ=1

βℓ∥ukh∥
qℓ
Lqℓ ,

so that
1

2∆t
∥ukh∥2L2 −

1

2∆t
∥uk−1

h ∥2L2 +
1

2∆t
∥ukh − uk−1

h ∥2L2 + ν∥∇ukh∥2L2 + α∥ukh∥
p
Lp

≤ 1

2ν
∥fk∥2H−1 +

ν

2
∥∇ukh∥2L2 +

α

2
∥ukh∥

p
Lp + C∗|Ω|.

Using the positivity of the third and fifth terms of the left-hand side, we get

1

∆t
∥ukh∥2L2 −

1

∆t
∥uk−1

h ∥2L2 + ν∥∇ukh∥2L2 ≤ 1

ν
∥fk∥2H−1 + 2C∗|Ω|,

where C∗ is defined in (3.16). Summing over k for k = 1, 2, . . . , N , we have

1

∆t
∥uNh ∥2L2 −

1

∆t
∥u0h∥2L2 + ν

N∑
k=1

∥∇ukh∥2L2 ≤ 1

ν∆t
∆t

N∑
k=1

∥fk∥2H−1 + 2C∗|Ω|.
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Using Lemma 4.7, we attain the following:

1

∆t
∥uNh ∥2L2 + ν

N∑
k=1

∥∇ukh∥2L2 ≤ 1

ν∆t
C∥f∥2L2(0,T ;H−1) +

1

∆t
∥u0h∥2L2 + 2C∗|Ω|,

which further implies

ν

N∑
k=1

∆t∥∇ukh∥2L2 ≤ 1

ν
∥f∥2L2(0,T ;H−1) + ∥u0∥2L2 + 2C∗|Ω|,

which completes the proof. □

The following result provides the error between semidiscrete and fully-discrete solutions.

Lemma 4.9. For initial data u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1), we have the following energy

estimate:

∥∂tuh∥2L∞(0,T ;L2) + ν∥∂tuh∥2L2(0,T ;H1
0 )

+ α(p− 1)∥|uh|
p−2
2 ∂tuh∥2L2(0,T ;L2)

≤ C
(
∥u0∥

D(A
3
2 )
, ∥f(0)∥H1 , ∥f∥H1(0,T ;H1)

)
. (4.21)

Proof. From (3.42), we infer

∥∂tuh∥2L∞(0,T ;L2) + ν∥∂tuh∥2L2(0,T ;H1
0 )

+ α(p− 1)∥|uh|
p−2
2 ∂tuh∥2L2(0,T ;L2)

≤
(
∥∂tuh(0)∥2L2 +

1

α

∫ T

0
∥∂tf(t)∥2L2 dt

)
exp((α+ C3)T ).

We estimate the term ∥∂tuh(0)∥2L2 as (see Remark 3.11)

∥∂tuh(0)∥2L2 ≤ 2(∥∂t(uh(0)− u(0))∥2L2 + ∥∂tu(0)∥2L2)

≤ Ch2∥∂t∇u(0)∥2L2 + ∥∂tu(0)∥2L2 ≤ C(∥u0∥
D(A

3
2 )
, ∥f(0)∥H1).

Hence, by combining these estimates, we obtain the required result (4.21). □

Proposition 4.10. For all values of p given in (1.15), if u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)),

let uh be the semidiscrete solution (4.7) and ukh be the generic fully-discrete solution of (4.15).
Then, we have

∥uh − ukh∥2L∞(0,T ;L2) + ν∥uh − ukh∥2L2(0,T ;H1
0 )

≤ c(∆t)2(∥u0∥2H2 + ∥f∥2H1(0,T ;H1) + C ′). (4.22)

Proof. We divide our proof into two steps: In Step 1, we prove the error estimates on the nodal
values and in Step 2, we prove the final estimate.
Step 1: Estimates at tk. Integrating the semi-discrete scheme (4.7) from tk−1 to tk, we obtain

(uh(tk)− uh(tk−1), χ) + ν

(∫ tk

tk−1

∇uh(t) dt,∇χ
)
+ α

(∫ tk

tk−1

|uh(t)|p−2uh(t) dt, χ

)

−
M∑
ℓ=1

βℓ

(∫ tk

tk−1

|uh(t)|qℓ−2uh(t) dt, χ

)
=

(∫ tk

tk−1

f(t) dt, χ

)
, (4.23)

for all χ ∈ Vh. Also, we have the fully-discrete scheme (4.16) as(
ukh − uk−1

h

∆t
, χ

)
− ν(∆ukh, χ) + α(|ukh|p−2ukh, χ)−

M∑
ℓ=1

βℓ(|ukh|qℓ−2ukh, χ) = ⟨fk, χ⟩, (4.24)

for all χ ∈ Vh. Subtracting (4.23) and (4.24), we infer for all χ ∈ Vh that

(uh(tk)− ukh, χ)− (uh(tk−1)− uk−1
h , χ) + ν

(∫ tk

tk−1

∇uh(t) dt−∆t∇ukh,∇χ
)

+ α

(∫ tk

tk−1

|uh(t)|p−2uh(t) dt−∆t|ukh|p−2ukh, χ

)
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−
M∑
ℓ=1

βℓ

(∫ tk

tk−1

|uh(t)|qℓ−2uh(t) dt−∆t|ukh|qℓ−2ukh, χ

)
= 0.

Taking χ = uh(tk)− ukh ∈ Vh, we get

∥uh(tk)− ukh∥2L2 + ν∆t∥∇(uh(tk)− ukh)∥2L2

= (uh(tk−1)− uk−1
h , uh(tk)− ukh)− α

(∫ tk

tk−1

|uh(t)|p−2uh(t) dt−∆t |ukh|p−2ukh, uh(tk)− ukh

)

− ν

(∫ tk

tk−1

∇uh(t) dt−∆t∇uh(tk), ∇(uh(tk)− ukh)

)

+
M∑
ℓ=1

βℓ

(∫ tk

tk−1

|uh(t)|qℓ−2uh(t) dt−∆t|ukh|qℓ−2ukh, uh(tk)− ukh

)
.

Rearranging the terms, we infer the following:

∥uh(tk)− ukh∥2L2 + ν∆t∥∇(uh(tk)− ukh)∥2L2

= (uh(tk−1)− uk−1
h , uh(tk)− ukh)− ν

(∫ tk

tk−1

∇uh(t) dt−∆t∇uh(tk), ∇(uh(tk)− ukh)

)
− α∆t(|uh(tk)|p−2uh(tk)− |ukh|p−2ukh, uh(tk)− ukh)

− α

(∫ tk

tk−1

|uh(t)|p−2uh(t) dt−∆t |uh(tk)|p−2ukh, uh(tk)− ukh

)

+
M∑
ℓ=1

βℓ

(∫ tk

tk−1

|uh(t)|qℓ−2uh(t) dt−∆t|uh(tk)|qℓ−2uh(tk), uh(tk)− ukh

)

+

M∑
ℓ=1

βℓ∆t(|uh(tk)|qℓ−2uh(tk)− |ukh|qℓ−2ukh, uh(tk)− ukh))

=
6∑

i=1

Ii.

Let us first estimate each term on the right hand side. Using the Cauchy-Schwarz and Young’s
inequalities, we can estimate the I1 and I2 as

I1 = (uh(tk−1)− uk−1
h , uh(tk)− ukh) ≤

1

2
∥uh(tk−1)− uk−1

h ∥2L2 +
1

2
∥uh(tk)− ukh∥2L2

and

I2 = ν

(∫ tk

tk−1

∇uh(t) dt−∆t∇uh(tk),∇(uh(tk)− ukh)

)
≤ ν

∥∥∥∥∫ tk

tk−1

∇uh(t) dt−∆t∇uh(tk)
∥∥∥∥
L2

∥∇(uh(tk)− ukh)∥L2

≤ 1

2ν∆t

∥∥∥∥∫ tk

tk−1

∇uh(t) dt−∆t∇uh(tk)
∥∥∥∥2
L2

+
ν∆t

2
∥∇(uh(tk)− ukh)∥2L2 .

One can calculate the first term of above estimate as

1

∆t

∥∥∥∥∫ tk

tk−1

∇uh(t) dt−∆t∇uh(tk)
∥∥∥∥2
L2

=
1

∆t

∥∥∥∥∫ tk

tk−1

(∇uh(t)−∇uh(tk)) dt
∥∥∥∥2
L2

=
1

∆t

∥∥∥∥∫ tk

tk−1

∫ t

tk

∂s∇uh(s) ds dt
∥∥∥∥2
L2



46

≤ 1

∆t

(∫ tk

tk−1

∫ tk

tk−1

∥∂s∇uh(s)∥L2 ds dt

)2

≤ ∆t

(∫ tk

tk−1

∥∇∂suh(s)∥L2 ds

)2

≤ (∆t)2
∫ tk

tk−1

∥∇∂suh(s)∥2L2 ds.

Now, I3 can be estimated in the same way as in the proof of Theorem 3.7 as (see (3.30))

I3 = −α∆t(|uh(tk)|p−2uh(tk)− |ukh|p−2ukh, uh(tk)− ukh)

≤ −α∆t
2

∥|uh(tk)|
p−2
2 (uh(tk)− ukh∥2L2 −

α∆t

2
∥|ukh|

p−2
2 (uh(tk)− ukh)∥2L2 .

The damping term I4 can be estimated by using Young’s inequality as∣∣∣∣∣
(
α

∫ tk

tk−1

|uh(t)|p−2uh(t) dt−∆t |uh(tk)|p−2uh(tk), uh(tk)− ukh

)∣∣∣∣∣
=

∣∣∣∣∣α
∫ tk

tk−1

(
|uh(t)|p−2uh(t)− |uh(tk)|p−2uh(tk), uh(tk)− ukh

)
dt

∣∣∣∣∣
=

∣∣∣∣α ∫ tk

tk−1

(∫ t

tk

∂s(|uh(s)|p−2uh(s))ds, uh(tk)− ukh

)
dt

∣∣∣∣
≤ α(p− 1)

∫ tk

tk−1

∫ tk

tk−1

∣∣(|uh(s)|p−2∂suh(s), uh(tk)− ukh)
∣∣ ds dt

≤ α(p− 1)∆t

∫ tk

tk−1

|(|uh(t)|
p−2
2 |uh(t)|

p−2
2 ∂tuh(t), uh(tk)− ukh)| dt

≤ α(p− 1)∆t

∫ tk

tk−1

∥|uh(t)|
p−2
2 ∥

L
2p
p−2 (Ω)

∥|uh(t)|
p−2
2 ∂tuh(t)∥L2∥uh(tk)− ukh∥Lp dt

≤ α(p− 1)∆t

∫ tk

tk−1

∥uh(t)∥
p−2
2

Lp ∥|uh(t)|
p−2
2 ∂tuh(t)∥L2∥uh(tk)− ukh∥Lp dt

≤ α(p− 1)2∆t

p

(
2p+1(p− 1)∆t

p

) 1
p−1
∫ tk

tk−1

∥uh(t)∥
p(p−2)
2(p−1)

Lp ∥|uh(t)|
p−2
2 ∂tuh(t)∥

p
p−1

L2 dt

+
α∆t

2p+1
∥uh(tk)− ukh∥

p
Lp

≤ α(p− 1)(p− 2)(∆t)2

2p

(
2p+1(p− 1)∆t

p

) 2
p−2
(

p

2(p− 1)

) p
p−2

∥uh∥pL∞(0,T ;Lp)

+
α(p− 1)2(∆t)2

p

∫ tk

tk−1

∥|uh(t)|
p−2
2 ∂tuh(t)∥2L2 dt+

α∆t

2p+1
∥uh(tk)− ukh∥

p
Lp .

We now estimate the pumping term I5, proceeding analogously to the treatment of I4, in order
to obtain∣∣∣∣ M∑

ℓ=1

βℓ

(∫ tk

tk−1

|uh(t)|qℓ−2uh(t) dt−∆t|uh(tk)|qℓ−2uh(tk), uh(tk)− ukh

)∣∣∣∣
≤

M∑
ℓ=1

|βℓ|(qℓ − 1)(qℓ − 2)(∆t)2

2qℓ

(
M |βℓ|(qℓ − 1)∆t2p−1

qℓ

) 2
qℓ−2

(
qℓ

2(qℓ − 1)

) qℓ
qℓ−2

∥uh∥qℓL∞(0,T ;Lqℓ )

+
M∑
ℓ=1

|βℓ|(qℓ − 1)2(∆t)2

qℓ

∫ tk

tk−1

∥|uh(t)|
qℓ−2

2 ∂tuh(t)∥2L2 dt+
∆t

2p−1
∥uh(tk)− ukh∥

qℓ
Lqℓ .
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In the above estimate, the final term can be further bounded analogously to the argument in
(3.15), as

∆t

2p−1
∥uh(tk)− ukh∥

qℓ
Lqℓ ≤ α∆t

2p+1
∥uh(tk)− ukh∥

p
Lp +

(∆t)2

2p

(
p− qℓ
p

)(
2qℓ
αp

) qℓ
p−qℓ

.

Finally, the term I6 can be estimated in the same way as in Theorem 3.7:∣∣∣∣ M∑
ℓ=1

βℓ∆t(|uh(tk)|qℓ−2uh(tk)− |ukh|qℓ−2ukh, uh(tk)− ukh))

∣∣∣∣
≤ α∆t

4
∥|uh(tk)|

p−2
2 (uh(tk)− ukh)∥2L2 +

α∆t

4
∥|ukh|

p−2
2 (uh(tk)− ukh)∥2L2 + 2C2∆t∥uh(tk)− ukh∥2L2 .

Before bringing together all the estimates, using (2.3), we observe that the following bound also
holds:
α∆t

4
∥|uh(tk)|

p−2
2 (uh(tk)− ukh)∥2L2 +

α∆t

4
∥|ukh|

p−2
2 (uh(tk)− ukh)∥2L2 ≥ α∆t

2p−1
∥uh(tk)− ukh∥

p
Lp .

Combining all these estimates, we arrive at

1

2
∥uh(tk)− ukh∥2L2 −

1

2
∥uh(tk−1)− uk−1

h ∥2L2 +
ν∆t

2
∥∇(uh(tk)− ukh∥2L2 +

α∆t

2p
∥uh(tk)− ukh∥

p
Lp

≤ (∆t)2

2ν

∫ tk

tk−1

∥∂t∇uh(t)∥2L2 dt+
α(p− 1)2(∆t)2

p

∫ tk

tk−1

∥|uh(t)|
p−2
2 ∂tuh(t)∥2L2 dt

+
α(p− 1)(p− 2)(∆t)2

2p

(
2p(p− 1)∆t

p

) 2
p−2
(

p

2(p− 1)

) p
p−2

∥uh∥pL∞(0,T ;Lp)

+
M∑
ℓ=1

|βℓ|(qℓ − 1)(qℓ − 2)(∆t)2

2qℓ

(
M |βℓ|(qℓ − 1)∆t2p−1

qℓ

) 2
qℓ−2

(
qℓ

2(qℓ − 1)

) qℓ
qℓ−2

∥uh∥qℓL∞(0,T ;Lqℓ )

+

M∑
ℓ=1

|βℓ|(qℓ − 1)2(∆t)2

qℓ

∫ tk

tk−1

∥|uh(t)|
qℓ−2

2 ∂tuh(t)∥2L2 dt+
(∆t)2

2p−1

(
p− qℓ
p

)(
2qℓ
αp

) qℓ
p−qℓ

+ 2C2∆t∥uh(tk)− ukh∥2L2 .

Now, summing over k = 1, . . . , N , we deduce

∥uh(tN )− uNh ∥2L2 +
N∑
k=1

ν∆t∥∇(uh(tk)− ukh)∥2L2 +
N∑
k=1

α∆t

2p−1
∥uh(tk)− ukh∥

p
Lp

≤ (∆t)2

ν

∫ T

0
∥∂t∇uh(t)∥2L2 dt+

2α(p− 1)2(∆t)2

p

∫ T

0
∥|uh(t)|

p−2
2 ∂tuh(t)∥2L2 dt

+
2α(p− 1)(p− 2)(∆t)2

2p

(
2p(p− 1)∆t

p

) 2
p−2
(

p

2(p− 1)

) p
p−2

∥uh∥pL∞(0,T ;Lp)

+

M∑
ℓ=1

2|βℓ|(qℓ − 1)(qℓ − 2)(∆t)2

2qℓ

(
M |βℓ|(qℓ − 1)∆t2p−1

qℓ

) 2
qℓ−2

(
qℓ

2(qℓ − 1)

) qℓ
qℓ−2

∥uh∥qℓL∞(0,T ;Lp)

+

M∑
ℓ=1

2|βℓ|(qℓ − 1)2(∆t)2

qℓ

∫ T

0
∥|uh(t)|

qℓ−2

2 ∂tuh(t)∥2L2 dt+
2N(∆t)2

2p−1

(
p− qℓ
p

)(
2qℓ
αp

) qℓ
p−qℓ

+∆t
N∑
k=1

4C2∥uh(tk)− ukh∥2L2 .

By an application of Gronwall’s inequality, we conclude

∥uh(tN )− uNh ∥2L2 +
N∑
k=1

ν∆t∥∇(uh(tk)− ukh)∥2L2 +
N∑
k=1

α∆t

2p−1
∥uh(tk)− ukh∥

p
Lp
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≤ C(∆t)2
(∫ T

0
∥∂t∇uh(t)∥2L2 dt+

∫ T

0
∥|uh(t)|

p−2
2 ∂tuh(t)∥2L2 dt+ C ′

)
exp(4C2∆t), (4.25)

where

C ′ =
2α(p− 1)(p− 2)(∆t)

2p

(
2p(p− 1)∆t

p

) 2
p−2
(

p

2(p− 1)

) p
p−2

∥uh∥pL∞(0,T ;Lp)

+
M∑
ℓ=1

2|βℓ|(qℓ − 1)(qℓ − 2)(∆t)

2qℓ

(
M |βℓ|(qℓ − 1)∆t2p−1

qℓ

) 2
qℓ−2

(
qℓ

2(qℓ − 1)

) qℓ
qℓ−2

∥uh∥qℓL∞(0,T ;Lqℓ )

+
2N

2p−1

(
p− qℓ
p

)(
2qℓ
αp

) qℓ
p−qℓ

. (4.26)

Since uh ∈ L∞(0, T ;Lp(Ω)), C ′ and the exponential term are bounded by given date. Hence,
by an application of the (4.21) for semidiscrete case, the right hand side of (4.25) is bounded.

Step 2: Estimate for any t ∈ [tk−1, tk]. Let us introduce a linear interpolation Iuh for the
semidiscrete solution uh by

Iuh(t) = uh(tk−1) +

(
t− tk−1

∆t

)
(uh(tk)− uh(tk−1)) for t ∈ [tk−1, tk].

Let us write uh − ukh = uh − Iuh + Iuh − ukh, where Iuh is the linear interpolation as defined
above. Using the triangle inequality, we obtain

∥uh − ukh∥2L2(0,T ;H1
0 )

≤ 2∥uh − Iuh∥2L2(0,T ;H1
0 )

+ 2∥Iuh − ukh∥2L2(0,T ;H1
0 )
.

The first term can be estimated using [62, Lemma 3.2] and the final term using (4.25) as

∥uh − Iuh∥2L2(0,T ;H1
0 )

=

N∑
i=1

∫ ti

ti−1

∥uh(t)− Iuh(t)∥2H1
0
dt ≤ C(∆t)2

∫ T

0
∥∂tuh(t)∥2H1

0
dt,

∥Iuh − ukh∥2L2(0,T ;H1
0 )

=

N∑
i=1

∫ ti

ti−1

∥Iuh(t)− ukh(t)∥2H1
0
dt ≤ C

N∑
i=1

∆t∥uh(ti)− uih∥2H1
0
. (4.27)

Once again using the triangle inequality, we have

∥uh − ukh∥2L∞(0,T ;L2) ≤ 2∥uh − Iuh∥2L∞(0,T ;L2) + 2∥Iuh − ukh∥2L∞(0,T ;L2).

Similarly as in (4.27), by using [62, Corollary 3.1] and the estimate (4.25), we deduce

∥uh − Iuh∥2L∞(0,T ;L2) ≤ sup
1≤i≤N

(
sup

ti−1≤t≤ti

∥uh − Iuh∥2L2

)
≤ C(∆t)2∥uh∥2W 1,∞(0,T ;L2),

and

∥Iuh − ukh∥2L∞(0,T ;L2) ≤ sup
1≤i≤N

(
sup

ti−1≤t≤ti

∥Iuh − ukh∥2L2

)
≤ C sup

1≤i≤N

(
∥uh(ti)− uih∥2L2

)
,

and the required result follows. □

Theorem 4.11. For all values of p given in (1.15), if u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)),

the finite element approximation ukh converges to u as ∆t, h → 0. In addition, there exists a
constant C > 0 such that the approximation ukh satisfies the following error estimate:

∥u− ukh∥2L∞(0,T ;L2) + ν∥u− ukh∥2L2(0,T ;H1
0 )

≤ C((∆t)2 + h2)(∥u0∥2
D(A

3
2 )

+ ∥f∥2H1(0,T ;H1) + C ′), (4.28)

where C ′ is given in (4.26).
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Proof. We can prove this estimate in the following way:

∥u− ukh∥2L∞(0,T ;L2) ≤ 2∥u− uh∥2L∞(0,T ;L2) + 2∥uh − ukh∥2L∞(0,T ;L2),

and

∥u− ukh∥2L2(0,T ;H1
0 )

≤ 2∥u− uh∥2L2(0,T ;H1
0 )

+ 2∥uh − ukh∥2L2(0,T ;H1
0 )
.

Hence, combining above terms and using Theorem 4.4 and Proposition 4.10, we arrive at the
desired estimate (4.28). □

Remark 4.12. In the literature, results analogous to Proposition 4.10 and Theorem 4.11 are
typically derived under the additional assumption utt ∈ L2(0, T ;L2(Ω)) (see, for instance, [61,
Theorem 1.5, Chapter 1] for the heat equation). In contrast, our analysis relies on the bound
(4.21) established in Lemma 4.9. Nevertheless, both approaches require the regularity conditions

u0 ∈ D(A3/2) and f ∈ H1(0, T ;H1(Ω)) (see also Theorem 3.14), and we emphasize that neither
assumption leads to any additional advantage in the final estimates.

4.3. Numerical studies. The numerical simulations presented in this section are conducted
to validate the theoretical findings established in Theorem 4.11. All computations have been
carried out using the open-source finite element package FEniCS, version 2019.1.0, with Python
3.11.12. The experiments were performed on a Windows 10 machine running Ubuntu 22.04
through the Windows Subsystem for Linux (WSL), configured with a 12th Generation Intel
Core i5 − 1235U processor (1.30 GHz), featuring 10 physical cores and 12 logical threads, and
8GB of RAM.

In this section, our aim is to understand how pumping term affects the solution. Therefore,
first we present the numerical experiment for the equation

∂u

∂t
− ν∆u+ α|u|p−2u = f. (4.29)

Then, using the same initial condition and forcing term, we present the numerical experiment
for the entire system (1.11).

∂u

∂t
− ν∆u+ α|u|p−2u−

M∑
ℓ=1

βℓ|u|qℓ−2u = f. (4.30)

For all numerical experiments, we employ a Newton solver. To conduct the experiment
corresponding to (4.29), we prescribe a manufactured solution and compute the corresponding
forcing term using FEniCS. The resulting numerical approximation is then used to evaluate the
errors (with respect to the norm defined below) and the corresponding convergence rates. For
the problem (4.30), we use the same forcing term and initial condition as in the experiment for
(4.29). In this case, however, deriving an exact analytical solution for error calculation is not
straightforward. Therefore, we take the numerical solution obtained on a highly refined mesh
(e.g., of size 256 × 256) as a reference solution, denoted by uref , and compute the errors and
convergence rates with respect to uref .

The error tables below report the computed errors and the observed orders of convergence
for both systems, measured with respect to the following norm:∣∣∣∣∣∣∣∣∣uk − ukh

∣∣∣∣∣∣∣∣∣2 := ∥uh(tN )− uNh ∥2L2 + ν
N∑
k=1

∆t∥∇(uh(tk)− ukh)∥2L2 . (4.31)

In all of the experiments, we employ the backward Euler method for time discretization
and finite element methods for spatial discretization. The time interval [0, T ] is discretized as
tk = k∆t for k = 0, 1, . . . ,M , where ∆t = T

M is the time step size, and h denotes the spatial
discretization parameter. We choose ∆t ∝ h, and the rate of convergence is computed by

r =
log(|||u− uh1 ||| / |||u− uh1 |||)

log(h1/h2)
.
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Remark 4.13. As demonstrated in Theorem 4.11, the order of convergence in the |||·||| norm
is O(∆t+ h). Given that we employ the backward Euler method for time discretization (which
is a first-order method), and conforming FEM with piecewise linear elements (P1) for spa-
tial discretization (which is also first-order), the combined method is expected to converge with
first-order accuracy. Therefore, by choosing ∆t ∝ h, the overall scheme exhibits first-order
convergence.

Example 1: As discussed above, we first consider (4.29) by choosing the parameters ν = 1, α =
1, and p = 5 on the unit square domain Ω = (0, 1)2 over the time interval t ∈ [0, 1]. The exact
solution of (4.29) is

u(x, y, t) = e−t sin(πx)(x− 1
2) sin(πy)

(
y − 2

3

)
,

for the given forcing term and initial condition

f :=
∂u

∂t
− ν∆u+ α|u|p−2u and u0 = sin(πx)(x− 1

2) sin(πy)

(
y − 2

3

)
.

To validate our numerical method, we compute the numerical solution using uniform triangular
meshes of size N × N and time step ∆t = 0.01. The numerical solution is then compared to
the exact solution using the norm defined in (4.31). We also compute the convergence rates.

The computed errors together with the corresponding convergence rates for (4.29) are pre-
sented in Table 2, where the expected rates of convergence are observed. In addition, Figure 1
provides a visual comparison between the exact and numerical solutions for mesh sizes 32× 32,
64 × 64, and 128 × 128. The first row shows the exact solution, while the second row displays
the corresponding numerical approximations.

Grid Size h
∣∣∣∣∣∣u− uNh

∣∣∣∣∣∣ Convergence Rate
4 × 4 3.54e-01 7.8785e-02 N/A
8 × 8 1.77e-01 4.3238e-02 0.87

16 × 16 8.84e-02 2.2165e-02 0.96
32 × 32 4.42e-02 1.1153e-02 0.99
64 × 64 2.21e-02 5.5854e-03 1.00

128 × 128 1.10e-02 2.7938e-03 1.00

Table 2. Computed errors and rates of convergence for (4.29) in CFEM.

Figure 1. Exact solution and approximated solution of (4.29) on different grid
sizes.
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Next, we turn to the full system, namely (1.11) (or equivalently (4.30)), with parameters
chosen as M = 2, q1 = 3, q2 = 4, β1 = 2, β2 = 4, while keeping all other parameters the same
as before. In this setting, we compute the numerical solution on different mesh sizes. Since an
analytical solution is not available, we take the solution obtained on the refined mesh 256× 256
as the reference solution, for computing the errors. The corresponding errors and convergence
rates for various mesh sizes are reported in Table 3, where the expected convergence behavior is
observed. Furthermore, Figure 2 illustrates visual comparisons between the reference solution
uref and the numerical solutions on meshes of size 32× 32, 64× 64, and 128× 128.

Grid Size h
∣∣∣∣∣∣uref − uNh

∣∣∣∣∣∣ Convergence Rate
4 × 4 3.54e-01 7.884355e-02 N/A
8 × 8 1.77e-01 4.326943e-02 0.87

16 × 16 8.84e-02 2.218086e-02 0.96
32 × 32 4.42e-02 1.116111e-02 0.99
64 × 64 2.21e-02 5.589469e-03 1.00
128 × 128 1.10e-02 2.831218e-03 0.98

Table 3. Computed errors and rates of convergence for (4.30) in CFEM.

Figure 2. Reference and approximated solution of (4.30) on different grid sizes.

Example 2: In this example, we consider (1.11) with parameters ν = 1, α = 1, M = 3, q1 = 3,
q2 = 6, q3 = 9, β1 = 2.5, β2 = 2, β3 = 3, and p = 11, on the unit cube domain Ω = (0, 1)3 over
the time interval t ∈ [0, 1]. We prescribe the exact solution of (1.11) as

u(x, y, z, t) = e−t sin(πx)(x− 0.50) sin(πy)(y − 0.56) sin(πz)(z − 0.48).

To validate the proposed numerical method, we compute the solution using uniform triangular
meshes of size N×N×N with a time step of ∆t = 0.1. The numerical solution is compared with
the exact solution using the norm defined in (4.31). The computed errors and corresponding
convergence rates are presented in Table 4, which clearly demonstrate the optimal order of
convergence. In addition, Figure 3 provides visual comparisons of the exact and numerical
solutions for mesh sizes 15× 15× 15, 20× 20× 20, and 25× 25× 25.

5. Non-conforming finite element method

The previous section focused on the conforming finite element approximation. While this
approach provides a robust framework with solid theoretical foundations, it can prove restrictive
in practice, especially for problems involving low-regularity solutions, complex geometries, or
irregular meshes. These challenges motivate the development of nonconforming finite element
methods (NCFEM), which offer a more flexible alternative.
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Grid Size h
∣∣∣∣∣∣u− uNh

∣∣∣∣∣∣ Convergence Rate
5× 5× 5 3.46e-01 1.0531e-02 N/A

10× 10× 10 1.73e-01 5.9324e-03 0.83
15× 15× 15 1.15e-01 4.0511e-03 0.94
20× 20× 20 8.66e-02 3.0644e-03 0.97
25× 25× 25 6.93e-02 2.4614e-03 0.98

Table 4. Computed errors and rates of convergence for (4.30) in CFEM of 3D
case.

Figure 3. Exact and approximated solution of (4.30) on different grid sizes in
3D

In contrast to conforming methods, which require the trial and test spaces to be strict sub-
spaces of H1

0 (Ω), nonconforming methods permit finite element spaces that need not satisfy
global continuity. Instead, continuity is imposed in a weaker sense, usually across element inter-
faces, thereby relaxing the constraints on the construction of approximation spaces and allowing
the use of elements with only minimal inter-element continuity. This property is particularly
advantageous when dealing with nonlinear PDEs, where the regularity conditions required by
conforming elements may fail to hold.

Specifically, we employ the Crouzeix-Raviart (CR) element, a widely used nonconforming
element based on piecewise linear functions that are continuous only at edge midpoints. This
element combines computational simplicity with the ability to satisfy essential stability and
convergence requirements. Furthermore, it is particularly well-suited for problems involving
nonlinearities and discontinuities, such as those arising from damping, memory effects, or de-
generate diffusion.

In the sections that follow, we develop both the semidiscrete and fully discrete formulations
of (1.11) using NCFEM. We also derive error estimates that highlight the effectiveness of this
method and compare the results with the conforming formulation analyzed previously.

5.1. Semidiscrete non-conforming FEM. In this subsection, we develop the semidiscrete
Galerkin formulation of (1.11) on the NCFEM approach. The domain Ω is subdivided into
regular-shape meshes. These meshes may consist of triangles or rectangles in two dimensions,
or a tetrahedron in three dimensions, and are denoted by Th. The set of edges of the mesh,
including the interior and boundary edges, is represented by Eh, E i

h, and Eb
h, respectively. For

a given mesh Th, the spaces C0(Th) and Hs(Th) denote the broken function spaces associated
with continuous and differentiable functions, respectively.

The edge shared by two adjacent mesh cells K+ and K− is denoted by E = K+ ∩K− ∈ E i
h.

For a function w ∈ C0(Th), its traces on E from K+ and K− are denoted by w+ and w−,
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respectively. The average and jump operators on edge E are given by

{{w}} =
1

2
(w+ + w−) and JwK = w+n+ + w−n−,

respectively. Here, n± are the outward unit normals for the respective elements K±. When
w ∈ C1(Th), the jump in the normal derivative across E is defined by

s
∂w

∂n

{
= ∇(w+ − w−) · n+.

On boundary edges E ∈ Eh ∩ ∂Ω, we take JwK = w+n+ and {{w}} = w+. The exterior trace of
a function u is denoted by ue, and on the boundary we set ue = 0.

Let P1 denote the space of polynomials of degree at most one. The Crouzeix-Raviart (CR)
finite element space is defined by

V CR
h =

{
v ∈ L2(Ω) : for all K ∈ Th; v|K ∈ P1 and

∫
E
JvK = 0, E ∈ Eh

}
. (5.1)

For every mesh, the broken (piecewise) gradient operator ∇h : H1(Th) → L2(Ω;Rd) is defined
by setting

(∇hv)|K = ∇(v|K), for all K ∈ Th.
Next, we introduce the Clément interpolation operator, following the definition in [18]:

Definition 5.1 (Modified Clément interpolation operator for the linear Crouzeix-Raviart space
[25, Lemma 1.127]). Let Th be a shape-regular simplicial triangulation of Ω ⊂ Rd, and let Eh
denote the set of all edges (faces if d ≥ 3). The Crouzeix–Raviart non-conforming finite element
space of piecewise linear functions is denoted by V CR

h .
The modified Clément interpolation operator is the linear mapping

Ch :W s,p(Ω) → V CR
h , (Chv)|E :=


1

|E|

∫
E
v dS, E ∈ Eh interior,

0, E ⊂ ∂Ω (boundary edge),

so that Chv is the unique CR function whose edge averages coincide with those of v on interior
edges and vanish on boundary edges.

For an element K ∈ Th, let ωK denote the patch consisting of all elements sharing at least
one vertex with K. Then Ch satisfies:

(1) Stability. For 1 ≤ p < ∞ and 0 ≤ m ≤ 1, there exists a constant C > 0, depending
only on the mesh regularity, such that

∥Chv∥Wm,p(Ω) ≤ C ∥v∥Wm,p(Ω) for all v ∈Wm,p(Ω).

(2) Local approximation. For 1 ≤ p <∞, 0 ≤ m ≤ s ≤ 2, there exists C > 0, depending
only on the mesh regularity, such that for every element K ∈ Th,

∥v − Chv∥Wm,p(K) ≤ C h s−m
K ∥v∥W s,p(ωK) for all v ∈W s,p(ωK).

(3) Global estimate. Summing over all elements yields

∥v − Chv∥Wm,p(Th) ≤ C h s−m ∥v∥W s,p(Ω),

where ∥ · ∥Wm,p(Th) denotes the broken Sobolev norm.

With this setup, the semidiscrete weak formulation of (1.11) is described as: for each t ∈
(0, T ), find uCR

h ∈ V CR
h such that

(∂tu
CR
h (t), ξ) + νaCR(u

CR
h (t), ξ) + α(|uCR

h (t)|p−2uCR
h (t), ξ)−

M∑
ℓ=1

βℓ(|uCR
h (t)|qℓ−2uCR

h (t), ξ)

= (f(t), ξ),

(uCR
h (0), ξ) = (Chu0, ξ),

(5.2)

for all ξ ∈ V CR
h where aCR(u, v) = (∇hu,∇hv).
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The discrete energy norm for the CR approximation is defined as

|||v|||2CR :=

∫ T

0
∥∇hv(t)∥2L2(Th) dt. (5.3)

The stability estimate for the semidiscrete system is proved in the following lemma:

Theorem 5.2. The semidiscrete system (5.2) has a unique solution uCR
h ∈ V CR

h .

Proof. The existence of a solution can be shown using an argument similar to that in [56,
Theorem 3.1]. Let the basis functions in V CR

h be denoted by ϕCR
i (·), for i = 1, 2, . . . ,m. Then

uCR
h can be expressed as

uCR
h (x, t) =

m∑
i=1

hi(t)ϕ
CR
i (x), (x, t) ∈ Ω× [0, T ]. (5.4)

For j = 1, 2, . . . ,m, we take ξ = ϕCR
j in (5.2) and utilize (5.4) to obtain, for all t ∈ [0, T ],A
dH(t)

dt
+B(t)H(t) = F (t),

H(0) = H0,
(5.5)

where

H(t) = (h1(t), h2(t), . . . , hm(t))T , A = (ϕCR
i , ϕCR

j )m×m, F (t) = (f(t), ϕCR
j )m×1,

B(t) = (∇hϕ
CR
i ,∇hϕ

CR
j )m×m +

(∣∣∣∣ m∑
i=1

hi(t)ϕ
CR
i (x)

∣∣∣∣p−2

ϕCR
i (x), ϕCR

j (x)

)
m×m

−
M∑
ℓ=1

βℓ

(∣∣∣∣ m∑
i=1

hi(t)ϕ
CR
i (x)

∣∣∣∣p−2

ϕCR
i (x), ϕCR

j (x)

)
m×m

.

The matrix A is symmetric positive definite since (ϕCR
i , ϕCR

j ) defines an inner product on

V CR
h ; hence A is invertible. The initial condition H(0) = H0 follows from the discrete initial

condition uCR
h (x, 0) = Chu0(x). Writing both in the basis {ϕCR

i }mi=1 and using the linear
independence of the basis functions, we obtain hi(0) = (H0)i, that is, H(0) = H0.

Since the system (5.5) is finite-dimensional and the nonlinear operator is locally Lipschitz
in H, the standard Picard-Lindelöf theorem ([19, Theorem 3.1, p. 12]) that guarantees the
existence and uniqueness of a local solution. Furthermore, energy estimates for the semidiscrete
system ensure that the solution cannot blow up in finite time, so the local solution extends to
a global solution for all t ∈ [0, T ]. Hence, there exists a unique solution uCR

h ∈ V CR
h to (5.2).

To prove uniqueness, let uCR
h,1 and uCR

h,2 be two solutions of (5.2). By using an argument

analogous to that in Theorem 3.7, we obtain uCR
h,1 = uCR

h,2 , that is, the solution is unique. □

Theorem 5.3 (Energy estimates). (a) If f ∈ L2(0, T ;H−1(Ω)) and u0 ∈ L2(Ω), then the
solution uCR

h of (5.2) is unique and satisfies the following estimate:

sup
0≤t≤T

∥uCR
h (t)∥2L2 + ν

∫ T

0
∥∇hu

CR
h (t)∥2L2(Th) ds+ α

∫ T

0
∥uCR

h (t)∥pLp dt

≤ ∥u0∥2L2 +
1

ν

∫ T

0
∥f(t)∥2H−1 dt+ C∗T |Ω|,

where C∗ is defined in (3.16).
(b) If f ∈ L2(0, T ;L2(Ω)) and u0 ∈ D(A), then∫ T

0
∥∂tuCR

h (t)∥2L2 dt+ sup
0≤t≤T

(
ν∥∇hu

CR
h (t)∥2L2(Th) +

2α

p
∥uCR

h (t)∥pLp

)
≤ ν∥∇u0∥2L2 +

2α

p
∥u0∥pD(A) +

∫ T

0
∥f(t)∥2L2 dt.
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Proof. The proof can be derived using a similar reasoning to that employed in establishing
Theorem 4.3. □

We proceed to derive the optimal error estimates for the semidiscrete case under minimal
regularity assumptions and for the values of p given in Table 1.

Theorem 5.4. Let V CR
h be the space defined in (5.1). Assume that u0 ∈ D(A) and u(·) is the

solution of problem (1.11). Then uCR
h , the solution of (5.2), satisfies the following estimate:

(a) For f ∈ H1(0, T, L2(Ω)) and 2 ≤ p ≤ 2d
d−2 :

∥uCR
h − u∥2L∞(0,T ;L2) + ν

∣∣∣∣∣∣uCR
h − u

∣∣∣∣∣∣2
CR

+
α

2p−3
∥uCR

h − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u∥2L∞(0,T ;H1

0 )
+ ∥u∥2L∞(0,T ;H2) +

∫ T

0
∥∂tu(t)∥2H1

0
dt+ ∥u∥p

L∞(0,T ;H2)

+
(
∥u0∥pD(A) + ∥f∥2H1(0,T ;L2) + ∥u∥2(p−2)

L∞(0,T ;Lp)

)∫ T

0
∥u(t)∥2H2 dt

}
,

for some positive constant C.
(b)For f ∈ H1(0, T ;H1(Ω)) and 2d

d−2 < p ≤ 2d−6
d−4 :

(i) if 2 ≤ qℓ < 1 + p
2 , the following estimate holds:

∥uCR
h − u∥2L∞(0,T ;L2) + ν

∣∣∣∣∣∣uCR
h − u

∣∣∣∣∣∣2
CR

+
α

2p−2
∥uCR

h − u∥pLp(0,T ;Lp)

≤ Ch2
(
∥u∥2L∞(0,T ;H1

0 )
+ ∥u∥2L∞(0,T ;H2) + ∥u∥p

L∞(0,T ;H2)
+

∫ T

0
∥u(t)∥2H2 dt

+

∫ T

0
∥∂tu(t)∥2H1

0
dt+

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt

)
.

(ii) if 1 + p
2 ≤ qℓ < p, the following estimate holds:

∥uCR
h − u∥2L∞(0,T ;L2) + ν

∣∣∣∣∣∣uCR
h − u

∣∣∣∣∣∣
CR

+
α

2p−2
∥uCR

h − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u∥2L∞(0,T ;H1

0 )
+ ∥u∥2L∞(0,T ;H2) + ∥u∥p

L∞(0,T ;H2)
+

∫ T

0
∥∂tu(t)∥2H1

0
dt

+

∫ T

0
∥u(t)∥2H2 dt+ ∥u∥

p(qℓ−3)+2

p−1

L∞(0,T ;H2)

∫ T

0
∥u(t)∥2

D(A
3
2 )
dt

}
.

Proof. By an application of the triangle inequality, we have the following:∣∣∣∣∣∣uCR
h − u

∣∣∣∣∣∣
CR

≤
∣∣∣∣∣∣uCR

h −W
∣∣∣∣∣∣
CR

+ |||W − u|||CR .

Note that |||W − u|||CR ≤ Ch∥u∥H2 follows from the result

∥u−W∥H1(K) ≤ inf
w∈V CR

h

∥u− w∥H1(K)

from Definition 5.1. Also, we have ∥W − u∥pLp ≤ Ch2∥u∥p
H2 (see (4.14)). So, our aim to prove

the estimate for
∣∣∣∣∣∣uCR

h −W
∣∣∣∣∣∣
CR

. Using the regularity result (see Theorem 3.12), the following
holds for a.e. t ∈ [0, T ]:

(∂tu(t), ξ) + νaCR(u(t), ξ) + α(|u(t)|p−2u(t), ξ)−
M∑
ℓ=1

βℓ(|u(t)|qℓ−2u(t), ξ)

= (f, ξ) +
∑
K∈Th

∫
∂K

ν
∂u(s)

∂nK
ξ dS, (5.6)

for all ξ ∈ V CR
h . So from (5.2) and (5.6), we infer

(∂t(u
CR
h (t)− u(t)), ξ) + νaCR(u

CR
h (t)− u(t), ξ) + α(|uCR

h (t)|p−2uCR
h (t)− |u(t)|p−2u(t), ξ)
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+

M∑
ℓ=1

βℓ(|uCR
h (t)|qℓ−2uCR

h (t)− |u(t)|qℓ−2u(t), ξ) = −
∑
K∈Th

∫
∂K

ν
∂u(s)

∂nK
ξ dS,

for a.e. t ∈ [0, T ]. Rearranging the equation by taking uCR
h − u = uCR

h −W +W − u, we obtain

(∂t(u
CR
h (t)−W (t)), ξ) + νaCR(u

CR
h (t)−W (t), ξ) + α(|uCR

h (t)|p−2uCR
h (t)− |W (t)|p−2W (t), ξ)

= −(∂t(W (t)− u(t)), ξ)− νaCR(W (t)− u(t), ξ)−
∑
K∈Th

∫
∂K

ν
∂u(s)

∂nK
ξ dS

− α(|W (t)|p−2W (t)− |u(t)|p−2u(t), ξ) +

M∑
ℓ=1

βℓ(|uCR
h (t)|qℓ−2uCR

h (t)− |W (t)|qℓ−2W (t), ξ)

+
M∑
ℓ=1

βℓ(|W (t)|qℓ−2W (t)− |u(t)|qℓ−2u(t), ξ),

for a.e. t ∈ [0, T ]. Let us choose ξ = uCR
h −W in the above equation to find for a.e. t ∈ [0, T ]

that

1

2

d

dt
∥uCR

h (t)−W (t)∥2L2 + ν∥∇h(u
CR
h (t)−W (t))∥2L2(Th) + J1 =

6∑
i=2

Ji −
∑
K∈Th

∫
∂K

ν
∂u(s)

∂nK
ξ dS,

where

J1 = α(|uCR
h |p−2uCR

h − |W |p−2W,uCR
h −W ), J2 = −(∂t(W − u), uCR

h −W ),

J3 = −νaCR(W − u, uCR
h −W ), J4 = −α(|W |p−2W − |u|p−2u, uCR

h −W ),

J5 =

M∑
ℓ=1

βℓ(|uCR
h |qℓ−2uCR

h − |W |qℓ−2W,uCR
h −W ),

J6 =
M∑
ℓ=1

βℓ(|W |qℓ−2W − |u|qℓ−2u, uCR
h −W ).

The terms J1 and J5 can be estimated using calculations analogous to those in the proof of
Theorem 4.4, yielding

|J1| ≥
α

2
∥|uCR

h |
p−2
2 (uCR

h −W )∥2L2 +
α

2
∥|W |

p−2
2 (uCR

h −W )∥2L2 ,

|J5| ≤
α

4
∥|uCR

h |
p−2
2 (uCR

h −W )∥2L2 +
α

4
∥|W |

p−2
2 (uCR

h −W )∥2L2 + 2C2∥uCR
h −W∥2L2 .

Also, we use the fact that (see (2.3) )

α

4
∥|uCR

h |
p−2
2 (uCR

h −W )∥2L2 +
α

4
∥|W |

p−2
2 (uCR

h −W )∥2 ≥ 1

2p−1
∥uCR

h −W∥pLp .

Combining these estimates, we get

1

2

d

dt
∥uCR

h (t)−W (t)∥2L2 + ν∥∇h(u
CR
h (t)−W (t))∥2L2(Th) +

α

2p−1
∥uCR

h (t)−W (t)∥pLp

≤ J2 + J3 + J4 + J6 −
∑
K∈Th

∫
∂K

ν
∂u(s)

∂nK
ξ dS + 2C2∥uCR

h (t)−W (t)∥2L2 , (5.7)

for a.e. t ∈ [0, T ].

(a) For 2 ≤ p ≤ 2d
d−2 : Estimating J2, J3, J4 and J6 by the same calculations as in the proof of

Theorem 4.4, we obtain

|J2| ≤
1

2
∥∂t(W − u)∥2L2 +

1

2
∥uCR

h −W∥2L2 ,

|J3| ≤ 2ν∥∇h(W − u)∥2L2(Th) +
ν

8
∥∇h(u

CR
h −W )∥2L2(Th),
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|J4| ≤
ν

4
∥∇h(u

CR
h −W )∥2L2(Th) +

α2(p− 1)222p−5

ν
(∥W∥2(p−2)

Lp + ∥u∥2(p−2)
Lp )∥W − u∥2Lp ,

|J6| ≤
ν

4
∥∇h(u

CR
h −W )∥2L2(Th)

+
M∑
ℓ=1

M |βℓ|2(qℓ − 1)222qℓ−5

ν
(∥W∥2(qℓ−2)

Lqℓ + ∥u∥2(qℓ−2)
Lqℓ )∥W − u∥2Lqℓ .

Consequently, we may apply the estimate from [8, Section 10.3], which gives∣∣∣∣∣∣
∑
K∈Th

∫
∂K

ν
∂u

∂nK
ξdS

∣∣∣∣∣∣ ≤ C

∑
K∈Th

νh2K∥u∥2H2(K)

1/2

∥∇h(u
CR
h (t)−W (t))∥L2(Th),∣∣∣∣∣∣

∑
K∈Th

∫
∂K

ν
∂u

∂nK
ξdS

∣∣∣∣∣∣ ≤ 2C

( ∑
K∈Th

νh2K∥u∥2H2(K)

)
+
ν

8
∥∇h(u

CR
h (t)−W (t))∥2L2(Th).

By combining all these estimates, applying arguments similar to those in Theorem 4.4, and
using Definition 5.1, we obtain the desired error estimate. Note that, as in Theorem 4.4, it is
necessary to consider separate cases and perform analogous calculations for all terms. For the
sake of brevity and to avoid repetition, we omit the detailed steps here. □

5.2. Fully-discrete non-conforming FEM. In this section, we introduce a fully-discrete
non-conforming finite element scheme. We partition the time interval [0, T ] into 0 = t0 < t1 <
t2 < · · · < tN = T with uniform time stepping ∆t, that is, tk = k∆t. We replace the time
derivative with a backward Euler discretization. We denote C as a generic constant which is

independent of h and ∆t. Also note that ∂tu
CR
kh ≈ uk

h−uk−1
h

∆t (where for simplicity we are taking

(uCR
h )k = ukh). The fully-discrete non-conforming Galerkin approximation of the problem (3.1)

is defined in the following way:
Find ukh ∈ V CR

h , for k = 1, 2, . . . , N , such that for ξ ∈ V CR
h :

(
ukh − uk−1

h

∆t
, ξ

)
+ ν(∇hu

k
h,∇hξ) + α(|ukh|p−2ukh, ξ)−

M∑
ℓ=1

βℓ(|ukh|qℓ−2ukh, ξ) = (fk, ξ),

(u0h(xi), ξ) = (Chu0(xi), ξ),

(5.8)

where fk = (∆t)−1
∫ tk
tk−1

f(s) ds for f ∈ L2(0, T ;L2(Ω)), and u0h is the approximation of u0 in

V CR
h . We then define a generic non-conforming finite element approximate solution uCR

kh by

uCR
kh |[tk−1,tk] = uk−1

h +

(
t− tk−1

∆t

)
(ukh − uk−1

h ), 1 ≤ k ≤ N, for t ∈ [tk−1, tk]. (5.9)

The discrete bilinear form is given by aCR(u, v) = (∇hu,∇hv), and the discrete energy norm is
defined as

∥ukh∥2CR := ∆t

N∑
k=1

∥∇hu
k
h∥2L2(Th).

Lemma 5.5. Let us define the set {fk}Nk=1 by fk = (∆t)−1
∫ tk
tk−1

f(s) ds. If the external forcing

f ∈ L2(0, T ;L2(Ω)), then we have

∆t
N∑
k=1

∥fk∥2L2 ≤ C∥f∥2L2(0,T ;L2) and
N∑
k=1

∫ tk

tk−1

∥fk − f(t)∥2L2dt→ 0, ∆t→ 0.

Further, if f ∈ Hϵ(0, T ;L2(Ω)) for some ϵ ∈ [0, 1], then

N∑
k=1

∫ tk

tk−1

∥fk − f(t)∥2L2dt ≤ C(∆t)2ϵ∥f∥2Hϵ(0,T ;L2(Ω)).
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Proof. The proof of this lemma follows the same arguments as [34, Lemma 3.2] and is therefore
omitted. □

Lemma 5.6 (stability). Assume f ∈ L2(0, T ;L2(Ω)) and u0 ∈ L2(Ω). Let {ukh}Nk=1 ⊂ V CR
h be

defined by (5.1). Then ∣∣∣∣∣∣∣∣∣ukh∣∣∣∣∣∣∣∣∣2
CR

≤ 1

ν
∥f∥2L2(0,T ;L2) + ∥u0∥2L2 + 2C∗|Ω|, (5.10)

where C∗ is defined in (3.16).

Proof. Taking ξ = ukh in (5.2), we get

1

2∆t
∥ukh∥2L2 −

1

2∆t
∥uk−1

h ∥2L2 +
1

2∆t
∥ukh − uk−1

h ∥2L2 + ν∥∇hu
k
h∥2L2(Th) + α∥ukh∥

p
Lp

≤ ⟨fk, ukh⟩+
M∑
ℓ=1

βℓ∥ukh∥
qℓ
Lqℓ .

Applying (3.15) along with Cauchy’s, Poincaré’s, and Young’s inequalities, we obtain

1

2∆t
∥ukh∥2L2 −

1

2∆t
∥uk−1

h ∥2L2 +
1

2∆t
∥ukh − uk−1

h ∥2L2 + ν∥∇hu
k
h∥2L2(Th) +

α

2
∥ukh∥

p
Lp

≤ CΩ

2ν
∥fk∥2L2 +

ν

2
∥∇hu

k
h∥2L2(Th) + C∗|Ω|.

Using the positivity of the third and fifth terms of the left-hand side, we see that

1

∆t
∥ukh∥2L2 −

1

∆t
∥uk−1

h ∥2L2 + ν∥∇hu
k
h∥2L2(Th) ≤

CΩ

ν
∥fk∥L2 + 2C∗|Ω|.

Summing over k for k = 1, 2, 3, . . . , N , we have

1

∆t
∥uNh ∥2L2 −

1

∆t
∥u0h∥2L2 + ν

N∑
k=1

∥∇hu
k
h∥2L2(Th) ≤

CΩ

ν∆t
∆t

N∑
k=1

∥fk∥2L2 + 2C∗|Ω|.

Lemma 5.5 implies that

1

∆t
∥uNh ∥2L2 + ν

N∑
k=1

∥∇hu
k
h∥2L2(Th) ≤

CΩ

ν∆t
∥f∥2L2(0,T ;L2) +

1

∆t
∥u0h∥2L2 + 2C∗|Ω|.

Since,∥u0h∥L2 ≤ ∥u0∥L2 , we further conclude

ν
N∑
k=1

∆t∥∇hu
k
h∥2L2(Th) ≤

CΩ

ν
∥f∥2L2(0,T ;L2) + ∥u0∥2L2 + 2C∗|Ω|,

so that the proof is completed. □

Proposition 5.7. For all values of p given in (1.15), if u0 ∈ D(A
3
2 ), f ∈ H1(0, T ;H1(Ω)), and

uCR
h be the semidiscrete solution of (5.2) and uCR

kh be the generic fully-discrete solution (5.8).
Then

∥uCR
h − uCR

kh ∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣uCR
h (t)− uCR

kh (t)
∣∣∣∣∣∣2
CR

dt

≤ c(∆t)2(∥u0∥2
D(A

3
2 )

+ ∥f∥2H1(0,T ;H1) + C ′),

where C ′ is the same as (4.26) by replacing uh by uCR
h .

Proof. The proof of this lemma can be carried out in the same manner as that of Lemma
4.10. □
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Theorem 5.8. For all values of p given in (1.15), if u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)), the

non-conforming finite element approximation uCR
kh converges to u as ∆t, h → 0. In addition,

there exists a constant C ≥ 0 such that the approximation uCR
kh satisfies the following error

estimates:

∥u− uCR
kh ∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣u(t)− uCR
kh (t)

∣∣∣∣∣∣2
CR

dt

≤ C((∆t)2 + h2)(∥f∥2H1(0,T ;H1) + ∥u0∥2
D(A

3
2 )

+ C ′),

where C ′ is same as (4.26) by replacing uh by uCR
h .

Proof. The proof of this theorem is similar to that of Theorem 4.11 and is therefore omitted to
avoid repetition. □

5.3. Numerical studies. In this section, we present a numerical example using the Crouzeix-
Raviart (CR) finite element method. The error table below reports the error estimates and
observed convergence rates for problems (4.29) and (4.30) with parameters α = 1, ν = 1,
M = 2, q1 = 3, q2 = 4, β1 = 1, β2 = 3, and p = 5 on the unit square domain Ω = (0, 1)2 over
the time interval t ∈ [0, 1], measured in the following norm:∣∣∣∣∣∣∣∣∣uk − ukh

∣∣∣∣∣∣∣∣∣2
NC

= ∥uh(tN )− uNh ∥2L2(Ω) + ν
∣∣∣∣∣∣∣∣∣uh(tk)− ukh

∣∣∣∣∣∣∣∣∣2
CR

.

In this example, the exact solution of (4.29) is

u(x, y, t) = (t− t2 + 1) cos(πx) cos(πy)y(1− y)x(1− x),

for the forcing term and initial condition

f := ∂tu−∆u+ |u|3u, and u0 = cos(πx) cos(πy)y(1− y)x(1− x).

To validate the numerical method, we compute the solution on uniform triangular meshes of
size N ×N with a time step of ∆t = 0.01.

First, Table 5 presents the errors and observed convergence rates for different grid sizes for
problem (4.29), showing that the method achieves the expected convergence rates. We also
provide visual comparisons between the exact and numerical solutions for mesh sizes 16 × 16,
32 × 32, and 64 × 64 in Figure 4. From these visualizations, it is evident that the numerical
solution closely approximates the exact solution, particularly on finer meshes.

Grid Size h
∣∣∣∣∣∣u− uCR

h

∣∣∣∣∣∣ Convergence Rate
4× 4 3.54e-01 1.7225e-02 N/A
8× 8 1.77e-01 7.2360e-03 1.25

16× 16 8.84e-02 3.4279e-03 1.08
32× 32 4.42e-02 1.6898e-03 1.02
64× 64 2.21e-02 8.4191e-04 1.01

Table 5. Computed errors and rates of convergence for (4.29) in NCFEM.

Next, Table 6 presents the computed errors and corresponding convergence rates for problem
(4.30), using the solution on a 256×256 mesh as the reference. The expected rates of convergence
are clearly observed. Additionally, Figure 5 provides visual comparisons between the reference
solution and numerical solutions on mesh sizes 16× 16, 32× 32, and 64× 64.

6. Discontinuous Galerkin method

The Discontinuous Galerkin (DG) method is a finite element approach in which the trial and
test functions are permitted to be discontinuous across element boundaries. Unlike conforming
methods, which enforce continuity, or nonconforming methods, which impose it weakly, DG does
not require continuity between elements. Instead, inter-element interaction is managed through
numerical fluxes and penalty terms, which ensure stability and consistency in a weak sense. DG
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Figure 4. Exact and approximated solution of (4.29) on different grid sizes.

Grid Size h
∣∣∣∣∣∣uref − uCR

h

∣∣∣∣∣∣ Convergence Rate
4× 4 3.54e-01 1.722952e-02 N/A
8× 8 1.77e-01 7.236985e-03 1.25

16× 16 8.84e-02 3.431414e-03 1.08
32× 32 4.42e-02 1.692934e-03 1.02
64× 64 2.21e-02 8.535687e-04 0.99

Table 6. Computed errors and rates of convergence for (4.30) in NCFEM.

Figure 5. Reference and approximated solution of (4.30) on different grid sizes.

methods are highly flexible, locally conservative, and well-suited for complex geometries as well
as adaptive mesh refinement.

We define the discrete space for DG formulation as

V DG
h =

{
v ∈ L2(Ω)

∣∣ for all K ∈ Th : v|K ∈ P1(K)
}
, (6.1)

where P1(K) denotes the space of linear polynomials.

6.1. Semidiscrete discontinuous Galerkin FEM. We begin by defining the projection op-
erator employed in the DG method.

Definition 6.1 (Elementwise L2-projection onto discontinuous spaces [25, Section 1.6]). Let Th
be a partition of Ω into elements K, and let P1(K) denote the polynomials of degree 1 on K.
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Define the operator

π1h : L2(Ω) → V DG
h ,

by requiring, for each K ∈ Th,∫
K

(
π1hv − v

)
q dx = 0 for all q ∈ P1(K).

In other words, π1hv|K is the local L2-projection of v|K onto P1(K).
Moreover, there exists a constant C > 0, independent of h, such that for all integers 0 ≤ l ≤ 2,

for all 1 ≤ p ≤ ∞, and for all v ∈W l,p(Ω), the following approximation estimate is satisfied:

∥v − π1hv∥Lp(Ω) ≤ C hl |v|W l,p(Ω).

Remark 6.2. The above estimate holds without assuming strong shape-regularity of the mesh.
The operator π1h is the natural projection onto discontinuous finite element spaces, and it is
particularly useful in discontinuous Galerkin methods, e.g., for projecting initial data and in
error analysis.

We define the semidiscrete formulation of (1.11) as follows: Find uDG
h (t) ∈ V DG

h for t ∈ [0, T ]
such that

(∂tu
DG
h (t), χ) + νaDG(u

DG
h (t), χ) + α(|uDG

h (t)|p−2uDG
h (t), χ)−

∑M
ℓ=1 βℓ(|uDG

h (t)|qℓ−2uDG
h (t), χ)

= (f(t), χ),

(uDG
h (0), χ) = (π1

hu0, χ),

(6.2)
for all χ ∈ V DG

h , where

aDG(u, v) = (∇hu,∇hv)−
∑
E∈Eh

∫
E

{{∇hu}}JvK ds−
∑
E∈Eh

∫
E

{{∇hv}}JuK ds+
∑
E∈Eh

∫
E

γhJuKJvK ds.

Here γh = γ
hE

. The length of the edge E is represented by the parameter hE . In order to guarantee the
stability of the formulation, the penalty parameter γ is selected to be sufficiently large. The following
discrete norm is used for further error analysis:

|||v|||2DG :=
∑

K∈Th

∥∇hv∥2L2(Th)
+
∑
E∈Eh

γh∥JvK∥2L2(E).

Note that aDG can be bounded as ([4, Section 2]):

|aDG(u, v)| ≤ (1 + γ) |||u|||DG |||v|||DG . (6.3)

Lemma 6.3 (Coercivity). For any v ∈ V DG
h , the bilinear form aDG is coercive, that is,

aDG(v, v) ≥ αa |||v|||2DG , (6.4)

for a positive constant αa ≥ 0.

Proof. The proof of coercitivity of aDG(·, ·) follows directly from [4, section 3]. □

Theorem 6.4 (Existence and energy estimates). (a) If f ∈ L2(0, T ;H−1(Ω)) and u0 ∈ L2(Ω), then the
solution uDG

h of (6.2) is unique and satisfies the following estimate:

sup
0≤t≤T

∥uDG
h (t)∥2L2 + ν

∫ T

0

∣∣∣∣∣∣uDG
h (t)

∣∣∣∣∣∣2
DG

dt+ α

∫ T

0

∥uDG
h (t)∥pLp dt

≤ ∥u0∥2L2 +
1

ν

∫ T

0

∥f(t)∥2H−1 dt+ C∗T |Ω|,

where C∗ is defined in (3.16).
(b)If f ∈ L2(0, T ;L2(Ω)) and u0 ∈ D(A), then∫ T

0

∥∂tuDG
h (t)∥2L2 dt+ sup

0≤t≤T

(
ν
∣∣∣∣∣∣uDG

h (t)
∣∣∣∣∣∣2
DG

+
2α

p
∥uDG

h (t)∥pLp

)
≤ ν∥∇u0∥2L2 +

2α

p
∥u0∥pD(A) +

∫ T

0

∥f(t)∥2L2 dt.

Proof. The proof of this theorem follows directly from arguments similar to those in Theorem 4.3. □
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Theorem 6.5. Let V DG
h be the space as defined in (6.1). Assume that u0 ∈ D(A), and u(·) is the

solution of (1.11). Then the uDG
h , the solution of (6.2) satisfies the following estimate:

(a) For f ∈ H1(0, T, L2(Ω)) and 2 ≤ p ≤ 2d
d−2 :

∥uDG
h − u∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣uDG
h (t)− u(t)

∣∣∣∣∣∣2
DG

dt+
α

2p−3
∥uCR

h − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u∥2L∞(0,T ;H1

0 )
+ ∥u∥2L∞(0,T ;H2) +

∫ T

0

∥∂tu(t)∥2H1
0
dt+ ∥u∥pL∞(0,T ;H2)

+ (∥u0∥pD(A) + ∥f∥2H1(0,T ;L2) + ∥u∥2(p−2)
L∞(0,T ;Lp))

∫ T

0

∥u(t)∥2H2 dt

}
,

for some positive constant C.
(b)For f ∈ H1(0, T ;H1(Ω)) and 2d

d−2 < p ≤ 2d−6
d−4 :

(i) if 2 ≤ qℓ < 1 + p
2 , the following estimate holds:

∥uDG
h − u∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣uDG
h (t)− u(t)

∣∣∣∣∣∣2
DG

dt+
α

2p−2
∥uDG

h − u∥pLp(0,T ;Lp)

≤ Ch2
(
∥u∥2L∞(0,T ;H1

0 )
+ ∥u∥2L∞(0,T ;H2) + ∥u∥pL∞(0,T ;H2) +

∫ T

0

∥u(t)∥2H2 dt

+

∫ T

0

∥∂tu(t)∥2H1
0
dt+

∫ T

0

∥u(t)∥2
D(A

3
2 )
dt

)
,

(ii) if 1 + p
2 ≤ qℓ < p, the following estimate holds:

∥uDG
h − u∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣uDG
h (t)− u(t)

∣∣∣∣∣∣
DG

dt+
α

2p−2
∥uDG

h − u∥pLp(0,T ;Lp)

≤ Ch2
{
∥u∥2L∞(0,T ;H1

0 )
+ ∥u∥2L∞(0,T ;H2) + ∥u∥pL∞(0,T ;H2) +

∫ T

0

∥∂tu(t)∥2H1
0
dt

+

∫ T

0

∥u(t)∥2H2 dt+ ∥u∥
p(qℓ−3)+2

p−1

L∞(0,T ;H2)

∫ T

0

∥u(t)∥2
D(A

3
2 )
dt

}
,

where C > 0.

Proof. An application of the triangle inequality yields∣∣∣∣∣∣uDG
h − u

∣∣∣∣∣∣
DG

≤
∣∣∣∣∣∣uDG

h −W
∣∣∣∣∣∣
DG

+ |||W − u|||DG ,

where W = π1
hu. Given that |||W − u|||DG ≤ Ch|u|H2 (see [4, Section 3]), we are thus led to estimating∣∣∣∣∣∣uDG

h −W
∣∣∣∣∣∣
DG

. Using the regularity result (see Theorem 3.12), the following holds for a.e. t ∈ [0, T ]:

(∂tu(t), χ) + νaDG(u(t), χ) + α(|u(t)|p−2u(t), χ)−
M∑
ℓ=1

βℓ(|u(t)|qℓ−2u(t), χ) = (f(t), χ), (6.5)

for all χ ∈ V DG
h . Therefore, from (6.2) and (6.5), we get

(∂t(u
DG
h (t)− u(t)), χ) + νaDG(u

DG
h (t)− u(t), χ) + α(|uDG

h (t)|p−2uDG
h (t)− |u(t)|p−2u(t), χ)

=

M∑
ℓ=1

βℓ(|uDG
h (t)|qℓ−2uDG

h (t)− |u(t)|qℓ−2u(t), χ),

for a.e. t ∈ [0, T ]. Rearranging the equation by taking uDG
h − u = uDG

h −W +W − u, we obtain

(∂t(u
DG
h (t)−W (t)), χ) + νaDG(u

DG
h (t)−W (t), χ) + α(|uDG

h (t)|p−2uDG
h (t)− |W (t)|p−2W (t), χ)

= −(∂t(W (t)− u(t)), χ)− νaDG(W (t)− u(t), χ)− α(|W (t)|p−2W (t)− |u(t)|p−2u(t), χ)

+

M∑
ℓ=1

βℓ(|uDG
h (t)|qℓ−2uDG

h (t)− |W (t)|qℓ−2W (t), χ) +

M∑
ℓ=1

βℓ(|W (t)|qℓ−2W (t)− |u(t)|qℓ−2u(t), χ).

Taking χ = uDG
h −W and using (6.4), we arrive at

1

2

d

dt
∥uDG

h (t)−W (t)∥2L2 + ναa

∣∣∣∣∣∣uDG
h (t)−W (t)

∣∣∣∣∣∣2
DG

+ α(|uDG
h (t)|p−2uDG

h (t)− |W (t)|p−2W (t), uDG
h (t)−W (t))
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= −(∂t(W (t)− u(t)), uDG
h (t)−W (t))− νaDG(W (t)− u(t), uDG

h (t)−W (t))

− α(|W (t)|p−2W (t)− |u(t)|p−2u(t), uDG
h (t)−W (t))

+

M∑
ℓ=1

βℓ(|uDG
h (t)|qℓ−2uDG

h (t)− |W (t)|qℓ−2W (t), uDG
h (t)−W (t))

+

M∑
ℓ=1

βℓ(|W (t)|qℓ−2W (t)− |u(t)|qℓ−2u(t), uDG
h (t)−W (t)),

for a.e. t ∈ [0, T ]. Hence, by applying (6.3) and proceeding with calculations analogous to those in
Theorem 5.4, we obtain the desired estimate. □

6.2. Fully-discrete discontinuous Galerkin FEM. The fully discrete weak formulation of (1.11) is
given as follows: Find (uDG

h )k = ukh ∈ V DG
h (for simplicity of notation we have taken (uDG

h )k = ukh), such
that 

(
ukh − uk−1

h

∆t
, χ

)
+ νaDG(u

k
h, χ) + α(|ukh|p−2ukh, χ)−

M∑
ℓ=1

βℓ(|ukh|qℓ−2ukh, χ) = (fk, χ),

(u0h(xi), χ) = (π1
hu0(xi), χ),

(6.6)

for i = 1, 2, . . . , N and where fk = (∆t)−1
∫ tk
tk−1

f(s) ds for f ∈ L2(0, T ;L2(Ω)), and u0h is the approxi-

mation of u0 in V DG
h .

We then define DG approximated solution uDG
kh by

uDG
kh |[tk−1,tk] = uk−1

h +

(
t− tk−1

∆t

)
(ukh − uk−1

h ), 1 ≤ k ≤ N for t ∈ [tk−1, tk]. (6.7)

The error estimates for the fully discrete case are discussed in the following results:

Lemma 6.6. For all the values of p given in (1.15), if u0 ∈ D(A
3
2 ) and f ∈ H1(0, T ;H1(Ω)), let uDG

h

be the semidiscrete solution (6.2) and uDG
kh be the generic fully-discrete solution (6.7). Then

∥uDG
h − uDG

kh ∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣uDG
h (t)− uDG

kh (t)
∣∣∣∣∣∣2
DG

dt

≤ c(∆t)2(∥u0∥2
D(A

3
2 )

+ ∥f∥2H1(0,T ;H1) + C ′),

where C ′ is same as (4.26) by replacing uh by uDG
h .

Proof. The proof of this lemma proceeds in the same manner as that of Lemma 4.10. □

Theorem 6.7. For all values of p given in (1.15), if u0 ∈ D(A) and f ∈ H1(0, T ;L2(Ω)), the discontin-
uous Galerkin finite element approximation uDG

kh converges to u as ∆t, h → 0. In addition, there exists
a constant C > 0 such that the approximation uDG

kh satisfies the following error estimate:

∥u− uDG
kh ∥2L∞(0,T ;L2) + ν

∫ T

0

∣∣∣∣∣∣u(t)− uDG
kh (t)

∣∣∣∣∣∣2
DG

dt

≤ C((∆t)2 + h2)(∥u0∥2
D(A

3
2 )

+ ∥f∥2H1(0,T ;H1) + C ′),

where C ′ is same as (4.26) by replacing uh by uDG
h .

Proof. The proof of this theorem can be carried out in the same manner as that of Theorem 4.11. □

6.3. Numerical studies. In this section, we consider an example solved using the DG finite element
method. The error table below reports the error estimates and observed convergence rates for problems
(4.29) and (4.30), with parameters α = 1, ν = 1, M = 2, q1 = 3, q2 = 4, β1 = 1, β2 = 3, and p = 5, on
the unit square domain Ω = (0, 1)2 over the time interval t ∈ [0, 1], measured in the following norm:∣∣∣∣∣∣uk − ukh

∣∣∣∣∣∣2 = ∥uh(tN )− uNh ∥2L2(Ω) + ν∆t
∣∣∣∣∣∣uh(tk)− ukh

∣∣∣∣∣∣2
DG

.

In this example, let the exact solution of (4.29) to be

u(x, y, t) = (cos(t) + 1) sin(3πx) cos(2πy)y(1− y).

for the forcing term f = ∂tu−∆u+ |u|3u,. To validate our numerical method, we compute the numerical
solution using uniform triangular meshes of size N ×N and time step ∆t = 0.01.
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First, we present the error values together with the observed rates of convergence for different mesh
sizes for problem (4.29) in Table 7. Furthermore, Figure 6 provides visual comparisons between the exact
and numerical solutions for mesh sizes 16× 16, 32× 32, and 64× 64.

Grid Size h
∣∣∣∣∣∣u− uDG

h

∣∣∣∣∣∣ Convergence Rate
4× 4 3.54e-01 1.0407e+00 N/A
8× 8 1.77e-01 5.8507e-01 0.83
16× 16 8.84e-02 2.7907e-01 1.07
32× 32 4.42e-02 1.3394e-01 1.06
64× 64 2.21e-02 6.5800e-02 1.03

Table 7. Computed errors and rates of convergence for (4.29) in DGFEM.

Figure 6. Exact and approximated solution of (4.29) on different grid sizes.

Next, we compute and present the errors along with the corresponding rates of convergence for (4.30)
in Table 8, using the solution on a 256 × 256 mesh as the reference for error computation. Visual
comparisons between the reference solution and the numerical solutions for mesh sizes 16× 16, 32× 32,
and 64× 64 are shown in Figure 7.

Grid Size h
∣∣∣∣∣∣uref − uDG

h

∣∣∣∣∣∣ Convergence Rate
4× 4 3.54e-01 1.045534e+00 N/A
8× 8 1.77e-01 5.883905e-01 0.83
16× 16 8.84e-02 2.806583e-01 1.07
32× 32 4.42e-02 1.346609e-01 1.06
64× 64 2.21e-02 6.613109e-02 1.03

Table 8. Computed errors and rates of convergence for (4.30) in DGFEM.

7. Comparison and Conclusion

7.1. Fundamental differences between methods. In this subsection, we provide a brief overview
of the principal theoretical differences among conforming, non-conforming, and discontinuous Galerkin
(DG) finite element methods. These distinctions mainly stem from the selection of discrete function
spaces, the continuity requirements across element interfaces, and the corresponding variational formu-
lations.

Conforming Finite Element Methods (CFEM): Conforming methods employ approximation
spaces Vh ⊂ H1(Ω), consisting of globally continuous functions with square-integrable derivatives. Basis
functions are continuous across element boundaries, ensuring that integration by parts can be carried
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Figure 7. Reference and approximated solution of (4.30) on different grid sizes.

out over the entire domain without additional interface terms. This strong continuity leads to a simpler
formulation and fewer degrees-of-freedom (DOFs) compared to DG methods of the same polynomial
order, and the convergence theory is well established. However, the requirement of global continuity
restricts the choice of approximation spaces and demands mesh conformity.

Non-Conforming Finite Element Methods (NCFEM) Non-conforming methods employ ap-
proximation spaces that are not strict subsets of H1(Ω) but satisfy certain weak continuity conditions.
A notable example is the Crouzeix-Raviart (CR) element, where continuity is enforced only at edge
midpoints rather than along the entire interface. In such methods, integration by parts is performed
elementwise, and interface terms may vanish only under specific weak continuity constraints. These
methods offer greater flexibility than conforming methods, particularly for problems with discontinuous
coefficients, but the analysis is more complex and error estimates often require the use of broken Sobolev
norms.

Discontinuous Galerkin Methods (DG) DG methods use fully discontinuous polynomial spaces
Vh ⊂ L2(Ω) without any interelement continuity constraints. Continuity is, instead, enforced weakly
through numerical fluxes and penalty terms. The variational formulation is constructed element-wise,
and integration by parts produces explicit interface terms involving jumps and averages of the solution
and its fluxes. DG methods are highly flexible, allowing non-matching meshes and local hp-refinement,
and are locally conservative, making them attractive for convection-dominated problems. However, they
introduce more degrees of freedom than conforming methods for the same polynomial order, increase
computational cost, and require careful choice of penalty parameters for stability.

In summary, the discrete spaces satisfy the inclusion

VDG ⊃ VNCFEM ⊃ VCFEM,

where each relaxation of continuity increases flexibility but also changes the structure of the variational
formulation and typically increases the number of degrees of freedom.

7.2. Numerical studies. In this section, we consider the Allen-Cahn equation solved using conforming,
nonconforming, and discontinuous Galerkin methods, each measured under its respective norm. The table
below reports the error estimates and observed convergence orders for problem (1.11), with parameters
ν = 1, α = 1, M = 1, β1 = 1, qℓ = 2, p = 4, and γ = 10, on the unit square domain Ω = (0, 1)2 over the
time interval t ∈ [0, 1].

Let us assume the exact solution to be

u(x, y, t) = exp(−t) sin(2πx) sin(3πy).
Table 9 presents the errors and observed convergence rates for different grid sizes, with ∆t = 0.01. The
expected convergence rates are clearly observed for all three methods.

7.3. Conclusion. In this study, we established the well-posedness of (1.11) and derived corresponding
regularity results. Subsequently, we developed a priori error estimates for conforming, nonconforming,
and symmetric interior penalty discontinuous Galerkin (DG) methods, demonstrating that all three
schemes attain optimal convergence rates in mesh-dependent norms. Numerical experiments conducted
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Method Grid Size h
∣∣∣∣∣∣u− ukh

∣∣∣∣∣∣ Convergence Rate

CFEM

4× 4 3.54e-01 2.8717e+00 N/A
8× 8 1.77e-01 1.6973e+00 0.76

16× 16 8.84e-02 8.8968e-01 0.93
32× 32 4.42e-02 4.5029e-01 0.98
64× 64 2.21e-02 2.2584e-01 1.00
128× 128 1.10e-02 1.1301e-01 1.00

NCFEM

4× 4 3.54e-01 9.7766e-01 N/A
8× 8 1.77e-01 4.7234e-01 1.05

16× 16 8.84e-02 2.3590e-01 1.00
32× 32 4.42e-02 1.1800e-01 1.00
64× 64 2.21e-02 5.9006e-02 1.00
128× 128 1.10e-02 2.9504e-02 1.00

DGFEM

4× 4 3.54e-01 1.9102e+00 N/A
8× 8 1.77e-01 1.0189e+00 0.91

16× 16 8.84e-02 4.8240e-01 1.08
32× 32 4.42e-02 2.3203e-01 1.06
64× 64 2.21e-02 1.1405e-01 1.02
128× 128 1.10e-02 5.6621e-02 1.01

Table 9. Computed errors and rates of convergence for (4.30) on different grid
sizes and methods.

using FEniCS verified the theoretical convergence behavior and confirmed the stability of the computed
solutions. The comparative assessment of the three discretizations provided valuable insights into how
method-specific stability mechanisms interact with monotone nonlinearities in parabolic problems. Fu-
ture work will aim to extend these findings by deriving a posteriori error estimates.
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