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Ultracompact spinning horizonless spacetimes with ergoregions are subject to the ergoregion in-
stability. We systematically investigate the instability of a massless scalar field in a variety of rapidly
spinning Proca stars and boson stars using WKB-, frequency-, and time-domain methods. We find
universal features in the mode structure: the onset of the instability is signaled by a zero-mode, the
mode frequencies and growth rates are related by a simple scaling relation in the small-frequency
limit (as found for Kerr-like objects), the mode frequencies approach the orbital frequency of counter-
rotating stably trapped null geodesics in the eikonal limit, and for each unstable azimuthal mode
only a finite number of overtones and polar modes are exponentially growing. The e-folding times
are as short as τ ∼ 104M (in terms of the spacetime’s ADM mass M). Interestingly, we find a near
universal relationship between the frequencies and growth rates across all bosonic stars and also
compared with Kerr-like objects. Furthermore, we show that weakly nonlinear backreaction of the
instability induces a shift in growth rates as well as emission of gravitational waves; we find evi-
dence that these effects lead to an amplification of the unstable process. This suggests that strongly
nonlinear interactions are important during the gravitational saturation of the instability.

I. INTRODUCTION

Sufficiently compact and rapidly spinning spacetimes
develop compact ergoregions. Such regions—where any
observer is forced to co-rotate with the spacetime—are
ubiquitous in General Relativity and beyond, appear-
ing in a range of solutions from ultracompact horizon-
less objects [1–3] to black holes and higher-dimensional
spacetimes [4–6]. Friedman showed in Ref. [7] (see also
Refs. [8, 9]), an asymptotically flat rotating horizonless
spacetime with compact ergoregion is linearly unstable to
massless perturbations. Concretely, given such a space-
time, then a compact ergoregion is where the asymptot-
ically timelike Killing field tµ turns spacelike. The pres-
ence of an ergoregion implies the existence of massless
states with negative energy defined with respect to tµ.
Such states are time-dependent and radiative, emitting
positive energy towards future null infinity. Thus, en-
ergy conservation demands that the magnitude of such
energy contained in an asymptotically null spacelike fo-
liation grows without bound—the ergoregion instability
develops. The underlying mechanism of this growth is,
in spirit, a Chandrasekhar-Friedman-Schutz (CFS) insta-
bility [10–12] (for reviews see e.g. Refs. [13, 14]): the
appearance of an ergoregion implies that field pertur-
bations with angular momentum opposite to the space-
time’s, which are nominally counter-rotating, are dragged
with the spacetime and become co-rotating. While in this
frame, the modes rotate with the spacetime, in the space-
time’s co-rotating frame, they remain counter-rotating.
Under these conditions, the field configurations carry
angular momentum of one sign, but emit angular mo-
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mentum of the opposite sign, leading to an exponential
growth at the linear level. Note, this makes the ergore-
gion instability physically distinct from the superradi-
ance instability of massive fields present in black hole
spacetimes [15]; the former drives negative energy states
by emission of positive energy flux at null infinity, while
the latter generates positive energy states by absorption
of negative energy flux at the horizon.
In the context of axisymmetric compact objects, the

azimuthal dependence of a linear massless bosonic field
is eimφ, where m is the azimuthal mode number. In the
eikonal limit, m → ∞, in which the dynamics approach
that of null geodesics trapped inside the ergoregion, any
such mode must co-rotate with the spacetime. Hence, the
above mechanism implies, for sufficiently large m0 > 0,
there exist field modes with m > m0, which grow expo-
nentially quickly [7]. In the eikonal limit, the e-folding
time τ of the ergoregion instability grows exponentially
with mode number [16]: τ ∼ exp(βm), with β > 0, for
m > m0. For instance, within uniform density fluid stars
of mass M the m ≥ m0 = 2 scalar modes are unsta-
ble with timescales1 τ/M ≳ O(107) [16, 17]. Consider-
ing gravitational perturbations of Kerr-like objects the
timescales can be as short as τ/M ≳ O(104) (see e.g.,
Ref. [18]). Beyond this, the ergoregion instability ap-
pears in a variety of other contexts from neutron stars
to string theory and gravitational wave astronomy [18–
41] (see also related work in Refs. [42–44]). This test
field instability differs from unstable linear perturbations
of non-vacuum solutions to the Einstein equations with
ergoregions, where matter and gravitational degrees of
freedom are coupled, such as unstable w-modes in fluid

1 We set G = c = 1 here, and in the following.
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stars [21]. Furthermore, while dissipative effects can
quench the instability [45–48], it may also enable other
types of growth mechanisms [14, 49–52], and radiative
dissipation may even serve to amplify the ergoregion in-
stability. Lastly, the nonlinear evolution of the instabil-
ity is necessarily connected to the nonlinear dynamical
properties of the stable light ring (and the conjectured
nonlinear light ring instability [53, 54]), as demonstrated
explicitly in Ref. [55, 56]. Based on the dynamics of the
ergoregion instability, it has been argued that gravita-
tional wave observations can be used to place constraints
on the existence of ultracompact and black hole mimick-
ing objects [29, 57–59] (see also Ref. [1]).

In this work, we study the ergoregion instability of a
massless scalar test field propagating on spinning bosonic
star spacetimes and discuss leading backreaction effects.
With that, we lay the groundwork for a series of forth-
coming works on the fully nonlinear development of the
ergoregion instability in these spacetimes. These horizon-
less and ultracompact objects, sourced by massive scalar
[60, 61] or vector [62] fields, serve as proxies for a larger
set of black hole mimickers. In particular, bosonic stars
are useful, because (i) they are currently the only such
ultracompact object, which can be treated within estab-
lished numerical relativity frameworks [63], and (ii) in
contrast to almost all other ultracompact objects, non-
perturbatively spinning boson star solutions (with er-
goregions) have been found [64–66]. The ergoregion in-
stability of a massless scalar field on scalar boson star
backgrounds was investigated in Ref. [22], though, with
very limited scope. To understand the ergoregion insta-
bility at the linear level systematically, we proceed in
this work by analyzing a series of both scalar and vector
bosonic stars, in the following referred to simply as boson
stars (BSs) and Proca stars (PSs), respectively. All these
spacetimes are stationary, axisymmetric, asymptotically
flat, horizonless, and everywhere regular; our focus lies
on those rapidly spinning stars with compact ergoregion.

We begin our analysis by comparing three distinct
methods to compute the ergoregion unstable scalar
test field modes in these spacetimes: a WKB method,
an approximate frequency-domain method, and a com-
plete time-domain method. While the frequency-domain
method captures all relevant qualitative features of the
instability, it can differ significantly from the time-
domain results as it makes a slow-rotation assumption;
the WKB method generally over-predicts the instabil-
ity growth rate across the parameter space by orders of
magnitude, particularly for small azimuthal indices. The
time-domain method, on the other hand, is the most ac-
curate, but computationally costly. Therefore, utilizing
the frequency-domain method, we find the following gen-
eral properties of the unstable scalar mode structure:

(i) the onset of the ergoregion instability is signaled by
a zero-frequency mode.

(ii) if the zeroth overtone of the ℓ = m mode is unsta-
ble, then we find there exists only a finite num-

ber of accompanying unstable polar modes with
ℓ0 ≥ ℓ ≥ m and radial overtones with n0 ≥ n ≥ 0.

(iii) the frequencies ωR and growth rates ωI of the ℓ =
m modes are related by ωIM ∼ |ωRM |2ℓ+1 in the
small-frequency limit.

(iv) in the eikonal limit ℓ = m → ∞, the unstable
mode’s frequencies approach ℓω−, where ω− is the
orbital frequency of null geodesics in the equatorial
counter-rotating stable light ring.

(v) the instability growth rates with ωIM ≲ 10−5 on
bosonic star backgrounds are comparable to, or sur-
pass those of, Kerr-like objects.

Interestingly, we find a near-universal relationship be-
tween growth rates and frequencies across all considered
families of bosonic stars and also compared with the cor-
responding unstable modes in Kerr-like objects.
Additionally, we discuss weakly nonlinear gravitational

effects that may become relevant as the unstable field ac-
quires significant energy and angular momentum during
the late stages of the unstable growth. In particular, a
shift of the unstable frequency and growth rate as well
as gravitational wave emission are able to either acceler-
ate or weaken the growth. In the case of a spinning PS,
we find evidence that the growth rate increases in the
weakly nonlinear regime, thereby enhancing the unsta-
ble process and suggesting that strongly nonlinear effects
will be important in dictating the final fate of the insta-
bility. We also find that the additional dissipation chan-
nel of gravitational waves remains subdominant before
strongly nonlinear effects become important.

II. METHODS

We begin by discussing and summarizing basic proper-
ties of the families of bosonic star solutions considered in
this work, serving as the background spacetimes for the
scalar test field. Following this, we introduce the three
methods (WKB, frequency-domain, and time-domain)
to compute unstable massless scalar test field configu-
rations, and in particular their frequencies and growth
rates. We conclude by comparing these methods and
outline their range of validity.

A. Stationary bosonic stars

Bosonic stars are stationary asymptotically flat ax-
isymmetric solutions supported by the self-gravity of the
complex scalar and vector field sourcing the spacetime.
As such, they are solutions in the theory

S =

∫
d4x

√−g

[
R

16π
− gαβ∇(αΨ̄∇β)Ψ− V (|Ψ|)

− 1

4
FαβF̄

αβ − µ2
A

2
AαĀ

α

]
.

(1)
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Here V (|Ψ|) is the scalar potential, which necessarily con-
tains the mass-term µ2

S |Ψ|2, of the complex scalar field Ψ,
R is the Ricci scalar associated with the metric gµν , and
Aµ is the complex vector field of mass µA and associated
field strength Fµν . In the following we drop the subscript
on the mass parameters for brevity and overbars denote
complex conjugation. Assuming the above symmetries,
the metric can be written in Lewis-Papapetrou form

ds2 = −fdt2 + lf−1
{
g(dr2 + r2dθ2)

+r2 sin2 θ
(
dφ− Ωr−1dt

)2 }
,

(2)

with the set of functions {f, l, g,Ω} depending on both
r and θ, and we choose Ω < 0. In general, bosonic star
solutions to the equations following from (1) can be ob-
tained only numerically; throughout this work, we utilize
construction methods outlined in Refs. [67, 68] (see also
Ref. [65]).

To use these solutions as test-beds for the evolution of
the ergoregion instability, we are interested in highly-
compact stars with large ergoregions. In the case of
BSs, such solutions exist only in models with signifi-
cant self-interactions. Families of scalar star solutions
in these models typically develop a second (more com-
pact) branch of solutions with ergoregions in large por-
tions of the parameter space below their maximum mass
[66, 69]. Additionally, in an attempt to study a diverse
set of such solutions, we consider a series of different
scalar self-interactions leading to star solutions with a
variety of global properties. Explicitly, we consider the
solitonic potential [70]

V (|Ψ|) = µ2|Ψ|2
(
1− 2|Ψ|2

σ̃2

)2

, (3)

with coupling σ̃, the axionic potential [67]

V (|Ψ|) = µ2f̃2
{
1− cos[

√
2|Ψ|2f̃−1]

}
. (4)

with coupling f̃ , and finally, the KKLS potential [65, 66,
69],

V (|Ψ|) = µ2|Ψ|2
[
1− 16π

1.1κ
|Ψ|2 + 64π2

1.1κ2
|Ψ|4

]
, (5)

with coupling κ. PSs in the minimal model (1) exhibit
ergoregions without the need for self-interactions.

Bosonic stars are characterized by their harmonic az-
imuthal number m̃ and frequency ω̃, i.e., Ψ ∼ ei(ω̃t+m̃φ)

and Aµ ∼ ei(ω̃t+m̃φ), respectively. In particular, for each
index m̃ there exists a one-parameter family of solutions,
parametrized by, for instance, ω̃.2 The mass M and an-
gular momentum J of a given representative of a family

2 We mostly restrict to the branch of solutions below the maxi-
mum mass and connected to the non-relativistic limit; there this
parameterization is unique. We also focus entirely on those so-
lutions in their radial ground states.

of solutions are obtained from the Komar expressions (see
e.g., Ref. [67] for details), while the radius R is defined
as the circular radius inside which 99% of the mass lies.
Throughout this work, we restrict to the following four
one-parameter families of rotating bosonic star solutions:
the m̃ = 1 family of stars in the axionic model with cou-
pling f̃ = 0.025 (labeled simply as “Axionic”), the m̃ = 2
KKLS family with parameter κ = 0.1 (labeled “KKLS”),
the m̃ = 3 solitonic set of solutions with scalar coupling
σ̃ = 0.2 (referred to simply as “Solitonic”), and finally,
the m̃ = 1 family of PSs. The main properties of these
solutions are summarized in Fig. 1. Solutions beyond the
maximum mass of each family are expected to be linearly
unstable. Except for the PS and “Axionic” families, most
shown solutions are likely unstable to a non-axisymmetric
instability (not related to the ergoregion) [67, 71], even
below the maximum mass of the family of solutions.

B. Integration methods

We are interested in the behavior of a minimally cou-
pled massless scalar test field, and its ergoregion instabil-
ity, propagating on the bosonic star background space-
times introduced in the previous section. The underlying
field equation is simply the Klein-Gordon equation

□gΦ = 0, (6)

on these fixed spacetimes. Due to the spacetime’s sym-
metries, the field Φ takes on the form Φ ∼ e−iωteimφ,
where the non-vanishing imaginary component of ω =
ωR + iωI reflects the dissipative nature of these asymp-
totically flat settings. To understand the ergoregion in-
stability of this minimal model, schemes are needed to
solve (6) for the relevant unstable field configurations.
The primary difficulty with solving (6), given appropri-
ate boundary conditions, lies with the background space-
time’s angular momentum. Standard scalar field ansätze
using spherical harmonics fail to separate the radial and
polar sectors of the partial differential equation outside
the slow-rotation limit. For example, in the Kerr space-
time an alternate sequence of functions exists, spheroidal
harmonics, which enable the complete separation of (6)
for arbitrary spins [72, 73]. For bosonic stars, no such
sequence is known. To tackle this problem, here we uti-
lize two existing approximate semi-analytic techniques,
which have been applied to a set of ergoregion unsta-
ble spacetimes, and contrast these with fully numerical
time-domain evolutions of (6) from appropriately cho-
sen initial data. The first approximation technique is
a frequency-domain method, assuming a slow-rotation
form of the metric [74] with

(i) l(r, θ) → le(r) := l(r, θ)|θ=π/2, etc., and g ≡ 1.

Secondly, a WKB method, which makes use of (i) and is
valid only in the eikonal limit, i.e., assumes

(ii) the azimuthal index is large: m → ∞.
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Figure 1. The mass M , the angular momentum J , and the compactness C = M/R of the families of bosonic star solutions
relevant for this work. Each is parametrized by the internal frequency ω̃. Specifically, we focus on the m̃ = 1 axionic family
with f̃ = 0.025, the m̃ = 2 KKLS family with κ = 0.1, the m̃ = 3 solitonic family with σ̃ = 0.2, and the m̃ = 1 PS set of
solutions; for comparison, we also show the properties of the m̃ = 1 mini BS family (“Mini” refers to solutions in a scalar
model without self-interactions; e.g., f, σ̃ → ∞). The ω̃/µ ≈ 1 regime is the Newtonian limit, where C → 0; a non-rotating
black hole has a compactness of C = 1/2. Dotted lines indicate those solutions along each family, which exibit ergoregions.
Notice, the dimensionless spin approaches a value below unity only in the highly relativistic limit, as the compactness of the
stars approaches that of a black hole.

Generally, these two methods can efficiently be applied
to most of the relevant parameter space, at reduced
accuracy. On the other hand, fully numerical time-
domain methods, making neither of these assumptions,
are providing the most accurate solutions and are ap-
plicable only in settings with relatively short instability
timescales. In the following, we introduce all three meth-
ods in more detail.

1. Direct integration method

Beginning with the direct integration method, i.e.,
making assumption (i), the scalar field ansatz based on
spherical harmonics, Yℓm(θ, φ),

Φ =
∑
ℓ≥0

∑
|m|≤ℓ

∫
dωχℓm(r)Yℓm(θ, φ)e−iωt, (7)

reduces the problem to solving an ordinary differen-
tial eigenvalue problem for χℓm(r), with eigenvalue ω,
given appropriate boundary conditions. In the Lewis-
Papapetrou form of the metric (2), together with assump-
tion (i), the massless Klein-Gordon equation (6) with
ansatz (7) is equivalent to the radial equation

1

r2
√
le

d

dr

[
r2
√
le
dχℓm

dr

]
−
[
ℓ(ℓ+ 1)

r2
− le(ωr −mΩe)

2

f2
e r

2

]
χℓm = 0.

(8)

Unstable field configurations associated with the ergore-
gion instability, exhibit outgoing flux at null infinity and
are regular at the center of the bosonic stars. In this

context, the purely outgoing radiation condition is

lim
r→∞

χℓm ∼ r−1eiωr. (9)

Provided these boundary conditions, we numerically in-
tegrate (8) radially inwards starting deep in the radia-
tion zone r ≫ M , using standard Runge-Kutta methods.
The eigenvalue ω is obtained by minimizing |χℓm(0)|2 it-
eratively.3 Due to the nature of the instability, not all
m-modes are unstable; this is evident from the reflection
symmetry, m → −m and ω → −ω, in (8), which switches
the sign of the imaginary part ωI . Therefore, in the fol-
lowing we focus entirely on the unstable modes, which
here correspond to the m > 0 modes (since we chose
Ω < 0). For each tuple (ℓ,m) there exist a series of solu-
tions with a discrete number of radial nodes n; we label
these the overtones of the fundamental (i.e., n = 0) solu-
tion. In the following, we refer to frequencies and growth
rates of unstable modes obtained using this approach as
the direct integration estimates.
In Figure 2, we present examples of the solutions of

(8) for a set of azimuthal ℓ = m and overtone n numbers
of the scalar field propagating in the m̃ = 2 KKLS BS
spacetime with frequency ω̃/µ = 0.281. The solution re-
produces the asymptotic behavior ∼ rℓ at the origin and
approaches an outwards radiating ∼ r−1 solution at large
distance, as imposed by (9). The solution reaches its
global maximum inside the ergoregion and decays rapidly
across the ergosurface.

3 The radial equation (8) has a regular singular point at the origin.
Hence, one can also expand the solution in a Frobenius series as
χℓm ∼ rℓ(1+c2r2+ . . . ), with c2 = −ω2le(0)[2fe(0)2(3+2ℓ)]−1,
and integrate radially outwards.
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the direction integration method. Here we show only ℓ = m
modes of varying overtone number n. For reference, we show
also the maximum-noramlized metric component, gnorm.

tt , in-
dicating the location of the ergoregion.

2. WKB method

The ergoregion instability is active in the large-m
regime of modes of the form (7) [7]. For this reason,
Comins and Schutz used the WKB approximation in
Ref. [16] to determine both the unstable mode’s frequen-
cies and growth timescales τ = ω−1

I (see also Ref. [22]).
This approach not only makes assumption (i), but its
validity is also restricted to the eikonal limit, i.e., satis-
fying assumption (ii). Following Ref. [16], we restrict to
the ℓ = m family of modes, redefine the radial functions
as χℓ=m,m = exp[−

∫
dr(2/r + l′e/le)/2]χ̃m, and apply

assumption (ii). Then the radial problem (8) simplifies
further to [16]

1

m2

d2χ̃m

dr2
= −TmΣχ̃m, Σ =

ωR

m
, (10)

where

TmΣ =
le
f2
e

(Σ− V+)(Σ− V−), V± =
Ωe

r
± fe

r
√
le
. (11)

The WKB approximation can be directly applied to the
above radial equation together with potential TmΣ to de-
termine the eigenfrequencies and growth timescales in
this eikonal limit. To that end, the radial domain is
split into four regimes: The inner region, (0, r<), where
V+ > Σ, the classically allowed region (r<, r>), where
V+ < Σ, the tunneling region, (r>, r−), where V+ > Σ
and V− < Σ, and the radiation region, (r−,∞), where
V− > Σ. The unstable modes’ frequencies with overtone
number n are then determined by [16]

m

∫ r>

r<

dr
√
TmΣ = π

(
n+

1

2

)
, (12)

while the associated timescales are given by

τ = 4 exp

[
2m

∫ r−

r>

dr
√
TmΣ

] ∫ r>

r<

dr
d
√
TmΣ

dΣ
. (13)

In the following, we refer to modes and timescales ob-
tained through (12) and (13), which make assumptions
(i) and (ii), as the WKB estimates.

3. Time-domain method

While dismissing assumption (ii) not necessarily in-
creases the complexity of the problem significantly, drop-
ping (i) requires potentially solving a partial differential
equation, in the frequency-domain. This lies beyond the
scope of this work. However, we can circumvent these
difficulties by solving the system in the time-domain. In
that setting, all assumptions above are dropped natu-
rally. In the time-domain, the massless scalar field equa-
tion (6) is integrated forward in time, starting from ap-
propriate scalar initial data. The background geometry
is fixed by the chosen bosonic star; we return to relax-
ing this assumption to study weakly nonlinear effects in
Sec. IV. The scalar field solutions obtained in the direct
integration approach pose as excellent initial data to trig-
ger the ergoregion instability in the time-domain. Let
S ⊂ Σt be a compact subset of the t = const. Cauchy-
slice in coordinates (2), ξµ the asymptotically timelike
Killing field associated with the background’s stationar-
ity, and the scalar stress energy tensor

Tµν = 2∂(µΦ̄∂ν)Φ− gµνg
αβ∂(αΦ̄∂β)Φ. (14)

The fastest growing field configurations are identified by
their positive scalar energy flux at large distance, ĖΦ

defined on ∂S, and negative energy functional

EΦ = −
∫
S

d3x
√−gT t

νξ
ν . (15)

To solve (6) numerically in the time-domain, we proceed
as described in Ref. [67] and make use of the general-
ized Cartoon method [75]. This enables us to fix the
azimuthal index m of the scalar field exactly throughout
the evolutions. The non-vanishing spacetime angular mo-
mentum dictates that the ergoregion unstable states have
support over several polar spherical harmonic ℓ-modes at
fixed m. Therefore, given the initial data of the form
(7), during an initial transient the field populates these
modes and settles into the fastest growing field configura-
tion fully consistently satisfying (6) at late times. In Ap-
pendix A, we discuss the transient and the limitations of
this time-domain approach in more detail. Here we note
simply, despite the rapidly spinning background space-
times, with J ≈ M2, the spherical harmonic components
of the most unstable modes exhibit exponentially small
overlap with neighboring ℓ-modes. Given these time-
domain solutions, we extract the frequency by computing
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Figure 3. Estimates for the ergoregion instability growth rates
ωI and frequencies Σ = ωR/m of a series of ℓ = m and n = 0
unstable modes along the sequence of m̃ = 3 solitonic stars
parametrized by their total mass M . The dotted lines corre-
spond to the WKB estimates, the solid lines to those obtained
using the direct integration method, and the data points in-
dicate the results obtained using our time-domain methods
for the m = 1 mode (a discussion of the error bars can be
found in Appendix A). Background star solutions with mass
µM ≲ 3 exhibit no ergoregions, while the (coordinate) size
of the ergoregion grows with M above this critical value. We
also show the eikonal limit of the frequencies Σ; a discussion
of this is deferred to Sec. IIID.

the flux ratio ωR ≈ mĖΦ/J̇Φ of the scalar energy flux

ĖΦ to its angular momentum flux J̇Φ on ∂S. The growth
timescale is obtained from an exponential fit to the total
energy −EΦ and compared with ωI ≈ −ĖΦ/(2EΦ). All
unstable test field frequencies and timescales obtained
with this time-domain method are referred to as time-
domain estimates in the following.

C. Method comparison

Having introduced three different methods to compute
ergoregion unstable mode frequencies and growth rates,
we are now able to assess the accuracy of each in the con-
text of highly compact and relativistic bosonic stars. To
that end, we focus on the family of m̃ = 3 solitonic stars.
Consulting Fig. 1, above a critical mass of µM ≈ 3, this
family of solutions exhibits an ergoregion, whose (coor-
dinate) size increases with increasing M . In Figure 3,
we compare both the frequency, Σ = ωR/m, and growth
rate, ωI , estimates obtained by each method along this
sequence of spacetimes.

Let us first compare the WKB and direct integration
methods. The frequencies of the unstable modes agree
to within O(10%) even for m = 1. Naturally, towards
the eikonal limit the disagreement decreases. The WKB

method generically underestimates the size of the ergore-
gion at which a given m-mode turns unstable; i.e., the
zero-crossing, where −ωR, ωI → 0, occurs at smaller M
(and hence, smaller ergoregions). The growth rates, on
the other hand, can differ by several orders of magnitude.
This disagreement is driven by two effects. Close to the
onset of the instability, the disagreement simply origi-
nates from slightly different zero-crossings of the modes,
while in the regime with −ΣM ∼ O(0.1), the direct in-
tegration method is expected to be more accurate away
from the eikonal limit. In Fig. 3, comparing the growth
rates at µM = 4, the difference between the WKB and
direct integration estimates decreases with increasing m.
Hence, for rapidly spinning bosonic stars the growth rates
of the WKB approximation are valid at best at the order-
of-magnitude level.
Moving up in accuracy, lets compare the direct inte-

gration estimates with the time-domain estimates. As
can be seen from Fig. 3, the difference in frequency ωR

between these methods can be above the ∼ 10% level,
particularly, close to the zero-crossings. In direct analogy
to the previous comparison, the difference in the growth
rate is largest close to those crossings due to the slight
shift in the onset of the instability. In the −ΣM ∼ O(0.1)
region of the parameter space, the direct integration and
time-domain growth rate estimates are in much better
agreement. For instance, at µM ≈ 3.96 these estimates
agree to within less than a factor of two. Since the time-
domain method is our most accurate, we simply quote
numerical uncertainties in Fig. 3 to estimate its preci-
sion.

III. LINEAR INSTABILITY RESULTS

The spectrum of unstable modes of a massless scalar
test field exhibits various different features. Most of
these features are likely not specific to bosonic stars, but
rather universal and appear in a larger class of horizonless
spacetimes with ergoregions. In the following, we explore
these properties one by one across the parameter space of
bosonic star models. To that end, the direct integration
method introduced in the previous section is most suited
as it is readily applied to a large set of spacetimes, while
providing more accurate results than the WKB approx-
imation. In this section, we focus entirely on scalar test
fields and turn to a discussion of weakly nonlinear effects
in Sec. IV.

A. Zero-mode

The onset of the ergoregion instability along a se-
quence of background spacetimes is marked by a station-
ary zero-frequency mode, as expected within the con-
text of the CFS mechanism [76] (see e.g., Ref. [13]).
This can be understood as follows: let λ parametrize
the sequence of horizonless spacetimes with compact er-



7

goregion, ω(λ) = ωR(λ) + iωI(λ) be the frequency of a
given mode solution associated with a set of indices4, and
λ = 0 identify the onset of the instability, i.e., ωI(0) = 0
with ωI < 0 for λ < 0. In this context, the energy, E,
and angular momentum, J , of the mode are related by
ωR = mE/J . Those scalar field solutions with outgoing
radiation that turn unstable are those with positive angu-
lar momentum5 J > 0 (for any λ). The azimuthal index
m remains fixed, while the energy changes sign along the
family of solutions, i.e., E(λ < 0) > 0 and E(λ > 0) < 0
[7]. This implies that ωR(0) = mE/J |λ=0 = 0 at the
onset of the instability. Notice, while the energy flux
at infinity remains non-negative for any λ, the angular
momentum flux changes sign at λ = 0. This then also
implies the sign change of the growth rate ωI . In Fig. 3,
we have already observed this behavior. A natural result
of this argument is that the unstable modes in the eikonal
limit reduce precisely to zero-modes in the critical space-
time that contains an evanescent ergosurface [42]. Away
from the eikonal limit, only the co-rotating opposite-sign
angular momentum modes are unstable. For systems
with additional dissipation channel, the above energy-
to-angular momentum relation of the unstable test field
may no longer hold, and the zero-frequency mode may
not signal the onset of the instability, as found, e.g., in
Ref. [18].

B. Overtones and angular modes

Friedman showed, for any horizonless spacetime with
compact ergoregion, there exists am0, such that all mass-
less scalar modes with m ≥ m0 are unstable [7]. This
was demonstrated explicitly assuming ℓ = m and n = 0.
Conversely, along a sequence of spacetimes containing an
ergoregion of increasing size, the critical azimuthal in-
dex m0 decreases down towards unity. This behavior
can already be seen in Figs. 3 and is more apparent in
Fig. 4, for the lowest few ℓ = m modes along a sequence
of BSs. Intuitively, for a given ergoregion, the large-m
modes are highly localized on the stable light ring inside
the ergosphere, resulting in minimal overlap with the er-
goregion’s exterior, i.e., minimal “leakage”. Hence, these
eikonal modes radiate the least, which results in small
growth rates. The low-m modes, on the other hand, are
associated with wavefunctions of spatial scales compa-
rable to the size of the trapping potential. These have
largest support in the ergoregion’s exterior, radiate the
most, and turn unstable only if the ergoregion’s size is
comparable to that of the trapping potential.

Our results suggest that in addition to m0 the set
of unstable modes is also bounded by critical overtone

4 In this work, the azimuthal and polar index, as well as the over-
tone number.

5 Recall, the background spacetime’s angular momentum is nega-
tive in our convention, since Ω < 0.
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Figure 4. The frequencies Σ = ωR/m and growth rates ωI of
various ergoregion unstable ℓ = m modes along the family of
m̃ = 2 KKLS star solutions parametrized by it’s radial (coor-
dinate) ergoregion size in the equatorial plane SE . Recall, R
are the star’s radii. We restrict to the branch of star solutions
below the maximum mass.

and polar mode numbers: for each azimuthal index
m ≥ m0 there exist a finite number of unstable over-
tones 0 ≤ n ≤ n0 and polar modes ℓ0 ≥ ℓ ≥ m0. In Fig. 4
this behavior is shown for brevity only for the overtones
and a particular sequence of bosonic stars. We find this
to hold in all considered bosonic stars and polar modes.
From there it is clear that for small ergoregions only the
fundamental mode, n = 0, is unstable, while more and
more overtones, at fixed azimuthal index, turn unstable
as the ergoregion grows in size. Note, the growth rates
of higher overtones and polar modes are orders of mag-
nitude smaller unless the background spacetime is deep
in the large-ergoregion regime. Physically, larger over-
tones and polar mode numbers imply a delocalization of
the wavefunction away from the stable light ring in the
radial and polar directions, respectively. This increases
the support of these states outside of (and minimizes the
overlap with) the ergoregion, unless the latter is large
compared to the size of the trapping potential. In partic-
ular, if the state is too delocalized from the ergoregion,
i.e., ℓ > ℓ0 or n > n0, then its energy is positive, and
hence, it decays in time. Note, a similar structure exists
also for Kerr-like objects, see e.g., Ref. [37].

C. Small-frequency limit

The small-frequency limit of unstable modes along a
sequence of all bosonic star spacetimes we find to exhibit
explicit universal properties. In the case of Kerr-like ob-
jects with perfect reflectivity, it has been shown that in
this regime, i.e., −ΣM ≪ 1, the growth rates of n = 0



8

−8

−7

−6

−5

−4
lo

g
1
0
ω
I
M ∼ |ΣM |3

TD (solitonic)

PS

Axionic

KKLS

Solitonic

m = 1

−10

−8

−6

∼ |ΣM |5

m = 2

10−2 10−1

−ΣM

−6

−8

−10

lo
g

1
0
ω
I
M

∼ |ΣM |7

m = 3

10−2 10−1

−ΣM

−7

−10

−13

∼ |ΣM |9

m = 4

Figure 5. The lowest four m = ℓ and n = 0 scalar ergoregion
unstable mode frequencies and growth rates along each of the
four families of bosonic stars considered in this work (includ-
ing solutions beyond the maximum mass of the associated
family). Each panel corresponds to a different azimuthal in-
dex, while the dotted lines indicate the other azimuthal modes
of the axionic family in each panel for reference. The gray
dashed lines show the scaling behavior of the growth rates
towards small frequencies as expected based on eq. (16). For
comparison, we also added the time-domain estimates [labeled
“TD (solitonic)”] shown in Fig. 3; the error bars were removed
for visual clarity.

modes follow the scaling [8, 29, 48]

ωIM ∼ |ωRM |2ℓ+1. (16)

Here we show that this scaling applies also in all families
of bosonic stars considered in this work. In Fig. 5, we
show the lowest four ℓ = m and n = 0 massless scalar
ergoregion unstable modes along all four families of star
solutions. The growth rates approach the scaling (16)
towards the −ΣM ≪ 1 limit. We also find overtones
not to impact this leading scaling, as shown in the left
panel of Fig. 6. In this case, the radial node number
n modifies the overall magnitude of the growth rates,
while retaining (16) towards small frequencies; explicitly,
we find ωI ≈ (n + 1)−1ωn=0

I . Recall, however, only a
finite set of unstable overtones exists for any ℓ = m.
Lastly, in Fig. 6 we also show the first two higher-order
polar modes ℓ > m along a particular sequence of stars.
We were unable to compute these modes down to small
−ΣM ≲ 0.1, therefore, while less conclusive, we find the
scaling (16) to apply roughly also to these.

Towards large frequencies, −ΣM ≳ 0.1, higher-order
corrections to (16) become important. The larger the
ergoregion, the stronger the associated frame-dragging
effects become, which implies an increase in the real fre-
quency −Σ of the unstable field configurations. Follow-
ing the CFS argument, the mode remains unstable so
long as it counter-rotates in the co-rotating frame of the
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Figure 6. (left) The fundamental m = ℓ = 2 unstable mode
along the m̃ = 2 KKLS family of BSs together with the first
four overtones. (right) Higher-order polar modes of the m =
3 fundamental unstable modes along the m̃ = 3 family of
solitonic stars (right panel); here n = 0 in all three cases.

object sourcing the spacetime. If the ergoregion, and
hence, the frequency −Σ, increase sufficiently, then the
formerly unstable mode begins to co-rotate in the co-
rotating frame of the object, and consequently, turns
stable. The turnover of the m = 1 modes shown in
Fig. 5 around −ΣM ≈ 0.3 is likely due to the modes
approaching this co-rotation point. While for bosonic
stars no unique definition of an orbital period exists (see
e.g., Refs. [67, 77, 78]), for Kerr-like objects the hori-
zon frequency ΩH is a natural candidate; indeed, in this
case, the growth rates exhibit precisely such a turnover
[8]: ωI ∝ Σ− ΩH .6

D. Eikonal limit

Comins and Schutz showed in Ref. [16], the growth
timescale of the instability increases exponentially with
azimuthal mode number m = ℓ and n = 0 towards the
eikonal limit: ωI ∼ e−βm. There it was furthermore
suggested that the (appropriately normalized) frequency
of the unstable modes should approach the orbital fre-
quency of null geodesics residing at the equatorial sta-
ble light ring. The radial potential for equatorial null
geodesics of energy E and angular momentum L is pre-
cisely of the form (11) with ωR → E andm → L. The im-
pact parameter b−1 = E/L = ω− of the counter-rotating
equatorial light ring is then related to the frequency of
the ergoregion unstable massless frequencies

ωR ≈ ℓω−, (17)

in the ℓ = m ≫ 1 limit. Here we demonstrate this re-
lationship explicitly. In Fig. 3, we compare the unstable
mode frequencies Σ for the first few families of ℓ = m

6 Recall, in our convention Σ,ΩH < 0.
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Figure 7. The zeroth overtone of the ℓ = m = 1 ergoregion
unstable modes along the various families of bosonic stars
(solid lines) with the same labels as in Fig. 5. These are com-
pared with the corresponding frequencies and growth rates of
the equivalent unstable modes in a Kerr-like object of spin
a/M = 0.99 for a series of ε ≥ 10−3 (dashed black line), and
with ε = 10−3 for a series of spins a/M < 1 (dashed gray
line); these were obtained in Ref. [37] and Ref. [18], respec-
tively. As in Fig. 5, this also includes bosonic stars beyond
the maximum mass of their families of solutions.

modes against the counter-rotating null geodesic fre-
quency ω− (there simply labeled “Eikonal limit”). With
increasing ℓ = m, the frequencies Σ approach ω−, con-
firming relation (17). Naturally, as these null geodesics
are stably trapped, the imaginary part vanishes in the
eikonal limit, ωI → 0. An analogous relation exists in
non-spinning spacetimes with stable light ring. There
the frequency of stably quasi-trapped decaying massless
modes approaches the orbital frequency of trapped null
geodesics, see e.g., Ref. [54]. Similarly, in this setting
unstably trapped null geodesics are linked to both the
real and imaginary parts of decaying quasi-normal modes
[79, 80].

E. Comparison to Kerr-like objects

Linear waves propagating on the Kerr exterior of spin
parameter a and mass M with boundary conditions im-
posed at the Boyer-Lindquist radius robj = r+(1 + ε),

with r+ = M + (M2 − a2)1/2 and ε > 0, is referred to as
a Kerr-like object. In particular, a massless scalar test
field with perfectly reflecting boundary conditions at robj
exhibits an ergoregion instability if |a| ̸= 0 and robj < 2M
(see e.g., Ref. [37]). The parameter ε controls the size of
the ergoregion (at fixed spin a) analogous to µM and
SE/R in Figs. 3 and 4, respectively, parametrizing each
family of bosonic star solutions.

In Fig. 7, we compare the unstable mode frequencies
along each considered family of bosonic stars to those of
a massless scalar test field around a Kerr-like object at
fixed spin a/M = 0.99, but varying ε. In addition to the
small-frequency scaling, even the absolute value of the
growth rates (for a given frequency) agree to within a
factor of two, which is also comparable to the system-

atic uncertainty of the direct integration method (see
Figs. 3 and 5). This agreement continuous to hold also
towards large frequencies, and even the turnover around
−ΣM ≈ 0.3 agrees remarkably well. Recall from Fig. 1,
the spin of bosonic stars changes along the families of
solutions, but is roughly around J ≈ M2 in the range
relevant for the comparison in Fig. 7. This make the com-
parison to a near-extremal Kerr-like object most appro-
priate. Nonetheless, since the spin is fixed in the latter,
but not in the former, the two are not strictly compara-
ble.7

This agreement seems surprising, as bosonic stars are
a priori fundamentally different from the Kerr spacetime.
However, it may be understood as follows: in Ref. [81], it
was observed that the frequency of the unstable counter-
rotating light ring in bosonic stars approaches the near-
extremal Kerr value in the high-compactness limit of the
former. It has been explicitly shown that sequences of
matter distributions exist, which source the (extremal)
Kerr spacetime in a high-compactness limit [82–85] (see
also Refs. [86, 87]), and that multipole moments of hori-
zonless compact objects approach those of spinning black
holes in the high-compactness limit [88–91]. This leads
us to conjecture that such a Kerr-limit exists also for
bosonic stars (potentially, in the m̃ → ∞ and high-
compactness limits). This would naturally explain the
observations made in Ref. [81] and the agreement found
in Fig. 7, particularly that ΩH dictates the turnover
around −ΣM ≈ 0.3.

IV. WEAKLY NONLINEAR EFFECTS

Thus far, we have focused on the ergoregion instability
of a massless scalar test field. In an effort to go be-
yond the linear level, and begin understanding the im-
pact of backreaction of the instability on the spacetime,
here we discuss leading nonlinearities. These effects al-
low for speculation about the late-time nonlinear devel-
opment of the instability. In particular, a slow-down of
the instability at the weakly nonlinear level suggests that
the saturation of the unstable process is self-regulating,
whereas an enhancement of the instability implies that
strongly nonlinear effects will dictate the final fate of the
system, potentially leading to a drastic departure from
the original stationary spacetime. In the following, we
begin by identifying a weakly nonlinear shift in the un-
stable modes’ complex frequencies and additional radi-
ation channels (such as gravitational waves) as primary
leading effects impacting the evolution of the instability.
As an example, we proceed by quantifying these effects
in a m̃ = 1 PS solution. In this case, we find evidence
that leading nonlinearities amplify, rather than weaken,

7 The spin of Kerr-like objects has an impact on this relation in
the small-frequency limit [29, 48].



10

the unstable process, suggesting that strongly nonlinear
effects ultimately decide the fate of the instability.

A. Leading nonlinearities

To understand the backreaction, we expand all rele-
vant field equations to second order in the amplitude ε
of the perturbing scalar probe field Φ ∼ ε. To that end,
the focus lies on PS backgrounds, though, the following
arguments carry over also to BS backgrounds. At linear
order in ε, the probe field acts as a test field and the be-
havior is as described above. At second order, it results
in a non-vanishing stress-energy tensor [see eq. (14)]

Tµν ∼ ε2. (18)

This sources the linearized coupled Einstein-Proca equa-
tions describing perturbations of a PS background. Let
APS

µ and gPS
µν be the vector field and metric solutions de-

scribing a given PS background, and aµ as well as hµν

be their leading perturbations, respectively; then the lin-
earized Einstein-Proca equations read

G
(1)
αβ [h] = 8π(Tαβ + T

(1)
αβ [h, a]),

∇αf
αβ +

1

2
Fαβ
PS ∇αh = µ2aβ ,

(19)

where fµν is the field strength associated with aµ and

G
(1)
αβ [h] as well as T

(1)
αβ [h, a] are the leading perturbation

of the Einstein and background stress energy tensors [92],
respectively. The backreaction of hµν , aµ onto Φ occurs
at third order in ε, i.e., the probe field’s equations are
□gPSΦ = O(ε3). In this linearized context, there likely
also exists a gravitational wave-driven ergoregion insta-
bility akin to w-modes in fluid stars; we ignore this here,
and focus entirely on the backreaction of the scalar er-
goregion instability.

This implies that at order ε2 the probe field Φ contin-
ues to grow exponentially, and only hµν and aµ tap into
the energy and angular momentum of the background
spacetime, ĖΦ = 2ωIEΦ, while the latter implies

Ėh+a = TΦ − PGW − Ėa. (20)

Here Ėh+a is the energy contained in the leading pertur-
bations of the background PS, TΦ and is the transfer rates
of energy from the probe field Φ to these leading pertur-
bations, PGW is the emitted gravitational wave power,
and Ėa the total outgoing massive vector energy flux at
infinity. Recall from above that PGW, Ėa ∼ h2, a2 ∼ ε4 ∼
E2

Φ/M
2. The test field ergoregion instability is driven by

positive energy fluxes at future null infinity; hence, any
additional dissipation mechanisms tapping into the neg-
ative energy of Φ—such as PGW, Ėa > 0—will amplify
the instability, rather than weaken it.

The unstable process of the probe field Φ is affected
only at the ∼ ε3 level. Leading metric and vector
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Figure 8. Weakly nonlinear enhancement of the growth rate,
ωNL
I = −J̇Φ/(2JΦ), as a function of the amplitude of the per-

turbation (measured by its angular momentum JΦ), compared
with its test field value ωI . The dashed line is a fit through
the two data points associated with the smallest angular mo-
mentum JΦ and fixed at the test field value. Brackets ⟨. . . ⟩
indicate a rolling time-average as discussed in more detail in
Appendix B.

perturbations hµν and aµ result in effective scalar self-
interactions, which modify the unstable modes’ frequency
and growth rate away from their test field values. As a
result, this effect scales as h, a ∼ ε2 ∼ EΦ/M ∼ JΦ/J in
terms of the test field’s energy and angular momentum
EΦ and JΦ, respectively. This is analogous to findings
reported in Ref. [55] in a nonlinear scalar theory, as well
as to weakly nonlinear gravitational effects around black
holes [93–95].

B. Example: Proca star

Having identified the two primary weakly nonlinear
effects, i.e., a shift of the unstable mode’ complex fre-
quency and additional radiation channels, we focus on
a single representative of the m̃ = 1 family of PSs with
ergoregion to explicitly quantify these effects. To that
end, we turn to fully nonlinear numerical evolutions of
the combined Einstein-Proca-Klein-Gordon system gov-
erning the dynamics of the PS perturbed by the scalar
field. The PS of interest has mass µM = 1.1238 and fre-
quency ω̃/µ = 0.555. On this background spacetime, the
most unstable scalar configuration has azimuthal index
m = 2 with frequency −ΣM = 0.028 and growth rate
ωIM = 1.3 × 10−10 (obtained using the time-domain
method). To measure the impact of weakly nonlinear
effects, we initialize the scalar field in this most unsta-
ble field configuration as initial data, but vary its initial
amplitude. For each amplitude we measure the instanta-
neous growth rate using the outgoing angular momentum
flux ωNL

I = −J̇Φ/(2JΦ). These evolutions are performed
enforcing axisymmetry on the metric and fixing the az-
imuthal index m of the complex scalar field. To deter-
mine the amplitude of the gravitational wave emission,
we map the complex scalar field Φ to a real field ϕ, i.e.,
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ϕ =
√
2Re(Φ), and initialize ϕ at different amplitudes on

the PS. We then proceed to perform these evolutions in
three spatial dimensions to capture the non-axisymmetric
nature of the emitted gravitational waves. Importantly,
the initialization of the scalar field at weakly nonlinear
amplitudes may cause spurious mode excitations within
the star compared with the field configuration that grew
to this amplitude through the unstable process. Thus,
this approach should be interpreted as providing evidence
for the broad behavior of the weakly nonlinear effects,
rather than accurate predictions. In Appendix A 2, we
provide further details on the numerical methods and
convergence.

In Fig. 8, we show the instantaneous growth rate
⟨ωNL

I ⟩, compared to its test field counterpart ωI , as a
function of angular momentum contained in the field con-
figuration. As evident from there, weakly nonlinear grav-
itational effects serve to enhance the growth rate, rather
than weaken the unstable process. Secondly, given the
accuracy of our methods, we are able only to place an
upper bound on the emitted gravitational wave power
PGW. To that end, we define the angular momentum
available for extraction by the m = 2 scalar field configu-
ration as the difference between the angular momentum
of the above considered PS, J , and angular momentum
of the PS solution residing at the zero mode of the fam-
ily of m = 2 scalar field configurations, Jc. This critical
solution is found by extrapolating the linear frequency of
the unstable modes Σ along the family of PS solutions
to Σ = 0 (see Appendix B for details). We assume that
strongly nonlinear effects become important, as soon as
the unstable field configuration contains at least half of
the available angular momentum, J strong

Φ = (J − Jc)/2.
8

Scaling both our upper bound on PGW and ĖΦ to the
amplitude J strong

Φ , we find that gravitational radiation is
suppressed before strongly nonlinear effects become im-
portant:

PGW|strong ≲ ĖΦ|strong. (21)

Lastly, the linearized vector wave equation (19) is sourced
by perturbations with frequency 2ωR ± ω̃, which leads
to asymptotically free states (i.e., a radiating Proca
field) only if this frequency surpasses the vector mass
µ. Combining the ω̃ from above and ωR = 2Σ, we find
|2ωR ± ω̃| < µ, which implies Ėa = 0.

V. CONCLUSION

In this work, we systematically investigated the er-
goregion instability of a massless scalar test field on a
large variety of bosonic star background spacetimes using
three different methods (a WKB, a frequency-domain,

8 The angular momentum Jstrong
Φ /J ≈ 2.6 × 10−4 explains the

smallness of the ratios |JΦ/J | in Fig. 8.

and a time-domain method). Broad features of the scalar
mode structure are captured by all three techniques,
while in specific cases, predictions from the WKB and
frequency-domain methods (based on the slow-rotation
approximation) can be orders of magnitude away from
the true values. Nonetheless, we found the frequency-
domain method is reasonably accurate particularly away
from the small-frequency limit.

Overall, we found that all modes enter the unstable
regime through a zero-mode and briefly review its phys-
ical origin. Our results suggest that there exist only a
finite number of unstable overtones, n0 ≥ n ≥ 0, and
polar modes, ℓ0 ≥ ℓ ≥ m, for a given unstable m = ℓ and
n = 0 field configuration. In the small-frequency limit
the growth rates universally scale as ωIM ∼ |ωRM |2ℓ+1

as found for Kerr-like objects [8, 29, 48]. We found this
scaling to hold also for unstable overtones and high-order
polar modes ℓ > m. Corrections from the scaling become
important towards high frequencies and eventually lead
to a turnover of the growth rate as each mode becomes
stable in the high-frequency regime. In the eikonal limit,
we explicitly demonstrated that the frequency of unsta-
ble ℓ = m modes approaches the orbital frequency ω−
of null geodesics residing in the counter-rotating stable
light ring: ωR → ℓω−. Interestingly, we uncovered a
near-universal behavior of the growth rates and frequen-
cies across all considered bosonic stars also away from
the small-frequency limit. A direct comparison of the
unstable states on bosonic star backgrounds to frequen-
cies and growth rates of massless scalar unstable modes in
Kerr-like objects revealed a remarkable agreement. From
small to high frequencies, the difference between the for-
mer and latter is roughly within the uncertainties of our
methods. This suggests the existence of a Kerr spacetime
limit of bosonic stars, at least in the near-extremal range,
potentially explaining this near-universal behavior. This
also implies that the fastest e-folding time for the scalar
ergoregion instability in bosonic stars is τ ≳ 104M .

Furthermore, we considered the leading backreaction
of the unstable massless scalar field on the background
bosonic stars. Generally, the resulting linear perturba-
tions of the star can source additional emission channels
at infinity and may induce a weakly nonlinear shift of the
linear frequencies and growth rates. In the context of a
highly compact spinning Proca star we found indications
that this nonlinear shift in rates leads to an enhance-
ment of the unstable process, while additional radiation
channels are insignificant for the growth phase of the in-
stability. This suggests that strongly nonlinear gravita-
tional effects dictate the final fate of the instability in full
General Relativity.

Finally, in our three-dimensional numerical relativity
evolutions of ultracompact spinning Proca stars with sta-
ble light rings, we find no evidence for an unstable process
as conjectured to exist in Refs. [53, 54]. In our setting,
these star solutions are perturbed by ergoregion unsta-
ble scalar field configurations with large support in the
stable light ring. The amplitude of this perturbing field
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is chosen to be marginally below levels, where spurious
numerical instabilities are induced or immediate black
hole formation occurs. Despite this, we are unable to
reproduce the findings of Ref. [96], albeit our evolutions
are at best comparable in length to instability timescales
quoted there. This is consistent with observations re-
ported in Ref. [97] (see also Refs. [81, 98]), arriving at
similar conclusions.

A future direction is to explore the gravitationally-
driven linear ergoregion instability in these bosonic star
solutions, akin to w-modes in fluid stars, as well as
consider other rapidly spinning horizonless compact ob-
jects [99, 100] in an effort to study the nonlinear gravita-
tional saturation of this instability in light of Ref. [55, 56].
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Appendix A: Numerical evolution scheme

1. Test field evolution

Here we briefly outline the test field time-domain meth-
ods used throughout this work; That is, we begin with the
evolution scheme used to solve the Klein-Gordon equa-
tion (6) on the spinning bosonic star backgrounds mak-
ing no approximations, as discussed in sec. II B 3. To
that end, we make use of the framework introduced in
Refs. [67, 75]. In particular, the scalar field equations
are discretized using fourth-order accurate finite differ-
ences together with fourth-order accurate Runge-Kutta
integration in time. We use fixed mesh refinement cen-
tered on the star with refinement ratio 2 : 1. Crucially,
we assume the scalar field’s azimuthal dependence follows
∂φΦ = imΦ, i.e., we make use of the generalized Cartoon
Method (see e.g., Ref. [75]). To initialize the scalar field
as closely as possible to the most unstable field config-
uration, we use the m = 1 frequency-domain solutions
(discussed in sec. II B 1) for a given background.

As an example of the dynamics, in Fig. 9, we show
on the evolution of the massless scalar field on the

10−6

10−5

10−4

−
M
Ė
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Figure 9. The shaded lines show the evolution of the real
and imaginary parts of the frequency, as well as the scalar
energy EΦ, of the ergoregion unstable m = 1 massless scalar
mode on the ω̃/µ ≈ 0.427 and m̃ = 3 solitonic BS space-
time, depending on the grid spacing h used; solid lines are
rolling time-averages. Dashed gray lines indicate the real and
imaginary parts of the m = 1 unstable mode’s frequency ob-
tained from the direct integration method. Lastly, we com-
pare ωflux

I = −ĖΦ/(2EΦ) with the exponential growth of EΦ

in the bottom panel.

ω̃/µ ≈ 0.427 and m̃ = 3 solitonic boson star spacetime
across three resolutions (i.e., the central data point in
Fig. 3). In particular, we present the evolution of the
energy functional EΦ, defined in (15) (with S ⊂ Σt the
coordinate ball of radius 100M), and the real and imagi-

nary parts of the linear frequency, ωRM ≈ ĖΦM/J̇Φ and

ωIM ≈ −MĖΦ/(2EΦ), respectively. An initial transient
of the scalar field leads to a short burst of scalar radi-
ation. Therefore, at early times, t ≲ 100M , both the
energy EΦ and scalar fluxes grow exponentially in time
with roughly the rate predicted by the direct integra-
tion method. Once the burst of scalar radiation left the
domain S, the energy settles into a new growing state
with a different growth rate; this can be seen in the
up tick of −EΦ in the bottom panel of Fig. 9 around
t/M ≈ 100. Specifically, the fluxes – and frequency and
growth rate – begin to assume a new value after a few
light crossing times, ∼ O(102)M . Due to computational
cost, we evolve the system only for a fraction of the scalar
field’s e-folding time, ω−1

I /M ≈ 5 × 104. We checked
explicitly that this field configuration, restricted to the
coordinate sphere intersecting the ergoregion roughly at
the center in the equatorial plane, has largest support
over the ℓ = m = 1 spherical harmonic (with exponen-
tially smaller support over the ℓ > m spherical harmonics
in these coordinates). We estimate the error on ωR by
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measuring the amplitude of the oscillations of ĖΦM/J̇Φ
around the central value. The error estimate for ωI is
obtained from the difference between −MĖΦ/(2EΦ) and
an exponential fit to −EΦ. This difference is comparable
to, or larger, than the amplitude of the oscillations of
−MĖΦ/(2EΦ) (shown as the shaded regions in Fig. 9).
All data points shown in Fig. 3 were obtained from evo-
lutions with default grid spacing of h/M ≈ 9.6×10−3 on
the finest level.

2. Fully nonlinear evolution

The fully nonlinear evolution of the Einstein-Proca-
Klein-Gordon system of equations governing the per-
turbed PSs presented in sec. IVB were performed using
framework developed in Refs. [67, 75], but for reasons
discussed in [97] employs the Z4 formulation [102], with
more details provided in [56]; that is, we find gauge in-
stabilities to emerge for highly relativistic such star so-
lutions within the generalized harmonic formulation of
the Einstein equations and stationary gauge, in direct
analogy to what was found in Ref. [97]. Therefore, all
evolutions are performed in the standard moving punc-
ture gauge [103–106]. As before, we employ fourth order
accurate finite difference stencils to discretize the equa-
tions in conjunction with Runge-Kutta temporal integra-
tion and a grid with fixed mesh refinement with ten levels
centered on the star. The metric and Proca initial data
used here is constructed numerically using methods from
Ref. [68]. The massless scalar field serves as the ergore-
gion unstable probe field perturbing the star solution.
The complex scalar field is first evolved enforcing the
axisymmetry of the background spacetime starting from
initial data obtained using the direct integration method
(see sec. II B 1). After the latter settled into a new quasi-
stationary field configuration, the final state serves as
initial data to measure the weakly nonlinear frequency
shift and gravitational wave emissions. For the nonlinear
shift in the linear instability growth rates, we utilize this
dimensionally reduced setting, while for the extraction
of the weakly nonlinear gravitational wave power, these
scalar field data are mapped into initial data in three
dimensions using ∂φΦ = 2iΦ and defining a purely real

scalar probe field, ϕ =
√
2Re(Φ).

As a test of our methods, we track the conver-
gence of the constraint violations in two different three-
dimensional settings: (a) the evolution of the m̃ = 1 PS
of mass µM = 1.1238 and frequency ω̃/µ = 0.555 with-
out ergoregion unstable scalar probe field, and (b) the
evolution of the same star with real scalar probe field ϕ
with amplitude |Jϕ/J | = 2.9 × 10−5. The convergence
of these constraint violations are shown in Fig. 10. In
both cases, the violations converge to zero roughly at the
expected fourth order; in case (b), the constraint viola-
tions introduced by the probe field are below those of
the truncation error of the star’s evolution as measured
by C̃ defined in Fig. 10. Crucially, we observed spurious

0 50 100 150 200 250 300 350 400

t/M

10−2

10−1

C̃
/M

low PS

high PS

low PS+

high PS+

Figure 10. Evolution of the integrated violations, C̃ =∫
S
d3x

√
γ(H2 +

∑3
i=1 M2

i )
1/2, of the Hamiltonian, H, and

momentum constraint violations, Mi. The low and high res-
olutions correspond to a grid spacing of h/M ≈ 1.3 × 10−2

and h/2 on the finest level, respectively. We show both the
evolution of the unperturbed PSs (labeled “low PS” and “high
PS”) and the perturbed stars (labeled “low PS+” and “high
PS+”).

non-converging exponential growth of constraint viola-
tions or prompt collapse to a black hole for initial probe
field amplitudes with |Jϕ/J | ≳ 8× 10−5.

Lastly, we comment on the presence of a “light ring
instability” as claimed to exist in Ref. [96]. There, a
nonlinear drift of Proca star solutions with ω̃/µ ≥ 0.66
was observed on timescales tµ ≲ 103 and attributed to a
nonlinear mechanism active in the stable light ring. The
Proca star solution analyzed here, is more compact, i.e.,
ω̃/µ = 0.555, and hence, exhibits a larger stable light
ring and an ergoregion; in this setting, one may naively
expect shorter timescales associated with the nonlinear
instability. Furthermore, while in Ref. [96] the instability
was excited only with truncation error of their numeri-
cal scheme, here we perturb the star solution with the
maximal allowed amplitude before spurious numerical in-
stabilities appear or the solution promptly collapses to a
black hole. Despite this, we observe no sign of a drift or
an otherwise nonlinear process on the timescales shown
in Fig. 10 (recall t = 400M ≈ 450/µ for this star); consis-
tent with findings reported in Ref. [97]. These timescales
are roughly comparable, though likely slightly shorter,
than the naive extrapolation of timescales quoted in
Ref. [96] (see their Fig. 2) to the more compact stars
studied here.

Appendix B: Weakly nonlinear effects

To determine the impact of weakly nonlinear effects
on the instability’s growth rate, we restrict to axisym-
metric numerical evolutions, and consider the backreac-
tion of the complex scalar field with azimuthal index
m = 2 as constructed in Appendix A 2. These test
field initial data are then scaled to angular momenta
shown in Fig. 8. Given the PS initial data, we solve
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Figure 11. The amplitude as a function of time (top) and
the Fourier transform as a function of frequency (bottom) of
the (ℓ,m) = (4, 4) s = −2 spin-weighted spherical harmonic
component of the Newman-Penrose scalar Ψ4 extracted on a
coordinate sphere with radius r = 100M . The labels are the
same as in Fig. 10. The Fourier transform is computed from
the timeseries of Ψ44

4 between t−r = 150M and t−r = 300M .
Notice, the “high PS” case is missing data roughly in the
range (t − r)/M ∈ [115, 140] with no further significance for
the analysis.

the system of Einstein-Proca-Klein-Gordon equations as
detailed above and extract the growth rate from the ra-
diation as ωNL

I = −J̇Φ/(2JΦ). The backreaction of the
scalar field on the star induces small oscillations of ωNL

I
on timescales of ≈ 500M (increasing in amplitude with
increasing JΦ), particularly for |JΦ/J | > 0.8× 10−5 (see
Fig. 8). This is averaged over as indicated by ⟨. . . ⟩ in
Fig. 8.

Turning to the upper bounds on the emitted gravita-
tional wave power, in the previous appendix, we outlined
some of the convergence properties of the (un)perturbed
PS spacetime. Here we use these three-dimensional evo-
lutions to place an upper bound on the total emitted
gravitational wave energy flux, PGW. In particular, the
m = 2 ergoregion unstable real scalar field configura-
tion, ϕ, sources gravitational perturbations with mGW =
2m = 4 and frequency ωGW = |2ωR| = |4Σ| ≈ 0.11/M .
Within our numerical setup, we compute the Newman-
Penrose scalar Ψ4, capturing the outgoing gravitational
radiation. Therefore, and as long as the perturbing field
ϕ is in the weakly nonlinear regime, the total flux reads

PGW =
|rΨ44

4 |2
64π2ω2

R

, (B1)

where we extract Ψ4 on a coordinate sphere of radius
r = 100M , on which we project Ψ4 using s = −2 spin-
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Figure 12. The pattern speed Σ = ωR/m and growth rate ωI

(obtained using the direct integration method) of the scalar
ergoregion instability along the m̃ = 1 family of PSs. The
m = 1 mode becomes unstable only beyond the maximum
mass of this family indicated by the vertical solid gray line.
The time-domain estimates for the frequency and growth rate
of the star introduced in the main text are labeled “time-
domain”. The black dotted line indicates the linear extrapo-
lation of the two data points to towards Σ = 0.

weighted spherical harmonics, to obtain the (ℓ,m) =
(4, 4) mode of the Newman-Penrose scalar: Ψ44

4 . For
the PS considered in the main text (and discussed in
Appendix A2), the m = 2 scalar probe field leads to a
frequency |ωGWM | = 0.11.
In Fig. 11, we show both the amplitude and frequency

of Ψ44
4 obtained from the evolution of the Proca star

discussed in Appendix A 2. From Fig. 11, we con-
clude first that the extracted scalar Ψ44

4 is consistent
with truncation error of our numerical methods in both
the unperturbed and perturbed cases. Furthermore, we
make sure that frequencies with ω44M ≲ 0.5 are well-
resolved by our numerical methods. Therefore, the up-
per bound of the emitted gravitational wave amplitude
is |rΨ44

4 M | ≲ 2 × 10−8. Since most of this residual is
contained in frequencies above ωGW (see bottom panel
of Fig. 11), this is a conservative estimate. This im-
plies the upper bound for the total emitted gravitational
wave energy flux (in the (ℓ,m) = (4, 4) mode and at

frequency |ωGWM | = 0.11) is Ė44
GW ≲ 2 × 10−16 at the

reference probe field amplitude of |Jϕ/J | ≈ 2.9 × 10−5.
At this amplitude, the scalar unstable state exhibits an
energy flux of Ėϕ ≈ 2 × 10−15. The two fluxes scale
differently with the total angular momentum contained
in the mode Jϕ: ĖGW ∼ J2

ϕ and Ėϕ ∼ Jϕ. This
should be compared against the total available angu-
lar momentum that this mode can extract. In the ab-
sence of a fully nonlinear calculation, we estimate the
latter as follows: the difference in angular momentum of
the PS solution considered here (and in the main text),
J , and the critical solution, Jc, at which the m = 2
scalar state becomes unstable (as estimated by the zero-
crossing of the extrapolation in Fig. 12). This difference

is (J−Jc)/J ≈ 5.2×10−4 = 2J strong
Φ , which then implies
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(21) with the above upper bound.
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C. Herdeiro, P. Cerdá-Durán, J. A. Font, and E. Radu,
Phys. Rev. Lett. 123, 221101 (2019), arXiv:1907.12565
[gr-qc].

[72] S. A. Teukolsky, Astrophys. J. 185, 635 (1973).
[73] W. H. Press and S. A. Teukolsky, Astrophys. J. 185,

649 (1973).
[74] J. B. Hartle, Astrophys. J. 150, 1005 (1967).
[75] F. Pretorius, Class. Quant. Grav. 22, 425 (2005),

arXiv:gr-qc/0407110.
[76] J. L. Friedman and B. F. Schutz, Astrophys. J. 200, 204

(1975).
[77] F. D. Ryan, Phys. Rev. D 55, 6081 (1997).
[78] C. Adam, J. Castelo, A. Garćıa Mart́ın-Caro, M. Huido-
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