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Here we describe an approach for simulating quantum chemistry on quantum computers with
significantly lower asymptotic complexity than prior work. The approach uses a real-space first-
quantised representation of the molecular Hamiltonian which we propagate using high-order product
formulae. Essential for this low complexity is the use of a technique similar to the fast multipole

method for computing the Coulomb operator with Õ(η) complexity for a simulation with η particles.
We show how to modify this algorithm so that it can be implemented on a quantum computer. We
ultimately demonstrate an approach with t(η4/3N1/3+η1/3N2/3)(ηNt/ϵ)o(1) gate complexity, where
N is the number of grid points, ϵ is target precision, and t is the duration of time evolution. This
is roughly a speedup by O(η) over most prior algorithms. We provide lower complexity than all
prior work for N < η6 (the regime of practical interest), with only first-quantised interaction-picture
simulations providing better performance for N > η6. As with the classical fast multipole method,
large numbers η ≳ 103 would be needed to realise this advantage.
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I. INTRODUCTION

Solving problems in chemistry is expected to be one of the most promising applications of quantum computing. Much
of the early research in this direction focused on developing and improving quantum algorithms to compute energies
of molecular systems using the quantum phase estimation algorithm. We often refer to the problem of computing
molecular energies as the electronic structure problem. More recently, an effort has been made to rigorously explore
the potential of quantum computing for applications in chemical dynamics where the focus is mainly computing
correlation functions, reaction rates, and quantum yields. Both electronic structure and chemical dynamics rely on
efficient quantum algorithms to simulate unitary evolution under the governing Hamiltonian. Enabling practical
application for a wide range of problems in chemistry depends on developing and optimising algorithms for quantum
simulation. Even more broadly, simulations of materials [1, 2] and degenerate plasmas [3, 4] make use of similar
techniques, and often require studying systems with many more interacting electrons than is typical in chemistry.
Thus, improvements to the asymptotic scaling of quantum simulation methods with the number of electrons might
facilitate their application to not only larger molecular systems but also condensed phases.

The first quantum algorithms designed for quantum simulation were based on product formulae [5]. As the field of
quantum algorithms matured, more advanced methods were introduced. These algorithms included techniques based
on linear combinations of unitaries [6, 7], quantum walks [8], Taylor series [9], quantum signal processing [10], and
block encoding [11]. A key breakthrough with these more recent methods is that they provide a relatively favourable
complexity scaling in the simulation error ϵ going as O(log(1/ϵ)). This is in contrast to product formulae, which scale
as poly(1/ϵ). However, recent work shows that product formulae can be competitive with logarithmically scaling
methods for simulation because they provide low error in practice [12, 13].

Simulating the types of Hamiltonians that are relevant in chemistry is made difficult by the fact that all pairwise
interactions between charged particles need to be summed over in order to evaluate the Coulomb potential. For a
system consisting of η electrons, this calculation yields an η2 factor in the complexity of the algorithm. However,
some approaches to simulation avoid the double sum, reducing this factor to O(η). For example, when the state
of the molecule is encoded as a list of occupied orbitals in a first-quantised representation, it is possible to achieve
a linear dependence in η by block encoding the Hamiltonian, which does not need the potential to be computed.
Alternatively, a linear dependence in η can be achieved for the electronic structure problem in a second-quantised
representation by calculating the Coulomb potential with a fast Fourier transform, avoiding the double sum. However,
this comes with an additional cost that is linear the number of orbitals N due to second quantisation [14]. In cases
where N ≫ η, it is preferable to use first-quantised based approaches. We note that very recently, a first-quantised
approach for simulating non-relativistic quantum electrodynamics was proposed that also avoids the O(η2) overhead
for the Coulomb potential [15].

Simulations based on product formulae in first quantisation [4, 16] show promise for better scaling than many of
these algorithms, due to the Low et al. [17] bounds on the error in fermionic systems. A long-standing open question
in quantum algorithms has been how to avoid the O(η2) overhead for the Coulomb potential in this approach. In
classical algorithms, the fast multipole method (FMM) [18–20] enables computation of the potential to be performed
with complexity O(η polylog(1/ϵ)). The difficulty with applying the FMM in quantum algorithms is that a direct
translation of the classical algorithm would result in data accesses in locations governed by the values in quantum
registers. Each data access has complexity corresponding to the number of data locations, which here is η, increasing
the overall complexity by this factor. Therefore, this approach results in an overall complexity that is larger than
O(η2), negating the speedup provided by FMM. The FMM approach discussed in Ref. [21], which considers the direct
translation of the classical algorithm, incurs this extra overhead of η. In this instance, the overhead results implicitly
from the use of QRAM. A detailed discussion of the issues associated with implementing an FMM quantum algorithm
is provided by Babbush et al. in Ref. [3].

Our solution to recover the O(η log η) scaling of the classical algorithm is related to the implementation of a quantum
sort [22, 23] in which a sorting network is used to make comparisons at fixed locations so that the overhead from
accessing quantum data is avoided. In the FMM algorithm, a tree structure is created, where each successive level
of the tree partitions the simulation cell into increasingly smaller boxes, so that at the leaf level each box contains a
constant number of particles. One difficulty involved with our sorting network approach is constructing a subroutine
to retrieve information from the boxes so that the appropriate interactions can be evaluated. We solve this problem
using multiple Morton orderings with shifts to ensure that all boxes in the interaction list are within a minimum
distance in one order. The methods developed here to avoid the data-access overhead show promise for application
to quantum versions of many other fast summation methods [24–30].

In the rest of this paper, we summarise the electronic structure Hamiltonian in Section II, and the FMM algorithm
in Section III. In Section IV, we explain how to implement a quantum FMM algorithm for the case where the particles
are assumed to be evenly distributed. We lift this assumption in Section V and explain how to implement an adaptive
FMM algorithm so that the size of each box is adapted to the local density of particles. We estimate the total
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complexity in Section VI, and conclude in Section VII.

II. SIMULATING QUANTUM CHEMISTRY IN REAL SPACE FIRST QUANTISATION

We begin by considering the simulation of the electronic structure problem defined on a spatial grid in first quan-
tisation. Within the Born-Oppenheimer (BO) approximation, the electronic structure Hamiltonian is defined as

H = T + U + V +

ζ∑
l ̸=κ=1

qlqκ
2 ∥Rl −Rκ∥

, (1)

T =

η∑
i=1

QFTi

∑
p∈G

∥kp∥2
2
|p⟩⟨p|i

QFT†
i , (2)

U = −
η∑

i=1

ζ∑
l=1

∑
p∈G

ql
∥Rl − rp∥

|p⟩⟨p|i , (3)

V =

η∑
i̸=j=1

∑
p,q∈G

1

2 ∥rp − rq∥
|p⟩⟨p|i |q⟩⟨q|j , (4)

where QFTi denotes the standard quantum Fourier transform applied to register i and ∥ · ∥ denotes the Euclidean
norm. Further, l and κ index nuclear degrees of freedom, while i and j index electronic degrees of freedom. The
positions of the nuclei and electrons in real space are denoted by Rl and rp, respectively. The atomic numbers of
nuclei, which are used to express the nuclear charges, are denoted by ql. Throughout this work, we use η and ζ to
denote the numbers of electrons and nuclei, respectively. We work in atomic units such that ℏ, 4πε0, and the mass
and charge of the electron are unity.

The simulation cell is specified by its grid points and the associated frequencies in the dual space given by the QFT.
In particular, we define

rp =
pΩ1/3

N1/3
, kp =

2π p

Ω1/3
, p ∈ G , G =

[
−N1/3 − 1

2
,
N1/3 − 1

2

]3
. (5)

Here, Ω is the volume of the simulation cell and N is the number of grid points in the cell. The value of a grid point
in real space is rp, and the associated value of the frequency is kp. For our implementation of the FMM, the position
will be encoded by natural numbers in binary for each coordinate.

This is essentially a more precise reformulation of the same representation used by Kassal et al. [16] in the first
work on quantum simulating chemistry in first quantisation. Our approach is then to perform simulation under
the electronic structure Hamiltonian by using high-order product formulae and a split-operator Trotter step, that
separately evolves under T , and then under U + V . The approach we use to evolve under T is essentially the same as

that pursued by Kassal et al. [16], resulting in Õ(η) complexity. In cases where ζ is small, it would be appropriate to
perform simulation under the operator U using the approach from Kassal et al. [16] as well, which results in O(ηζ)
complexity. A significant innovation of our work is to compute V using a quantum version of the FMM, then perform
time evolution with phase kickback. This approach can also be used to simulate U in cases with larger ζ, or for the
internuclear potential in non-BO simulations.

Unlike the work of Kassal et al. [16], we propose to perform time evolution using high-order product formulae.
The work of Low et al. [17] bounds the number of Trotter steps required for a split-operator approach in real-space
second quantisation. This result for the number of Trotter steps also holds for real-space first quantisation (see the
Supporting Information of Ref. [4], Section V.B.), and is

t

(
η2/3N1/3

Ω1/3
+

N2/3

Ω2/3

)(
ηNt

Ωϵ

)o(1)

= t

(
η1/3N1/3 +

N2/3

η2/3

)(
ηNt

ϵ

)o(1)

(6)

for time-evolution duration t and target precision ϵ. In the equality above we have made the assumption that Ω ∝ η.
In this expression o(1) indicates powers of the inverse of the order of the product formula, and so may be made
arbitrarily small. Thus, the overall complexity will be given by Eq. (6) times the complexity of the Trotter step.

The complexity of the Trotter step is bottlenecked by the computation of V . The näıve method for this, described

by Kassal et al. [16], has complexity Õ(η2). But we will instead show an approach based on the fast multipole method
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Year Reference Primary innovation Toffoli/T complexity

2017 Babbush et al. [34] Using plane waves with Trotter Õ(η2N17/6
√

1 + ηΩ1/3/N1/3/(Ω5/6ϵ3/2))

2017 Babbush et al. [34] Using plane waves with LCU Õ((N4/Ω1/3 +N11/3/Ω2/3)/ϵ)

2018 Babbush et al. [35] Linear scaling quantum walks Õ((N10/3/Ω1/3 +N8/3/Ω2/3)/ϵ)

2018 Low et al. [32] Interaction picture with second quantisation Õ(N8/3/(Ω2/3ϵ))

2018 Babbush et al. [33] First quantised qubitisation Õ((η3(N/Ω)1/3 + η2(N/Ω)2/3)/ϵ)

2018 Babbush et al. [33] Interaction picture with first quantisation Õ(η3(N/Ω)1/3/ϵ)

2019 Kivlichan et al. [36] Better Trotter steps Õ(N3/(Ω2/3ϵ3/2))

2019 Childs et al. [12] Tighter Trotter bounds O(N7/3+o(1)/(Ω1/3ϵ1+o(1))

2021 Su et al. [31] Tighter Trotter bounds for plane waves N(η(N/Ω)1/3 + (N/Ω)2/3)No(1)/ϵ1+o(1)

2023 Low et al. [17] Tighter Trotter in real space N(η2/3(N/Ω)1/3 + (N/Ω)2/3)(ηN)o(1)/ϵ1+o(1)

2024 Rubin et al. [4] Tighter Trotter bounds in first quantisation η2(η2/3(N/Ω)1/3 + (N/Ω)2/3)(ηN)o(1)/ϵ1+o(1)

2025 Stetina & Wiebe [15] Gauss’ law as a constraint η2(N/Ω)2/3(ηN)o(1)/ϵ1+o(1)

2025 This work quantum fast multipole η(η2/3(N/Ω)1/3 + (N/Ω)2/3)(ηN)o(1)/ϵ1+o(1)

TABLE I. Best quantum algorithms for phase estimating chemistry in a plane wave or real space basis. For phase estimation
the time t is replaced with 1/ϵ in the complexity. N is number of basis functions, η < N is number of electrons, Ω is the
computational cell volume, and ϵ is target precision.

with complexity Õ(η). Multiplying the number of Trotter steps by Õ(η), this will lead to an overall gate complexity

t

(
η5/3N1/3

Ω1/3
+

ηN2/3

Ω2/3

)(
ηNt

Ωϵ

)o(1)

= t
(
η4/3N1/3 + η1/3N2/3

)(ηNt

ϵ

)o(1)

. (7)

The space complexity is O(η logN polylog(1/ϵ)) arising from the registers used to store the multipole information.
The results developed here represent roughly a speedup by O(η) over the most comparable prior methods.

For a detailed comparison to prior work, see Table I. For high filling fractions where η and N are similar sized, this
reduces to roughly the same complexity as the best prior second-quantised plane wave algorithms developed by Su et
al. [31] and Low et al. [32]. In practice, it is expected that N is significantly larger than η. The algorithm with the
best scaling for N ≫ η is the first-quantised interaction-picture method [33], but that has much larger scaling with
η. As a result, the result presented here has better complexity than Ref. [33], and the lowest known complexity for
any approach, whenever N < η6.

III. FAST MULTIPOLE METHOD PRELIMINARIES

Here, we review the classical FMM for a system consisting of η point particles. For the sake of clarity, we describe
the non-adaptive case that is suitable for systems where the particles are roughly uniformly distributed within a cubic
simulation cell. Let qi and ri (i ∈ [η] := {1, . . . , η}) be the charge and position of the ith particle, respectively. Our
objective is to compute the total potential energy given by

V =
1

2

∑
i∈[η]

∑
j∈[η]
j ̸=i

qiΦ(ri, rj)qj =
∑
i∈[η]

qiVi , (8)

for some kernel function Φ, where Vi =
1
2

∑
j∈[η]\{i} Φ(ri, rj)qj . In the case where all particles are electrons and we

are interested in the Coulomb potential in 3D, we have qi = −1 for all i and Φ(ri, rj) = 1/∥ri − rj∥ (using atomic
units). Computing V exactly involves summing over all pairs of particles, which requires O(η2) operations.
Instead, the FMM separates the potential experienced by each particle Vi into near-field and far-field contributions,

V =
∑
i∈[η]

qiVi =
∑
i∈[η]

qi(Vi,near + Vi,far(ϵ)). (9)

Here, Vi,near is evaluated exactly via summation over a number of geometrically close particles. The number of close
particles is bounded above by a constant that is at most O(log η). In contrast, Vi,far is evaluated approximately via
a Taylor expansion that rapidly converges to within a target error ϵ thanks to the low off-diagonal rank of Φ(ri, rj).
The potential V is evaluated in O(η log η polylog(1/ϵ)) operations using an appropriate choice of metric to distinguish
near- and far-field contributions. This metric is defined in terms of a hierarchical tree-like division of the simulation
cell, and the efficient evaluation of V is typically framed in terms of the upward and downward traversal of this tree.
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Bℓ set of boxes on level ℓ
NN(b) nearest neighbours of box b
P (b) parent box of b
C(b) set of child boxes of b
I(b) interaction list for b
p(b) indices of particles contained in b
cb position of the centre of box b

TABLE II. Summary of notation for boxes.

A. Defining the tree

An L-level hierarchical decomposition of the simulation cell defines a metric that determines whether the interaction
between any pair of particles is accounted for in Vi,near or Vi,far. An example decomposition is illustrated in Fig. 1.
This decomposition naturally maps onto a tree that is organised so that the root node (1st level) encompasses the
entire simulation cell, the leaf nodes (Lth level) partition the cell into nb boxes, and nodes at intermediate levels
partition the cell into boxes with double the edge length, up to the root. In d dimensions, there are 2d(ℓ−1) boxes at
the ℓth level of this tree. While we will sometimes use a d = 2 quadtree for illustrative purposes in figures, we are
generally concerned with a d = 3 octree in the evaluation of V for electronic structure problems.

The governing principle in FMM is that the interaction between particles in boxes that are well separated can be
efficiently evaluated by

(1) aggregating the distribution of “source” particles (w.l.o.g., those indexed in the sum over j in Eq. (8)) into
multipole expansions at all levels of the tree,

(2) translating the multipole expansions defining the attendant potential contribution into local (Taylor) expansions
about boxes containing “observer” particles (w.l.o.g., those indexed in the sum over i in Eq. (8)), and

(3) disaggregating the local expansions into the potential experienced by any observer particle (i.e., Vi,far).

The remaining contributions to the potential experienced by any observer particle (i.e., Vi,near) are due to particles
in boxes that are not well separated. These interactions are evaluated exactly.

While the near-field interactions are strictly accounted for among leaf-level boxes, evaluating the far-field interactions
takes advantage of the fact that boxes separated by increasingly larger distances are more efficiently accounted for at
higher levels of the tree. Performing these higher-level calculations requires defining the interaction list for any given
box b – the set of boxes that are not too close to b, but also not too far away. In particular, two boxes are in each
other’s interaction list when they are not nearest neighbours but their parent boxes (at the next level up) are. This
is illustrated in Figure 1.

To make this concept more rigorous, we define a few concepts. At a given level ℓ, let Bℓ be the set of all boxes at
this level. The size of Bℓ in 3D is |Bℓ| = 8ℓ−1. For a box b ∈ Bℓ, we denote the set of nearest neighbours to b as
NN(b). Here, we define the nearest neighbours of b to be all boxes that share an edge or vertex with b. For ℓ ̸= 1,
the size of NN(b) in 3D is |NN(b)| ≤ 26. The parent box P (b) ∈ Bℓ−1 is the box one level up from b such that b is
fully enclosed by the volume of P (b). We also define the child boxes of b to be boxes at level ℓ+ 1 that are enclosed
by the volume of b. The set of child boxes of b is denoted C(b). Note that b ∈ C(P (b)) is always true. Additionally,
let p(b) be a set of integers that index the particles within a given box b. The interaction list of b is given by

I(b) = C(NN(P (b)))−NN(b)− b, (10)

where the final term is needed so that b itself is not included in the interaction list. Finally, let cb be a vector
representing the position of the centre of box b. The notation introduced here is summarised in Table II.

The interaction list of any box has at most 63− 33 = O(1) boxes in 3D. To see this, note that along any dimension
the width of C(NN(P (b))) is 6 boxes wide. In 3D, this yields 63 total boxes. Then, notice that the width of NN(b),
including the centre box b, along any dimension is 3, for a total of 33 in 3D. Finally, the total number of boxes in the
interaction list is given by the difference, 63 − 33 = 189. There can be fewer boxes near the boundaries of the region.

B. Traversing the tree

Here, we consider an illustrative zeroth-order (monopole only) implementation, and provide additional details
required to achieve arbitrary ϵ using higher orders of the multipole expansion in Appendix A. In Algorithm 1, we
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FIG. 1. Illustration of hierarchical division of a simulation cell, as well as the interaction list and neighbours for an exemplary
(green) box in the ℓ = 4th level of a tree. Here, the level-1 box is the complete region. The four level-2 boxes are outlined by
the red lines. The 16 level-3 boxes are shown by the thick black lines and the level-2 partition. The 64 level-4 boxes are shown
by the thin black lines and the level-3 partition. The box of interest b is represented by the green square. The surrounding
white squares are neighbours of b, and the boxes in b’s interaction list are shown in orange. The grey squares are neither nearest
neighbours, nor in the interaction list. A two-dimensional simulation cell is presented for simplicity of presentation.

provide pseudocode that implements the classical FMM algorithm and returns an approximation to V within given
error ϵ. The algorithm consists of two passes through the hierarchical tree in which every box at levels ℓ ≥ 3 is
iterated through. In the first pass, the objective is to compute the charge Qb for each box so that it can be used in
the second pass to compute an approximation of Vi. The first pass starts at level ℓ = L and works up to ℓ = 3. At
ℓ = L the total charge Qb of the particles in each box b is computed. Then, at ℓ = L − 1, the total charge of each
box is computed by adding the charges of the box’s 8 child boxes computed previously. We continue in this way until
ℓ = 3 is reached. If there are at most c = O(1) particles per box at level L, computing Qb for a given box requires
O(1) operations. The total number of operations is then O(nb) (omitting the ϵ-dependence).

The objective of the second pass is to compute an approximation to V using the monopoles computed in the
first pass. This is done starting at level 3 and working up to level L. The first two levels are skipped because
none of the boxes in B1 and B2 are sufficiently separated from the remaining boxes for the multipole approximation
to be valid. This is the reason the box charges are only calculated up to level 3 in the first pass. For all other
levels, the interactions between a given box b and the boxes in its interaction list are computed using the multipole
approximation. At the leaf-level, the interactions between particles occupying the same box are computed exactly
using the Coulomb potential. Additionally, the interactions between particles in a given leaf-level box and particles
in the nearest-neighbour boxes are computed exactly. All of the interactions computed throughout the second pass
are aggregated in a variable V that is returned after the algorithm completes.

Because each interaction list contains O(1) boxes, and each level-L box has O(1) neighbours (each with O(1)
particles), the second pass also requires O(nb) operations in total. If the particles are roughly uniformly distributed,
then L can be chosen such that nb = O(η), which enables the calculation of V with complexity O(η). The complexity
has further polynomial factors of log(1/ϵ) for the full multipole calculation. For more general distributions, an adaptive
subdivision of boxes can be used to limit the number of boxes that need be considered, providing similar complexity.

IV. QUANTUM FMM FOR EVENLY DISTRIBUTED PARTICLES

The difficulty in constructing a quantum implementation of the FMM is that we need to place electrons into boxes
according to their positions, which are stored in quantum registers. This means that we need to access data according
to a value stored in a quantum register. For each electron, we need to run through O(η) boxes to determine the box
that a given electron belongs to. Because there are η electrons this approach results in O(η2) cost, which we are trying
to avoid. We first illustrate the principles used to avoid O(η2) scaling for the simpler case where the particles are
assumed to be evenly distributed. In Section V, we modify our approach to allow for adaptive grids which lets us treat
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Algorithm 1: Classical FMM (monopole only)

First pass: compute charges
1. for ℓ← L to 3

for b ∈ Bℓ

initialise Qb ← 0
if ℓ ̸= L

Qb ←
∑

a ∈ C(b) Qa.

else
Qb ←

∑
j∈p(b) qj

end

end

end

Second pass: evaluate potential
initialise V ← 0
Compute far-field contribution using box-box potentials
2. for ℓ← 3 to L

for b ∈ Bℓ

initialize Vb ← 0
for a ∈ I(b), a > b

Vb ← Vb +QbΦ(ca, cb)Qa

end
V ← V + Vb

end

end

Compute near-field contribution using particle-particle potentials
3. for b ∈ BL

initialise Vb ← 0
for i ∈ p(b)

for j ∈ p(b), j > i
Compute Coulomb interactions between particles within b
Vb ← Vb + qiΦ(ri, rj)qj

end
for n ∈ NN(b), n > b

for j ∈ p(n)
Compute Coulomb interactions between particles within b and n
Vb ← Vb + qiΦ(ri, rj)qj

end

end

end
V ← V + Vb

end
Return V

the general case where the evenly distributed assumption is lifted. We note that within the BO approximation the
positions of the nuclei are given by classical registers and there is no difficulty moving data for the nuclei. For non-BO
simulations the registers storing the positions of the nuclei would need to be moved into boxes as well. However, this
can be achieved with a similar approach as for the electron registers.

A. Quantum registers for FMM data storage

Our implementation of the quantum FMM algorithm uses several quantum registers to store information used
throughout the algorithm. For a given number of electrons η, let nb = O(η) so that the maximum number of electrons

per box at the leaf level is c and the overall complexity is Õ(η). For a given box b, we have the register |Qb⟩ which
stores multipole information up to the chosen order of truncation. For the purpose of the following discussion, |Qb⟩
contains the total charge (monopole) of b.

In addition to |Qb⟩, boxes at the leaf level have the additional registers:

• |ri⟩, i ∈ p(b) – c registers storing the position of each particle
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• |qi⟩, i ∈ p(b) – c qubits which flag whether each of the |ri⟩ has been populated with information for an electron.

That is, at the leaf level each of the nb boxes is given c registers, which are used to store the positions of the electrons
that occupy the box. Additionally, each of these nbc position registers has an associated flag register that is set to |1⟩
if the position register is occupied, and is |0⟩ otherwise. More generally, we can allow |qi⟩ to encode the charge for a
nucleus, if we include nuclei in the FMM. We group together these position and flag registers as what we will call a
“particle” register, and will consider operations moving data that move both the position and flag registers together.

Although we have described the particle registers with respect to the leaf-level boxes, they are used for boxes at all
levels of the tree. In particular, the registers of box b at the leaf level are also used for the boxes in P (b). Hence, each
box in ℓ = L− 1, has 2dc particle registers for dimension d. For the description of the quantum FMM it is convenient
to regard these registers to be arranged in the same way as the spatial locations.

Each position r is in a space G of N grid points. We encode each r ∈ G as |r⟩ = |x⟩ |y⟩ |z⟩ where each |α⟩
(α ∈ {x, y, z}) is a binary representation of the spatial coordinate α. This uses 3⌈log(N1/3)⌉ qubits (where we
adopt the usual quantum information convention that logs are to base 2). Position registers that do not encode an
electron are set to the all-zero state. When interleaving the bits for the Morton ordering, we encode the position as
|r⟩ =⊗np

k=1 |xk⟩ |yk⟩ |zk⟩ for k ∈ {1, 2, ..., L, ..., np}, where np = ⌈log(N1/3)⌉.
We store the position by natural numbers starting from zero, rather than numbers in the range [−(N1/3 −

1)/2, (N1/3 − 1)/2] as indicated by G in Eq. (5). This is because the natural numbers are more convenient for
defining the tree structure for the FMM. This encoding is for the position, but for the kinetic part of the Hamiltonian
we need momenta that are symmetric about zero. In the implementation of the Hamiltonian this can be accounted
for in how the Fourier transform is implemented.

With this encoding of the position, we can easily determine which box an electron should be placed in based on the
encoding of its position. For example, at the highest level the triple of the first (most significant) bits (x1, y1, z1) of
the x, y and z coordinates of the electrons naturally partitions the box into 8 equal sections. Each of these 8 boxes is
further subdivided into 8 more boxes by the triple of next most significant bits (x2, y2, z2). This can then be continued
up to the triple (xL, yL, zL). As a result, we do not need additional resources to determine which box a given electron
should be moved to.

B. Moving electron data to the correct registers

Before computing the potential using the FMM, we need to move the data for each of the η electrons into the
position registers for the appropriate leaf-level boxes. This is achieved in a recursive way, where if the electron data
is in the correct boxes at level ℓ, then within each box the electron data is moved into the correct child boxes by a
procedure of sorting the data and swapping it into the appropriate child box. We first describe how to move electron
position data into the correct boxes for the 1D case, then generalise to 3D. Figure 2 illustrates this procedure for the
1D case.

First, the system registers storing the electron positions are used as the first η of the particle registers, with the flag
registers initialised to |1⟩. The remaining nbc−η particle registers are initialised to the all-zero state, so |0⟩ = |0 . . . 0⟩
and |0⟩ for the position and flag registers, respectively. Next, the particle registers are sorted according to the
position. The complexity of the sort is O(η log η) comparisons and controlled swaps, which yields a gate complexity of
O(η log η logN). The convention for each sort is that the flag registers are used to ensure that the populated registers
are moved to the left. Note that we are sorting the particle registers, so the flag registers are moved with the position
registers.

After sorting, we divide the complete simulation cell (level-1 box) into two equally sized level-2 boxes. Then, the
data in the registers is swapped so that the electron positions are placed in the appropriate level-2 boxes. To achieve
this task, we run through all nbc/2 registers in the left box, or min(nbc, η) locations accounting for the fact that not
all of these registers need contain data for electrons. For each position register, we check the most significant qubit of
r. If the qubit is in the state |0⟩, the electron belongs to the left box and does not need to be swapped. If the qubit
is in the state |1⟩, the electron belongs to the right box, and we swap it. If the electron was in register m, we swap
the data to register m+ nbc/2, which is register m of the right box. As before, we are swapping the particle register,
with both the position and flag registers. The complexity of the controlled swaps is O(nbc logN) = O(η logN).

When the data of a register is swapped to the right, it is important that the register it is swapped with does not
contain an electron position (so the flag register is in the |0⟩ state). This can be proven for our procedure in the
following way. If there are initially no electrons in the registers for the right box, then it is trivially true. If there
are electrons initially in the registers for the right box, then all data in registers m to nbc/2− 1 needs to be swapped
to the right (counting from 0). This is because the registers are initially sorted. If it were the case that there was
an electron already stored in register m+ nbc/2, then it would mean that there were more than nbc/2 electrons that
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b4 b5 b6 b7 b4 b5 b6 b7

sortb1

b2 b3

b1

b2 b3
sort

sort

swap electrons

swap electrons

(b)

(a)

initialise registers

FIG. 2. 1D demonstration of Algorithm 2. Here η = 4, L = 3, c = 3, and nb = 4. (a) The positions of the electrons are shown
on the real space grid, where, xi is the position of the ith electron. (b) Snapshots of the boxes and position registers throughout
Algorithm 2. The label of a given box is shown above and the corresponding registers are shown below. The flag registers are
not depicted. Each row iterates through the outer-most loop of Algorithm 2 for ℓ = 1, 2, 3. For a given ℓ, the iteration starts by
swapping position data into the correct registers. For ℓ = 1, this step is replaced by an initialisation step. Next, the positions
are sorted within each box. This procedure is repeated until ℓ = L is reached.

should be in the right box. This is more electrons than can be stored in the registers, violating the even distribution
assumption in this section. Hence, this procedure never swaps data for an electron from the right box into the left
box.

After swapping the data to the correct registers, we perform a sort on the registers of the right box with complexity
O(η log η logN). The left box is already guaranteed to be sorted because the order was not changed. Each of the two
level-2 boxes is then subdivided into two level-3 boxes. We then perform the controlled swaps within each level-2 box
to ensure the electrons are within the correct level-3 boxes. We proceed in this way until we swap the data into the
correct level-L boxes. There are log nb levels, each with leading-order complexity for the sort O(η log η logN), as well
as O(η logN) complexity for controlled swaps, for a total complexity

O(η log2 η logN) . (11)

In three (or any number of) dimensions, we can apply the result for one dimension by choosing an ordering for
the boxes. For example, we can use a Morton ordering where the bits of the x, y, and z directions are interleaved.
Alternatively, we can give the bits for x first, then y, then z. For either ordering, the same procedure can be used
as in the 1D case to move the electrons to the correct boxes. The only difference is that the interpretation of the
subdivision of the region into two corresponding to child boxes no longer holds.

The complete procedure is described in Algorithm 2. In this algorithm, it is assumed that there are initially 8Lc
position and flag registers. The η electron position registers are input as part of these 8Lc registers with the associated
flag registers set to |1⟩. All other position registers are set to |0⟩, and flag registers to |0⟩. All sorts used within this
algorithm are quantum sorts, and move the flag registers together with the position registers, as well as moving
occupied registers to the left.

Here, the quantity ℓ counts the number of times the region has been divided by 2, rather than the level, and b is
an integer corresponding to which region is being considered, rather than a box of the octree. The index j counts
through the registers in the sorted sequence, and pj is the value in that register interpreted as an integer, which may,

for example, correspond to interleaved bits of x, y, and z for Morton ordering. The test pj ≥ (j0+w/2)/c×N/23(L−1)

is used to check if the register is in the wrong half of the region.

C. Calculation of the potential given correct data locations

Given that the electrons are placed in the correct registers, it is straightforward to calculate the potential via the
FMM, directly translating the steps in Algorithm 1 into quantum gates. The algorithm as described above can be



10

Algorithm 2: Sorting electron registers

for ℓ← 0 to 3(L− 1)− 1
for b← 0 to 2ℓ − 1

w ← c× 23(L−1)−ℓ

j0 ← bw
Sort registers j0 to j0 + w − 1.
for j ← j0 to j0 + w − 1

if pj ≥ (j0 + w/2)/c×N/23(L−1)

Swap register j with register j + w/2.
end

end

end

end

directly translated into a quantum algorithm using standard methods of performing coherent quantum arithmetic.
The parts of the calculation that directly use the information for the electrons in the boxes are the first step of loop
1 (which sums the charges in a box for ℓ = L), and loop 3 (which sums the potential over electrons in neighbouring
boxes).

For these calculations we iterate over all c registers in each box, but only add the contribution if the corresponding
flag qubit stores |1⟩. In particular, for Qb ←

∑
j∈p(b) qj , we sum the values stored in these flag registers which gives

the total number of electrons in the box. Then, for Vb ← Vb + qiΦ(ri, rj)qj , we perform a Toffoli on the flag registers
for electrons i and j, and use that to control addition of the potential term Φ(ri, rj).
The electron-nuclear potential for U is easily accounted for by adding the nuclear charges for the boxes in loop 1 of

Algorithm 1, and for Vb ← Vb + qjΦ(ri, rj)qj in loop 3, summing over nuclear charges as well. The sum over nuclear
charges is easily performed because the positions are given classically, so it is known which nuclei are within each box
without requiring any quantum data accesses.

The remaining steps involve computations on other registers associated with boxes, which are independent of how
many particles are in each box. These include summing charges from child boxes (loop 1), and summing contributions
to the potential from boxes in the interaction list (loop 2). These operations all involve additions, except loop 2
also requires a multiplication. The value of Φ(ca, cb) used in loop 2 does not need to be computed using coherent
arithmetic, because we classically iterate over the box numbers a and b, and the values of Φ(ca, cb) can be precalculated
classically. The only case where potentials need be calculated via coherent arithmetic is for the interparticle potentials
in loop 3.

Overall the complexity of these calculations is as follows.

• The complexity of adding the numbers of electrons in the nb boxes is O(nbc).

• For adding the charges, at level ℓ, there are 3(L− ℓ)+ ⌈log c⌉ qubits to perform arithmetic on, and nb/2
3(L−ℓ−1)

additions to perform. Summing this complexity over ℓ = 1 to L− 1 gives total complexity O(nb log c).

• At level ℓ, Qa has 3(L− ℓ) + ⌈log c⌉ qubits, so the complexity of multiplying by the potential with O(log(1/ϵ))
qubits is O([3(L−ℓ)+log c] log(1/ϵ)). Summing this complexity over the boxes and levels gives total complexity
O(nb log c log(1/ϵ)).

• For each leaf-level box there are O(c2) pairwise potentials to approximate, for a total of O(nbc
2) for all boxes.

The values of Φ(ri, rj) can be approximated by using a QROM for interpolation combined with Newton’s
method [37]. In practical usage the number of iterations of Newton’s method can be constant, but the number
of iterations for error ϵ is O(log log(1/ϵ)). Each step of Newton’s method uses multiplication, with complexity
of O(log2(1/ϵ)), yielding a total complexity

O
(
nbc

2 log2(1/ϵ) log log(1/ϵ)
)
. (12)

Out of these complexities, the dominant complexity is that from summing the pairwise potentials between electrons,
which for nb = O(η) and c a constant is

O(η log2(1/ϵ) log log(1/ϵ)) . (13)

Note that in this analysis we allow the error from each step in the calculation to be O(ϵ), which is why the number of
bits for the arithmetic is taken to be O(log(1/ϵ)). In practice the error in each step will need to be smaller to ensure
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the total error is no larger than ϵ, but that has no effect on the complexity given in the form of an order scaling in
log(1/ϵ). When including higher orders in the multipole expansion, the order should be taken to be O(log(1/ϵ)), the
number of multipole moments scales as the square of the order, and each should be given to O(log(1/ϵ)) bits. This
results in a higher power in the scaling with log(1/ϵ); see Appendix A for details.

V. ADAPTIVE BOXES FOR ARBITRARY DISTRIBUTIONS OF PARTICLES

In the case where particles are distributed in an uneven way, the boxes are chosen in an adaptive way. That is,
instead of subdividing the boxes down to a fixed level, subdivide boxes that contain multiple particles. That enables
boxes at a very small level, but no more than η of these boxes need be retained because the others have no particles.
The difficulty is that the boxes need to be determined based on the numbers in registers, which would mean data
accesses at locations according to these values in a simple translation of the classical method. That would result in
an overall complexity at least η2, eliminating the speedup. In order to implement the procedure with a speedup we
again need a way to perform the computation with data accesses at fixed locations.

A. Calculating charge / multipole information

First we consider how to calculate the charge and multipole information for the boxes, then consider the more difficult
question of how to compute the potential information, which requires locating data for boxes in the interaction list.
The general principle we use is, for each particle include a set of data registers for every box that the particle is
contained in. In contrast to the non-adaptive case, we do not include a flag qubit or additional unoccupied particle
registers. We first explain the method in one dimension, then how to generalise it to multiple dimensions. We also
describe the method for the electron-electron potential V first, then the amendment for the electron-nuclear potential.

The difficulty is primarily in finding the data locations for boxes in order to compute the results for multiple boxes.
The method we use to solve this is to copy data along the chain of registers for electrons, so that data for one box
is copied to a neighbouring box in order to perform the calculation. In one dimension, the electron registers are first
sorted into order. Then we can have a sequence of electron registers that are part of one box at level ℓ, followed by
electron registers in a neighbouring box (or possibly another box).

In one dimension, we would calculate the charge for the box at level ℓ− 1 by adding the charges of the child boxes
at level ℓ. Each box at level ℓ has a register containing that charge information for level ℓ, but that information needs
to be copied over to the registers for charges in the next child box in that level in order to compute the charge at
level ℓ−1. Similarly, the multipole information needs to be copied over to compute the multipole information at level
ℓ− 1.

In particular, let us denote the charge information for the box that electron register j is in at level ℓ by Q(j, ℓ). We
explain the procedure for charge, and the procedure for multipole information is equivalent, except the operations to
combine the multipole information are more complicated. Let us also denote by fb(j, ℓ) the bits up to ℓ of the electron
register, which is the number of the box at level ℓ. We take L to be the total number of bits for the positions of the
electron registers, so all electrons are in different boxes at level L. The procedure is then as in Algorithm 3. This is
the quantum implementation of the first pass of the FMM in Algorithm 1.

This algorithm first sets the charge at the leaf level. Then in 2(a) it runs forward through the sequence of registers,
and checks if the neighbouring registers are for the same box at level ℓ but different boxes at level ℓ+ 1. If they are,
then it copies the charge from the left level-ℓ+1 box into the register for the right level-ℓ+1 box, but in the register
being used for level-ℓ information. The other possibility is if the least significant bits of fb(j+1, ℓ+1) and fb(j, ℓ+1)
are equal to 1 (checked using mod 2), in which case we have a pair of registers in the right level-ℓ+ 1 box. Then the
appropriate information will be in Q(j, ℓ), and is just copied into Q(j + 1, ℓ).

In this way, every time we hit a boundary between two level-ℓ+ 1 boxes that need their charges summed, we copy
the charge information from the left box into the sequence of registers in the right box. If it happened that there were
no electrons in the left box, then the fb(j + 1, ℓ) = fb(j, ℓ) test would fail, and we would just leave the Q(j + 1, ℓ)
register as zero. Then 2(b) just does the same procedure running from right to left, copying information from the
right boxes into the left boxes. This ensures that at level ℓ, Q(j, ℓ) contains the charge from the other level-ℓ+1 box.
Then 2(c) adds the charges, so Q(j, ℓ) contains the total charge for the level-ℓ box (adding the two charges of the
child boxes at level ℓ + 1). For the multipole information the procedure is identical, except the operation in 2(c) to
combine multipole information is not just addition.

The same principle can be used in higher dimensions. In one dimension the division into boxes is simply repeated
division of boxes into two. In 2D we can take the complete region, divide it into two in the x-direction, then into two
in the y-direction, then in the x direction and so on. The principle is that we are still dividing into two at each stage,
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Algorithm 3: Calculating charge information

1. for j ← 0 to η − 1
Q(j, L)← 1 (corresponding to a single charge for this finest-level box)

end
2. for ℓ← L− 1 to 3 by −1

(a) for j ← 0 to η − 2
if fb(j + 1, ℓ) = fb(j, ℓ)

if fb(j + 1, ℓ+ 1) ̸= fb(j, ℓ+ 1)
Q(j + 1, ℓ)← Q(j, ℓ+ 1)

else if fb(j, ℓ+ 1) mod 2 = 1
Q(j + 1, ℓ)← Q(j, ℓ)

end

end

end
(b) for j ← η − 2 to 0 by −1

if fb(j, ℓ) = fb(j + 1, ℓ)
if fb(j, ℓ+ 1) ̸= fb(j + 1, ℓ+ 1)

Q(j, ℓ)← Q(j + 1, ℓ+ 1)
else if fb(j, ℓ+ 1) mod 2 = 0

Q(j, ℓ)← Q(j + 1, ℓ)
end

end

end
(c) for j ← 0 to η − 1

Q(j, ℓ)← Q(j, ℓ) +Q(j, ℓ+ 1)
end

end

even though we would be aiming to divide into 4 and use the information from four squares at each level to compute
Q for one level up. Similarly, in 3D we would subdivide the region in the x direction, then y direction then z, and
repeat.

This is equivalent to interleaving the bits of the x, y, and z components of the electron position. Interleaving the
bits of the three coordinates and sorting yields the particles in Morton ordering. When we do this we can perform
exactly the same procedure as in the 1D case with the interleaved bits of x, y, z replacing the bits of x. At each stage
we would add charge from two neighbouring regions rather than 8, but three levels give addition of the charges from
8 sub-cubes. Algorithm 3 is unchanged, except fb(j, ℓ) is now given by the bits up to ℓ of the electron register with
bits for the x, y, and z coordinates interleaved, and L would be the total number of bits (but three times the number
of levels).

Note that when we use the registers with Q(j, ℓ) for calculating the potential, we want ℓ to be the usual FMM
level. This means that we need to adjust the indexing, which just corresponds to a choice of labelling of the registers,
rather than requiring quantum operations. We assume that this has been done when using Q(j, ℓ) in later steps.

B. Calculating the potential

The principle is to run through the registers for all electrons and copy the information for one region over to the
neighbouring region. This is similar to what we have already done for the charge, but when calculating the potential
we have the further complication that it is more difficult to find the region. When considering the charge, we were
able to combine two regions in the x direction, then y direction, then z direction. For the potential we need to find
particles in regions in the interaction list.

The geometry of the interaction list is illustrated in Fig. 1 for two dimensions. The box of interest (in green)
at level-ℓ is part of a level-ℓ − 1 box indicated with thick black lines. The other level-ℓ boxes inside that box are
neighbours, so we do not add the potential. That is in contrast to the method for charge, where we add charges for
sub-boxes. The boxes where we do add the potentials, indicated in orange, are part of the neighbouring level-ℓ − 1
boxes.

Not only that, but we have a row of three of these larger boxes. This means that they are not just contained in one
level-ℓ − 2 box, but overflow into neighbouring boxes at that level. Nevertheless, we can still use a similar approach
for copying information from neighbouring regions, which we will initially explain for the 1D case.
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1. Accessing interaction list for 1D case

For each electron, we have extra registers for one, two, and three positions over; we will call these Q1(j, ℓ), Q2(j, ℓ),
and Q3(j, ℓ). We run through the electrons in sequence, and for each we check if the following electron corresponds
to a new region; that is fb(j, ℓ) ̸= fb(j + 1, ℓ). The cases are then as follows.

1. If fb(j, ℓ) = fb(j + 1, ℓ), then both electrons are in the same region, and we just directly copy over the charge
information. That is, Qk(j + 1, ℓ) = Qk(j, ℓ) for k ∈ {1, 2, 3}.

2. If fb(j + 1, ℓ) = fb(j, ℓ) + 1, then the next electron is in the next region, and we copy the charge information to
the next electron’s register for the neighbouring region; that is, Q1(j + 1, ℓ) = Q(j, ℓ). We also copy the charge
information for one location over to that for two locations over, and that for two regions over to that for three
regions over, so Q2(j + 1, ℓ) = Q1(j, ℓ) and Q3(j + 1, ℓ) = Q2(j, ℓ).

3. If fb(j + 1, n) = fb(j, n) + 2, then the next electron is two regions displaced, and we directly copy into the
register for two regions over, so Q2(j + 1, ℓ) = Q(j, ℓ). We also copy the information for one region over to that
for three regions over, so Q3(j + 1, ℓ) = Q1(j, ℓ). We leave Q1(j + 1, ℓ) zeroed, because that region is missing.

4. If fb(j + 1, n) = fb(j, n) + 3, then the next electron is three regions displaced, and we directly copy into the
register for three regions over, so Q3(j + 1, ℓ) = Q(j, ℓ). We leave both Q1(j + 1, ℓ) and Q2(j + 1, ℓ) zeroed,
because those regions are missing.

5. If fb(j + 1, ℓ) > fb(j, ℓ) + 3, then the next electron is more than three regions displaced, and Q1(j + 1, ℓ),
Q2(j + 1, ℓ), and Q3(j + 1, ℓ) can be left zeroed.

After doing this, we have associated with each electron, registers giving the charge information for the boxes to
the left of it, which can be used in computing the potential. We can then invert the above procedure to erase those
working ancillas. To describe the procedure in a more general case where we copy information from up to K boxes
over, we use registers Qk(j, ℓ) for k = 1 to K, and it is also convenient to use Q0(j, ℓ) to denote the charge information
for the box itself. Then the general procedure for copying information from neighbours is as shown in Algorithm 4.

Algorithm 4: Copying information for K-neighbours

for j ← 0 to η − 2
if fb(j + 1, ℓ) = fb(j, ℓ)

for k ← 1 to K
Qk(j + 1, ℓ)← Qk(j, ℓ)

end

else if fb(j + 1, ℓ) ≤ fb(j, ℓ) +K
∆k ← fb(j + 1, ℓ)− fb(j, ℓ)
for k ← ∆k to K

Qk(j + 1, ℓ)← Qk−∆k(j, ℓ)
end

end

end

In this algorithm, we run through the registers from 0 to η−2, with the requirement that the registers are sorted so
fb(j, ℓ) (bits up to ℓ of the position) are in ascending order. Then fb(j + 1, ℓ) = fb(j, ℓ) implies that the next register
is in the same box, so we copy over the information for the neighbours of that box. If fb(j + 1, ℓ) ≤ fb(j, ℓ) + K,
then we have stepped over to another box, but by no more than K. Then we copy over the appropriate neighbour
information, skipping some if ∆k > 1, which means that there were empty boxes skipped over in going from particle
j to j + 1.

To access information from all boxes in the interaction list, we can also perform the copying in the reverse direction.
Although copying in the reverse direction is needed to access information from all boxes in the interaction list, it is
not necessary to calculate the potential. This is because, for each box a in the interaction list of box b, b will be in
the interaction list of a. Copying the information in the reverse direction will only give box-box potentials that have
already been accounted for, so is not needed.
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(a) (b)

(c) (d)

FIG. 3. The interaction list and neighbours used for FMM. The green square is the box b of interest, the white squares are
neighbours of b, and the boxes in the interaction list are shown in orange. The heavy black lines indicate the boxes for the next
level up. The red lines indicate the box two levels up containing the box of interest, with parts (a) to (d) indicating the four
alternatives. The blue zig-zag lines indicate the Morton ordering of boxes within that higher-level box.

2. Accessing interaction list for higher dimensions

In order to obtain the information from the boxes in the interaction list in two or three dimensions, we can use a
similar approach interleaving bits as we use for charge, but it is more challenging because the boxes in the interaction
list need to be accessed by taking a 1D path through this higher-dimensional space. To address this issue, we use
Morton ordering, as well as bit shifts. In particular, the Morton ordering is obtained by interleaving the bits for the
x, y, and z directions and sorting.

In Figure 3 the level-ℓ− 2 box is shown in red, with four different alternatives for where it can be situated relative
to the box of interest, b. The Morton ordering means that iterating through the particles in the sorted list will run
through the boxes in the sequence indicated by the blue arrows. Therefore, we can use the approach above for 1D,
but use temporary registers to account for boxes in the interaction list displaced by up to 15 positions (in 2D) or 63
positions (in 3D).

Note that the boxes in the interaction list may be before or after the target box b in the ordering, so we would need
to go through the sorted list both forwards and backwards to access information from all boxes in the interaction list.
However, there is a similar consideration here as for the 1D case. Because a ∈ I(b) =⇒ b ∈ I(a), going through
the sorted list backwards would only yield box-box potentials that have already been accounted for when running
through the list forwards, and so the reverse direction is not needed.

Using just a single Morton ordering does not guarantee that all the boxes in the interaction list are within a fixed
distance from b in that ordering. This is an issue that has been considered in the classical computing literature, and
can be solved by using multiple orderings. For example, Refs. [38, 39] use multiple Hilbert orderings, and Ref. [40]
uses multiple Morton orderings. Here, we use a slightly different approach to those, which is more easily implemented
in a quantum algorithm.

In particular, the Morton ordering is more easily implemented than the Hilbert ordering, because it can be achieved
by simply interleaving the bits of x, y, and z, then applying the quantum sort. To achieve the multiple orderings, we
apply combinations of increments in the x, y, and z directions, and sort again. For a level-ℓ− 2 box, bit number ℓ− 3
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is identical for all positions within the box. That is, bit number ℓ − 3 is identical for all x-coordinates, bit number
ℓ − 3 is identical for all y-coordinates, and so on. For example, if ℓ − 2 = 2 (the first subdivision of the complete
region), then bit number ℓ− 3 = 1 is the first (most significant) bit.

Now the effective level-ℓ − 2 box can be changed by incrementing the coordinates. If the level-ℓ − 2 box is that
shown in Figure 3(a), then adding 1 to bit number ℓ − 2 for the x-coordinate will shift the effective level-ℓ − 2 box
over to that shown in Figure 3(b). For example, if ℓ− 2 = 2 and the first 3 bits of the x-coordinates are

000, 001, 010, 011, 100, 101, (14)

then you can see that the first bit is the same for the first four (corresponding to the first four level-ℓ boxes in the
diagram). Adding 1 to bit number ℓ− 2 = 2 gives

010, 011, 100, 101, 110, 111, (15)

so the four boxes on the right have the same first bit, and are within the same effective level-ℓ− 2 box.
In this way, by the 4 combinations of incrementing x and y (or x, y, and z in the 3D case), the effective level-ℓ− 2

box can be shifted to each of the possible locations. This will be true regardless of where the initial (unshifted)
position of the level-ℓ− 2 box is. For example, if the position is that illustrated in Figure 3(b), then the increment in
the x-coordinate will shift the effective box to that shown in Figure 3(a).

For each shift, the bits of x, y, and z are interleaved and the sort is performed to give the Morton ordering with
a shift. Performing this with each combination of shifts guarantees that each box in the interaction list is within a
fixed distance of b in at least one ordering. In particular, the result can be given as follows, with the notation [a, b]
indicating the set corresponding to the range of integers.

Lemma 1 (Morton orderings with shifts). For p ∈ [0, 2n − 1]d, let

Dp :=
{
q ∈ [0, 2n − 1]d

∣∣ |⌊pj/2⌋ − ⌊qj/2⌋| ≤ 1, ∀j ∈ [1, d]
}
, (16)

and M : Nd → N be the function applying the Morton ordering to a vector of integers. Then for all q ∈ Dp, there
exists a vector of increments z ∈ {0, 2}d such that

|M(p+ z mod 2n)−M(q+ z mod 2n)| ≤ 4d − 1 . (17)

Proof. First, note that points satisfying ⌊p/2m⌋ = ⌊q/2m⌋ will satisfy ⌊M(p)/2dm⌋ = ⌊M(q)/2dm⌋. This is because
the set of points satisfying ⌊p/2m⌋ = ⌊q/2m⌋ are those within a cube of side length 2m corresponding to the first
n−m bits of each coordinate of p being equal to those of q. The Morton ordering groups all 2dm points with these
same initial bits together, because it corresponds to sorting with the bits interleaved. Because there are 2dm points,
they can be separated by no more than 2dm − 1 in the Morton ordering.

Now, given a point q ∈ Dp, take

z = 2|⌊p/4⌋ − ⌊q/4⌋| . (18)

Since |⌊pj/2⌋ − ⌊qj/2⌋| ≤ 1, it must also be true that |⌊pj/4⌋ − ⌊qj/4⌋| ≤ 1, and so this vector is within the required
set {0, 2}d. For any given j, if zj = 0, then ⌊pj/4⌋ = ⌊qj/4⌋. Then it is clear that

⌊(pj + zj mod 2n)/4⌋ = ⌊pj/4⌋ = ⌊qj/4⌋ = ⌊(qj + zj mod 2n)/4⌋ . (19)

On the other hand, if zj = 2, then put pj = 4a+ r and qj = 4b+ s with r, s ∈ {0, 1, 2, 3}. For pj < qj , then b = a+ 1
and r ∈ {2, 3}, s ∈ {0, 1}. This restriction on r, s is required so that |⌊pj/2⌋ − ⌊qj/2⌋| ≤ 1 for the requirement that
q ∈ Dp. Then

pj + zj = 4a+ r + 2 = 4(a+ 1) + r − 2 = 4b+ r − 2 , (20)

qj + zj = 4b+ s+ 2 . (21)

The conditions r ∈ {2, 3}, s ∈ {0, 1} imply that r− 2 ∈ {0, 1}, s+2 ∈ {2, 3}. Note that neither pj + zj or qj + zj can
increase above 2n − 1, and so the modular addition does not affect the outcome, and

⌊(pj + zj mod 2n)/4⌋ = ⌊(pj + zj)/4⌋
= ⌊(4b+ r − 2)/4⌋
= b
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= ⌊(4b+ s+ 2)/4⌋
= ⌊(qj + zj)/4⌋
= ⌊(qj + zj mod 2n)/4⌋ . (22)

The reasoning for zj = 2 and pj > qj is identical with the roles of pj and qj reversed. Thus in all cases

⌊(pj + zj mod 2n)/4⌋ = ⌊(qj + zj mod 2n)/4⌋ . (23)

In turn, using the result given at the start of the proof, this implies that ⌊M(p+ z)/4d⌋ = ⌊M(q+ z)/4d⌋, and the
points M(p+ z mod 2n) and M(q+ z mod 2n) cannot be separated by any more than 4d − 1, which is the result to
be proven for the Lemma.

The interpretation of this Lemma is that p is the vector for a box number at level ℓ for dimension d, and Dp is
the set of boxes that are neighbours of p or in the interaction list (as well as p itself). This means that it is within a
level-ℓ − 1 box (the reason for the division by 2 and floor) displaced by no more than one position in any direction.
Less significant bits for positions within that box number are not included in this Lemma. Then z is the vector of
displacements by 2, corresponding to shifting by the size of a level-ℓ − 1 box. The additions are modulo the size of
the entire region of 2n, then Eq. (17) bounds the difference between p and q in the shifted Morton ordering.

This choice of shifted Morton orderings then enables us to copy to each box the data from all boxes in its interaction
list for the calculation of the potential. The complete procedure is given in Algorithm 5, which is the quantum
implementation of loop 2 of the FMM algorithm in Algorithm 1. At each level, we apply the increment and the
quantum sort according to the Morton ordering. With that sort, we go through the list of particles, copying the
information from neighbouring boxes at level ℓ. As discussed above, we need only go through the list in one direction,
because the reverse direction would only yield box-box potentials already accounted for.

Algorithm 5: Calculation of potential in dimension d

K ← 4d − 1
V ← 0
for ℓ← 3 to L

for z ∈ {0, 2}d
Add z to box number at level ℓ and sort according to Morton ordering.
Apply Algorithm 4 to copy charge information.
for j ← 0 to η − 1

if j is first particle in level-ℓ box
for k ← 1 to K

if Qk(j, ℓ) contains charge information for a box in the interaction list not already added
V ← V +Q(j, ℓ)Φ(ca, cb)Qk(j, ℓ)

end

end

end

end
Invert Algorithm 4 to erase Qk(j, ℓ) registers. Invert Morton ordering sort and subtract z.

end

end

At each step, we check whether the potential was added at a previous step, because the set of Morton orderings
results in the charge information for each box in the interaction list being included multiple times. In Algorithm 5,
the quantity cb is the position of the centre of the level-ℓ box that particle j is in, and ca is the centre of the box
that the information in Qk(j, ℓ) corresponds to. Because the quantity added to the potential is the box-box potential,
and there can be multiple particles within the same box, we also include a check that particle j is the first particle
in its box to avoid double-counting the potential. This is easily checked by particle j being in a different box than
particle j − 1. An alternative approach is to use the potential between each particle and the boxes in the interaction
list. That would give a more accurate result than using the multipole information for j’s box, but the drawback is
that we would no longer be able to take advantage of Φ(ca, cb) being given by QROM.

The remaining part needed is the direct calculation of the sum over pairwise interactions with particles in neigh-
bouring boxes for ℓ = L. Note that we do not sum over multiple particles in the same box, because we take level L to
correspond to the maximum resolution of the particle positions, so only one electron may occupy the box. The addi-
tional sum of the contributions to the potential from particles in the neighbouring boxes at level L is easily accounted
for by including neighbouring boxes in the interaction list in Algorithm 5. In this way, this algorithm effectively gives



17

the quantum implementation of the second pass of the FMM in Algorithm 1, with the quantum implementation of
the first pass of Algorithm 1 being given in Algorithm 3.

Accounting for the electron-nuclear potential is more complicated for the adaptive case than for the non-adaptive
case. It is no longer possible to choose the nuclei to sum over classically, because the box number is governed by
the value in a quantum register, and so the correct nuclei to consider are chosen by that register. A simple way
to account for the nuclei is to include registers for the nuclear positions in the list with the electron positions, and
similarly associate registers for the multipole information at each level for each nucleus. Because the number of nuclei
is no more than the number of electrons in cases of interest, the inclusion of nuclei does not change the asymptotic
complexity.

VI. QUANTIFYING THE COMPLEXITY

Now we give the overall complexity of the simulation with the quantum FMM. We will analyse only the adaptive
protocol, as it does not require any assumption on the distribution of particles. We first consider the complexity when
only using the charge to calculate the potential, then consider the adjustment to the complexity for the multipole
information. We also just analyse the complexity for calculating the electron-electron potential, because the nuclei do
not change the complexity. In Algorithm 3 for calculating the charge information, there are L− 1 steps, and for each
there are η − 1 steps of copying charge information, as well as η steps of adding charges together. The complexity of
the copying or addition is proportional to the number of bits for the charge which is at most ⌈log η⌉. This gives a
complexity of

O(η log η logN) , (24)

where the factor of η is from the iteration over particles, the factor of log η from the arithmetic, and logN from the
number of levels. In addition, the sorting to Morton ordering gives the same contribution to the complexity. This is
because sorting η items with optimal sorting networks requires O(η log η) steps. Each step has complexity O(logN)
because that is the size of the items to be sorted (the particle positions), giving the same complexity as in Eq. (24).

Next we consider the complexity of Algorithm 5 for computing the potential. The contributions to the complexity
are as follows.

1. There are O(logN) sorts to be performed, with each being a sort of η items and therefore having complexity
O(η log η) with optimal sorting networks. The items to be sorted include only the particle positions and the
corresponding box charge for level ℓ, and so is of size O(logN). Note that we only need the charge information
for level ℓ, so do not need to sort the charge information for the other levels at this step. As a result the
complexity of the sorts is

O(η log η log2 N) . (25)

2. We need to use Algorithm 4 to copy the charge information. This is done O(logN) times, and each time there
are η steps with O(log η) information to be copied. As a result the complexity is the same as in Eq. (24).

3. There are O(η logN) steps where we need to calculate the addition to the potential. There are O(1) boxes in the
interaction list, and so Φ(ca, cb) can be determined with a QROM with complexity O(1) Toffolis, or O(log(1/ϵ))
total gates accounting for the precision that the potential is given to. The multiplications by Qk(j, ℓ) and Q(j, ℓ)
have complexity O(log η log(1/ϵ)), and the addition has negligible complexity in comparison. There is also a
check whether the information is from a box in the interaction list, which is based on the coordinate and can be
performed with O(logN) complexity. The error due to the finite size of basis sets scales as O(1/N) [41–47], so
it is reasonable to assume that logN = O(log(1/ϵ)). Then the complexity of the multiplications is larger than
any checks of the box. As a result the total complexity of this part is

O(η log η logN log(1/ϵ)) . (26)

The complexity in Eq. (26) is as large as that in Eq. (25) (taking logN = O(log(1/ϵ))), and larger than that in
Eq. (24), and therefore can be taken as the complexity of the whole procedure.

The leading contributions to the qubits used are as follows.

1. The number of qubits to store the system state is

O(η logN) . (27)
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2. The qubits used for the charge information at all levels is

O(η log η logN) . (28)

This is because there are O(logN) levels, and each uses O(log η) qubits for the charge.

3. There are temporary qubits used for the coherent sorts. Because these record the results of inequality tests, and
there are O(η log η) of these tests, the total number of qubits is

O(η log η) . (29)

The leading contribution to the logical qubits used is O(η log η logN).
More generally, for the multipole expansion, the order needed for precision ϵ isO(log(1/ϵ)). The number of multipole

moments scales as the square of the order, and each needs O(log(1/ϵ)) bits. As a result, rather than just the charge
being given with ⌈log η⌉ bits, the multipole information needs a number of bits O(log3(1/ϵ)). The number of qubits
used can therefore be given as

O(η logN log3(1/ϵ)) . (30)

Similarly, for the calculation of the multipole information rather than charge for each box, the factor of log η can be
replaced with polylog(1/ϵ), giving the complexity of calculating the multipole information for boxes as

O(η logN polylog(1/ϵ)) . (31)

Then for the calculation of the potential, there is a similar complexity, because there are O(η logN) steps where the
multipole information needs to be used to calculate the contribution to the potential.

For the overall complexity, we need to account for the number of Trotter steps as well. This is accounted for in
Ref. [17], which we summarise here. A real-space grid Hamiltonian may be given as

H =
∑
j,k,σ

τj,ka
†
j,σak,σ +

∑
l,m,σ,τ

νl,ma†l,σal,σa
†
m,τam,τ , (32)

where a†j,σ and aj,σ are creation and annihilation operators, {j, k, l,m} are orbital indices, and {σ, τ} are spin indices.

The spectral norm error in a fixed number particle manifold for an order-k product formula Sk(t) can be estimated
as [17] ∥∥Sk(t)− e−itH

∥∥
Wη

= O
(
(∥ν∥1,[η] + ∥τ∥1)k−1 ∥τ∥1 ∥ν∥1,[η] η tk+1

)
, (33)

where the norms are defined as

∥ν∥1,[η] = max
j

max
k1<...<kη

(
|vj,k1

|+ ...+ |vj,kη
|
)
, (34)

∥τ∥1 = max
j

∑
k

|τj,k| . (35)

The number of time steps needed for a product formula of order k is then

O
(
t1+1/k(∥ν∥1,[η] + ∥τ∥1)1−1/k(∥τ∥1 ∥ν∥1,[η] η/ϵ)1/k

)
. (36)

The scaling of the norms is

∥ν∥1,[η] = O
(
η2/3N1/3

Ω1/3

)
, (37)

∥τ∥1 = O
(
N2/3

Ω2/3

)
. (38)

This then gives the number of steps as

O
(
t1+1/k

(
η2/3N1/3

Ω1/3
+

N2/3

Ω2/3

)1−1/k (
η5/3N

Ωϵ

)1/k
)

. (39)
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Since k may be chosen arbitrarily large (though in practice a moderate value will be optimal), we can give the
complexity with 1/k replaced by o(1), which gives

t

(
η2/3N1/3

Ω1/3
+

N2/3

Ω2/3

)(
ηNt

Ωϵ

)o(1)

. (40)

The O is not given for the entire expression, because the fact that this is an asymptotic scaling is accounted for in the
o(1). The factors of logN and polylog(1/ϵ) for the complexity of the FMM calculation can be included with the No(1)

and 1/ϵo(1). Therefore, multiplying by the Toffoli complexity of the FMM calculation gives the Toffoli complexity of
the complete simulation as

t

(
η5/3N1/3

Ω1/3
+

ηN2/3

Ω2/3

)(
ηNt

Ωϵ

)o(1)

, (41)

as given above in Eq. (7). A common assumption to simplify the complexity is the thermodynamic limit, where η ∝ Ω.
This gives the complexity as

t
(
η4/3N1/3 + η1/3N2/3

)(ηNt

ϵ

)o(1)

, (42)

which is the complexity stated in the abstract. In this expression ηo(1) is included because there is a factor of
(η5/3/Ω)1/k in Eq. (39), which gives η2/3k for η ∝ Ω.

VII. CONCLUSION

The need to perform a double sum with complexity O(η2) to compute the potential energy has been a long-standing
bottleneck in simulation of quantum chemistry based on product formulae. The fast multipole method provides a

speedup to Õ(η) in classical computing, but the difficulty in translating the method to quantum algorithms is that it
requires data accesses at positions according to the values in data registers, particularly for the adaptive case. That
would negate the speedup due to the overhead in quantum data access.

Here, we have provided a method to overcome this problem, yielding a quantum algorithm for FMM with complexity
close to linear in the number of particles η. Our method uses a similar principle as the quantum sort, where the data
accesses are made in a fixed sequence of locations. The procedure is considerably more difficult than the quantum
sort, because it is also necessary to access data from boxes in the interaction list.

To overcome that problem, we combined the quantum sort with a set of shifted Morton orderings, in order to
provide a moderate set of sequences which enable access to all boxes in the interaction list. To access this information
we associated box information with each particle, and used a procedure for copying the data from neighbouring boxes.

The result of this advance is that the overall complexity scaling is better than in prior work. For grid-based
approaches, large numbers of grid points (or plane waves) are required in order to provide accurate simulation, such
that N ≫ η. In this limit, the best complexity is achieved by using interaction picture simulation, which provides a
N1/3 scaling [33]. That method however has an additional factor of η3, and so the method presented here has the best
complexity for N < η6, which is the typical range considered for realistic examples. For more comparable methods,
such as the first-quantised product formula approach in Ref. [4], we improve over the complexity by a factor of η (up
to logarithmic factors).

There are still potential improvements to be made in the efficiency of the procedure. For example, redundant
information for all boxes is included by associating box information for each electron register. It is possible that
further improvements could be made by using only a single copy of information for each box (a principle used in
Ref. [15]). There is also redundancy in our usage of multiple Morton orderings, which results in the information from
boxes in the interaction list being accessed multiple times. Potentially, alternatives such as Hilbert orderings [38, 39]
or different shifts in the Morton ordering [40] could provide better performance.

In the future it may also be interesting to use our scheme as a basis for efficient implementations of the split-
operator method for Hamiltonians with more general potentials. The fast multipole method is related to the method
of hierarchical matrices [48], which allows matrix-vector multiplication of general kernel matrices Φ(∥ri − rj∥) of
dimension n in time O(n polylog(n)). While related, the fast multipole does not straightforwardly map onto these
more general methods. In particular, hierarchical matrix methods replace the interaction list with admissible blocks,
which are defined by well-separated pairs of clusters of particles. However, these clusters are not confined to one
level of the hierarchical splitting of the kernel and so require additional arithmetic to avoid overlapping blocks. The
interaction list of a box in our fast multipole scheme can therefore be understood as a subset of the set of admissible
blocks. Future work is required to include such methods in the context of split-operator-based simulation.
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Laplace equation. A generic solution to the Laplace equation can be written as

∞∑
l=0

l∑
m=−l

(
Llm∥ro − rs∥l +Mlm∥ro − rs∥−l−1

)
Ylm(θso, ϕso), (A1)

where rs (ro) is the centroid of a box containing a distribution of source (observer) particles, θso (ϕso) is the polar
(azimuthal) angle of the axis of separation between these boxes, and Ylm are the spherical harmonics. An expansion
of the form in Eq. (A1) in which Llm = 0 (Mlm = 0) is a multipole (local) expansion. In practice, either type of
expansion is truncated beyond some fixed order l = P and thus comprised of (P + 1)2 terms.
Everything in the main text is a special case in which P = 0. In this special case, the multipole expansion coefficient

M00 for each box is the total charge in that box, and the local expansion coefficient L00 for each box is the average
far-field contribution to the potential. Higher-order implementations require machinery for storing and manipulating
higher moments of the charge distribution and potential.

Algorithm 6 provides the details of an order-P implementation of FMM [49]. Relative to Algorithm 1, the new
components of this implementation include

1. (P + 1)2 multipole and local expansion coefficients for each box outside of the leaf level,

2. operators (TMM and TLL) that translate the origins of the multipole and local expansions (respectively) from
the centroid of one box to the centroid of another, and

3. operators (TML) that translate the multipole expansion coefficients about one box into local expansion coeffi-
cients about a box in its interaction list.

The precise details of the various translation operators are one of the primary considerations in an FMM implemen-
tation, and they determine the cost of tree traversal. Generically, they only depend on the structure of the tree and
the form of the potential (Φ), so they do not require any quantum data access and can be classically precomputed.

In the adaptive version of the quantum FMM in the main text, there is a single grid point per leaf-level box. Thus,
there is no need for additional leaf-level storage for order-P quantum FMM because the monopole moments are the
only non-zero moments. However, other levels of the tree will require O((P + 1)2 log(1/ϵ)) qubits per box to store
all of the multipole and local expansion coefficients. The M2M and L2L translation operators (see loops 2 and 3
of Algorithm 6, respectively) will be applied to generate these coefficients. Each translation is in 1 of 8 directions
to the centroid of its parent (or child), with the distances only depending on which of the L − 1 pairs of adjacent
levels are being traversed. Similarly, there are at most 189 unique M2L translations (see loop 3 of Algorithm 6) in
any of the L − 1 levels in which those translations take place. An 8-fold cubic symmetry might also be exploited in
implementations in which the M2L translation operators strictly depend on the distance between centroids (i.e., any
translation can be mapped to an equivalent one in the first octant).

One of the key design choices in an FMM implementation is the manner in which these translation operators are

applied. A näıve classical implementation would require Õ(P4) floating-point operations per translation for dense
translation operators. Early on in the history of FMM, it was realised that translation operators applied using fast

Fourier transforms or in a basis in which they’re diagonal would only require Õ(P2) operations [49]. Achieving this
scaling in practice required mitigating certain numerical instabilities at the cost of additional implementation complex-

ity [50]. Alternatively, formulations based on Cartesian tensors would require Õ(P6) operations for translation, but
could benefit from other design trade-offs (e.g., exact M2M and L2L translation could be used to reduce the effective
size of the interaction list and the number of M2L translations) [51]. It also warrants noting that certain formulations
might require complex arithmetic at intermediate levels, even if the resulting potentials are real. Determining an
approach to translation that is best suited to a practical quantum implementation is left to future work.

Finally, we comment on how the choice of P impacts the overall approximation error in V . The approximation
error in truncating Vi,far beyond order P is bounded from above as

|Vi,far(P → ∞)− Vi,far(P)| ≤
g

Ω1/3

(
1

2P−L+3

)
, (A2)

where this bound comes from a routine application of the triangle inequality between leaf-level boxes in each other’s
interaction lists (i.e., their centroids are separated by at least Ω1/3/2L−2) and g is some O(1) constant that depends on
the underlying charge distribution. Thus, it is evident that P should be O(log(1/ϵ)) to ensure an overall approximation
error that is O(ϵ).
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Algorithm 6: Classical FMM (order P)
Initialise V ← 0
Upward pass
1. for b ∈ BL

for l← 0 to P
for m← −l to l

Initialise Mlm(b)← 0
for j ∈ p(b)

Mlm(b)←Mlm(b) + qj ∥rj − cb∥l Y −m
l (θj , ϕj)

end

end

end

end
2. for ℓ← L− 1 to 3

for b ∈ Bℓ

for l← 0 to P
for m← −l to l

Initialise Mlm(b)← 0
for b′ ∈ C(b)

Mlm(b)←Mlm(b) + TMM (b, b′)Mlm(b′)
end

end

end

end

end
Downward pass
Initialise Llm(0)← 0
3. for ℓ← 2 to L

for b ∈ Bℓ

for l← 0 to P
for m← −l to l

Initialise Llm(b)← 0
for b′ ∈ P (b)

Llm(b)← Llm(b) + TLL(b, b
′)Llm(b′)

end
for b′ ∈ I(b)

Llm(b)← Llm(b) + TML(b, b
′)Mlm(b′)

end

end

end

end

end
4. for b ∈ BL

for i ∈ p(b)
Initialise Vi ← 0
for l← 0 to P

for m← −l to l

Vi ← Vi + ∥ri − cb∥l Y m
l (θi, ϕi)

end

end
for n ∈ NN(b)

for j ∈ p(n), i > j
Vi ← Vi +Φ(ri, rj)qj

end

end
for j ∈ p(b), i > j

Vi ← Vi +Φ(ri, rj)qj
end

end
V ← V + qiVi

end
Return V
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