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Quantum theory is in principle compatible with scenarios where physical processes take place in an indefinite
causal order, a possibility that was shown to yield advantages in several information processing tasks. However,
advantages in communication, the most basic form of information processing, have so far remained controversial
and hard to prove. Here we develop a framework that can be used to rigorously assess the role of causal order
in a scenario where communication links are built by assembling multiple quantum devices. In this setting, we
establish a clear-cut advantage of indefinite order in the one-shot transmission of classical messages. On the
other hand, we also show that the advantage is not generic to all communication tasks. Notably, we find that
indefinite order does not offer any advantage over shared entanglement in the asymptotic scenario where a large
number of uses of the same communication device is employed. Overall, our results unveil non-trivial relations
between communication, causal order, entanglement, and no-signaling resources in quantum mechanics.

I. INTRODUCTION

Most physical theories, with the notable exception of gen-
eral relativity and its quantum extensions, describe the evolu-
tion of physical systems through time. In this picture, the evo-
lution of a physical system typically consists of a sequence of
physical processes taking place in a well-defined order. It has
been observed, however, that the structure of quantum the-
ory is in principle compatible with scenarios where the or-
der becomes indefinite [1–3]. Part of the motivation to study
these scenarios comes from the long-standing quest to quan-
tize gravity, which naturally leads to the hypothesis that space-
time and causal structure could be subject to quantum indeter-
minacy [4, 5]. Further motivation comes from the attempt to
characterize quantum theory in terms of information process-
ing [6–8]. In this context, the in-principle possibility of in-
definite order is a striking consequence of the quantum frame-
work, and the study of its information-theoretic implications
offers new insights into the nature of the framework itself.

Over the past two decades, advantages of indefinite order
have been discovered in a variety of information process-
ing tasks, including quantum processes discrimination [9–
11], query complexity [12, 13], communication complex-
ity [14, 15], quantum metrology [16–18], and inversion of
unknown dynamics [19–21]. In all these tasks, quantum op-
erations with indefinite order were proven to outperform all
possible quantum operations compatible with the existence of
a definite order. Quite strikingly, however, no such separa-
tion was found so far in the most basic information-processing
task, upon which the whole of information theory was built,
namely the communication of messages from a sender to a
receiver [22, 23]. In the context of communication, the role
of indefinite order has remained controversial so far. A body
of papers [24–28] showed that combining noisy channels in
an indefinite order leads to enhancements with respect to the
standard quantum communication scenario, in which channels
are combined in parallel or in sequence, without introducing
additional systems that control their configuration. However,

other works observed that the above enhancements only rep-
resent an advantage of indefinite causal order over a restricted
set of scenarios with definite order, and therefore do not es-
tablish a separation between the performance of definite and
indefinite order [29, 30]. Ref. [31] pointed out that estab-
lishing a separation requires a resource-theoretic framework
where the basic resources are communication devices, assem-
bled into communication networks by a restricted set of al-
lowed operations. However, the specific choice of allowed
operations remained open since then, and no communication
advantage of indefinite causal order was proven so far.

Here, we provide the first rigorous demonstration of an ad-
vantage of indefinite order in quantum communication. To
this purpose, we develop a resource theory of communica-
tion that treats definite and indefinite order in a unified way.
In this resource theory, devices that can transmit signals are
regarded as a resource, and operations that do not generate
signaling from signaling-incapable devices are regarded as al-
lowed. Among the allowed operations, we show that opera-
tions with indefinite order offer advantages in one-shot com-
munication tasks. Specifically, we show that indefinite order
enables a noiseless, single-shot transmission of a bit through
two amplitude damping channels, whereas all the operations
with definite order yield a noisy communication. This result
establishes a clear-cut separation between the communication
power of definite and indefinite causal order.

We also show, however, that the communication advantage
of indefinite causal order is not generic to all quantum chan-
nels and to all communication tasks. In particular, we show
that indefinite order does not offer any advantage for the class
of Pauli channels, whose maximum classical capacity can al-
ready be reached by placing the channels in parallel and ex-
ploiting no-signaling resources. Furthermore, we show that
every advantage of indefinite causal order in classical com-
munication must necessarily disappear in the asymptotic limit
of a large number of channel uses. In this asymptotic sce-
nario, we prove that shared entanglement between the sender
and receiver is sufficient to achieve the highest possible value
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of the classical channel capacity. Our results reveal that the
landscape of relations between communication, causal order,
entanglement, and no-signaling resources is more complex,
and more profound than previously envisaged.

II. RESULTS

The resource theory of signaling. Here we develop a re-
source theory where the key resource is the ability to send
signals. In this resource theory, the basic objects are commu-
nication devices, and the basic operations assemble commu-
nication devices into links connecting a sender to a receiver.
Mathematically, the basic resources are represented by lists of
quantum channels (completely positive, trace preserving maps
transforming the density matrix of an input system into the
density matrix of an output system.) For a list of N channels,
we will use the vector notation C⃗ = (C1, . . . , CN ), and we will
denote by Xi (Yi) the input (output) system of the i-th channel
in the list.

The resource theory is constructed by first specifying a set
of devices which are regarded as non-resourceful, or free, and
then by considering the largest set of operations that do not
create resources [32]. Here, we focus on the resource of sig-
naling: we regard as free all the devices that block any sig-
nal, by outputting a fixed state independent of their input.
Mathematically, these devices are described by replacement
channels, that is, quantum channels C satisfying the condition
C(ρ) = ρ0 ∀ρ, where ρ is an arbitrary density matrix of the
input system, and ρ0 is a fixed density matrix of the output
system. In general, free resources are described by lists of
replacement channels.

Let us now specify the allowed operations that can be
used to assemble quantum channels into communication links.
Mathematically, operations on quantum channels are de-
scribed by quantum supermaps [3, 33–35], that is, linear maps
transforming (lists of) quantum channels into quantum chan-
nels. In general, a supermap can transform a list of N chan-
nels into another list of M channels. In the following, we will
focus on the case of M = 1, corresponding to the case in
which the N input channels in the initial list are assembled to
build a communication channel connecting a sender to a re-
ceiver. The input and output systems of the channel produced
by the supermap will be denoted by A and B, respectively.

The largest set of operations that do not generate re-
sources is the set of signaling-non-generating supermaps, that
is, quantum supermaps that transform lists of replacement
channels into replacement channels. In our resource the-
ory, signaling-non-generating supermaps will be regarded as
free operations. In the special case where each list consists
of a single channel, the set of signaling-non-generating su-
permaps has been known as “no-signaling resources” and has
been fruitfully adopted in quantum Shannon theory [36–38].
No-signaling resources have been recently cast in a resource-
theoretic framework [39, 40], and our resource theory can be
regarded as the extension of this resource-theoretic framework
to the case where multiple input channels can be assembled in
a non-trivial order.

A complete characterization of the set of free operations
is provided in Methods, where we show that signaling-non-
generating supermaps are in one-to-one correspondence with
a subset of multipartite channels satisfying a no-signaling con-
dition, which we call the “No Forward Signaling Condition.”
Explicitly, a signaling-non-generating supermap S transform-
ing a list of N channels with input/output pairs (Xi, Yi)

N
i=1

into a channel with input/output pair (A,B) corresponds to
a quantum channel with input system AY and output system
BX (with the notation X := X1 · · ·XN and Y := Y1 · · ·YN ),
satisfying the condition that no signal can be sent from A to
B. Informally, the No Forward Signaling Condition states that
the supermap does not allow signals to travel directly from
a sender to a receiver, bypassing the devices that are used
to build the communication link. This condition guarantees
that our theory satisfies a requirement known as no-side chan-
nel generation, previously put forward as a minimal require-
ment that any resource theory of communication should sat-
isfy [31].

The resource theory where the free resources are replace-
ment channels and the free operations are the signaling-non-
generating supermaps will be called the “resource theory of
signaling.” With the set of free operations in place, we are
now in position to rigorously analyze the role of indefinite
causal order. To this purpose, we define three subsets of the
set of free operations , ordered by mutual inclusion. The
smallest set is the set of free supermaps that can be achieved
by placing the N input channels in parallel inside a quan-
tum circuit [34]. The second set is the set of free supermaps
that can be achieved by placing the N input channel inside
a quantum circuit in a fixed, pre-assigned order. These su-
permaps are known as quantum combs [34, 41]. The third
set is the set of free supermaps that can be achieved by plac-
ing the N input channels inside a quantum circuit, in an order
that is definite but possibly dynamically determined at sub-
sequent steps of the circuit. These supermaps correspond to
quantum circuits with classical control [42, 43], and repre-
sent the most general class of operations with definite causal
order. In the following, the sets of free supermaps with paral-
lel placement, fixed-order placement, and definite (dynamical)
order placement will be denoted by FreePar, FreeFix, and
FreeDef , respectively. One has the (generally strict) inclu-
sions FreePar ⊆ FreeFix ⊆ FreeDef ⊆ Free, where
Free denotes the set of general supermaps that are free in our
resource theory. Free supermaps that are in Free but not in
FreeDef are free operations with indefinite causal order. In
the following, we will show that using general free operations
with indefinite causal order offers an advantage in one of the
most fundamental communication tasks: the transmission of
bits from a sender to a receiver.

Communication advantages of indefinite causal order.
Suppose that Alice wants to transmit classical messages to
Bob, using a communication link built from N communica-
tion devices. We now show that assembling the devices in
an indefinite order can increase the number of bits Alice can
reliably send to Bob.

Let us start from the ideal scenario in which the commu-
nication is free from errors. The task of zero-error classical
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communication can be formulated as the task of converting
N communication devices into a noiseless classical channel
by means of free operations. Mathematically, the conversion
is implemented by a supermap S that transforms a list of N
quantum channels C⃗ into a noiseless classical channel ∆m,
of the form ∆m : ρ 7→

∑m
j=1 ⟨j| ρ |j⟩ |j⟩⟨j|, where m is

the number of classical messages the channel can send and
{|j⟩}mj=1 is a fixed orthonormal basis for the vector space Cm.

Now, the key question is: what is the maximum number of
messages Alice can communicate to Bob in an error-free way?
When the N communication devices are assembled using op-
erations in the set X (where X can be FreePar, or FreeFix,
or FreeDef , or Free), the maximum number of messages is
mX

0 ( C⃗ ) := max{m | ∃S ∈ X : S( C⃗ ) = ∆m}. Due to the
inclusion FreeDef ⊂ Free, the inequality mFreeDef

0 ( C⃗ ) ≤
mFree

0 ( C⃗ ) holds for every list of channels C⃗. We now show
that the inequality is generally strict: assembling the devices
in an indefinite causal order generally increases the number
of messages Alice can communicate to Bob in an error-free
way. In fact, we show that there exists scenarios in which
error-free communication is impossible when the channels are
combined in definite order, and yet a non-zero number of bits
can be perfectly transmitted when the channels are combined
in an indefinite order.

Let us introduce the notion of one-shot zero-error capac-
ity of the channels in the list C⃗ assisted by signaling-non-
generating operations in the set X, defined as CX

0 ( C⃗ ) :=

log2 m
X
0 ( C⃗ ). Then, consider the case of N = 2 amplitude

damping channels, that is, channels of the form A : ρ 7→
A(ρ) = A0ρA

†
0 + A1ρA

†
1, where ρ is an arbitrary density

matrix of a single-qubit, and A0 and A1 are the 2-by-2 matri-

ces given by A0 :=
√
η|0⟩⟨1| and A1 :=

√
I −A†

0A0, where
η ∈ [0, 1] is the damping parameter. We then evaluate the
maximum number of messages that Alice can transmit to Bob,
setting N = 2 and C1 = C2 = A. In Methods, we show that
the evaluation can be reduced to a semidefinite program.

Using the semidefinite programs for CFreeDef
0 and CFree

0 ,
we can now pin down the advantage of indefinite causal or-
der both analytically and numerically. On the analytical side,
we prove that for damping parameter η = 0.1, the zero-error
capacity assisted by definite causal order is

CFreeDef
0 ( C⃗ ) = 0 , (1)

meaning that no information can be communicated without
error whenever the two channels are combined in a definite
order. In start contrast, we find that the zero-error capacity
assisted by indefinite causal order is

CFree
0 ( C⃗ ) = 1 , (2)

meaning that one bit of information can be communicated
without any error if the two channels are combined in an in-
definite order. Numerically, we determine the values of the
zero-error capacity for values of damping parameter η be-
tween 0 and 0.5, showing that the advantage of indefinite
causal order is present for all values of η in the interval be-
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Fig 1. Advantages of indefinite causal order in zero-error and
bounded-error communications. We compare the one-shot classi-
cal capacities of a pair of amplitude damping channels (A,A) as-
sisted by Free and FreeDef in both the zero-error case and the
case with an error tolerance of 0.02.

tween η = 0 (excluded) and η ≈ 0.2, as illustrated in Fig. 1.
Together, these results provide the first rigorous evidence of
an advantage of indefinite causal order in quantum communi-
cation.

A similar approach can be used to derive advantages of
indefinite causal order in classical communication beyond
the zero-error scenario. The maximum number of messages
that can be transmitted with error upper bounded by ϵ, us-
ing the channels C⃗ assembled by operations in X, is given
by mX

ϵ ( C⃗ ) := max{m | ∃S ∈ X : ∥S( C⃗ ) − ∆m∥⋄/2 ≤
ϵ}, where ∥ · ∥⋄ denotes the diamond norm [44]. We then
introduce the one-shot capacity CX

ϵ ( C⃗ ) := log2 m
X
ϵ ( C⃗ ),

and show that, in general, the maximum one-shot capacity
achieved by signaling-non-generating operations with defi-
nite causal order is strictly smaller than the one-shot capacity
achievable by signaling-non-generating operations with indef-
inite causal order. For N = 2 amplitude damping channels,
an illustration of this fact is provided in Fig. 1.

No advantage for Pauli channels. We now show that the
advantage of indefinite causal order shown in the previous sec-
tion is far from generic: no advantage is present for a large
class of channels, known as Pauli channels [45].

A Pauli channel acting on q qubits is a channel of the form
P(ρ) =

∑
i1...iq

pi1...iq (σi1 ⊗ · · · ⊗ σiq ) ρ (σi1 ⊗ · · · ⊗ σiq ),
where σ0 is the identity matrix, σ1, σ2, σ3 are the three Pauli
matrices, and (pi1...iq ) is a probability distribution, provid-
ing the probability that the q qubits undergo the product gate
σi1⊗· · ·⊗σiq . Here we consider the situation where the initial
communication devices are N , possibly different, Pauli chan-
nels P⃗ := (P1, . . . ,PN ), possibly acting on different numbers
of qubits. In this case, we prove that the ability to control the
order of the channels does not enhance the classical capacity,
even in the presence of an error tolerance. In fact, we prove an
even stronger result: placing the N channels in parallel with
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the assistance of no-signaling resources is already sufficient
to achieve the largest possible value of the capacity; in for-
mula, CFreePar

ϵ ( P⃗ ) = CFree
ϵ ( P⃗ ) for every ϵ ≥ 0, where

P⃗ = (P1, . . . ,PN ) are the N initial channels (See Supple-
mentary Note E for the proof). In other words, neither defi-
nite nor indefinite causal order can enhance the capacity be-
yond the maximum value achievable by placing the channels
in parallel with the assistance of no-signaling resources.

No advantage for channel simulation. We now pro-
vide another no-go result highlighting a limitation of the
power of indefinite causal order. Explicitly, we show that
no advantage arises in the task of simulating a noisy channel
through classical communication assisted by no-signaling re-
sources [39, 46]. This task is the inverse of the classical com-
munication task: while in communication one uses a noisy
channel to simulate a noiseless channel for the transmission
of bits, in simulation one uses the noiseless transmission of
bits to simulate a noisy channel.

In our resource-theoretic framework, the task of channel
simulation can be phrased as the problem of converting a set
of ideal classical channels into a target channel C by means
of signaling-non-generating operations. Let us denote the list
of ideal classical channels as ∆⃗m = (∆m1 ,∆m2 , . . . ), where
mi is the number of messages transmitted by the i-th channel,
and m :=

∑
j mj is the total number of messages transmit-

ted. With this notation, the classical simulation cost for one
realization of channel C assisted by signaling-non-generating
operations in the set X is SX

ϵ (C) := min{log2 m | ∃S ∈ X :

∥S(∆⃗m)− C∥⋄/2 ≤ ϵ}, which measures the minimum num-
ber of classical bits consumed by the simulation. This type
of one-shot cost is operationally widely used in quantum re-
source theories [47, 48], and has played an important role in
the study of entanglement [49, 50], coherence [51, 52], and
communication [36, 39].

Since enlarging the set of allowed operations can in prin-
ciple reduce the simulation cost, one has the inequalities
SFreePar
ϵ (C) ≥ SFreeFix

ϵ (C) ≥ SFreeDef
ϵ (C) ≥ SFree

ϵ (C)
for every error tolerance ϵ ≥ 0. Surprisingly, however, we
found out that this chain of inequalities collapses to a sin-
gle equality: SFreePar

ϵ (C) = SFree
ϵ (C) for every ϵ ≥ 0 (see

Supplementary Note F for the derivation). In other words,
indefinite causal order does not offer any advantage over par-
allel operations in reducing the simulation cost: for the task
of simulating a noisy channel with no-signaling resources, all
the classical communication can be sent in a single round.

No classical communication advantage in the asymp-
totic scenario. We now consider the scenario in which Alice
and Bob communicate classical messages through an asymp-
totically large number of uses of the same quantum chan-
nel C. In our resource-theoretic framework, the problem
can be formalized as follows: Alice and Bob communicate
through a link established by combining N communication
devices implementing the same quantum channel, namely
C⃗N = (C1, . . . , CN ) with Cj = C for every j ∈ {1, . . . , N}.
Then, the classical capacity of the channel C assisted by op-
erations in the set X is defined as the maximum number of
bits communicated reliably per channel use, when the chan-

nels are assembled by signaling-non-generating operations in
X. In formula, CX := limϵ→0 limN→∞ CX

ϵ (C⃗N )/N .
We now show that the order of the channels, either

definite or indefinite, does not affect the capacity in the
asymptotic limit. The proof is based on the quantum re-
verse Shannon theorem [53, 54], which states the equal-
ity CEnt(C) = SEnt(C), where CEnt(C) and SEnt(C)
denote the entanglement-assisted classical capacity and the
entanglement-assisted classical simulation cost of the channel
C, respectively.

To prove that indefinite causal order does not offer any
classical capacity advantage in the asymptotic scenario,
we consider the asymptotic classical simulation cost as-
sisted by supermaps in the set X, defined as SX(C) :=

limϵ→0 limN→∞ SX
ϵ (C⃗N ). Since shared entanglement is a

special case of a no-signaling resource, we have the inequal-
ities CEnt(C) ≤ CFreeDef (C) ≤ CFree(C) and SFree(C) ≤
SFreeDef (C) ≤ SEnt(C). Moreover, the classical capacity of
a channel cannot be larger than its simulation cost, whence
we have the inequality CFree(C) ≤ SFree(C). Combin-
ing the above inequality with the quantum reverse Shannon
theorem, we then obtain the chain of equalities CEnt(C) =
CFree(C) = SFree(C) = SEnt(C). This chain of equal-
ities has two implications. The first implication is that
channel transformations under signaling-non-generating su-
permaps are reversible even if indefinite causal order is al-
lowed. The second implication is that neither definite nor in-
definite causal order provide any advantage in the asymptotic
regime: the assistance of entanglement is already sufficient to
achieve the maximum possible classical capacity.

Note that the above argument also holds for the commu-
nication of quantum information. By teleportation [55] and
superdense coding [56], both the entanglement-assisted quan-
tum capacity QEnt and the entanglement-assisted quantum
simulation cost SEnt

Q are half of their classical counter part:
QEnt = 1

2C
Ent = 1

2S
Ent = SEnt

Q . Applying the same logic,
this implies that neither definite nor indefinite causal order can
enhance quantum communication in the asymptotic regime.

III. DISCUSSION

In this work, we introduced a rigorous framework for inves-
tigating the communication advantages of indefinite causal or-
der. Our framework consists of resource theory of signaling,
where the free resources are the replacement channels, and the
set of free operations consists of the signaling-non-generating
supermaps. In this framework, one can examine the perfor-
mance of different causal structures within the set of free su-
permaps, and, when a gap arises, one can rigorously attribute
it to the different causal structures.

Despite active research in quantum resource theories for
various types of dynamical resources [40, 57–66] and general
resource-independent approaches [67–73], supermaps with
general causal structures has remain relatively unexplored in
the resource-theoretic setting, with a few exception like [74].
In this respect, our framework provide a first study of the role
of different causal structures within the set of free operations.
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Although the focus of the present work was on communica-
tion, the approach developed here can also be applied to other
quantum resources. For example, quantum SWITCH has been
shown to enhance cooling a cold reservoir [75] and preserving
nonstabilizerness [76]. However, whether such enhancements
can be attributed to indefinite causal order requires further in-
vestigation. An interesting direction of future research is to
employ our paradigm to explore the advantages of indefinite
causal order in the context of other resource theories, such as
thermodynamics and magic.

IV. METHODS

Characterization of supermaps. It is known that quan-
tum supermaps are in one-to-one correspondence with quan-
tum channels. Specifically, a supermap mapping N chan-
nels with input/output pairs (Xi, Yi)

N
i=1 into a quantum chan-

nel with input A and output B corresponds to a multipar-
tite quantum channel with input Y A and output XB, where
X := X1 · · ·XN and Y := Y1 · · ·YN . According to the
Choi-Jamiołkowski isomorphism [77, 78], every channel can
be represented by a unique linear operator, known as its Choi
operator, which can also serve as a representation of the su-
permap corresponding to this channel.

The requirement of different classes of causal orders can
be expressed as linear constraints imposed on Choi operators.
In particular, the characterization of causally fixed supermaps
(i.e., quantum combs) in terms of their Choi operators was
introduced in Ref. [34], and the characterization of causally
definite supermaps was studied in Ref. [43]. Such characteri-
zations facilitate the formulation of various quantities studied
in our work as optimization programs over linear operators.
See Supplementary Note B for details of these characteriza-
tions.

The characterization of supermaps with general, possibly
indefinite, causal structures in terms of their Choi operators
was first studied in Ref. [2] in the language of “process matri-
ces.” A set of linear constraints describing the Choi operators
of general supermaps was later given in Ref. [79]. In Supple-
mentary Note B, we show that the aforementioned characteri-
zation is equivalent to a simpler one that has a clear physical
interpretation. In particular, we prove that a linear operator
JXYAB is the Choi operator of some general supermap if and
only if

JXYAB ≥ 0 and LNS
XY (JXYA) =

IXYA

dX
, (3)

where JXYA := TrB [JXYAB ], and LNS is the orthogonal
projection onto the subspace of Hermitian operators spanned
by the Choi operators of no-signaling multipartite quantum
channels.

Note that supermaps in FreePar, FreeFix, FreeDef ,
and Free should not only satisfy the causal order con-
straints for their respective classes, but also be signaling-non-
generating. This latter requirement enables us to fairly com-
pare how well supermaps in different classes make use of the

given communication channel. In Supplementary Note A, we
prove that a supermap is signaling-non-generating if and only
if it satisfies the No Forward Signaling Condition, namely, its
corresponding channel is no-signaling from A to B. This No
Forward Signaling Condition can be conveniently expressed
as a constraint on the supermap’s (also the corresponding
channel’s) Choi operator JXYAB :

TrX [JXYAB ] = TrXA [JXYAB ]⊗
IA
dA

, (4)

where dA denotes the dimension of system A. This constraint
says that the output at system B (tracing out the other output
system X) does not depend on the input at system A.

One-shot classical capacities as semidefinite programs.
Given a list of quantum channels C⃗, classical communication
of m messages is to find an admissible code, represented by
a supermap S, such that S transforms the channels C⃗ into
a channel as close as possible to ∆m, the m-dimensional
noiseless classical channel. Specifically, the desired supermap
S should achieve the minimum error ωX(C⃗,∆m) defined as
ωX(C⃗,M) := min{∥S( C⃗ ) −M∥⋄/2 |S ∈ X}, where ∥·∥⋄
denotes the diamond norm [44], measuring the closeness of
two quantum channels, X is the set of allowed supermaps,
and M refers to a target quantum channel. Based on this
minimum error, we define the one-shot classical capacity of
a given list of quantum channels C⃗ assisted by supermaps in
X as

CX
ϵ ( C⃗ ) := max{log2 m |ωX(C⃗,∆m) ≤ ϵ}, (5)

where m is maximized over all positive integers, and ϵ ≥ 0
is a given error tolerance. This one-shot classical capacity
quantifies the maximum number of classical bits that can be
reliably transmitted through a single use of C⃗ when assisted
by supermaps in X.

It is not straightforward to see if CX
ϵ can be formu-

lated as a semidefinite program. One major obstacle is
the involvement of the diamond norm. Instead of dia-
mond distance, average probability of error has been com-
monly used in classical communication. Given a quan-
tum channel M, the average probability of error of trans-
mitting m equiprobable classical messages through M is
p(M,m) := 1 − 1

m

∑m
j=1 Tr [M (|j⟩⟨j|) |j⟩⟨j|]. Then, we

define the minimum average probability of error of a list of
noisy channel C⃗ assisted by supermaps in X as pX(C⃗,m) :=

min{p(S( C⃗ ),m) |S ∈ X}. Similar to Eq. (5), one can de-
fine the one-shot classical capacity using pX(C⃗,m), which
can be formulated as a semidefinite program for X =
FreePar [80, 81].

In general, given a noisy channel M, its diamond distance
1
2 ∥M−∆m∥⋄ differs from its average probability of error
1− 1

m

∑m−1
j=0 Tr [M (|j⟩⟨j|) |j⟩⟨j|]. However, in Supplemen-

tary Note C, we show that these two quantities are actually
equivalent after minimized over a set of supermaps if the set
is convex and closed under simultaneous permutations on A
and B. These generic conditions are satisfied by the sets of
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free supermaps considered in this work, including the no-
signaling-assisted codes in the standard communication sce-
nario. This equivalence, together with the characterizations of
supermaps in terms of their Choi operators and the symmetry
of the noiseless classical channel ∆m, allows us to formulate
CX

ϵ as semidefinite programs for X considered in this work.
This also enables us to use a unified measure of error, the
diamond distance, to address both communication and noisy
channel simulation.

In particular, the one-shot classical capacity assisted by su-
permaps in Free can be formulated as the following semidef-
inite program:

CFree
ϵ ( C⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆ J C⃗
XY ≥ m(1− ϵ),

EY = IY , 0 ≤ EXY ≤ FXY ,

LNS
XY (FXY ) =

m

dX
IXY ,

(6)

where m is maximized over real numbers, and Hermitian
matrices EXY and FXY are optimization variables. The
⋆ operation, known as link product, acting on two linear
operators PAB and QBC is defined as PAB ⋆ QBC :=

TrB

[
(PAB ⊗ IC)

(
IA ⊗QTB

BC

)]
, where TB is the partial

transpose over system B. It gives the Choi operator of the
quantum process (channel or supermap) resulted from com-

posing two quantum processes with Choi operators PAB and
QBC [34, 41]. Similarly, the one-shot classical capacity as-
sisted by supermaps in FreeDef can also be formulated as
a semidefinite program. The derivation of both semidefi-
nite programs is presented in Supplementary Note C. These
semidefinite program formulations allow us to rigorously
prove the advantage of indefinite causal order (see Supple-
mentary Note D for the proof) as well as to numerically com-
pute the capacities for different C⃗, as we did in Fig. 1.
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Supplementary Material for
The quantum communication power of indefinite causal order

Supplementary Note A: Characterization of signaling-non-generating supermaps

Proposition 1 A general supermap transforming N channels with input/output pairs (Xi, Yi)
N
i=1 into a channel with input A

and output B is signaling-non-generating if and only if it satisfies the No Forward Signaling Condition: its corresponding
quantum channel, with input Y A and output XB, is no-signaling from A to B.

Proof Given a general supermap S, suppose it satisfies the No Forward Signaling Condition, i.e., its corresponding quantum
channel S being no-signaling from A to B. Assume, for the sake of contradiction, that there exists a list of replacement
channels C⃗ such that M := S(C⃗) is not a replacement channel. That is, there exists a pair of quantum states ρ, ρ′ such that
M(ρ) ̸= M(ρ′). Because C⃗ is a list of replacement channel, when inserting C⃗ into the supermap S, the state sent into the
system Y is always fixed, and we denote this fixed state by σY . Hence, M(ωA) = TrX [S (ωA ⊗ σY )] for every state ωA. Then,
M(ρ) ̸= M(ρ′) implies that

TrX [S (ρA ⊗ σY )] ̸= TrX [S (ρ′A ⊗ σY )] , (A1)

which contradicts with our assumption that S is no-signaling from A to B. Therefore, S must map any list of N replacement
channels to a replacement channel. That is, every supermap satisfying the No Forward Signaling Condition must be signaling-
non-generating.

For the other direction, let us assume that S does not satisfy the No Forward Signaling Condition. As a result, there exist
states ρA, ρ′A, and σY such that

TrX [S(ρA ⊗ σY )] ̸= TrX [S(ρ′A ⊗ σY )] . (A2)

Define M := S(C⃗), where C⃗ is a list of N replacement channels that replaces every state on system X with the state σY . Then,
Eq. (A2) implies that M(ρ) ̸= M(ρ′), and thus S is not signaling-non-generating. Therefore, every signaling-non-generating
supermap must satisfy the No Forward Signaling Condition. Together with what we proved in the previous paragraph, we
conclude that a supermap is signaling-non-generating if and only if it satisfies the No Forward Signaling Condition. ■

Supplementary Note B: Characterizations of supermaps with different causal structures

In Methods, we mentioned that each supermap mapping N channels with input/output pairs (Xi, Yi)
N
i=1 into a quantum

channel with input A and output B can be represented by a unique linear operator JXYAB , known as its Choi operator. In this
note, we specify the characterizations of supermaps with different causal structures in terms of linear constraints on their Choi
operators. These linear constraints, together with the the constraint

TrX [JXYAB ] = TrXA [JXYAB ]⊗
IA
dA

, (B1)

which imposes the No Forward Signaling Condition, offer convenient characterizations of the sets of free supermaps considered
in this work (FreePar, FreeFix, FreeDef , and Free).

1. Causally Fixed Supermaps

Causally fixed supermaps, also known as quantum combs, are transformations between quantum channels that can be imple-
mented by inserting input quantum channels into quantum circuits with open slots in a fixed order. These supermaps consists
of both parallel and sequential strategies, where sequential strategies are also known as adaptive strategies sometimes. Such
supermaps are introduced in Refs. [33, 34, 41] with the following characterization.

Proposition 2 (Characterization of causally fixed supermaps [34]) A linear operator JXYAB is the Choi operator of some
causally fixed supermap mapping N channels with input/output pairs (Xi, Yi)

N
i=1 into a channel with input A and output B if

and only if

JXYAB ≥ 0, [1−Yn]JX1Y1...XnYnA = 0 ∀ n = 1, . . . , N, JA = dY IA. (B2)
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Parallel strategies correspond to the simplest type of quantum combs, the single-slot ones:

JXYAB ≥ 0, [1−Y ]JXYA = 0, JA = dY IA. (B3)

2. Causally Definite Supermaps

Causally fixed supermaps are not the most general type of supermaps allowed by definite causal order. By dynamically
control the order of input channels in a classical manner, one can realize supermaps that are causally non-fixed but still causally
definite [42, 43].

Proposition 3 (Characterization of causally definite supermaps [43]) A linear operator JXYAB is the Choi operator of some
causally definite supermap mapping N channels with input/output pairs (Xi, Yi)

N
i=1 into a channel with input A and output B

if and only if

JXYAB =
∑

(k1,...,kN )

J
(k1,...,kN )
XYAB ,

∑
(k1,...,kN )

J
(k1,...,kN )
A = dY IA,

J
(k1,...,kN )
XYAB ≥ 0 ∀ (k1, . . . , kN ),

[1−Ykn ]

 ∑
(kn+1,...,kN )

J
(k1,...,kn,kn+1,...,kN )
Xk1

Yk1
...XknYknA

 = 0 ∀ n = 1, . . . , N − 1 and ∀ (k1, . . . , kn),

[1−YkN ]J
(k1,...,kN )
XYA = 0 ∀ (k1, . . . , kN ),

(B4)

where (k1, . . . , kN ) enumerates all ordered sequences consisting of numbers 1 to N with each number appearing once in each
sequence.

3. General Supermaps

The most general causal structure allows indefinite causal order [2, 3]. The characterization of general, possibly causally
indefinite supermaps was briefly discussed in Methods. The formalism of process matrices was first proposed in Ref. [2] to de-
scribe all possible transformations, including causally indefinite ones, from multipartite local quantum operations to probability
distributions. Such transformations are named as processes. In this work, a general supermap mapping N channels to a new
channel can be regarded as a process involving N + 2 parties. The first N parties have input/output pairs (Xi, Yi)

N
i=1. The

(N + 1)-th party has an output system A and a trivial input system. The (N + 2)-th party has an input system B and a trivial
output system. According to Ref. [79], a linear operator JXYAB is the Choi operator of such a general supermap if and only if

JXYAB ≥ 0, Tr [JXYAB ] = dY A, L (JXYAB) = JXYAB , (B5)

where L is a projection onto a linear subspace, defined by L (JXYAB) := [1−(
∏N

j=1(1−Yj+XjYj))B+XYAB]JXYAB . In the
definition of L and the rest of the paper, we use the notation XJ := TrX [J ]⊗ IX/dX , 1J := J , and [

∑
j sjXj]J :=

∑
j sj ·Xj

J

for sj ∈ {−1, 1}. We now show that this above characterization is equivalent to a simpler one that has a clear physical
interpretation.

Proposition 4 (Characterization of general supermaps) A linear operator JXYAB is the Choi operator of some general su-
permap mapping N channels with input/output pairs (Xi, Yi)

N
i=1 into a channel with input A and output B if and only if

JXYAB ≥ 0 and LNS
XY (JXYA) =

IXYA

dX
. (B6)

Proof Consider that

L (JXYAB) = JXYAB − [
∏N

j=1(1−Yj+XjYj)]JXYA ⊗ IB
dB

+
Tr [JXYAB ] IXYAB

dXYAB
(B7)

= JXYAB −
(
[
∏N

j=1(1−Yj+XjYj)]JXYA − IXYA

dX

)
⊗ IB

dB
, (B8)
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where the second equality follows from Tr [JXYAB ] = dY A as given in Eq. (B5). Then, to require L (JXYAB) = JXYAB is
equivalent to requiring

LNS
XY (JXYA) := [

∏N
j=1(1−Yj+XjYj)]JXYA =

IXYA

dX
. (B9)

Note that the projector LNS
XY is trace-preserving. Therefore, the above constraint implies

Tr [JXYAB ] = Tr
[
LNS
XY (JXYA)

]
= dY A, (B10)

which completes the proof. ■
This characterization also applies to general processes involving N local parties as long as we set both A and B to trivial

one-dimensional systems. Note that we use the superscript NS in LNS to emphasize the fact that LNS is actually the orthog-
onal projection onto the subspace of Hermitian operators spanned by the Choi operators of no-signaling multipartite quantum
channels, as we show below.

Proposition 5 (Projection onto no-signaling subspace) LNS is the orthogonal projection of Hermitian operators onto the sub-
space spanned by the Choi operators of no-signaling channels.

Proof We call an N -partite channel no-signaling if the input state at any one local input system does not affect the output state
at the rest N − 1 local output systems. In terms of its Choi operator JXY , it is equivalent to require

TrYj [JXY ] = TrXjYj [JXY ]⊗
IXj

dXj

∀ j = 1, . . . , N. (B11)

These no-signaling constraints can be equivalently written as

[Yj−XjYj ]JXY = 0 ∀ j = 1, . . . , N. (B12)

Note that the no-signaling constraints implies Y JXY = Tr [JXY ] IXY /dXY , which says that JXY is proportional to the Choi
operator of some trace-preserving map. Due to the linearity of this set of constraints, the subspace spanned by Choi operators
of no-signaling channels consists of all Hermitian operators satisfying the same set of constraints. For each j, the constraint
[Yj−XjYj ]JXY = 0 is satisfied if and only if

LNS
XjYj

(JXY ) := [1−Yj+XjYj ]JXY = JXY . (B13)

Indeed, by checking that LNS
XjYj

◦ LNS
XjYj

= LNS
XjYj

and it is self-adjoint, one can verify that LNS
XjYj

is the orthogonal projection
onto the subspace of Hermitian operators satisfying [Yj−XjYj ]JXjYj = 0. The intersection of subspaces associated with all
LNS
XjYj

is exactly the no-signaling subspace. Since all the projections LNS
XjYj

commute as they all act on different systems, the
orthogonal projection onto the no-signaling subspace is given by

LNS
X1Y1

◦ · · · ◦ LNS
XNYN

= LNS
XY , (B14)

which completes the proof. ■

Supplementary Note C: One-shot classical communication capacity

1. Equivalence between minimum error and minimum average probability of error

Proposition 6 Let X be a convex set of general supermaps mapping N channels with input/output pairs (Xi, Yi)
N
i=1 into a

channel with input A and output B, where both A and B are m-dimensional systems. Given a list C⃗ of N channels, it holds that

ωX(C,∆m) = pX (C,m) (C1)

if X is closed under simultaneous permutations on A and B, i.e., for every supermap S ∈ X and for every permutation τ in the
symmetric group Sm of degree m, the supermap Wτ ◦ S ∈ X, where Wτ acts as Wτ (·) := Wτ

B→B ◦ (·) ◦ Wτ†

A→A with Wτ

being the permutation channel associated with τ .
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Proof For m = 1, it is clear that ωX(C,∆1) = pX (C, 1) = 0 because there is only one possible state for a one-dimensional
quantum system, which makes the communication task trivial. Hence, Eq. (C1) does hold for m = 1.

Now, we consider cases where m ≥ 2. For a list of N quantum channels C⃗ = (C1, . . . , CN ), we can express the minimum
average error probability pX (C,m) in terms of its Choi operator J C⃗

XY :=
⊗N

i=1 J
Ci

XiYi
(JCi

XiYi
is the Choi operator of Ci) as

pX
(
C⃗,m

)
= min 1− 1

m

m∑
j=1

Tr
[
JM
AB (|j⟩⟨j|A ⊗ |j⟩⟨j|B)

]
s.t. JM

AB = JS
XYAB ⋆ J C⃗

XY , J
S
XYAB ∈ X̃

(C2)

= min 1− 1

m
Tr
[(

JS
XYAB ⋆ J C⃗

XY

)
J∆m

AB

]
s.t. JS

XYAB ∈ X̃,

(C3)

where J∆m

AB :=
∑m

j=1 |j⟩⟨j|A⊗|j⟩⟨j|B is the Choi operator of an m-dimensional classical noiseless channel ∆m, and X̃ denotes
the set of all Choi operators corresponding to supermaps in the given set X.

The optimization program in Eq. (C3) can be further simplified by exploiting the symmetry of J∆m

AB . Specifically, if JS
XYAB

is optimal with the corresponding supermap S ∈ X, then the corresponding Choi operator JSτ

XYAB of Sτ := Wτ ◦S is feasible
for any permutation τ in the symmetric group Sm of degree m because Sτ ∈ X. Given that

JWτ

ABA′B′ =

 m∑
j,k=1

|j⟩⟨k|A′ ⊗ |τ †(j)⟩⟨τ †(k)|A

⊗

 m∑
j′,k′=1

|j′⟩⟨k′|B ⊗ |τ(j′)⟩⟨τ(k′)|B′

 (C4)

=

 m∑
j,k=1

|τ(j)⟩⟨τ(k)|A′ ⊗ |j⟩⟨k|A

⊗

 m∑
j′,k′=1

|j′⟩⟨k′|B ⊗ |τ(j′)⟩⟨τ(k′)|B′

 (C5)

=

m∑
j,k,j′,k′=1

|j⟩⟨k|A ⊗ |j′⟩⟨k′|B ⊗ |τ(j)⟩⟨τ(k)|A′ ⊗ |τ(j′)⟩⟨τ(k′)|B′ , (C6)

where we mark the output system as A′B′ for clarity, the Choi operator JSτ

XYAB can be written as

JSτ

XYAB = JS
XYAB ⋆ JWτ

ABA′B′ (C7)

= TrAB

(JS
XYAB ⊗ IA′B′

)IXY ⊗
m∑

j,k,j′,k′=1

|k⟩⟨j|A ⊗ |k′⟩⟨j′|B ⊗ |τ(j)⟩⟨τ(k)|A′ ⊗ |τ(j′)⟩⟨τ(k′)|B′

 (C8)

=

m∑
j,k,j′,k′=1

TrAB

[(
JS
XYAB ⊗ IA′B′

)
(IXY ⊗ |k⟩⟨j|A ⊗ |k′⟩⟨j′|B ⊗ |τ(j)⟩⟨τ(k)|A′ ⊗ |τ(j′)⟩⟨τ(k′)|B′)

]
(C9)

=

m∑
j,k,j′,k′=1

TrAB

[
JS
XYAB (IXY ⊗ |k⟩⟨j|A ⊗ |k′⟩⟨j′|B)

]
⊗ |τ(j)⟩⟨τ(k)|A′ ⊗ |τ(j′)⟩⟨τ(k′)|B′ (C10)

=

m∑
j,k,j′,k′=1

(IXY ⊗ ⟨j|A ⊗ ⟨j′|B) J
S
XYAB (IXY ⊗ |k⟩A ⊗ |k′⟩B)⊗ |τ(j)⟩⟨τ(k)|A′ ⊗ |τ(j′)⟩⟨τ(k′)|B′ (C11)

=

m∑
j,k,j′,k′=1

(IA ⊗ |τ(j)⟩A′ ⟨j|A ⊗ |τ(j′)⟩B′ ⟨j′|B) J
S
XYAB (IA ⊗ |k⟩A ⟨τ(k)|A′ ⊗ |k′⟩B ⟨τ(k′)|B′) (C12)

=

IXY ⊗
m−1∑
j=0

|τ(j)⟩A′ ⟨j|A ⊗
m−1∑
j′=0

|τ(j′)⟩B′ ⟨j′|B

 JS
XYAB(

IXY ⊗
m−1∑
k=0

|k⟩A ⟨τ(k)|A′ ⊗
m−1∑
k′=0

|k′⟩B ⟨τ(k′)|B′

)
(C13)

= (IXY ⊗ τA ⊗ τB) J
S
XYAB (IXY ⊗ τA ⊗ τB)

†
. (C14)
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More importantly, JSτ

XYAB achieves the same average probability of error as JS
XYAB since

Tr
[(

JSτ

XYAB ⋆ J C⃗
XY

)
J∆m

AB

]
= Tr

[(
(IXY ⊗ τA ⊗ τB) J

S
XYAB (IXY ⊗ τA ⊗ τB)

†
⋆ J C⃗

XY

)
J∆m

AB

]
(C15)

= Tr
[(

JS
XYAB ⋆ J C⃗

XY

)
(τA ⊗ τB)

†
J∆m

AB (τA ⊗ τB)
]

(C16)

= Tr
[(

JS
XYAB ⋆ J C⃗

XY

)
J∆m

AB

]
, (C17)

where the last equality holds due to (τA ⊗ τB)
†
J∆m

AB (τA ⊗ τB) = J∆m

AB . Thus, the optimality of JS
XYAB implies the optimality

of JSτ

XYAB . Moreover, any convex combination of optimal Choi operators is still optimal due to the convexity of X and the
linearity of the average error probability, implying that

JS′

XYAB :=
1

m!

∑
τ∈Sm

JSτ

XYAB (C18)

is also optimal. Then, by Schur’s Lemma, we can restrict the optimization range of the operator JS
XYAB to operators of the form

EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
, where EXY and FXY are arbitrary Hermitian operators. For that(

EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

))
⋆ J C⃗

XY =
(
EXY ⋆ J C⃗

XY

)
J∆m

AB +
(
FXY ⋆ J C⃗

XY

)(
IAB − J∆m

AB

)
, (C19)

the optimization program can be written as

pX
(
C⃗,m

)
= min 1− EXY ⋆ J C⃗

XY

s.t. EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
∈ X̃.

(C20)

For the minimum error ωX(C⃗,∆m), we can use the semidefinite program (SDP) [82] for the diamond distance between
quantum channels to write it as the following optimization program:

ωX(C⃗,∆m) = min ϵ

s.t. YAB ≥ JS
XYAB ⋆ J C⃗

XY − J∆m

AB , YAB ≥ 0, YA ≤ ϵIA, J
S
XYAB ∈ X̃.

(C21)

Similarly, we can restrict the optimization range of the operator JS
XYAB to operators of the form EXY ⊗ J∆m

AB + FXY ⊗(
IAB − J∆m

AB

)
so that

ωX(C⃗,∆m) = min ϵ

s.t. YAB ≥
(
EXY ⋆ J C⃗

XY − 1
)
J∆m

AB +
(
FXY ⋆ J C⃗

XY

)(
IAB − J∆m

AB

)
, YAB ≥ 0, YA ≤ ϵIA,

EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
∈ X̃

(C22)

= min
1

2
∥M−∆m∥⋄

s.t. EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
∈ X̃,

(C23)

where M denotes the quantum channel whose Choi operator is

JM
AB :=

(
EXY ⋆ J C⃗

XY

)
J∆m

AB +
(
FXY ⋆ J C⃗

XY

)(
IAB − J∆m

AB

)
. (C24)

One constraint that holds for the Choi operator JS
XYAB of every general supermap S is LNS

XY

(
JS
XYA

)
= IXY A

dX
(see Proposi-

tion 4). In terms of operators EXY and FXY , this constraint can be expressed as

LNS
XY (EXY + (m− 1)FXY ) =

IXY

dX
, (C25)



14

which implies that

FXY ⋆ J C⃗
XY = FXY ⋆ LNS

XY

(
J C⃗
XY

)
(C26)

= LNS
XY (FXY ) ⋆ J

C⃗
XY (C27)

=
1

m− 1

(
IXY

dX
− LNS

XY (EXY )

)
⋆ J C⃗

XY (C28)

=
1

m− 1

(
1− EXY ⋆ J C⃗

XY

)
, (C29)

where the first equality holds because C⃗ is no-signaling and the second equality is due to that LNS
XY is self-dual. It then follows

that

JM
AB − J∆m

AB =
(
EXY ⋆ J C⃗

XY − 1
)
J∆m

AB +
1

m− 1

(
1− EXY ⋆ J C⃗

XY

)(
IAB − J∆m

AB

)
(C30)

=
1− EXY ⋆ J C⃗

XY

m− 1

(
IAB −mJ∆m

AB

)
. (C31)

According to the definition of the diamond norm, we have

∥M−∆m∥⋄ = max
ρRA

∥M (ρRA)−∆m (ρRA)∥1 , (C32)

where R is an m-dimensional quantum system. Denote 1− EXY ⋆ J C⃗
XY by α. For any quantum state ρRA, consider that

M (ρRA)−∆m (ρRA) =
α

m− 1

(
IAB ⋆ ρRA −mJ∆m

AB ⋆ ρRA

)
(C33)

=
α

m− 1

ρR ⊗ IB −mTrA

 m∑
j=1

IR ⊗ |j⟩⟨j|A ⊗ |j⟩⟨j|B

 (ρRA ⊗ IB)

 (C34)

=
α

m− 1

 m∑
j=1

ρR ⊗ |j⟩⟨j|B −m

m∑
j=1

TrA [(IR ⊗ |j⟩⟨j|A) ρRA]⊗ |j⟩⟨j|B

 (C35)

=
α

m− 1

m∑
j=1

(ρR −mTrA [(IR ⊗ |j⟩⟨j|A) ρRA])⊗ |j⟩⟨j|B (C36)

=
α

m− 1

m∑
j=1

(
ρR −mρ̃jR

)
⊗ |j⟩⟨j|B , (C37)

where we define ρ̃jR := TrA [(IR ⊗ |j⟩⟨j|A) ρRA], which is positive semidefinite for every j. Since ρR =

TrA [(IR ⊗ IA) ρRA] =
∑m

j=1 TrA [(IR ⊗ |j⟩⟨j|A) ρRA] =
∑m

j=1 ρ̃
j
R, we have

M (ρRA)−∆m (ρRA) =
α

m− 1

m∑
j=1

(
ρR − ρ̃jR − (m− 1)ρ̃jR

)
⊗ |j⟩⟨j|B , (C38)

where ρR − ρ̃jR =
∑m

k=1, k ̸=j ρ̃
k
R is positive semidefinite. Then,

∥M (ρRA)−∆m (ρRA)∥1 =

∥∥∥∥∥∥ α

m− 1

m∑
j=1

(
ρR − ρ̃jR − (m− 1)ρ̃jR

)
⊗ |j⟩⟨j|B

∥∥∥∥∥∥
1

(C39)

=
α

m− 1

m∑
j=1

∥∥∥ρR − ρ̃jR − (m− 1)ρ̃jR

∥∥∥
1

(C40)
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≤ α

m− 1

m∑
j=1

(∥∥∥ρR − ρ̃jR

∥∥∥
1
+ (m− 1)

∥∥∥ρ̃jR∥∥∥
1

)
(C41)

=
α

m− 1

m∑
j=1

(
1 + (m− 2)Tr

[
ρ̃jR

])
(C42)

=
α

m− 1
(m+ (m− 2)Tr [ρR]) (C43)

= 2α. (C44)

Since this holds for any state ρRA, we obtain an upper bound on the diamond distance:

1

2
∥M−∆m∥⋄ =

1

2
max
ρRA

∥M (ρRA)−∆m (ρRA)∥1 ≤ α. (C45)

On the other hand, 1
2 ∥M−∆m∥⋄ is lower bounded by α because, for ρRA = |0⟩⟨0|R ⊗ |0⟩⟨0|A, ρR = ρ̃0R = |0⟩⟨0|R and

ρ̃jR = 0 for all j ̸= 0. As a result, Eq. (C40) implies that

∥M (ρRA)−∆m (ρRA)∥1 =
α

m− 1

(∥∥−(m− 1)ρ̃0R
∥∥
1
+ (m− 1) ∥ρR∥1

)
(C46)

= 2α. (C47)

Since α is both an upper bound and a lower bound on 1
2 ∥M−∆m∥⋄, we obtain

1

2
∥M−∆m∥⋄ = α = 1− EXY ⋆ J C⃗

XY . (C48)

Therefore, we can write the optimization program of the minimum error as

ωX(C⃗,∆m) = min 1− EXY ⋆ J C⃗
XY

s.t. EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
∈ X̃

(C49)

= pX
(
C⃗,m

)
, (C50)

as we set out to prove. ■

2. SDP for one-shot classical capacities assisted by free general supermaps

Proposition 7 Given a list of N quantum channels C⃗, its one-shot classical capacity assisted by free general supermaps with
error tolerance ϵ ≥ 0 can be formulated as

CFree
ϵ ( C⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆ J C⃗
XY ≥ m(1− ϵ), EY = IY ,

0 ≤ EXY ≤ FXY , LNS
XY (FXY ) =

m

dX
IXY ,

(C51)

where m is maximized over real numbers, and EXY and FXY are optimization variables.

Proof Recall that

CX
ϵ ( C⃗ ) := log2 max m

s.t. ωX(C⃗,∆m) ≤ ϵ,
(C52)
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where m is maximized over all positive integers. According to Eq. (C49), we can write CX
ϵ ( C⃗ ) as

CX
ϵ ( C⃗ ) = log2 max m

s.t. 1− EXY ⋆ J C⃗
XY ≤ ϵ,

EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
∈ X̃.

(C53)

Choi operators of signaling-non-generating supermaps should satisfy constraint (B1), which can be compactly written as

[1−A]JY AB = 0 (C54)

for the Choi operator JXYAB of a supermap. Applying this constraint to EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
results in

[1−A]

(
EY ⊗ J∆m

AB + FY ⊗
(
IAB − J∆m

AB

))
= EY ⊗ [1−A]J

∆m

AB + FY ⊗ [1−A]

(
IAB − J∆m

AB

)
(C55)

= (EY − FY )⊗
(
J∆m

AB − 1

m
IAB

)
(C56)

= 0, (C57)

which is true if and only if EY = FY .
The case where X = Free corresponds to the constraints given in Proposition 4, in addition to the forward no-signaling

constraint (C54). The first constraint in Proposition 4 is requiring both EXY ≥ 0 and FXY ≥ 0. The second constraint gives us

LNS
XY (EXY + (m− 1)FXY ) =

IXY

dX
, (C58)

which, as we show for Eq. (F15), implies

TrX
[
LNS
XY (EXY + (m− 1)FXY )

]
= EY + (m− 1)FY = IY . (C59)

Under the above equality, the forward no-signaling constraint EY = FY is equivalent to mEY = IY . Thus, we obtain

CFree
ϵ ( C⃗ ) = log2 max m

s.t. 1− EXY ⋆ J C⃗
XY ≤ ϵ, mEY = IY ,

EXY ≥ 0, FXY ≥ 0, LNS
XY (EXY + (m− 1)FXY ) =

IXY

dX
.

(C60)

Relabeling mEXY as EXY and mEXY +m(m− 1)FXY as FXY leads to

CFree
ϵ ( C⃗ ) = log2 max m

s.t. EXY ⋆ J C⃗
XY ≥ m(1− ϵ), EY = IY ,

0 ≤ EXY ≤ FXY , LNS
XY (FXY ) =

m

dX
IXY .

(C61)

While m is maximized over integers, it can actually be maximized over real numbers and then take the largest integer smaller
than it. To see this, suppose E∗

XY , F ∗
XY , m∗ are optimal when m is maximized over real numbers, and m∗ is not an integer.

Then, denoting p := ⌊m∗⌋−1
m∗−1 , one can verify that pE∗

XY + 1−p
dX

IXY , pF ∗
XY + 1−p

dX
IXY , and ⌊m∗⌋ are feasible. This allows us

to formulate CFree
ϵ ( C⃗ ) as an SDP. ■

3. SDP for one-shot classical capacities assisted by free causally definite supermaps

The one-shot classical capacity assisted by free causally definite supermaps can be formulated as an SDP following a similar
procedure. Here, we consider the bipartite case for demonstration.

Proposition 8 Given a list of two quantum channels C⃗, its one-shot classical capacity assisted by free causally definite su-
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permaps with error tolerance ϵ ≥ 0 can be formulated as

CFreeDef
ϵ ( C⃗ ) = log2 max ⌊m⌋

s.t. (EXY +GXY ) ⋆ J
C⃗
XY ≥ m(1− ϵ), EY +GY = IY ,

0 ≤ EXY ≤ FXY , 0 ≤ GXY ≤ HXY , Tr [FXY +HXY ] = mdY ,

[1−Y2]FXY = 0, [1−Y1]FX1Y1
= 0, [1−Y1]HXY = 0, [1−Y2]HX2Y2

= 0,

(C62)

where m is maximized over real numbers, and EXY , FXY , GXY , and HXY are optimization variables.

Proof In the bipartite case, the constraints given in Proposition 3 on the Choi operator JXYAB of a causally definite supermap
reduce to

JXYAB = J
(1,2)
XYAB + J

(2,1)
XYAB , J

(1,2)
A + J

(2,1)
A = dY IA,

J
(1,2)
XYAB ≥ 0, J

(2,1)
XYAB ≥ 0,

[1−Y1]J
(1,2)
X1Y1A

= 0, [1−Y2]J
(2,1)
X2Y2A

= 0,

[1−Y2]J
(1,2)
XYA = 0, [1−Y1]J

(2,1)
XYA = 0.

(C63)

Since simultaneous permutation at A and B on JXYAB does not change the optimal value when solving the optimization
program of the minimum error, we can restrict J (1,2)

XYAB and J
(2,1)
XYAB to operators of the form

J
(1,2)
XYAB = EXY ⊗ J∆m

AB + FXY ⊗
(
IAB − J∆m

AB

)
and J

(2,1)
XYAB = GXY ⊗ J∆m

AB +HXY ⊗
(
IAB − J∆m

AB

)
, (C64)

where EXY , FXY , GXY , and HXY are arbitrary Hermitian operators. Then, we can rewrite constraints (C63) in terms of EXY ,
FXY , GXY , and HXY .

The constraint J (1,2)
A + J

(2,1)
A = dY IA is equivalent to

Tr [EXY + (m− 1)FXY +GXY + (m− 1)HXY ] = dY . (C65)

The constraints J (1,2)
XYAB ≥ 0 and J

(2,1)
XYAB ≥ 0 correspond to

EXY ≥ 0, FXY ≥ 0, GXY ≥ 0, and HXY ≥ 0. (C66)

Since J
(1,2)
XYA = (EXY + (m− 1)FXY )⊗ IA, the constraints [1−Y2]J

(1,2)
XYA = 0 and [1−Y1]J

(1,2)
X1Y1A

= 0 correspond to

[1−Y2] (EXY + (m− 1)FXY ) = 0 and [1−Y1] (EX1Y1
+ (m− 1)FX1Y1

) = 0. (C67)

Similarly, [1−Y1]J
(2,1)
XYA = 0 and [1−Y2]J

(2,1)
X2Y2A

= 0 correspond to

[1−Y1] (GXY + (m− 1)HXY ) = 0 and [1−Y2] (GX2Y2
+ (m− 1)HX2Y2

) = 0. (C68)

Finally, comparing JXYAB = (EXY +GXY )⊗ J∆m

AB +FXY +HXY ⊗
(
IAB − J∆m

AB

)
with Eq. (C53), we note that EXY and

FXY in Eq. (C53) correspond to EXY +GXY and FXY +HXY , respectively, in this case. Hence, we arrive at

CFreeDef
ϵ ( C⃗ ) = log2 max m

s.t. (EXY +GXY ) ⋆ J
C⃗
XY ≥ 1− ϵ, EY +GY = FY +HY ,

Tr [EXY + (m− 1)FXY +GXY + (m− 1)HXY ] = dY ,

EXY ≥ 0, FXY ≥ 0, GXY ≥ 0, HXY ≥ 0,

[1−Y2] (EXY + (m− 1)FXY ) = 0, [1−Y1] (EX1Y1
+ (m− 1)FX1Y1

) = 0,

[1−Y1] (GXY + (m− 1)HXY ) = 0, [1−Y2] (GX2Y2 + (m− 1)HX2Y2) = 0.

(C69)

Since JXYAB also satisfy the causality constraint LNS
XY (JXYA) =

IXY A

dX
for a general supermap, we can equivalently write the

forward no-signaling constraint EY +GY = FY +HY as

m (EY +GY ) = IY , (C70)
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as we did in the case with general supermaps. Relabeling mEXY as EXY , mGXY as GXY , mEXY +m(m− 1)FXY as FXY ,
and mGXY +m(m− 1)HXY as HXY , we obtain

CFreeDef
ϵ ( C⃗ ) = log2 max m

s.t. (EXY +GXY ) ⋆ J
C⃗
XY ≥ m(1− ϵ), EY +GY = IY ,

0 ≤ EXY ≤ FXY , 0 ≤ GXY ≤ HXY , Tr [FXY +HXY ] = mdY ,

[1−Y2]FXY = 0, [1−Y1]FX1Y1 = 0, [1−Y1]HXY = 0, [1−Y2]HX2Y2 = 0.

(C71)

By the same argument as in the case with general supermaps, we can relax m to be maximized over real numbers and then take
the largest integer smaller than it, which completes the proof. ■

4. SDP for one-shot classical capacities assisted by free parallel supermaps

The one-shot classical capacity assisted by free parallel supermaps is the same as that assisted by no-signaling correlations in
the standard communication scenario, which can be formulated as the following SDP [80, 81]:

CFreePar
ϵ ( C⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆ J C⃗
XY ≥ m(1− ϵ), EY = IY ,

0 ≤ EXY ≤ FX ⊗ IY , Tr [FX ] = m,

(C72)

where m is maximized over real numbers, and EXY and FX are optimization variables.

Supplementary Note D: Advantage of indefinite causal order in zero-error communication

Corollary 1 (SDPs for one-shot zero-error classical capacity assisted by free general supermaps) Given a list of N quan-
tum channels C⃗, its one-shot zero-error classical capacity assisted by free general supermaps can be formulated as

CFree
0 ( C⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆ J C⃗
XY = m, 0 ≤ EXY ≤ FXY , LNS

XY (FXY ) =
m

dX
IXY , EY = IY

(D1)

≤ log2 min ⌊Tr [NY ]⌋

s.t. LNS
XY (MXY ) ≥ 0, LNS

XY (MXY ) + IX ⊗NY ≥
(
1 +

Tr [MXY ]

dX

)
J C⃗
XY

(D2)

with primal variables m,EXY , FXY and dual variables MXY , NY .

Proof Since zero-error is a special case where ϵ = 0, we can obtain an SDP of CFree
0 ( C⃗ ) from Proposition 7:

CFree
0 ( C⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆ J C⃗
XY ≥ m, 0 ≤ EXY ≤ FXY , LNS

XY (FXY ) =
m

dX
IXY , EY = IY .

(D3)

The inequality constraint EXY ⋆ J C⃗
XY ≥ m can be changed to the equality constraint EXY ⋆ J C⃗

XY = m. To see this, suppose
m′ := EXY ⋆ J C⃗

XY > m. Then, we can replace FXY by FXY + m′−m
dX

IXY so that m′, EXY , and FXY + m′−m
dX

IXY form a
feasible solution. Since this works for every m, we arrive at the claimed SDP in Eq. (D1).

To derive the dual SDP (D2), we first note that

−CFree
0 ( C⃗ ) = log2 min ⌈−m⌉

s.t. EXY ⋆ J C⃗
XY = m, 0 ≤ EXY ≤ FXY , LNS

XY (FXY ) =
m

dX
IXY , EY = IY .

(D4)
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The Lagrangian associated with the above SDP is

L
(
m,EXY , FXY , λ,K

(1)
XY ,K

(2)
XY ,K

(3)
XY ,K

(4)
Y

)
:= −m+ λ

(
EXY ⋆ J C⃗

XY −m
)
−
〈
K

(1)
XY , EXY

〉
+
〈
K

(2)
XY , EXY − FXY

〉
+

〈
K

(3)
XY ,L

NS
XY (FXY )−

m

dX
IXY

〉
+
〈
K

(4)
Y , EY − IY

〉 (D5)

= −m

(
1 + λ+

1

dX
Tr
[
K

(3)
XY

])
+

〈
λ
(
J C⃗
XY

)T
−K

(1)
XY +K

(2)
XY + IX ⊗K

(4)
Y , EXY

〉
+
〈
LNS
XY

(
K

(3)
XY

)
−K

(2)
XY , FXY

〉
− Tr

[
K

(4)
Y

]
,

(D6)

where λ,K
(1)
XY ,K

(2)
XY ,K

(3)
XY ,K

(4)
Y are dual variables. For the corresponding Lagrange dual function

g
(
λ,K

(1)
XY ,K

(2)
XY ,K

(3)
XY ,K

(4)
Y

)
:= inf

m,EXY ,FXY

L
(
m,EXY , FXY , λ,K

(1)
XY ,K

(2)
XY ,K

(3)
XY ,K

(4)
Y

)
(D7)

to be bounded, the dual variables must satisfy

K
(1)
XY ≥ 0, K

(2)
XY ≥ 0, 1 +

1

dX
Tr
[
K

(3)
XY

]
= −λ,

λ
(
J C⃗
XY

)T
+K

(2)
XY + IX ⊗K

(4)
Y = K

(1)
XY , LNS

XY

(
K

(3)
XY

)
= K

(2)
XY .

(D8)

Note that variables λ ,K(1)
XY and K

(2)
XY can be removed from the above constraints, resulting in the simplified constraints

LNS
XY

(
K

(3)
XY

)
+ IX ⊗K

(4)
Y ≥

1 +
Tr
[
K

(3)
XY

]
dX

(J C⃗
XY

)T
, LNS

XY

(
K

(3)
XY

)
≥ 0. (D9)

Defining MXY := K
(3)
XY and NY := K

(4)
Y , we arrive at the dual SDP of maximizing Lagrange dual function g with the above

constraints:

−CFree
0 ( C⃗ ) ≥ log2 max ⌈−Tr [NY ]⌉

s.t. LNS
XY (MXY ) ≥ 0, LNS

XY (MXY ) + IX ⊗NY ≥
(
1 +

Tr [MXY ]

dX

)(
J C⃗
XY

)T
,

(D10)

where the inequality is due to weak duality. Then, CFree
0 ( C⃗ ) ≤ log2 min ⌊Tr [NY ]⌋ with the same constraints, resulting in

the claimed SDP in Eq. (D2) with the additional observation that dropping the transpose acting on J C⃗
XY does not affect the

optimization result. ■

Following similar steps, we can derive the SDP for the capacity assisted by causally definite supermaps and its dual.

Corollary 2 (SDPs for one-shot zero-error classical capacity assisted by free causally definite supermaps) Given a list of
two quantum channels C⃗, its one-shot zero-error classical capacity assisted by free causally definite supermaps can be for-
mulated as

CFreeDef
0 ( C⃗ ) = log2 max ⌊m⌋

s.t. (EXY +GXY ) ⋆ J
C⃗
XY = m, 0 ≤ EXY ≤ FXY , 0 ≤ GXY ≤ HXY ,

[1−Y2]FXY = 0, [1−Y1]FX1Y1
= 0, [1−Y1]HXY = 0, [1−Y2]HX2Y2

= 0,

Tr [FXY +HXY ] = mdY , EY +GY = IY .

(D11)
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≤ log2 min ⌊Tr [KY ]⌋
s.t. MXY ≥ 0, [1−X2]MXY1

= 0, MX1
= dX2

λIX1
,

MXY + IX ⊗KY ≥ (λ+ 1)J C⃗
XY ,

NXY ≥ 0, [1−X1]NXY2
= 0, NX2

= dX1
λIX2

,

NXY + IX ⊗KY ≥ (λ+ 1)J C⃗
XY

(D12)

with primal variables m,EXY , FXY , GXY , HXY and dual variables λ,MXY , NXY ,KY .

Theorem 1 Let C⃗ := (A,A) be a pair of identical amplitude damping channels A with damping rates 0.1. The one-shot zero-
error classical capacity of C⃗ assisted by causally indefinite supermaps is strictly larger than the capacity assisted by causally
definite supermaps:

CFree
0 ( C⃗ ) = 1 > CFreeDef

0 ( C⃗ ) = 0. (D13)

Proof We first prove CFree
0 ( C⃗ ) = 1 by showing that CFree

0 ( C⃗ ) ≥ 1 using the primal SDP (D1) and CFree
0 ( C⃗ ) ≤ 1 using the

dual SDP (D2). To see that CFree
0 ( C⃗ ) ≥ 1, we note that

FXY = diag

(
13

20
,
3

5
,
11

20
, 0,

3

5
,
11

20
,
3

5
,
1

20
,
11

20
,
3

5
,
1

4
,
4

5
, 0,

1

20
,
4

5
,
27

20

)
,

EXY =



1
4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4

9
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1

4 0 0 0 0 0 0 0 0 0 0 0 1√
10

0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 233

4860 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 8

15 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 233

4860 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1

4 0 0 1√
10

0 0 0 0

0 0 0 0 0 0 0 0 0 8
15 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1
4 0 0 0 0 0

0 0 0 0 0 0 0 0 1√
10

0 0 7
15 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 233

4860 0 0
0 0 1√

10
0 0 0 0 0 0 0 0 0 0 0 7

15 0
4
9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1387

1620



(D14)

form a feasible solution to SDP (D1) with m = 2, implying that CFree
0 ( C⃗ ) ≥ log2 2 = 1. To see that CFree

0 ( C⃗ ) ≤ 1, we note
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that

NY =
5

2
|00⟩⟨00|A1B1

,

MXY =



160 0 0 3808
25 0 0 0 0 0 0 0 0 3808

25 0 0 289
2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 737

50 0 0 0 0 0 0 0 0 0 0 0 737
50 0

3808
25 0 0 7263

50 0 0 0 0 0 0 0 0 145 0 0 6879
50

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 737

50 0 0 737
50 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 737

50 0 0 737
50 0 0 0 0

3808
25 0 0 145 0 0 0 0 0 0 0 0 7263

50 0 0 6879
50

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 737

50 0 0 0 0 0 0 0 0 0 0 0 737
50 0

289
2 0 0 6879

50 0 0 0 0 0 0 0 0 6879
50 0 0 3263

25



(D15)

form a feasible solution to SDP (D2) with Tr [NY ] = 5
2 , implying that CFree

0 ( C⃗ ) ≤ log2
⌊
5
2

⌋
= log2 2 = 1. Hence, we

conclude that CFree
0 ( C⃗ ) = 1.
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Now, we prove CFreeDef
0 ( C⃗ ) = 0 using the dual SDP (D12). We note that

λ = 200, KY =
39

20
|00⟩⟨00|Y ,

MXY =



200 0 0 1903
10 0 0 0 0 0 0 0 0 952

5 0 0 361
2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 189

10 0 0 0 0 0 0 0 0 0 0 0 931
50 0

1903
10 0 0 1811

10 0 0 0 0 0 0 0 0 4528
25 0 0 8589

50
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 373

20 0 0 3719
200 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 3

50 0 0 0 0 0
0 0 0 0 0 0 0 0 3719

200 0 0 1859
100 0 0 0 0

952
5 0 0 4528

25 0 0 0 0 0 0 0 0 3627
20 0 0 4294

25
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 931

50 0 0 0 0 0 0 0 0 0 0 0 459
25 0

361
2 0 0 8589

50 0 0 0 0 0 0 0 0 4294
25 0 0 16299

100



,

NXY =



200 0 0 952
5 0 0 0 0 0 0 0 0 1903

10 0 0 361
2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 93

5 0 0 0 0 0 0 0 0 0 0 0 37189
2000 0

952
5 0 0 3627

20 0 0 0 0 0 0 0 0 4528
25 0 0 4294

25
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1

20 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 189

10 0 0 931
50 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 3

50 0 0 0 0 0
0 0 0 0 0 0 0 0 931

50 0 0 459
25 0 0 0 0

1903
10 0 0 4528

25 0 0 0 0 0 0 0 0 1811
10 0 0 8589

50
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 37189

2000 0 0 0 0 0 0 0 0 0 0 0 1859
100 0

361
2 0 0 4294

25 0 0 0 0 0 0 0 0 8589
50 0 0 16299

100



(D16)

form a feasible solution to SDP (D12) with Tr [KY ] =
39
20 , implying that CFreeDef

0 ( C⃗ ) ≤ log2
⌊
39
20

⌋
= log2 1 = 0. Since, by

definition, CFreeDef
0 ( C⃗ ) ≥ 0, we conclude that CFreeDef

0 ( C⃗ ) = 0. ■

Supplementary Note E: No advantage for Pauli channels

Theorem 2 Given a list of N , possibly different, Pauli channels P⃗ , it holds that

CFree
ϵ ( P⃗ ) = CFreePar

ϵ ( P⃗ ) (E1)

for every error tolerance ϵ ≥ 0.

Proof For a q-qubit Pauli channel P(·) =
∑

i1...iq
pi1...iq (σi1 ⊗ · · · ⊗ σiq )(·)(σi1 ⊗ · · · ⊗ σiq ), its Choi operator is

JP
XY =

∑
i1...iq

pi1...iq
(
IX ⊗ (σi1 ⊗ · · · ⊗ σiq )Y

)
|Γ⟩⟨Γ|XY

(
IX ⊗ (σi1 ⊗ · · · ⊗ σiq )Y

)
=
∑
i1...iq

pi1...iqΓ
i1...iq
XY , (E2)

where Γi1...iq
XY :=

(
IX ⊗ (σi1 ⊗ · · · ⊗ σiq )Y

)
|Γ⟩⟨Γ|XY

(
IX ⊗ (σi1 ⊗ · · · ⊗ σiq )Y

)
and |Γ⟩XY :=

∑2q

j=1 |j⟩X ⊗|j⟩Y . The Choi
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operator of N Pauli channels P⃗ = (P1, . . . ,PN ) with the j-th Pauli channel Pj acting on qj number of qubits is

J P⃗
XY =

N⊗
j=1

 ∑
i1...iqj

pi1...iqjΓ
i1...iqj
XjYj

 =
∑

i1...iqtot

pi1...iqtotΓ
i1...iqtot
XY , (E3)

where qtot =
∑N

j=1 qj is the total number of qubits P⃗ acts on, and each pi1...iqtot is a probability determined by all pi1...iqj .

Then, according to Proposition 7, the one-shot ϵ-error classical capacity of P⃗ assisted by general supermaps can be formulated
as

CFree
ϵ ( P⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆
∑

i1...iqtot

pi1...iqtotΓ
i1...iqtot
XY ≥ m(1− ϵ), EY = IY ,

0 ≤ EXY ≤ FXY , LNS
XY (FXY ) =

mIXY

2qtot
.

(E4)

Assume that m∗, E∗
XY , and F ∗

XY form an optimal solution to the above maximization program. For every i1 . . . iqtot ,

define αi1...iqtot
:= 1

4qtot Tr
[
E∗

XY Γ
i1...iqtot
XY

]
and βi1...iqtot

:= 1
4qtot Tr

[
F ∗
XY Γ

i1...iqtot
XY

]
. Then, m∗, ẼXY :=∑

i1...iqtot
αi1...iqtot

Γ
i1...iqtot
XY , and F̃XY :=

∑
i1...iqtot

βi1...iqtot
Γ
i1...iqtot
XY also form an optimal solution, as we shall show now.

For the error tolerance constraint, observe that

ẼXY ⋆
∑

i1...iqtot

pi1...iqtotΓ
i1...iqtot
XY =

∑
i1...iqtot

pi1...iqtot ẼXY ⋆ Γ
i1...iqtot
XY (E5)

=
∑

i1...iqtot

∑
j1...jqtot

αj1...jqtot
pi1...iqtotΓ

j1...jqtot
XY ⋆ Γ

i1...iqtot
XY (E6)

=
∑

i1...iqtot

αi1...iqtot
pi1...iqtot · 4

qtot (E7)

=
∑

i1...iqtot

pi1...iqtot Tr
[
E∗

XY Γ
i1...iqtot
XY

]
(E8)

= E∗
XY ⋆

∑
i1...iqtot

pi1...iqtotΓ
i1...iqtot
XY (E9)

≥ m∗(1− ϵ), (E10)

where in the third equality, we use the identity Tr
[
Γ
j1...jqtot
XY Γ

i1...iqtot
XY

]
= 4qtotδi1...iqtot ,j1...jqtot . Since E∗

XY ≥ 0, we know

Tr
[
E∗

XY Γ
i1...iqtot
XY

]
and thus αi1...iqtot

are nonnegative for every i1 . . . iqtot , implying that ẼXY ≥ 0. Similarly, because E∗
XY ≤

F ∗
XY , we have Tr

[
E∗

XY Γ
i1...iqtot
XY

]
≤ Tr

[
F ∗
XY Γ

i1...iqtot
XY

]
, and thus αi1...iqtot

≤ βi1...iqtot
for every i1 . . . iqtot , implying that

ẼXY ≤ F̃XY . For the causality constraint, first note that, for every i1 . . . iqtot ,

Tr
[
F ∗
XY Γ

i1...iqtot
XY

]
= Tr

[
F ∗
XY LNS

XY

(
Γ
i1...iqtot
XY

)]
(E11)

= Tr
[
LNS
XY (F ∗

XY ) Γ
i1...iqtot
XY

]
(E12)

=
m∗

2qtot
Tr
[
IXY Γ

i1...iqtot
XY

]
(E13)

= m∗, (E14)

where the first equality is due to that Γi1...iqtot
XY is the Choi operator of a no-signaling N -partite channel, and the second equality

holds because the projection LNS
XY is self-dual. Then, βi1...iqtot

= m∗

4qtot for every i1 . . . iqtot , resulting in

F̃XY =
m∗

4qtot

∑
i1...iqtot

Γ
i1...iqtot
XY =

m∗IXY

2qtot
, (E15)
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where the second equality is due to the identity
∑

i1...iqtot
Γ
i1...iqtot
XY = 2qtotIXY . By Eq. (E15), it is straightforward to see that

the causality constraint LNS
XY

(
F̃XY

)
= m∗IXY

2qtot holds. Finally, consider that

ẼY =
∑

i1...iqtot

αi1...iqtot
TrX

[
Γ
i1...iqtot
XY

]
(E16)

=
1

4qtot

∑
i1...iqtot

Tr
[
E∗

XY Γ
i1...iqtot
XY

]
IY (E17)

=
1

4qtot
Tr [E∗

XY (2qtotIXY )] IY (E18)

=
Tr [E∗

XY ]

2qtot
IY (E19)

= IY , (E20)

where the last equality is due to Tr [E∗
XY ] = Tr [E∗

Y ] = Tr [IY ] = 2qtot .
So far, we have shown that m∗, ẼXY , and F̃XY satisfy all the constraints in SDP (E4). Since m∗ is optimal, they form an

optimal solution. Now, by Eq. (C72),

CFreePar
ϵ ( P⃗ ) = log2 max ⌊m⌋

s.t. EXY ⋆
∑

i1...iqtot

pi1...iqtotΓ
i1...iqtot
XY ≥ m(1− ϵ), EY = IY ,

0 ≤ EXY ≤ FX ⊗ IY , Tr [FX ] = m.

(E21)

Clearly, m∗, ẼXY , and 1
2qtot F̃X form a feasible solution as F̃XY = m∗

2qtot IX ⊗ IY = 1
2qtot F̃X ⊗ IY . Thus, we

know CFreePar
ϵ ( P⃗ ) ≥ log2⌊m∗⌋. Since CFreePar

ϵ ( P⃗ ) ≤ CFree
ϵ ( P⃗ ) and CFree

ϵ ( P⃗ ) = log2⌊m∗⌋, we conclude that
CFreePar

ϵ ( P⃗ ) = CFree
ϵ ( P⃗ ). ■

Supplementary Note F: No advantage for channel simulation

Theorem 3 For any quantum channel C and error tolerance ϵ ≥ 0, the one-shot classical simulation cost assisted by free general
supermaps is equal to that assisted by free parallel supermaps, i.e.,

SFree
ϵ (C) = SFreePar

ϵ (C). (F1)

Proof By definition, it is straightforward to see that SFree
ϵ (C) ≤ SFreePar

ϵ (C) since FreePar ⊆ Free. Now, we show that
SFreePar
ϵ (C) is also a lower bound to SFree

ϵ (C).
The first step is to express SFree

ϵ (C) as an optimization program in terms of the Choi operator of channel C with input A and
output B. The diamond distance between two quantum channels C1 and C2 can be written as an SDP [82]:

1

2
∥C1 − C2∥⋄ = min µ

s.t. YAB ≥ 0, YAB ≥ JC1

AB − JC2

AB , TrB [YAB ] ≤ µIA,
(F2)

where JC1

AB and JC2

AB are the Choi operators of the corresponding channels. It then follows that the simulation cost SFree
ϵ (C) can

be formulated as

SFree
ϵ (C) = log2 min m

s.t. YAB ≥ 0, YAB ≥ JM
AB − JC

AB , YA ≤ ϵIA, J
M
AB = JS

XYAB ⋆ J∆⃗m

XY ,

JS
XYAB ≥ 0, LNS

XY

(
JS
XYA

)
=

IXYA

dX
, [1−A]J

S
Y AB = 0,

(F3)

where m is minimized over positive integers. The constraints in the last line is requiring S to be a supermap in Free. We obtain
a lower bound to SFree

ϵ (C) by relaxing the constraint LNS
XY

(
JS
XYA

)
= IXY A

dX
into constraints JM

A = IA and JS
Y A = IY A. To
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show that this is indeed a relaxation, we now prove that these two relaxed constraints are implications of LNS
XY

(
JS
XYA

)
= IXY A

dX
.

For the first constraint, consider that

JM
A = TrB

[
JS
XYAB ⋆ J∆⃗m

XY

]
(F4)

= TrXYB

[
JS
XYAB

(
LNS
XY

(
J∆⃗m

XY

)
⊗ IAB

)]
(F5)

= TrXY

[
LNS
XY

(
JS
XYA

) (
J∆⃗m

XY ⊗ IA

)]
(F6)

= TrXY

[
IXYA

dX

(
J∆⃗m

XY ⊗ IA

)]
(F7)

= IA, (F8)

which is what we set out to show. For the other constraint, note that, in one direction, we have

TrX
[
LNS
XY

(
JS
XYA

)]
= TrX

[
IXYA

dX

]
(F9)

= IY A. (F10)

In another direction, consider that

TrX
[
LNS
XY

(
JS
XYA

)]
=

 N⊗
j=1

TrXj ◦LNS
XjYj

(JS
XYA

)
, (F11)

where N is the number of ideal classical channels in the list ∆⃗m. Observe that for any linear operator PXjYjR with an arbitrary
system R,

TrXj ◦LNS
XjYj

(
PXjYjR

)
= TrXj

[
[1−Yj+XjYj ]

(
PXjYjR

)]
(F12)

= TrXj

[
PXjYjR − PXjR ⊗

IYj

dYj

+
IXjYj

dXjYj

⊗ PR

]
(F13)

= PYjR. (F14)

As a result, Eq. (F11) gives

TrX
[
LNS
XY

(
JS
XYA

)]
= JS

Y A, (F15)

which, together with Eq. (F10), implies

JS
Y A = IY A. (F16)

Hence, we arrive at

SFree
ϵ (C) ≥ log2 min m

s.t. YAB ≥ 0, YAB ≥ JM
AB − JC

AB , YA ≤ ϵIA, J
M
AB = JS

XYAB ⋆ J∆⃗m

XY ,

JS
XYAB ≥ 0, JM

A = IA, J
S
Y A = IY A, [1−A]J

S
Y AB = 0.

(F17)

Similar to what we did in deriving the SDPs for the capacities, here we use the symmetry of J∆⃗m

XY to simplify the above
optimization program, arriving at

SFree
ϵ (C) ≥ log2 min ⌈Tr [FB ]⌉

s.t. YAB ≥ 0, YAB ≥ EAB − JC
AB , YA ≤ ϵIA,

0 ≤ EAB ≤ IA ⊗ FB , EA = IA.

(F18)

Observe that the right hand side is exactly the SDP for one-shot classical simulation cost assisted by parallel supermaps as given
in Ref. [39]. Hence, SFree

ϵ (C) ≥ SFreePar
ϵ (C). Therefore, we conclude that SFree

ϵ (C) = SFreePar
ϵ (C). ■
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