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Abstract. In this paper, we establish Kronecker limit type formulas for the generalized Mordell–
Tornheim zeta function Θ(r, s, t, x) as a function of the third variable, in terms of Riemann-zeta
and Gamma values. We also give series evaluations of Θ(r, s, t, x) in terms of Herglotz-Zagier type
functions, and their derivatives. As applications of this, we derive Kronecker limit type formula
in the second variable and a new infinite family of modular relations called mixed functional
equations. We also study the zeroes, special values and singularities of the above function when
all its arguments r, s and t are equal, which builds on a few earlier results due to Romik.
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1. Introduction

Let us denote

D :=

{
(r, s, t) ∈ C3

∣∣∣∣Re(r + t) > 1,Re(s+ t) > 1,Re(r + s+ t) > 2

}
. (1.1)

In the region D , the Mordell-Tornheim zeta function is given by the absolutely convergent series

ζMT(r, s, t) :=
∞∑
n=1

∞∑
m=1

1

nrms(n+m)t
.
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The function ζMT(r, s, t) can be meromorphically continued, using the Mellin-Barnes method, to
the entire C3 space, with its singular hyperplanes given by

r + t = 1− ℓ,

s+ t = 1− ℓ,

r + s+ t = 2,

 (1.2)

for any ℓ ∈ N ∪ {0}; refer to Matsumoto’s paper [15] for finer details of the hyperplanes. The
behavior of ζMT(r, s, t) around its singularities is largely unexplored. In a recent work with Dixit
[6], the authors considered one of its generalization

Θ(r, s, t, x) :=
∞∑
n=1

∞∑
m=1

1

nrms(n+mx)t
, (1.3)

for x > 0 and (r, s, t) ∈ D , defined in (1.1). Clearly, Θ(r, s, t, 1) = ζMT(r, s, t). One can easily
observe that Θ(r, s, t, x) satisfies the following functional equations for x > 0 and (r, s, t) ∈ D :

Θ(r, s, t, x) = Θ(r − 1, s, t+ 1, x) + x Θ(r, s− 1, t+ 1, x). (1.4)

Θ(r, s, t, x) = x−tΘ(s, r, t, 1
x
). (1.5)

The meromorphic continuation of Θ(r, s, t, x) can be obtained similarly as in the case of ζMT(r, s, t)
[15, Theorem 1]. Recently, it has been shown that [6, Theorem 1.1], as t→ 0,

Θ(1, 1, t, x) =
2

t2
+

2γ − log(x)

t
+ γ2 − γ log(x)− π2

6
+O(|t|), (1.6)

where γ is Euler’s constant. Results of this kind did not exist in the literature prior to this.
Moreover, one can also derive the higher Laurent coefficients of (1.6) as a finite sum of Arakawa
and Kaneko constants [2, Corollary 5] defined by

ck :=
1

k!

∫ ∞

0

{
logk(y)− logk

(
y

1− e−y

)}(
1

ey − 1
− 1

y

)
dy,

and integrals of the form

L∗
k(x) :=

k∑
j=0

ak+1,j

∫ ∞

0

logj(y)

y
log

(
1− e−xy

1− e−y

)
log

(
1− e−y

y

)
dt

for k ∈ N. For finer details, see the proofs of Theorem 3.4 and Proposition 3.7 in [6]. Recently,
Matsumoto, Onodera and Sahoo, have derived a asymptotic result for the Mordell-Tornheim
multiple-zeta function of higher depts [16].

We call the results of the kind (1.6) as the Kronecker limit type formulas. Siegel [21] connected
the Kronecker limit formula with the theory of L-functions. Over the century, several prominent
mathematicians such as Hecke [12], Herglotz [13], Ramachandra [18], Stark [23] and Zagier [26]
gave important contributions to this field. Note that (1.6) is a Kronecker limit type formula for
the function Θ(1, 1, t, x) in the variable t, around t = 0.

In Section 2, we give Kronecker limit type formulas for Θ(r, s, t, x) in t, i.e., the third variable,
in Theorem 2.3. For a fixed r, s ∈ C, only possibilities of poles for Θ(r, s, t, x) in t are at t = 1−r−ℓ,
t = 1− s− ℓ, for ℓ ∈ N∪{0} and t = 2− r− s. However, we show that all of these points need not
have a pole necessarily. As a direct consequence of our Kronecker limit type formula, the singular
part of the Laurent series of Θ(r, s, t, x) in t is established. Interestingly, we show that the order of
pole too varies by cases. Θ(r, s, t, x) can have a single or a double pole, or could also have no pole
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in t, depending on the choices of r and s. This method cannot be used to obtain the Kronecker
limit type formula for the Θ(r, s, t, x) in the second variable.

In the Section 3, we give the series evaluations of Θ(r, s, t, x) in terms of zeta values, ψ(x) and
its derivatives, in Theorem 3.2. As an application of our results, we use Theorem 3.2 to get mixed
functional equations in Theorem (3.3) as a corollary, which have not appeared in the literature.
We call them mixed functional equations since they contain terms of the form both

∞∑
m=1

ψ(a)(mx+ 1)

mb
and

∞∑
m=1

γ + ψ(mx+ 1)

mc
,

for a, b, and c ∈ N, which appear in the Guinand’s [10] and the Vlasenko-Zagier’s [25, Proposition
4] functional equations, respectively. As explained in Remark 1, of the infinite family of new
identites we obtain, we now illustrate one below,

−
∞∑

m=1

ψ′(mx+ 1)

m2
+

∞∑
m=1

ψ′(m
x
+ 1)

m2
+

2

x

∞∑
m=1

γ + ψ(mx+ 1)

m3
= ζ2(2). (1.7)

Also as a corollary of Theorem 3.2, we derive a Kronecker limit type formula, as stated in
Theorem (3.4), for Θ(r, s, t, x) in the second variable.

As introduced by Zagier [27, Section 7], a specific case of the Mordell-Tornheim zeta function
ζMT(r, s, t) appears as the Witten-zeta function of the Lie Algebra A2 = sl(3,C). This has recently
been studied in detail by Romik [19]. He studied the Witten-zeta function associated to the group
SU(3), denoted by ω(s), given by,

ω(s) :=
∑
j,k≥1

(2 dim Wj,k)
−s =

∑
j,k≥1

1

(jk(j + k))s
= ζMT(s, s, s) = Θ(s, s, s, 1). (1.8)

He further showed the following [19, Theorems 1.2 and 1.3]:

i. The series in (1.8) is absolutely convergent for Re(s) > 2/3, and defines a holomorphic
function in the region.

ii. ω(s) can be meromorphically extended to a function on C.
iii. ω(s) has a simple pole at s = 2/3 with residue 1

2π
√
3
Γ3
(
1
3

)
, a simple pole at s = 1/2−k (for

any non-negative integer k) with residue (−1)k2−4k
(
2k
k

)
ζ
(
1−6k
2

)
. Also, ω(s) has no other

points of singularity.
iv. It has the following special values at non-positive integer arguments:

ω(0) =
1

3
, (1.9)

ω(−n) = 0, (for any positive integer n). (1.10)

Onodera showed the existence of a refinement in the zeros of ω(s). As given in [17, Proposition
4.4], it is known that ω(s) has a simple zero at odd negative integers but has a zero of order 2 at
the even negative ones. Very recently, a much general structure for the negative even zeros has
been proven [3]. It was shown that the Witten-zeta function ζΦ(s), for a root system Φ associated
to a simple Lie algebra g, has a zero at s = m (any negative even integer m) of order as follows
[3, Theorem 3.6]:

ords=m(ζΦ(s)) ≥ Rank of Φ.

It remains curious to understand reasons for the difference in the order of zeros, depending on
the parity. With this literature in the background, we study the zeros (and other special values)
of the function Θ(s, s, s, x), which is by itself a generalization of ω(s), in Section 4. We prove a
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new parity based stark difference in Theorem 4.1, that Θ(s, s, s, x) still vanishes at negative odd
integers s, but is non–zero for negative even integers s.

One might have observed that the argument (say n = 2) in (1.10) lies of on the hyperplanes
listed in (1.2). In the case of meromorphic functions of multiple complex variables, the singularities
could either be poles (where the magnitude blows up) or points of indeterminacy (where different
limiting values could be obtained by approaching the singularity in different directions); refer to
[9, Chapter 15] and [4, Section 4.2.2] for detailed explanation.

Special values at few points of indeterminacy of ζMT(r, s, t) have been studied before; for
instance, one could read [14, Section 6] and [1, Section 3] and their citations for existing literature
on this topic. All the special values listed below for Θ(r, s, t, x) are at the points of indeterminacy.
One thus needs to fix a way of approaching the singularity, hence we stick to the following limiting
approach throughout Section 4; for a point of indeterminacy (s0, s0, s0, x), we define

Θ(s0, s0, s0, x)L1 := lim
s→s0

Θ(s, s, s, x). (1.11)

The above equality can also be understood as the limit of Θ(s, s, s, x), as a function of one complex
variable s. For instance, in the sense of (1.11), we list the first four non-zero special values below:

Θ(0, 0, 0, x)L1 =
1 + 6x+ x2

24x
,

Θ(−2,−2,−2, x)L1 =
−1 + 2x4 − x8

14400x3
,

Θ(−4,−4,−4, x)L1 =
1− x6 − x8 + x14

15120x5
,

Θ(−6,−6,−6, x)L1 =
−174611 + 83611x8 + 182000x10 + 83611x12 − 174611x20

158558400x7
.


(1.12)

We can see that Θ(0, 0, 0, 1)L1 = 1/3, which has been shown before by Romik, as explained in
(1.9). Observe that the right-hand side of the above expressions (1.12), except the first one, vanish
upon letting x = 1. This phenomenon is explained in Remark 3, which indirectly establishes the
above mentioned result of Romik (1.10). In Corollary 2.4, we further more prove a larger class of
zeroes of Θ(r, s, t, x).

We can also specialize values in Theorems 2.3 and 2.6 to get numerous special values with
the limiting approach

Θ(r0, s0, t0, x)L2 := lim
t→t0

Θ(r0, s0, t, x). (1.13)

For instance, in the sense given in (1.13), we can obtain other non-zero special values using (2.14),
as listed below:

Θ(0, 0, 0, x)L2 =
2 + 6x+ 2x2

24x
,

Θ(−2,−2,−2, x)L2 =
−2 + 2x4 − 2x8

14400x3
,

Θ(−4,−4,−4, x)L2 =
2− x6 − x8 + 2x14

15120x5
,

Θ(−6,−6,−6, x)L2 =
−349222 + 83611x8 + 182000x10 + 83611x12 − 349222x20

158558400x7
.


(1.14)
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We can see that Θ(0, 0, 0, 1)L2 = 5/12, which has been shown before by Komori [14, Equation
(6.16)]. One must also observe the similarity between the special values given in (1.12) and (1.14)
at various points of indeterminacy, obtained due to different limiting approaches.

For the depth 3 multi-zeta function ζ3(r1, r2, r3), Akiyama, Egami and Tanigawa proved the
special value in [1, Remark 3] that

ζ3(4,−3,−2) = − 461

2520
− π2

144
+

π4

45360
+
ζ(3)

420
.

Using our methods, we can also find such mixed non-positive special values for Θ(r, s, t, x).

2. Kronecker limit type formula for Θ(r, s, t, x) in the third variable

We first prove the Proposition 2.1, and its corollary 2.2, before using them to prove the main
results of this section, stated below in three Theorems 2.3, 2.5 and 2.6. Theorems 2.3 and 2.5
are subdivided into four cases each, whose casewise classification can be better understood by
the flowcharts in Figure 1 and 2 respectively. Theorems 2.3 and 2.5 pertains to singularities of
the type r + t = 1 − ℓ for ℓ ∈ N ∪ {0} while Theorem 2.6 pertains to singularities of the type
r + s+ t = 2.

s ∈ C

s /∈ Z s ∈ Z

s > r + ℓ s ≤ r + ℓ

s ̸= ℓ+ 1 s = ℓ+ 1 s ∈ Z\N s ∈ N

Case I

Case IICase I Case III Case IV

Figure 1. The cases for r ∈ Z \ N.

s ∈ C

s /∈ Z s ∈ Z

s > r + ℓ s ≤ r + ℓ

s ∈ Z\N s ∈ N

s ̸= ℓ+ 1 s = ℓ+ 1

Case I

Case I

Case II

Case III Case IV

Figure 2. The cases for r ∈ N.

Proposition 2.1. Let r, s, t ∈ C such that r ̸∈ N, and
Re(t) > max {0, 1 − Re(r), 1 − Re(s), 2 − Re(r) − Re(s)}. For any M ∈ N ∪ {0} and x > 0, we
have

1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
M∑
k=0

(−1)kζ(r − k)
yk

k!

)
dy

= Θ(r, s, t, x)− Γ(1− r)Γ(t+ r − 1)

xt+r−1Γ(t)
ζ(t+ s+ r − 1)−

M∑
k=0

(−1)k

k!

ζ(r − k)Γ(t+ k)

xt+kΓ(t)
ζ(t+ k + s).

(2.1)

Proof. For Re(t), x, n > 0, the definition of the Gamma function Γ(t) upon a change of variable
gives, ∫ ∞

0

yt−1e−(x+n)y dy = (x+ n)−tΓ(t).
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Since Re(r + t) > 1, divide both sides of the equation by nr and sum over n ∈ N and interchange
the order of summation and integration to get,∫ ∞

0

yt−1e−xy Lir(e
−y) dy = Γ(t)

∞∑
n=1

1

nr(x+ n)t
, (2.2)

where Lir(z) :=
∑∞

u=1
zu

ur is the polylogarithm function. For r ̸∈ N, around y = 0, as stated in [7,
Equation 8, p.29], we have,

Lir(e
−y) = Γ(1− r)yr−1 +

∞∑
k=0

(−1)kζ(r − k)
yk

k!
= O(ymax(0,Re(r)−1)). (2.3)

The bound in (2.3) along with Re(t) > max {0, 1−Re(r)} ensures the absolute convergence, which
in turn allows the interchange using [24, Theorem 2.1]. Using (2.2) and the definition of Γ(t) twice,
we see that,∫ ∞

0

yt−1e−xy

(
Lir(e

−y)− Γ(1− r)yr−1 −
M∑
k=0

(−1)kζ(r − k)
yk

k!

)
dy

= Γ(t)
∞∑
n=1

1

nr(x+ n)t
− Γ(1− r)Γ(t+ r − 1)

xt+r−1
−

M∑
k=0

(−1)k

k!

ζ(r − k)Γ(t+ k)

xt+k
. (2.4)

Replace x by mx in (2.4), divide both the sides of resulting equation by msΓ(t), sum over m ∈ N
and then interchange the order of summation and integration to get,

1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
M∑
k=0

(−1)kζ(r − k)
yk

k!

)
dy

= Θ(r, s, t, x)− Γ(1− r)Γ(t+ r − 1)

xt+r−1Γ(t)
ζ(t+ s+ r − 1)−

M∑
k=0

(−1)k

k!

ζ(r − k)Γ(t+ k)

xt+kΓ(t)
ζ(t+ k + s).

(2.5)

We justify the interchange of the order of summation and integration as follows: From (2.3), we
have,

Lir(e
−y)− Γ(1− r)yr−1 −

M∑
k=0

(−1)kζ(r − k)
yk

k!
= O(yM+1), as y → 0+. (2.6)

Similarly,

Lis(e
−y) =

{
O(1), if Re(s) ≥ 1,

O(yRe(s)−1), if Re(s) < 1,
as y → 0+. (2.7)

Since Re(t) > max {0, 1− Re(s)}, from (2.6) and (2.7) we get,

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
M∑
k=0

(−1)kζ(r − k)
yk

k!

)
= O

(
yM+ϵ

)
, (2.8)
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for any ϵ > 0, as y → 0+. Also, Lis(e
−y) = O(y−K), for any K > 1 as y → ∞. Therefore,

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
M∑
k=0

(−1)kζ(r − k)
yk

k!

)
= O

(
ymax{Re(t)+M−1−K,Re(t)+r−2−K}

)
,

(2.9)

for any K > 1, as y → ∞. Using [24, Theorem 2.1] with the facts in (2.8) and (2.9), we justify
the interchange in (2.5) to complete the proof. □

We now give the following result, analogous to Proposition 2.1 for r ∈ N as a Corollary.

Corollary 2.2. Let r ∈ N and s, t ∈ C such that Re(t) > max {0, 1−Re(r), 1−Re(s), 2−Re(r)−
Re(s)}. For any M ∈ N ∪ {0} with M ≥ r − 1, and x > 0 we have,

1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lir(e

−y)− (−1)r−1(Hr−1 − log(y))
yr−1

(r − 1)!
−

M∑
k=0

k ̸=r−1

(−1)kζ(r − k)
yk

k!

)
dy

= Θ(r, s, t, x)−
M∑
k=0

k ̸=r−1

(−1)k

k!

ζ(r − k)Γ(t+ k)

xt+kΓ(t)
ζ(t+ k + s)

+
(−1)rΓ(t+ r − 1)

xt+r−1(r − 1)!Γ(t)

(
ζ(t+ s+ r − 1) (Hr−1 − ψ(t+ r − 1) + log(x))− ζ ′(t+ s+ r − 1)

)
.

(2.10)

Proof. Let a ∈ N. Using the Laurent series expansions of Γ(1− r) and ζ(r− a+ 1) around r = a
and simplifying, we get,

lim
r→a

(
Lir(e

−y)− Γ(1− r)yr−1 −
M∑
k=0

(−1)kζ(r − k)
yk

k!

)

= Lia(e
−y) + (−1)a(Ha−1 − log(y))

ya−1

(a− 1)!
−

M∑
k=0

k ̸=a−1

(−1)kζ(a− k)
yk

k!
(2.11)

Take limit as r → a on both sides of (2.1). Invoke [24, Theorem 2.2] with the bounds given in (2.8)
and (2.9) to see the integral on the left-hand side is analytic in r, in the strip a−1 < Re(r) < a+1
with a removable singularity at a. Hence, interchanging the order of limit and integration, we get,

1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lia(e

−y) + (−1)a(Ha−1 − log(y))
ya−1

(a− 1)!
−

M∑
k=0

k ̸=a−1

(−1)kζ(a− k)
yk

k!

)
dy

= Θ(a, s, t, x)−
M∑
k=0

k ̸=a−1

(−1)k

k!

ζ(a− k)Γ(t+ k)

xt+kΓ(t)
ζ(s+ t+ k)

− lim
r→a

(
Γ(1− r)Γ(t+ r − 1)

xt+r−1Γ(t)
ζ(s+ t+ r − 1)− (−1)aζ(r − a+ 1)Γ(t+ a− 1)

xt+a−1(a− 1)!Γ(t)
ζ(s+ t+ a− 1)

)
.

To evaluate the limit in the above equation, use the Laurent series expansions of the respective
functions around r = a. Finally, replace a by r in the resultant to get (2.10). □
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We are now equipped to prove the Kronecker Limit type formula in third variable, around
t = 1− r − ℓ.

Theorem 2.3. Let r ∈ Z\N and ℓ ∈ N∪{0} be arbitrary such that ℓ ≥ 1−r. Then, the following
hold:

(1) For a fixed s ∈ Z such that s > r + ℓ and s ̸= ℓ + 1, or s ∈ C \ Z, we have, around
t = 1− r − ℓ,

Θ(r, s, t, x) = (−1)r−1 (r + ℓ− 1)!

ℓ!
xℓ(−r)!ζ(s− ℓ)

+
r+ℓ−1∑
k=0

(r + ℓ− 1)!ζ(r − k)

x1−r−ℓ+kk!(r + ℓ− k − 1)!
ζ(−r + s− ℓ+ k + 1) +O(|t− (1− r − ℓ)|)

(2.12)

(2) For s = ℓ+ 1, we have, around t = 1− r − ℓ,

Θ(r, s, t, x) = (−1)r−1(−r)!xℓ (r + ℓ− 1)!

ℓ!(t− (1− r − ℓ))
+ (−1)r−1(−r)!xℓ (r + ℓ− 1)!

ℓ!
(γ − log(x) +Hℓ −Hr+ℓ−1)

+
r+ℓ−1∑
k=0

(
r + ℓ− 1

k

)
ζ(r − k)

xk−r−ℓ+1
ζ(k − r + 2) +O(|t− (1− r − ℓ)|). (2.13)

(3) For a fixed s ∈ Z \ N such that s ≤ r + ℓ, we have, around t = 1− r − ℓ,

Θ(r, s, t, x) = (−1)r−1xℓ
(−r)!(r + ℓ− 1)!

ℓ!
ζ(s− ℓ) +

r+ℓ−1∑
k=0

ζ(r − k)(r + ℓ− 1)!

xk−r−ℓ+1k!(r + ℓ− k − 1)!
ζ(s+ 1− r − ℓ+ k)

+ (−1)s−1xs−1 (r + ℓ− 1)!(−s)!
(r + ℓ− s)!

ζ(s− ℓ) +O(|t− (1− r − ℓ)|). (2.14)

(4) For a fixed s ∈ N such that s ≤ r + ℓ, we have, around t = 1− r − ℓ,

Θ(r, s, t, x) = xs−1 (r + ℓ− 1)!

(r + ℓ− s)!(s− 1)!

ζ(s− ℓ)

(t− (1− r − ℓ))

+ xs−1 (r + ℓ− 1)!

(r + ℓ− s)!(s− 1)!
(γ −Hr+ℓ−1 +Hs−1 − log(x))ζ(s− ℓ)− (−1)rxℓ

(−r)!(r + ℓ− 1)!

ℓ!
ζ(s− ℓ)

+
r+ℓ−1∑
k=0

k ̸=r+ℓ−s

(r + ℓ− 1)!ζ(r − k)

(r + ℓ− k − 1)!xk−r−ℓ+1k!
ζ(s− r − ℓ+ k + 1) +O(|t− (1− r − ℓ)|) (2.15)

Proof. Let r ∈ Z\N and ℓ ∈ N∪{0} such that ℓ ≥ 1−r be fixed and s ∈ C. Then, for t > −r−ℓ,
(2.6) and (2.7) gives,

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
r+ℓ+⌊|Re(s)|⌋+1∑

k=0

(−1)kζ(r − k)
yk

k!

)
= O

(
yϵ−1

)
, (2.16)

for some ϵ > 0. For M = r+ ℓ+ ⌊|Re(s)|⌋+1, from (2.9) and (2.16), the integral on the left-hand
side of (2.1) is now defined and analytic in the extended region Re(t) > −r − ℓ by using [24,



KRONECKER TYPE LIMIT FORMULAS AND SPECIAL VALUES 9

Theorem 2.2]. Hence, due to the pole of Γ(t) at t = 1− r − ℓ, we see

lim
t→1−r−ℓ

(
1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
r+ℓ+⌊|Re(s)|⌋+1∑

k=0

(−1)kζ(r − k)
yk

k!

)
dy

)
= 0.

Hence, from (2.1)

Θ(r, s, t, x) =
Γ(1− r)Γ(t+ r − 1)

xt+r−1Γ(t)
ζ(r + s+ t− 1)

+

r+ℓ+⌊|Re(s)|⌋+1∑
k=0

(−1)kζ(r − k)Γ(t+ k)

xt+kk!Γ(t)
ζ(s+ t+ k) +O(|t− (1− r − ℓ)|). (2.17)

To get the required result for Θ(r, s, t, x), we analyze the behaviour of the right-hand side of (2.17)
around t = 1 − r − ℓ. Since Γ(t) has a pole at t = 1 − r − ℓ, only the terms with a pole in the
numerator survive as t→ 1− r − ℓ. We handle the remaining calculations in cases.
Case I: Let s ∈ Z such that s > r + ℓ and s ̸= ℓ + 1, or s ∈ C \ Z. Note that, Γ(t + k) has a
simple pole only for k ≤ r + ℓ − 1. For any k, ζ(s + t + k) has no pole since s > r + ℓ or s /∈ Z.
Γ(t + r − 1) has a simple pole. ζ(r + s + t − 1) has no pole since s ̸= ℓ + 1. Use the functional
equation Γ(t+ 1) = tΓ(t) repeatedly to get,

Γ(t+ k)

Γ(t)
= t(t+ 1) · · · (t+ k − 1).

Taking limit as t→ 1− r − ℓ on both sides of the above equation, for 0 ≤ k ≤ r + ℓ− 1 we get,

lim
t→1−r−ℓ

(
Γ(t+ k)

Γ(t)

)
= (1− r − ℓ)(2− r − ℓ) · · · (k − r − ℓ) = (−1)k

(r + ℓ− 1)!

(r + ℓ− k − 1)!
. (2.18)

Also, since r ∈ Z \ N,

Γ(t+ r − 1)

Γ(t)
=

Γ(t+ r − 1)

(t− 1)(t− 2) · · · (t+ r − 1)Γ(t+ r − 1)
=

1

(t− 1)(t− 2) · · · (t+ r − 1)

Hence, we can see,

lim
t→1−r−ℓ

(
Γ(t+ r − 1)

Γ(t)

)
= (−1)r−1 (r + ℓ− 1)!

ℓ!
. (2.19)

Use (2.18) and (2.19) in (2.17) to get the required result (2.12).
Case II: Let s = ℓ + 1. For any k, ζ(s + t + k) has no pole since r ≤ 0. Also, Γ(t + r − 1) has a
simple pole, and ζ(r + s + t − 1) has a simple pole since s = ℓ + 1. Also, observe that, for any
k, r ∈ N such that k ≤ r − 1, around t = 1 − r, from Laurent series expansions of the Γ(z), we
have

Γ(t+ r − 1)

Γ(t)
= (−1)r−1 (r + ℓ− 1)!

ℓ!
− (−1)r

(r + ℓ− 1)!

ℓ!
(Hℓ −Hr+ℓ−1)(t− (1− r − ℓ))

+O(|t− (1− r − ℓ)|2). (2.20)

Also, the Laurent series of xr+t−1 with additional term around r + t = 1− ℓ is as follows,

1

xt+r−1
= xℓ − xℓ log(x)(t− (1− r − ℓ)) +O(|t− (1− r − ℓ)|2). (2.21)
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The well-known Laurent series expansion of ζ(z),

ζ(t+ r + ℓ) =
1

(t− (1− r − ℓ))
+ γ − γ1(t− (1− r − ℓ)) +O(|t− (1− r − ℓ)|2). (2.22)

Combining the equations (2.18), (2.20), (2.21) and (2.22) in (2.17), we get (2.13).
Case III: Let s ∈ Z \ N such that s ≤ r + ℓ. Observe that ζ(s+ t+ k) has a simple pole only for
k = r + ℓ− s, since s ≤ r + ℓ. Also note that r + ℓ− s > r + ℓ− 1 since s ∈ Z \ N. Γ(t + r − 1)
has a simple pole. ζ(r + s+ t− 1) has no pole since s ≤ r + ℓ. Hence, from (2.17), we get (2.14).
Case IV: Let s ∈ N such that s ≤ r + ℓ. Note that ζ(s + t + k) has a simple pole only for
k = r+ ℓ− s, since s ≤ r+ ℓ. Also note that r+ ℓ− s ≤ r+ ℓ− 1 since s ∈ N. Γ(t+ r− 1) has a
simple pole. ζ(r + s+ t− 1) has no pole since s ≤ r + ℓ. Hence, from (2.17), we get (2.15),which
completes the proof. □

Corollary 2.4. Let r0, s0, t0 be three negative integers such that all of them are odd or exactly one
of them is odd, then Θ(r0, s0, t, x) vanishes as t→ t0.

Proof. By taking ℓ = 1− r0 − t0 in (2.14), around t = t0, we have

Θ(r0, s0, t, x) = (−1)r−1x1−r0−t0
(−r0)!(−t0)!
(1− r0 − t0)!

ζ(r0 + s0 + t0 − 1) +

−t0∑
k=0

(−t0)!ζ(r0 − k)ζ(s0 + t0 + k)

xk+t0k!(−t0 − k)!

+ (−1)s0−1xs0−1 (−t0)!(−s0)!
(1− t0 − s0)!

ζ(r0 + s0 + t0 − 1) +O(|t− t0|).

Due to the trivial zeroes of ζ(s) at negative even integers, from the choices of r0, s0 and t0, it is
clear that the constant term of the above expression equals zero. By tending t → t0, we see that
the proof is complete. □

Theorem 2.5. Let r ∈ N and ℓ ∈ N ∪ {0} be arbitrary such that ℓ ≥ 1 − r. Then, the following
hold:

(1) For a fixed s ∈ Z such that s > r + ℓ , or s ∈ C \ Z, we have,

Θ(r, s, t, x) =

(
r + ℓ− 1

ℓ

)
xℓ

ζ(s− ℓ)

(t− (1− r − ℓ))
+

(
r + ℓ− 1

ℓ

)
xℓζ(s− ℓ) (γ +Hr−1 −Hr+ℓ−1)

+
r+ℓ−1∑
k=0

k ̸=r−1

(
r + ℓ− 1

k

)
xr+ℓ−1−kζ(r − k)ζ(1 + k − ℓ− r + s) +O(|t− (1− r − ℓ)|).

(2.23)

(2) For a fixed s ∈ Z \ N such that s ≤ r + ℓ, we have,

Θ(r, s, t, x) =

(
r + ℓ− 1

ℓ

)
xℓ

ζ(s− ℓ)

(t− (1− r − ℓ))
+

(
r + ℓ− 1

ℓ

)
xℓζ(s− ℓ) (γ +Hr−1 −Hr+ℓ−1)

+
r+ℓ−1∑
k=0

k ̸=r−1

(
r + ℓ− 1

k

)
xr+ℓ−1−kζ(r − k)ζ(1 + k − ℓ− r + s)

+ (−1)s−1 (r + ℓ− 1)!(−s)!
(r + ℓ− s)!

xs−1ζ(s− ℓ) +O(|t− (1− r − ℓ)|). (2.24)
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(3) For a fixed s ∈ N such that s ≤ r + ℓ and s ̸= ℓ+ 1, we have,

Θ(r, s, t, x) =

(
r + ℓ− 1

ℓ

)
xℓ

ζ(s− ℓ)

(t− (1− r − ℓ))
+

(
r + ℓ− 1

ℓ

)
xℓζ(s− ℓ) (γ +Hr−1 −Hr+ℓ−1)

+

(
r + ℓ− 1

s− 1

)
xs−1 ζ(s− ℓ)

(t− (1− r − ℓ))
+

(
r + ℓ− 1

s− 1

)
xs−1ζ(s− ℓ) (γ +Hs−1 −Hr+ℓ−1 − log(x))

+
r+ℓ−1∑
k=0

k ̸=r−1
k ̸=r+ℓ−s

(
r + ℓ− 1

k

)
xr+ℓ−1−kζ(r − k)ζ(1 + k − ℓ− r + s) +O(|t− (1− r − ℓ)|).

(2.25)

(4) For s = ℓ+ 1, we have

Θ(r, s, t, x) =

(
r + ℓ− 1

ℓ

)
2xℓ

(t− (1− r − ℓ))2
+

(
r + ℓ− 1

ℓ

)
xℓ (2γ +Hℓ +Hr−1 − 2Hr+ℓ−1 − log(x))

(t− (1− r − ℓ))

+
1

3

(
r + ℓ− 1

ℓ

)
xℓ
(
− π2 + 3(γ +Hℓ −Hr+ℓ−1 − log(x))(γ +Hr−1 −Hr+ℓ−1) + 3ψ′(r + ℓ)

)
+

r+ℓ−1∑
k=0

k ̸=r−1

(
r + ℓ− 1

k

)
xr+ℓ−1−kζ(r − k)ζ(k − r + 2) +O(|t− (1− r − ℓ)|). (2.26)

Proof. Let s ∈ C. Then, for t > −r − ℓ, (2.11) and (2.16) gives,

Lir(e
−y)− (−1)r−1(Hr−1 − log(y))

yr−1

(r − 1)!
−

r+ℓ+⌊|Re(s)|⌋+1∑
k=0

k ̸=r−1

(−1)kζ(r − k)
yk

k!
= O(yϵ−1) (2.27)

for some ϵ > 0. As in the previous theorem, for M = r + ℓ+ ⌊|Re(s)|⌋+ 1, from (2.9) and (2.27),
the integral on the left-hand side of (2.10) is now defined and analytic in the extended region
Re(t) > −r− ℓ by using [24, Theorem 2.2]. Hence, due to the pole of Γ(t) at t = 1− r− ℓ, we see

lim
t→1−r−ℓ

(
1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lir(e

−y)−(−1)r−1(Hr−1 − log(y))
yr−1

(r − 1)!

−
r+ℓ+⌊|Re(s)|⌋+1∑

k=0
k ̸=r−1

(−1)kζ(r − k)
yk

k!

)
dy

)
= 0.

Hence, from (2.10),

Θ(r, s, t, x) =
(−1)r−1Γ(t+ r − 1)

xt+r−1(r − 1)!Γ(t)

(
ζ(t+ s+ r − 1) (Hr−1 − ψ(t+ r − 1) + log(x))− ζ ′(t+ s+ r − 1)

)
+

r+ℓ+⌊|Re(s)|⌋+1∑
k=0

k ̸=r−1

(−1)k

k!

ζ(r − k)Γ(t+ k)

xt+kΓ(t)
ζ(t+ k + s) +O(t− (1− r − ℓ)). (2.28)
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To get the required Kronecker limit formula for Θ(r, s, t, x), we analyze the behaviour of the right-
hand side of (2.17) around t = 1 − r − ℓ. Since Γ(t) has a pole at t = 1 − r − ℓ, only the terms
with a pole in the numerator survive, as t→ 1− r− ℓ. We handle remaining calculations in cases.
Case I: Let s ∈ Z such that s > r + ℓ , or s ∈ C \ Z. Note that, Γ(t + k) has a simple pole only
for k ≤ r + ℓ− 1. Also, ζ(s + t + k) and ζ(r + s + t− 1) have no poles since s > r + ℓ or s /∈ Z.
Γ(t+r−1) has a simple pole. ψ(t+ r−1) has a simple pole. From (2.28), using (2.18) and (2.20),
we get (2.23).
Case II: Let s ∈ Z \ N such that s ≤ r + ℓ. Observe that ζ(s + t + k) has a simple pole for
k = r+ℓ−s, moreover r+ℓ−s > r+ℓ−1. ζ(r+s+ t−1) has no pole since s ̸= ℓ+1. Γ(t+r−1)
has a simple pole. ψ(t + r − 1) has a simple pole. Also observe that the term corresponding to
k = r+ ℓ− s appears due to the pole of ζ(t+ k+ s) and not Γ(t+ k). From (2.28), we get (2.24).
Case III: Let s ∈ N such that s ≤ r + ℓ and s ̸= ℓ + 1. Then ζ(s + t + k) has a simple pole for
k = r+ℓ−s, moreover r+ℓ−s ≤ r+ℓ−1. ζ(r+s+ t−1) has no pole since s ̸= ℓ+1. Γ(t+r−1)
has a simple pole. ψ(t+ r− 1) has a simple pole. As in the previous case, the term corresponding
to k = r + ℓ − s appears due to the pole of ζ(t + k + s) and not Γ(t + k). From (2.28), we get
(2.25).
Case IV: Let s = ℓ+1. Then ζ(s+ t+k) has no pole since s = ℓ+1 and k ̸= r−1. ζ(r+s+ t−1)
and ζ ′(r + s + t − 1) have a simple and a double pole respectively since s = ℓ + 1. Γ(t + r − 1)
has a simple pole. ψ(t + r − 1) has a simple pole. Also, use the following power series, around
t = 1− r − ℓ,

Γ(t+ r − 1)

Γ(t)
= (−1)r−1 (r + ℓ− 1)!

ℓ!
− (−1)r

(r + ℓ− 1)!

ℓ!
(ψ(ℓ+ 1)− ψ(r + ℓ))(t− (1− r − ℓ))

− (−1)r
(r + ℓ− 1)!

2ℓ!

(
(ψ(ℓ+ 1)− ψ(r + ℓ))2 − ψ′(ℓ+ 1) + ψ′(r + ℓ)

)
(t− (1− r − ℓ))2

+O(|(t− (1− r − ℓ))|3), (2.29)

1

xt+r−1
= xℓ − xℓ log(x)(t− (1− r − ℓ)) +

1

2
xℓ log2(x)(t− (1− r − ℓ))2 +O(|(t− (1− r − ℓ))|3).

(2.30)

Use (2.29) and (2.30) in (2.28) to get the required result (2.26). □

Next, we are interested to get Kronecker limit type formula for Θ(r, s, t, x) in the third variable
t, around t = 2 − r − s. We can obtain such a result for fixed r, s ∈ C such that r + s ∈ N and
r + s ≥ 2 in the following way:

• r, s ∈ N: It reduces to case IV of Theorem 2.5 upon taking s = ℓ+ 1.
• s ∈ N and r ∈ Z \ N: It reduces to case II of Theorem 2.3 upon taking s = ℓ+ 1.
• r ∈ N and s ∈ Z \ N: It reduces to the previous case, s ∈ N and r ∈ Z \ N, after using
(1.5).

Hence, for a fixed r, s ∈ C \ Z, we state the formula as the following theorem.

Theorem 2.6. Let r, s ∈ C \Z such that r+ s ∈ N and r+ s ≥ 2. Around t = 2− r− s, we have

Θ(r, s, t, x) = (−1)r+sxs−1(r + s− 2)!Γ(1− r)Γ(1− s)

+
r+s−2∑
k=0

(
r + s− 2

k

)
xr+s−2−kζ(r − k)ζ(k − r + 2) +O (|t− (2− r − s)|) . (2.31)
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Proof. Then, for Re(t) > 1− r − s, (2.6) and (2.7) gives,

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
r+s+⌊|Re(s)|⌋∑

k=0

(−1)kζ(r − k)
yk

k!

)
= O

(
yϵ−1

)
, (2.32)

for some ϵ > 0. For M = r + s + ⌊|Re(s)|⌋, from (2.9) and (2.32), the integral on the left-hand
side of (2.1) is now defined and analytic in the extended region Re(t) > 1 − r − s by using [24,
Theorem 2.2]. Hence, due to the pole of Γ(t) at t = 2− r − s, we see

lim
t→2−r−s

(
1

Γ(t)

∫ ∞

0

yt−1Lis(e
−xy)

(
Lir(e

−y)− Γ(1− r)yr−1 −
r+s+⌊|Re(s)|⌋∑

k=0

(−1)kζ(r − k)
yk

k!

)
dy

)
= 0.

Hence, from (2.1)

Θ(r, s, t, x) =
Γ(1− r)Γ(t+ r − 1)

xt+r−1Γ(t)
ζ(r + s+ t− 1)

+

r+s+⌊|Re(s)|⌋∑
k=0

(−1)kζ(r − k)Γ(t+ k)

xt+kk!Γ(t)
ζ(s+ t+ k) +O (|t− (2− r − s)|) . (2.33)

Since Γ(t) has a pole at t = 2 − r − s, only the terms with a pole in the numerator survive, as
t → 2− r − s. We list the poles of numerator at t = 2− r − s: Note that, Γ(t + k) has a simple
pole only for k ≤ r + s− 2. For any k, ζ(s+ t+ k) has no pole since r /∈ Z . Γ(t+ r − 1) has no
pole since s /∈ Z. ζ(r + s + t − 1) has a simple pole. Hence, use the laurent series expansions of
the functions on the right-hand side of (2.33) to get the required result (2.31). □

3. Kronecker limit type formula for Θ(r, s, t, x) in the second variable

The method used in Section 2 cannot be used to find Kronecker limit type formula for
Θ(r, s, t, x) in the second variable s. Hence, we come with an alternative method to obtain the
same, which involves the series evaluations of Θ(r, s, t, x) in terms of Herglotz-Zagier type func-
tions [26]. The evaluation is obtained by the partial fraction method, which is very effective in
the theory of multiple zeta functions. For instance, Gangl, Kaneko and Zagier [8] used the partial
fraction, for integers i, j ≥ 2,

1

minj
=

∑
a+b=i+j

((
a− 1

i− 1

)
1

(m+ n)anb
+

(
a− 1

j − 1

)
1

(m+ n)anb

)
,

to prove the Euler decomposition formula,

ζ(i)ζ(j) =
∑

a+b=i+j

((
a− 1

i− 1

)
ζ(a, b) +

(
a− 1

j − 1

)
ζ(a, b)

)
,

where ζ(s1, s2) is the double zeta function. Guo and Xie [11] used the partial fraction method
to obtain natural shuffle algebra structure for the integral representations of the multiple-zeta
values. We prove the partial fraction in the following Lemma 3.1 before using it to obtain the
series evaluation.
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Lemma 3.1. Fix r, t ∈ N ∪ {0} such that r + t ≥ 1. Then, for n, y > 0, the following partial
fraction holds,

1

nr(n+ y)t
= (−1)r

t−1∑
j=0

(
j + r − 1

j

)
1

yj+r(n+ y)t−j
+

r−1∑
i=0

(
i+ t− 1

i

)
(−1)i

nr−iyt+i
. (3.1)

with the convention that
(−1

0

)
= 1,

(
c
−1

)
= 0 for any c ∈ Z\{−1} with an exception

(−1
−1

)
= 1.

Proof. Start with the expression on the right-hand side of (3.1) and take least common denomi-
nator to get,

(−1)r
t−1∑
j=0

(
j + r − 1

j

)
yt−j(n+ y)j

yr+t(n+ y)t
+

r−1∑
i=0

(
i+ t− 1

i

)
(−1)iniyr−i

nryr+t

= (−1)r
t−1∑
j=0

(
j + r − 1

j

)
nryt−j(n+ y)j

nryr+t(n+ y)t
+

r−1∑
i=0

(
i+ t− 1

i

)
(−1)iniyr−i(n+ y)t

nryr+t(n+ y)t

=
A(n, y, r, t)

nryr+t(n+ y)t
, (3.2)

where

A(n, y, r, t) := (−1)rnr

t−1∑
j=0

(
j + r − 1

j

)
yt−j(n+ y)j + (n+ y)t

r−1∑
i=0

(
i+ t− 1

i

)
(−1)iniyr−i.

Clearly, for a fixed r, t ∈ N, A(n, y, r, t) is a polynomial of two variables n, y.

A(n, y, r, t) = (−1)rnr

t−1∑
j=0

(
j + r − 1

j

)
yt−j

j∑
c=0

(
j

c

)
ncyj−c +

t∑
d=0

(
t

d

)
ndyt−d

r−1∑
i=0

(
i+ t− 1

i

)
(−1)iniyr−i

= (−1)r
t−1∑
j=0

j∑
c=0

(
j + r − 1

j

)(
j

c

)
nr+cyt−c +

t∑
d=0

r−1∑
i=0

(
i+ t− 1

i

)(
t

d

)
(−1)ind+iyt−d+r−i

= (−1)r
t−1∑
c=0

nr+c

t−1∑
j=c

(
j + r − 1

j

)(
j

c

)
yt−c +

t∑
d=0

r−1∑
i=0

(
i+ t− 1

i

)(
t

d

)
(−1)ind+iyt−d+r−i.

(3.3)

A(n, y, r, t) can be seen as a polynomial in n with coefficients as polynomials in y. Clearly, the
highest degree of n possible in A(n, y, r, t) is r + t − 1, where r, t ∈ N are fixed. We now show
explicitly evaluate the coefficients of na for 1 ≤ a ≤ r + t− 1 in two cases.
Case I: For 1 ≤ a ≤ r − 1.
Observe that the first term on the right-hand side of (3.3) does not contribute to the coefficient
of na since least power of n possible is r. From the second term, the only way to get na is when
d ≤ a and i = a− d. Hence we get,

Coefficient of na in A(n, y, r, t) =
a∑

d=0

(
a− d+ t− 1

a− d

)(
t

d

)
(−1)a−dyt+r−a

= (−1)ayt+r−a

a∑
d=0

(
a− d+ t− 1

a− d

)(
t

d

)
(−1)d
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d→a−d
= yt+r−a

a∑
d=0

(
d+ t− 1

d

)(
t

a− d

)
(−1)d

= yt+r−a

a∑
d=0

(d+ t− 1)!

d!(t− 1)!
· t!

(a− d)!(d+ t− a)!
· (−1)d

=
a∑

d=0

(d+ t− 1)!

d!(a− d)!(d+ t− a)!
(−1)d

=
tyt+r−a

a!

a∑
d=0

(−1)d
(
a

d

)
p(d), (3.4)

where p(d) = (d+t−1)!
(d+t−a)!

= (d + t − 1)(d + t − 2) · · · (d + t − a + 1) is a polynomial in d of degree

a − 1. As explained in [22, Section 3] and [20, Corollary 2], the sum on the right-hand side of
(3.4) is zero, since the polynomial p(d) has a degree smaller than a. Hence, the coefficient of na

in A(n, y, r, t) is zero for 1 ≤ a ≤ r − 1.
Case II: For r ≤ a ≤ r + t− 1.
Observe that the term c = a− r in the first term of the right-hand side of (3.3) alone contributes
to the coefficient of na. The condition a ≤ r + t− 1 ensures that a− r ≤ t− 1. From the second
term of the right-hand side of (3.3), for any i, d = a− i alone contributes to the coefficient of na.
Since r ≤ a ≤ r + t− 1, we have d = a− i ≤ t for any i. Since i ≤ r − 1, we always have d ≥ 0.
Hence we get,

Coefficient of na in A(n, y, r, t) = yt+r−a

(
A1(n, y, r, t) + A2(n, y, r, t)

)
. (3.5)

where,

A1(n, y, r, t) := (−1)r
t−1∑

j=a−r

(
j + r − 1

j

)(
j

a− r

)
, (3.6)

A2(n, y, r, t) :=
r−1∑
i=0

(
i+ t− 1

i

)(
t

a− i

)
(−1)i. (3.7)

We now evaluate both A1(n, y, r, t) and A2(n, y, r, t) explicitly. Firstly, after expanding the bino-
mials in A1(n, y, r, t), we get,

A1(n, y, r, t) =
(−1)r

(r − 1)!(a− r)!

t−1∑
j=a−r

(j + r − 1)!

(j + r − a)!

j→i+a−r
=

(−1)r

(r − 1)!(a− r)!

r+t−a−1∑
i=0

(i+ a− 1)!

i!

=
(−1)r(a− 1)!

(r − 1)!(a− r)!

r+t−a−1∑
i=0

(
i+ a− 1

i

)
=

(−1)r(a− 1)!

(r − 1)!(a− r)!

(
r + t− 1

r + t− a− 1

)
=

(−1)r

a
× (r + t− 1)!

(r − 1)!(t− 1)!
× (t− 1)!

(a− r)!(r + t− a− 1)!
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=
(−1)r(r + t− a)

a

(
r + t− 1

t

)(
t

a− r

)
. (3.8)

Next, we evaluate A2(n, y, r, t). Since
(

t
a−i

)
= 0 for i < a − t, it is enough to consider the sum

between a− t ≤ i ≤ r − 1, and on expanding the binomials, we get,

A2(n, y, r, t) = t

r−1∑
i=a−t

(−1)i

i!(a− i)!
× (i+ t− 1)!

(i+ t− a)!

i→j+a−t
= t

r+t−a−1∑
j=0

(−1)j+a−t

(j + a− t)!(t− j)!
× (j + a− 1)!

j!

=
(−1)a+t

(t− 1)!

r+t−a−1∑
j=0

(−1)j
(
t

j

)
(j + a− 1)!

(j + a− t)!

=
(−1)a+t

(t− 1)!
× (−1)a+r+t(a− r − t)

at(r − 1)!

(
t

r + t− a

)
(r + t− 1)!

= −(−1)r(r + t− a)

a

(
r + t− 1

t

)(
t

a− r

)
, (3.9)

where we have used the fact
(
c
d

)
=
(

c
c−d

)
in the last step and the following identity obtained from

Mathematica 11 in the second last step,

r+t−a−1∑
j=0

(−1)j
(
t

j

)
(j + a− 1)!

(j + a− t)!
=

(−1)a+r+t(a− r − t)

at(r − 1)!

(
t

r + t− a

)
(r + t− 1)!.

On substituting (3.8) and (3.9) in (3.5), we can see that the coefficient of na is zero for r ≤ a ≤
r + t− 1. Thus, both the cases combined, we have shown that the coefficient of na is zero for all
1 ≤ a ≤ r + t− 1, and thus, A(n, y, r, t) is independent of n, and hence,

A(n, y, r, t) = A(0, y, r, t) = yr+t.

Put this in (3.2) to get the required result. □

We now use Lemma 3.1 to prove the follwing theorem for the series evaluations of Θ(r, s, t, x).

Theorem 3.2. For r, t ∈ N ∪ {0} such that r + t ≥ 1, and s ∈ C such that Re(s) > 2− r − t, we
have,

Θ(r, s, t, x) =
r−2∑
i=0

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(s+ t+ i)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr+s+t−1

+ (−1)r
t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

mr+s+j
, (3.10)

with the convention that
(−1

0

)
= 1,

(
c
−1

)
= 0 for any c ∈ Z\{−1} with an exception

(−1
−1

)
= 1.

Proof. From the definition (1.3), we can see

Θ(r, s, t, x) =
∞∑
n=1

∞∑
m=1

1

nrms(n+mx)t
=

∞∑
m=1

1

ms

∞∑
n=1

1

nr(n+mx)t
. (3.11)
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Use Lemma 3.1 with y = mx in (3.11) to get,

Θ(r, s, t, x) =
∞∑

m=1

1

ms

∞∑
n=1

(
(−1)r

t−1∑
j=0

(
j + r − 1

j

)
1

(mx)j+r(n+mx)t−j
+

r−1∑
i=0

(
i+ t− 1

i

)
(−1)i

nr−i(mx)t+i

)

=
∞∑

m=1

1

ms

∞∑
n=1

(
(−1)r

t−2∑
j=0

(
j + r − 1

j

)
1

(mx)j+r(n+mx)t−j
+

r−2∑
i=0

(
i+ t− 1

i

)
(−1)i

nr−i(mx)t+i

)

+
∞∑

m=1

1

ms

∞∑
n=1

(
(−1)r

(
r + t− 2

t− 1

)
1

(mx)r+t−1(n+mx)
+ (−1)r−1

(
r + t− 2

r − 1

)
1

n(mx)r+t−1

)

=
∞∑

m=1

1

ms

∞∑
n=1

(
(−1)r

t−2∑
j=0

(
j + r − 1

j

)
1

(mx)j+r(n+mx)t−j
+

r−2∑
i=0

(
i+ t− 1

i

)
(−1)i

nr−i(mx)t+i

)

− (−1)r
(
r + t− 2

t− 1

)
1

xr+t−1

∞∑
m=1

1

mr+s+t−1

∞∑
n=1

(
1

n
− 1

n+mx

)
,

where we have used
(
r+t−2
r−1

)
=
(
r+t−2
t−1

)
. From the series definition of the digamma function ψ(x),

we have,

Θ(r, s, t, x) =
∞∑

m=1

1

ms

∞∑
n=1

(
(−1)r

t−2∑
j=0

(
j + r − 1

j

)
1

(mx)j+r(n+mx)t−j
+

r−2∑
i=0

(
i+ t− 1

i

)
(−1)i

nr−i(mx)t+i

)

− (−1)r
(
r + t− 2

t− 1

)
1

xr+t−1

∞∑
m=1

γ + ψ(mx+ 1)

mr+s+t−1
.

From [5, Corollary 2], we have, for j ∈ N, j ≥ 2

(−1)j

(j − 1)!
ψ(j−1)(z + 1) =

∞∑
ℓ=1

1

(ℓ+ z)j
. (3.12)

Hence, we can simplify Θ(r, s, t, x) as

Θ(r, s, t, x) = (−1)r
t−2∑
j=0

(
j + r − 1

j

)
1

xj+r

∞∑
m=1

1

mr+s+j

∞∑
n=1

1

(n+mx)t−j

+
r−2∑
i=0

(−1)i

xt+i

(
i+ t− 1

i

) ∞∑
m=1

1

ms+t+i

∞∑
n=1

1

nr−i
− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr+s+t−1
.

Use (3.12) to get,

Θ(r, s, t, x) = (−1)r
t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

mr+s+j

+
r−2∑
i=0

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(s+ t+ i)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr+s+t−1
.

This is the required result (3.10). □
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3.1. Mixed functional equations. The two-term functional equation given by Guinand [10] has
higher derivatives of ψ(x) in the summand while the one given by Vlasenko–Zagier [25, Proposition
4] has the higher power ofm in the denominator. We call the functional equation obtained in (3.14),
the mixed functional equations since they contain both, a series containing higher derivatives of
ψ(x) and containing higher powers of m in the denominator each.

Remark 1. The identity (1.7) holds true.

Proof. Use (1.4) twice to get,

Θ(2, 2, t, x) = Θ(0, 2, t+ 2, x) + 2xΘ(1, 1, t+ 2, x) + x2Θ(2, 0, t+ 2, x). (3.13)

Use (1.5) for the third term on the right-hand side of (3.13) and tend t→ 0 to get,

ζ2(2) = Θ(0, 2, 2, x) + 2xΘ(1, 1, 2, x) + Θ(0, 2, 2, 1
x
).

Then, use Theorem 3.2 thrice and simplify to get (1.7). □
Such identitites are new in literature. We now give a family of mixed functional equations in

the following theorem as a direct corollary of Theorem 3.2.

Theorem 3.3. Let us define F (x) as follows,

F (x) :=(−1)r
t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

m2r+j

+
r−2∑
i=0

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(r + t+ i)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

m2r+t−1
.

Then, we have,

F (x) = x−tF

(
1

x

)
. (3.14)

Proof. Put s = r in (3.10) and substitute it in Θ(r, r, t, x) = x−tΘ(r, r, t, 1
x
). □

3.2. Kronecker limit type formula in the second variable. As an application of Theorem
3.2, we obtain the Kroncker limit formula for Θ(r, s, t, x) in the second argument s in this subsec-
tion. This method is completely different from the one used in Section 2.

Theorem 3.4. The following hold:

(1) For any r ∈ N, r ≥ 2, and for any t ∈ N∪{0}, s = 1− t is a singular point of Θ(r, s, t, x),
with the following polar singularity structure in s:

Θ(r, s, t, x) =
x−tζ(r)

(s− (1− t))
+

(
γζ(r)x−t + (−1)r

t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

mr+j−t+1

+
r−2∑
i=1

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(i+ 1)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr

)
+O(|s− (1− t)|).

(3.15)

(2) For r = 1 and for any t ∈ N, s = 1− t is a singular point of Θ(1, s, t, x), with the following
polar singularity structure in s:

Θ(1, s, t, x) =
x−t

(s− (1− t))2
+

x−t

(s− (1− t))
(γ + log(x) +Ht−1) +

(
1

xt
(γ(γ + log(x) +Ht−1) + γ1)
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−
t−2∑
j=0

(−1)t−jx−j−1

(t− j − 1)!

∞∑
m=1

ψ(t−j−1)(mx) + (−1)t−j(t− j − 2)!(mx)−(t−j−1)

mj−t+2

+
tζ(2)

xt+1
+

1

xt

∞∑
m=1

ψ(mx)− log(mx)

m

)
+O(|s− (1− t)|). (3.16)

Proof. Let r ∈ N, r ≥ 2, and t ∈ N ∪ {0}. From (3.10), we have,

Θ(r, s, t, x)− 1

xt
ζ(s+ t)ζ(r) = (−1)r

t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

mr+s+j

+
r−2∑
i=1

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(s+ t+ i)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr+s+t−1
.

Since we know, around s = 1− t,

ζ(s+ t) =
1

s− (1− t)
+ γ +O(|s− (1− t)|).

Hence

lim
s→1−t

(
Θ(r, s, t, x)− 1

xt
ζ(s+ t)ζ(r)

)
= (−1)r

t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

mr+j−t+1

+
r−2∑
i=1

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(i+ 1)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr
.

Simplify to get, around s = 1− t,

Θ(r, s, t, x) =
x−tζ(r)

(s− 1 + t)
+

(
γζ(r)x−t + (−1)r

t−2∑
j=0

(
j + r − 1

j

)
(−1)t−j

(t− j − 1)!

1

xj+r

∞∑
m=1

ψ(t−j−1)(mx+ 1)

mr+j−t+1

+
r−2∑
i=1

(−1)i

xt+i

(
i+ t− 1

i

)
ζ(i+ 1)ζ(r − i)− (−1)r

xr+t−1

(
r + t− 2

t− 1

) ∞∑
m=1

γ + ψ(mx+ 1)

mr

)
+O(|s− 1 + t|).

For t− j − 1 ≥ 1, ψ(t−j−1)(y) = O(y−(t−j−1)) as y → ∞. Hence, we can see that, as x→ ∞,

ψ(t−j−1)(mx+ 1)

mr+j−t+1
= O

(
1

mr

)
.

Since r ≥ 2, the series involving the derivatives of ψ(x) is absolutely convergent. This is the
required result (3.15).

Let r = 1 and for any t ∈ N. From Theorem 3.2 to get,

Θ(1, s, t, x) = −
t−2∑
j=0

(−1)t−j

(t− j − 1)!

1

xj+1

∞∑
m=1

ψ(t−j−1)(mx+ 1)

ms+j+1
+

1

xt

∞∑
m=1

γ + ψ(mx+ 1)

ms+t
. (3.17)

We simplify the terms on the right-hand side of (3.17) as follows:

∞∑
m=1

γ + ψ(mx+ 1)

ms+t
= γζ(s+ t) +

∞∑
m=1

ψ(mx+ 1)

ms+t
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= γζ(s+ t) +
1

x
ζ(s+ t+ 1) +

∞∑
m=1

ψ(mx)

ms+t

= γζ(s+ t) +
1

x
ζ(s+ t+ 1) +

∞∑
m=1

ψ(mx)− log(mx)

ms+t
+

∞∑
m=1

log(mx)

ms+t

= (γ + log(x))ζ(s+ t) +
1

x
ζ(s+ t+ 1)− ζ ′(s+ t) +

∞∑
m=1

ψ(mx)− log(mx)

ms+t
.

(3.18)

Simplification of the other term is as follows: Since t − j − 1 ≥ 1, we have ψ(t−j−1)(y + 1) =
ψ(t−j−1)(y)− (−1)t−j(t− j − 1)!yj−t. Using it we can see,

∞∑
m=1

ψ(t−j−1)(mx+ 1)

ms+j+1
= −(−1)t−j(t− j − 1)!

xt−j
ζ(s+ t+ 1) +

∞∑
m=1

ψ(t−j−1)(mx)

ms+j+1

= −(−1)t−j(t− j − 1)!

xt−j
ζ(s+ t+ 1)− (−1)t−j(t− j − 2)!

xt−j−1
ζ(s+ t)

+
∞∑

m=1

ψ(t−j−1)(mx) + (−1)t−j(t− j − 2)!(mx)−(t−j−1)

ms+j+1
. (3.19)

Substitute (3.18) and (3.19) in (3.17) to get,

Θ(1, s, t, x)− 1

xt

(
γ + log(x) +

t−2∑
j=0

1

(t− j − 1)

)
ζ(s+ t) +

1

xt
ζ ′(s+ t)

=
t

xt+1
ζ(s+ t+ 1) +

1

xt

∞∑
m=1

ψ(mx)− log(mx)

ms+t

−
t−2∑
j=0

(−1)t−j

(t− j − 1)!

1

xj+1

∞∑
m=1

ψ(t−j−1)(mx) + (−1)t−j(t− j − 2)!(mx)−(t−j−1)

ms+j+1
.

Taking limit as s→ 1− t, we get,

lim
s→1−t

(
Θ(1, s, t, x)− 1

xt
(γ + log(x) +Ht−1) ζ(s+ t) +

1

xt
ζ ′(s+ t)

)
=

t

xt+1
ζ(2) +

1

xt

∞∑
m=1

ψ(mx)− log(mx)

m

−
t−2∑
j=0

(−1)t−j

(t− j − 1)!

1

xj+1

∞∑
m=1

ψ(t−j−1)(mx) + (−1)t−j(t− j − 2)!(mx)−(t−j−1)

mj−t+2
.

where Hn is the nth Harmonic number, with the convention H0 = 0. Also, see that, as y → ∞,

ψ(t−j−1)(y) + (−1)t−j(t− j − 2)!
1

yt−j−1
= O(y−(t−j)),

which ensures the convergence of the series involving the derivatives of ψ(x). Use the Laurent
expansions of ζ(s+ t) and ζ ′(s+ t) around s = 1− t to get the required result (3.16). □
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Corollary 3.5. Around s = 0, we have,

Θ(1, s, 1, x) =
1

xs2
+
γ + log(x)

xs
+

1

x
(γ(γ + log(x)) + γ1) +

ζ(2)

x2
+

1

x

∞∑
m=1

ψ(mx)− log(mx)

m
+O(s).

Proof. Put r = t = 1 in Theorem 3.4 and tend s→ 0 to get,

lim
s→0

(
Θ(1, s, 1, x)− 1

x
(γ + log(x)) ζ(s+ 1) +

1

x
ζ ′(s+ 1)

)
=
ζ(2)

x2
+

1

x

∞∑
m=1

ψ(mx)− log(mx)

m
.

Use the Laurent series expansions of ζ(s+ 1) and ζ ′(s+ 1) around s = 0 to get the result. □

Remark 2. From [26, Equation 7.12],
∞∑

m=1

ψ(m)− log(m)

m
= −γ

2

2
− π2

12
− γ1,

and putting x = 1 in Corollary 3.5, we can see that around s = 0,

Θ(1, s, 1, 1) =
1

s2
+
γ

s
+

6γ2 + π2

12
+O(|s|). (3.20)

4. Special values of the function Θ(s, s, s, x)

In this section, we will study the special values at points of indeterminacy and the singularities
of Θ(s, s, s, x), in the variable s. Recall that Θ(s0, s0, s0, x)L1 := lims→s0 Θ(s, s, s, x). We have the
following theorem which is a generalization of the evaluations in (1.9) and (1.10).

Theorem 4.1. Let j be a non-negative integer. We have the following special values for Θ(s, s, s, x):

(1) For j odd,

Θ(−j,−j,−j, x)L1 = 0.

(2) For j even,

Θ(−j,−j,−j, x)L1 = − (j!)2

2(2j + 1)!
(x2j+1 + x−j−1)ζ(−3j − 1) +

j∑
k=0

(
j

k

)
xj−kζ(−j − k)ζ(−2j + k).

(4.1)

Proof. Taking r = t = s in Proposition 2.1, for s > 2
3
, M ∈ N ∪ {0} and x > 0, we have

Θ(s, s, s, x)− 1

Γ(s)

∫ ∞

0

ys−1Lis(e
−xy)

(
Lis(e

−y)− Γ(1− s)ys−1 −
M∑
k=0

(−1)kζ(s− k)
yk

k!

)
dy

=
Γ(1− s)Γ(2s− 1)

x2s−1Γ(s)
ζ(3s− 1) +

M∑
k=0

(−1)k

k!

ζ(s− k)Γ(s+ k)

xs+kΓ(s)
ζ(2s+ k). (4.2)

For Re(s) ≥ −M
2

+ ϵ, ϵ > 0,

ys−1Lis(e
−xy)

(
Lis(e

−y)− Γ(1− s)ys−1 −
M∑
k=0

(−1)kζ(s− k)
yk

k!

)
= O(y2ϵ−1). (4.3)

Therefore the integral is convergent for Re(s) ≥ −M
2

+ ϵ and hence analytic. For any fixed non-
negative integer j, chooseM = 2j+1, and see that the term involving the integral in (4.2) vanishes
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as s → −j. Moreover, the only terms which survive in the finite sum are when 0 ≤ k ≤ j and
k = 2j + 1. Therefore, using the duplication formula for Γ(s) in the first term of right-hand side
of (4.2), we have

Θ(−j,−j,−j, x)L1 =
x2j+1Γ(−j − 1

2
)Γ(j + 1)

√
π22j+2

ζ(−3j − 1)

+

j∑
k=0

(−1)k

k!
(−j)(−j + 1) · · · (−j + k − 1)xj−kζ(−j − k)ζ(−2j + k)

+
(−1)2j+1

(2j + 1)!

ζ(−3j − 1)Γ(j + 1)

xj+1

(−1)jj!

2

=
(−1)j+1x2j+1(j!)2

2(2j + 1)!
ζ(−3j − 1) +

(−1)j+1(j!)2

2(2j + 1)!xj+1
ζ(−3j − 1)

+

j∑
k=0

(
j

k

)
xj−kζ(−j − k)ζ(−2j + k).

For odd values of j, the right–hand side of above expression equals zero, due to trivial zeros of
ζ(s) at negative even integers. For j even, we get (4.1) upon simplification. □

Remark 3. For j > 0 even, we can use the following recursive identity [19, p.132]

j!

(2j + 1)!
ζ(−3j − 1) =

j∑
i=0

1

i!(j − i)!
ζ(−i− j)ζ(i− 2j),

to see that Θ(−j,−j,−j, 1)L1 = 0, i.e., (1.10) holds for any positive integer j.

Theorem 4.2. The function Θ(s, s, s, x) has singularities exactly at s = 2
3
and s = 1

2
− j, for any

j ∈ N ∪ {0}. Moreover,

(1) around s = 2
3
, we have

Θ(s, s, s, x) =
Γ3
(
1
3

)
2
√
3πx

1
3

(
s− 2

3

) +O(1). (4.4)

(2) around s = 1
2
− j, we have

Θ(s, s, s, x) = (−1)j2−4j−1

(
2j

j

)(
x2j + x−

1
2
−j
) ζ

(
1−6j
2

)(
s−

(
1
2
− j
)) +O(1). (4.5)

Proof. From (1.2), we know that the function Θ(s, s, s, x) has its singularities only possible at
s = 2

3
or s = 1−ℓ

2
, for any non-negative integer ℓ. At s = 2

3
, the finite sum on the right-hand side

of (4.2) has no singularity. Also, note that taking M = 0 in (4.2) suffices. Therefore the only pole
arising in the right-hand side of (4.2) is due to ζ(3s−1). After using the Laurent series expansion
of the other elementary functions, around s = 2

3
, we have,

Θ(s, s, s, x) =
Γ2
(
1
3

)
3x

1
3Γ
(
2
3

) (
s− 2

3

) +O(1).

Using the reflection formula for Γ(s), one can see that Γ(1
3
)Γ(2

3
) = 2π√

3
, and hence get (4.4).

If ℓ = 2j − 1, for some j ∈ N, then 1−ℓ
2

will be a non-positive integer. Hence, from Theorem

4.1, clearly, Θ(s, s, s, x) has no singularity at s = 1−ℓ
2
. Therefore we assume ℓ = 2j, for some
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j ∈ N ∪ {0}. Taking M = 2j, the integral in (4.2) converges in Re(s) ≥ j + ϵ, ϵ > 0 as shown in
(4.3). At s = 1

2
− j, note that Γ(2s− 1) is the only polar factor in the first term of the right hand

side of (4.2). Hence, around s = 1
2
− j

Γ(1− s)Γ(2s− 1)

x2s−1Γ(s)
ζ(3s− 1) =

x2jΓ
(
1
2
+ j
)
ζ
(
1−6j
2

)
2(2j)!Γ

(
1
2
− j
) (
s− 1

2
+ j
) +O(1). (4.6)

In the finite sum (4.2), the only polar term is when k = 2j, in which case the zeta factor ζ(s+2j)
has pole at s = 1

2
− j. Therefore, writing the Laurent series expansion, we have

M∑
k=0

(−1)k

k!

ζ(s− k)Γ(s+ k)

xs+kΓ(s)
ζ(2s+ k) =

x−
1
2
−jΓ

(
1
2
+ j
)
ζ
(
1−6j
2

)
2(2j)!Γ

(
1
2
− j
) (
s− 1

2
+ j
) +O(1). (4.7)

Finally, from (4.2),(4.6) and (4.7), we get

Θ(s, s, s, x) =
(x2j + x−

1
2
−j)Γ

(
1
2
+ j
)
ζ
(
1−6j
2

)
2(2j)!Γ

(
1
2
− j
) (
s− 1

2
+ j
) +O(1),

around s = 1
2
− j. Using the reflection formula and the duplication formula for Γ(s), one can see

that

Γ
(
1
2
+ j
)

(2j)!Γ
(
1
2
− j
) = (−1)j2−4j

(
2j

j

)
,

which gives us (4.5). □

5. Concluding remarks

We end the paper with following remarks and problems:

(1) In this paper, we have obtained the Kronecker limit formula for the generalized Mordell-
Tornheim zeta function Θ(r, s, t, x) in the second and third variables with other parameters
fixed. However, it would be interesting to study the behavior of Θ(r, s, t, x) around points
of indeterminacy, as a function of three complex variables with various limiting approaches.
One should find special values of Θ(r, s, t, x) at points r = s = t = −j, for any j ∈ N, with
a limiting sense different from the one we take in (1.11). For instance, one can refer to [14,
Example 1] for a detailed example.

(2) Theorem 4.2 gives only the principal part of the Laurent series expansion of Θ(s, s, s, x)
around its singularities. However, it is desirable to further obtain the constant term of the
Laurent expansion explicitly.

(3) For a fixed x, Θ(s, s, s, x) is a function of one variable complex s, with an absolutely
convergent double series representation for Re(s) > 2

3
, which can meromorphically extended

to the whole complex plane. As asked in [28, Section 5], it will be interesting to determine
if Θ(s, s, s, x) satisfies a functional equation analogous to that of the ζ(s).

In Theorem 4.1, we have shown that Θ(s, s, s, x) has a zero at negative odd integers s.
However, finding other non-trivial zeros of this function is an interesting open problem. A
variant of this question was also asked in [28, Section 5].

(4) The study of the Mordell-Tornheim zeta function ζMT(r, s, t) with an additional parameter
x gives us the two-term functional equations for Herglotz-Zagier function as shown in
[6, Theorem 1.3]. It also gives new functional equations (3.14). Hence, this warrants
an independent study on the general Witten-zeta function ζΦ(s) [3], associated to a root
system Φ, with a parameter x, leading to new interesting connections.
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