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ABSTRACT: Near threshold, cross sections for the production of heavy particles are sen-
sitive to large logarithmic terms, which must be resummed to all orders in perturbation
theory. Current state-of-the art calculations for inclusive slepton pair production at hadron
colliders has focused on higher-order logarithms in the leading power of the threshold vari-
able. Here, we evaluate the next-to-leading power contribution in the threshold variable to
leading logarithmic accuracy. We find that the next-to-leading power contributions can be
significant compared to the next-to-leading logarithmic terms at leading power, and that
existing calculations underestimate the scale error for large slepton masses. We include
results for a potential future FCC-hh machine at /s = 85 TeV.
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1 Introduction

As experimental data from the Large Hadron Collider (LHC) becomes increasingly precise
and continues to show no clear evidence of new physics, the demand for more refined
theoretical predictions both within and beyond the Standard Model (SM) grows stronger.
Beyond higher fixed order terms, the effects of resummed contributions to hadronic cross
sections are significant and crucial for precision comparison between theory and experiment
in the SM. This has proven useful to capture effects at the production threshold [1-4], for
low transverse momentum [5-7], and jointly both of these effects [8, 9].

Today, state-of-the-art calculations in the SM has reached an impressive next-to-next-
to-next-to-leading-logarithmic (N3LL) accuracy at so-called leading power for threshold
resummation [10, 11], and N*LL for transverse-momentum resummation [12], for Drell-
Yan production. While the nature of beyond the Standard Model (BSM) searches is to
set limits, the development of next-to-leading logarithmic (NLL) calculations also for BSM
searches [13-15], have been crucial in order to reduce the error from missing higher orders
and make full use of the power of the LHC.

For the hypothetical Drell-Yan like production of scalar leptons, sleptons, in supersym-
metric models, the state-of-the-art prediction today is with approximate next-to-next-to-
leading order (aNNLO) fixed order contributions, plus next-to-next-to-leading logarithmic
resummed results (NNLL) [13-17], which can be found implemented in the RESUMMINO
code [18].1

Historically, the main focus in threshold resummation has been on leading power (LP)
effects. For Drell-Yan like processes at a partonic center-of-mass energy v/§, denoting
the invariant mass of the color-singlet part of the final state by @2, the perturbative
expansion of the partonic differential cross-section with resummed contributions can be
written schematically in the threshold expansion as

OZ(%> (1*2)

+2nzl[ <10g(_12_2)> +cg%1ogm(1—z)+<9(1—z)ﬂ,
) (1.1)

with z = Q?/3 the threshold variable. Here the terms in the inner sum are arranged by

powers of (1 — z), which goes to zero in the threshold limit; the cg;}) terms are the most
studied LP logarithms, the c%% terms are nezt-to-leading power (NLP) logarithms, etc.
The leading logarithmic (LL) terms in the expansion are then the m = 2n — 1 terms, the
next-to-leading logarithmic the m = 2n — 2 terms, etc.> The resummation of LL next-to-

(0)

leading power effects, i.e. those terms containing Co(an—1) has recently been performed for

1'We will return to a more detailed discussion of what is included here in Section 5.4.
2As an explicit example, an O (as) calculation will contain leading-power terms proportional to

Qs (%)+ (leading logarithm) and as (i)+ (next-to-leading logarithm), and next-to-leading power

terms proportional to aslog (1 — z) (leading logarithm).



the Drell-Yan process in Refs. [19, 20] for the ¢g channel, and in Ref. [21] for the ¢g (and
qg) channel.

The present study explores the effect of including resummed contributions beyond
leading power in BSM cross sections at the LHC. We review the general methodology
in a pedagogical manner with the aim of future extensions, but focus on slepton pair
production as a concise BSM example, which has immediate applications to current LHC
searches [22, 23], and to determining the physics reach of potential future colliders such as
the FCC-hh, where the uncertainty from missing higher orders will be more significant at
masses currently just outside the reach of the LHC.

We will present complete analytic NLP results and show the numerical effects of in-
cluding these contributions, matched to fixed-order results, quantifying the remaining cross
section uncertainty from higher-order contributions. In doing so we compare to existing
results and discuss the impact of the NLP contributions.

The structure of this paper is as follows: in Section 2 we define the supersymmetric
model used as our example, while in Section 3 we briefly revise the fixed order calculation for
slepton pair production up to next-to-leading order, to clarify our notation and conventions.
Following this, in Section 4, we review threshold resummation at leading and next-to-
leading power, before giving our results for the specific case of slepton pair production in
Section 5. We go on to discuss the numerical impact of our results in Section 6, comparing
to existing results in the literature, before we conclude in Section 7. In the appendices
we collect the full expressions for the analytical results used in Appendix A, and give a,
hopefully, pedagogical introduction to the convergence properties of the Mellin transform
and its inverse in Appendix B.

2 Supersymmetric model

We use the production of scalar partners to the Standard Model leptons and neutrinos,
the sleptons and sneutrinos, as our BSM example. To simplify language we will often refer
to both types of particles as sleptons. We perform our calculations within the Minimal
Supersymmetric Standard Model (MSSM) [24, 25].

The scalar leptons come in three generations, with two gauge eigenstates per generation
for the charged sleptons, referred to as the left and right states. In the most general
parameterisation of the MSSM, with arbitrary flavour mixing in the soft mass terms, all
sleptons with the same electric charge may mix. Here, to simplify notation, we will assume
no mixing between generations, and for the first two generations, the selectrons and the
smuons, the left and right states will be unmixed, while we will allow mixing for the third
generation staus due to the potential significant contribution to off-diagonal terms in the
stau mass matrix from the tau Yukawa coupling. Identical assumptions are made for the
mass eigenstates of the scalar quarks, squarks.

We write the mixing matrix for the mass eigenstates of the sfermions fik ,1=1,2,in



terms of the gauge eigenstates f}j IR where k indicates the fermion generation, as

rk
()= (%) e

Here f = /,q,l,v,u,d, where we will use £ and ¢ to represent a generic slepton or squark,
while [, v, u, d indicate a specific type, and I/ZB = 0410p1 as the MSSM contains only left-
handed sneutrinos. We also assume that all contributions to the sfermion mass matrices
are real so that the mixing matrices are real (and orthogonal) as well.

The numerical results presented below only depend on these assumptions to a very
minor degree. Results for full flavor mixing and complex phases in the Lagrangian param-
eters can be relatively easily derived by generalising the results for the third generation
sleptons, substituting the appropriate mixing matrices.

3 Slepton pair production at NLO

In this section we will briefly outline the computation of the fixed order cross-section for
inclusive slepton pair production in proton—proton collisions up to next-to-leading order
(NLO), in order to establish and explain some choices of convention. These results have
been derived previously in various references, e.g. see [1, 14, 26-31]. For detailed expressions
for the results we refer to Appendix A.

3.1 Leading order

Proton—proton cross-sections can generically be written as a convolution of the partonic
cross-section and parton distribution functions f; for the proton, with a sum over allowed
initial-state parton configurations. Writing the cross-section differential in invariant mass
squared of the produced particles, Q?, we have

_O'BZ/ dl‘l // @fz wh,“’F)fj (x27/'LF)w’LJ( 7Q27,U’R7MF)7 (31)

where pup and pp are the renormalization and factorization scales, respectively, and 7 =
Q?/s with /s the proton center-of-mass energy. The partonic cross-section has been nor-
malized by the factor o/ (x122), where op is the Born cross-section, so that the remaining

partonic coefficient function w;; only depends on x1 and z3 through the threshold variable

-
T1T2’

For the production of a pair of sleptons (71“42’ k* as shown in Figure 1, the Born cross

section goes as O (a2) and is given by
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In the case of equal final-state slepton masses, [ is the velocity of the sleptons in their
common center-of-mass frame. The tree-level partonic coefficient function is given by

w(i(% (Z7 Q27 LR, MF) qqu (Qz) (1 - Z) 3 (34)

ok ok . : . . : o
where Fy5.” (Q2) is an “effective coupling” factor collecting the couplings of the initial-
state quarks and final-state sleptons to the intermediate-state boson; its full expression is
given in Appendix A.
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q; g’gk
Figure 1: Partonic tree-level diagram for the production of the slepton pair Ek 0%k V can
be a photon, Z or W+ depending on the final state.

3.2 Next-to-leading order

At the next-to-leading order the cross-section gets dominant corrections of O («). These
include virtual corrections to the quark—vector-boson vertex, as shown in Figure 2, both
from gluon exchange and through a squark—gluino loop, which contribute through interfer-
ence with the tree-level diagram. In the limit of massless quarks the former can be evaluated
directly relatively easily, while we express the latter in terms of Passarino-Veltman [32] co-
efficients. The squark-gluino contribution also gives a correction to the effective coupling,

since the vector boson—quark vertex is replaced by a vector boson—squark vertex. The full

NLO

results are found in Appendix A in terms of the partonic coefficient function (CATAS

Figure 2: O («as) loop corrections to the quark—vector-boson vertex. Left: Virtual gluon
exchange. Right: Gluino—squark loop contribution. C' and D denote the squark mass
eigenstates.



We also have contributions from real gluon emission off the incoming quarks, shown in
Figure 3a, giving another O (a;) contribution to the ¢iq; channel; and real quark emission
diagrams shown in Figure 3b, which constitute the lowest-order contribution to the ¢;g
and ¢;¢g channels. Again, we refer to Appendix A for expressions for these contributions in

terms of wNLO wNLO and wNLO.
qlq] initial state. ) gig initial state.

Figure 3: Real-emission diagrams that contribute to O (as), for the different initial states
that contribute to this order. The diagram for the g;g initial state is obtained by simply
reversing the fermion arrow in the ¢;¢g diagram.

3.3 Renormalization

The diagrams listed above give rise to various divergences; the way these are handled
depends on their origin.

The virtual diagrams of Figure 2 contain ultraviolet divergences, which are removed
through on-shell renormalization of the external quark field(s), e.g. see Ref. [1]. In practice

this amounts to adding the counterterm?®
1d ;
=y (B3| (35)
2 dp ( ptealy ) =0

with the O (as) contributions to the quark self-energy i3 (p) shown in Figure 4. Note that
we get contributions from each of the two (potentially distinct) initial-state quark flavors
¢ and j. Similarly to the virtual corrections, these contribute through interference with
the tree-level diagram. Again, the Standard Model corrections can be expressed in closed
form—as it is proportional to the scaleless integral f k4 , its only effect is to replace a UV
divergence by an IR one. The squark—gluino loop result also has a finite component, which

is given in terms of Passarino—Veltman coefficients and also results in a changed effective
NLO
q:q; °
Both the real and virtual diagrams contain infrared divergences, most of which are

coupling. The results can be found in Appendix A, in terms of w

canceled when the two are added. There still remains collinear divergences, however, in
both the ¢g and gg channels these are absorbed by the PDFs through MS renormalization.

To summarize our choices of renormalization schemes, we use on-shell renormalization
of all masses, decay widths and external fields, while the strong coupling as and the PDFs
are renormalized in the MS scheme.

3The quarks are here taken to be massless.
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Figure 4: O (as) contributions to the quark (of flavor ) self-energy. As in Figure 2 there
is an additional sum over the squark mass eigenstate C'.

The electroweak quantities o and Oy are set by the G, scheme [33, 34], in which the
pole masses myy and myz (plus decay rates), and the Fermi constant G, are taken as input
parameters (and defined in the on-shell scheme). The widths of the W and Z bosons are
included using the complex mass scheme to preserve gauge invariance [35-37], in which the
vector boson masses are replaced by the (complex) location of the pole in the Breit-Wigner
propagator:

mi — pd =mi —imy Ty, (3.6)

where I'y is the decay width of the boson in question, fixed by measurements. This
replacement is also made in defining the Weinberg angle as

sinfy =1— M—ZV, (3.7)
Hz

while « is given by

o = 2 GEY (1—”@). (3.8)

s my

Note that the latter uses the real W and Z masses to avoid spurious terms of O(«) [38].

3.4 Threshold limit

While the full expressions for the NLO cross-section are not too instructive on their own,
their behavior in the threshold limit of z — 1 help illustrate the need for resummation.
Taking this limit in the next-to-leading order partonic coefficient functions wNLO (A.3)
and (A.4), retaining only the dominant terms, and leaving out the terms proportlonal to
§ (1 — 2), we find the threshold behavior,*

NLO 6 %5 (02 CFas log (1 — 2) 13 1
o 0= rit @) e (o (7)o s -
(3.9)
ok ok TFOéS
wae (2) Zquqg —log(1-2), (3.10)

where we have suppressed all arguments of w;; except for z, and we will continue to do so
below.

4Here, and in the following, as = as (ur) unless otherwise stated.



Alternatively, we can take the Mellin transform of the partonic coefficient function.
Denoting the Mellin transform of a function f(z) by the same symbol capitalized F'(N),
the transform and its inverse is defined as

1
F(N):/O dz2N71f (2), (3.11)
c+ioc0
Fz) = 217”/_ dN =NF (V). (3.12)

Using this definition, the partonic coefficient functions can be written in the large-N limit
as

oz

2
WokO(N) =~ Fua” (Q%) Cras {210g2N+ 2log % log N +2
T

P (3.13)

log N
N )

Tro, log N
N )

ok gk
Wag® (N) = =" Foly,” (Q°) (3.14)
j

where N = NeV®, with g being the Euler-Mascheroni constant. The first two terms in
(3.9), or equivalently in (3.13), are the leading and next-to-leading logarithmic terms from
Eq. (1.1), respectively, at leading power in (1 — z) (or equivalently in N). The remaining
terms are the leading logarithmic terms at the next-to-leading power.

Though these terms are all integrable in a distributional sense, they may still dominate
the resulting cross-section, in particular in the limit of high slepton masses where smaller-
z regions are suppressed by the smallness of the PDFs for large momentum fractions.
Furthermore, similar large logarithms appear at all orders in perturbation theory, indicating
that a pure fixed-order calculation will have limited predictive power as potentially large
higher-order corrections are missed. Here, systematic resummation of these terms can help.

4 Threshold resummation at leading and next-to-leading power

Threshold resummation relies on the factorization and exponentiation properties of QCD
in Mellin space. Firstly, amplitudes and cross-sections for a variety of different processes
are known to factorize to products of hard and soft effects.® Secondly, in the threshold
limit, the soft factor exponentiates in terms of Feynman diagrams called webs [40, 41],
allowing for these effects to be resummed to all orders in the strong coupling.

Here, we briefly review and summarize the methods for performing this resummation
for Drell-Yan like processes in the leading-power (LP) approximation, before outlining how
the procedure is generalized to the next-to-leading power (NLP) case. For consistency, we
restrict ourselves to resumming leading-power terms up to NLL, and next-to-leading power
terms up to LL, as these are the terms that appear at NLO. Higher logarithmic terms would
first appear in the NNLO fixed-order calculation, which currently has not been performed
for slepton pair production.

®See, e.g., Ref. [39] for a comprehensive review.



4.1 Leading-power resummation

The ¢q partonic coefficient function for the Drell-Yan process near threshold, can be written
in Mellin space to leading power in the factorized form [4, 42]

2 Hi:q@ 1;[}1 (N7 Qg)
Hi:q,q ¢Z (N’ QZ)

where we have suppressed some scale arguments that are immaterial to the following dis-

Wa (N) ~ [Heg (Q°)] Sqa (N, Q%) (4.1)

cussion.

The N-independent® hard function H,z in (4.1) contains the high-energy, virtual cor-
rections; the soft function Sz collects low-energy effects; and the quark distribution func-
tions 1; contain collinear effects. To avoid double-counting of effects that are both soft and
collinear — which are included both in ¢; and Sy — the quark distributions are divided
by the light-cone distributions ¢;. These are the eikonal approximation to the quark dis-
tribution functions v;, and thus effectively serve to remove this overlap. The “~” notation
reflects the fact that this factorization formula only holds for the bare cross-section, i.e.
before renormalization; thus there will generally be some regularization dependence in (4.1)
as well.

The resummation of the LP threshold effects to NLL order was shown in Refs. [3, 4],
and has since been verified using a multitude of methods, including using Wilson loops and
their renormalization properties [43, 44], and Soft Collinear Effective Theory (SCET) [45—
48]. The exponentiation also relies on the fact that in the soft limit, n-gluon phase space
integrals factorize into n 1-gluon phase space integrals.

In the end, the partonic coefficient function is given by [3, 4]

qugS’LP (N) = |Hgg (Q%) ‘2 exp {/01 dzzN 71 ll—lzD (as ((1 —2)? Q2>>

} , (4.2)
n

where the Mellin transform in the exponential has been left unevaluated. Here D (as(qZ))

(1-2)2Q% ;7,2
w2 R (o (@)
F

collects soft wide-angle contributions; written as a perturbation series, leaving out the scale
dependence of «y it is given by

2
D(as):Dl%—i—DQ (%) T (4.3)

The only coefficient needed for NLL resummation is Dy, which is zero. Here, P;;ZP is the
DGLAP splitting function to leading power in the threshold expansion; explicitly [49, 50],

P (o) = (725) Al (). (44

—z
with )
Qg Qs
Alas) = A1— + Ay (—) +..., (4.5)
7r m
where higher-order terms beyond those shown first contribute at NNLL.

Contributions proportional to §(1 — z) in z-space.



4.2 Next-to-leading power resummation

Factorization theorems analogous to (4.1) have been derived for the Drell-Yan process also
at next-to-leading power in the threshold expansion, for both the quark—antiquark [51] and
quark—gluon [52] initial states, meaning that if resummation of the infrared effects can be
achieved, NLP effects can also be included to all orders. As the authors of these articles
note, these expressions do not straightforwardly allow for resummation above LL accuracy,
but LL resummation can still be achieved.

At next-to-leading power, corrections can in principle arise in two ways; either from
NLP effects in the squared amplitude, or from corrections to the phase space. Schemati-
cally, we can write these corrections to the cross-section as [19]

N~ [t MByp+ [ dbie |ME (4.6)

where ®pp is the leading-power phase space which is known to factorize (see above), while
ONpp contains non-factorizing corrections. These corrections have been shown [19] to
contribute only at subleading logarithmic order; thus, if we restrict ourselves to only a LL
resummation of NLP logarithms, this contribution can be neglected.

As for the NLP corrections to the squared amplitude, they can arise in two differ-
ent ways: Either as “next-to-soft” gluon radiation from the incoming hard partons, but
separate from the main hard interaction — these will result in generalizations of the soft
functions discussed above, which similarly exponentiate — or soft radiation originating
from inside the hard interaction itself. When the external particles are massless, as they
are in this case, the latter effects contain collinear singularities, and will not necessarily
factorize and exponentiate as cleanly as the former. These collinear singularities can be
controlled by introducing radiative jet functions, which are essentially generalizations to the
quark distribution functions of (4.1). These were originally introduced for QED [53], and
have more recently been extended to QCD as well and computed to one-loop order [54, 55].

For the present discussion, radiative jet functions do not have to be taken into account,
however; as in (4.1) the overlap between the radiative jet functions and the next-to-soft
contributions must be removed, and to leading order in NLP logarithms this removes any
effect of these functions [19].

The next-to-soft contributions can be included by considering so-called generalized
Wilson lines; these were constructed through a path integral approach in Ref. [56], by
allowing for slight corrections to the straight-line trajectories of the incoming quarks. When
using the leading-power phase space as discussed above, these contributions exponentiate,
which then leads to the combined LP and NLP resummed expression [19]

1 — 202

(1-22Q%/2 g2
2 / 2 0 PLPNP (2,0, (q2))] } (4.7)
l"’F +
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This differs from (4.2) in two ways; firstly by retaining the full z dependence of the
emitted gluon energy in the argument of D (a) and in the upper limit of the ¢? integral;
secondly, the splitting function is now approximated to next-to-leading power:

PLPNEE (2 0 (¢%)) = [(1 i Z>+ — 1] Alas(4%)) . (4.8)

An equivalent result was also found using SCET in Ref. [20].

4.2.1 Resummation of the quark—gluon partonic cross-section

The discussion so far has exclusively been around the color-singlet ¢g initial-state contri-
bution. This type of initial state is historically the most closely studied in resummation
literature, as it is the only one to result in LP logarithms, as demonstrated to NLO in (3.9)—
(3.10). At NLP there are also logarithmic contributions from the gg (gg) initial state; to
consistently treat all NLP effects, these must also be resummed to all orders.

The NLP resummation of the qg partonic cross-section is in a sense simpler than that of
the gq one, due to the fact that baryon number conservation necessitates at least one quark
emission. A quark (or any other fermion) in the final state, with the soft momentum &,
contributes to the squared amplitude a factor >  u® (k) u® (k) = K, which is a small factor if
the emitted quark is soft. The corresponding spin sum for a final-state gluon contains only
the spacetime metric n*¥; thus soft-quark emission diagrams are automatically suppressed
by one factor of soft momenta relative to soft-gluon emission. In other words, just a
single final-state fermion leaves the cross-section at NLP in soft radiation momentum. Any
additional radiation can then be calculated using the standard eikonal approximation, and
the factorizable LP phase space.

An all-order diagrammatic calculation using these constraints leads to the following
result which is explicitly in Mellin space [21] (this was conjectured earlier in Ref. [57]):

Tk 1
Ca—Cp2Nlog N

X [exp {2%01: log? N}BO <% (Ca—Cp) log? N) — exp {% (Cr+3Chu) log? N}] )
T T 2T
(4.9)

WESNEP (N) = | Hyy (Q)]

The function By (% (Cy — Cp)log? N ) originates from the LL approximation to the split-

ting function Py, (N) [58], and is given by

=
(

1— (= '
o 2n!

By (x)

N8

)n
? | Bay | 2, (4.10)
where B,, are the Bernoulli numbers.

5 Slepton pair production cross-section at next-to-leading power

Having outlined the way NLP threshold logarithms can be resummed, we now turn to the
specific process of slepton pair production. We begin by finding the expressions for the

- 11 -



partonic coefficient functions directly from the results in the previous section and knowledge
of the fixed-order process. We will then discuss matching of these contributions to the fixed-
order result, and some technicalities in the numerical evaluation of the resummed result
when it is added to the fixed-order results of Section 3.

5.1 Resummed result with next-to-leading power logarithms

For the quark—antiquark initial state, with the hard function being the effective coupling
from (3.4), we have from (4.7) that the resummed contribution to the cross-section to next-
to-leading power can be written implicitly in Mellin space as the exponentiated integral

Y b ova| 1 (1-2)%Q
(1-2)%Q2/z g2
q
12 / UL pLeenie (o, (q2))] } RN
K +

In addition to the functions discussed in the previous section, we need the S-function for
as to evaluate the scale dependence of the different parts of the integrand:

dog
o

— 20 (asby + by +...) . (5.2)

The one- [59, 60] and two-loop [61-63] coefficients are sufficient to find as to allow for
leading-power resummation up to NLL, and next-to-leading power resummation to LL. In
solving this S-function scale dependence on the reference scale pr appears.

The evaluation of the ¢? integral in (5.1) will also contain some next-to-leading power
terms beyond the leading logarithms; we will discard these as they do not constitute the full
NLL next-to-leading power result, meaning that this would be an incomplete resummation
of these effects. This was discussed in Ref. [64], where an equation on the form (5.1) was
postulated, and its O (ag) NLL next-to-leading power logarithms was compared to the fixed
order NNLO result, and it was demonstrated that additional NLL next-to-leading power
terms exist. As noted in Ref. [19], this indicates the need for the radiative jet functions
mentioned in Section 4.2, along with corrections to the leading power phase space, as these
are both potential next-to-leading power effects that begin to contribute to NLL order.

Note that in (5.1), we have not included any terms of O («) in the hard factor in the
cross-section, as these are not needed for NLL resummation. In multiplication with the
exponentiated factor they would produce NNLL leading power terms, as well as NLL next-
to-leading power terms, which are not resummed to all orders here, nor do they appear in
the NLO fixed-order cross-section.

With this, integrating over ¢? using the S-function of oy, and performing the Mellin
space transform, the ¢g resummed partonic cross-section can be written in terms of the
different logarithms that we do keep on the form [65]

WS (V) = Fia® (Q2) exp { (1 ¥ ;éfv) log Ng1 (A) + g2 <A>} (5.3)
— FA% (Q2) exp {log N1 (V) + g2 (\) + by (A, V), (5.4)

~12 -



where we use N = Ne?®, with vg being the Euler-Mascheroni constant, and A = bgars log N.
Here, log Ng1 and go contain the leading and next-to-leading logarithms, respectively, at
leading power, while h; contains leading logarithms at next-to-leading power. The full
expressions for the logarithms are listed in Appendix A as (A.21)-(A.23).

As the authors of Ref. [19] point out, exponentiation of the NLP function hj (A, N)
technically leads to the inclusion of some higher-power terms as well: The Taylor ex-
pansion of the exponential in (5.4) will contain terms of the form log™ N/N™, which is
formally N"LP. Since the exponentiation of the NLP soft function on this form has been
demonstrated in multiple works [19, 56, 66], this is more an issue of nomenclature than
a significant problem; we still refer to the result as a NLP resummed result, similar to
Ref. [65], since the exponentiated webs, are at next-to-leading power. This differs from the
effects of higher logarithmic order that were left out, which were discussed above.

It is possible to retain only the NLP effects by approximating exp (hy (A, N)) ~ 1+
hi (A, N) [19]. We have verified numerically that this only shifts the cross-section by a
relative O (10_3); for this reason, and as discussed above, we opt not to do so (again,
similarly to Ref. [65]).

Turning to the quark—gluon initial state, its resummed contribution to the cross-section
is given from (4.9) by

ik itk Tr 1
res F
Wag (N Z 44y C’A — Cp2Nlog N
s Qg Qg
X {exp {ﬂ'CF log? N}Bo <? (Cx — CF)log? N) — exp {% (Cp + 3C,)log? N}] )
(5.5)

For the hard function the same arguments as above for the quark—antiquark initial state
apply. In evaluating the By function numerically, we truncate the sum when the norm of
the latest term is less than 103 that of the total function.

5.2 Matching to fixed-order calculation

Care is required in adding these resummed results to the fixed-order results, as there is
some overlap. As discussed in Section 3.4, the NLO results contain threshold logarithms
at O (ag), while the resummed results contain these to all orders. To avoid including these
terms twice, we subtract from the resummed expressions their Taylor expansion up to
O (as). Explicitly, the complete partonic coefficient function is

1 c+100 3 X ox
wij (2) = wZLjO (z) + wzl-\]I-Lo (z) + /C dNz—N (Wijes (N) — Wi P (N)) , (5.6)
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where an inverse Mellin transform is performed on the resummed contributions to move
them from Mellin space to the z-dependence of the fixed order result. The “expanded”
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partonic functions that are subtracted off are given by

o~ 2 AT
exp N 2 Qg 27 We — log N
Wqﬁj (N) = Fo/a,? (Q?) [1 + CF? <2 log® N + QIOg@loquL 2 N , (5.7)
x A aslog N
WoP(N) = =) Fpa® (Q7) TF?S I (5.8)
J

We recognize these expressions as the large-N limit of the NLO result, which we gave in
(3.13)—(3.14).7

5.3 Numerical convergence of the inverse Mellin transform

To add the resummed contribution to the cross-section in (5.6) we must perform an inverse
Mellin transform numerically. Using the definition from (3.11) on the PDF integral in
(3.1), we have the very concise result

i ) = 2 F %) 5 (Vo) W (V00 ) (59)
This means that if the PDFs were available at the same convenience and precision in Mellin
space as in physical space — which they are not, at the time of writing — the evaluation of
the cross-section could be reduced to a single numerical integral, namely an overall inverse
Mellin transform, instead of the inverse Mellin transform of the resummed contribution
followed by the PDF integrals.

However, the simple factorized form of (5.9) can still be used to stabilize the numerical
evaluation. Following Ref. [67], since W;; can potentially oscillate significantly for large

values of IV, this can be alleviated by defining the differentiated PDF's

r df (:I:a IUF)
=—g——= 5.10
f (1"7 :U'F) x dz ) ( )
which have the property that
1
- d
F (N, up) = - / dme(‘fl"‘F) = NF (N, ur), (5.11)
0 X
using integration by parts.
This can in turn be used to define the function
4 Wij N7Q27IU’R7MF
Wij (N, Q% g, pr) = — ( e ) : (5.12)
which should be more numerically stable in the large-/N limit, writing instead
dy - _ -
402 (N)=o03 ZE (N, ur) Fj (N, pp) Wis (N, Q?, g, ir) - (5.13)

ij

"The remaining difference between (3.14) and (5.8) effectively amounts to different approximations in the
large-N limit of the Mellin transform fol drxV " 'log (1 —z) = — (¢ (N + 1) + vg) /N, where the digamma
function ¢ (1 + N) — log N asymptotically for large N. The gg resummed result in (5.5) follows Ref. [21]
in not including g in this approximation, while in (3.14) it was included for symmetry with the ¢g result.
In the matching procedure, only the overlap between the resummed and fixed-order results is subtracted,
which is exactly (5.8).
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This allows us to rewrite (3.1) as

— _UBZ/ dml/ dmz i (@1, 1r) fi (w2, pr) i <Z= ,Q? HR,MF> (5.14)

12

where the lower limit on the integrals is due to the fact that the inverse Mellin transform of
Wij is not necessarily zero for z > 1, which allows for z-values down to zero [68]. We discuss
this issue, which is related to the convergence of the Mellin transform, in more detail in
Appendix B.2. Equation (5.14) is then then what we use to evaluate the contribution from
the resummed terms in (5.6) to the total cross section.

The differentiated PDFs used in (5.14) are based on standard PDFs grid using the
LHAPDF package [69]. To speed up the numerical evaluation, the differentiated PDF's
are pre-calculated and stored as individual PDF sets, on similar grids as the ordinary
LHAPDF grids.

To numerically perform the inverse Mellin transform and find the relevant w;; con-
tributions in (5.14), we use the Minimal Prescription of Ref. [68]. For our purposes this
amounts to choosing ¢ = Cyp in (5.6), where Cyp lies on the real axis between the right-
most singularity in the PDFs, and the Landau pole at log N = 1/ (2asbg).® Specifically,
we have used Cyp = 2 in the following. For improved convergence of the integral we also
deflect the integration path, on both sides of the real axis, by an angle w/4 toward the
imaginary axis. This allows us to rewrite the form of the inverse Mellin transform (3.12)
as .

Flz) =1 / Wi, (%= NP (N (). (5.15)
TJo Y
where N (y) = Cyp — €' logy, and ¢ = 37/4. For the integral to converge when z > 1, the
contour must be deflected away from the imaginary axis instead; this amounts to taking
¢ = /4 above. We discuss the convergence of this integral and the choices made here in
more detail in Appendix B.2.

5.4 Comparison to existing calculations

It is worth commenting on how the results of this section compare to those found in
existing state-of-the-art tools for slepton pair production, specifically those implemented
in RESUMMINO [13-18].

RESUMMINO offers the calculation of the cross-section for slepton pair production to
what the authors term aNNLO-+NNLL [17], where aNNLO stands for “approximate next-
to-next-to-leading order”, and NNLL indicates inclusion also of resummed terms from
Ref. [70] that are lower in logarithmic order than the NLL ones, but still at leading power.
The code computes full LO and NLO fixed order contributions, allowing for left/right
eigenstate mixing between the third generation sfermions. As implemented in the code,
in the resummed results the hard function in (5.1) is modified by adding terms to order

8The existence of the Landau pole can be seen directly from the log (1 — 2)) dependence in the resummed
contribution to the cross-section, see (A.20)—(A.23). We must take into account the PDF poles because we
involve the differentiated PDF in the product that we apply the inverse Mellin transform to.
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O (a) for the NLL result, and terms up to O (a2) for the NNLL result. The resulting
resummed contributions are matched to the fixed order NLO results. It is these higher
order effects through the hard function that constitute the terms beyond NLO that the
authors denote aNNLO.

By comparison, as our baseline we include all fixed order contributions up to and
including NLO, as well as the NLL results, where we have chosen not to include O (as)
terms in the hard part of the interaction in (5.1) for the reasons discussed in Section 5.1.
Following the notation used in Ref. [65], for clarity the resummed results from RESUMMINO
are then referred to as NLL’ and NNLL’ in comparisons below, as such higher-order terms
are included in their hard functions. Since these terms fully capture the terms beyond
NLO in RESUMMINO we will here refer to their results as NLO+NLL’ and NLO+NNLL’.

We extend our baseline by including the next-to-leading power corrections discussed
in this work that are suppressed by one power in the threshold variable. It has been
noted previously [65] that these power-suppressed terms may be equally significant as the
NNLL contributions to the total result, in particular in the regions of phase space that are
somewhat further removed from the threshold. How these different corrections affect the
total cross-section will be discussed in section 6.

To facilitate comparison between our results and those from RESUMMINO, we will also
in places include NNLL contributions, and extra ag-suppressed terms in the hard function.
The former amounts to adding a term a;sgs () to the exponent in (5.4) [71]; this in turn
requires the QCD f-function [72, 73] of (5.2) and the splitting function of (4.5) [49, 50]
to three loops, and the soft wide-angle function of (4.3) to two loops [70]. The relevant
expressions, including the hard function up to O (ozg), can be found in Appendix D of
Ref. [65].

There is some degree of overlap between the NLP corrections we include and those of
the collinear-improved resummation formalism [74, 75], that is included in RESUMMINO for
NLL resummation [14]. The latter also leads to the resummation of logarithms that are
suppressed by a factor of 1/N in Mellin space, though they are treated differently, through
the use of QCD evolution operators [76]. In our results, they arise instead when the
kinematically suppressed effects are systematically included in the threshold resummation
formalism.

RESUMMINO also handles logarithmic effects from regions of low slepton-pair transverse
momentum, by resumming these logarithms to NLL both individually [13] and jointly with
the threshold region discussed here [15]. Such corrections are not included in our results,
as we are mostly focused on the total cross section.

6 Numerical results

In this section, we present results from a numerical evaluation of the above expressions.
We focus on smuon pair production pp — fir,/rii} /RT X. This process was chosen as it
has a simple one-parameter dependence on the mass of the smuon — excluding the squark
and gluino parameters, which enter at NLO order and only minimally affect the results.

~16 —



The impact of the QCD corrections is not anticipated to depend significantly on the final
state in slepton pair production.

6.1 Details of numerical evaluation

For comparisons of the results with and without the next-to-leading power (NLP) re-
summed logarithms included, we label the order of the calculation by the highest loga-
rithmic order that is resummed at each power in the threshold expansion; in this way the
results discussed in the previous section are referred to as “NLO + LP NLL + NLP LL”,
while conventional leading-power NLL resummation is denoted by “NLO + LP NLL”.

Our results are compared with results obtained by running RESUMMINO 3.1.2 [18],
for the different combinations of logarithmic contributions available: NLO 4 NLL’, NLO
+ NNLL’, which are pure leading power contributions, as well as the collinear-improved
NLO+NLL’, which contains terms beyond leading power as discussed in Section 5.4. As a
reminder, the RESUMMINO NLO + NLL’ result is identical to our NLO + LP NLL result
except for the addition of extra O (as) terms in the hard (/N-independent) function in (5.1),
that are absent in our expression.

Unless otherwise stated, expressions were evaluated using a center-of-mass energy of
Vs = 13.6 TeV, and with the PDFALHC21_40_pdfas [77] Hessian PDF sets using LHAPDF
6.5.3 [69] to evaluate PDFs and ag. Passarino—Veltman functions were evaluated using
LooprTooLs 2.16 [78, 79].

Uncertainties due to missing higher-order terms (MHOUs — missing higher-order un-
certainties) are estimated by what is referred to below as scale uncertainty, calculated using
the 7-point scale variation. For a central scale pg, this means computing the cross-section
for each of the following sets of factorization and renormalization scales:

<i‘£‘/‘j) e {(1,1), @;) , (;1) , <1;> [(1,2).(2 1),(2,2>}, (6.1)

where the range between the largest and smallest estimate is taken as the error band. The
central scale is set to my, for the total cross-section o, and to the invariant mass () for
the differential cross-section do/dQ@. This estimate of the MHOU is occasionally denoted
by d,, in the following.

It should be noted that this is not a particularly satisfactory way of estimating MHOUs,
as it is notoriously unreliable, e.g. in cases where different couplings appear at higher
perturbative orders, such as the difference between LO and NLO of the present case, and
has no proper statistical foundation as an uncertainty. This has been addressed repeatedly
in the literature and alternative definitions have been proposed, see, e.g., Refs. [80-83].
Several issues remain, however, such as how to properly account for correlations with
MHOUs in the PDF fitting procedure. That being said, scale variations remain the current
standard method of estimating MHOUSs, and are used here for the sake of comparison,
in particular to compare the perceived accuracy of existing calculations with the NLP
corrections included here.
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Figure 5: Total cross-sections for smuon pair-production as a function of the smuon mass,
at /s = 13.6 TeV. Shown are both scale and combined PDF and «; errors.

Uncertainties due to PDFs and «a; are calculated according to the PDF4ALHC working
group recommendations described in Ref. [77], and combined into what is referred to below
as the “PDF+a,” uncertainty.

The datasets used to generate our results in the following figures are available from
ZENODO [84].

6.2 Total and differential cross sections

The total cross-section as a function of the smuon mass is shown for the production of left-
and right-handed smuons at /s = 13.6 TeV, in Figure 5. Here, the squark masses are set
to mg = 2 TeV, and the gluino masses to mg = 2.5 TeV, while the band i mixing matrices
are assumed diagonal, i.e. bgp =tap = dap in (2.1), although the effect of squark mixing
is numerically completely negligible. We show both the fixed order results and the final
resummed results up to next-to-leading power at leading logarithmic accuracy. Similar
results for the FCC-hh centre-of-mass energy /s = 85 TeV are shown in Figure 6.

Plots of the differential cross-section (at /s = 13.6 TeV, for left-handed smuon pro-
duction) in terms of the invariant mass can be found in Figure 7 for the SPS1a benchmark
point [85] which features smuons with masses m;, = 202 GeV and m;, = 143 GeV, and
in Figure 8 with m; = 1 TeV and the squark and gluino masses set as above. Uncertain-
ties from both scale variation and PDF+a; are included in Figs. 5-8; however, recall that
the scale error is computed in the same way for both calculations, but the central scale is
different for total and differential cross-sections.
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Figure 6: Similar to Figure 5, but with /s = 85 TeV.

These results demonstrate the significant reduction in scale error when including re-
summed contributions already observed in the literature [14]. As we can see in the insert
of Figure 5, at v/s = 13.6 TeV the scale error is dominated by the PDF error as the smuon
masses exceed 1 TeV, due to kinematical constraints requiring PDFs to be sampled in
higher-uncertainty regions, lessening the impact of reducing the scale error on the total
theoretical error. For the /s = 85 TeV case the scale error is of the same order of magni-
tude as the PDF error even at smuon masses of multiple TeV, indicating the importance
of reducing the scale error for slepton searches at future colliders.

6.3 Scale dependence

Individual breakdowns of the renormalization and factorization scale dependence of the
total cross-section, for fixed values of the mass, are shown in Figure 9 (for mj, = 120 GeV)
and Figure 10 (m;, = 1000 GeV). We include the fixed next-to-leading order (NLO), the
leading-power next-to-leading logarithmic order (LP NLL), and the next-to-leading power
results (NLP LL) presented in this paper. These results are compared to similar results
from RESUMMINO. In the lighter-smuon case we have set gluino and squark masses to
2 TeV and 1 TeV, respectively, while for the heavier case these are all set to 1.3 TeV.
These numerical choices follow what was done in Ref. [17] to ease comparison. We have
verified numerically that the relative difference between our NLO calculation and that of
RESUMMINO is O (10*3) and consistent with the numerical uncertainty of the PDF integral.

The renormalization dependence of our results are largely what one would naively
expect, with a sizeable decrease in dependence from NLO to NLO+NLL, and a smaller
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Figure 7: Cross-section differential in the smuon-pair invariant mass @), for the SPSla
benchmark point.

decrease as NLP corrections are included.

The factorization scale dependence is less straightforward to understand, as this de-
pends on the interplay between scale dependencies of the partonic cross-section and the
PDFs.? We see a larger factorization scale dependence when including the resummed con-
tributions, though we still observe a slightly smaller scale dependence in the NLP result
compared to the LP one. Qualitatively similar results are found with RESUMMINO.

Functionally, the increased pur dependence of the resumgned results compared to the
fixed-order one stems from the presence of the factor log ‘é—g in the NLL exponent, see
Eq. (A.22). This could potentially be compensated for by the inclusion of O (a;) terms
in the hard function of the resummation formula, as is done in RESUMMINO for the
NLO+NLL’ result. However, looking at the pur dependence of the NLO+NLL’ result
at both values of the smuon mass, this works at high smuon masses as pointed out in [17],
but does not seem to give a significantly less up-dependent result at low masses. The same
is true even for the NLO+NNLL’ result, which also has a fairly significant factorization

scale dependence for mj, = 120 GeV. The low scale dependence for large masses, as is

9For consistency, we should ideally be using PDF sets that incorporate threshold resummation effects
matching those in the partonic cross sections. However, even though such sets have recently been devel-
oped [86], and used for resummed slepton pair production cross-sections [16], a lack of available resummed
calculations means that a number of processes must currently be left out of the fit [86]. This leads to a
significantly smaller dataset, and a larger PDF uncertainty. Thus the overall uncertainty would be larger,
even with a potentially smaller factorization scale dependence.
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Figure 8: Cross-section differential in the smuon-pair invariant mass @), for mg;, =
1000 GeV.

seen in Figure 10 for both the NLO+NLL’ and NLO+NNLL’ results, might also lead to
underestimation of the uncertainty from higher orders. We will revisit this point in the
next section.

It is also worth looking at the scale dependence of the improved resummation result
obtained from RESUMMINO. For the relatively light final-state masses in Figure 9, it is
remarkably flat as a function of both scales, as pointed out in the original paper [14]. For
higher masses, though, as in Figure 10, we find that the dependence is more similar to the
other orders, suggesting that the benign lower-mass behavior may be a coincidence in the
functional form of the cross-section.

Turning to the differential cross-section, the renormalization and factorization scale
dependence of the various results is shown in Figure 11 for the SPSla benchmark point
with @ = 500 GeV, and in Figure 12 with m;, = 1 TeV and @ = 2.5 TeV. Note that
the scales are varied around () rather than the smuon mass in these calculations. The
dependence is mostly similar to that of the total cross-section, but unlike for the total
cross-section, the NLP result actually has a somewhat larger dependence than the LP one.
The same was observed for the differential cross-section in Ref. [65], where the authors
suggested that the scale dependence would be expected to decrease once the NLP results
are available at the same logarithmic order as the LP results.
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Figure 9: Cross-sections for fizfi; production with mjz, = 120 GeV, at various orders,
as a function of renormalization and factorization scales, normalized by their values at the
central scale pip/p = mp, (“o0”). Left: Our results. Right: Obtained from RESUMMINO.

6.4 Scale uncertainty

On the left-hand side of Figure 13 we show the impact of the various resummed contri-
butions on the fiyfi} cross-section, as a function of the smuon mass mj .19 Some further
results, adding NLP corrections to higher resummed orders, are shown in Figure 14. The
calculations with leading and next-to-leading power logarithms, normalized to the fixed
order NLO result, are shown accompanied by their 7-point scale variation uncertainties.
On the right-hand side of Figure 13 we show corresponding results from RESUMMINO. Note
that each set of results is normalized to its respective NLO calculation.

We observe a small decrease in the calculated scale uncertainty in our results as the
order of the calculation is increased—both as we go from fixed-order to resummed results,
and as NLP corrections are included—as one would anticipate. In particular, the size of the
uncertainty remains relatively constant as a function of the smuon mass for the resummed
results, at the level of (+3%, —1%) when including the NLP contributions, whereas it grows
for the fixed-order one. Thus the improvement when including the resummed terms is more
significant in the high mass region, as anticipated at the end of Section 3.4. The shift in
the central cross-section prediction is relatively minor, though we note that the size of

'0All other parameters are, for our amusement, set to their values at the SPSla benchmark point [85].
However, the impact is negligible.
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Figure 10: Same as Figure 9, but with mj, = 1000 GeV.

the shift resulting from the inclusion of NLP corrections is fairly similar to the difference
between the NLO and the leading-power NLO-+NLL results, and consistently lowers the
cross section.

Comparing to RESUMMINO, we notice that the computed scale uncertainty for large
masses is smaller than in our results, and that both of the “unimproved” results, i.e.
NLO+NLL’ and NLO+NNLL’, show a significantly decreasing uncertainty for larger masses.
The same pattern can also be observed when NLP terms are added to these, as shown in
Figure 14. This is particularly apparent for the NLO+NNLL’ result from RESUMMINO
in Figure 13, where the relative scale uncertainty is well below 1072 for smuon masses
above 1 TeV. As can be seen from the high-mass region of the left-hand plot in Figure 13,
the negative shift in the central cross-section prediction as NLP corrections are taken into
account—which are not included in the NLO+NNLL’ result—is larger than the lower scale
uncertainty of the RESUMMINO prediction. This can also be observed in Figure 14, where
the scale uncertainty for the NLO+NNLL’ result increases significantly when the NLP
contribution is added (right-hand plot). This indicates that the scale uncertainty may be
underestimated in the RESUMMINO NLO+NNLL’ result, which is the current state-of-the-
art for slepton cross section predictions.

This is made clearer in the left part of Figure 15, which compares the (absolute) shift
induced by the NLP contributions on our leading power NLL result, to the NLO+NNLL’
scale uncertainty for large masses, indicating that the latter generally fails to predict the
former in this mass range, with differences between the scale uncertainty and the shift
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Figure 11: Similar to Figure 9, but for the differential cross-section at @ = 500 GeV, and
with the central scale at pup/gr = Q.

due to the NLP contribution exceeding a factor of two. Note that since the leading-power
logarithmic precision is different, there is no reason to expect our full LL NLP + NLL LP
result to lie inside the error band of the full REsuMMINO NLO+NNLL’ result. However,
given that the latter result does not contain NLP leading logarithmic corrections, the
shift in the cross-section prediction, which is what Figure 15 investigates, should still have
approximately the same size. This is further evidenced by the right part of Figure 15,
which shows the shift by adding NLP contributions to our NLO + LP NNLL’ calculations.
Again the NLP corrections are significantly larger than the scale error predicted from the
LP NNLL’ result at high masses. Note here that the scales here are logarithmic.

Similar comparisons of the K-factors and scale uncertainties for the differential cross-
section, are shown in Figure 16 for the SPSla point, and in Figure 17 for 1 TeV smuons.
We notice that the scale uncertainty is again similar for the full result and the leading-
power NLL result, however, as noted previously, it actually increases slightly for the full
result when the scales are varied around the central scale ). For the improved NLO+NLL’
calculation we observe some numerical instability in the RESUMMINO results above 4 TeV
for both the central value and the scale uncertainty which is visible in Figure 17 (right).

As for the total cross-section case, we see that the NLO+NNLL’ RESUMMINO result
has a strikingly small scale uncertainty for high masses, significantly smaller than the
impact of the NLP contribution. This is highlighted further in Figure 19, which illustrates
how the estimated MHOU is consistently smaller than the NLP shift for this mass. For
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Figure 12: Same as Figure 11, but with mj, = 1000 GeV and @ = 2500 GeV.
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Figure 13: K-factor relative to the NLO cross-section of the resummed results at various
orders, along with the 7-point scale uncertainty. Left: The results of this paper. Right:
Results obtained from RESUMMINO.
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Figure 14: Our results for cross-sections before (left) and after (right) adding NLP correc-
tions to various LP results, that extends our LP baseline of NLO+NLL to include higher
logarithms and corrections to the hard function. All results are relative to the NLO re-
sult and include the 7-point scale uncertainty. Our NLO+LP NLL’ (cyan) and NLO+LP
NNLL’ (orange) results in the left-hand plot are identical to the same RESUMMINO results
in Fig. 13.
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Figure 15: Shift in the cross-section when adding NLP corrections to leading-power NLL
(left) and NNLL’ (right) resummed results. Overlaid in orange is the scale uncertainty of
the leading-power NLO+NNLL’ result obtained from RESUMMINO (left) and our calcula-
tion (right).
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Figure 16: Similar to Figure 13, but with the differential cross-section as a function of
the smuon-pair invariant mass @, for the SPS1a benchmark point.
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Figure 17: Same as Figure 16, but with m;, = 1000 GeV.

completeness, we also include a similar plot for the SPSla point in Figure 18, where the
NLO+NNLL’ uncertainty band covers the NLP shift more successfully.

The interpretation of these results is not immediately obvious. They seem to suggest
that the existing NLO+NNLL’ result somehow “artificially” has a scale dependence that
is unrealistically low—either due to some issue with the construction of the result, e.g. the
addition of O (a2) terms to the hard function in the resummation formula, or the lack of a
full fixed-order NNLO cross-section to match against. However, it might also simply be an
example of the shortcoming of the conventional approach of estimating MHOUs by scale

_ 97—



% 14 NLO + LP NLL % 14 - NLO + LP NNLL’
@) === NLO + LP NLL + NLP LL o == NLO + LP NNLL’ + NLP LL
~
5 12 A 6, (NLO+NNLL’) (RESUMMINO) £ 12 A 6, (NLO + LP NNLL’)
B
¥ |
s 101 S 101
[ _ ~ i
= 6 [} 6
+ T
34 g 4]
“ z
%1% 2 1 N8 2 1
|
b O T 0 T
hd‘-d T T T §|%> T T T
600 800 1000 600 800 1000
Q [GeV] Q [GeV]

Figure 18: Similar comparison as in Figure 15, but using the differential cross-section
do/dQ for the SPS1la benchmark point.
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Figure 19: Same as Figure 18, but for for mj, =1 TeV.

variation, as noted above.

Regardless of the interpretation, however, this does show that the addition of NLP
logarithms has an important effect on the predicted cross-section for slepton pair produc-
tion. Not so much on the central value—though neither does the addition of LP NLL
contributions—but on the assumed uncertainty. For this reason, the results contained in
this paper are an important complement to the standard approach of increasing logarithmic
precision, which may not capture all relevant effects.
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6.5 Impact on PDF uncertainty

In addition to altering the scale uncertainty of the predicted cross-section, the addition of
NLP terms can also, at least in principle, affect the PDF uncertainty of the result. While
the leading-power resummation expressions only apply to ¢q initial states, at NLP there
is an additional contribution from gg and Gg states. Thus this part of the cross-section
calculation will be accompanied by gluon PDFs, whereas the LP resummation contribution
only involves q and § distributions. Since the gluon PDFs, and their uncertainties, generally
have different behaviors [77], this might potentially affect the PDF uncertainty of the overall
result.

A comparison of the relative PDF uncertainties of the LP and NLP results'! in f LiT
production at /s = 13.6 TeV, as a function of the smuon mass, is shown in Figure 20. We
observe no appreciable change in the uncertainty as the NLP contributions are taken into
account. As explained above, any changes to the PDF uncertainty would be associated
only with the resummation correction to the cross-section, which as seen in Figure 13 is
fairly small compared to the NLO result. Furthermore, the numerical difference between
the total cross-section with and without NLP corrections is also relatively small, making
any potential impact on the PDF uncertainty introduced at this order small.
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0.20 /
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Figure 20: Comparison of the relative PDF uncertainty for the total fizfi7 production
cross-section with and without NLP corrections, as a function of the smuon mass.

7 Conclusion

In this paper we have evaluated the next-to-leading power leading-logarithmic QCD con-
tributions to the inclusive pair production of sleptons, the supersymmetric partners of
the leptons, at hadron colliders. We have also sought to provide a short pedagogical in-
troduction to threshold resummation at both leading and next-to-leading power, and the

Hgpecifically, the NLO + LP NLL and the NLO + LP NLL + NLP LL results, respectively.
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practical aspects of numerically evaluating the resummed contributions. To our knowl-
edge, this is the first application of next-to-leading power techniques to the calculation of
supersymmetric production cross sections, and BSM cross sections more generally.

Power-suppressed logarithmic corrections have recently been shown to compete with
leading-power logarithmic corrections at next-to-leading logarithmic order for SM pro-
cesses [65]. We find a similar picture for slepton pair production. The next-to-leading
power leading logarithmic corrections are in general of the same size as the leading-power
next-to-leading logarithmic corrections. The inclusion of next-to-leading power corrections
also tends to reduce the scale dependence of the cross sections, and stabilize the scale
dependence as a function of the slepton mass. The potential effect of the next-to-leading
power corrections on PDF errors was found to be completely negligible.

The leading-power result calculated using the RESUMMINO code that we compare to
in this paper represents the current state-of-the-art cross-section calculation for slepton
pair production, used for example by the LHC SUSY Cross Section Working Group.'?
We find that this result underestimates the scale uncertainty for high slepton masses as
the next-to-leading power contributions we find are in general larger than the predicted
scale uncertainty. Thus, conventional leading-power resummation may leave out important
contributions, even if results are superficially more precise.

One might object that this discussion is somewhat pedantic as the missing higher
order uncertainty (MHOU), estimated by the scale uncertainty, is only a sub-leading con-
tribution to the current overall theoretical uncertainty on slepton pair production for large
slepton masses at the LHC, compared to the much larger PDF uncertainty. Thus, even
if the MHOU is somewhat underestimated, this will only have a small effect on the total
theoretical uncertainty for these masses.

We would argue, however, that given the fundamentally different origin of these two
sources of uncertainty, it is important to keep both as accurate as possible. If the scale
uncertainty is to represent the MHOU, it needs to be an accurate representation of the
size of higher-order contributions, even if the impact on the reported total uncertainty is
small. The uncertainty on the PDFs at large z will also decrease in the coming years, as
more experimental data become available, e.g. with higher-luminosity LHC runs, and with
possible future lepton—hadron colliders.

Furthermore, should higher-energy hadron colliders such as the FCC-hh be built in the
future, these would allow for the production of heavier sleptons at much lower momentum
fractions, where the PDF uncertainties are significantly smaller. In this paper we have
calculated the cross section and relevant theoretical uncertainties for slepton pair produc-
tion at a /s = 85 TeV FCC-hh machine. Here, the MHOU dominates the uncertainty
for masses just beyond the reach of the LHC, and accurately determining its size will be
critical for the correct interpretation of searches, or, in the case of discoveries, precision
measurements.

All of this makes the calculation of power-suppressed logarithmic corrections a worth-
while alternative to the “standard” approach of increasing the logarithmic orders. We

2https://twiki.cern.ch/twiki/bin/view/LHCPhysics/SUSYCrossSections
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plan to include the results shown here in a future tool for the calculation of BSM cross
sections [87].

A Full expressions for cross-section results

For reference, we state here the complete expressions needed for the evaluation of the
differential cross-section for slepton pair production to fixed NLO, plus leading power NLL
and next-to-leading power LL resummed contributions.

The result is given in terms of the partonic coefficient function w;; in Eq. (3.1), which
can be decomposed as w;; = wLO + wNLO + wmatCh where wI?atCh is the resummed contri-
bution matched to O (as) of the fixed order contrlbutlons, see Section 5.2 for details. The

various components are given by:!?

gk g/k
wfIfi% - FqﬁhB (@)5(1-2), (A1)
wNLO ok jrk (1_|_ 2) 1 _ 3
Woiq, 50k o 2%) log 2 o (log (1 —2) T
= Fy R 91 o2 §1—2)(%—4
CFO;TS 4i4qj (Q) 1_ 2 + (+Z)< 1— 2 ++ ( z) 3
2 1422 3
1 S N Y
+OQ2< i—a. 2 )
+ Z FiAﬂ Re COO(O Q 0 mgam%z am~J ’MR)(S (1 - Z)
C,D=1
+ - Z Z Q2 Re B4 (0, m m~n,,uR)5 (1-2), (A.3)
n=i,j C=1
NLO " 1— Z)2 1 7
Waig ~ _ F” (1_ 2 2) log ¢ g uE T
TF% Z qiq; ( Z) +z og > Q2 + + 32 22 s
(A.4)
Wag = W s (A5)
match 1 cico es exp
G0 T om c—ico N (quq] o quéj) ’ (A.6)
teh 1 c+ioco
matc. _ res ex
@9 T 9 oo dN (qug qugp) (A7)
match match
dig = Wgg - (A-S)

Here Cyp and B; are Passarino—Veltman coefficients [32], defined according to the nor-

malization used in LoorPTooLs [78, 79]. These appear as a result of the supersymmetric
QCD contribution. For easy reference the SU(3) group theory factors used are Tp = %,

Ca=Ne =3, and Cp = 5571 = 4.

13We suppress some arguments for readability, including the scale dependence of the strong coupling

as = as (BWR)-
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The various F-functions above are “effective couplings” given by:'4

Z4" (Zqi T ZqiR) Q?

% 2 2 2
FQ’LI?IJ'B (Q ) = quQgéAB + QQ%QZ&ABRQ SIQ/VC‘%V Q2 — ,UJQZ
2 2 2
AB , .
2’Ze7k (‘Zqi +‘Zq’R > O* 5 w9
T 2 2 5 | 9ig .
[t |” [edy @ — 3]
Vaa | (W22) " @
Fay® (Q%) = : (A.10)
) S Pl A
ok jk
A% Q) = |QAQ%andcD
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+quQg5AB5CD Re 727 (Zqi +2qzClquIZQL+2qZCQqJD2ZQR>
s CWQ 1y
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5 (@20 120, P + (@)1 Z0aP) | 65 (A1)
wl W —Hz
|8 [l [* 1@ — w2
AB
ik pk |‘/quJ‘ <M/lk k) Q 9
FA2 (Q%) = 3 5 (ad)”- (A.14)
o ) e

Here @Q); is the electric charge of particle i; the “complex masses” uy are defined in (3.6);
sw,cw = sin By, cos Oy with complex values as defined in (3.7); V' is the CKM matrix;
and the various couplings of Z and W bosons to quarks, sleptons and squarks, are given

ok 1k 7'k jk
Tn all cases, Ffals = Fsta,
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1
Gp 2 <T;2/R B Qqﬁ%v) ’ (A.15)
748 — (Tf’ff“41£%1 . 5ABQZS%V) , (A.16)
250 = — (Thaerdpy — dopQqsiy ) (A7)
VV[ka = 1]211’/]7917 (A.18)
Wq iGi Qillqulvqiqja (A.19)

where Ti3 is the third component of weak isospin for particle ¢, and where f fl p is the mixing
matrix for sfermions given in Eq. (2.1).
Lastly, the resummation coefficients of (A.6) and (A.7) are given by

Wa = Fyity (Qz) exp {log Ng1 (A) + g2 (A) + h1 (A, N) }, (A.20)
with [65, 71]
g1 (\) = (2A + (1 — 2)\) log (1 — 2))), (A.21)
7rbo)\

g2 (\) = ‘;‘bQ (2X +log (1 — 2\)) + ilbl;} <2)\ +log (1 —2)) + %logZ (1— 2)\)>

- 1-— .
p_— L (2X +1log (1 — 2))) lo Q2 + log QQ’ (A.22)

 Aplog(1—-2))

e e (A.23)

Here N = Ne'® and A\ = bgas log N, with constants [49, 50, 59-63]

11 4
47Tb0 = ?CA — gTFNFy (A24)
34 20
(47‘1’)2 b1 = 30124 — ?CATFNF — 4CFTFNF, (A.25)
Ay = Cp, (A.26)
67 w2 5
Ay = — Np— A2
2=Cp (CA <36 12) F18>> (A.27)

with Np = 5 approximately massless quark flavors.
Next, we have [21]

ok e’k Tk 1
Wres _ F A
Z %9 OA — Cp2Nlog N

X [exp {Z?Cp log? N}Bo <% (Ca—Cp) log? N) — exp {% (Cr+3Chu) log? N}] ,
(A.28)
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where

r o (=) 2
Bo(z)=1—> — Bop| 22, A.29
0 (%) 5 ;Qn!)g on| @ (A.29)
with B,, the Bernoulli numbers.
The “expanded” terms of (A.6) and (A.7) that subtract the fixed order contributions
are

ex N Qs G M2 = log N

Wea = Faia,” (Q7) [1 +Cr— (2 log? N + 2log Q% log N +2— : (A.30)
ox &~ e/k o logN

qugp = Z Foi4,” TF* N (A.31)

B Convergence of the inverse Mellin transform

Here we will discuss the convergence of the inverse Mellin transform that is used in this
paper in some detail. We begin by introducing some basic analytical properties of the Mellin
transform before specializing to the specific problem faced in the calculation of (resummed)
cross sections. Throughout, since fixed-order partonic cross sections are distributions, we
adopt a distributional framework and interpret Mellin transforms as pairings with test
functions.

B.1 Analytical properties of the Mellin transform

As the Mellin transform is closely related to the Laplace transform, it is instructive to first
examine the conditions under which the Laplace transform converges. Let us begin with
the notion of local integrability. A function f(z) € L (£2), Q possibly an open set, is said
to be locally integrable iff for every compact set K C €2, the Lebesgue integral

/ dz |f(x)] < oo, (B.1)
K

is finite. This condition ensures that the function behaves well on every bounded portion
of its domain, even if the overall domain is unbounded.

In many settings—especially when dealing with integral transforms—it is not enough
to know that a function is locally integrable; one must also control the behavior at infinity
or near the boundary of the domain. This is where the idea of growth condition comes
into play. By a growth condition, we mean a restriction on how rapidly the function grows
outside any compact set. When a function f(x) is locally integrable and its growth is
appropriately controlled by these conditions, we can extend local integrability to absolute
integrability. In other words, under the right growth restrictions, the function satisfies

/d:z|f(x)\ < 00, (B.2)
Q

which means that the function f is globally Lebesgue integrable, i.e. f € L'(£).
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For instance, if a function g(t) € L] ([0, 00)) satisfies the bound'®

/Oadt\g(t)| < 00, (B.3)

for any finite a > 0 and if g(t) = O(e™) as t — oo for some real constant a,'¢ it has a
one-sided Laplace transform

LHI ) = [ drgte ™ = G). (B.4)
0

which converges absolutely and is analytic in the right-half plane Re(N) = o > a.

That is, local integrability only ensures that g(¢) does not misbehave locally—say, near
t = 0. Without a bound on the growth as ¢t — oo, the tail of the function might be too
large for the integral to converge when taken over [0, 00). Thus, we suppose there exists a
constant M > 0 and a € R such that

lg(t)] < Me**, V>0, (B.5)

giving that for o > «

Gl = [ atatte ™| < [T atlgtee <0 [T arentoer -
(B.6)

and so we see that the Laplace transform converges absolutely in the half-plane ¢ > a,
giving that the region of convergence is (o, 00).

Since the Laplace transform converges absolutely in the half-plane o > «, it follows
by standard arguments (Weierstrass M-test, dominated convergence theorem) that the
convergence is uniform on every compact subset of this region. Moreover, for each fixed
t, the function g(t)e~N! is entire in N (its power series expansion converges for all N).
Since the integrand is entire in N and the convergence is uniform on compact sets, we
are justified in differentiating under the integral sign, i.e. the Laplace transform can be
differentiated term by term with respect to N. Consequently, it is infinitely differentiable
with respect to N, and by classical results in complex analysis (such as Morera’s theorem),
the Laplace transform is analytic in the region o > a.

L ((—00,0]), giving that

loc

Similarly, suppose g(t) € L
a
[ atlo-ol < . (B.7)
0
and g(t) = O(e?*) as t — —o0 for some real constant 3, the one-sided Laplace transform

0 00
E_{g}(N):/ dtg(t)e_Nt:/o dtg(—t)eNt, (B.8)

—0o0

50n finite intervals [0, a] local integrability coincides with absolute integrability on that interval. We
could also consider the interval ¢t € (0, 00), but then we would need an additional condition when ¢ — 0.
16"Meaning g(t) grows no faster than a constant times et
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converges absolutely and is analytic in the left half plane Re(IN) < f, i.e. region of
convergence is (—oo, ).

Further, consider g(t) € L{ (R) with the growth conditions g(t) = O(e*) as t — oo
and g(t) = O(eP*) as t — —o0, and if a < 3 the two-sided Laplace transform

L) = [ drgttye™ (1.9)
converges absolutely and is analytic in the vertical strip o < Re(N) < S.

There is an intrinsic connection between the Laplace and Mellin transforms that can
be unveiled through an appropriate change of variables: If we consider x = e~!, where

t € [0,00), so that t = —Inz and dt = —dx/x, the one-sided Laplace transform can be
written as
e 1
/J[O,oo){g}(N):/ dtg(t)eNt:/ dzxN"lg(—Inx), (B.10)
0 0
which is precisely the restricted Mellin transform of the function f(z) := g(—Inz) for
z € (0,1]
! N
My {FH) = [ dea¥ 1), (B.11)

The conditions on g(t) translate to f(z) = O(x~%) as z — 07 and that fbl dx|f(x)| < oo for
some finite b < 1, such that the integral converges absolutely and is analytic in the right-
half plane Re(N) > «. Similarly, for the two-sided Laplace transform we get a standard
Mellin transform for z € (0, c0)

Llmmlad ) = [~ drge™ = [T dea¥ @) = Moo 1Y) (812
and the growth conditions on ¢(t) translate to the Mellin transform as:

1. Since g(t) = O(e™) as t — oo we obtain f(z) = O(z7%) as z — 0.

2. Since g(t) = O(e’') as t — —oc we obtain f(z) = O(z7") as z — occ.
which ensure that the integral converges absolutely and is analytic in the vertical strip
a < Re(N) < 8.

A standard example is the function f(z) = e™%, satisfying e™* = O(2°) as z — 07
and e™® = O(z7%) as & — oo for any b > 0, so that its Mellin transform

oo
F(N) = / dz N le™ =T(N), (B.13)
0
the Gamma function, is defined and analytic in the right half-plane Re(N) > 0.

To obtain the inversion formula for the Mellin transform, we use that the two-sided
Laplace transform has the inverse transform

g(t) = 1 / e dN G(N)eMt, (B.14)

21 — 00
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The integration is along a vertical line through Re(/N) = ¢ in the complex N plane, known
as the Bromwich contour. Then, again setting ¢ = —Inz and f(z) = g(—Inx), we obtain
the inverse Mellin transform
1 c+i00
flz) = — / dN z=NF(N). (B.15)
(&

20 S ioo

If the Mellin transform F'(N) is analytic in the strip («, 3) and vanishes sufficiently fast
when Im(N) — 400, then by Cauchy’s theorem, the path of integration can be translated
sideways and deformed inside the strip without affecting the result of the integration. More
precisely, for F'(N) analytic in the strip («, 8) and which satisfies

|[F(N)| < K|N|[72, (B.16)

for some constant K > 0, the function f(z) obtained by (B.15) is a continuous function and
its Mellin transform is F'(IV). Although this gives a sufficient condition for the inversion
formula to yield a continuous function, in practice it is important to emphasise that the
inversion formula applies to a function F' analytic in a given strip and that the uniqueness of
the result holds only with respect to that strip. In other words, a Mellin transform consists
of a pair: a function F(N) and a strip of analyticity (a, 3). Thus, a unique function F(N)
with several disjoint strips of analyticity will generally have several Mellin inverses, one for
each strip; a Mellin transform is well defined only when its strip of analyticity is specified.

To get a feel for the inverse, let us look at the inverse of the gamma function F(N) =
['(N) considered above and show that we obtain f(x) = e™*. From Stirling’s formula we
have the growth condition

IT(c+iy)| ~ V2r|y|“/2e 2 | as |y| = o0, (B.17)

such that (B.16) is satisfied and the inversion formula (B.15) can be applied. The gamma
function is analytic in the half-plane Re(N) > 0, with an infinite number of isolated poles
at the negative or zero integers. Thus, it admits an analytic continuation to a meromorphic

function on C with simple poles at N = —n € —Nj of residue
(=D"
Res[I'(N),N = —n] = Y (B.18)

By choosing a rectangular contour, where the contributions from the horizontal parts vanish
as Im(V) goes to infinity, the integral will pick up the values of the residues at each enclosed
pole. Specifically, if ¢ > 0 and —k < ¢ < —k + 1, k € N, we have

1 ct+ioco N k-1 N 1 ¢ +ioco N
— ANz~ VD(N) = 3 Res[z~ F(N),N:—n]+,/ dN 2~ ND(N)
270 Joioo nz:;) 27 Jor oo
k—1 (_l)n 1 c/+ioco
=Y : 3:"—1—_/ dN z=NT(N). (B.19)
=0 n: 211 o —ico
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Here, the sum is the k first terms in the Taylor series for e™* and the integral term represents

the remainder, which can be shown to vanish in the limit k& — oo by the Stirling formula,
such that

1 c+ioco

ANz VT(N)=e7". (B.20)

2mi c—100

Thus, for functions admitting an analytic continuation to a meromorphic function with
(possibly an infinite number of ) simple poles, we can easily apply standard methods from
complex analysis to calculate the inverse Mellin transform. However, for functions possess-
ing branch points, special treatment is needed. Recall, a branch point is a location in the
complex plane where the function inherently becomes multi-valued. In any neighborhood
of such a point, it is impossible to define the function in a single, continuous manner be-
cause if one encircles the branch point, the function will generally assume a different value
upon returning to the starting point. To handle this, one typically introduces a branch cut
— a carefully chosen curve or line extending from the branch point (or between branch
points) to infinity — that effectively “cuts” the plane. This cut restricts the domain so
that the function becomes single-valued and analytic on the resulting region.

The consequence for the present discussion is that the inverse Mellin is not well-defined
without generalizing the formulation. That is, branch points in Mellin space reflect non-
analytic endpoint behaviour and, if sufficiently strong, may lead to a non-integrable struc-
ture in z-space. In addition, there are certainly well-known cases where the growth condi-
tion (B.16) on the Mellin transform is not satisfied. It is therefore necessary to generalize
the Mellin transform to cases where the function f(x) is too singular to admit the usual
Mellin transforms we defined above, and to handle possibly severe growth condition of
F(N) preventing a naive inverse transform. A rigorous way of handling this is to resort to
distribution theory.

In distribution theory, “generalized functions” extend the notion of classical functions
to include objects that are not locally integrable, which cannot be defined pointwise but
can be interpreted as continuous linear functionals acting on a space of test functions. They
are used to give meaning to otherwise ill-defined operations. To clarify the usefulness of
distribution theory, we consider the following classification

1. If f(z) is locally integrable on an open set D C R, we define a regular distribution
through the integral'”

(Ty,¢) = /D d f(2)6(x), (B.21)

where ¢ is an appropriate test function, with compact support or of rapid decay at
infinity. Notationally, these spaces are often denoted as D(R) and S(R), respectively.

2. If f(x) is not locally integrable on D, we can define a singular distribution through a
limiting procedure: introduce a family { f¢} of functions locally integrable on D, C D,

17This is not an inner product, just a way of denoting how the distribution acts on the test function.
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a domain with the singular region (or regions) excised, and define the distributional
limit

(150 =tim ([ do pwyota) + Clol), (B.22)

where C¢[¢] is an appropriate counterterm of distributions supported at the singular
point, denoting the possible ambiguity in the construction.

Let us explain the construction of singular distributions with a couple of examples: Consider
the function f(xz) = 1/x. Clearly, because of the singularity at = = 0, this is not a locally
integrable function on R. We want to know if it is possible to construct a distribution
out of 1/x. Let us formalize this in the following way: f(z) = 1/x is obviously a locally
integrable function on R\ {0}. Thus, for ¢ € D(R\{0}), T}/, is a distribution D'(R \ {0}).
Now, we want to find a distribution on R that coincides with 1/z on R\ {0}. The following
are instances of such a construction:

1. The principal value prescription: we can construct a distribution out of 1/z by using
principal value integrals

(p.v. E] 6) =pv. / N (B.23)

where

o [ )y ([ 7000,
— /OOO 9@) = 9(=2) g, (B.24)

xT

corresponds to 1/x on R\ {0} and defines a distribution D'(R) for ¢ € D(R). Note
here that no counterterm is needed as the principal value uses symmetric integration
around the singular point.

2. The Feynman prescription!®: If € > 0 then the functions f. = 1/(x + ie) is locally
integrable and therefore defines a regular distributions in D(R). If we now let € — 0
we obtain the singular distributions

)

1
—
<[xii0}’¢> ) A

: (B.25)

which also corresponds to 1/x on R\ {0} and defines a distribution D'(R) for ¢ €
D(R).

3. Another useful strategy in defining a singular distribution is the following: define a
function f(x) that is locally integrable on R\ {0}. Then, find a locally integrable
function u(x), whose derivative corresponds to f(z) on R\ {0}. For example, let

18Not the standard name in mathematics, but used for similar analytic continuation in physics.

-39 —



f(z) = 1/x and consider the locally integrable function u(z) = In |z|. The derivative
u'(x) corresponds to 1/z on R\ {0} and is a singular distribution since

% In|z| = p.v.(é) , (B.26)

which is found by calculating the distributional derivative
(L tnlal,¢) = —{inlz], )
d[p ) - )
= —/OO dx ln]x\iqﬁ(:r)
N dx

[ [ s
= (pv(i),@ . (B.27)

where In e(¢(—€) — ¢(€)) vanishes in the € — 0 limit.

It is quite clear that none of these are functions, and the reason is that all are equal to 1/x

on R\ {0}. In other words, singular distributions are not uniquely defined, and a simple

calculation shows that!?

- i =D (;) T ird(z). (B.28)

This is a particular instance of the general fact that if two distributions 77 and 75 agree
on R\ {0}, then their difference is a distribution whose support is contained in {0}. By
Schwartz’s structure theorem, any distribution supported at a single point must be a finite
linear combination of the Dirac delta function and possibly—if the singular structure is
severe—its derivatives. The construction considered here goes under the name of extension
of distributions. In other words, one can in cases (when the singular structure is not too
severe) extend a distribution defined on D'(R\ {0}) to a distribution on D’'(R), though this
extension is not necessarily unique.

Another class of useful extensions are those where the singularities are at the bound-
aries, where symmetric extensions cannot be used. A standard example is the Hadamard
partie finie distribution

0(x) _ IC))
also called the finite part integal, where one uses that
00 1 - 00
/ dz ¢x) =—¢(0)Ine +/ dmw +/ de, (B.30)
€ €z € L 1 €z
such that the limit € — 0 can be taken, giving

F.p./ooodac(b(x):/oldx(b@)_(b(())+/loodx(zb(x). (B.31)

T T T

19This is the well-known Sokhotski-Plemelj formula.
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In this case, one can also find the distributional identity

d

—(O(a)nz) = Pf(@) . (B.32)

X

Following the singular distribution classification above, this may also be viewed as defining

the extension z7' of O(z)z ™! as

o

27! = lim dra™'+1nes, (B.33)
e—=0 J
where we subtracted the distribution Ined supported at 0, which becomes singular when
€ — 0, also called a local counterterm.
With this demonstration in place, let us analyse functions of relevance in this work,
i.e. functions with endpoint singularities, and study their restricted Mellin transform. We
want to make sense of the following functions

fla) = ——, (B.34)
g(@) = —, (B.35)

which are not locally integrable on the domain (0,1], due to the singularity at = 1.
Therefore, (1 —2)~! and (Inz)~! does not have any restricted (or standard) Mellin trans-
form in the usual sense. For functions with singularities in the interior of the domain, the
principal value extension was appropriate, and for endpoints we use Hadamard finite part
extensions. Hence, in a singular distributional sense, we define the plus distribution

[ ! L::Pf(e(l_x)), (B.36)

1—=x 1—=x

as the Hadamard finite part integral

1 1
<[1_x}+,¢> :F.p./o dxl(b(_x;, (B.37)
where one calculates
e p(x) e o(x) — (1)

such that the limit € — 0 exist, and we get

<[ ! L@Z/JWM. (B.39)

1—=x 1—=x

Similarly, for later reference, we can also define the singular distribution

[zl )= [ e 40

— 41 —



The space of distributions forms a natural domain for the Mellin transform. The most
practical way to see this is to give a new interpretation to the defining formulas (B.11) and

(B.12) by considering them as the action of a distribution f2° on a test function 2V !

F(N) = (f,«N71), (B.41)

where a suitable space of test functions K(a, ), containing V=1 for N in the region
a < Re(N) < 3, is the following: The space K(«, 3) is composed of functions ¢(x) defined
on (0,00) and with continuous derivatives of all orders going to zero as x approaches either
zero or infinity. More precisely, there exists two positive numbers 71, 72 such that for all
integers k, the following conditions hold

d\k
k+l—a—n [ %
x (dx) d(z) — 0, =0, (B.42)
d\k
k+1-f—m2 [ 2
x <dx> ¢(x) — 0, z— o0, (B.43)

with an analogous construction for the restricted Mellin transform. The space of distri-
butions K'(c, 8) is then introduced as a linear space of continuous linear functionals on
K(a, B). For locally integrable functions we have regular distributions and the pairing
(B.41) reduces to the usual Mellin transform. For non-locally integrable functions we may
use singular distribution construction.

With this in place, let us perform the Mellin transform for the singular distributions
defined above:

e In a plus distributional sense we have the restricted Mellin transform

(=], % = =0 = p, Re(¥) >0, (B.44)

1—2x

where ¥(N) is the digamma function and g is the Euler-Mascheroni constant.

e In a plus distributional sense we also have the restricted Mellin transform
1
<[—} 2N = In N, Re(N) >0, (B.45)
Inzl+

which is found by a change of variable to a standard Laplace integral
00 —t _ _—Nt
/ dt% —InN. (B.46)
0

For the study of the inverse Mellin transform of the resummed cross section, the last two
are relevant. In z-space, the fixed order cross sections are plus distributions. For instance,
the dominant (leading-logarithmic) part of the NLO cross section is in x-space of the form
(up to a numerical factor)

1—z

wg;(x)(o(as) = a <M> K (B.47)

20From now on the distribution is denoted by the function f itself instead of the more precise notation
Ty.
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As we are not performing resummation in z-space, we need to understand how this expres-
sion can be reproduced from a distributional inverse Mellin transform. As we will see in
the next section, an exact inverse Mellin transform does not exist for the resummed cross
section, but rather as an asymptotic series on the form

iak(ln N)ak. (B.48)
k=0

where ap(In N) are polynomials in In N. For concreteness, let us study the inverse of
Inf1/N. For k = 1, we already know that we should reproduce the [1/Inz], distribu-
tion. However, we observe that In N does not satisfy the growth condition in (B.16): the
Bromwich contour N = ¢+ iy, y € (—00,0), |N| ~ |y| — oo, and

|In* N| — (In |y)¥, (B.49)

which grows, and the inverse must in such cases be modified. To restore convergence we
use the following result from distribution theory: If there exists an integer m > 0 such that
N2-mF(N) is bounded as |N| goes to infinity, i.e. we have the improved bound

IN"™F(N)| < K|N|72, (B.50)
then the inverse Mellin transform of F'(N) is the unique distribution f(x) given by
flz) = Eg(x), (B.51)

where ET' := (20,)" is the Euler operator, and g(z) is a continuous function obtained by
the formula

(71)m e —N p7—m
g(z) = - dN =" N ™F(N), (B.52)
2mi c—100
where the distributional identity
(Emf, eV = (=1)"N™F(N). (B.53)

has been used, and (as always) ¢ is chosen in the strip of definition.
Let us put this to work for F(N) =1nf 1/N: Along N = ¢ + iy we have |z~ V| = 2~¢
and |N| ~ |y| for y — oo, so for m = 2

1 k
NN V| < e T (B.54)
~ lyl?

which is integrable in y. Thus, m = 2 suffices to ensure that the Bromwich integral defining
g exists; and, importantly, we may introduce an analytic family

B (—Inzx)et o(a
Sq = T Re(a) > 0, (B.55)
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which satisfies M{S,}(IN) = N~%, such that

— <_1)m /C+i00 —N ar—m qk —a _ m qk
9(w) = "5 | dNaTN BN | = (1" 0Sarm(z)| . (B56)
where we have used
1
In & = N~ B.
Wy = %N (B.57)

and where differentiation under the integral sign is justified by dominated convergence for
holomorphic families, since the integrand is holomorphic in a and decays sufficiently fast
along the Bromwich line for m > 2, we obtain the exact inversion

f@) = B'g(x) = 04 Su(x)| - (B.58)

To express this in the standard z-space basis, note that for Re(a) > 0

/01 2N [ma—liL dr =T(a) (N~*— 1), (B.59)

we obtain the distributional identity

Sa(z) = Ala) {lna_1l

] +o(1—x), (B.60)
zly

with A(a) = 1/I'(a). Differentiating k£ > 1 times at @ = 0 and using Leibniz’ rule (the
0-term is a-independent and drops) gives

k
k 1
ke _ (n) k—n 1 a—1-~ . 61
OhSa| nzo <n> A™(0) 9" | xL . (B.61)
Since A(0) = 0, the n = 0 term vanishes. Moreover,
1 1 1\r 1 (Inln(1/2))”
p 1a—1- _ ja—1= - D a—1 -~ —
O In x n x (lnln x) = % [ln x}+ a=0 [ In(1/x) ]+’ (B.62)
and from I'(z + 1) = 2I'(z) we have the recurrence
AMO)=n AP D1 (n>1), (B.63)

with A(1) =1 and A’(1) = yg. Collecting these facts yields, for every k > 1,

M‘l{lnk;]} (z) = zk: <Z> n A1 (1) [(mm%)k"I R (B.64)

— In =

which can also be extended to the case k = 0 by simply adding the delta term M~1(1) =
o0(1 —z).
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In the context of threshold resummation, we are mostly interested in the leading log-
arithms in z, so by performing an asymptotic expansion (near threshold x — 17) of this
expression, one gets for p > 0

[(lnlni)p] _ [lnp(l — )

= O o - a)]) +O((1 - ) (1 - ), (B.6)

such that the leading power expansion can be written as

M‘l{lnk;r} () ~ zk: (z) n AT (1) [W] R (B.66)

n=1

so, for fixed k, we get the leading log contribution

L
M‘l{lnk;f}m (2) = k[l(l)] - (B.67)

1—=x

Just keep in mind this is “LL within the k-block.” When one later organize a physical
cross section order by order in o, “LL at order n” refers to the highest Dy(z) := [In”(1 —
z)/(1—x)] . that appears at that o, which mixes contributions from several k-blocks, e.g.
at n = 1, LL is D1, which comes from the & = 2 block, while the & = 1 block gives the

NLL D.

B.2 Convergence properties of the resummed cross section

The hadronic cross section can schematically be written as an integral over the threshold
variable

1 1 Zmax
o(T, QQ) = /0 dazl/o d$2/0 dz 6(zz 19 — T)fl(azl)fg(asg)w(szZ), (B.68)

where we for later use have limited the z-integral by zn.x even though the physical region
is z-values in the interval [0,1]. Further, the sum over parton distributions and overall
factors has been omitted as they are immaterial to the following discussion. After applying
the delta function in the z-variable this can be written

1 1
= [ Y2 @) (= -T@?). (B9)
T/Zmax 2

I T/Zmaxxl

which corresponds to our (3.1).

Since the resummed contribution to the cross section is obtained in Mellin space, we
have to perform the inverse Mellin transform. The initial Mellin transform of (B.68) using
(B.11) is given by

o(N) = Fy(N)Fy(N)W(N), (B.70)

where all the real space variables x1, 2 and z, are supposed to be defined on the interval
[0,1]. For the resummed cross section we have

o"S(N) = Fy(N)Fo(N)W™(N), (B.71)
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and the inverse is given by

"~ 2mi

1 c+ioco
o™ (1) = / AN 77N F|(N)Fy(N)W™(N). (B.72)
c—100

In this work we do not consider any Mellin space parametrization of the PDFs and therefore
the inversion amounts to calculating?!

1 c+100
w(2,Q%) = — / dN 2 NWTs(N). (B.73)

21 —i0o

The full resummed coefficient function is given in Appendix A, but for the following

discussion we can without loss of generality consider the leading logarithmic contribution®?
W' (N) =exp (InNgi (), (B.74)
where
A
g (\) = A+ (1—=20)In(1-2)), A=baslnN. (B.75)

B 7Tb0>\

It is not difficult to show that W*S(N) is analytic for all complex N, except along two
branch cuts: working on the principal branches of the logarithms, the factor In N induces
a cut along (—o0, 0], while In(1 — 2byas In N) induces a cut along [Nz, 00), where

Np = exp ( (B.76)

2()0(15) ’

is the so-called Landau singularity. As a result, the inverse Mellin transform of the re-
summed coefficient function is not well-defined in the usual sense. That is, from the
analysis in Section B.1, the Mellin transform of a function f(z) such that |f(z)| < Kz™¢
for all z, where K and « are constants, is an analytic function of the complex variable N in
the half-plane Re(N) > «a. Therefore, since W**(N) has a branch cuts in the left and right
half-plane it cannot be the Mellin transform of any w"%(z) with 0 < z < 1. Further, the
appearance of branch points implies that W™ () cannot be the Mellin transform of any
regular function. The issue is two-fold: the series expansion in a4 does not converge and
since each term in the series expansion is a distribution in z-space, their sum cannot yield
a regular function. Resummation in Mellin space is based on formal manipulations and
tacitly avoids addressing these issues, but they reappear as soon as one wants an x-space
resummation formula. Thus, attempting to naively apply the inverse Mellin transform
under the assumption that the integrand behaves well will inevitably fail.

To see the extent of the problem, we can write the exponent of the resummed coefficient
function as a power expansion in «y. First, we observe that

> (_1)k+1 1\ k
In(1 — 2bpasIn N) = kz_l — <2b0as In N) , (B.77)

Z'However, we do need to rewrite the PDF integrals to obtain numerical stability, see Section 5.3.
22The subleading contributions do not change the analytical properties of the resummed coefficient func-
tion, i.e. the branch points occur at the same place as for the leading logarithmic contribution.
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such that we can write the resummed exponent G(N) :=In Ng; () as the power series
- 1
G(N) = ; craf Inf+ N (B.78)

for some finite coefficients ¢j (IN-independent). This series converges absolutely iff
1
’2190048 In ﬁ’ <1. (B.79)

However, the inverse integral involves values of N outside this range, implying that the
Mellin inverse of the series does not exist in the usual sense. That is, the Bromwich contour
N =c+1iy, y € (—00, ), does not keep ‘Qboas In %‘ < 1. Thus, if we take the inverse of
the series in (B.78)

1 c+ioc0

o0
1
dN 27N Z cpal InFtt — (B.80)

211 c—i00 1 N

and just blindly swap integration and summation such that each term could be calculated
as
. 1 c+ioco

1
Z Crlls 5 dN z=N Ink+! N’ (B.81)

23_is a well-

and while each term in the series—understood in the distributional sense
defined inverse Mellin transform, the series does not converge. This is anticipated since, to
interchange the order of integration and summation, one needs either absolute integrability
(Tonelli/Fubini) or a single integrable majorant on the contour dominating the partial
sums (dominated convergence for series); neither condition holds here, so the interchange
is invalid. However, as well-known??, if one truncates to any finite logarithmic order, the
x-space inverse (with = below the Landau region) is perfectly well defined and the resulting
perturbative series is under control. It is only when all logarithmic orders are included that
the series diverges.

Going back to the full resummed coefficient function, one may consider the power
expansion

WrS(N) =Y ap(InN)ak (B.82)
k=0

where ai(In N) are polynomials in In N, and if one tried to take the limit n — oo, and
calculate the inverse Mellin transform of this series expansion,

1 c+i00o
w' (z,QQ) = lim Zak./ dN zNa,(InN), (B.83)

—100

ZExactly of the form calculated in the previous section.
?4See [88] for a detailed discussion.
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one would again find that the series does not converge, and the inverse Mellin transform
of the resummed coefficient function is not well-defined without some restriction.

This fact should not come as a surprise if one is acquainted with the challenges of per-
turbative series in quantum field theory. In most cases of physical interest, the perturbative
series we work with are at best asymptotic rather than convergent. Hence, when trying
to extract physically meaningful results out of the resummed expression, one must address
these limitations. The appearance of the Landau pole underscores these shortcomings, but
we know that this is an unavoidable feature of perturbative QCD, which is badly behaved
at very low scales.

Thus, instead of being overly ambitious, one can instead define the contour of the
inverse Mellin transform to avoid the Landau pole singularity. Specifically, the integration
contour may be restricted to pass to the left of the Landau pole, ensuring that the integral
remains well-defined in the strip (0, N;). By doing so, one effectively exclude the non-
perturbative region where the perturbative expansion breaks down, while retaining the
resummed contributions that are valid in the perturbative regime.

This strategy is the content of the well-known Minimal Prescription [68]?°: The inverse
Mellin transform of the resummed coeflicient function may instead be defined as

1 cMP +i00

Wi (@) =5 [N W), (B.54)
271 eMp —i00

where cpp has to be chosen in 0 < eyp < Ny, and with this choice, it was shown that

o Wi (z, Qz) is free of Landau singularities.

e The series expansion B.83 is asymptotic to wyp (z, Qz), i.e. the kth order truncation
of B.83 differs from wiih (2, @?) by O(ak™!).

On the other hand, we observe the following problem: the strip of definition 0 <
cyp < Ny indicates that w'™*® (z) receives contributions from the non-physical domain
z > 1. However, as is established in [68] these contributions are suppressed, and therefore
in fact negligible. We have confirmed this numerically also in our calculations.

In addition, we note that for the resummed hadronic cross section, N-space PDF's
could introduce additional poles in Re(N) > 0, placing additional constraints on the strip
of definition. We do not consider any N-space formulation of the PDFs and therefore do
not have any control of possible poles. Thus, in general, we do not know what the exact
strip of definition is for the full resummed cross section. In the minimal prescription, this
problem is usually avoided by requiring that ¢ > 2, motivated by the Regge behaviour
of structure functions; one cannot have any singularity in structure functions above the
Pomeron singularity, slightly above N = 1.
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