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Abstract

In these notes the relativistic n-body phase-phase is calculated iteratively in 2+ 1 space-time
dimensions for all n. The obtained result shows a simple power-law behavior o, (u — M)"2/u
with a dependence only on the total mass M = mj +---+m,. As a consequence of this feature,
the (n — 1)-loop integrals .J,,(—q?) associated to sunset diagrams with n internal lines can be
expressed through elementary (arctangent and logarithmic) functions, modulo polynomial terms
in ¢ with regularization-dependent coefficients. An outlook to the analogous situation in 4 + 1
space-time dimensions is given by computing the n-body phase-phases for n = 2,3,4,5 with
their totally symmetric dependence on the involved masses. Moreover, a digression to 1 + 1
space-time dimensions reveals that there the three-body phase-space is already proportional to
a complete elliptic integral.

1 Introduction and summary

The understanding of the structure behind the master-integrals that occur in the evaluation of multi-
loop Feynman diagrams is a subject of high relevance in current research in theoretical high-energy
physics. Numerous advanced mathematical topics, such as Picard-Fuchs differential equations, el-
liptic curves, Calabi-Yau manifolds, Hopf algebras, cluster algebras, etc. are encountered in these
sophisticated studies [1]. Moreover, it was found that there exist relations between the sets of master
integrals when the space-time dimension d is increased or lowered by two units, d — d =+ 2.

In the present notes the loop functions associated to the sunrise diagrams with n internal lines
are analyzed in 2 4+ 1 space-time dimensions. The pertinent imaginary part is the integrated n-body
phase-space, which exhibits a remarkably simple form, T, (u;m1, ..., my,) = an(u — M)"2/u, with
a power-law dependence on the energy p and a parametric dependence on the masses only through
the total sum M = my + --- + m,. As a consequence of this feature the loop-integrals .J,(—q?%)
(in the euclidean domain) can be expressed in terms of elementary (arctangent and logarithmic)
functions, modulo polynomial terms in ¢? with regularization-dependent coefficients. An outlook to
the analogous situation in 4 + 1 space-time dimensions is also given by computing the n-body phase-
phases for n = 2,3,4,5 with their dependence on elementary symmetric polynomials of the involved
masses my, ..., m,. One finds T, (u;my,...,my,) = (87)>2"u=3(n — M)?*" 3P, 1 (u), where the last
factor is a polynomial in y of degree n + 1. Moreover, a digression to 1 + 1 space-time dimensions
reveals that there the three-body phase-space is already proportional to a complete elliptic integral.
This signals a similar complexity of multi-loop integrals as in the physical 3+1 space-time dimensions.

2 Integrated two-, three-, and n-body phase space

With the usual normalization factors, the two-body phase-space with final-state particles of masses
my and my is calculated in 2 + 1 space-time dimensions as follows:
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Figure 1: Sunset diagram with n internal lines carrying masses mq, mo, ..., m,. The vertical dotted
line symbolizes the cut, which gives rise to the integrated n-body phase-space.

with P = (1£,0,0) in the center-of-mass frame. The derivative of the argument of the d-function with
respect to k, inserted with its reciprocal value, cancels the other factors of the integrand, and only
the center-of-mass energy pu = \/ m? + k2 + \/ m3 + k2 remains as a denominator. Thus one obtains
the following simple result for the integrated two-body phase-space in 2 + 1 dimensions:

1

Lo (p;ma,ma) = @Q(M—ml —my), (2)

which exhibits a non-zero starting value at threshold py, = mq + ms.
The calculation of the three-body phase-space with final state particles of masses mi, ms, m3
proceeds as follows:
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where the angular integration has been performed, and the cubic polynomial D(wy,ws) = (2 —2uw; +

m?)(wy — wa)(wy — wy ) > 0 demarcates the kinematically allowed Dalitz region in the w;ws-plane.

Using fg dws[(wy —ws)(wy—wy )] /2 = 7 and the upper boundary w$™ = (u?+m? —(mgo+ms3)?)/2u,

one arrives at the elementary integral
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and the obvious condition p > mj 4+ my + m3 must hold. One observes that in 2 + 1 dimensions the
three-body phase-space grows linearly from threshold, and interestingly it depends only on the total
sum M = m; + mgy + ms of the three masses.

It is well-known that the integrated phase-space for n final state particles (with masses my, ..., m,)
can be recursively built up from the expression for the two-body phase-space. The formula connecting
the integrated phase-spaces for n and n — 1 particles reads (after adaption of 27 factors) from ref.[2]:
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with u/ the total center-of-mass energy of the (n — 1)-particle subsystem. Using the result in eq.(2)
for the two-body phase-space, one reproduces quickly the just derived expression for the integrated
three-body phase-space
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The integrated phase-space for four, five, and more particles in 2 + 1 dimensions can be recursively
calculated with the help of eq.(6). For n particles the result is given by the power-law expression
(e — M)"*
Co(ps; M) = = (8)

with M = Z?Il m; the total sum of all masses, and the coefficient «, is determined by a recursion
relation as:
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In summary, this leads to an extraordinarily simple result for the integrated n-body phase-space in
2 4 1 dimensions:

Do M) = 4M(i’;;lj\f<);__ i M= ;mj . (10)

3 Loop functions of sunset diagrams

The sunset diagram of order n, shown in Fig.1, is a (n — 1)-loop diagram, where the incoming
leg (carrying energy-momentum 15) splits at one point into n internal lines, corresponding to the
propagators of scalar particles with masses my, ..., m,, and then these n lines recombine at one point
to the outgoing leg (carrying again energy-momentum 15) The associated loop function J,(s) with
s = P-P has an imaginary part for s > (m; + --- 4+ m,)? = M? that is equal to 1/2 times the
integrated n-body phase-space:

1
ImJ,(s) = éFn(\/E; M). (11)
In the euclidean region s = —¢? < 0 the loop function is conveniently calculated via the dispersion
relation e I (e M)
KL (1
Tn(—¢°) = —/ dp—5———, (12)
T Jm e+ q

but subtractions (at ¢> = 0) are necessary for n > 3 due to the polynomial growth of T',,(u; M) with
1. The introduces coefficients of a polynomial subtraction term, that need to be calculated in some
regularization scheme, like cutoff or dimensional regularization.

One finds for n = 2 the one-loop function

1 q
J,(—q?) = — arctan ———— . 13
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This result is also readily obtained with the help of Feynman parametrization as
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With little effort one finds for n = 3 the two-loop function:

1 M 1 ’
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with M = my + ma + m3. The divergent subtraction constant J3(0) is expected to involve the
logarithm of M, and the computation in d dimensions with a regularization scale xk gives:
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with H = m2(1—y)+m3(1—x)y+m3iry, and one has expanded around d = 3. The integral fol dy for

—-1/2

the (four) terms is the second line is performed analytically and it leads to fol dz 2(z — x?) = 2m.

The same contribution, fol dx 2(x — x?)~Y2 = 27, comes as a part after performing analytically the
integral fol dy for the (two) terms in the third line, while a remainder with a complicated dependence
on the masses mq,mo, ms gives a numerical value very close to zero, at the level of 1074, When
taking it for granted that this remainder depends only on the sum M = m; 4+ my + mg3, one can set
my = my = 0 and obtains directly fol dz[z(1 — 2)]7*?[In(1 — ) — Inx] = 0. Thus the subtraction
constant J3(0), split off in eq.(15), has in dimensional regularization the value

1 1 M
Jg(O):32W2{m—73+1n47r—21n?+1} (17)

One finds for n = 4 the three-loop function:

1 (M= ’
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with M = my + mg + mg3 + my, and J4(0) a yet undetermined subtraction constant that will include
the logarithmic piece (47)~2M In(M/k).
One finds for n = 5 the four-loop function:
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with M = my + may + mg + my + ms. Moreover, J5(0) = —3(47) *M?*In(M/k) + ... and Ji(0) =
—2(4m)*In(M/kK) + ... are two regularization-dependent subtraction constants.

Modulo additive polynomial terms in ¢?, the result for the (n — 1)-loop function associated to the
sunset diagram (Fig.1) reads in 2 + 1 dimensions:

9 1 A (2 1 q 9 q? M
Jn(—q°) = . n(q,M)aarctanMjLLn(q,M) 1n<1+m>—|—2ln; + polyn ¢,
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where the polynomials in ¢? multiplying the arctangent and logarithmic function are
1
Ay (¢®, M) =Re[(ig— M)"?],  Ln(¢*, M) = —Q—Im[(iq - M)"?]. (21)
q

These expressions are derived from the partial fraction decomposition

- M n—2 ig— M n—2 —ig— M n—2
(e : )2 _ lig=M)"" | (g — M) 4 polyn, (22)
1? +q 2iq(p —iq)  —2ig(p +iq)

followed by a recombination into terms proportional to 1/(u?+ ¢*) and —2u/(u? + ¢*), and observing
that these two pieces integrate to the basic functions ¢~ arctan(q/M) and In(1+¢*/M?)+2In(M/k).
The extra logarithmic term In(M/k) is obtained by treating the scale x as ultraviolet cutoff in the
dispersion integral. The analytical continuation of the (n — 1)-loop function to positive values of s is
given for the real part by

1
(4m)r—1(n — 2)!

1 M+/s
{A”<_S’M> 25 = Al

5 M
+Ly,(—s, M) {ln ‘1 e +2In ?] + polyn} . (23)

Re J,(s) =

4 Extension to 4+1 space-time dimensions

For curiosity, let us investigate the analogous situation with n-body phase-spaces in 4 4+ 1 space-
time dimensions. The two-body phase-space with final-state particles of masses m; and msy is now
calculated as follows:

- d'k d*k L.
Fg(u;ml,mg) = /( L /< 2 (27T)55(5)(P—]{51—]€2)
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with P = (1£,0,0,0,0) in the center-of-mass frame. Dividing by the derivative of the argument of
the d-function with respect to k leaves as an integrand &2/, and one inserts the solution (i.e. the
center-of-mass-momentum)

k(lu') - _M )‘<:U'27m%7m%)7 (25)

with A(a, b, ¢) = a® + b* + ¢* — 2ab — 2ac — 2bc the conventional Killen function. As a result the
integrated two-body phase-space in 4 + 1 space-time dimensions is given by the rational expression:

A(p?, mi, m3)

26

fz(u;mth) =
which grows linearly (~ g —m; —msy) from threshold onwards. Note that A(u?,m2,m3) = (u—mq —
ma)(p — my + mo) (1 + my — mao) (1 + mq + my) depends separately on the sum m; 4+ mo and the
difference |m; — mg| of the two involved masses. Using the previous result as twice the imaginary

part, one finds for the one-loop function in the euclidean domain s = —¢*:
~ 1 (my — mo)?
2 _
J2<—q ) = 6472{(m1+m2) {T—l
1 2 2 2 2 q
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Here, a linear divergence has been dropped, and this leads to the value at ¢ = 0:

m2 4+ mymg + m3

J5(0) = — 28
that agrees perfectly with the result of dimensional regularization
70) = (m)yr(2- 2 ld[ 20 +mi(1—2)] 7
2(0) = (4rm 3 i r\mix +ms(l —x s
1 ! md —ms
_ d \/ 2 21 —2) = — 1- 72 29
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Next, one calculates the integrated three-body phase space in 4 + 1 dimensions recursively from the
two-body phase-space as

. Loems o A % m3) M, m? m3)
L3(p;ma, ma, my) = ;/ i 11 6473 : 647le’3 2
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mi1+ma

and obtains the result

[3(u;mq, mo, mg) = m{ﬁ + 3oy +4pP(Toy — 20%) + (3u+ o) (03 — Toy0a + 3503)} , (31)
with
o1 = my + mg + ms, 09 = M1Mo + Mim3z + Mmoms, 03 = M1MaMsg , (32)

the elementary symmetric polynomials in the three masses mj, my, m3. The same result as in eq.(31)
can be obtained by following eq.(3), performing angular integrals, and arriving at an integration over
the Dalitz region in the w;ws-plane:

- 1
3(p;my, me, ms) = o8 ff dwydws/ D (w1, w2) . (33)

D(w1,w2)>0
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In the next step the intermediate result f:; dwyr/(wWy — wa)(wy —wy) = m(wy — wy)?/8 is used

and with this the integral fﬁnddwl V2 = 2uw; +m?(wy — wy)? can be performed to reproduce the
expression in eq.(31).

The partial fraction decomposition of ufg(,u;ml,mg,mg) /(4% + ¢*) into pieces proportional to
1/(p® + ¢%) and —2u1/ (% + ¢%) plus a polynomial allows to infer the two-loop function Js3(—¢?) as a
linear combination of ¢~!arctan(q/c;) and In(1 + ¢?/03) + 21In(oy /k). Modulo additive polynomial
terms (~ 1,¢?, ¢*), this two-loop function reads

~ 1 ot o3 o109 o3 1 q
Js(—q%) = W{ lq—; <£_T+O'3> 4207 (31—0102—1-303) + (30102—0f—303)q2} aarctan p
o3 7 e e o1
+ |:0'1 <? — 20‘10’2 + 40’3) + €<20'2 — 0'2) — %:| |:1Il (1 -+ 0—%> + 21n ;:|
3 3
g1 (0102 g1
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Note the extra 1/¢*term in third line, which makes the whole expression singularity-free at ¢* = 0.



The next iterative step to the four-body phase space is straightforward by employing eq.(6) and
this leads to the following result for the integrated four-body phase-space in 4 + 1 dimensions:

= (W=20)° fp° 3 2
T = {— 4+ N T — 2X
24
F12 (253 — 135,55 + 4853) + (5u + 1) {E%EQ - 1—5 — 8%, %3 + 5624] } , o (35)

with the abbreviations

Yp=mq +mg+mg+my,
ZQ = mMi1Mms + mims + mimy + moms + moMmy + msmy ,
Y3 = mymamsg + miMmeoMmy + Mimsmy + MaMmsmy ,

Y4 = mimamsmy , (36)

for the elementary symmetric polynomials in the four masses my, ms, ms, my. The associated three-
loop function J;(—¢?) has a form analogous to eq.(34) with the extension that the square bracket in
front of the basic function ¢! arctan(q/¥;) includes now additional polynomial terms proportional
to ¢*, ¢, ¢°.

In the next iterative step, one finds that the five-body phase-space in 4 4+ 1 dimensions takes the
following form

= 2u=50)" (4 e w37
Ts(p:my, . .. S Ll VL (AR A ST N (5T0) e
(s ma, o ms) 222758 A\ o1 13 T 7 0%2 = 9324
3 /58 - - 2 - - . 37
+“7 (1—32§ — 293X, + 9923) + “7 <88024 — 187333 + 27230, — 1-32;*)
i31 i? StAs 12" Yy 3
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with the abbreviations

5 = my + mag +ma +my +ms,

22 = M1Mo + M1M3 + MMy + M1M5 + MoM3 + Moy + MMy + M3My + M3Ms5 + MyMs s

23 = M1MaMs + MMMy + M1MaMs5 + M1M3My + M1M3Ms

FMiMmams + MaMmzmy + MaM3Mms + MaMgMms + MaMmams ,

24 = MM M3My + M1 Mo M3M5 + MMM M5 + N3N M5 + MoM3MyMs

Y5 = mymamamams , (38)
for the elementary symmetric polynomials in the five masses my, mso, ms3, my, ms. By induction,
one can deduce that the n-body phase-space takes the form ' (p;ma,...,my,) = (87)* 23 (u —

> i1 mj)Qn_?’PnH(,u), where the last factor P,.1(p) is a polynomial in u of degree n + 1, whose
coefficients are totally symmetric in the n masses mq, ..., m,.

5 Digression to 1+1 dimensions

In passing we note that the two-body phase-space in 1 + 1 space-time dimensions is given by the

expression
_ 1
Lo(p;my,me) = , 39
2( 1,M2) NG mE.d) (39)




which exhibits a singular behavior ~ (u — m; — my)~"/2 near threshold. The associated one-loop
function in 1 + 1 dimensions is then calculated as
- 1 W, +W_
Jo(— 2y 1 +
2( q) 7TW+W, . 2 mi1me ’

Wi = \/(]2 + (m1 + m2)2 . (40)

The iterative procedure (see eq.(6)) leads for the three-body phase-space in 1+ 1 dimensions to the
integral representation

= 1 (u=ma)* / 2 4,2 ;o2 oy —L/2
F3(,u;ml>m2am3> = ( ds [)‘(M ) S 7m3) )‘(57m17m2>} ) (41)

2 mi+mz)?
which gives rise to a non-vanishing value at threshold
_ 1 1

['s(mq + mgo + mg3; my, mo, mg) = = . 42
3( ! ? ’ ! ? 3) 8\/(m1+m2+m3)m1m2m3 8\/0103 ( )

Actually, the integral representation of I's(j; m1, mg, ms3) can be mapped by a linear fractional trans-
formation onto that of a complete elliptic integral of the first kind:

1 /pdx 1
8my/wmimams Jy  \/x(x —1)(p — x)

Fs(ﬂ;mbmz,ms) =

- L /Wmdw[l + (p —1)sin® go} 172 (43)
dm /o3 Jo ’
with the auxiliary parameter
— ]‘ 2 2 9 9
p = 16y migms (1 +ms)* — (my +ma)?] [(1— ms)?* — (mq — ma)?]
= —16M03 [,LL +24°(209 — 07) 4+ 8uos + oy — dojos + 80103] > 1, (44)

that is totally symmetric in the three masses m, ms, m3. The p-dependent value of the complete
elliptic integral [/ dz[z(z — 1)(p — 2)]7"/? in eq.(43) turns out to be equal to the real Weierstrafl
half-period €, /2 that belongs to the two (real) Weierstra$ invariants

2

p=3 60 4:/) p+1’ =3 140 6:(2 pY1+p)(2p—1)
= (n1€2y + inofdy) 12 = (n1€y + inofdy) 432

(45)

Note that the other Weierstrafl half-period i €25/2 is purely imaginary, and thus the period lattice of

the underlying doubly-periodic elliptic function in the complex plane is of rectangular shape. The

transformation of the cubic polynomial under the square root in eq.(43) to the Weierstral normal

form 4p(2)® — g2p(2) — g3 is achieved by setting x = —4p(2) + (1 + p)/3.
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