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We provide a framework for average-case quantum complexity by showing that glassiness obstructs
a natural family of quantum algorithms. Glassiness—a phenomenon in physics characterized by a
rough free energy landscape—is known to imply hardness for stable classical algorithms; for example,
constant-time Langevin dynamics or message-passing fail for random k-SAT and max-cut problems
in a glassy parameter regime. We present comparable results in the quantum setting.

• Quantum optimal transport implications of glassiness. We show that the standard notion
of quantum glassiness in physics implies that the Gibbs state is decomposed into clusters
extensively separated in quantum Wasserstein distance. We prove this implies lower bounds
on the quantum Wasserstein complexity of channels from non-glassy to glassy states.

• Structural argument for hardness. We define stable quantum algorithms in terms of Lipschitz
temperature dependence. We prove that constant-time local Lindbladian evolution and
shallow variational algorithms are stable and hence fail to capture all clusters of the Gibbs
state, yielding a geometrically interpretable algorithmic obstruction. Unlike mixing time
lower bounds, our results hold even when starting from the maximally mixed state.

Our results apply to non-commuting, non-stoquastic quantum Hamiltonians that satisfy a formal
definition of glassiness. To show glassiness, we rely on the replica trick, a widely used but
non-rigorous method in statistical physics. We find that the ensemble of all 3-local Pauli strings
with independent Gaussian coefficients is average-case hard. As a complementary result, we
also provide strong analytical evidence that the general p-local Pauli ensemble is not glassy for
sufficiently large constant p; this is distinct from classical (Ising p-spin, glassy phase for any p) and
fermionic (SYK, never glassy) analogues.

This is a preliminary draft of the paper posted to arXiv due to the mandatory QIP 2026
conference deadline. We intend to provide further numerical analyses in a v2 posting.

I. INTRODUCTION

We study the algorithmic implications of glassiness in the quantum setting. A phenomenon characterized by
slow dynamics and a disordered energy landscape, glassiness is observed in many natural (classical and quantum)
Hamiltonians [1, 2]: examples include random k-SAT [3–6], classical and quantum Heisenberg models [7–10], and the
classical and quantum Sherrington-Kirkpatrick model [11–14].

Glassy classical Hamiltonians are believed to obstruct efficient classical algorithms in both sampling and optimiza-
tion tasks. Arguments for this average-case complexity in the non-oracle model are formalized via, e.g., the overlap
gap property [15–17], low-degree likelihood ratio [18–21], or transport disorder chaos [22–24]. Similar average-case
results are largely absent in the quantum setting because the classical proof techniques are difficult to generalize.
Among the many challenges in generalizing arguments to the quantum setting, quantum Hamiltonians do not have
explicitly known eigenbases, leading to a sign problem that prevents the application of common probabilistic tools.

Our main results overcome this issue and formalize a connection between quantum glassiness and quantum algo-
rithms, providing a natural approach to a theory of average-case quantum complexity. This allows us to address
several open questions [25–30], such as the following.
Q1: Is it hard to efficiently prepare the Gibbs state (at constant temperature) of random p-local Hamiltonians,

the quantum Heisenberg model (of which quantum max-cut is a special case), or other non-commuting non-
stoquastic Hamiltonians?
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Q2: Can lower bounds be shown for the runtime of Lindbladian Gibbs samplers to prepare the Gibbs state starting
from the maximally mixed state? (In comparison, mixing time lower bounds from Markov theory only guarantee
lower bounds for Lindbladians applied to a worst-case initial state.)

Q3: Do the physics and algorithmic hardness of the random p-local Pauli string Hamiltonian ensemble more closely
resemble its classical (Ising p-spin) or fermionic (SYK) analogues?

We answer Q1 in the affirmative with evidence comparable to analogous average-case hardness results in the classical
literature. Specifically, we define a family of “stable” quantum algorithms that generalizes classical notions of stability
and show that these stable algorithms fail to prepare the Gibbs state of Hamiltonian ensembles in Q1. We prove that
Q2 is encompassed by our definition of stability. We resolve Q3 by computing the one-step and full replica symmetry
breaking solutions of the p-local Hamiltonian ensemble using methods from statistical physics.

To describe our results in more detail, we introduce a definition of glassiness that coincides with the notion of a
quantum spin glass in the physics literature. We define it in terms of the following bilinear form between two n-qubit
states:

⟨ρ,ρ′⟩Pauli :=
n∑

r=1

∑
µ∈{X,Y,Z}

Tr[σµ
r ρ] Tr[σ

µ
r ρ

′], (1)

where σµ
r denotes Pauli matrix µ acting on qubit r. This induces a seminorm ∥ρ−ρ′∥2Pauli = ⟨ρ,ρ⟩Pauli+⟨ρ′,ρ′⟩Pauli−

2⟨ρ,ρ′⟩Pauli1. In the physics literature, glassiness is typically characterized by replica symmetry breaking (RSB) or
shattering [31–34], which are special cases of the following definition. Informally, both are characterized by a clustering
of the Gibbs state according to the Pauli seminorm.

Definition 1 (Glassiness). Let (Hn)n be a sequence of n-qubit Hamiltonian ensembles. The ensemble is glassy at
inverse temperature β if with probability 1− o(1), the Gibbs state ρ = e−βH/Tr

[
e−βH

]
for random instance H ∼ Hn

satisfies

1

2

∥∥∥∥∥∥ρ−
m(n)∑
i=1

ciρi

∥∥∥∥∥∥
1

= o(1), ci > 0 ∀ i ∈ [m(n)],

m(n)∑
i=1

ci = 1− o(1), (2)

where m(n) ≥ 2 for sufficiently large n, and ρi are n-qubit states satisfying the following properties.

1. Separate clusters. There exists some constant q > 0 such that for sufficiently large n,

∀ i, j ∈ [m(n)] s.t. i ̸= j,
1

n
∥ρi − ρj∥2Pauli ≥ q. (3)

2. Equal clusters. Each ρi appears with asymptotically similar weight, i.e.,

∀ i ∈ [m(n)], ci = exp[−Θ(logm(n))]. (4)

If (2) holds up to error ϵ, we refer to clusters C = {(ci,ρi)}m(n)
i=1 as witnessing the (ϵ, q,m(n))-decomposition of the

Gibbs state. If no such C satisfying these properties exists, we say ρ is non-glassy.

Remark 2. In Section II, we show that this definition describes replica symmetry breaking and shattering for both
classical Hamiltonians that are local in σZ operators and quantum Hamiltonians local in Pauli strings. We also
elaborate on the relation of the parameters q and m to quantities such as the TAP complexity [35].

Crucially, this notion of clustering is independent of the Hamiltonian eigenbasis. In comparison, the slow mixing
lower bounds of [27, 36] on Lindbladian Gibbs samplers [37] required a basis that approximately block diagonalized
the Hamiltonian; each block corresponded to a cluster under a distance metric defined by Lindbladian jump operators.
Similarly, the recent work of [30] chose a random basis and examined if the resulting classical probability distribution
was clustered. Because of this limitation of an unknown basis, prior work was unable to prove tight lower bounds
for natural models such as dense, random p-local Hamiltonians. Our Theorem 1 avoids imposing a basis; it instead
corresponds to the notion of clustering found in physics, and thus we expect it to produce tight lower bounds for
many natural models.

1 It is a seminorm because there may exist inputs X ̸= 0 for which ∥X∥2Pauli = 0.
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At a technical level, we show algorithmic implications of glassiness by relating it to quantum optimal transport.
We show that glassiness implies lower bounds on the quantum Wasserstein complexity (WC) [38] of any quantum
channel that takes a non-glassy state to a glassy state, where a channel E from n-qubit to n-qubit states has WC:

WC(E) := max
ρ

∥ρ− E(ρ)∥W1
, (5)

where the maximization is over n-qubit states ρ and ∥·∥W1
denotes the quantum Wasserstein distance [39].

Theorem 3 (Extensive Wasserstein complexity across the glass transition, informal). Let Hn be a Hamiltonian
ensemble that is glassy at inverse temperature β and non-glassy at β′. For H ∼ Hn, denote the corresponding Gibbs
states by ρβ and ρβ′ . Then with probability 1 − o(1), there exists constant ϵ∗ > 0 such that for all 0 < ϵ < ϵ∗, any
quantum channel Φ that satisfies

1

2
∥ρβ −Φ(ρβ′)∥1 ≤ ϵ (6)

must also satisfy

WC(Φ) ≥ αn (7)

for constant α independent of ϵ.

Note that this approach is distinct from classical proofs relating glassiness to optimal transport (e.g., transport
temperature/disorder chaos [22–24]). For non-commuting Hamiltonians, one cannot directly diagonalize ρβ ,ρ

′
β and

apply probabilistic methods since the eigenbasis is not a priori known, and changes with the disorder. This also
makes bounding the quantum Wasserstein distance between glassy and non-glassy states difficult, prompting our use
of WC instead. Similarly, we define stable quantum algorithms in terms of WC. Our definition is similar to the
disorder-Lipschitz criterion previously used to define stable algorithms [22, 23, 30].

Definition 4 (Stable quantum algorithm, informal). Let (An)n be a sequence of quantum algorithms and Hn ∼ Hn

be sampled from a sequence of Hamiltonian ensembles (Hn)n, where the algorithm An(Hn, β) maps an n-qubit
Hamiltonian and inverse temperature to an n-qubit quantum state. The sequence (An)n is temperature stable with
respect to the Hamiltonian ensemble if with probability 1−o(1), for any temperatures β, β′ > 0, there exists a constant
L > 0 such that

inf
Φ : ∥Φ(An(Hn,β))−An(Hn,β′)∥1=o(1)

WC(Φ) ≤ Ln|β − β′|, (8)

where the infimum is evaluated over all channels Φ that take n-qubit states to n-qubit states.

We emphasize that stable algorithms include classically intractable algorithms: we do not require that the algorithm
itself has low Wasserstein complexity. For instance, quantum algorithms such as Decoded Quantum Interferometry
(DQI) and phase estimation are known to satisfy similar definitions of stability [30, 40].

Classically, algorithms such as local Langevin dynamics are stable up to constant time [24, 41]. We show here that
the quantum Lindbladian analogue is also stable, as well as parameterized shallow circuits such as “hardware efficient”
variational algorithms [42].

Theorem 5 (Examples of stable quantum algorithms, informal). For any initial state ρ, evolution under the Lind-
bladian eLβt[ρ] for any time t = O(1) is stable, where

Lβ [ρ] = −i
[
Ĥ,ρ

]
+
∑
i

γi (β)

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})

(9)

such that Ĥ is Hermitian, γi > 0 are Lipschitz functions of β, and {Ai} are a set of O(n) temperature-independent
constant-local jump operators with ∥Ai∥ = O(1). Moreover, constant-depth algorithms of the form:

A (β) := ⃝ℓ (Uℓ ◦ exp (Lℓ,β)) [ρ0] , (10)

are stable, where Uℓ are constant-depth parameterized unitaries composed of 2-local gates on a sparse, constant-degree
hypergraph, and Lℓ,β have the form of (9). Note that in both of the above algorithms, Uℓ and Ai may depend on the
Hamiltonian disorder and are only required to be independent of the temperature.
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WC(Φ) ~ n
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FIG. 1. Cartoon of the glass decomposition ρβ =
∑

i ciρi of a Gibbs state that is non-glassy, shattered, and 1RSB. At a high
temperature β0, the Gibbs state is replica symmetric and non-glassy, and is dominated by one “cluster” as measured by ∥·∥Pauli

(1). At a cooler temperatures β1, the Gibbs state may shatter into a glassy phase defined by exponentially many clusters ρi,
which we show are separated by Ω(n) in quantum Wasserstein distance. Although the state remains replica symmetric in the
shattered phase (due to each cluster being exponentially small), we show that any quantum channel satisfying Φ(ρβ0) ≈ ρβ1

must have Wasserstein complexity Ω(n). At an even cooler temperature β2, the Gibbs state is decomposed into a constant
number of clusters due to (static) replica symmetry breaking. Since the transition from a non-glassy to a glassy phase occurs
abruptly at some constant β∗, any algorithm that is Lipschitz in β will fail at the glass transition.

At the glass transition temperature 1/β, the state undergoes a phase transition from non-glassy to glassy, which
we show results in an Ω(n) change in Wasserstein distance. The WC of a stable algorithm can be made arbitrarily
small across this phase transition by choosing sufficiently small constant |β′ − β|, violating the glassy WC bound.
This gives the following result.

Theorem 6 (Glassiness obstructs stable algorithms). Let A be a temperature stable algorithm and H be a Hamiltonian
ensemble that is non-glassy at temperatures β < β∗ and glassy at temperatures β > β∗ for some constant β∗ > 0.
Then there exist constants β, δ > 0 such that with high probability

1

2
∥A(H,β)− ρβ∥1 ≥ δ, (11)

where ρβ = e−βH/Tr
[
e−βH

]
.

The state produced by a stable algorithm is not only far in trace distance from ρβ but is also structurally distinct,
containing the wrong number of clusters as measured by ∥·∥Pauli (as in Theorem 1). We state this more carefully as
follows (proven in Theorems 21 and 22).
Remark 7 (Topological barrier). We prove a stronger (and topologically interpretable) sense of separation between
A(H,β) and ρβ than described by trace distance. Assume that the algorithm fails such that A(H,β) is not glassy
at some β > β∗. Then A(H,β) can be close to at most one of the clusters ρi in the decomposition ρβ =

∑
i ciρi,

i.e., ∥A(H,β)− ρi∥2Pauli = o(n). The algorithm’s output is locally distinguishable from all other clusters: for every
ρj ̸= ρi, there is a bounded one-local observable X =

∑n
r=1 Xr for which Tr[X(A(H,β)− ρj)] = Ω(1).

Previous lower bounds for Gibbs state preparation via Lindbladian dynamics addressed only worst-case initial
states [27, 36], whereas we prove hardness from any initial state (including the maximally mixed state). We also note
that [43] uses WC to show no-fast-forwarding results for specific Lindbladians (rather than the task of Gibbs state
preparation).

This topological description of the algorithmic obstruction in terms of quantum optimal transport gives a new route
to analyzing algorithms. Past work relating glassiness to hardness for quantum algorithms considered only classical
Hamiltonians2. This line of work examined optimization of these classical systems and mostly studied the quantum
adiabatic algorithm [44–46] or QAOA [47, 48]. In comparison, our results establish hardness for classical spin glasses
across a more generic family of quantum algorithms that represents the quantum generalization of stable classical
algorithms such as Langevin dynamics. More importantly, our results also encompass quantum non-commuting,
non-stoquastic Hamiltonians. To emphasize this fact, we study the following ensemble of random p-local Pauli
Hamiltonians.

2 Or reduced the hardness of quantum Hamiltonians to that of classical Hamiltonians [30].
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Definition 8 (Random p-local Hamiltonian ensemble). Let Pn,p be the set of all Pauli strings of weight p acting on
n qubits. The ensemble of random p-local Hamiltonians is defined as the distribution of

Hn,p =
∑

P∈Pn,p

JPP, JP ∼iid N
(
0,

J2(p− 1)!

np−1

)
. (12)

This ensemble has been previously studied using tools from high-dimensional probability and random matrix the-
ory [37, 49, 50]. However, these direct approaches to studying spectral properties have largely obtained loose results;
for example, [37] only studied the non-local case at p = n. We pursue here the approach began by [28] using the
replica trick to probe the glassiness of the p-local ensemble at arbitrary constant p. The replica trick [1] is a method
from statistical physics that is non-rigorous due to an analytic continuation that relies on the re-ordering of limits;
nonetheless, it is widely used for quantum models (e.g., see Kitaev’s analysis of the SYK model [51]) due to the
difficulty of formally controlling the path integral in quantum mechanics, and in practice is predictive of the physics
of such models.

Result 1 (Glassiness of random p-local Hamiltonian ensemble). For p = 3, there exists a constant temperature β∗
such that the random p-local Hamiltonian ensemble is non-glassy for all β < β∗ and glassy for all β > β∗. For
sufficiently large constant p, the random p-local Hamiltonian ensemble is non-glassy at all β > 0 sub-exponential in p.

Corollary 9 (Hardness of 3-local Hamiltonians). Let ρβ denote the Gibbs state of the random 3-local n-qubit Hamil-
tonian ensemble of Theorem 8. There exists a constant inverse temperature β > 0 and a constant δ > 0 independent
of n such that stable quantum algorithms w.h.p. output a state A(H,β) satisfying 1

2∥ρβ −A(H,β)∥1 ≥ δ.

To show our glassiness result at p = 3, we analytically examine the stability of the replica symmetric solution to
obtain bounds on the glass transition temperature. We confirm these bounds by solving the replica saddle point
equations numerically via a continuous-time Monte Carlo algorithm; note that these numerics take place in the
n → ∞ limit of system size due to the replica trick. Prior work [28] predicted that the p = 3 model has a glassy phase
by examining the ground states of random Hamiltonian instances on n ≤ 17 qubits. Our result thus upholds this
prediction in the thermodynamic limit at constant β. Moreover, we also derive the full RSB saddle point equations,
which can be numerically solved to completely characterize the physics of random 3-local Hamiltonians.

To show our non-glassy result at large p ≥ p∗, we analyze the replica saddle point equations via a sharpened
log-Sobolev inequality and prove that no solution exists outside the replica symmetric solution. This method only
addresses temperatures satisfying βJ = exp[o(p)]. Beyond this result mentioned in Result 1, we estimate the value
of the smallest non-glassy p using our log-Sobolev bound. This suggests that non-glassy physics begins at some
4 ≲ p∗ ≲ 8. The finite-n ground state numerics of [28] suggest that even at extensive β, p = 5 is non-glassy, closely
matching our result. In combination, we regard these two results as strong evidence that the ensemble has no glassy
phase even for fairly small p. This yields a surprising phase diagram compared to those of the fermionic and classical
analogues.

• Classical ensemble (Ising p-spin) [52–56]: glassy phase exists for any constant p.

• Fermionic ensemble (SYK) [51, 57, 58]: no glassy phase at any constant p.

• Sparsified variant of p-local Pauli ensemble [30]: glassy phase exists for any constant p.

• p-local Pauli ensemble (this work): glassy phase exists for small constant p; non-glassy at all sufficiently large
constant p.

Evaluating replica solutions for models on spin-1/2 operators is analytically difficult, although the saddle point
equations can be solved exactly via numerical integration (see, e.g., [10]). Besides finite-n numerics, [28] provided an
analytical replica symmetric (RS) solution in the p → ∞ limit that assumed vanishing off-diagonals in the replica
ansatz. Here, we derive the 1RSB (and full RSB) saddle point equations for any p. We analytically control the 1RSB
solution with large p by a sharpened log-Sobolev inequality [59], which allows us to rule out glassiness. To identify
the glass phase at p = 3, we find that it suffices to numerically evaluate the RS saddle point equations with generic
off-diagonal elements in the replica ansatz. We also provide an analytical estimate of the glass transition temperature
following an expansion similar to [60].

We summarize open questions that we believe can be answered given the framework established in this paper.

• Additional algorithms and Hamiltonians. Our main results show sufficient conditions for a Hamiltonian
ensemble to be hard for stable quantum algorithms. Although we provide new examples of stable algorithms
and glassy Hamiltonians, we expect many other previously studied algorithms to be stable and Hamiltonians
to be glassy. Examples may include systems on lattices [61–65], Gibbs samplers based on quantum phase
estimation [66], and quasi-local Lindbladian dynamics [37].
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• Mixing time lower bounds for non-stoquastic Hamiltonians. Our main results lower-bound the time
required for Lindbladian evolution with local jumps to converge to the Gibbs state from an arbitrary starting
state. Although there are known sufficient conditions for exponential-time mixing lower bounds (i.e., from a
worst-case starting state) to hold for Gibbs samplers on generic non-commuting, non-stoquastic Hamiltoni-
ans [27, 36], the only examples where the analysis is tractable are either stoquastic or code-like. We expect that
the definition of glassiness provided in this work implies slow mixing, similarly to the classical case (e.g., see
Corollary 2.9 of [24]).

• Lower bounds for optimization. We present average-case lower bounds for the task of Gibbs sampling.
Another natural task is optimization, where the goal is to construct a state below some energy. A quantum
version of the overlap gap property (OGP) [17] can be defined in terms of the Pauli overlap we use. We anticipate
that lower bounds on optimization can be shown for Hamiltonians satisfying such a quantum OGP, and that
spin-glass methods can be used to provide examples of systems with a quantum OGP.

• New upper bounds. Although our main results concern lower bounds, we identify two paths towards improv-
ing our understanding of quantum upper bounds. First, our work can be used to identify promising Hamiltonian
ensembles for quantum algorithms. We expect that non-glassy systems are quantumly easy; this belief is sup-
ported by the Schwinger-Keldysh computation in quantum disordered systems [67–73], which yields rapid mixing
when coupled to a bath. As an example, while the results of [25] showed that random n-local Pauli Hamiltonians
are quantumly easy, our results suggest that random constant-local Pauli Hamiltonians may also be quantumly
easy, giving a possible avenue for more natural settings for quantum advantage. Second, by giving insight into
why quantum algorithms fail, our work suggests key features for successful quantum algorithms. The geomet-
ric nature of our lower bounds provides additional perspective on analyzing quantum algorithms via optimal
transport.

We also remark on two additional open questions relevant to this work that remain difficult to address but would be
valuable to resolve. The first question asks for a rigorous proof of quantum glassiness. All of the examples of glasses
shown above are established via non-rigorous methods in statistical physics based on the replica trick; producing
rigorous proofs of classical glasses required decades of effort [74–78], and thus we expect the quantum setting to also
be difficult. The second question asks to extend average-case lower bounds for sampling beyond stable algorithms,
to capture, e.g., Lindbladian evolution for polynomial time starting from the maximally mixed state. Classically, it
also remains open if lower bounds can be shown for Langevin dynamics beyond constant time [24], and thus we also
expect this open question to be challenging.

II. GLASSES AND QUANTUM OPTIMAL TRANSPORT

In this section, we formally relate replica symmetry (RS), replica symmetry breaking (RSB), and shattering to
quantum optimal transport, showing the formal version of Theorem 3 in the introduction. We begin in Section II A
by precisely defining RS, RSB and shattering in terms of the Pauli bilinear form of (1). We will see that RSB and
shattering are special cases of the glassy decomposition of Theorem 1. We then show in Section II B that glassiness
implies a lower bound on the Wasserstein complexity of quantum channels between non-glassy and glassy states,
which will ultimately yield our desired algorithmic obstruction.

Below, we use σµ
r to denote Pauli matrix µ ∈ {X,Y, Z} acting on qubit r. We use Sn to denote the set of n-qubit

states.

A. Glassiness from Pauli overlaps

We first define a replica symmetric state, which may or may not be glassy as per Theorem 1.

Definition 10 (Replica symmetry). Let (Hn)n be a sequence of n-qubit Hamiltonian ensembles. The ensemble
is replica symmetric at inverse temperature β if with probability 1 − o(1) over draws H ∼ Hn , and for every
1 ≤ m(n) ≤ exp[Θ(n)] admitting the below decomposition, the Gibbs state ρ = e−βH/Tr

[
e−βH

]
satisfies

1

2

∥∥∥∥∥∥ρ−
m(n)∑
i=1

ciρi

∥∥∥∥∥∥
1

= o(1), ci > 0 ∀ i ∈ [m(n)],

m(n)∑
i=1

ci = 1− o(1), (13)

where ρi are n-qubit states satisfying the following properties:
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1. Separate clusters: There exists constant q > 0 such that for sufficiently large n,

∀ i, j ∈ [m(n)] s.t. i ̸= j,
1

n
∥ρi − ρj∥2Pauli ≥ q. (14)

2. Equal weight clusters: Each ρi appears with asymptotically similar weight,

∀ i ∈ [m(n)], ci = exp[−Θ(log(m(n))]. (15)

3. Concentration to single overlap: Let D be the probability distribution that draws ρi with probability ci/N for
N =

∑
i ci. Then there exists constant q∗ ∈ R such that

Prρi,ρj∼iidD

[∣∣∣∣ 1n∥ρi − ρj∥2Pauli − q∗
∣∣∣∣ ≤ δ

]
= 1− o(1) (16)

for all δ > 0.

In the classical setting, replica symmetry has an operational meaning: with high probability, the Hamming distance
between two spin configurations drawn independently from the Gibbs distribution concentrates to a single value. In
contrast, replica symmetry breaking requires the Hamming distance of pairs to have nonzero probability over at least
two distinct values when pairs are drawn i.i.d. from the Gibbs distribution. Hence, no Gibbs distribution can be
simultaneously RSB and RS. In the quantum setting, we replace Hamming distance with ∥·∥2Pauli. In the following
definition, we make it explicitly clear that RSB and shattering are special cases of glassiness (Theorem 1).

Definition 11 (Shattering and RSB). A Gibbs state satisfies replica symmetry breaking if it can be decomposed as
Theorem 1 with m(n) = Θ(1). (Recall that per Theorem 1, we require m(n) ≥ 2 for sufficiently large n.) A Gibbs
state is shattered if it can be decomposed as Theorem 1 with m(n) = exp[Θ(n)].

Remark 12 (Comparison to physics convention). The number of clusters m(n) in the decomposition ρ =
∑m(n)

i=1 ciρi

does not necessarily correspond precisely to the true “TAP states” referred to in the physics literature [1, 11, 33, 34, 70].
For example, to satisfy the definition of RSB above, it suffices to group different TAP states into a single ρi.

Note that shattering does not necessarily imply replica symmetry breaking. Indeed, a shattered state can be RS.
Since m = exp[Θ(n)], distinct clusters (i ̸= j) are drawn with probability 1−o(1) in the distribution D of Theorem 10;
if the Pauli overlap between distinct pairs of clusters concentrates to a single value, then the state will satisfy the RS
definition.

The definitions above encompass classical spin glasses that are local in only σZ operators and non-commuting
quantum spin glasses that are local in Pauli strings. Both of these classes of Hamiltonians feature a glass transition
from non-glassy RS to either shattered or RSB at a certain critical temperature.

Definition 13 (Glass transition). Let (Hn)n be a sequence of n-qubit Hamiltonian ensembles. The ensemble is
said to have a glass transition if there exist constant temperatures β− < β∗ < β+ such that the ensemble is replica
symmetric but not glassy for all β ∈ (β−, β∗) and glassy (Theorem 1) for all β ∈ (β∗, β+).

Historically, the glass transition was first identified using the replica trick, which evaluates in the n → ∞ limit the
quenched free energy −E [logZ] /β for partition function Z = Tr

[
e−βH

]
by computing E [Zs] for integer values of

s and performing an analytic continuation of s → 0 [79]. The replica trick was confirmed numerically to correctly
predict the physics of many models, such as the Ising p-spin model (and the special case of the Sherrington-Kirkpatrick
model, which sets p = 2). This computation is non-rigorous due to its treatment of limits and assumption of an ansatz
that corresponds precisely to the above decomposition into clusters.

Remark 14 (Glass transition of the Ising p-spin Hamiltonian ensemble [52–56]). The ensemble of Ising p-spin Hamil-
tonians is given by the distribution of

Hn =
∑

1≤i1<···<ip≤n

Ji1···ipσ
Z
i1 · · ·σ

Z
ip (17)

for i.i.d. coefficients Ji1···ip ∼ N (0, J2p!/2Np−1) and Γ > 0. For all constant p ≥ 2, this Hamiltonian ensemble has a
glass transition.
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Breakthrough results in mathematics computed the free energy (and the correctness of the ansatz) rigorously for the
Ising p-spin and other classical Hamiltonians several decades after the replica trick was first proposed in the physics
literature [74–78]. A rigorous proof has not verified the replica trick for quantum Hamiltonians3, but it is widely used
in the physics literature and has been extensively tested numerically [2, 10, 57, 58, 82]. These methods recover glass
transitions in stoquastic ensembles such as the classical Ising p-spin ensemble with a weak transverse field, as well as
in more quantum ensembles such as the quantum Heisenberg model, of which quantum max-cut is a special case.
Remark 15 (Glass transition of the quantum Heisenberg Hamiltonian ensemble [10]). The ensemble of random quan-
tum Heisenberg Hamiltonians is defined as the distribution of

Hn =
∑

1≤i<j≤n

Jij (XiXj + YiYj + ZiZj) (18)

for i.i.d coefficients Jij ∼ N (0, J2). This Hamiltonian ensemble has a glass transition.
There are many other variants of quantum spin glasses. For example, many quantum spin glasses are defined on

bounded-degree graphs; these include both classical spin glasses on regular graphs or lattices placed in a transverse
field [61–63] and non-stoquastic models such as quantum gauge glasses [64] and the quantum XYZ model [65] in
finite dimensions. Some non-stoquastic quantum Hamiltonian ensembles are replica symmetric and non-glassy at any
constant temperature. One such example is the SYK model [51, 57, 58], which replaces the Ising spins in Theorem 14
with Majorana fermions.

In Section IV, we will use the replica trick to show that another ensemble has a glass transition: the random Pauli
p-local Hamiltonian ensemble. We show it is glassy at p = 3 and that it is not glassy in the p → ∞ limit.

Note that our definitions of RS/RSB/shattering do not properly capture Hamiltonians that are local in different
operators, e.g., the spherical p-spin model or the SYK model. However, for many applications in quantum computing,
and for the models discussed in this work, our definitions suffice. We also remark that in Section IV, we will further
distinguish 1RSB, kRSB, and full RSB; we also relate the above definitions to the evaluation of the path integral in
the replica trick and to TAP states.

Before we proceed with further proofs, we remark that the decomposition into clusters (e.g., in Theorem 1) is robust
to small errors in trace distance. This will be useful later.

Lemma 16. Let ρ be a (ϵ, q,M)-decomposed state as given by Theorem 1. Then any state ρ̃ satisfying

1

2
∥ρ− ρ̃∥1 ≤ δ (19)

for some 0 ≤ δ ≤ 1− ϵ is (ϵ+ δ, q,M)-decomposed.

Proof. Let {(ca,ρa)}Ma=1 be a clustering witnessing the (ϵ, q,M)-decomposition of ρ. We have by the triangle inequality
that

1

2

∥∥∥∥∥ρ̃−
M∑
a=1

caρa

∥∥∥∥∥
1

≤ 1

2
∥ρ̃− ρ∥1 +

1

2

∥∥∥∥∥ρ−
M∑
a=1

caρa

∥∥∥∥∥
1

≤ δ + ϵ. (20)

Therefore, {(ca,ρa)}Ma=1 witnesses the (ϵ+ δ, q,M)-decomposition of ρ.

B. Quantum optimal transport implications of glassiness

Our main results for algorithmic obstructions rely on relating notions of glassiness to the quantum Wasserstein
distance [39], defined between two n-qubit quantum states ρ,σ as:

∥ρ− σ∥W1
=

1

2
min
{Xi}

{∑
i

∥Xi∥1 : ρ− σ =
∑
i

Xi, Xi ∈ On, Tri[Xi] = 0 ∀ i

}
, (21)

where On is the set of traceless Hermitian n-qubit operators. We will need the following properties of the quantum
W1 norm.

3 We make an exception here for the case of the transverse field Ising model which has been rigorously analyzed [80, 81].
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Fact 17 (Tensorization, Proposition 4 of [39]). For any (m+ n)-qubit states ρ,σ,

∥ρ− σ∥W1
≥ ∥ρ1...m − σ1...m∥W1

+ ∥ρm+1...m+n − σm+1...m+n∥W1
, (22)

where for S ⊆ [n], ρS := Tr[n]\S(ρ) denotes the marginal state on qubits in S.

Fact 18 (Discarding qubits, Proposition 5 of [39]). Let S ∈ [n] and let X be a traceless Hermitian operator on n
qubits such that TrS X = 0. Then

∥X∥W1
≤ |S|3

4
∥X∥1. (23)

This allows us to immediately relate the Pauli bilinear form to W1 via the following result.

Lemma 19 (Wasserstein distance lower bound from overlap). Given states ρa,ρb ∈ Sn on n qubits, where

(overlap)
1

n
⟨ρa,ρb⟩Pauli = q0

(induced norm)
1

n
⟨ρc,ρc⟩Pauli = qc for c ∈ {a, b},

(24)

then ∥ρa − ρb∥W1
≥ n

4 (qa + qb − 2q0).

Proof. Given a state ρ ∈ Sn, denote by ρi = Tr[n]\{i}[ρ] ∈ S1 the reduced density matrix on the i-th qubit. Then by
Theorem 17,

∥ρa − ρb∥W1 ≥
n∑

i=1

∥ρi
a − ρi

b∥W1

=
1

2

n∑
i=1

∥ρi
a − ρi

b∥1.
(25)

In the second line above we use the fact that the Wasserstein distance equals the trace distance for one qubit. For
one qubit states ρ,ρ′ ∈ S1, the 1-Schatten norm explicitly equals:

∥ρ− ρ′∥1 =

√(
Tr[ρσx]− Tr[ρ′ σx]

)2
+
(
Tr[ρσy]− Tr[ρ′ σy]

)2
+
(
Tr[ρσz]− Tr[ρ′ σz]

)2
. (26)

Thus,

∥ρa − ρb∥W1
≥

n∑
i=1

1

2
∥ρi

a − ρi
b∥1

≥
n∑

i=1

1

4
∥ρi

a − ρi
b∥21

=
1

4

n∑
i=1

∑
r∈{x,y,z}

(
Tr
[
ρi
aσr

]
− Tr

[
ρi
bσr

])2
=

1

4

n∑
i=1

∑
r∈{x,y,z}

(
Tr
[
ρaσ

i
r

]
− Tr

[
ρbσ

i
r

])2
=

n

4
(qa + qb − 2q0) .

(27)

Corollary 20 (Wasserstein distance from ∥ · ∥Pauli). Given states ρ,ρ′ on n qubits, it holds that

∥ρ− ρ′∥W1
≥ 1

4
∥ρ− ρ′∥2Pauli. (28)

Proof. The proof follows by noting that n(qa + qb − 2q0) in Theorem 19 is equal to ∥ρ− ρ′∥2Pauli.
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Theorem 20 only bounds the Wasserstein distance between clusters, not necessarily between the non-glassy and
glassy Gibbs states. We show here that glassiness has a more operational implication in quantum optimal transport.
Specifically, we prove a lower bound on the minimum Wasserstein complexity of a quantum channel that goes from a
non-glassy to a glassy state. We write WC to denote the Wasserstein complexity [38], defined as

WC(Φ) = sup
ρ

∥ρ−Φ (ρ)∥W1
, (29)

where ∥·∥W1
is the quantum Wasserstein distance of (21).

Not only does the Pauli bilinear form lower bound the Wasserstein distance, there is also a one local operator
which can be used to quantify separation ∥ρi − ρj∥Pauli between two states ρi and ρj . Differences in expectations
Tr[X(ρi − ρj)] grow linearly with the distance ∥ρi − ρj∥2Pauli as we show below.

Lemma 21. Given states ρi,ρj at distance ∥ρi − ρj∥2Pauli, there exists a one-local observable X =
∑

i Xi made of
observables X1, . . . , Xn acting on qubits 1, . . . , n respectively normalized as ∥Xi∥ ≤ 1 such that Tr[Xρi]− Tr[Xρj ] ≥
1
2∥ρi − ρj∥2Pauli.

Proof. Let ρr
i = Tr[n]\{r}[ρi] denote the marginal state of ρi on qubit r (and respectively ρr

j for ρj). Denote the
eigendecomposition of ρr

i − ρr
j = ervrv

†
r − erwrw

†
r and define Xr as the operator

Xr := vrv
†
r − wrw

†
r, (30)

which has norm ∥Xr∥ = 1. Note that∑
r

Tr[Xr(ρi − ρj)] =
∑
r

∥ρr
i − ρr

j∥1

=
∑
r

√∑
µ

Tr
[
σµ
r (ρr

i − ρr
j)
]2

≥ 1

2

∑
r,µ

Tr
[
σµ
r (ρ

r
i − ρr

j)
]2

=
1

2
∥ρi − ρj∥2Pauli.

(31)

In the inequality above we use the fact that
√
x ≥ x/2 for all 0 ≤ x ≤ 4.

We now show that low-Wasserstein complexity quantum channels preserves the decomposition of quantum states
into clusters.

Lemma 22 (Clustering is preserved). Assume ρ is (ϵ, q,M)-decomposable with clustering {(ca,ρa)}Ma=1. Consider a
state σ satisfying

σ = Φ (ρ) (32)

for some quantum channel Φ. If

WC(Φ) ≤ q

144
n, (33)

then σ is (ϵ, 4q/9,M)-decomposable.

Proof. Let {(ca,ρa)}a be a clustering witnessing the (ϵ, q,M)-decomposition of ρ. Define σa := Φ (ρa). We have by
the triangle inequality and Theorem 20 that for any a ̸= b,

∥σa − σb∥Pauli ≥ ∥ρa − ρb∥Pauli − ∥σa − ρa∥Pauli − ∥σb − ρb∥Pauli
≥ ∥ρa − ρb∥Pauli − 2

√
∥σa − ρa∥W1

− 2
√
∥σb − ρb∥W1

≥ ∥ρa − ρb∥Pauli − 4
√
WC(Φ)

≥
2
√
qn

3
.

(34)
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Define

∆ := ρ−
M∑
a=1

caρi, (35)

which by the definition of (ϵ, q,M)-decomposition has trace norm at most 2ϵ. As quantum channels are contractive
in trace norm (even for nonpositive arguments) [83, Theorem 2.1],

∥Φ (∆)∥1 ≤ 2ϵ. (36)

We therefore have that
M∑
a=1

caσa =

M∑
a=1

caΦ (ρa) = Φ

(
M∑
a=1

caρa

)
= Φ (ρ−∆) = σ −Φ (∆)

=⇒ 1

2

∥∥∥∥∥σ −
M∑
a=1

caσa

∥∥∥∥∥
1

≤ 1

2
∥Φ (∆)∥1 ≤ ϵ.

(37)

Finally, each ca = exp[−Θ(logM)] since {(ca,ρa)}a witnessed the decomposition of ρ. Therefore, σ is (ϵ, 4q/9,M)-
decomposable.

Theorem 22 taken in combination with Theorem 16 have the following immediate implication.

Theorem 23 (Low-complexity channels cannot witness transition). Let ρ be a state which is glassy and (ϵ, q,M)-
decomposable, and σ which is not glassy. There exists no pair of states (ρ̃, σ̃) and quantum channel Φ with the
following simultaneous properties:

∥ρ− ρ̃∥1 ≤ o (1) (38)
∥σ − σ̃∥1 ≤ o (1) (39)

σ̃ = Φ (ρ̃) (40)

WC(Φ) ≤ q

144
n. (41)

Proof. Assume such a pair of states (ρ̃, σ̃) and quantum channel Φ existed which satisfied these four properties. Note
that ρ̃ is (ϵ+ o (1) , q,M)-decomposable by Theorem 16. In particular, by Theorem 22, σ̃ is (ϵ+ o (1) , 4q/9,M)-
decomposable. Finally, again by Theorem 16 this implies that σ is glassy, yielding a contradiction.

Theorem 23 is the formal version of the result presented as Theorem 3 in the introduction; it shows the main
contradiction required for an algorithmic obstruction.

III. ALGORITHMIC OBSTRUCTION

We now demonstrate that the presence of an RSB or shattering phase transition obstructs preparation of the Gibbs
state for a class of algorithms we call temperature stable. Our proof of obstruction relies on the relationship between
glassiness and quantum optimal transport given in Section II. We will then prove that several common algorithms are
temperature stable.

A. Glassiness obstructs stable quantum algorithms

Roughly, we consider an algorithm temperature stable if the quantum channel with minimal quantum Wasserstein
complexity that takes the algorithm’s output at one temperature to its output at another temperature is Lipschitz.
This is formally defined as follows.

Definition 24 ((ϵ, f, L)-Temperature Stability). Let A : RD × [0,∞) → Sm
n be a quantum algorithm which takes a

problem instance X ∈ RD and an inverse temperature β ∈ (0,∞) and outputs a quantum state. The algorithm is
said to be (ϵ, f, L,≤)-temperature stable in a set B ⊆ (0,∞) if, for any X ∈ RD and β′ ≤ β ∈ B,

inf
Φ∈Cn

s.t. ∥Φ(A(X,β))−A(X,β′)∥
1
≤ϵ

WC(Φ) ≤ f + L |β − β′| . (42)



12

Similarly, we say the algorithm is (ϵ, f, L,≥)-temperature stable in a set B ⊆ (0,∞) if Eq. (42) holds for any β′ ≥ β ∈ B.
Finally, we say that the algorithm is (ϵ, f, L)-temperature stable in a set B ⊆ (0,∞) if it is both (ϵ, f, L,≤)- and
(ϵ, f, L,≥)-temperature stable.

We show that the glass transition obstructs algorithms that are temperature stable for appropriate choices of ϵ, f, L.
In the following subsections, we will give examples of algorithms satisfying these parameter choices.

Theorem 25 (Temperature stable algorithms are obstructed by the glass transition). Let (An)n be a sequence of
(ϵ, f, L)-temperature stable quantum algorithms in a set B ⊆ (0,∞). Let (Hn)n be a sequence of n-qubit Hamiltonian
ensembles with a glass transition at temperature β∗ in neighborhood B. Let X denote the problem instance corre-
sponding to a Hamiltonian H ∼ Hn. If ϵ = o(1), f = o(n) and L = O(n), then there exists some β ∈ B such that the
thermal state ρβ satisfies

∥A(X, β)− ρβ∥1 = Ω(1) (43)

with probability 1− o(1).

Proof. Consider some β, β′ ∈ B satisfying β′ < βd < β, ρβ is glassy, and:

|β − β′| < q

144C
. (44)

By the stability of A, there exists a channel Φ of Wasserstein complexity q
144n(1 + o(1)) satisfying

∥A (X, β′)−Φ (A (X, β))∥1 = o(1). (45)

By Theorem 23, it is therefore either the case that

∥A (X, β)− ρβ∥1 ≥ Ω(1) (46)

or

∥A (X, β′)− ρβ′∥1 ≥ Ω(1) , (47)

proving the desired result.

B. Local continuous-time Lindbladian evolution

We show that Lindbladian evolution with local Lindblad operators is temperature stable. More precisely, under
the convention of each Lindblad operator having norm 1, we show that Lindbladian evolution is stable for any
constant time. This constraint of constant time is shared by the analogous classical result for the stability of Langevin
dynamics [84, 85].

Lindbladian evolution is governed by a superoperator L known as a Lindbladian [86], with action:

L [ρ] = −i [H,ρ] +
∑
i

γi

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})

(48)

where H is Hermitian and the γi > 0. Often, the choice of jump operators {Ai} is independent of temperature
but may depend on Hamiltonian disorder; we consider the setting where there are O(n) such operators and each is
local. The only temperature dependence is in the coefficients γi; these can be thought of as generalizing the choice of
“acceptance probability” in classical simulated annealing [37]. For this reason, we write:

Lβ [ρ] = −i [H,ρ] +
∑
i

γi (β)

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})

. (49)

We will specifically be interested in the continuous time evolution:

A (β; t) := exp (tLβ) [ρ0] , (50)

where ρ0 is some fixed initial state and the dependence of A on H and the choice of Ai left implicit.
We show that A (β; t) is temperature stable according to Theorem 24 over the set of β ∈ Q.
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Theorem 26 (Lindblad dynamics are temperature-stable). Consider the quantum algorithm A (β; t) as in Eq. (50).
Fix any choice of 0 < βmin < βmax ∈ R, and assume the γi are λi-Lipschitz on this domain, i.e., for all i there exists
λi ≥ 0 such that for all β, β′ ∈ [βmin, βmax]:

|γi (β)− γi (β
′)| ≤ λi |β − β′| . (51)

Then, A (β; t) is (0, L (t))-temperature stable over β ∈ Q ∩ [βmin, βmax], where:

L (t) =
3t

2

∑
i

λi |supp (Ai)| ∥Ai∥2op . (52)

Proof. We first write A in a more convenient form. Fix β− < β+ where β± ∈ Q. Note that by Trotterization:

exp
(
tLβ±

)
= lim

m→∞
exp

tL0 + t

β±m∑
τ=1

(
L τ

m
−L τ−1

m

) = lim
m→∞

1∏
τ=β±m

exp
(
tL τ

m
− tL τ−1

m

)
exp

(
t

m
L01 {τ ≤ m}

)
,

(53)
where the limit is taken in a way such that both β+m ∈ N and β−m ∈ N. We can then define the algorithm:

A (β; t,m) :=

 1∏
τ=βm

exp
(
tL τ

m
− tL τ−1

m

)
exp

(
t

m
L01 {τ ≤ m}

) [ρ0] , (54)

such that:

A (β; t) = lim
m→∞

A (β; t,m) . (55)

As the Wasserstein complexity is convex [38], (f, L)-temperature stability is robust to errors in A. For this reason,
to demonstrate the stability of A (β; t) over rational β it suffices to show that A (β; t,m) is stable in {β±} for all
sufficiently large m. Noting that:

A
(
β−; t,m

)
= Φt

(
A
(
β+; t,m

))
, (56)

where

Φt =

β+m∏
τ=β−m

exp
(
tL τ−1

m
− tL τ

m

)
, (57)

we therefore need only bound:

lim
m→∞

WC(Φt) = lim
m→∞

sup
ρ

∥ρ−Φt (ρ)∥W1
(58)

to demonstrate (f, L,≥)-temperature stability. Similarly, as:

A
(
β+; t,m

)
= Φ−t

(
A
(
β−; t,m

))
, (59)

we therefore need only bound:

lim
m→∞

WC(Φ−t) = lim
m→∞

sup
ρ

∥ρ−Φ−t (ρ)∥W1
(60)

to demonstrate (f, L,≤)-temperature stability.
By the subadditivity of the Wasserstein complexity under concatenation [38],

lim
m→∞

WC(Φ±t) ≤ lim
m→∞

β+m∑
τ=β−m

WC
(
exp

(
±tL τ−1

m
∓ tL τ

m

))
. (61)
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As only the linear term of the exponential is non-vanishing in this limit,

lim
m→∞

WC(Φ±t) ≤ t lim
m→∞

β+m∑
τ=β−m

sup
ρ

∥∥∥(L τ
m

−L τ−1
m

)
[ρ]
∥∥∥
W1

≤ t
(
β+ − β−) lim

m→∞
m sup

β∈[β−,β+]

sup
ρ

∥∥(Lβ −Lβ−m−1

)
[ρ]
∥∥
W1

.

(62)

We now bound the Wasserstein norm of this final term. We have:(
Lβ −Lβ−m−1

)
[ρ] =

∑
i

(
γi (β)− γi

(
β −m−1

))(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})

. (63)

Now, for each i define Si := supp (Ai), i.e., the set of qubits on which Ai acts nontrivially. From the cyclicity of the
trace:

TrSi

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})

= 0. (64)

In particular, by Theorem 18, ∥∥∥∥AiρA
†
i −

1

2

{
A†

iAi,ρ
}∥∥∥∥

W1

≤ 3

2
|Si| ∥Ai∥2op . (65)

Therefore, by the triangle inequality,

lim
m→∞

WC(Φ±) ≤
3t

2

(
β+ − β−) lim

m→∞
m sup

β∈[β−,β+]

∑
i

∣∣γi (β)− γi
(
β −m−1

)∣∣ |Si| ∥Ai∥2op

≤ 3t

2

(
β+ − β−)∑

i

λi |Si| ∥Ai∥2op .
(66)

Taken together, this proves the desired result.

C. Shallow quantum algorithms

We can generalize the Lindbladian result to parameterized shallow circuits composed of such Lindbladians. Namely,
we write:

A (X, β;θ) := ⃝1
ℓ=p (Uℓ (X,θℓ) ◦ exp (Lℓ,β)) [ρ0] , (67)

where ρ0 is some fixed initial state, Uℓ (X,θ) some parameterized family of unitary channels which potentially depend
on the disorder X, and

Lℓ,β [ρ] =
∑
i

γℓ,i (β)

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})

. (68)

In what follows, we will assume that U (X,θℓ) can be implemented as a depth-K unitary composed of d-local gates
acting on a sparse hypergraph of degree d. This construction includes so-called “hardware efficient” variational al-
gorithms [42] on quantum computers with topology given by a sparse graph. We also assume for simplicity and
concreteness that the Ai are 1-local and mutually commuting, e.g., the Lindbladian evolution is generated by cou-
pling with a bath using an interaction of the form

∑
i Oi ⊗ Bi with the Oi mutually commuting. Note that our

impossibility result is independent of how the parameters θ are set—in particular, our results in some ways gener-
alize the known impossibility of efficiently training shallow hardware efficient variational quantum algorithms using
gradient descent [87–89].

Before proving our stability result, we first cite a known result bounding the superoperator norm ∥Λ∥W1→W1
induced

by the Wasserstein norm via the light cone of Λ [39].
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Proposition 27 (Superoperator norm light cone bound, [39, Proposition 13]). Let Λ a quantum channel on n-qubit
states. Define subsets Ii ⊆ [n] for i ∈ [n] with the following property: if Tr{i} (X) = 0,

TrIi
(Λ (X)) = 0. (69)

Then,

∥Λ∥W1→W1
≤ 3

2
max
i∈[n]

|Ii| . (70)

We now prove our stability result. To save on notation, we will often refer to the Wasserstein complexity or
superoperator norm of a unitary operator; this should be taken to mean the associated measure with respect to the
unitary channel induced by the unitary operator.

Theorem 28 (Shallow quantum algorithms are temperature-stable). Consider the quantum algorithm Aθ (X, β) as
in Eq. (67) and fix β− < β+. Assume for all X and α that Uℓ (X,θℓ) is a depth-K unitary composed of d-local
gates acting on a sparse hypergraph of degree d. Assume further that the γℓ are λ-Lipschitz, i.e., for all ℓ ∈ [p] and
β, β′ ∈ (0,∞):

∥γℓ (β)− γℓ (β
′)∥1 ≤ λ |β − β′| . (71)

Finally, assume that the jump operators {Ai}i are all 1-local, mutually commuting, and have operator norm at most
1. Then Aθ (X, β) is (0, L)-stable on the domain β ∈ [β−, β+], where:

L = 6p (dd)
Kp

λ+O
(∣∣β+ − β−∣∣) . (72)

Proof. We fix the disorder X and parameters θ. We define:

Φβ,ℓ := Uℓ (X,θℓ) ◦ exp (Lℓ,β) . (73)

Note this has inverse:

Φ−1
β,ℓ = exp (−tℓLℓ,β) ◦ Uℓ (X,θℓ)

†
. (74)

We are interested in calculating the Wasserstein complexity of the unitary channel:

Λβ,β′,p :=
(
⃝1

ℓ=pΦβ′,ℓ

)
◦
(
⃝p

ℓ=1Φ
−1
β,ℓ

)
; (75)

as:

A (X, β′;θ) = Λβ,β′,p [A (X, β;θ)] , (76)

upper bounding the Wasserstein complexity of Λβ,β′,p upper-bounds the stability parameter of the A.
We bound the Wasserstein complexity of Λβ,β′,p inductively in p. First, note that trivially:

WC(Λβ,β′,0) = 0. (77)

Now, assume the inductive hypothesis:

WC(Λβ,β′,p−1) ≤ 6p−1 (dd)
K(p−1)

λ |β − β′|+O
(
|β − β′|2

)
. (78)

For any state ρ, defining:

σ := Φ−1
β′,p [ρ] , (79)

we have:

∥ρ−Λβ,β′,p [ρ]∥W1
= ∥Φβ′,p [σ]−Λβ,β′,p [Φβ′,p [σ]]∥W1

≤
∥∥∥Φ−1

β′,p

∥∥∥
W1→W1

∥∥∥σ −
(
Λβ,β′,p ◦Φβ,p ◦Φ−1

β′,p

)
[σ]
∥∥∥
W1

≤
∥∥∥Φ−1

β′,p

∥∥∥
W1→W1

WC
(
Λβ,β′,p ◦Φβ,p ◦Φ−1

β′,p

)
≤
∥∥∥Φ−1

β′,p

∥∥∥
W1→W1

(
WC(Λβ,β′,p) +WC

(
Φβ,p ◦Φ−1

β′,p

))
≤
∥∥∥Φ−1

β′,p

∥∥∥
W1→W1

(
6p−1 (dd)

K(p−1)
λ |β − β′|+WC

(
Φβ,p ◦Φ−1

β′,p

))
.

(80)
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Now, since the disorder and parameters are fixed note that:

Φ−1
β,pΦβ′,p = exp (−Lp,β) exp (Lp,β′)

= exp

(∑
i

(γℓ,i (β
′)− γℓ,i (β))

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
}))

= ⃝i exp

(
(γℓ,i (β

′)− γℓ,i (β))

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
}))

,

(81)

with the final two lines following as the Ai are assumed to be mutually commuting. By the operator norm bound on
Ai, each channel in this composition can only change the trace distance of a state it acts on by at most:∥∥∥∥(γℓ,i (β′)− γℓ,i (β))

(
AiρA

†
i −

1

2

{
A†

iAi,ρ
})∥∥∥∥

1→1

≤ 2 |γℓ,i (β′)− γℓ,i (β)| (82)

up to higher-order terms in |γℓ,i (β′)− γℓ,i (β)|. As the trace distance equals the Wasserstein distance on a single
qubit, we bound the Wasserstein complexity as:

WC
(
Φ−1

β,pΦβ′,p

)
≤ 2

∑
i

|γi (β′)− γi (β)|+O

(∑
i

|γi (β′)− γi (β)|
2

)
≤ 2λ |β − β′|+O

(
|β − β′|2

)
.

(83)

Similarly, as Lβ′ is 1-local and Uℓ (X,θℓ) has a maximal light cone cardinality of (dd)K , by Theorem 27 we have:∥∥∥Φ−1
β′,p

∥∥∥
W1→W1

≤ 3

2
(dd)

K
. (84)

We therefore have that:

∥ρ−Λβ,β′,p [ρ]∥W1
≤ 3

2
(dd)

K
(
6p−1 (dd)

K(p−1)
λ |β − β′|+ 2λ |β − β′|+O

(
|β − β′|2

))
≤ 3

2
(dd)

K
(
3× 6p−1 (dd)

K(p−1) ∥θ∥∞ λ |β − β′|+O
(
|β − β′|2

))
≤ 6p (dd)

Kp
λ |β − β′|+O

(
|β − β′|2

) (85)

As ρ was arbitrary,

WC(Λβ,β′,p) ≤ 6p (dd)
Kp

λ |β − β′|+O
(
|β − β′|2

)
. (86)

IV. GLASSINESS OF RANDOM p-LOCAL HAMILTONIANS

In this section, we show that the random p-local Hamiltonian ensemble has a glass transition. We recall that the
ensemble is defined over all p-local Pauli strings with Gaussian coefficients, i.e.,

Hn,p =
∑

P∈Pn,p

JPP, JP ∼iid N
(
0,

J2(p− 1)!

np−1

)
. (87)

To show a glass transition, we will use the replica trick to compute the quenched free energy: for partition function
Zβ = Tr

[
e−βH

]
, we compute

F quenched
β (ρβ) = − 1

β
E [logZβ ] . (88)
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Since the Gibbs state ρβ = e−βH/Zβ is the state that minimizes the free energy

Fβ(ρ) = Tr[Hρ]− 1

β
S(ρ), (89)

one can determine the structural properties of the Gibbs state (i.e., RS or shattering or 1RSB or full RSB) that hold
in expectation by minimizing the quenched free energy. As is standard in the physics literature, we use the quenched
computation to claim that the glassiness property also holds with high probability over individual Hamiltonians drawn
from the ensemble.

We attempt below to give a somewhat self-contained description of the replica method, and we provide additional
details in the appendices. In Section IV A, we review the path integral over spin coherent states used throughout our
calculations; the derivation is known in the literature and is similarly presented in [28] and described in more detail
in Section A, but it is necessary to describe our work. In Section IV B, we review the replica trick at a high level,
focusing on its application in quantum spin glasses. In Section IVC, we report the RS, 1RSB, and full RSB saddle
point equations of the p-local Pauli ensemble. This is our first technical contribution of the section, and we provide
derivations in Section C and Section D for these results. In Section IVD, we show that the 3-local Pauli ensemble has
a glass phase by numerically solving the replica saddle point equations, and we provide an analytical estimate of its
temperature based on an expansion similar to [60]. In Section IV E, we show that the p-local ensemble for sufficiently
large p has no glass phase via an analysis of the 1RSB saddle point equations, proving that no nontrivial solution
exists via a sharpened log-Sobolev inequality.

A. Path integral

Before describing the replica trick, we comment on how one computes the simpler quantity of EZβ . This quantity
suffices to evaluate the annealed free energy,

F annealed
β (ρβ) = − 1

β
logE [Zβ ] . (90)

In general, the annealed free energy may be different from the quenched free energy. Classically, this indicates the
presence of a glass phase [1]; in the quantum case, however, a model may be non-glassy and yet have different quenched
and annealed free energies [90]. The method we use to compute EZβ also resembles the method used to compute EZs

β

for any integer s ≥ 1, which is required in the replica trick (as we shall see below).
In the classical case, one evaluates EZβ by summing over eigenstates. For stoquastic quantum Hamiltonians, it can

be evaluated by quantum Monte Carlo (or the Feynman-Kac path integral), which evaluates a probabilistic process
of bitflips over classical bitstrings. We are interested here in non-stoquastic quantum Hamiltonians, which prevent a
probabilistic analysis due to the sign problem. Hence, we use the saddle point method over a Feynman path integral.
This is detailed in a self-contained manner in Section A, but we offer a brief treatment here. The annealed free energy
of this model has already been studied by these techniques in [28], so we refrain from evaluating the saddle point
equations and discussing the annealed free energy here.

Since the Hamiltonians we study are expressed over Pauli strings, we choose the overcomplete basis of spin coherent
states to compute Z = Tr

[
e−βH

]
(and its replicated version) as a path integral. For θ ∈ [0, π) and ϕ ∈ [0, 2π), a spin

coherent state is defined as

|Ω⟩ =
(

cos θ
2

eiϕ sin θ
2

)
. (91)

These have the convenient property that for any µ, the Pauli matrix can be written as

σµ =
1

2π

∫
dΩ |Ω⟩⟨Ω| sµ (92)

for spin coherent paths

sX(θ, ϕ) = 3 sin θ cosϕ, sY (θ, ϕ) = 3 sin θ sinϕ, sZ(θ, ϕ) = 3 cos θ. (93)

We will write write all path integrals in terms of spin coherent states with
∣∣∣Ω(i)

r

〉
, where r ∈ [N ] labels a qubit and

i ∈ [β/∆τ ] labels an imaginary time slice. In the continuum limit of ∆τ → 0, we denote the path of Pauli µ acting
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at time τ by sµ(Ω(τ)). We refer to Section A for a somewhat pedagogical introduction to computing path integrals
over spin coherent states. Briefly, we rewrite Zβ as

Zβ = Tr e−β
∑

I JIσI1
···σIp =

∫
DΩ exp

[
−
∫ β

0

dτ
∑
I

JIsI1(τ) · · · sIp(τ)

]
, (94)

integrating over paths via DΩ, where Ij contains both the qubit index and Pauli type. Since each JI is drawn
independently from a Gaussian distribution, we apply the Gaussian MGF E

[
etR = et

2/2
]

for R ∼ N (0, 1). This
yields a path integral over two times, τ1 and τ2:

EZβ =

∫
DnΩexp

 J2

2pNp−1

∫ β

0

∫ β

0

dτ1 dτ2

 n∑
r=1

∑
µ∈{x,y,z}

sarµ(τ1)s
b
rµ(τ2)

p . (95)

To evaluate this integral, we introduce variables G,Σ by inserting a Dirac delta function

δ

(
G(τ1, τ2)−

1

n

∑
r,µ

srµ(τ1)srµ(τ2)

)
(96)

and enforcing it via a Lagrange multiplier Σ(τ1, τ2). Integrating over all functions G(τ1, τ2),Σ(τ1, τ2) can be done
rigorously by identifying a kernel and showing that its spectrum has a finite number of eigenvalues [51, 58]. Here, we
will follow the physics convention of leaving the measure over G,Σ unspecified, obtaining the path integral

EZβ =

∫
DnΩDGDΣ exp

{∫ β

0

∫ β

0

dτ1 dτ2

(
J2n

2p
Gp(τ1, τ2)

− n

2
Σ(τ1, τ2)

[
G(τ1, τ2)−

1

n

∑
r,µ

srµ(τ1)srµ(τ2)

])}
. (97)

The final step is to apply the Hubbard-Stratonovich transformation

exp

[
1

2
xTMx

]
=
(
1/
√
(2π)n det(M)

)∫
dnh exp

[
−1

2
hTM−1h+ hTx

]
(98)

for Hermitian PSD matrix M . Letting Dnh denote the Gaussian measure relating hrµ(τ1), hsν(τ2) by covariance
δrsδµνΣ(τ1, τ2), we find that

E [Z] =

∫
DnΩDGDΣDnh exp

{∫ β

0

∫ β

0

dτ1 dτ2

(
J2n

2p
Gp(τ1, τ2)−

n

2
Σ(τ1, τ2)G(τ1, τ2)

)

+
∑
r,µ

∫ β

0

dτ hrµ(τ)srµ(τ)

}
. (99)

This integral can now be evaluated in the n → ∞ limit by the saddle point approximation, where we set derivatives
with respect to G and Σ to zero. This yields saddle point equations

J2G(τ1, τ2)
p−1 = Σ(τ1, τ2), G(τ1, τ2) =

〈
T
∑
µ

σµ(τ1)σ
µ(τ2)

〉
Σ

, (100)

where T denotes the time-ordering operator and ⟨·⟩Σ is the thermal expectation of a single-qubit Hamiltonian with
time-dependent fields sampled according to covariance Σ(τ1, τ2). See Section A for a derivation of these saddle point
equations.

B. Replica trick

To compute and minimize the quenched free energy E logZβ , we follow the prescription of the replica trick: we
evaluate the partition function over s ≥ 1 copies of the system and then analytically continue s → 0 to obtain

E logZβ = lim
s→0

1

s

(
EZs

β − 1
)
. (101)
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Performing an analytic continuation can often be made rigorous; however, because we will evaluate EZs
β via the saddle

point method by taking n → ∞ first, the quantity EZs
β cannot be formally controlled. We must commute limits of n

and s, which is difficult to control formally.
When s copies are introduced, the replicated partition function becomes EZs

β = esX for

X =

∫ β

0

∫ β

0

dτ1 dτ2

J2

2p

s∑
a,b=1

Gp
ab(τ1, τ2)−

1

2

s∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)


+ logEh

∫
DΩ exp

[
s∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (102)

The saddle point equations ((100) in the annealed case) become

J2Gab(τ1, τ2)
p−1 = Σab(τ1, τ2), Gab(τ1, τ2) =

〈
T
∑
µ

σµ
a (τ1)σ

µ
b (τ2)

〉
Σ

(103)

for indices a, b ∈ [s], and Σab(τ1, τ2) also carries replica indices. Here, we use notation

⟨ξ⟩Σ =
Eh Tr

(
T ξ exp

[∑
a

∑
µ

∫ β

0
dτ ha

µ(τ)σ
a
µ(τ)

])
Eh Tr

(
T exp

[∑
a

∑
µ

∫ β

0
dτ ha

µ(τ)σ
a
µ(τ)

]) , (104)

where the expectation is evaluated over ha
µ distributed as a Gaussian process with covariance δµνΣab(τ1, τ2). To

solve these saddle point equations at arbitrary s, we must simplify the form of G. Several properties can directly be
seen to hold: when a ̸= b, Gab(τ1, τ2) = Gab is time-independent; and when replica indices coincide, Gaa(τ1, τ2) =
G(τ1− τ2) due to translation invariance. The form of the overlaps when a ̸= b is then specified by assuming an ansatz
corresponding to either replica symmetry or replica symmetry breaking.

The simplest choice is the RS ansatz, which takes Gab = q0 for all a ̸= b:
G(τ1 − τ2) q0 · · · q0

q0 G(τ1 − τ2) · · · q0
...

...
. . .

...
q0 q0 · · · G(τ1 − τ2)


︸ ︷︷ ︸

s×s

(105)

In [28], the p-local ensemble was analyzed in the p → ∞ assuming q0 = 0. In Section IV D, we will analyze the model
in the RS ansatz with generic q0 and find a phase transition from q0 = 0 to q0 ̸= 0, indicating glassiness.

To show non-glassiness for sufficiently large p, we will analyze the 1RSB solution. The 1RSB ansatz s × s matrix
Gab(τ1, τ2) to have elements indexed by multi-indices a = (a0, a1) for a0 ∈ [m], a1 ∈ [s/m] and has the form

Gab(τ1, τ2) = G(τ1 − τ2)δab + q0(1− δa1b1) + q1(1− δa0b0)δa1b1 . (106)

Pictorially, the 1RSB ansatz corresponds to setting the matrix G(τ1, τ2) to be

G(τ1−τ2) q1 ··· q1
q1 G(τ1−τ2) ··· q1

...
...

. . .
...

q1 q1 ··· G(τ1−τ2)︸ ︷︷ ︸
m×m

q0

. . .

q0

G(τ1−τ2) q1 ··· q1
q1 G(τ1−τ2) ··· q1

...
...

. . .
...

q1 q1 ··· G(τ1−τ2)︸ ︷︷ ︸
m×m


︸ ︷︷ ︸

s×s

(107)
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where q0 indicates that all matrix elements outside the block diagonal are filled with q0. For a classical spin glass, the
diagonal would be time-independent and equal to 1. The matrix G would be directly interpretable as an overlap matrix
with the following operational meaning. Each row and column index labels a “typical” spin configuration; drawing
two spin configurations independently from the Gibbs distribution corresponds to drawing a uniformly random row
and column index; the matrix element Gab ∈ {1, q1, q0} corresponds to the resulting overlap. Note that this overlap
matrix only holds with probability 1− o(1), that q0, q1 are the values that the overlaps concentrate to, and that the
size m of the interior blocks is also a random value that the system concentrates to.

In a quantum spin glass, the values q0, q1 no longer correspond to overlaps between spin configurations. Instead,
the path integral is formally decomposed over spin coherent states, and the overlaps are between paths. Although the
paths are nonphysical, the form of the ansatz (and the choice of spin coherent states) relates q0, q1 to the decomposition
in our definition of glassiness (Theorem 1). A state decomposed as

ρ ≈
∑
i

ciρi (108)

has

⟨ρi,ρj⟩Pauli = q0(1− δij) + q1δij . (109)

Thus, the value q in Theorem 1 is given by 2(q1 − q0). The values q0, q1 can also be interpreted as overlaps between
paths in the path integral representation of the partition function due to the delta function

δ

(
Gab(τ1, τ2)−

1

n

∑
r,µ

sarµ(τ1)s
b
rµ(τ2)

)
. (110)

However, the interpretation as a decomposition of the Gibbs state is more useful for our purposes since the paths are
nonphysical quantities. In contrast, results evaluating the dynamics of quantum spin glasses when weakly coupled to
a bath show that the two-point function ⟨

∑
µ σ

µ(τ1)σ
µ(τ2)⟩ converges to values q1 then q0 at late times, providing

the necessary physical grounds for our decomposition [67–73, 91].
When evaluating E logZβ with the 1RSB ansatz, one must choose the value of m to take. When performing the

analytic continuation s → 0, the value will lie in m ∈ (0, 1], with larger m corresponding to smaller coefficients ci
in the cluster decomposition (108). In static 1RSB, one solves a saddle point equation ∂mX = 0. As discussed
extensively for the case of quantum spin glasses in [92], one maximizes the free energy with respect to m (due to the
limit s → 0) in order to obtain the correct quenched free energy. A solution of m ∈ (0, 1] corresponds to the Gibbs
state being dominated by a constant number of clusters (i.e., in the notation of Theorem 11, constant m ≥ 2).

In shattering (also known as dynamical 1RSB), the saddle point equation ∂mX = 0 is unsatisfied even at the
extremal value of m = 1. To check for shattering, one uses the formalism of the Thouless-Anderson-Palmer (TAP)
free energy [1, 11, 33, 34, 70]. Rather than solving the saddle point equation, m = 1 is fixed and the saddle point
equation is reinterpreted as a quantity known as the TAP complexity, which counts the number of “TAP states” ρi in
the decomposition (108). To determine if the system is glassy, the stability of the 1RSB ansatz is examined via the
marginality condition, which checks the value of the so-called replicon eigenvalue.

In this work, we will rule out glassiness for sufficiently large p in Section IVE by analyzing the 1RSB saddle point
equations. Since dynamical 1RSB is always followed by static 1RSB (as m eventually decreases from 1), we avoid
checking the marginality condition and will simply rule out static 1RSB.

Before going through these results, we comment that the glassiness of the p = 3 model can be further analyzed by
computing its 1RSB and full RSB solutions. The full RSB solution is obtained by a recursive ansatz that repeatedly
places block matrices within the block matrices of the 1RSB ansatz; it can be written as the k → ∞ limit of the general
kRSB ansatz. We derive the full RSB saddle point equations in Section D and note that they can be numerically
solved in a manner similar to [10]. For the purpose of identifying a glass transition, however, we only require the
analysis of Section IV D.

C. Saddle point equations

We report here the saddle point equations obtained from the RS, 1RSB and full RSB solutions. Due to the spin-1/2
operators, the saddle point equations cannot be analytically solved in closed form but can be numerically solved (see,
e.g., [10, 28]). We emphasize that these numerical results analytically take the n → ∞ limit and are solving the
quenched disorder at any given p, β and thus reflect glassiness; they do not capture finite-n or annealed physics. In



21

Section IVD and Section IV E we both numerically solve these saddle point equations and analytically analyze them
to show either the presence or absence of glassiness (depending on p, β).

The simplest saddle point equations are in the RS ansatz. Taking

Gab(τ1, τ2) = G(τ1 − τ2)δab + q0(1− δab) (111)
Σab(τ1, τ2) = Σ(τ1 − τ2)δab + q̂0(1− δab), (112)

the action of (102) becomes

X =
s

2

∫ β

0

∫ β

0

dτ1 dτ2

(
J2G(τ1 − τ2)

p

p
− Σ(τ1 − τ2)G(τ1 − τ2)

)
+

β2s(s− 1)

2

(
J2qp0
p

− q̂0q0

)
+ logEh

∫
DΩ exp

[
s∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (113)

The saddle point equations of (103) then become

J2G(τ1 − τ2)
p−1 = Σ(τ1 − τ2), J2qq−1

0 = q̂0, G(τ1 − τ2) =

〈∑
µ

σ1
µ(τ1)σ

1
µ(τ2)

〉
, q0 =

〈∑
µ

σ1
µ(τ1)σ

2
µ(τ2)

〉
.

(114)

In Section C, we derive the 1RSB saddle point equations. For our analysis, it is more useful to write them in terms
of random variables

zµ ∼ N (0, δµνJ
2qp−1

1 ), ξµ(τ) ∼ N (0, δµν(Σ(τ1 − τ2)− J2qp−1
1 )) (115)

and quantities

ζ(z) = Eξµ(τ) Tr

(
T exp

[∑
µ

∫ β

0

dτ (zµ + ξµ(τ))σµ(τ)

])
(116)

aν(z; τ1, . . . , τk) =
Eξµ(τ) Tr

(
T σν(τ1) · · ·σν(τk) exp

[∑
µ

∫ β

0
dτ (zµ + ξµ(τ))σµ(τ)

])
ζ(z)

. (117)

We evaluate only the case where q0 = 0, which suffices to rule out glassiness when p → ∞. The saddle point equations
are

Σ(τ1 − τ2) = J2G(τ1 − τ2)
p−1 (118)

G(τ1 − τ2) =
Ez [ζ(z)

m
∑

ν aν(z; τ1, τ2)]

Ez [ζ(z)m]
(119)

q1 =
Ez [ζ(z)

m
∑

ν aν(z; τ1)aν(z; τ2)]

Ez [ζ(z)m]
(120)

0 =
(βJ)2

2

(
1− 1

p

)
qp1 +

1

m2
logEzζ(z)

m − 1

m

Ezζ(z)
m log ζ(z)

Ezζ(z)m
. (121)

The final saddle point equation at m = 1 corresponds to the TAP complexity, i.e.,

S =
(βJ)2

2

(
1− 1

p

)
qp1 + logEzζ(z)−

Ezζ(z) log ζ(z)

Ezζ(z)
. (122)

Although we do not provide a numerical solution in this manuscript, we also derive in Section D the full RSB saddle
point equations. To define full RSB, we recall that the 1RSB ansatz of (107) assumes G has a block diagonal form. In
2RSB, each block is similarly assumed to be block-diagonal; this introduces a new parameter q2 satisfying q2 > q1 > q0.
(If q2 = q1, then the model is simply 1RSB.) This hierarchical ansatz of block matrices inside block matrices can
be generalized to kRSB for arbitrary integer k. Formally, the matrix is GRSBk can be recursively constructed from
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G : [−1, 1] → R and two sequences (qt)0,...,k and (mt)0,...,k. We set m0 = n and define the kth stage of RSB according
to

GRSBk

k = (qk − qk−1)Umk
, (123)

GRSBk
p = diagmt/mt+1

(
GRSBk

t+1

)
+ (qt − qt−1)Umt

for all t ∈ {0, . . . , k − 1} (124)

GRSBk ≡ GRSBk
0 . (125)

Here, Um is the m×m matrix of ones, diagr(A) is the block-diagonal matrix with r copies of A, m0 = n, and q−1 = 0.
The ansatz of full RSB takes the k → ∞ limit and thus replaces q0, . . . , qk with the so-called Parisi order parameter
q(x) for x ∈ [0, 1], which monotonically increases. If q(x) is constant, the model is replica symmetric; if it is a step
function, the model has 1RSB; in general, q(x) can be continuous. We derive the full RSB saddle point equations in
Section D and report the result here. For single-qubit action

S∞(h) = S0[s(τ)]−
∫ 1

0

dτ1 dτ2
(βJ)2

2

(
G(τ1 − τ2)

p−1 − q(1)p−1
)
s(τ1) · s(τ2)− β

∫ 1

0

dτ h · s(τ) (126)

we have

G(τ) =

∫
dhP (1, h)⟨T s(τ) · s(0)⟩S∞(h), q(x) =

∫
dhP (x, h)u(x, h)2 (127)

for P, u obtained by solving

∂P

∂x
=

J2

2

dqp−1

dx

(
∇2P − 2βx∇(u · P )

)
, P (0, h) = δ(h) (128)

∂u

∂x
= −J2

2

dqp−1

dx

(
∇2u+ 2βx(u · ∇)u

)
, u(1, h) =

∫ 1

0

dτ ⟨s(τ)⟩S∞(h). (129)

The free energy is then

F =
βJ2

2

(
1− 1

p

)∫ 1

0

dτ

(
G(τ)p −

∫ 1

0

dx q(x)p
)
− 1

β
ϕ(0, 0) (130)

for

∂ϕ

∂x
= −J2

2

dqp−1

dx

(
∇2ϕ+ x(∇ϕ)2

)
, ϕ(1, h) = log

∫
DΩexp[−S∞(h)]. (131)

D. Glassiness of the 3-local Hamiltonian ensemble

In Figure 2, we numerically solve the RS saddle point equations (114) with a generic off-diagonal q0 in the RS ansatz,
using CTSEG [93] and code adapted from the recent solution of the quantum Heisenberg model [10]. This gives G(τ)
and q0 via a continuous-time quantum Monte Carlo algorithm (Section B. By inspecting q0, we find a clear phase
transition at β ≈ 6, indicating the presence of replica symmetry breaking. This is consistent with the breakdown of
RS and the need for a 1RSB ansatz (which has two different off-diagonal values). We conclude that a glass transition
occurs at some βJ ≲ 6. By numerically solving the 1RSB saddle point equations, one could in principle identify the
precise value of βJ where the glass transition occurs; one could also solve the full RSB saddle point equations at even
lower temperature to fully solve the physics of the ensemble. We leave such numerical solutions for future work.

We also give an analytical estimate of the glass transition temperature. We compute the stability of the RS solution
under the constant trial function G(τ) = G. This suggests the glass transition occurs at inverse temperature βJ ≳ 4.
Moreover, it closely corroborates our numerical results: if we set q0 = 0.6, our analytical approximation suggests a
transition at βJ ≈ 5.9, which closely matches the transition at βJ ≈ 6 observed in Figure 2. Our method resembles
that of [60] used to predict the glass transition temperature of the quantum Heisenberg model, which was recently
numerically confirmed via an exact full RSB solution [10].

We start from the action X of (102) specialized to the RS ansatz with zero on the off-diagonals, which we denote
by X(0), i.e.,

X(0) =
s

2

∫ β

0

∫ β

0

dτ1 dτ2

(
J2G(τ1 − τ2)

p

p
− Σ(τ1 − τ2)G(τ1 − τ2)

)
+ logEh

∫
DΩ exp

[
s∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
.

(132)
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FIG. 2. Numerical solutions to the replica saddle point equations indicate the presence of replica symmetry breaking in
the p = 3 model. Here, values of the overlap q0 in the RS solution of the p = 3 model are plotted over various values of
inverse temperature β with J = 1 throughout. A phase transition in the off-diagonal value indicates that the RS ansatz is
incorrect at some temperature β ≈ 6, demonstrating a glass transition at constant temperature. We note that because the
glass transition likely occurs before the off-diagonals of the RS ansatz become nonzero, the RS solver is fairly unstable and
the precise temperature of the glass transition cannot be deduced from this plot alone; β ≈ 6 only provides an approximate
estimate of the transition.

Recall that the corresponding saddle point equations are

Σ(τ) = J2G(τ)p−1, G(τ) =

〈∑
µ

σµ(τ)σµ(0)

〉
Σ

. (133)

We evaluate F with the trial function G(τ, τ ′) = G independent of τ, τ ′ to obtain free energy

F ≤ βJ2

2

(
1− 1

p

)
Gp − 1

β
log ζ(G) (134)

where we can exactly evaluate

ζ(G) = lim
s→0

∂sEh

∫
DΩ exp

[
s∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
(135)

= Tr T exp

[
β2J2Gp−1

2

(∫ 1

0

dτ σ⃗(τ)

)2
]

(136)

= 2

(
1 +

β2J2Gp−1

4

)
exp

[
β2J2Gp−1

8

]
(137)

using the identity [60]

Tr T exp

[
α

(∫ 1

0

dτ σ⃗(τ)

)2
]
= 2

(
1 +

α

2

)
exp
[α
4

]
. (138)

This gives variational bound

F ≤ βJ2

2

(
1− 1

p

)
Gp − 1

β
log

[
2

(
1 +

β2J2Gp−1

4

)
exp

[
β2J2Gp−1

8

]]
. (139)

We minimize the RHS at p = 3 by choosing

G =
β2J2 + βJA1/3 +A2/3 − 192

12βJA1/3
for A = β3J3 + 24

√
9β4J4 + 9024β2J2 + 12288 + 2304βJ. (140)
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Note that as β → ∞, this gives

F ≤ −βJ2

384
(141)

to leading order; since it is nonphysical for the free energy to diverge, this computation is consistent with the presence
of a glass phase. However, it is known that this computation does not necessarily imply glassiness: a more careful
treatment must first maximize the free energy with respect to replica parameters and then minimize with respect to
conventional parameters [92].

To estimate the temperature of the glass transition, we estimate the appropriate value of G and solve for βJ to
obtain the temperature of the glass transition. We take the action

X =

∫ β

0

∫ β

0

dτ1 dτ2

J2

2p

s∑
a,b=1

Gp
ab(τ1, τ2)−

1

2

s∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)


+ logEh

∫
DΩ exp

[
s∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (142)

with an RS ansatz that takes nonzero off-diagonals (i.e., Gab(τ1, τ2) = q0,Σab(τ1, τ2) = q̂0 when a ̸= b) to obtain

X =
s

2

∫ β

0

∫ β

0

dτ1 dτ2

(
J2G(τ1 − τ2)

p

p
− Σ(τ1 − τ2)G(τ1 − τ2)

)
+

β2(s− 1)s

2

(
J2qp0
p

− q̂0q0

)
+ logEh

∫
DΩ exp

[
s∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (143)

We expand the final term around the RS ansatz with vanishing off-diagonals. Writing it as

A(Σ) = logTr T exp

1
2

s∑
a,b=1

∑
µ

∫ β

0

dτ1 dτ2 Σab(τ1, τ2)σ
a
µ(τ1)σ

b
µ(τ2)

 (144)

we expand around the q̂0 = 0 in Σ(0) to obtain

A(Σ) ≈ A(Σ(0)) +
1

2

∑
a̸=b

∑
µ

∫ β

0

dτ1 dτ2 q̂0⟨σa
µ(τ1)σ

b
µ(τ2)⟩Σ(0) +

1

8

∑
a̸=b
c̸=d

∑
µ,ν

∫ β

0

dτ1 · · · dτ4q̂20⟨σa
µ(τ1)σ

b
µ(τ2);σ

c
ν(τ3)σ

d
ν(τ4)⟩connΣ(0)

(145)

for connected correlator ⟨A;B⟩conn = ⟨AB⟩ − ⟨A⟩⟨B⟩. Replica independence in Σ(0) gives for a ̸= b, c ̸= d that

⟨σa
µ(τ1)σ

b
µ(τ2)⟩Σ(0) = 0 (146)〈∑

µν

σa
µ(τ1)σ

b
µ(τ2);σ

c
ν(τ3)σ

d
ν(τ4)

〉conn

Σ(0)

= δacδbd
∑
µ

⟨σµ(τ1)σµ(τ3)⟩Σ(0)⟨σµ(τ2)σµ(τ4)⟩Σ(0)

+ δadδbc
∑
µ

⟨σµ(τ1)σµ(τ4)⟩Σ(0)⟨σµ(τ2)σµ(τ3)⟩Σ(0) , (147)

where we also used ⟨σµ(τ)σν(τ
′)⟩Σ(0) = δµν⟨σµ(τ)σµ(τ

′)⟩Σ(0) . We now apply saddle point equations

q̂0 = J2q0, G(τ − τ ′) =
∑
µ

⟨σµ(τ)σµ(τ
′)⟩Σ(0) . (148)

This gives

A(Σ) ≈ A(Σ(0)) +
J4q2p−2

0 s(s− 1)

12

(∫ β

0

dτ1 dτ2 G(τ1 − τ2)

)2

(149)
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and thus

X ≈ X(0) − (βJ)2qp0(s− 1)s

2

(
1− 1

p

)
+

J4q2p−2
0 s(s− 1)

12

(∫ β

0

dτ1 dτ2 G(τ1 − τ2)

)2

. (150)

Under our ansatz that G(τ) = G is constant, this gives

X ≈ X(0) +
(βJ)2qp0s(s− 1)

2

[
−
(
1− 1

p

)
+

(βJ)2qp−2
0

6
G2

]
. (151)

At the glass transition, one would expect the RS solution to become marginally stable; i.e., the perturbation to X(0)

should vanish. This gives

1− 1

p
=

(βJ)2qp−2
0

6
G2 =⇒ G =

1

βJ

√
6(p− 1)

pqp−2
0

. (152)

We plug this into (140) at p = 3 and set q0 < 1 to obtain approximate bound βJ ≳ 4. Note that if we take q0 ≈ 0.6
from Figure 2 (which solves G(τ) via the RS saddle point equations rather than assuming G(τ) = G), we obtain
βJ ≈ 5.9, which closely agrees with the value of β ≈ 6 shown in Figure 2. We also note that this yields G ≈ 0.4 (and
which decreases further with larger β), similar to the quenched saddle and dissimilar to the G → 1 annealed saddle
observed in [28].

E. Non-glassiness of the q-local Hamiltonian ensemble for large q

Here, we show that the 1RSB saddle point equations cannot be satisfied for any βJ satisfying (βJ)2qp−1
1 → 0 as

p → ∞. For q1 bounded away from 0, this precludes any βJ = exp[o(p)], which is the form of the result stated in
the introduction. Since a glass transition would occur at m = 1, it suffices to rule out a q1 ̸= 0 solution to the 1RSB
saddle point equations at m = 1. We recall that the final saddle point equation can be written as (using (122))

S =
(βJ)2

2

(
1− 1

p

)
qp1 + logEzζ(z)−

Ezζ(z) log ζ(z)

Ezζ(z)
= 0. (153)

For Q = N (0, q̂1δµν) and measure

dP (z) =
ζ(z)

EQζ
dQ(z), (154)

we can rewrite this quantity as (see Theorem 37 in Section C)

S =
(βJ)2qp1

2

(
1− 1

p

)
−DKL(P ||Q). (155)

Observe that if q1 = 0, then S cannot be positive; we will show that if q1 ̸= 0, then S > 0 for all (βJ)2qp−1
1 = o(1)

in asymptotically large p, preventing the saddle point equations from being satisfied. To complete this argument, it
suffices to upper-bound DKL(P ||Q).

The Gaussian log-Sobolev inequality gives an upper bound on the KL divergence

DKL(P ||Q) ≤ q̂1
2
EP ∥∇ log ζ(z)∥2. (156)

Using the saddle point equation at m = 1

q1 =
Ezζ(z)

∑
ν aν(z; τ1)aν(z; τ2)

Ezζ(z)
, (157)

one can compute that

EP ∥∇ log ζ(z)∥2 = EP

∑
ν

(∫ β

0

aν(z; τ)dτ

)2

= β2Ezζ(z)
∑

ν aν(z; τ1)aν(z; τ2)

Ezζ(z)
= β2q1. (158)
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The saddle point equation

q̂1 = J2qp−1
1 (159)

then gives upper bound

DKL(P ||Q) ≤ (βJ)2qp1
2

. (160)

Unfortunately, this yields a bound S ≥ S ≥ − (βJ)2qp1
2p that is too loose. In Section C, we instead use the sharpened

log-Sobolev inequality [59]

DKL(P ||Q) ≤ (βJ)2qq1
2

· 1− λ+ λ log λ

(1− λ)2
(161)

for a Poincaré constant λ computable in terms of a two-point correlator. For sufficiently small β, we find that the
factor 1−λ+λ log λ

(1−λ)2 yields a nontrivial improvement over Gaussian log-Sobolev due to strong convexity of the potential
associated with P . This gives the following result, which is rigorous assuming the 1RSB saddle point equations (118)-
(120). The proof is in Section C.

Theorem 29 (No nontrivial solution to 1RSB saddle point equations). Let λ = 1 − (βJ)2qp−1
1 ≥ 1 − x∗ for some

x∗ < 1. Then the quantity S in (122) satisfies

S ≥ (βJ)2qp1
2

(
1− 1

p
− 1− λ+ λ log λ

(1− λ)2

)
. (162)

In particular, if (βJ)2qp−1
1 → 0 as p → ∞, then

S ≥ (βJ)2qp1
4

(1 + op(1)) . (163)

Since the 1RSB saddle point (121) is S = 0 at m = 1, we conclude that the saddle point equations cannot cannot
be satisfied at m = 1 for sufficiently large p unless q1 = 0. Since glassiness (e.g., the transition from dynamical to
static 1RSB) is expected to occur at m = 1, this provides strong evidence that there is no glassy phase for any p ≥ p∗.
By naively combining the numerical results of Figure 1 with Theorem 29, we can obtain an extremely rough estimate
the value of p∗.
Remark 30 (Non-glassy p). Fixing βJ ≈ 4 and q1 ≈ 0.6 from Figure 2, Theorem 29 implies non-glassiness for all
p ≳ 8.

The prior finite-n numerical results of [28] at the ground state (β extensively growing with n) suggested non-
glassiness for all p ≳ 5. Consistent with this prediction — and indeed roughly with the value of non-glassy p — our
analytical result instead addresses constant temperature. We also note that in the classical case, the large-p Ising
p-spin model has a static 1RSB phase at inverse temperature βJ =

√
2 log 2 up to exponentially small corrections

in p [54]; this is much smaller than the βJ = exp[o(p)] regime in which our result holds. Hence, our result provides
strong evidence that the p-local Pauli ensemble is non-glassy at any constant temperature for all p > p∗ even at a
fairly small constant p∗.
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Appendix A: Path integrals for the q-local Hamiltonian ensemble

This appendix shows how to obtain the saddle point equations of the random q-local Hamiltonian (Theorem 8).
This computation already exists in the literature in [28], but we attempt to provide a self-contained derivation of it
in somewhat more pedagogical detail here. The later appendices provide new computations for RSB. Throughout the
appendices, we will use the SYK-like notation of N qubits, q locality, and n replicas.

1. Partition function

Let DNΩ be the (normalized) path integral measure over spin configurations Ωr(τ) for r ∈ [N ] and dΩr(τ) =
dθr(τ) dϕr(τ) sin θr(τ) which is formally defined later. In this section, we rewrite the random q-local Hamiltonian
partition function in the form

Z =

∫
DNΩ exp

[
−
∫ β

0

dτ
∑
I

JIsI1(τ) · · · sIq (τ)

]
. (A1)

More carefully, one could write this is in discretized form where srµ(τ) is sµ(θ
(τ/∆τ)
r , ϕ

(τ/∆τ)
r ), the exponential is

trotterized, and

DNΩ =

N∏
r=1

β/∆τ∏
i=1

dΩ
(i)
r

2π

(
cos

θ
(i)
r

2
cos

θ
(i+1)
r

2
+ e−i(ϕ(i)

r −ϕ(i+1)
r ) sin

θ
(i)
r

2
sin

θ
(i+1)
r

2

)
(A2)

for

dΩ(i)
r = dθ(i)r dϕ(i)

r sin θ(i)r , sx(θ, ϕ) = 3 sin θ cosϕ, sy(θ, ϕ) = 3 sin θ sinϕ, sz(θ, ϕ) = 3 cos θ. (A3)

For θ ∈ [0, π) and ϕ ∈ [0, 2π), a spin coherent state is defined as

|Ω⟩ =
(

cos θ
2

eiϕ sin θ
2

)
. (A4)

These have the convenient property that for any µ,

σµ =
1

2π

∫
dΩ |Ω⟩⟨Ω| sµ. (A5)

Given n parameters θ1, . . . , θn and ϕ1, . . . , ϕn, each pair θi, ϕi denotes a single qubit state |Ωi⟩. We use shorthand
notation |Ω1, . . . ,Ωn⟩ to then denote the product state |Ω1⟩ ⊗ · · · ⊗ |Ωn⟩.

To write the path integral in terms of the s variables, we observe that for any time ∆τ

1−∆τ
∑
I

JIσI1 · · ·σIq =

∫ N∏
r=1

dΩr

2π
|Ω1, . . . ,Ωn⟩⟨Ω1, . . . ,Ωn|

(
1−∆τ

∑
I

JIsI1 · · · sIq

)
. (A6)

We take the product for an integer β/∆τ times, giving

Tr

(1−∆τ
∑
I

JIσI1 · · ·σIq

)β/∆τ
 =

∫
D̃NΩ

β/∆τ∏
i=1

(
1−∆τ

∑
I

JIs
(i)
I1

· · · s(i)Iq

)
(A7)

for

D̃NΩ = Tr

 N∏
r=1

β/∆τ∏
i=1

dΩ
(i)
r

2π

∣∣∣Ω(i)
r

〉〈
Ω(i)

r

∣∣∣
. (A8)

In the limit ∆τ → 0, this becomes

Tr

(
exp

[
−β
∑
I

JIσI1 · · ·σIq

])
=

∫
DNΩexp

[
−
∫ β

0

dτ
∑
I

JIsI1(τ) · · · sIq (τ)

]
(A9)
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for

DNΩ = lim
∆τ→0

 N∏
r=1

β/∆τ∏
i=1

dΩ
(i)
r

2π

(
cos

θ
(i)
r

2
cos
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r

2
+ e−i(ϕ(i)

r −ϕ(i+1)
r ) sin

θ
(i)
r

2
sin

θ
(i+1)
r

2

) , (A10)

where DNΩ is the path integral measure over all spin configurations Ωr(τ) (and absorbs our previous normalization
factors of 2π).

2. Expectation over disorder

Here, we show how to rewrite the replicated partition function in G,Σ variables by taking an expectation over
disorder. Define Gab(τ1, τ2) and associated Lagrange multiplier Σab(τ1, τ2), with measures DG and DΣ given in the
continuum limit over times τ . Let DNh be the Gaussian measure relating auxiliary fields ha

rµ(τ1), h
b
sν(τ2) by covariance

δrsδµνΣab(τ1, τ2). We will obtain

E [Zm] =

∫
DNΩDGDΣDNh exp

{∫ β

0

∫ β

0

dτ1 dτ2

(
J2N

2q

m∑
a,b=1

Gq
ab(τ1, τ2)−

N

2

m∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)

)

+
∑
r,µ,a

∫ β

0

dτ ha
rµ(τ)s

a
rµ(τ)

}
. (A11)

In discretized form, this can be rewritten as

E [Zm] =

∫ π

0

∫ 2π

0

 m∏
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2
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−∞

 m∏
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β/∆τ∏
i,j=1

dGab(i, j)

∫ i∞

−i∞

 m∏
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β/∆τ∏
i,j=1

dΣab(i, j)

 (2π det(Σ))
−1/2

∫ ∞

−∞

 m∏
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β/∆τ∏
i,j=1

∏
r,µ

dh(i,a)
rµ
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exp

(∆τ)2
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h(i,a)
rµ sµ(θ

(i,a)
r , ϕ(i,a)

r )

 , (A12)

where Σ−1
ab (i, j) refers to the inverted matrix indexed by (i, a) and (j, b), so

∑m
c=1

∑β/∆τ
k=1 ∆τΣac(i, k)Σ

−1
cb (k, j) = δabδij .

The starting point of this computation is the replicated path integral over variables sIj ,

E [Zm] =

∫
DNΩE

[
exp

[
−
∫ β

0

dτ
∑
I

m∑
a=1

JIs
a
I1(τ) · · · s

a
Iq (τ)

]]
(A13)

and apply identity E
[
eσX

]
= eσ

2/2 for X ∼ N (0, 1) to obtain

E [Zm] =

∫
DNΩexp

E [J2
I

]
2q!

∑
I

(
m∑

a=1

∫ β

0

dτ saI1(τ) · · · s
a
Iq (τ)

)2
 (A14)

=

∫
DNΩexp

 J2

2qNq−1

∫ β

0

∫ β

0

dτ1 dτ2

m∑
a,b=1

 N∑
r=1

∑
µ∈{x,y,z}

sarµ(τ1)s
b
rµ(τ2)

q , (A15)

where in the first line we obtain factor 2q! (the 2 comes from the identity and the q! from the orderings of I), and
in the second line we evaluate the expectation and rearrange the terms in the innermost parentheses. Recall that
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explicitly, this is (as ∆τ → 0) the quantity

E [Zm] =

∫  m∏
a=1

N∏
r=1

β/∆τ∏
i=1

dθ(i,a)r dϕ(i,a)
r

sin θ
(i,a)
r

2π

(
cos

θ
(i,a)
r

2
cos

θ
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2
+ e−i(ϕ(i,a)

r −ϕ(i+1,a)
r ) sin
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r

2
sin

θ
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r

2

)
× exp

 (∆τ)2NJ2

2q

β/∆τ∑
i,j=1

m∑
a,b=1

(
1

N

N∑
r=1

sµ(θ
(i,a)
r , ϕ(i,a))sµ(θ

(j,b)
r , ϕ(j,b))

)q
 . (A16)

We substitute in

Gab(τ1, τ2) =
1

N

∑
r,µ

sarµ(τ1)s
b
rµ(τ2) (A17)

to obtain

E [Zm] =

∫
DNΩ exp

J2N

2q

∫ β

0

∫ β

0

dτ1 dτ2

m∑
a,b=1

Gq
ab(τ1, τ2)

 . (A18)

We insert as a prefactor the identity

1 =

∫
DG

m∏
a,b=1

∏
τ1,τ2

δ

(
Gab(τ1, τ2)−

1

N

∑
r,µ

sarµ(τ1)s
b
rµ(τ2)

)
(A19)

for

DG =

m∏
a,b=1

∏
τ1,τ2

dGab(τ1, τ2). (A20)

We replace the delta function with a Lagrange multiplier via δ(x) = 1
2πi

∫ i∞
−i∞ dλ exp[−λx] with λ = N

2 Σab(τ1, τ2) to
obtain

E [Zm] =

∫
DNΩDGDΣ exp

{∫ β

0

∫ β

0

dτ1 dτ2

(
J2N

2q

m∑
a,b=1

Gq
ab(τ1, τ2)

− N

2

m∑
a,b=1

Σab(τ1, τ2)

[
Gab(τ1, τ2)−

1

N

∑
r,µ

sarµ(τ1)s
b
rµ(τ2)

])}
. (A21)

Finally, we introduce an auxiliary field to eliminate the quadratic term with the Hubbard-Stratonovich transformation
exp
[
1
2x

TMx
]
=
(
1/
√
(2π)n det(M)

) ∫
dnh exp

[
− 1

2h
TM−1h+ hTx

]
. Let DNh denote the Gaussian measure relating

ha
rµ(τ1), h

b
sν(τ2) by covariance δrsδµνΣab(τ1, τ2). Then

E [Zm] =

∫
DNΩDGDΣDNh exp

{∫ β

0

∫ β

0

dτ1 dτ2

(
J2N

2q

m∑
a,b=1

Gq
ab(τ1, τ2)−

N

2

m∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)

)

+
∑
r,µ,a

∫ β

0

dτ ha
rµ(τ)s

a
rµ(τ)

}
. (A22)

3. Saddle point equations

Here, we show how to obtain the saddle point equations

J2Gab(τ1, τ2)
q−1 = Σab(τ1, τ2), Gab(τ1, τ2) =

〈∑
µ

σa
µ(τ1)σ

b
µ(τ2)

〉
Σ

. (A23)
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We can write the second saddle point equation more explicitly as

Gab(τ1, τ2) =

Tr
〈
T exp

[∫ β

0
dτ
∑m

a=1

∑
µ h

(a)
µ (τ)σ

(a)
µ

]∑
µ σ

(a)
µ (τ1)σ

(b)
µ (τ2)

〉
δµνΣab(τ1,τ2)

Tr
〈
T exp

[∫ β

0
dτ
∑m

a=1

∑
µ h

(a)
µ (τ)σ

(a)
µ (τ)

]〉
δµνΣab(τ1,τ2)

, (A24)

where the expectation is over sampling Gaussian h with mean zero and covariance ⟨h(a)
µ (τ1)h

(b)
ν (τ2)⟩ = δµνΣab(τ1, τ2).

Here, the times τ1, τ2 in σ
(a)
µ (τ1), σ

(b)
µ (τ2) are just labels for the time-ordering T : for example, in the discretized form

with τ1 = i∆τ and τ2 = j∆τ with j > i, the numerator is the trace of the expectation of

∑
ν

 j∏
k=β/∆τ

exp

[
∆τ
∑
a,µ

h(k,a)
µ σ(a)

µ

]σ(b)
ν

 i∏
k=j−1

exp

[
∆τ
∑
a,µ

h(k,a)
µ σ(a)

µ

]σ(a)
ν

(
1∏

k=i−1

exp

[
∆τ
∑
a,µ

h(k,a)
µ σ(a)

µ

])
.

(A25)

We now derive these equations. The derivative with respect to Gab(i, j) is trivial: setting it to zero gives the saddle
point equation

J2Gq−1
ab (i, j) = Σab(i, j). (A26)

The derivative with respect to Σab(i, j) is slightly trickier. We first observe that the θ, ϕ dependence now only occurs
in the final sµ function. Hence, we can swap the order of integration and evaluate

∫ π

0

∫ 2π

0

 m∏
a=1

N∏
r=1

β/∆τ∏
i=1

dθ(i,a)r dϕ(i,a)
r

sin θ
(i,a)
r

2π

〈
Ω(i,a)

r
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r

〉 exp
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∑
r,µ
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rµ sµ(θ
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r , ϕ(i,a)

r )

 (A27)

= Tr

β/∆τ∏
i=1

exp

[
(∆τ)

m∑
a=1

∑
r,µ

h(i,a)
rµ σ(i,a)

rµ

], (A28)

where σ
(i,a)
rµ indicates a Pauli of type µ acting on a qubit indexed by (r, a) at time slice i. Integrating over h is

equivalent taking the expectation when sampling h
(i,a)
rµ with covariance δrsδµνΣab(i, j). Hence, we have

E [Zm] =

∫ ∞

−∞

 m∏
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β/∆τ∏
i,j=1

dGab(i, j)
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2
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δrsδµνΣab(i,j)

. (A29)

Since the N sites indexed by r are independent, we can further rewrite this in terms of single-qubit operators σµ and
fields hµ:

E [Zm] =

∫ ∞
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
+N log

〈
Tr

β/∆τ∏
i=1

exp

[
(∆τ)

m∑
a=1

∑
µ

h(i,a)
µ σ(i,a)

µ

]〉
δµνΣab(i,j)

}
. (A30)
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In the limit ∆τ → 0, we write this as

E [Zm] =

∫
DGDΣ exp

[∫ β

0

∫ β

0

dτ1 dτ2

J2N

2q
Gq

ab(τ1, τ2)−
N

2

m∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)


+N log

〈
Tr

(
exp

[∫ β

0

dτ

m∑
a=1

∑
µ

h(a)
µ (τ)σ(a)

µ (τ)

])〉
δµνΣab(τ1,τ2)

]
. (A31)

We can undo the insertion of the auxiliary field h from Hubbard-Stratonovich, giving

E [Zm] =

∫
DGDΣ exp

[∫ β

0

∫ β

0

dτ1 dτ2

J2N

2q
Gq

ab(τ1, τ2)−
N

2

m∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)


+N log Tr

T exp

1
2

∫ β

0

∫ β

0

dτ1 dτ2

m∑
a,b=1

∑
µ

σ(a)
µ (τ1)Σab(τ1, τ2)σ

(b)
µ (τ2)

], (A32)

where we abuse notation and use the time-ordering operator T to remind ourselves that the auxiliary field must be
time-ordered. Duhamel and cyclicity of trace gives derivative

∂

∂Σab(i, j)
log Tr(exp[X]) =

N(∆τ)2

2

Tr
(
T exp [X]

∑
µ σ

(a)
µ (τ1)σ

(b)
µ (τ2)

)
Tr(T exp[X])

(A33)

for

X =
(∆τ)2

2

β/∆τ∑
i,j=1

m∑
a,b=1

∑
µ

σ(i,a)
µ Σab(i, j)σ

(j,b)
µ . (A34)

Hence, the second saddle point equation is

−N(∆τ)2

2
Gab(i, j) +

N(∆τ)2

2

Tr
(
T exp [X]

∑
µ σ

(i,a)
µ σ

(j,b)
µ

)
Tr(T exp[X])

= 0 (A35)

giving

Gab(i, j) =
Tr
(
T exp [X]

∑
µ σ

(i,a)
µ σ

(j,b)
µ

)
Tr(T exp[X])

. (A36)

To write the time-ordering cleanly in the discretized form, we return to the previous representation with auxiliary
fields h.

Appendix B: RS solution of the q-local Hamiltonian ensemble

We describe here the numerical procedure used to obtain Figure 2; the analytical details are presented in the main
text. Our code is implemented using CTSEG [93] and is adapted from the recent solution of the quantum Heisenberg
model [10]. We initialize Σ(τ) = J2G(τ)q−1 using the Liouville solution of [28], which approximates the large-q
solution of the saddle point equations by expanding G(τ) is around 3, i.e.,

G = 3

(
1 +

g(τ)

q
+ · · ·

)
. (B1)

They resum the series as 3eg/q to obtain approximation

G(τ) = b

(
π

β sin πτ
β

)2/q

, b =
1

π

(
1

2
− 1

q

)
tan

π

q
. (B2)
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In [28], it was observed that initializing numerical solvers from this solution converge to the quenched RS G(τ)
as opposed to the annealed saddle G(τ) → 1. In the RS phase of Figure 2, we similarly find that Σ(β/2) ∼ 0.6
(with J = 1), consistent with seeing the quenched as opposed to the annealed saddle. We discretized Σ(τ) into
Nτ = 2000 timesteps and sampled the external field Nh = 2000 times; the remaining parameters are similar to those
of [10]. We note that the RS solver (with a generic off-diagonal element) is fairly unstable for the p = 3 model;
especially around the transition temperature shown in Figure 2, its output is sensitive to the initialization and choice
of hyperparameters. This is likely because the glass transition occurs at significantly smaller β, and hence the RS
solver is faced with multiple unstable saddles. In particular, the RS ansatz’s off-diagonal term would only be expected
to become nonzero when the size of each 1RSB cluster is large, although the glass transition occurs when they are
exponentially small. The RS solution is thus likely unstable for a reasonable range of β below the transition shown
in Figure 2.

Appendix C: 1RSB solution of the q-local Hamiltonian ensemble

We give the 1RSB saddle point equations of the random q-local Hamiltonian ensemble at arbitrary q. Unlike the
finite-N numerics of that probe glassiness at small values of q in [28], our computation takes the N → ∞ limit
analytically. The saddle point equations are given as integrals of single-qubit Hamiltonians, which can be directly
evaluated numerically. In this appendix, we show that sufficiently large q is not glassy.

1. Setup

We start from the G,Σ action (102) derived by [28] (and derived in a self-contained manner in Section A)

X =

∫ β

0

∫ β

0

dτ1 dτ2

J2

2q

n∑
a,b=1

Gq
ab(τ1, τ2)−

1

2

n∑
a,b=1

Σab(τ1, τ2)Gab(τ1, τ2)


+ logEh

∫
DΩ exp

[
n∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (C1)

Recall that the expectation over h is with respect to ha
µ(τ1), h

b
ν(τ2) drawn from a Gaussian with mean zero and

covariance δµνΣab(τ1, τ2). Taking derivatives with respect to G and Σ, we obtain saddle point equations

J2Gab(τ1, τ2)
q−1 = Σab(τ1, τ2), Gab(τ1, τ2) =

〈∑
µ

σa
µ(τ1)σ

b
µ(τ2)

〉
Σ

. (C2)

Under the 1RSB ansatz with q0 = 0, i.e.,

Gab(τ1, τ2) = G(τ1 − τ2)δab + q1 (1− δa0b0) δa1b1 (C3)
Σab(τ1, τ2) = Σ(τ1 − τ2)δab + q̂1 (1− δa0b0) δa1b1 (C4)

for a0 ∈ [m], a1 ∈ [n/m] and a = (a0, a1), the action becomes

X =
n

2

∫ β

0

∫ β

0

dτ1 dτ2

(
J2G(τ1 − τ2)

q

q
− Σ(τ1 − τ2)G(τ1 − τ2)

)
+

β2(m− 1)n

2

(
J2qq1
q

− q̂1q1

)
+ logEh

∫
DΩ exp

[
n∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (C5)

and the saddle point equations with respect to G are

J2G(τ1 − τ2)
q−1 = Σ(τ1 − τ2), J2qq−1

1 = q̂1, q1 =

〈∑
µ

σ1
µ(τ1)σ

2
µ(τ2)

〉
Σ′

, (C6)
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and with respect to Σ are

G(τ1 − τ2) =

〈∑
µ

σ1
µ(τ1)σ

1
µ(τ2)

〉
Σ′

, q1 =

〈∑
µ

σ1
µ(τ1)σ

2
µ(τ2)

〉
Σ′

(C7)

where Σ′ is the covariance matrix in one 1RSB block, i.e., for a, b ∈ [m],

Σ′
ab(τ1, τ2) = Σ(τ1 − τ2)δab + q̂1(1− δab). (C8)

Below, we will also evaluate the saddle point equation in ∂mX. For all these three saddle point equations, we need to
take an analytic continuation to real m after sending n → 0.

2. Saddle point equations

The following notation will be useful. In each 1RSB block, we decompose the fields ha
µ(τ) (in the logEh term

obtained by Hubbard-Stratonovich in (C5)) into the sum of two independent random variables

ha
µ(τ) = zµ + ξaµ(τ), zµ ∼ N (0, δµν q̂1), ξaµ(τ) ∼ N (0, δµν(Σ(τ1 − τ2)− q̂1)), (C9)

which recover the proper covariance:

Eh∼Σ′ [ha
µ(τ1)h

b
ν(τ2)] = E [zµzν ] + E

[
ξaµ(τ1)ξ

b
ν(τ2)

]
= δµν (q̂1 + δab(Σ(τ1 − τ2)− q̂1)) = δµνΣ

′
ab(τ1, τ2). (C10)

We also define the quantity

ζ(z) := Eξµ(τ)

∫
DΩ exp

[∑
µ

∫ β

0

dτ (zµ + ξµ(τ))sµ(Ω(τ))

]
(C11)

where here the exponent only contains Pauli matrices acting on a single qubit. This notation allows us to rewrite the
log expectation term from Hubbard-Stratonovich in a more convenient form.

Lemma 31 (Auxiliary field expectation).

Eh∼Σ′

∫
DΩ exp

[
m∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
= Ez [ζ(z)

m] . (C12)

Proof. We evaluate

Eh∼Σ′

∫
DΩ exp

[
m∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]

= Ez

[
Eξ1,...,ξm

[∫
DΩ

m∏
a=1

exp

[∑
µ

∫ β

0

dτ (zµ + ξaµ(τ))sµ(Ω
a(τ))

] ∣∣∣∣∣ z
]]

(C13)

= Ez

[(
Eξµ(τ)

[∫
DΩ exp

[∑
µ

∫ β

0

dτ (zµ + ξµ(τ))sµ(Ω(τ))

] ∣∣∣∣∣ z
])m]

(C14)

= Ez [ζ(z)
m] . (C15)

The saddle point equations from ∂GX = 0, i.e.,

J2G(τ1 − τ2)
q−1 = Σ(τ1 − τ2), J2qq−1

1 = q̂1, (C16)

are easy to work with independently of m. We first rewrite ∂ΣX = 0 saddle point equation for the off-diagonal terms.
Although we derive it from an integer number of copies in (C7), we apply it to any real m in the replica method.
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Lemma 32 (Off-diagonal ∂ΣX saddle point equation). The off-diagonal equation in (C7) is equivalent to

q1 =
Ez [ζ(z)

m
∑

ν aν(z; τ1)aν(z; τ2)]

Ez [ζ(z)m]
(C17)

for ζ defined in (C11), random variables z, ξ defined in (C9), and

aν(z; τ) :=
Eξ Tr

(
T σν(τ) exp

[∑
µ

∫ β

0
dτ ′ (zµ + ξµ(τ

′))σµ(τ
′)
])

ζ(z)
. (C18)

Proof. We start with〈∑
µ

σ1
µ(τ1)σ

2
µ(τ2)

〉
Σ′

=
Eh Tr

(
T
∑

ν σ
1
ν(τ1)σ

2
ν(τ2) exp

[∑
a

∑
µ

∫ β

0
dτ ha

µ(τ)σ
a
µ(τ)

])
Eh Tr

(
T exp

[∑
a

∑
µ

∫ β

0
dτ ha

µ(τ)σ
a
µ(τ)

]) (C19)

and observe that the denominator is Ez[ζ(z)
m] by Theorem 31. The numerator is computed via

Eh Tr

(
T
∑
ν

σ1
ν(τ1)σ

2
ν(τ2) exp

[∑
a

∑
µ

∫ β

0

dτ ha
µ(τ)σ

a
µ(τ)

])

= Ez

[∑
ν

Eξ1

[
Tr

(
T σ1

ν(τ1) exp

[∑
µ

∫ β

0

dτ (zµ + ξ1µ(τ))σ
1
µ(τ)

]) ∣∣∣∣∣ z
]

× Eξ2

[
Tr

(
T σ2

ν(τ1) exp

[∑
µ

∫ β

0

dτ (zµ + ξ2µ(τ))σ
2
µ(τ)

]) ∣∣∣∣∣ z
]

×
m∏

a=3

Eξa

[
Tr

(
T exp

[∑
µ

∫ β

0

dτ (zµ + ξaµ(τ))σ
a
µ(τ)

]) ∣∣∣∣∣ z
]]

(C20)

= Ez

[
ζ(z)m

∑
ν

aν(z; τ1)aν(z; τ2)

]
(C21)

for aν as defined in the lemma statement.

Remark 33 (Comparison to Ising q-spin). The Ising q-spin model, under the standard normalization with coefficient
variance J2q!/2Nq−1, has saddle point equation [52, 94]

q1 =

E
[
2m coshm

(
βJ
√
qqq−1

1 Z

)
tanh2

(
βJ
√

qqq−1
1 Z

)]
E
[
2m coshm

(
βJ
√

qqq−1
1 Z

)] (C22)

for standard normal Z.

In the quantum setting, the diagonal term G(τ),Σ(τ) has nontrivial time dependence. We also require its saddle
point equation.

Lemma 34 (Diagonal ∂ΣX saddle point equation). For any real m, the diagonal equation in (C7) is analytically
continued to

G(τ1 − τ2) =
Ez [ζ(z)

m
∑

ν aν(z; τ1, τ2)]

Ez [ζ(z)m]
(C23)

for ζ defined in (C11), random variables z, ξ defined in (C9), and

aν(z; τ1, τ2) =
Eξ Tr

(
T σν(τ1)σν(τ2) exp

[∑
µ

∫ β

0
dτ (zµ + ξµ(τ))σµ(τ)

])
ζ(z)

. (C24)
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Proof. We start with〈∑
µ

σ1
µ(τ1)σ

1
µ(τ2)

〉
Σ′

=
Eh Tr

(
T
∑

ν σ
1
ν(τ1)σ

1
ν(τ2) exp

[∑
a

∑
µ

∫ β

0
dτ ha

µ(τ)σ
a
µ(τ)

])
Eh Tr

(
T exp

[∑
a

∑
µ

∫ β

0
dτ ha

µ(τ)σ
a
µ(τ)

]) (C25)

and observe that the denominator is Ez[ζ(z)
m] by Theorem 31. The numerator is computed via

Eh Tr

(
T
∑
ν

σ1
ν(τ1)σ

1
ν(τ2) exp

[∑
a

∑
µ

∫ β

0

dτ ha
µ(τ)σ

a
µ(τ)

])

= Ez

[∑
ν

Eξ1

[
Tr

(
T σ1

ν(τ1)σ
1
ν(τ2) exp

[∑
µ

∫ β

0

dτ (zµ + ξ1µ(τ))σ
1
µ(τ)

]) ∣∣∣∣∣ z
]

×
m∏

a=3

Eξa

[
Tr

(
T exp

[∑
µ

∫ β

0

dτ (zµ + ξaµ(τ))σ
a
µ(τ)

]) ∣∣∣∣∣ z
]]

(C26)

= Ez

[
ζ(z)m

∑
ν

aν(z; τ1, τ2)

]
(C27)

for aν as defined in the lemma statement.

We next need to identify the appropriate block size m by evaluating the saddle point equation ∂mX = 0; equivalently,
this sets the TAP complexity S = 0. (For convenience, we simplify our final answer below using q̂1 = J2qq−1

1 from
the ∂GX = 0 saddle point equation.)

Lemma 35 (∂mX = 0 saddle point equation). The saddle point equation ∂mX = 0 is equivalent to

(βJ)2

2

(
1− 1

q

)
qq1 +

1

m2
logEzζ(z)

m − 1

m

Ezζ(z)
m log ζ(z)m

Ezζ(z)m
= 0 (C28)

for ζ defined in (C11) and random variable z = (zµ)µ∈{X,Y,Z} ∼ N (0, δµν q̂1) defined in (C9).

Proof. Since we can decompose

Eh∼Σ

∫
DΩ exp

[
n∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
=

(
Eh∼Σ′

∫
DΩ

m∏
a=1

exp

[∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

])n/m

,

(C29)

the only nontrivial quantity to compute is ∂m log ζ0 for (by Theorem 31)

ζ0 = Eh∼Σ′

∫
DΩ

m∏
a=1

exp

[∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
= Ez [ζ(z)

m] (C30)

since

∂m logEh∼Σ

∫
DΩ exp

[
mn∑
a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
= ∂m

n

m
log ζ0 = − n

m2
log ζ0 +

n

m
∂m log ζ0. (C31)

The derivative

∂mζ0 = Ez [ζ(z)
m log ζ(z)] (C32)

yields

lim
n→0

∂n∂m logEh

∫
DΩ exp

[
n∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
= − 1

m2
logEzζ(z)

m +
1

m

Ezζ(z)
m log ζ(z)

Ezζ(z)m
. (C33)
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To conclude the computation, we see that the action satisfies

lim
n→0

∂n∂mX = ∂m
β2(m− 1)

2

(
J2qq1
q

− q̂1q1

)
+ lim

n→0
∂n∂m logEh

∫
DΩ exp

[
n∑

a=1

∑
µ

∫ β

0

dτ ha
µ(τ)sµ(Ω

a(τ))

]
. (C34)

Remark 36 (Comparison to Ising q-spin). The Ising q-spin model, under the standard normalization with coefficient
variance J2q!/2Nq−1, has ∂mX = 0 saddle point equation [52, 94]

0 =
(βJ)2

2
qq1(q − 1) +

logE
[
2m coshm

(
β
√
qqq−1

1 Z

)]
m2

− 1

m

E
[
2m coshm

(
βJ
√
qqq−1

1 Z

)
log

(
2m coshm

(
βJ
√

qqq−1
1 Z

))]
E
[
2m coshm

(
βJ
√

qqq−1
1

)]
(C35)

for standard normal Z.

3. Solving the saddle point equations

We summarize our saddle point equations that must be solved. We will solve them numerically at q = 3 due to the
lack of a closed form for the integrals over Pauli matrices (similar to the numerical solution of [10] for the quantum
Heisenberg model). For random variables

zµ ∼ N (0, δµν q̂1), ξµ(τ) ∼ N (0, δµν(Σ(τ1 − τ2)− q̂1)), (C36)

we defined quantities

ζ(z) = Eξµ(τ) Tr

(
T exp

[∑
µ

∫ β

0

dτ (zµ + ξµ(τ))σµ(τ)

])
(C37)

aν(z; τ1, . . . , τk) =
Eξµ(τ) Tr

(
T σν(τ1) · · ·σν(τk) exp

[∑
µ

∫ β

0
dτ (zµ + ξµ(τ))σµ(τ)

])
ζ(z)

. (C38)

The saddle point equations are

Σ(τ1 − τ2) = J2G(τ1 − τ2)
q−1 (C39)

q̂1 = J2qq−1
1 (C40)

G(τ1 − τ2) =
Ez [ζ(z)

m
∑

ν aν(z; τ1, τ2)]

Ez [ζ(z)m]
(C41)

q1 =
Ez [ζ(z)

m
∑

ν aν(z; τ1)aν(z; τ2)]

Ez [ζ(z)m]
(C42)

0 =
(βJ)2

2

(
1− 1

q

)
qq1 +

1

m2
logEzζ(z)

m − 1

m

Ezζ(z)
m log ζ(z)

Ezζ(z)m
. (C43)

Due to the spin-1/2 operators preventing a closed form for the expectation values involved, these saddle point must be
solved numerically (cf. [10, 28]). In the q → ∞ limit, we show analytically below that the 1RSB saddle point equations
cannot be satisfied at temperatures satisfying (βJ)2qq−1

1 → 0 as q → ∞. Since we permit unstable solutions, this gives
evidence that neither 1RSB nor full RSB phases exist. Although our analysis does not address βJ exponentially large
in q, we note that [28] provided finite-N numerical results on the ground state (β → ∞) and found strong evidence of
non-glassiness for all q ≥ 5. Moreover, if we take the numerical results of of Figure 2 at q = 3 as appropriate values
of βJ and q1 for general q, our analytical result suggests non-glassiness for at least all q ≥ 7, which is in fairly close
agreement with the ground state numerics of [28].

Before proceeding with our analysis, we note that the TAP complexity [33, 34] is precisely given by (C43) at m = 1,
i.e.,

S =
(βJ)2

2

(
1− 1

q

)
qq1 + logEzζ(z)−

Ezζ(z) log ζ(z)

Ezζ(z)
. (C44)
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Under the ansatz resembling our glass decomposition,

ρ =
∑
a

e−βNfaρa (C45)

for free energies fa, the TAP free energy assumes that these free energies concentrate at some saddle point f∗ in the
large-n limit, i.e.,

Z =
∑
a

e−βNfa =

∫
df
∑
a

δ(f − fa)e
−βNf =

∫
df eN [S(f)−βf ] = eN [S(f∗)−βf∗], (C46)

where we introduced a complexity measure that counts the number of TAP states

S(f) =
1

N
log
∑
a

δ(f − fa). (C47)

Solving for the TAP free energy Φ over a replicated system Zm =
∑

a e
−βmNfa(β) = e−NβΦ gives at m = 1 precisely

the TAP complexity reported in (C44). However, this does not immediately imply glassiness; one must check the
so-called marginality condition, which requires that the replicon eigenvalue vanishes [12], and which implies aging in
out-of-equilibrium dynamics [67, 72, 95, 96]. Since dynamical and static 1RSB commonly appear together, we focus
below on static 1RSB instead of computing the marginality condition. We will see that S > 0 for any q1 ̸= 0, implying
that no static RSB phase ever occurs, due to the S = 0 saddle point equation (C43).

Lemma 37 (TAP complexity from KL divergence). For Q = N (0, q̂1δµν) and measure

dP (z) =
ζ(z)

EQζ
dQ(z), (C48)

we can write the TAP complexity as

S =
(βJ)2qq1

2

(
1− 1

q

)
−DKL(P ||Q). (C49)

Proof. The definition of KL divergence gives

DKL(P ||Q) = EP log
dP

dQ
= EP log ζ − logEQζ. (C50)

We change measure using

EP log ζ =

∫
(log ζ)

dP

dQ
dQ =

EQζ log ζ

EQζ
(C51)

to obtain

DKL(P ||Q) =
EQζ log ζ

EQζ
− logEQζ. (C52)

From the definition of TAP complexity (C44), we have

S =
(βJ)2

2

(
1− 1

q

)
qq1 + logEQζ −

EQζ log ζ

EQζ
=

(βJ)2

2

(
1− 1

q

)
qq1 −DKL(P ||Q). (C53)

We use [59], which provides a sharper bound than the classical log-Sobolev inequality.

Lemma 38 (Sharpened log-Sobolev bound). For

⟨σν1(τ1) · · ·σνj (τj)⟩ =
Eξµ(τ)∼N (0,(Σ(τ1−τ2)−q̂1)δµν) Tr

(
T exp

[∑
µ

∫ β

0
dτ (z + ξµ(τ))σµ(τ)

]∏
r σνr

(τr)
)

ζ(z)
, (C54)
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define

η :=
1

3
sup
x

∑
ν

∫ β

0

dτ1 dτ2 (⟨σν(τ1)σν(τ2)⟩ − ⟨σν(τ1)⟩⟨σν(τ2)⟩)

∣∣∣∣∣
z=

√
q̂1x

. (C55)

Then for λ = 1− q̂1η, we have

DKL(P ||Q) ≤ (βJ)2qq1
2

· 1− λ+ λ log λ

(1− λ)2
. (C56)

Proof. Let γ denote the standard Gaussian density; define dν = fdγ for

f(x) =
ζ(
√
q̂1x)

EQζ
(C57)

so DKL(P ||Q) = DKL(ν||γ). Since we can rewrite

dν = (2π)−3/2e−V (x)dx (C58)

for

V (x) =
1

2
∥x∥2 − log

ζ(
√
q̂1x)

Eqζ
, (C59)

then

∇2V (x) ⪰ λI3 (C60)

implies a Poincaré inequality with constant λ due to Bakry-Émery. Computing the Hessian, we have first derivative

∂zν log ζ(z) =

∫ β

0

⟨σν(τ)⟩dτ =

∫ β

0

aν(z; τ)dτ (C61)

and second derivative

∂2

∂zµ∂zν
log ζ(z)

∣∣∣∣∣
z=

√
q̂1x

=

∫ β

0

dτ1 dτ2 (⟨σµ(τ1)σν(τ2)⟩ − ⟨σµ(τ1)⟩⟨σν(τ2)⟩)

∣∣∣∣∣
z=

√
q̂1x

. (C62)

Hence, we have

∇2
xV (x) = I − q̂1∇2

z log ζ(z)

∣∣∣∣∣
z=

√
q̂1x

≥ (1− q̂1η)I3. (C63)

By Theorem 1 of [59], setting λ = 1− q̂1η/3 implies

DKL(P ||Q) ≤ 1− λ+ λ log λ

(1− λ)2
1

2

∫
∥∇f∥2

f
dγ (C64)

since ζ(z) is even. We compute∫
∥∇f∥2

f
dγ =

∫
f∥∇ log f∥2dγ =

∫
∥∇ log f∥2dν = q̂1EP ∥∇ log ζ∥2. (C65)

Since (C61) gives

EP ∥∇ log ζ(z)∥2 = EP

∑
ν

(∫ β

0

aν(z; τ)dτ

)2

= β2Ezζ(z)
∑

ν aν(z; τ1)aν(z; τ2)

Ezζ(z)
= β2q1 (C66)
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by the 1RSB saddle point equation

q1 =
Ez [ζ(z)

m
∑

ν aν(z; τ1)aν(z; τ2)]

Ez [ζ(z)m]
(C67)

at m = 1, and since

q̂1 = J2qq−1
1 , (C68)

we conclude that ∫
∥∇f∥2

f
dγ = (βJ)2qq1. (C69)

This gives the claimed inequality

DKL(P ||Q) ≤ (βJ)2qq1
2

· 1− λ+ λ log λ

(1− λ)2
. (C70)

Corollary 39. Let λ = 1− (βJ)2qq−1
1 ≥ 1− x∗ for some x∗ < 1. Then the TAP complexity satisfies

S ≥ (βJ)2qq1
2

(
1− 1

q
− 1− λ+ λ log λ

(1− λ)2

)
≥ (βJ)2qq1

4

(
1− 2

q
−
(
1

3
+

2x∗

9(1− x∗)

)
(βJ)2qq−1

1

)
. (C71)

Proof. We bound

η =
1

3

∑
ν

∫ β

0

dτ1 dτ2 (⟨σν(τ1)σν(τ2)⟩ − ⟨σν(τ1)⟩⟨σν(τ2)⟩) ≤ β2 (C72)

using |⟨σν(τ1)σν(τ2)⟩conn| ≤ 1. We apply Theorem 38 with

λ ≥ 1− β2q̂1 = 1− (βJ)2qq−1
1 . (C73)

Taking x = (βJ)2qq−1
1 and assuming x < x∗ < 1, we obtain

DKL(P ||Q) ≤ xq1
2

· 1− λ+ λ log λ

(1− λ)2
≤ xq1

4

[
1 +

(
1

3
+

2x∗

9(1− x∗)

)
x

]
. (C74)

Applying Theorem 37 gives the claimed result.

For βJ not exponentially growing in q, we thus find that S > 0 is lower-bounded by a constant (depending on q),
ruling out the S = 0 condition for the 1RSB saddle point equations at m = 1. Note that we did not require stability;
hence, this also provides evidence against full RSB.

Appendix D: Full RSB solution of the q-local Hamiltonian ensemble

We show here the full RSB solution of the ensemble, obtaining the Parisi order parameter q(x) at arbitrary β and
κ. (To avoid confusion between the Parisi order parameter and the locality of the Hamiltonian, we use κ for locality
in this section.) The computation proceeds by applying the replica trick to write the free energy in terms of a generic
choice of overlap Gab(τ1, τ2) (and its Lagrange multiplier Σ), imposing the full RSB ansatz, then writing the resulting
saddle point equations.
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1. Replica trick

We start from

E [Zn] =

∫
DNΩDGDΣ exp

{∫ β

0

∫ β

0

dτ1 dτ2

(
J2N

2κ

n∑
a,b=1

Gκ
ab(τ1, τ2)

− N

2

n∑
a,b=1

Σab(τ1, τ2)

[
Gab(τ1, τ2)−

1

N

∑
r,µ

sarµ(τ1)s
b
rµ(τ2)

])}
. (D1)

We reparameterize G,Σ to have imaginary times τ1, τ2 ∈ [0, 1] instead of [0, β], so the temperature dependence is
made explicit; we rewrite

Z =

∫
DGDΣ exp[NX] (D2)

for

X =
β2

2

n∑
a,b=1

∫ 1

0

dτ1 dτ2

(
J2Gκ

ab(τ1, τ2)

κ
− Σab(τ1, τ2)Gab(τ1, τ2)

)

+ log

∫
DNΩexp

β2

2

n∑
a,b=1

∫ 1

0

dτ1 dτ2 Σab(τ1, τ2)
(
sa(τ1) · sb(τ2)

) (D3)

where we used shorthand

sa(τ1) · sb(τ2) =
1

N

N∑
r=1

∑
µ

sarµ(τ1)s
b
rµ(τ2). (D4)

As N → ∞, the free energy converges to −X/β evaluated at G,Σ satisfying the saddle point equations

Gab(τ1, τ2) =

〈
T
∑
µ

σa
µ(τ1)σ

b
µ(τ2)

〉
Sloc

, Σab(τ1, τ2) = J2Gκ−1
ab (τ1, τ2) (D5)

for action

Sloc =

n∑
a=1

S0[σ
a(τ)]− (βJ)2

2

∫ 1

0

dτ1 dτ2

n∑
a,b=1

Σab(τ1, τ2)
∑
µ

σa
µ(τ1)σ

b
µ(τ2), (D6)

where S0 is a single-site action that we leave unspecified. Substituting Gab(τ1, τ2) = G(τ1−τ2) and Ga̸=b(τ1, τ2) = Gab,
we obtain free energy per site

f =
βJ2

2

(
1− 1

κ

)∫ 1

0

dτ1 dτ2 G
κ(τ1 − τ2) + lim

n→0

1

βn

[
(βJ)2

(
1− 1

κ

)∑
a<b

Gκ
ab − logZloc

]
(D7)

by the replica trick, where

Gab =

〈
T
∑
µ

σa
µ(τ1)σ

b
µ(τ2)

〉
Sloc

, G(τ) =

〈
T
∑
µ

σa
µ(τ1)σ

a
µ(τ2)

〉
Sloc

, Zloc =

∫
DΩexp[−Sloc] (D8)

Sloc =

n∑
a=1

S0[σ
a(τ)]− (βJ)2

2

∫ 1

0

dτ1 dτ2 G
κ−1(τ1 − τ2)

∑
µ

σa
µ(τ1)σ

a
µ(τ2)− (βJ)2

∑
a<b

Gκ−1
ab

∫ 1

0

dτ1 dτ2
∑
µ

σa
µ(τ1)σ

b
µ(τ2).

(D9)
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2. Full RSB free energy

We recursively construct the full RSB ansatz and follow a similar solution as that in [10] for the quantum Heisenberg
model. We define a self-replica function G : [−1, 1] → R and two sequences (qp)0,...,k and (mp)0,...,k. We set m0 = n
and define the kth stage of RSB according to

GRSBk

k = (qk − qk−1)Umk
, (D10)

GRSBk
p = diagmp/mp+1

(
GRSBk

p+1

)
+ (qp − qp−1)Ump

for all p ∈ {0, . . . , k − 1} (D11)

GRSBk ≡ GRSBk
0 . (D12)

Here, Um is the m×m matrix of ones, diagr(A) is the block-diagonal matrix with r copies of A, m0 = n, and q−1 = 0.
Introducing notation

σ̄a
µ =

∫ 1

0

dτσa
µ(τ), σa(τ1) · σb(τ2) =

∑
µ

σa
µ(τ1)σ

b
µ(τ2) (D13)

we have at the kth stage of RSB that

SRSBk

loc =

n∑
a=1

(
S0[σ

a(τ)]− (βJ)2

2

∫ 1

0

dτ1 dτ2
(
Gκ−1(τ1 − τ2)− J2qκ−1

k

)
σa(τ1) · σa(τ2)

)
− (βJ)2

2

∑
a,b

(
GRSBk

)κ−1

ab
σ̄a · σ̄b.

(D14)

Introducing an auxiliary field h (with three components, and which we will ultimately set to h = 0) and writing out
the path integral, the local partition function at step p is

ZRSBk
p (h) =

∫
DΩexp

[
−

n∑
a=1

(
S0[s

a(τ)]− (βJ)2

2

∫ 1

0

dτ1 dτ2
(
Gκ−1(τ1 − τ2)− J2qκ−1

k

)
sa(τ1) · sa(τ2)

)

+
(βJ)2

2

∑
a,b

(
GRSBk

p

)κ−1

ab
s̄a · s̄b + βh ·

mk∑
a=1

s̄a

]
. (D15)

Evaluating at steps p and p+1 then applying a Hubbard-Stratonovich transformation, one finds the recurrence relation

ZRSBk
p (h) =

∫
dhp G

(
hp|J2(qκ−1

p − qκ−1
p−1 )

) (
ZRSBk
p+1 (h+ hp)

)mp/mp+1

, (D16)

where G(y|v) places a Gaussian distribution on y with mean zero and variance v. The replica computation for full
RSB then takes limits n → 0 and k → ∞ with mk = 1. The variable qp becomes the Parisi order parameter q(x) for
x ∈ [0, 1], and mp becomes x. Given Laplacian operator ∇2 :=

∑
i

∂2

∂h2
i
, the heat-kernel identity

[
exp
(v
2
∇2
)
· f
]
(h) =

∫
dh′G(h′|v)f(h+ h′) (D17)

for any sufficiently regular function f implies that (taking ZRSBk
p (h) → ζ(x, h))

ζ(x− dx, h) = exp

(
J2

2
dqκ−1(x)∇2

)
ζ(x, h)1−dx/x, (D18)

i.e.,

∂ζ

∂x
= −J2

2

dqκ−1

dx
∇2ζ +

1

x
ζ log ζ (D19)

with boundary condition ζ(1, h) =
∫
DΩexp[−S∞(h)] for single-site action

S∞(h) = S0[s(τ)]−
∫ 1

0

dτ1 dτ2
(βJ)2

2

(
Gκ−1(τ1 − τ2)− qκ−1(1)

)
s(τ1) · s(τ2)− βh · s̄. (D20)
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Using [97]

lim
n→0

∑
a<b

Gκ
ab = −1

2

∫ 1

0

dx q(x)κ (D21)

and

lim
n→0

1

n
logZloc =

∫
dhG(h|J2qκ−1(0)) lim

x→0

1

x
log ζ(x, h), (D22)

we plug the above quantities into (D7) (and set h = 0) to obtain free energy

f =
βJ2

2

(
1− 1

κ

)∫ 1

0

dτ1 dτ2

(
G(τ1 − τ2)

κ −
∫ 1

0

dx q(x)κ
)
− 1

β
ϕ(0, 0) (D23)

=
βJ2

2

(
1− 1

κ

)∫ 1

0

dτ

(
G(τ)κ −

∫ 1

0

dx q(x)κ
)
− 1

β
ϕ(0, 0), (D24)

where we applied the periodicity of G and introduced ϕ(x, h) = (1/x) log ζ(x, h) which satisfies

∂ϕ

∂x
= −J2

2

dqκ−1

dx

(
∇2ϕ+ x(∇ϕ)2

)
(D25)

ϕ(1, h) = log

∫
DΩexp[−S∞(h)] (D26)

for S∞(h) defined in (D20). To evaluate the quantities in (D8), we compute the expectation of the observable
G(τ1, τ2) = ⟨sa(τ1) · sa(τ2)⟩ on the thermal state similarly to above. In the full RSB ansatz, we introduce the quantity
GRSBk

p (h) which evaluates G(τ1, τ2) with the matrix QRSBk at step p (with an external field). Then the a = b case is

⟨sa(τ1) · sb(τ2)⟩RSBk
p (h) =

∫
dhp G

(
hp|J2(qκ−1

p − qκ−1
p−1 )

) ⟨sa(τ1) · sb(τ2)⟩RSBk
p+1 (h+ hp)Z

RSBk
p+1 (h+ hp)

mp/mp+1

ZRSBk
p (h)

.

(D27)

For a ̸= b, we similarly have

⟨s̄a · s̄b⟩RSBk
p (h) =

∫
dhp G

(
hp|J2(qκ−1

p − qκ−1
p−1 )

) ⟨s̄a · s̄b⟩RSBk
p+1 (h+ hp)Z

RSBk
p+1 (h+ hp)

mp/mp+1

ZRSBk
p (h)

. (D28)

As n → 0 and k → ∞, GRSBk
p (h) becomes ρ(x, h) and satisfies (temporarily suppressing τ1, τ2)

ζ(x− dx, h)ρ(x− dx, h) = exp

[
J2

2
dq(x)κ−1∇2

]
ρ(x, h)ζ(x, h)1−dx/x, (D29)

i.e., for variable substitution βu(x, h) = (1/x)∇ log ζ = ∇ϕ(x, h),

∂ρ

∂x
= −J2

2

dqκ−1

dx

(
∇2ρ+ 2βx(u · ∇)ρ

)
(D30)

with boundary condition ρ(1, h)τ1,τ2 = ⟨s(τ1) · s(τ2)⟩S∞(h). Similarly, u satisfies

∂u

∂x
= −J2

2

dqκ−1

dx

(
∇2u+ 2βx(u · ∇)u

)
(D31)

with boundary condition u(1, h) = ⟨s̄⟩S∞(h), as seen by evaluating ∇ϕ(1, h) given our boundary condition for ϕ(1, h).
A similar computation for the a ̸= b case gives the PDE

∂ν

∂x
= −J2

2

dqκ−1

dx

(
∇2ν + 2βx(u · ∇)ν

)
(D32)
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for ν(y, x, h) with boundary condition ν(x, x, h) = u2(x, h). Plugging these answers into (D27) and (D28) (using
(D8)), we obtain equations

G(τ1 − τ2) =

∫
dhG

(
h|J2qκ−1(0)

)
ρ(0, h)τ1,τ2 = ρ(0, 0)τ1,τ2 (D33)

q(x) =

∫
dhG

(
h|J2qκ−1(0)

)
ν(0, x, h) = ν(0, x, 0) (D34)

since we anticipate q(0) = 0, producing a δ function at h = 0. We reparameterize these PDEs as in [10] to rewrite
ρ, ν in terms of a probability distribution P (h).

We summarize the full RSB solution as follows. For single-site action

S∞(h) = S0[s(τ)]−
∫ 1

0

dτ1 dτ2
(βJ)2

2

(
G(τ1 − τ2)

κ−1 − q(1)κ−1
)
s(τ1) · s(τ2)− β

∫ 1

0

dτ h · s(τ) (D35)

we have

G(τ) =

∫
dhP (1, h)⟨T s(τ) · s(0)⟩S∞(h), q(x) =

∫
dhP (x, h)u(x, h)2 (D36)

for P, u obtained by solving

∂P

∂x
=

J2

2

dqκ−1

dx

(
∇2P − 2βx∇(u · P )

)
, P (0, h) = δ(h) (D37)

∂u

∂x
= −J2

2

dqκ−1

dx

(
∇2u+ 2βx(u · ∇)u

)
, u(1, h) =

∫ 1

0

dτ ⟨s(τ)⟩S∞(h). (D38)

The free energy is then

F =
βJ2

2

(
1− 1

κ

)∫ 1

0

dτ

(
G(τ)κ −

∫ 1

0

dx q(x)κ
)
− 1

β
ϕ(0, 0) (D39)

for

∂ϕ

∂x
= −J2

2

dqκ−1

dx

(
∇2ϕ+ x(∇ϕ)2

)
, ϕ(1, h) = log

∫
DΩexp[−S∞(h)]. (D40)
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