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Álvaro Buend́ıa,1, 2, * Jose Luis Pura,1, 3 Vincenzo Giannini,1, 4, 5, ** and Jose A. Sánchez-Gil1, ***

1Instituto de Estructura de la Materia (IEM-CSIC), Serrano, 121, 28006, Madrid, Spain
2International Iberian Nanotechnology Laboratory (INL),
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Subwavelength arrays of plasmonic nanoparticles allow us to control the behaviour of light at
the nanoscale. Here, we develop an eigenmode analysis, employing a coupled electromagnetic dipole
formalism, which permits us to isolate the contribution to the far-field radiation of each array
mode. Specifically, we calculate the far-field radiation patterns by bulk, edge and corner out-of-plane
eigenmodes in a finite 2D Su-Schrieffer-Heeger (SSH) array of plasmonic nanoparticles with out-of-
plane dipolar resonances. The breaking of symmetries in multipartite unit cells is exploited to tailor
the optical properties and far-field radiation of the resonant modes. We prove that the antisymmetric
modes are darker and have higher Q-factors than their symmetric counterparts. Also, the out-of-
plane nature of the dipolar resonances imposes that all bulk Γ-modes are dark, while corner and
edge states need extra in-plane symmetries to cancel the far-field radiation; radiation patterns in
turn become more complex and concentrated along the array plane with increasing array size.

I. INTRODUCTION

Plasmonic nanoparticles can be seen as nanoantennas,
operating like radio-antennas at higher frequencies [1].
They are able to cast radiation to the far-field and fo-
cus it into the nanoscale. Metallic nanoparticles interact
strongly with visible light due to the collective oscilla-
tions of free electrons in their surface, known as localized
surface plasmon resonance (LSPR) [2]. The arrangement
of these nanoparticles in periodic subwavelength arrays
(plasmonic metasurfaces) [3, 4], leads to the hybridiza-
tion of plasmons and formation of collective modes, which
can be exploited to gain more control of light.

The combination of optical nanostructures with topo-
logical effects have led to the rise of topological nanopho-
tonics [5–7], which aims for a robust and symmetry-
protected manipulation of light at the nanoscale. While
the initial effort in topological photonics was trying to
mimic the unidirectional edge states of topological elec-
tronic insulators [8–12], in the last years there have been
intense research in other topological effects, e.g. topolo-
gical corner states [13, 14] or bound states in the con-
tinuum (BICs) [15–17]. The breaking of spatial symme-
tries in multipartite optical lattices has been proven as
an effective way to induce non-trivial topological effects
[11, 18, 19] and control the optical properties [20–23].

In order to study the optical properties of these arrays,
we employ a coupled electric dipole formalism [24–27],
which has been used for decades to model periodic optical
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nanostructures. Despite its limitations, coupled-dipole
equations are very useful to study scattering by optical
metasurfaces in an elegant and (semi)analytical way by
replacing the optical response of each nanoparticle by
electric dipoles coupled to each other. Since we will ac-
count only for the lowest-order LSPR, it suffices to inclu-
de the electric dipole contributions.

Moreover, in this article, rather than studying the res-
ponse to excitation of finite plasmonic metasurfaces [28],
we use the coupled-dipole formalism to develop an eigen-
mode analysis [29]. This approach allows to consider the
contribution to the far-field radiation from each resonant
array mode separately, which helps to understand how
the symmetries of the modes affect the far-field radiation
and the optical properties of the system [30].

The manuscript is structured as follows. In Section II
we present the theory of the far-field radiation by a sin-
gle plasmonic nanoparticle within the dipolar approxi-
mation. In Section III we introduce the coupled electro-
magnetic dipole formalism and define dispersion bands
and Q-factors in periodic and finite multipartite arrays of
plasmonic nanoparticles. In Section IV we study the op-
tical properties of the different bands through extinction
cross sections, which allows us to classify modes as dark
or bright. Later, in Section V, we calculate the radiation
pattern of bulk, edge and corner states, proving how the
symmetries and spatial localization of the modes lead
to distinctive far-field radiation. Finally, in Section VI,
we analyze the quality factors of the array modes, which
consolidate the idea of using symmetry breaking in mul-
tipartite lattices to tailor the properties and achieve more
robust modes.
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II. FAR-FIELD RADIATION BY A SINGLE
PLASMONIC NANOPARTICLE

Metallic nanoparticles interact strongly with visible
light, due to the free electrons in their surface, which reso-
nate with the electric field of light, producing a collective
oscillation known as localized surface plasmon resonan-
ce (LSPR). When the nanoparticle radius a is at least a
few nms, so quantum effects are negligible, but still small
compared to the wavelength (a ≪ λ), this oscillation is
mainly dipolar, and the nanoparticle can be approxima-
ted by an electric dipole. The dipolar momentum, p0, is
proportional to the incoming electric field of the light,
Einc:

p0 = ϵ0
←→α (ω)Einc(r0), (1)

where ϵ0 is the vacuum permittivity and ←→α (ω) is the
polarizability tensor. For an isotropic spherical nanopar-
ticle, this tensor is ←→α (ω) = α(ω)I and behaves like a
scalar. We define the polarizability of a sphere in the
quasi-static approximation as [2]:

α(ω) = 4πϵ0b
3 ϵ(ω)− ϵB
ϵ(ω) + 2ϵB

, (2)

where ϵ0, ϵ(ω) and ϵB are the permittivities of the va-
cuum, the metal and the background medium, respecti-
vely. The metal permittivity can be described using the
Drude model,

ϵ(ω) = ϵ∞ −
ω2
p

ω2 + iωγ
, (3)

where ωp is the plasma frequency and γ is the optical
loss. The plasmonic resonance of the nanosphere occurs
when the denominator in Equation 2 vanishes, this is for
ωsp = ωp/

√
ϵ∞ + 2ϵB .

The radiated far-field by a single nanoparticle is:

ER(R, t) =
k2

ϵ0

←→
G LR(ω,R)p0 (4)

where
←→
G LR is the long-range term of the Green’s dyadic

function:

←→
G LR(ω,R) = −eikR

4πR

[
I− R⊗R

R2

]
. (5)

We can expand the product
←→
G LRp0 and define p0⊥ =

p0−R(R·p0)/R
2 as the projection of the dipolar moment

in the perpendicular direction of R. As |p⊥|2 = p2 − |R ·
p|2/R2, for a dipole oriented in z (p = puz) |p⊥|2 =
p2−p2cos2θ = p2 sin2 θ, where θ is the angle with respect

to the z axis. If we define C0 = eikR

4πϵ0k2R the angular

distribution of the far-field radiation is then [31]

dP

dΩ
∝ |ET

R(ω,k,R)|2 = |C0|2p2 sin2 θ. (6)

This pattern corresponds to the one of a half-wave dipolar
antenna, which is torus-shaped. A single dipole radiates
in the far-field in every direction excepting the direction
parallel to the dipole axis, θ = 0, due to the transversality
condition k · E = 0. The maximum of radiation takes
place on the plane perpendicular to the dipole, θ = π/2.

III. DISPERSION BY PERIODIC AND FINITE
MULTIPARTITE ARRAYS OF PLASMONIC

NANOPARTICLES

We imagine now a two-dimensional array of plasmonic
nanoparticles. As long as the gap between the nanopar-
ticles is comparable or larger than their radius a, the di-
polar approximation remains accurate and we can ignore
the higher multipole interactions between the nanoparti-
cles. The array can be therefore treated as a system of
coupled electric dipoles. By combining Equations 1 and 4
and assuming that the field at the position of the n-th
dipole is the sum of the fields emitted by the rest of the
dipoles of the lattice in the absence of an incident field,
we arrive at the system of self-consistent equations:

1

α(ω)
pn =

k2

ϵ0

∑
m̸=n

←→
G (rn, rm, ω)pm. (7)

We consider now a periodic two-dimensional lattice,
with N nanoparticles per unit cell and lattice vectors a1
and a2. For the periodic array, the coupled-dipole equa-
tions in Equation 7 can be reformulated in a matricial
way as [6]:

A−1(ω)P(q) = G(ω,q)P(q), (8)

where q is the Bloch momentum. The P(q) eigenvectors
contain the dipolar momentums of the nanoparticles and
satisfy the Bloch periodicity P(q+G) = P(q) where G
is a linear combination of the reciprocal lattice vectors
G = nG1 +mG2. G and A are 3N × 3N matrices:

A−1(ω) =

α−1
1 (ω) · · · 0
...

. . .
...

0 · · · α−1
N (ω)

 , (9)

G(ω,q) =

G11(ω,q) · · · G1N (ω,q)
...

. . .
...

GN1(ω,q) · · · GNN (ω,q)

 , (10)

where Gij are 3× 3 blocks and are known as depolariza-
tion dyadic:

Gij(ω) =
k2

ϵ0

{∑ ′←→G (−rn,m, ω)eiqrnm i = j∑←→
G (−rn,m − di,j , ω)e

iqrnm i ̸= j
,

(11)∑′
meaning the sum excluding (n,m) = (0, 0).

We can define a dressed or effective polarizability of
the array, ←→α eff(ω,q), which is the analogue of the pola-
rizability of the nanoparticle for the periodic array as:

←→α eff(ω,q) =
(
A−1(ω)− G(ω,q)

)−1
(12)
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From Equation 8, the dispersion bands ωn(q) can be
found by diagonalizing the inverse of the dressed pola-
rizability, or solving the system of 3N equations:

λn

(←→α −1
eff (ωn(q),q)

)
= 0, (13)

where λn(A) is the n-th eigenvalue of the matrix A.
We imagine now a finite array, where the unit cell of

the periodic system is replicated, but the number of unit
cells, Nc, is finite. The total number of particles N is
then N = NcN . While infinite arrays are very useful to
study topology of the system, finite arrays are needed for
systems where the translation symmetry is broken and
allow to study topological corner, edge or finite-size and
disorder effects.

The coupled-dipole equations in a finite array can be
then condensed in the equation:

A−1(ω)P = G(ω)P, (14)

where A and G are now 3N × 3N matrices.

A−1(ω) =

α−1(ω) · · · 0
...

. . .
...

0 · · · α−1
N (ω)

 , (15)

[G(ω)]3i−2;3i,3j−2;3j =

{
0 i = j
←→
G (ω, rij ,q) i ̸= j

.(16)

As the translation symmetry is broken by terminating
the array, the eigenmodes don’t have a defined crystalline
momentum anymore, so dispersion bands are not defined.
The breaking of the symmetries of the unit cell at the
boundary of the array may also lead to the existence of
topological states such as edge or corner states [19], which
don’t have a counterpart in the infinite array. However,
we can predict the existence of these modes by bulk-
boundary correspondence, which relate topological states
to bulk properties of the periodic system, i.e. topological
invariants [19].

In a finite array we can calculate a spectrum of the
system in a similar fashion to dispersion bands for the
infinite array, by solving the system of 3N equations for
complex ωi:

λi

(←→α −1
eff (ωi))

)
= 0. (17)

However, as the size of the array grows, the bulk eigenmo-
des will tend to the ones of the infinite array, so we could
attempt to calculate effective bands of the finite array.
The most popular way to calculate effective dispersion
bands in systems with broken periodicity (disorder, de-
fects...) is the supercell method [32, 33], where a larger
ancillary unit cell is considered to recover the periodicity
of the lattice.

Nevertheless, long-range interactions in our system in-
volve calculating infinite lattice sums [34], and for lar-
ge unit cells this approach would be computationally

exhaustive and so we take a different approach. Instead,
we analyze the real space eigenmodes of the finite array
to infer the dependence on q. After classifying each ei-
genmode Pi, where i is the index of the eigenmode, by
their spatial symmetries within a single unit cell and their
localization in real space (bulk, edge and corner states),
we obtain the n-th effective dispersion band for a finite
array is [35]:

ωeff
n (q) =

∑
i={is} ωi|Pq,i|2∑
i={is} |Pq,i|2

, (18)

where is is the group of eigenmodes with a certain sym-
metry and Pq,i is:

Pq,i =
∑

pne
−iqrn . (19)

As we see, this sum resembles a Fourier transform. As
the size of the finite array grows, the bulk modes are
extended in real space, and this will lead to confinement
in q-space, with a narrow peak for a certain q value. The
edge states however, are only extended in 1D, so they will
only have an effective crystalline momentum in one of the
directions. Finally, the corner states are highly localized
in space, as they are quasi-0D modes. Their confinement
in real space will lead to delocalization in q-space and to
flat ωs(q) bands.
To demonstrate this, we choose a 2D SSH lattice [19]

(see scheme in Fig. 1(a)), which is the two-dimensional
extension of the infamous Su-Schrieffer-Heeger (SSH)
model [36], first introduced to explain the physics of the
polyacetylene chain and later studied as the simplest mo-
del for a topological insulator. In the 2D SSH model, the
particles are arranged in a square lattice, with alternate
distances βd/2 and (2− β)d/2 in the x and y directions,
where d is the lattice parameter and β is a dimension-
less parameter that ranges from 0 to 2. The unit cell has
four different sites, i.e. sublattices (A,B,C,D). For β > 1
the array is topologically non-trivial and hosts both 1D
(edge) and 0D (corner) states.
The edge states in the 2D SSH model [13, 19, 37–43]

are protected by weak symmetries, namely the (generali-
zed) sublattice symmetry and rotational (C4) and mirror
symmetries.
We calculate the effective dispersion bands for the out-

of-plane modes in a 2D SSH array of 15 × 15 unit cells
(i.e. 30×30 nanoparticles) with radius a = 10 nm, lattice
constant d = 150 nm, β = 1,6, LSPR frequency ℏωsp =
2,50 eV and optical losses ℏγ = 1 meV. We consider
less absorption than for realistic metals (silver or gold),
as large optical losses can make edge, bulk and corner
states overlap spectrally. This approximation allows to
study the contributions of bulk, edge and corner states
separately.
Out-of-plane and in-plane bands are uncoupled as long

as the lattice is flat, but their bands can overlap spec-
trally without hybridizing. In order to isolate the out-of-
plane modes, we can use nanospheroids with their major
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axis oriented in z [28], see scheme in Fig. 1(b), as they
act like projectors of the electric field in the main axis
direction [44] near the resonance frequency.

We plot the effective dispersion bands of the system
ωs(q) in Fig. 1(c). Red, green and blue dotted lines
represent bulk (B1−4), edge (E1−4) and corner (C1−4)
bands. The black dashed lines represent the light lines.
B1−4 bands correspond to symmetries dxy, py, px, s [19].

pz

array 
plane

BULKEDGE

CORNER

𝛃d/2 (2-𝛃)d/2

x

y

a

(a)

(b)

G(⍵,r,r
0
)

B

C

A

D

Figura 1. Plasmonic 2D SSH array. (a) Scheme for a
plasmonic 2D SSH array and symmetry breaking at the boun-
dary, leading to corner and edge states. (b) Scheme for iso-
lating out-of-plane array modes by using elongated nanopar-
ticles with major axis perpendicular to the lattice. (c) Dis-
persion bands of a 15 × 15 plasmonic 2D SSH array with
particle radius a = 10 nm, lattice constant d = 150 nm, sh-
rinking/expanding factor β = 1,6, localized surface plasmon
resonance frequency ℏωsp = 2,50 eV, and optical losses ℏγ = 1
meV. Red, green and blue dotted lines represent corner C1−4,
edge E1−4 and bulk B1−4 bands. White dashed lines are the
light lines k = k∥. The colormap represents the optical extin-
ction cross section of the array σext. As an inset we plot the
light cone for ω = ωsp (white circle) inside the first Brillouin
zone and the k-path ΓXMΓ (red line). The modes which are
outside the light cone k ≥ k∥ are evanescent and therefore
dark in the far-field, while the modes inside the light lines
k ≤ k∥ are radiative.

As we can see, the B4 band is the most dispersive and

shows a strong polaritonic splitting around the light li-
nes. The edge bands at the lower bandgap E1,2 are almost
flat, while the edge bands E3,4 are more dispersive and
show fast oscillations in q. This seems a finite-size effect
and should diminish upon increasing Nc. The four corner
bands C1−4 are degenerate, flat and pinned at the reso-
nance frequency of a single nanoparticle, ω = ωsp, due to
the generalized sublattice symmetry[45].

IV. OPTICAL EXTINCTION OF BULK, EDGE
AND CORNER MODES

We now analyze the optical properties of the 2D SSH
array modes. This is crucial to understand how to couple,
excite and exploit these modes. While all modes, both
evanescent and radiative, can be excited via near-field
coupling by near-field sources [46], only modes which
are inside the light lines can propagate to the far-field.
Bound states in the continuum challenge this paradigm
[47]. Even when they are in the continuum of radiation,
they remain confined and do not propagate to the far-
field. This is due to a symmetry mismatch between plane-
waves and the BIC modes.
BICs usually appear at high-symmetry points. This ty-

pe of BICs are known as symmetry-protected. For exam-
ple, out-of-plane dipolar modes are dark at Γ due to the
transversality condition k ·E = 0 [23], which prevents the
coupling of this mode to the far-field at normal incidence.
The far-field excitation and spectroscopy of topologi-

cal plasmonic metasurfaces has been previously studied
theoretically in Reference [28]. Topological corner states
have been observed experimentally in a metal-dielectric
metasurface in Reference [48], while plasmonic topologi-
cal edge states have been experimentally probed e.g. in a
chain of metallic nanoparticles [49], in an array of plasmo-
nic waveguides [50] or in a van der Waals heterostructure
[51].
While the optical near-field properties of a metasur-

face can be characterized by the local density of states
(LDOS) [35, 46], the far-field behaviour can be studied
by the extinction cross section of the array, σext which is
defined as [28]:

σext(ω,k) = 4πkℑ

(
Ê

∗
inc
←→α eff(ω)Êinc

N |E0|2

)
, (20)

where k is the momentum of light and Êinc is the inco-
ming electric field (a plane wave) at the positions of the

nanoparticles, i.e.
[
Êinc

]
3n−2,3n

= E0e
i(krn−ωt).

The solutions outside the light lines have an imaginary

kz =
√
k2 − k2∥. The evanescent waves then decay in the

z-axis as e−ℑ(kz)z, so at a distance z of a few wavelengths,
the radiated field is negligible. Evanescent modes are the-
refore not accesible from the far-field, i.e. z →∞.
In Figure 1(c) we plot as a colormap the logarithm

of the extinction cross section log10(σext(ω,k)), mapping
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over ω and k. White dashed lines represent the light lines.
As an inset we plot the first Brillouin zone and the k-path
ΓXMΓ (red solid line). Red dots are the high-symmetry
points (Γ, X,M). White circle is the light cone at ω =
ωsp. The light lines at ω = ωsp are at k∥ = ksp = 0,6π/a.
Modes which are inside the light-lines are radiative, while
modes outside them are evanescent and therefore dark in
the far-field. We can see all modes are dark at Γ, due to
the out-of-plane character of the considered dipoles and
the transversality condition, but higher-frequency bands
are brighter and spectrally broader. While the bulk mode
B4 couples very strongly with plane waves, except at Γ,
the mode B1 is almost transparent to them. This mode
is dark for all ΓX.

V. FAR-FIELD RADIATION PATTERNS BY
BULK, EDGE AND CORNER STATES

We now calculate the far-field radiation by array mo-
des. Instead of a single dipole, as in Eq. 4 we consider
now a 2D array of electric dipoles polarized in the out-
of-plane direction pi = piuz. The radiated field by an
array of electric dipoles pi is the sum of the fields radia-
ted by each dipole, this is:

ET
R(ω,R) =

∑
i

ER(ω,R− ri) = C0

∑
i

pi⊥e
ikri

= C0pT⊥. (21)

The dipolar radiation patterns of the single dipoles in-
terfere, and can lead to field singularities, such as sym-
metry protected or accidental (Friedrich-Wigner) BICs
[52]. It was shown in Reference [16] that the topological
phases of the polarization vortices in the radiated field
by BICs are related to the topological indexes of the sin-
gularities of the multipolar orders. However, here we will
not study the phase of the radiated fields and will just
focus on the radiation patterns.

Exciting a single array mode is challenging, due to the
resonant modes and the incident beam having a spectral
width. Here, instead of considering the radiation pattern
of a metasurface after illumination, we employ the eigen-
modes of the array. This allows us to isolate the contri-
bution of each mode to the far-field radiation.

We study now the radiation by bulk, edge and corner
states of the 2D SSH array. First, we consider a finite
lattice, with Nc unit cells. The radiated field by a finite
2D SSH array is:

ET
R(ω,R) =

= C0

∑
n,m

(
pAnm⊥e

−iβd(kx+ky)/4+

+pBnm⊥e
−iβd(ky−kx)/4+

+pCnm⊥e
iβd(kx+ky)/4+

+pDnm⊥e
iβd(ky−kx)/4

)
ei(kxnd+kymd), (22)

where pjnm is the dipolar moment of the nanoparticle
in the site j in the unit cell {n,m}, n,m being integers
between −N and N , with 2N + 1× 2N + 1 = Nc.

A. Far-field radiation by bulk modes

As we explained in the previous section, the modes of
the finite array do not have a well defined crystalline mo-
mentum. However, as the array grows, the normal modes
of the finite array localized in the bulk tend to the pe-
riodic array modes, at least far from the boundaries of
the array. In the Nc → ∞ limit, we recover the Bloch
periodicity and the dipolar moments of bulk modes obey
pAnm = pA00e

−i(qxna+qyma). The radiated field is then:

ĺım
Nc→∞

ET
R(ω,R) =C0δ((kx − qx)

d

2π
)δ((ky − qy)

d

2π
)·

·
(
pA00⊥e

−iβd(kx+ky)/4+

+pB00⊥e
−iβd(ky−kx)/4+

+pC00⊥e
−iβd(kx−ky)/4+

+pD00⊥e
iβd(ky+kx)/4

)
(23)

where we used the series of the Dirac delta function:

δ(x− x0) =

∞∑
n=−∞

ei2π(x−x0). (24)

This means, as the size of the finite array grows, the ra-
diation pattern narrows, eventually collapsing to a single
channel for Nc →∞.

ĺım
Nc→∞

ET
R(ω,R) = ĺım

Nc→∞
C0p0⊥

∑
n e

i(k−q)nd =

= C0p0⊥δ((kx − qx)
d
2π )δ((ky − qy)

d
2π ). (25)

We first analyze the highest frequency bulk band, the
B4 mode, which has s symmetry, so the four dipoles
in each unit cell oscillate in phase, pAnm = pBnm =
pCnm = pDnm = pnm.
The infinite-size limit of the radiated field is then:

ĺım
Nc→∞

ET
R(ω,R) =

= 4C0p00



−qx

√
q2x + q2y

−qy
√
q2x + q2y

q2x + q2y

 cos(qxβd/4) cos(qyβd/4)

 .

(26)

For the Γ mode, qx = qy = 0, so the only open channel
of radiation is k = kz. However, this channel is forbidden,
as electric dipoles do not radiate in the direction of their
axis, so the Γ-mode is dark in every direction for Nc →
∞. Therefore, in the infinite size limit and in the absence
of absorption, this mode is a BIC.
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x1.15

x2

Figura 2. Far-field radiation by bulk mode B4 (s sym-
metry) Γ mode of a finite array of plasmonic nano-
particles depending on the number of unit cells. (a)
Radiation pattern |ET

R(k, ω, r)|2 of the B1 mode of a single
unit cell (Nc = 1). The radiation pattern is very similar to
the one from a single dipole as the dipoles in the unit cell are
in phase. (b) Real part of the eigenmode ℜ(P) of the B4 Γ
mode with Nc = 1. (c) Radiation pattern of the B4 Γ mode
of a 10 × 10 unit cells array. (d) Real part of the eigenmode
of the B1 Γ mode of the 10× 10 array. (e) Radiation pattern
|ET

R(k, ω, r)|2 of the B4 mode of a 20× 20 unit cells array. As
we see, the main lobe of the pattern is around Γ, with side-
lobes due to diffraction by the edges. The far-field radiation
becomes less and less intense with the number of unit cells,
and would eventually vanish for Nc → ∞. (f) Real part of the
eigenmode ℜ(P) of the B4 Γ of a finite array of 20× 20 unit
cells. As the number of unit cells increases, the eigenmode of
the finite array tend to the bulk eigenmode B4 of the periodic
array, at least far from the edges.

To check this, we calculate the radiation patterns of
the mode for different array sizes. Instead of using the
infinite-size limit in Equation 26, we plug in Equation 21
the dipolar moments of the eigenmodes Pi. The B4 mo-
de at Γ can be found sorting the eigenmodes in q using
Equation 18. In this case, this corrresponds to the eigen-
mode where all the bulk dipoles oscillate in-phase.
In Figure 2(a) we plot the radiation pattern for a single

unit cell. In panel (b) we plot the eigenmode. As we see
the radiation pattern for the quadrumer is toroidal and
very similar to the one from a single dipole, as all the
dipoles oscillate in-phase and their fields interfere cons-
tructively. In panel (c) we plot the radiation pattern, next
to the corresponding eigenmode in panel (d) for a 10×10
unit cells array. We see that the pattern has narrowed,
with a main lobe around normal incidence. The sidelo-
bes are finite-size effects, and should diminish when the
array grows. Finally we plot the radiation pattern (panel
(e)) and eigenmode (panel (f)) for a 20 × 20 unit cells
array. We see the pattern gets narrower around Γ, while
also less intense, indicating this mode gets darker with
the array size, as it is expected from a q-BIC. In the
Nc → ∞ limit, this mode will be completely invisible in
the far-field.
Then we analyze the B1 band, which has dxy sym-

metry, this is pAnm = −pBnm = −pCnm = pDnm =
pnm. The radiated field is then:

ĺım
Nc→∞

ET
R(ω,R) =

= −4C0p00



−qx

√
q2x + q2y

−qy
√
q2x + q2y

q2x + q2y

 sin(qxβd/4) sin(qyβd/4)

 .

(27)

We see this band is dark for Γ, where pnm⊥ = 0. However,
due to the antisymmetries within the unit cell, B1 band
is dark for all Γ−X(ky = 0) and Γ− Y (kx = 0). When
the mirror symmetry is broken in only one of the in-plane
axes, the mode is odd in the other direction, leading to
destructive interference in the far-field.
In Figure 3 we plot the radiation by the B1 Γ mode

of the 2D SSH array, this is the B1 eigenmode where all
the dipoles within the same sublattice are in phase. In
panel (a) we plot the radiation pattern for a single unit
cell, over the corresponding eigenmode in panel (b). As
the radiation vanishes for qx = 0 or qy, the pattern has a
four lobe shape. In panel (c) we plot the radiation pattern
with a 125x zoom with respect to the radiation pattern
in panel (a), over the corresponding eigenmode in panel
(d) for a 10×10 unit cells array. We see the radiated field
decays very fast with size, indicating this mode is darker
than B4 mode. Finally we plot the radiation pattern with
a 600x zoom (panel (e)) and eigenmode (panel (f)) for
a 20 × 20 unit cells array. The mode clearly gets darker
increasing the array size. In the infinite array limit, Nc →
∞ the contribution of this mode to the far-field should
vanish.
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x150

x600

Figura 3. Far-field radiation by bulk mode B1 (dxy sym-
metry) Γ mode of a finite array of plasmonic nano-
particles depending on the number of unit cells. (a)
Radiation pattern |ET

R(k, ω, r)|2 of the B1 mode of a single
unit cell (Nc = 1). The radiation pattern has four lobes cen-
tered at kx = ±ky due to the dxy symmetry. (b) Real part
of the eigenmode ℜ(P) of the B1 Γ mode with Nc = 1. (c)
Radiation pattern of the B1 Γ mode of a 10 × 10 unit cells
array, with a 125x zoom compared with the radiation pattern
from the unit cell. (d) Real part of the eigenmode of the B1 Γ
mode of the 10×10 array. (e) Radiation pattern |ET

R(k, ω, r)|2
of the B1 mode of a 20 × 20 unit cells array. As we see, the
main lobe of the pattern is around Γ, with sidelobes due to
diffraction by the edges. The far-field radiation decays very
fast with the array size. It eventually vanishes for Nc → ∞ (f)
Real part of the eigenmode ℜ(P) of the B1 Γ of a finite array
of 20×20 unit cells. As the number of unit cells increases, the
eigenmode of the finite array tend to the bulk eigenmode B1

of the periodic array, at least far from the edges.

We see that even when both B1 and B4 are q-BICs,
the mode with dxy symmetry is darker and therefore ha-
ve higher Q-factors, as we will prove in Section VI. While
the B1 mode BIC is only protected by the out-of-plane
character, the B4 BIC is also protected by the antisym-
metry of the mode, and it would still be a BIC if the
mode hybridizes with in-plane modes without breaking
the spatial symmetries. This shows the interest of the 2D
SSH model and how by using composite cell arrays, we
can exploit antisymmetric modes to tailor more robust
quasi-bound states in the continuum [43].

The same analysis can be made for B2(px) and B3(py)
modes, and we would find px(py) modes are dark for
ΓY (ΓX).

B. Far-field radiation by edge modes

Now, we analyze the radiated field by edge modes. Far-
field probing of topological edge states have been pre-
viously studied in a plasmonic chain of nanoparticles [49],
and in plasmonic or dielectric breathing honeycomb lat-
tices [53].

Here we study the far-field radiation by the plasmonic
topological edge states of the 2D SSH model. In the limit
Nc → ∞, the edge modes will be confined in 1D, like
bulk modes of the SSH model. The radiated field by the
edges is

ET
R(ω,R) ≃ C0

∑
n(

pAnM⊥e
−iβd(kx+ky)/4 + pBnN⊥e

−iβd(ky−kx)/4
)
·

· ei(kxnd+kyNd)+(
pCn−N⊥e

iβd(kx−ky)/4 + pDn−M⊥e
iβd(kx+ky)/4

)
·

· ei(kxnd−kyNd)+

+ C0

∑
m(

pA−Nm⊥e
−iβd(kx+ky)/4 + pC−Nm⊥e

iβd(ky−kx)/4
)
·

· ei(kyMd−kxNd)+(
pBNm⊥e

−iβd(kx−ky)/4 + pDNm⊥e
iβd(kx+ky)/4

)
·

· e−i(kxNd+kymd). (28)
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x150

x600

(a) 2x2 unit cells

Figura 4. Far-field radiation by bulk mode E3 (s sym-
metry) Γ mode of a finite array of plasmonic nano-
particles depending on the number of unit cells. (a)
Radiation pattern |ET

R(k, ω, r)|2 of the B1 mode of a 2 × 2
unit cells array, the smallest square lattice with edge state.
The radiation pattern is very similar to the one from a single
dipole as all the dipoles oscillate in phase. (b) Real part of the
eigenmode ℜ(P) of the E4 Γ mode of a 2× 2 unit cells array.
(c) Radiation pattern of the E4 Γ mode of a 10×10 unit cells
array. (d) Real part of the eigenmode of the B1 Γ mode of the
10 × 10 array. (e) Radiation pattern |ET

R(k, ω, r)|2 of the B1

mode of a 20×20 unit cells array. As we see, the main lobe of
the pattern is around Γ, with sidelobes due to diffraction by
the edges. The far-field radiation lobes at kx = 0 and ky = 0
do not decrease with size, actually they get more intense. This
means that even when the E4 mode is dark at Γ, this is not
a q-BIC mode. (f) Real part of the eigenmode ℜ(P) of the
B1 Γ of a finite array of 20× 20 unit cells. As the number of
unit cells increases, the eigenmode of the finite array tend to
the bulk eigenmode of the periodic array, at least far from the
edges.

x5

(a) 2x2 unit cells

x5

Figura 5. Far-field radiation by edge mode E2 (dxy sym-
metry) Γ mode of a finite array of plasmonic nanopar-
ticles depending on the number of unit cells. (a) Radia-
tion pattern |ET

R(k, ω, r)|2 of the E2 mode of a 2× 2 unit cell
array, the smallest square array with edge states. The radia-
tion pattern is four-lobbed due to the dxy symmetry.(b) Real
part of the eigenmode ℜ(P) of the B1 Γ mode with Nc = 1.
(c) Radiation pattern of the B1 Γ mode of a 10×10 unit cells
array. (d) Real part of the eigenmode of the E2 Γ mode of the
10 × 10 array. (e) Radiation pattern |ET

R(k, ω, r)|2 of the B1

mode of a 20 × 20 unit cells array. As we see, the main lobe
of the pattern is around Γ, with sidelobes due to diffraction
by the edges. The far-field radiation gets less and less intense
with the number , and would eventually vanish for Nc (f) Real
part of the eigenmode ℜ(P) of the B1 Γ of a finite array of
20 × 20 unit cells. As the number of unit cells increases, the
eigenmode of the finite array tend to the bulk eigenmode of
the periodic array, at least far from the edges.

The edge states of the lower gap (E1,2) are odd within
a single unit cell, while the ones from the upper gap (E3−
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E4) are even. For the E3,4 bands, the dipoles in the upper
edge dimer satisfy pAnM = pBnM . The radiated field by
E3(E4) mode is then:

ĺım
Nc→∞

ET
R(ω,R) ≃ 2C0p00

[
−qx

√
q2x + k2y

−ky
√

q2x + k2y
q2x + q2y

 cos((βd/4 +Nd)qx) cos(kyβd/4)

±


−kx

√
k2x + q2y

−qy
√
k2x + q2y

k2x + q2y

 cos((βd/4 +Nd)qy) cos(kxβd/4)

]
.

(29)

This means that even when the edge modes are dark at
Γ, they are not extended in two dimensions, so each edge
mode only have a defined crystalline momentum in one
direction for each edge. As p0⊥ only vanishes for Γ, these
modes can radiate at other incidence angles.

In Figure 4 we study the radiation patterns of the E3-Γ
mode depending on the size of the array. First, in panel
(a) and (b) we plot the radiation pattern and the real
part of the eigenmode Pz for a 2× 2 lattice, the smallest
square array with edge states. We see that the radiation
pattern looks like a squared torus and very similar to
the one from the single dipole, as in this mode all the
edge dipoles oscillate in-phase and their radiated fields
interfere constructively. Next, in panel (c) and (d) we plot
the radiation pattern and eigenmode for a larger 10× 10
unit cells array. We find the radiation pattern has now
intense main lobes at k = ky and k = kx, and we need to
zoom out ×0,25. This lobes arise because the dipoles in
each edge can radiate in the perpendicular direction to
the boundary. Finally in panel (e-f) we plot the radiation
pattern and eigenmode in a 20×20 unit cells array. We see
in panel (e), that as we increase the size of the array these
lobes do not vanish, but rather they intensify. Bright edge
modes are consequently accesible from the far-field even
in the infinite array limit and neglecting optical losses.
They are just dark modes at normal incidence.

Now we analyze the anti-symmetric modes E1,2, which
are the edge modes of the lower bandgap. For these mo-
des, the dipoles in the edge dimers oscillate in phase op-
position, e.g. pAnM = -pBnM for the upper edge. E1(E2)
mode is (anti)symmetric after 90º rotation. Then, the ra-

diated far-field is

ĺım
Nc→∞

ET
R(ω,R) ≃ 2C0p00

[
−qx

√
q2x + k2y

−ky
√
q2x + k2y

q2x + q2y

 sin((βd/4 +Nd)qx) sin(kyβd/4)

±


−kx

√
k2x + q2y

−qy
√
k2x + q2y

k2x + q2y

 sin((βd/4 +Nd)qy) sin(kxβd/4)

]
.

(30)

While the edge modes only have an effective crystalli-
ne momentum in one axis and could in principle radiate
in other directions, the antisymmetry of the E1,2 modes
cancels the radiation perpendicular to the boundary, ma-
king this mode invisible in the far-field.
In Figure 5, we plot the radiation patterns by E2-Γ-

mode next to the E2 eigenmodes. First, in panel (a) and
(b) we plot the radiation pattern and the real part of
the eigenmode Pz for a 2 × 2 lattice. We see that the
radiation pattern has four lobes due to the destructive
interference of the fields radiated by the dipoles in the
dimer. Next, in panel (c) and (d) we plot the radiation
pattern and eigenmode for a larger 10×10 unit cells array.
We see that the radiation amplitude decays fast with size.
Finally in panel (e-f) we plot the radiation pattern and
eigenmode in a 20×20 unit cells array. We see in panel (e)
that the radiation vanishes as the size of the array grows.
This matches with the extinction calculations, where we
saw that lower band edge states are less radiative. Even
when all the out-of-plane modes are dark at Γ, we dub
E1,2 as dark edge states and E3,4 as bright edge states.

C. Far-field radiation by corner modes

Finally, we analyze the far-field radiation by corner
modes. Topological corner modes have been proposed for
lasing, due to their high local density of states. As the
size of the array grows, the decay length of corner modes
decreases, and they get confined in 0D, mainly localized
at the corner sites, so the radiated field can be approxi-
mated by:

ĺım
Nc→∞

ET
R(ω,R) ≃

C0

(
pA⊥e

−i((βd/4+Nd)kx+(βd/4+Nd)ky)+

pB⊥e
−i((βd/4+Nd)ky−(βd/4+Nd)kx)+

pC⊥e
−i((βd/4+Nd)kx−(βd/4+Nd)ky)+

pD⊥e
i((βd/4+Nd)kx+(βd/4+Nd)ky)

)
. (31)

We can use the same base for corner states as for bulk
states, this is s, px, py, dxy. However, as the four corner
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states are degenerated due to rotational symmetry, we
could redefine the base. The radiation by the mode C4

which has s symmetry pA = pB = pC = pD. The radia-
ted field is then:

ĺımNc→∞ ET
R(ω,R) ≃ 4C0p0⊥ ·

· cos(kx(βd/4 +Nd)) cos(ky(βd/4 +Nd)). (32)

In Figure 6 we represent the radiation by corner mode
C4 of the finite 2D SSH array, depending on the number
of unit cells. In panel (a) and (b) we plot the radiation
pattern and eigenmode of a 2×2 unit cells array. In panel
(c-d) and (e-f) we plot the radiation pattern and eigenmo-
de for a 10× 10 and 20× 20 unit cells array, respectively.
We see that, as the size of the array grows, the radiation
does not vanish, although it seems to concentrate around
kz = 0.

Finally, we calculate the radiation by the corner mo-
de with dxy symmetry. The radiated field by this corner
mode is given by

ĺımNc→∞ ET
R(ω,R) ≃ −4C0p0⊥ ·

· sin(kx(βd/4 +Nd)) sin(ky(βd/4 +Nd)) (33)

In Figure 7 we represent the radiation by corner mode
C1 of the finite 2D SSH array, depending on the number
of unit cells. In panel (a) and (b) we plot the radiation
pattern and eigenmode of a 2 × 2 unit cells array. In
panel (c-d) and (e-f) we plot the radiation pattern and
eigenmode for a 10 × 10 and 20 × 20 unit cells array,
respectively. We see that, similarly to mode C4, as the
size of the array grows, the radiation does not tend to 0,
although the radiation pattern flattens around kz = 0,
which means the radiation by corner modes is mainly
in-plane.

The corner states are not extended in space, but confi-
ned in 0D, and consequently they do not have a defined
crystalline momentum in the limit Nc →∞. This means
that even when far-field radiation at Γ is forbidden, the
corner modes have open channels of emission, and the-
refore they are accesible from the far-field, even in the
absence of optical losses.

VI. QUALITY FACTOR OF BULK, EDGE AND
CORNER STATES

Now we study the quality (Q) factor of the array mo-
des. The Q-factor of BICs are theoretically infinite. Ho-
wever, true BICs only exist in a theoretical framework
and Q-factors are limited by e.g. symmetry breaking and
optical losses. The BICs turn then into quasi-BICs (q-
BICs), i.e. high Q-factor resonance modes.

While q-BICs with high Q-factors can be engineered
with high refractive index meta-atoms, plasmonic nano-
particles are very absorptive, leading to a drastic limita-
tion of the Q-factor of the modes. However, symmetry-
protected dark modes are still of interest in plasmonic

x5

(a) 2x2 unit cells

x0.25

x0.25

Figura 6. Far-field radiation by corner mode C4 (s sym-
metry) of a finite array of plasmonic nanoparticles
depending on the number of unit cells. (a) Radiation
pattern |ET

R(k, ω, r)|2 of the C4 mode for a 2 × 2 unit cell
array, the smallest square array with corner states. We see
the radiation pattern is very similar to the one from a sin-
gle particle , due the radiated fields by each dipole interfering
constructively. (b) Real part of the eigenmode ℜ(P) of the C4

mode with Nc = 1. (c) Radiation pattern of the B1 Γ mode
of a 10 × 10 unit cells array. (d) Real part of the eigenmode
of the C4 mode of the 10 × 10 array. (e) Radiation pattern
|ET

R(k, ω, r)|2 of the C4 mode of a 20 × 20 unit cells array.
The far-field radiation does not vanish as Nc → ∞, although
it seems to concentrate around kz = 0. (f) Real part of the
eigenmode ℜ(P) of the B1 Γ of a finite array of 20× 20 unit
cells.

arrays, as they still lead to strong near-field enhacements
and high local density of states (LDOS) [35].

Accidental or symmetry-protected BICs can also be en-
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(a) 2x2 unit cells

Figura 7. Far-field radiation by corner mode C1 (dxy
symmetry) mode of a finite array of plasmonic nano-
particles depending on the number of unit cells. (a)
Radiation pattern |ET

R(k, ω, r)|2 of the B1 mode for a 2 × 2
unit cell array, the smallest square array with corner states.
The radiation pattern has four lobes around kx = ±ky due to
the dxy symmetry. (b) Real part of the eigenmode ℜ(P) of the
C1 mode. (c) Radiation pattern of the C1 mode of a 10× 10
unit cells array. (d) Real part of the eigenmode of the C1 mo-
de of the 10 × 10 array. (e) Radiation pattern |ET

R(k, ω, r)|2
of the C1 mode of a 20 × 20 unit cells array. As we see, the
radiation does not tend to 0 as the array size grows, although
it seems to concentrate around kz = 0. (f) Real part of the
eigenmode ℜ(P) of the C1 Γ of a finite array of 20× 20 unit
cells.

gineered in multipartite arrays for in-plane polarization
due to hybridization of multipoles [22, 43] the out-of-
plane modes generally are expected to be more robust
and display higher quality factors than their in-plane

counterparts [23, 54], as they are protected not just by
sublattice or spatial symmetries but also by the transver-
sality condition.
We now study the quality factors of the out-of-plane

eigenmodes of the 2D SSH array. As we are solving
λi(
←→α eff(ωi)) = 0 for complex ωi, we can calculate the

quality factor of an eigenmode as:

Figura 8. Quality factors Qi of eigenmodes of a plasmo-
nic 2D SSH 15× 15 unit cells array. (a) Quality factor of
eigenmodesQi = ℜ(ωi)/(2ℑ(ωi)) over their frequency ωi/ωsp.
Red, green and blue dots represent corner, edge and bulk sta-
tes. (b) Effective quality factor bands Qs(q). Green and blue
dottted lines represent edge and bulk states. The dashed black
lines represent the q-points where the q-path crosses the light
lines for ω = ωsp.

Qi =
ℜ(ωi)

2ℑ(ωi)
. (34)

In Figure 8(a) we plot the quality factors Qi of eigen-
modes over their resonance frequency ℜ(ωi). The results
match with the ones from previous sections. The highest
quality factors are achieved for the darkest bulk band,B1.
Even when the differences between the maximum quality
factors of dark and bright bands are not that significant,
the latter have a large variability in quality factors, while
the dark bulk and edge modes with dxy symmetry have
robustly high Q-factors.
We now sort the Q-factor of the modes in q, to check

if the maxima of the Q-factor are related to the q-BICs
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at Γ. We can use the same recipe as with the effective
dispersion bands:

Qs(q) =

∑
i={is} Qi|Pq,i|2∑
i={is} |Pq,i|2

, (35)

In Figure 8(b) we plot the quality factor bands Qs(q)
for the q-path ΓXMΓ for bulk modes B1 and B4 (blue
dotted lines), edge modes E1and E4 (green dotted lines).
We do not plot corner modes, as they do not have any
asigned momentum. We represent as dashed vertical li-
nes the points where the q-path crosses the light lines at
ω = ωsp. We see the light lines also approximately match
with relative maxima or minima of the Q-factor and a
stronger variability around these points, where the mo-
des transition from radiative to evanescent or viceversa.
We can also see maxima of the Q-factor for Γ-point and
M -point. Γ and M are the highest symmetry points in
the Brillouin zone, respecting all the lattice symmetries.

The M -modes are outside the light lines, e.g. they are
not in the continuum of radiation, so they cannot be
BICs. However, the origin of this peak in Q-factor at
M -point is the same as for the q-BICs at Γ, this is,
the rotational symmetry. Using the Bloch periodicity,
pjnm = pj00(−1)n+m, so the infinite array is then an-
tisymmetric with respect to the unit cell boundaries. We
can see this antisymmetry leads to destructive interferen-
ce in the radiated fields. The sum terms in Equation 22
can be reordered to show that the sum tends to 0 in the
limit of Nc → ∞. This means that, even if this mode
was not evanescent and could propagate to the far-field,
its only open radiation channel would be forbidden. High
Q-factors at high-symmetry points have been exploited
for lasing [43, 55].

VII. CONCLUSIONS

In this article, we have studied the far-field radiation
and coupling to bulk modes and topological edge and
corner states of a multipartite array of plasmonic nano-
particles.

Instead of analyzing the radiation pattern after exci-
ting the metasurface, we employ an eigenmode analysis
in the frame of a coupled electric-dipole formalism, which
allows us to study the isolated contribution to radiation
from singular array modes. In this regard, we have pre-
sented a method to define effective dispersion bands using

the real-space eigenmodes of the finite array. Then, by
studying the far-field radiation patterns by array out-of-
plane modes, we have demonstrated that even when all
the out-of-plane modes are dark at Γ due to the transver-
sality condition, their properties depend on the symmetry
of the modes.
Specifically, while bright edge states and all corner sta-

tes cannot radiate at Γ, they have open channels of emis-
sion which are not forbidden by symmetry, and therefore
they are radiative, as confirmed by the calculations of the
optical extinction of the array. The symmetry breaking
in multipartite unit cells leads to the hybridization of
multipoles, and higher Q-factors can be achieved for an-
tisymmetric modes, due to the symmetry mismatch with
plane waves.
Understanding the role of symmetries and symmetry

breaking in radiation is crucial to tailor the optical pro-
perties of the array modes. This study sheds light on the
radiation patterns and vortices arising in photolumines-
cence and lasing mediated by such array modes suppor-
ted by plasmon nanoparticle arrays [56]. .
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J. Gómez Rivas, Engineering Bound States in the Conti-
nuum at Telecom Wavelengths with Non-Bravais Latti-
ces, Laser & Photonics Reviews 16, 2100661 (2022).

[22] M. B. De Paz and P. A. Huidobro, Bound states in the
continuum in subwavelength emitter arrays, Physical Re-
view Research 5, 033108 (2023).

[23] J. J. Alvarez-Serrano, J. R. Deop-Ruano, V. Aglieri,
A. Toma, and A. Manjavacas, Normal Incidence Exci-
tation of Out-of-Plane Lattice Resonances in Bipartite
Arrays of Metallic Nanostructures, ACS Photonics 11,
301 (2024).
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Sánchez-Gil, Coupled electric and magnetic dipole for-
mulation for planar arrays of particles: Resonances and
bound states in the continuum for all-dielectric metasur-
faces, Physical Review B 102, 125411 (2020).

[26] N. Ustimenko, C. Rockstuhl, and A. B. Evlyukhin, Re-
sonances in finite-size all-dielectric metasurfaces for light
trapping and propagation control, Physical Review B
109, 115436 (2024).

[27] A. Muster, D. R. Abujetas, F. Scheffold, and L. S. Froufe-
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[39] H. Schlömer, Z. Jiang, and S. Haas, Plasmons in two-
dimensional topological insulators, Physical Review B
103, 115116 (2021).

[40] J. Wang, Y. Liu, D. Yang, Z. Hu, X. Zhang, S. Xia,
D. Song, M. Ren, S. Gao, R. Wang, Z. Chen, and J. Xu,
Tunable terahertz topological edge and corner states in
designer surface plasmon crystals, Optics Express 29,
19531 (2021).

[41] C. Luo, H.-C. Li, Y. Shen, and X.-H. Deng, Topological
robust corner states of a two-dimensional square lattice
with C 4 symmetry in fully coupled dipolar arrays, Eu-
rophysics Letters 143, 56002 (2023).

[42] S. Liu, W. Gao, Q. Zhang, S. Ma, L. Zhang, C. Liu, Y. J.
Xiang, T. J. Cui, and S. Zhang, Topologically Protec-
ted Edge State in Two-Dimensional Su–Schrieffer–Heeger
Circuit, Research 2019, 2019/8609875 (2019).

[43] R. Heilmann, G. Salerno, J. Cuerda, T. K. Hakala, and
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