Mirrored Entanglement Witnesses for Multipartite and High-Dimensional Quantum Systems
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Entanglement witnesses (EWs) are a versatile tool to detect entangled states and characterize
related properties of entanglement in quantum information theory. A witness W corresponds to an
observable satisfying tr [W(Tsep} > 0 for all separable states 0sep; entangled states are detected once
the inequality is violated. Recently, mirrored EWs have been introduced by showing that there exist
non-trivial upper bounds to EWs,

uw > tr[Woep] >0

An upper bound to a witness W signifies the existence of the other one M, called a mirrored EW,
such that W + M = upI ® I. The framework of mirrored EWs shows that a single EW can be even
more useful, as it can detect a larger set of entangled states by lower and upper bounds.

In this work, we develop and investigate mirrored EWs for multipartite qubit states and also for
high-dimensional systems, to find the efficiency and effectiveness of mirrored EWs in detecting
entangled states. We provide mirrored EWs for n-partite GHZ states, graph states such as two-
colorable states, and tripartite bound entangled states. We also show that optimal EWs can be
reflected with each other. For bipartite systems, we present mirrored EWs for existing optimal EWs
and also construct a mirrored pair of optimal EWs in dimension three. Finally, we generalize mirrored
EWs such that a pair of EWs can be connected by another EW, i.e., W + M = K is also an EW. Our
results enhance the capability of EWs to detect a larger set of entangled states in multipartite and

high-dimensional quantum systems.

I. INTRODUCTION

In quantum information processing, each element of
quantum theory is leveraged for various applications [1].
The fact that an unknown quantum state alone cannot be
copied has been a cornerstone of quantum communica-
tion that achieves a higher level of security without rely-
ing on computational assumptions [2, 3]. Measurement-
based quantum computing realizes quantum logic gates
through quantum states and local measurements only
[4]. Quantum dynamics corresponds to quantum logic
gates that enable efficient computation, such as prime-
number factoring or amplitude amplifications [5, 6].
Quantum measurements can also demonstrate probabil-
ities that cannot be achieved by classical systems, such
as contextuality [7, 8] and incompatibility [9], which
are closely connected to Bell nonlocality [10-12]. All of
these phenomena can be used to certify the quantum
properties of systems.

Entanglement is a resource behind the quantum in-
formation applications. The monogamy of entangle-
ment, or the shareability of entangled states, is an-
other statement of the no-cloning theorem [13-15] and
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the precondition for secure quantum communication
[16, 17]. Two-body interactions that can create entangled
states are a key to universal quantum computation [18].
Nonclassical correlations such as Bell nonlocality and
quantum steering certify the presence of entanglement
[19, 20]; they do not occur without entanglement. Note
also that quantum steering is isomorphic to the meas-
urement incompatibility [21].

Therefore, the question lies in verifying entangled
states in practice [22, 23]. Once entangled states are de-
tected, they can be applied to various tasks in quantum
information processing. However, verifying entangled
states remains a challenging task in general. To describe
the problem, let B(#) denote the set of bounded linear
operators on a Hilbert space 7, and S(#) the set of
quantum states; p € S(#) is non-negative and of a unit
trace, tr[p] =1 and p > 0.

On the one hand, let us consider a scenario where a
quantum state p € S(H ® H) may be provided after state
verification, e.g., quantum tomography. The computa-
tional complexity of deciding whether it is entangled
is known as NP-Hard [24]. As a theoretical tool, the
so-called partial transpose was proposed, from which it
follows that the state must be entangled if it is no longer
a quantum state after the partial transpose, i.e., after tak-
ing the transpose on a subsystem only [25, 26]. However,
there are entangled states which remain positive after
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partial transpose (PPT), called PPT entangled states [27].
There have been other theoretical tools, including the
realignment criteria [28], moments of matrices [29], and
symmetric extensions [14, 30, 31].

The precise characterization of entangled states can be
achieved by referring to allowed and disallowed trans-
formations on quantum states [26]. Quantum operations
are generally described by positive (P) and completely
positive (CP) maps on quantum states,

(P): A>0 < Alp] >0, Vp € S(H)
(CP):I®A>0 < I®Al]p] >0, Voe S(HR®H)

Positive but not completely positive maps, which do
not correspond to legitimate quantum operations, can
define entangled states. That is, a state p € S(H ® H) is
entangled if and only if there exists a positive but not
completely positive map such that I® A[p] # 0.

On the other hand, let us consider a scenario where
one attempts to determine whether the state is entangled
or not, even before a quantum state is verified. The scen-
ario may share similarities with the Bell experiment, for
instance the Clauser-Horne-Shimony-Holt inequality
[11]; an expectation value larger than 2 certifies the ex-
istence of entanglement. That is, Bell tests demonstrate
that it is possible to detect the presence of entanglement
from measurements alone, even when these measure-
ments are tomographically incomplete, i.e., before the
quantum state is verified [32].

Entanglement witnesses (EWs) are exactly those ob-
servables that realize the detection of entanglement for
unknown quantum states in general [32, 33]. An EW can
be constructed as a dual to a positive but not completely
positive map A,

W= (I A)[Q],

for some Q > 0. Therefore, EWs characterize the set of
separable states; equivalently, a state p is entangled if
and only if there exists an observable W = W' such that

tr[Wp] < 0 whereas tr[Woiep| > 0 V0sep € Ssep, (1)

where Ssep denotes the set of separable states. Note
also that the detection scheme is given by the relation,
tr[Wp] = tr[Q(I® A)'[p]] where A is not completely
positive. Moreover, an EW can be factorized into local
observables {A;} and {B;}

W = ZCiAi ® B;,
i

for constants {c;} [34]. Thus, EWs are also feasible with
experiments performing local measurements only.

We emphasize that the fundamental structure that
enables EWs to characterize the set of separable states
is the convexity. A convex mixture of separable states

is also separable. An element outside the set, i.e., an
entangled state, can be distinguished by a hyperplane,
which corresponds to an EW. EWs for multipartite sys-
tems can be constructed by exploiting the convexity and
can be used to find a rich structure of multipartite en-
tangled states, such as genuine multipartite entangled
states.

EWs can also be improved [33]. Suppose that for some
€ > 0and P > 0, we have

W =W —eP

is also an EW. Let D}y denote the set of states detected
by an EW W

Dy={peS(H®H) : trf[Wp] <0 }. (2)

It holds that Dy C D,,s. In this case, two EWs can be

compared and we call W' is finer than W. EWs which
cannot be improved anymore, that is, finer than any
other, are called optimal EWs.

A shortcoming of EWs for detecting entangled states
is that EWs are not robust against local unitaries. A
straightforward example is two Bell states |¢pT) =
\% (|00) £ |11)), which are equivalent to local unitaries.

They are equally entangled as they are interconvertible
by local unitaries. It holds that

tr[Wlp™) (9T |] +tr[W|p™)(p7[] >0

since
1
tr | W5(]00)(00] + [11)(11])| > 0.

One can conclude that no EW detects both of them:
at best, an EW detects either of the Bell states. The
shortcoming may also be rephrased as the limitation of
the size Dy for an EW.

Recently, a non-trivial upper bound to an EW has
been presented. For an EW, there exists uyy > 0 such
that

uw > tr [Wasep} >0 v‘Tsep S Ssep (3)

where the upper bound satisfied by all separable states
may be obtained by uy = maxges,,, tr[Wo]. The upper
bound may also be re-expressed by introducing an EW,

tr[M0sep] > 0 Vosep € Ssep (4)

where M = uwl — W. Entangled states detected by
the upper bound in Eq. (3) can be identified by the
detection by a standard EW in Eq. (4), and vice versa;
for an entangled state p, it holds that

uw < tr[Wp| <= tr[Mp] < 0. (5)



Then, since W = uylI — M and the lower bound in Eq.
(3), it holds that

uwl > tr[Mogep| > 0.
Similarly, we have for an entangled state p,
tr[Wp] <0 <= tr[Mp] > upy. (6)

We call W and M mirrored EWs.
Let DV\%I denote the set of states detected by an upper

bound of an EW W and DI(A%) by the lower bound. We
introduce the set of states detected by mirrored EWs,

denoted by D%A ), which is equal to the union,

D\ =D uD. ©)

Note that DI(AL,I) = D](\? from Eq. (5) and DI(,\%) = Dl(é{l)

from Eq. (6). Remarkably, mirrored EWs can detect two

Bell states |¢T); one is by a lower bound, and the other

by an upper bound [35]. Thus, we have from Eq. (2),
Dy =D\ ¢ DM

i.e., a strictly larger set of entangled states can be detec-

ted by mirrored EWs.

We reiterate that implementing mirrored EWs does
not require an additional experimental cost. The experi-
mental setup and measurement data are used to estimate
the expectation value of a single EW with respect to un-
known states. Then, mirrored EWs offer opportunities
to detect entangled states twice, by lower and upper
bounds, whereas a standard one does so once with a
lower bound. Hence, a larget set of entangled states
can be verfied by mirrored EWs, without an extra ex-
perimental effort. Mirrored EWs are also of theoretical
interest. An EW and its upper bound (W, uy) produce
its mirrored one as a non-trivial EW. Equivalently, a pos-
itive but not completely positive map can be generated.

The ultimate usefulness and significance of mirrored
EWs lie in their ability to detect entangled states by up-
per and lower bounds, beyond the standard ones with a
lower bound. To this end, there have been extensive ef-
forts to find mirrored operators of optimal EWs. In fact,
it is highly non-trivial to have optimal EWs after mir-
roring. For two-qubit states, mirroring an optimal EW
does not result in an EW but a quantum state; hence,
the conclusion is drawn that an EW must not be op-
timal to have an EW after mirroring [36]. Numerous
examples in 3 ® 3 and 4 ® 4 systems have shown that
mirroring optimal EWs, one cannot detect PPTES [36].
Non-decomposable EWs can be a mirrored pair of EWs
while none of them is optimal. Remarkably, there is an
instance of a mirrored pair of optimal EWs in 3 ® 3.

In this work, we investigate mirrored EWs for mul-
tipartite and high-dimensional quantum systems. We
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provide a pedagogical review on mirrored EWs and
present the structure of mirrored EWs via structural
physical approximations and general observables. For
multipartite systems, we show mirrored EWs for n-
partite Greenberger—-Horne-Zeilinger (GHZ) states [37],
a class of graph states such as cluster states, and tri-
partite bound entangled states. In all of the cases, EWs
in a mirrored pair are equivalent up to local unitaries,
signifying that two EWs detect distinct sets of entangled
states that are equivalent up to local unitaries. Remark-
ably, we also present a mirrored pair of optimal EWs for
three-qubit states.

For bipartite systems, we provide a fairly comprehens-
ive review on mirrored EWs, including a pair of optimal
EWs in dimension three. We then present a generaliz-
ation of mirrored EWs such that EWs are mirrored via
another EW, not an identity operator. In this case, it is
constructive to mirror optimal EWs with each other, and
they may also detect a fraction of entangled states in
common.

We remark that all of the mirrored pairs of optimal
EWs obtained so far are local unitarily equivalent; that is,
mirrored EWs are particularly useful to verify entangled
states under rotations of local bases. The result resolves
a drawback of standard EWs, which are robust against
noise from interactions with an environment but not for
rotations of local bases.

This work is structured as follows. In Sec. II, we in-
troduce EWs and their properties. The general structure
of mirrored EWs are provided, as well as their relations
ot structural physical approximations. In Sec. III, we
show mirrored EWs for multipartite states and investig-
ate their properties, the separability windows and the
equivalence of local unitaires of mirrored EWs. A pair
of optimal EWs are also provided for three-qubit states.
In Sec. IV, mirroring of optimal EWs is investigated. A
mirrored pair of optimal EWs is shown. In Sec. V, gen-
eralized mirrored EWs are presented. Mirroring EWs
with respect to another EW is shown. In Sec. VI, we
summarize open problems for mirrored EWs, and in Sec.
VII, we discuss and conclude the results.

II. GENERAL PROPERTIES

To begin with, we here summarize notations and ter-
minologies to be used throughout. Let W denote a
standard EW and M its mirrored one. We write Ssep as
a set of separable states. Then, the set of states detected

a witness W with its lower bound is denoted as Dyy or

olie)

Dw =Dy = {p : t[Wp] < 0}



Then, D](Al,l ) denotes the set of states detected by an upper
bound of W,

Dy ={p : tu[Wp] > uw}

where an upper bound uy relies on a given witness.
Then, we also write by D(WM) = DI(AL,I) U D%), i.e., all of
the states detected by both upper and lower bounds of a
witness W.

For multipartite systems, Pauli matrices are denoted
by I, X, Y, and Z. We use the superscript for a label of a
qubit. For instance, we may write a Pauli X gate on the

second qubit among three qubits as IV X213,

A. Entanglement witnesses

We here collect definitions, results, and properties of
EWs. As mentioned above, with connections to positive
but not completely positive maps, we consider bipartite
systems.

Let us begin by describing a general optimality of
EWs. Two EWs W; and W, can be compared by the sets
of states Dy, and Dy, , respectively. W is finer than W,
if Dy, C Dy, similarly to entanglement, which can be
compared by local operations and classical communica-
tion. It follows that a witness

W =W —¢eP (8)

for some € > 0 and P > 0 is finer than W. Once W
cannot be optimized anymore and thus is finer than any
other one, it is called an optimal EW.

The spanning property is useful for finding whether
an EW is optimal [33]. We write by product states | ®
¢x) that vanish on a witness W: (i, ® ¢x|W | @ ¢y) = 0.
Then, we call a witness W has the spanning property if

spanning property : span{|¢y @ px)} = HROH  (9)

and W is optimal. However, the converse is not generally
true. Several examples of EWs satisfying (9) [38—41] (cf.
also review papers [42, 43]). Since the condition (9) is
only sufficient, optimal EWs can be identified without
the spanning property [44].

Then, the properties of EWs follow from the classifica-
tion of positive maps. A positive and completely positive
map is called decomposable if it can be written in terms
of the transpose T such that A = A1 + T o Ap where A
and A, are completely positive. An EW W € B(H ®@ H)
is also called decomposable if

W="r+Ql, (10)

where P,Q > 0 and I' denotes the partial transposition.
An optimal decomposable EW is given W = Q! for some
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Q > 0. Itis clear from the definition that a decomposable
EW is unable to detect PPT entangled states.

EWs detecting PPT entangled states are dual to non-
decomposable (ND) maps; therefore, they are referred
to as ND EWs. Consider an ND EW, denoted by W,
and suppose that it remains an EW after subtracting a
decomposable operator Pp, see Eq. (10)

W =Ww-— ePp (11)

for some € > 0. We call W ND-finer than W since it
detects a larger set of PPT entangled states. An EW
is ND-optimal when no decomposable operator can be
subtracted anymore; it is ND-finer than any other.

NDEWSs can also be described as those EWs which
remain EWs after the partial transpose, i.e. both W and
W' are EWs. It turns out that W is an ND-optimal EW
if and only if W and W are both optimal EWs.

From Egs. (8) and (11), one can also consider an
optimization with some other EWs, i.e.,

/ "
W =W-—-eW

for some ¢ > 0 and and EW W". In other words, a
witness W is a convex combination of other EWs W' and
W". Once the subtraction is not possible, i.e., W' is no
longer an EW, an EW is called extremal. Extremal EWs
are optimal, but optimal EWs are generally not extremal.

B. Mirrored entanglement witnesses

EWs, denoted by W and M, are mirrored with each
other if they are related as follows,

W+M=ul @13 (12)

for some p > 0. Note that y = 2/d? for dimH = d if
EWs are normalized, i.e., tr[W] = tr[M] = 1. Note also
that normalizing EWs has nothing to do with the ability
to detect entangled states: for W and aW for & > 0, it
holds DW = Dle'

Proposition 1. Mirrored EWs detect distinct sets of en-
tangled states, i.e.,

DW N DM = Q. (13)

Proof. From Eq. (12), tr[Wp] + tr[Mp] = 1 for a state p.
This means that if p € Dy we have p ¢ Dy. Similarly, if
p € Dy we have p & Dy. |

From the relation in Eq. (12), non-trivial upper bounds
to mirrored EWs can be found,

p>tr[Wosep] >0 and p > tr[Mosep] >0 (14)

for all separable states 0gep € Ssep. Note that entangled
states detected by the upper bound of a witness W vi-
olate the lower bound of its mirrored one M. Similarly,
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Figure 1. Mirrored EWs for two-qubit states from Examples
1 and 2 are depicted. (Blue) A pair of non-optimal EWs W
and M, are mirrored with each other, see Egs. (15) and (16)
in Example 1. They detect distinct sets of entangled states.
(Red) A mirrored operator to an optimal EW is not an EW, see
Egs. (17) and (18) in Example 2. In both cases, the separability
window is denoted by A = [0,1/2].

entangled states detected by the lower bound of a wit-
ness W do not satisfy the upper bound of its mirrored
one. Thus it holds that,

D) = p{) and DY) = DY

We also recall that all entangled states detected by
upper and lower bounds of a witness W is denoted by

p\y) = p{" u D).

Example 1. An EW for detecting a Bell state |[¢™) can
be constructed as follows,

1 1
= “T—2(xWx@ 1) 7(2)
W 1 (XWX 4z 7z

= T (X"~ 19X )

i~

0 0 0 -1
110 2 -1 0

“2lo0 -1 2 ol (15)
10 0 0

where |p~) = (]01) — [10))/+/2. Note that W is normal-
ized and thus ¥ = 1/2 in Eq. (12) since d = 2. It follows
that

> tr[Wosep] >0 for Guep € Ssep.

N —

It is straightforward to find its mirrored EW,

1 1
- = 2 (x(1)x(2) (1) 7(2)
M 4H+4(X X\ +z\Z )

1 1 _ _

=0+ 5o Xe [ = v X))
2001

~1foo010

=2lo100]” (16)
1002

which detects another Bell state |~ ). Note that EWs
satisfy

W+ M= %II ®L
Similarly, mirrored EWs can be constructed for other
pairs of Bell states.

Example 2. An illuminating example is an optimal EW

W=l T =TT pN) et ()

The mirrored operator can be found from Eq. (12) with
u=1/2,

M= [¢pT)(o*] (18)

which is not an EW. For two-qubit states,

For mirrored EWs, the separability window is defined
as a range between the lower and upper bounds of a
normalized witness W. From Eq. (14), assuming that
a witness W is normalized, the separability window is
given as

separability window : A = [0, u]. (19)

The caveat when computing the separability window is
that although a witness W is normalized, its mirrored
one is not necessarily normalized. One can also reph-
rase the separability window as an upper bound to a
normalized EW.

An optimization of mirrored EWs and the separability
window are related as follows. For a non-optimal EW,
let us apply an optimization,

W =W —eP

for some € > 0 and non-negative operator P > 0. Let
M denote the mirrored operator to W. From Eq. (12), it

follows that W' +eP + M = ul @ L. This means that the
mirrored operator to W' is given by

M = M+ eP



Figure 2. A witness W is optimized by subtracting a positive
operator, and thus W' is finer than W. The consequence is that
its mirror detects a smaller set of entangled states, M is finer
than M, while the separability window is kept constant.

while the separabilty window is kept, i.e.,
WM =ulel

That is, W' is finer than W whereas M is finer than M,,
or vice versa. Hence, while the separability window is
kept, optimization of an EW decreases the capability of
its mirrored EW in detecting entangled states, see Fig. 2.

C. Structural physical approximation

The structural physical approximation (SPA) trans-
forms positive maps into quantum operations. It can be
equivalently formulated as a transformation of EWs to
positive operators, which can be interpreted as quantum
states. For convenience, we here omit the normaliza-
tion of resulting positive operators, although EWs are
normalized, and write the SPA as follows,

SPA: Wi W =W+ plT

with minimal p such that W > 0. The SPA admixes an
identity operator, which is of full rank, to wash out neg-
ative projections of an EW so that the resulting operator
is non-negative for separable states. Since optimal EWs
tightly characterize the set of separable states, SPA of
optimal EWs are closely connected to separable states
[45-47]-

Note that negative projections are used to detect en-
tangled states, while positive ones are used to maintain
non-negative expectation values for separable states; for
a decomposition W = W, — W_ where W4 > 0, a wit-
ness W may detect entangled states with a negative
projection W_.

Let us consider another witness M and utilize its
positive projections for detecting entangled states, i.e.,

— M. We introduce the mirrored SPA as follows,
mSPA: M+ M= -M+qI®T

with a minimal ¢ such that M > 0 Note that SPA and
mSPA can be applied to arbitrary EWs.
We derive interesting relations as follows.

® For an EW, i.e., W = M, one applies the SPA and
the mSPA. It holds that

WH+M=(q+p)IaL

e For two EWs, the SPA~ of one and the mSPA of the
other coincide, i.e., W = M. Then, two EWs are
mirrored with each other

WH+M=(g—pIxL

Note that ¢ > p in general, and thus the separability
window is given by A = [0,4 — p|. Both W and M have
an upper bound y = g — p satisfied by all separable
states.

D. Mirrored EWs as observables: POVM clouds

One of the lessons from mirrored EWs is that it is, in
fact, handy to construct a scheme for verifying entangled
states without referring to positive but not completely
positive maps directly. Let us begin with an arbitrary
observable O € B(H ® H). That is, one can describe
O = Yjjcll; ® IT; with POVM elements {IT;}, {I1;}
and {c;} so that it can be estimated in an experiment.

For an operator O, we compute,

max tr[Oc] and Ip = min tr[Oc] (20)

up =
(TGSSQP Uessep

where it suffices to run the optimization over pure states.
With the bounds above, we construct a detection scheme
with lower and upper bounds satisfied by all separable
states,

up > tr [®Usep] >lp V(Tsep S Ssep-

The detection scheme above is equivalent to that of
mirrored EWs in Eq. (12) by deriving EWs as follows,

W=0-I1pI®l and M=uplIl—0O
which are mirrored with each other since it holds that
W+ M= (up —Ilp)I®I (21)

where 1 = up —Ip > 0. Hence, mirrored EWs are
obtained. We remark that EWs can be constructed with
optimizations in Eq. (20).

Note that the construction of the detection scheme in
Eq. (20) generally applies to resource theories in which
free resources form a convex set [48]. In fact, the derived
mirrored structure in Eq. (21) exploits the only fact that
the set of separable states is convex.



E. EWs for graph states

In this subsection, we summarize graph states, an
important class of multipartite entangled states.

1. Graph states

To introduce graph states, let G = (V, E) denote a
graph consisting of a set V of n vertices and a collection
of edges E connecting pairs of these vertices. For a vertex
i in the graph G, we write its neighbourhood N(i) as
the set of vertices directly connected to the vertex. For a
vertex i, we introduce an operator g;,

— x@ R 7()

JEN(H)

An n-qubit graph state |G) is defined as an eigenstate,
Qi|G) =|G) fori=1,...,n with eigenvalue +1.
The stabilizer of the graph state is defined as,

S(G) = {s;} where 1T s (22)

for a subset of the vertices I;(G). If a generator g ap-
pears in the product defining s;, i.e., k € I;(G), we say
that s; contains gi. It is clear that s; |G) = |G).

An useful property of graph states and their stabilizers
is that the projector onto |G) can be expressed as the
sum of all stabilizer elements:

1 &

Z s = - (23)

Note that the stabilizer S(G) forms a commutative
group and has 2" elements.

2. Two-colorable graph states

Two-coloring of a graph, or a bipartite coloring, is a
way to color the vertices of a graph using two colors,
which we write by red and blue, such that no two adja-
cent vertices share the same color. A graph is considered
two-colorable if such a coloring exists. We now intro-
duce stabilizer projectors, which are in turn employed in
the construction of EWs for two-colorable graph states.

Examples of two-colorable states include one-
dimensional cluster states, two-dimensional cluster
states, n-partite GHZ states, see Fig. 3.

3.  Constructing EWs

For graph states, we consider instances of EWs, called
canonical, alternative, and two-measurement ones.

(@) ®

(©)

Figure 3. Examples of two-colorable graph states are shown:
(a) a one-dimensional cluster state and (b) a two-dimensional
cluster state (c) a GHZ state.

Suppose that one wants to construct an EW for de-
tecting a particular n-partite entangled state |¢). A
straightforward construction may be found as follows,

) (¢l

where & may be computed such that an EW is non-
negative for all separable states. For instance, graph
states |G), which are genuinely multipartite entangled,
have &« > 1/2. An EW constructed in this manner is
called a canonical EW. For an n-partite stabilizer state,
we also have « > 1/2. EWs can be expressed in terms
of generators [49],

W =al®" —

) ' B 1 on n H@Tl + g
canonical EW : W, = 5 " — 111 —5 (24)

Note that an EW above can be estimated by measure-
ments on 2" — 1 stabilizers.

Measurement settings can be reduced in EWs in the
following [49-51]:

alternative EW : W, = Z 8, (25)

which are called alternative EWs. These can detect genu-
inely multipartite entangled states. An alternative EW
can be estimated by measurements on 1 generators.

For 2-colorable graph states, two-measurement EWs
can be defined as follows [49],

two — measurement EWs :

3 I®" +g; "+
WszEII@”—H%—H c—C
red i blue i

/(26)

where the vertices are colored in two different colors,
red and blue, corresponding to two measurement



settings. For example, two-measurement EWs for GHZ
states can be computed by measuring X on each qubit
and Z again on each qubit, e, XV @ X? © ... @ X
and ZW @ z@ @ ... zM,

III. MULTIPARTITE SYSTEMS

In this section, we construct mirrored EWs for multi-
partite quantum systems and investigate their properties.
We consider various mirrored EWs for graph states and
compare their separability windows. We also present a
mirrored pair of optimal EWs for three-qubit states.

A. n-partite GHZ states

Let us begin with n-partite GHZ states, denoted by

IGHZ,) = % (|o>®” T |1>®”) . (27)

which are also instances of two-colorable states. An n-
partite GHZ state is stabilized by the following set of
generators:

g1 = xMWx@ ... x") and g = (i) 7(i+1)

fori =2,---,n—1. Note that g |GHZ,) = |GHZ,) for
all generators g. Thus, it also follows that

GHZ,)(GHZ| = [ | (11®"2+g1> . (28)
i=1

The projection onto a GHZ state is uniquely determined

by generators. In what follows, we derive mirrored EWs
for n-partite states and compare separability windows.

1. Mirrored EWs

Firstly, we derive a mirrored EW for the canonical one
from Eq. (24),

1 1 o
W, = m <2]I " GHZH><GHZn|> ’
M, = |GHZ,)GHZy,|,

where the mirrored operator is not an EW. Note that a
witness W is normalized. The separability window is
computed as A = [0, .| where

1
Ue = o’ (29)

which quickly converges to 0 as n tends to be large.

Secondly, let us consider alternative EWs from Eq. (25)
and compute their mirrored EWs

1

1 n
- ®n _ .
> <H n—lgg’>' and
1 ® 1 1
M, 2’1<Hn+n_12gi>;

i=1

Wg -

One can find that the mirrored one M detects GHZ states
equivalent to the state in Eq. (27) up to local unitaries,

1
V2

where x = 1 if nn is even and x = 0 otherwise, and
@ denotes the bitvyise addition. Note that two states
|GHZ,) and |GHZ,,) are connected by local unitaries,

‘GHZ,(f)>= (101010 - - x) — [10101-- - (x & 1)))  (30)

IVeY? ... YD o1 forn odd

and IWeY?®...01" Y oY® forn even.

Since a witness W is normalized, we have a separability
window A = [0, u,] where

1
Pa = 5n—1 (31)

which approaches zero rapidly as n increases.
Thirdly, we compute mirrored operators for two-
measurement EWs, see Eq. (26)

_o_ b (Ben I 4sn (I A
Wo,, = T (211 5 ,ll > , and
1 en +&1 L + gi
M P—
2m 2”_1+2 ( ) +ZI;£ 2

where the mirrored operator is positive semidefinite.
Note that a witness W is normalized and thus the separ-
abilty is computed as Ay, = [0, pi2,,] where

3 1
ﬂ2m—§'2n7

> (32)

which quickly converges to zero as n tends to be large.

2. Comparison of the separability window

Mirrored EWs with a smaller separability window
may detect a larger set of entangled states. Three types of
EWs above can be compared in terms of the separability
window. From Egs. (29), (31), and (32). Overall, the
separability windows satisfy the hierarchy

Ac S A2m S ALZ/ (33)

where the equality holds for n = 2, see Fig. 4.
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Figure 4. Separability windows of mirrored EWs are compared,
see Eq. (33). An optimal EW having its mirror as a positive
operator has the smallest separability window (red). Two-
measurement (green) and alternative (blue) EWs, which are
not optimal, have larger separability windows, Ay, < A,. Note
that a mirrored pair of EWs can be constructed for alternative
EWs. Two alternative EWs in a mirrored pair are equivalent
up to local unitaries.
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Figure 5. Negative expectation values show the robustness of
EWs against noise on quantum systems, see the comparisons

in Egs. (34), (35), and (36).

3. Mirrored EWs against local unitaries

Noise on quantum systems generally decreases the
entanglement existing in a quantum state. It can be
classified into i) noise due to interaction with an envir-
onment and ii) unwanted changes of local basis. The
former decreases the purity of quantum states, so does
entanglement. The latter, however, keeps the entangle-
ment. Nonetheless, EWs are robust to noise in the first
type but not the latter one, to which mirrored EWs
provide a partial solution.

The canonical witness W, cannot detect a GHZ state
in Eq. (30). Instead, one can take an alternative EW,
W,, in Eq. (25). Estimating an alternative EW also
finds its mirrored EW, which can detect GHZ state in
a different local basis in Eq. (30). That is, we have a

limited capability with a canonical EW,

GHZ, € Dy, but GHZ{" ¢ Dy,

whereas mirrored EWs exploiting both upper and lower
bounds can detect a larger set of entangled states,

upW

GHZ,, GHZ" € Dy uD}.

Wa
Therefore, mirrored EWs offer a strategy of detecting
entangled states under rotations of local unitaries. The
advantage makes them more suitable for practical en-
tanglement detection in the presence of local unitary
noise.

Note also that alternative and two-measurement EWs
having non-trivial mirrored operators are less robust
against noise due to unwanted interactions with the
environment. For an n-partite GHZ state in Eq. (27), we
have

tr[W;|GHZ,)(GHZ,|| = (34)

2n -2
which means that W, provides a negative expectation

value up to a noise fraction less than (2" —1)~1. We also
find that

tr[Wa|GHZ,, ) (GHZ,|] (35)

(n —_1)2”
1

and tr[Wo,|GHZ,)(GHZ,|] = ﬁ

(36)
which shows that the other EWs can tolerate smaller

fractions of noise, see Fig. 5. It is also straightforward to
find that

-1

which is equal to Eq. (35).

B. EWs for graph states

So far, we have found that alternative EWs are useful
to construct mirrored EWs. We further develop mir-
roring alternative EWs to detect graph states and, in
particular, focus on alternative EWs for two-colorable
graph states such as cluster states. Let |G) denote an n-
qubit graph state {g;}" ; generators, a product of Pauli
operators X and Z. An EW for a graph state |G) is given
as follows [52]

W=(n-1)I" -} g (37)
i=1

Note that an EW above can detect genuinely entangled
multipartite states [52, 53].



We obtained its mirrored EW as follows,

M=(n-1)T%" +Y g G9)
i=1

The separability window is given by A = [0,2!7"]. In
what follows, we show that EWs in Eqs. (37) and (38)
are connected by local unitaries. Therfore, entangled
states detected by them are local unitarily equivalent.

Proposition 2. Mirrored alternative EWs in Eqs. (37)
and (38) are equivalent up to local unitaries.

Proof. Let G = (V,E) be a two-colorable graph on n
vertices. We write by subsets of vertices

Veven = {1 eV | |N(l)| is even},
Vodd = {l eV | |N(l)| is Odd}

and also introduce local unitaries U as follows,

u= < 0% Y<">> o @ xV (39)
ic Veven j€ Vodd

A generator is given as

Qi = x@® (% 7).
JEN()

Note that YZYt = —Z and XZX' = —Z. It holds that
ugu' = —g;,

and consequently we have UWUT = M. u

(a) )

Figure 6. Instances of 2-colorable graph states are shown, (a) a
linear cluster state and (b) a GHZ state.

Let us present mirrored EWs for instances of graph
states. Firstly, we consider linear cluster states |C), for
which generators are given by, is given by:

10

From Eq. (39), mirrored EWs are connected by a local
unitary transform U,

n—1
Ue = XM g x(m ® y &)
k=2

Hence, an alternative EW detects a cluster state |C) and
then its mirrored Ew does its local unitarily equivalent
state, Uc|C).

For instance, for four qubits, generators are given by

g1 = xVz®@) gzzz(l)x(2)z(3),
g3 = 7Z@xB)z*)  and g4zz(3)x(4).

from which mirrored EWs are constructed,

W = 31% — (g1 + g+ 93+ 84),
and M = 3H®4+(g1 +8+83+84) (40)

and they are connected by a local unitary transform,
xMy@)y®) x4

For a four-qubit cluster state |C4), which can be ex-
pressed as follows,

HYHW |¢;) = 1(]0000) + [0011) + [1100) — [1111)),

where H denotes a Hadamard gate, its mirrored EW
detects a local unitarily equivalent one,

HOUH® x1)y@2)yE) x4 |Cy)
= %(\1001) —|0101) — |1010) — |0110)).

Hence, we have presented mirrored EWs in Eq. (40)
detecting local unitarily equivalent cluster states.
Secondly, let us revisit alternative EWs for n-qubit
GHZ states and show local unitaries explicitly. For in-
stance, for n = 3, EWs are constructed as follows,

W = 21®3 _ (X(l)X(Z)X(3) +7zMW7(2) 4 Z(Z)Z(3)),
M = 21%3 4+ (X(l)X(Z)X(3) +7zMz2) 4 Z(Z)Z(3)),

where two EWs are related by a local unitary transform,
7MW y(2) 7).

We have shown that mirrored EWs connected by local
unitaries detect entangled states which are local unitarily
equivalent.

C. Mirrored pair of optimal EWs

In this section, we explore the existence of a pair of
optimal EWs in multipartite systems. In particular, we
present mirrored pairs of optimal EWs, each of which
detects PPT entangled states.



1. Optimality of mirrored EWs

We begin by examining the optimality of mirrored
EWs in a special class of operators known as X-shaped
EWs. For n qubits, let i denote a bitstring of length #,
indexing basis elements. A Hermitian operator W acting
on n qubits is said to be X-shaped if its non-zero matrix
entries W;; satisfy

Wij #0 only when i=j or i=j,
where j is the bitwise complement of j, i.e., j =j® 1. An
X-shaped Hermitian operator can be typically put in the

following matrix form

51 U
52 2%

Szn—] uzn—]

azn—l tzn—l

i 1)
i f

Let us recall results from [54] for the optimality of X-
shaped EWs.

Theorem 1. Let W be an X-shaped n-qubit genuine EW.
The following statements are equivalent:

(i) W is an optimal genuine EW;
(if) W satisfies the spanning property;

(iii) There exists a bitstring i and a real number r > 0
such that:

* Wi =W;;=0and ’Wij| =
* For every j # i, one has \/W = r and
Wij =0.

An example of an optimal genuine EW for a three-
qubit system is given by the following matrix:

elt

Wopt - . . . . 1

e~

It can be readily verified that this matrix satisfies all the
conditions stated in the theorem. Its mirror is given as

Mopt = ,B]I - Wopt
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where § > max {s;, 1/si}?:2 > 1 to ensure M,y is non-
negative for product states. Then we see that Mopt is
actually positive. We can make generalize this observa-
tion in the following proposition:

Proposition 3. Let W be a multiqubit X-shaped genuine
EW satisfying W + M = al for some a > 0. If W is
optimal, then the mirror operator M is positive semidef-
inite.

Proof. Let W be an X-shaped optimal genuine EW with
i as specified in (iii). By definition, the only nonzero
off-diagonal elements of W occur at positions (i,i) and
(1,i). We define the corresponding mirror operator M

by
M = al — W.

This operator retains the X-shaped structure of W and
has off-diagonal elements
M;; = —re'?, M;; = —re

for some real number r € R and angle 6 € [0,27).
To determine whether M is positive, we examine its
submatrices. For any bitstring j # i, the corresponding

off-diagonal entry vanishes, i.e., M;; = 0. The diagonal
entries are given by

Mjj=a=Wj,  Myj=a—Wj.
These are non-negative provided that « is greater than
or equal to the largest diagonal entry of W. Due to

condition (iii), we have , /W;; W]’,i = r, meaning that at

least one of the diagonal entries must be no less than .
Therefore, choosing & > r shows the non-negativity of
these entries.

Now consider the 2 x 2 principal submatrix corres-
ponding to indices i and i:

o —ret®
—re”0 g ’

which has eigenvalues
Ar =atr.

Both eigenvalues are non-negative for & > r, implying
that this submatrix is positive semi-definite. As a diag-
onal entry M;; is always positive for any bitstring j # i,
the operator M itself is positive. This establishes that,
for any optimal X-shaped genuine EW W, its mirror
M = all — W is positive semi-definite. |



Figure 7. Three-qubit entangled states have an onion structure
[55], where B denotes the set of bi-separable states. Three-qubit
EWs in Egs. (41) and (42)) are optimal and detect entangled
states which are PPT in all bipartite splittings. Optimal three-
qubit EWs can be mirrored with each other.

2. A pair of optimal mirrored witnesses detecting PPT states in
three-qubit systems

We present a family of pairs of optimal mirrored EWs
in three-qubit systems. We first consider the following
class of three-qubit X-shaped density matrices:

Sl . . . . . . ul

0 o 1 : : 54 Uy
= —
PP Z?:1(5i+ti)

which is PPT in all bipartite splittings [55, 56] if

s;,t; >0 and
luil <1

sit; =1,
foralli=1,...,4.
Note that the state above reproduces a family of PPT
states previously studied in [55, 57, 58].
Let us consider an EW that detects PPT states above,
Wlip, ip, i3] = 1%% —zWz@7z0G) _ (—1)aix1) x((2) x©)
f(fl)izx(l)y(z)y@) _ (,1)i3y(1)x(2)y(3)
—(—1)titiatly )y () (), (41)

which has been studied in [56]. We compute its mirrored
operator,

193 + zZWz@7G) 4 (—1)aix1) x(2) x©)

H(~1)XxVY@YO) 4 ()Y x@yO)
4 (=1)irtiztistly (D y@) x(3), (42)

M[ill i2/ 13] =

12

In what follows, we summarize the properties of two
EWs.

Firstly, two EWs are equivalent up to local unitaries
y(123) .— y(D)y@)y@).

Mlir, ia, i3] = YU Wi, i, ig] (Y 122))T
More generally, it holds that
Wi, iy, i3] = UWliy, ip,i3]U", and
MLi, iy, is] = UM(i, ip, i3]U",
for some local unitary U, e.g.,

w1,1,1] = (zMz@zB))yw(o,0,0] (zNzB zC)1,
M[1,1,1] = (zMz@ z®)) M(o,0,0] (222 zB))t,

A complete characterization of the local equivalences
between witness operators is detailed in the Appendix.

Secondly, both EWs are optimal from the spanning
property [56]. For instance, W[0, 0, 0] has the following
eight product states, all of which yield zero expectation
values:

|000), [011), [101), [110),
[ +++) =) [ —+=) [ ——+).

That is, the spanning property is fulfilled. Since two
EWs are equivalent up to local unitaries, the spanning
property also holds.

Therefore, the EWs can detect entangled states that
remain positive under partial transposition with respect
to all bipartite splittings. We show that they detect PPT
entangled states studied in [55, 57, 58].

e An EW WJ0,1,0] detects a known class of three-
qubit bound entangled states in Refs. [55, 57],

1] . - . . .
pluyz)=o1t 00 o

with parameters x,y,z > 0andv =2+ x+y+z+
x 1 +y~1 +2z7! We can see that p(x,y,z) above
can be reproduced by pppt in Eq. (61). The state
is thus positive under partial transposition with
respect to all bipartitions whenever x,y,z > 0. We
have

2(x+y+z'-3)

tr [W[0,1,0] p] = - ,




which becomes negative when 0 < x,y < 1 and
z > 1. This shows that p is a PPT-entangled state.

d Note also that the locally Pauli-conjugated state
Y(123) 5 (x,y, z) (Y2
can be detected by the mirrored one
M[0,1,0] = YO®IW[0,1,0](Y(12)F, 43)

Both the witness W[0,1,0] and its mirrored EW
M]J0,1,0] detect bound entangled states in Ref.

[55].

An EW W(1,1,0] detects another known class of
three-qubit bound entangled states in Ref. [58]

p(b,c) =

6+b+c

with parameters b,c¢ > 0 such that bc > 1. It is
straightforward to check that p(b, c) can be repro-
duced by pppt in Eq. (61). The state is thus positive
under partial transposition with respect to all bi-
partitions whenever bc = 1.

The witness W([1,1,0] detects this PPT entangled
state for a range of parameters. Specifically, we
compute

2(c—3)

tr [WILL,0p(b 0)] = 3%

which is negative for all 0 < ¢ < 3, thus confirm-
ing it is a PPT-entangled state. The calculation is
detailed in the Appendix.

Furthermore, the locally Pauli-conjugated state is
given,
(Y(l23) )P (b, C) (Y(123) )1‘

T |
1 e e 1

e |
6+b+c|- - - 1b
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Due to the equivalence by local unitaries, a state
above is also PPT in all bipartite splittings. Note
that

M[1,1,0] = (YIZ)w1,1,0] (Y12,
and therefore, for 0 < ¢ < 3,
tr [M[1,1,0)(Y12))o(b, c) (Y1) ]
= tr [W[1,1,0]p(b,c)] <O,

Hence, both EWs, W([1,1,0] and M[1,1,0], detect
the PPT entangled states.

IV. BIPARTITE SYSTEMS: OPTIMALITY

In this section, we investigate mirrored EWs for bi-
partite systems n ® n that contain symmetries, such as
Bell diagonal and covariant with respect to a maximal
commutative subgroup of the unitary group U(n).

Let us summarize the construction of EWs, and then
discuss the properties of their mirrored ones. A Weyl
operator U, can be defined as [59, 60]

Upl£) = w™*|€+K) (mod ), (44)
with w = e2Ti/n,
follows

Weyl operators satisfy relations as

k:
UeUrs = 0 Ukyrrs, Ugp = U e,
U;E = wkzu,k/,g, and tr [ngu;rs] = 10y, 05

where addition and subtraction are in modulo n. The
generalized Bell states are denoted by

[re) = T @ Ue|ipoo), (45)

where |¢go) = 1//n Z;{‘;& |kk). A Bell-diagonal oper-
ator can be written as X = ZZZ;O X Py, with Py =
|ke) (Wre|- Let us consider a maximal commutative sub-
group of a unitary group U(n)

n—1
Tn)={UecUn)|U= ];)e“i’ﬂk) (k| }.

with ¢ € R. Moreover, a bipartite operator X is said to
be T ® T*-covariant whenever

UUX(UeUu)t =X, (46)

for any U € T(n). Then, any covariant operator has the
following structure

n—1 n—1

X =Y Aglk)(kl@]0){f|+ Y Bulk)({|® k),
k=0 kAT=0

with complex parameters Ay, and By,. Note that for
such operators the Hermitian matrix Ay, is circulant, i.e.
Ay = ap_y for some real vector (ag,a1,...,a,_1) and
By is a constant, i.e. By = B € R.

(47)



Proposition 1. [61] A symmetric operator in the following
isan EW,

n—1 n—1

W= Y alk)(kl@ |0 = 3 k)@ k), 48)

k(=0 kA0=0
when a circulant matrix Ay, satisfies the following constraints

ag+ar+... 4, =n-1, (49)

and AAT =T+ (n — 2)J where Ji, = 1.

A. EWsin3®3

Let us consider a class of EWs that generalize the
well-known Choi EWs [62]

2
Wia, b, ] 2[ ity (ii| + b |i,i+1)(i,i + 1

+ cli,i+2) zz+2\} Y lii)(jjl ~ (50)
7

with parameters a,b, c > 0 satisfying
*g+b+c>2, and
e ifa<1,thenbc> (1- a)z.

The well-known Choi EWs are intances, W([1,1,0] or
WI1,0,1] [63-65]. Choi EWs are extremal [66, 67] and
hence also optimal. Note, however, that though being
optimal, Choi EWs do not satisfy the spanning property
[38, 68]. Note that W(a, b, c| are optimal when

a+b+c=2 and a®>+b*+c* =2,

if and only if a € [0,1], and extremal if and only if a €
(0,1] [69, 70]). Note also that W(a, b, c| is decomposable
onlyif b =c=1.

Let us introduce parameterization as follows,

g(l +cos¢p), b= %(2—cos<p— V3sing),

c = 1(2—cos<,b—i— V3sing),

3 (51)

that is, one has a 1-parameter family of EWs W(¢) for
¢ € [0,2m). W(rr/3) and W(57/3) correspond to a
pair of Choi witnesses and W(7) corresponds to EW
defined via the reduction map. W(¢) is optimal iff
¢ € [t/3,51/3].

Then, mirrored operators are characterized as follows.

Proposition 2. Mirrored operators to EWs in Eq. (50) are
positive, i.e., which can be interpreted as quantum states, for
a € [0,1/3] and decomposable EWs for a € (1/3,4/3].
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p=m

Figure 8. EWs in Eq. (50) are optimal for ¢ € [71/3,57/3], see
the parameterization in Eq. (51). For (A) and (G), EWs are not
optimal. For (D), i.e., ¢ = 7, the EW is decomposable and not
optimal, and its mirror is positive semidefinite. For (B) and (F),
EWs are non-decomposable and optimal and their mirrored
operators are decomposable EWs. For (C) and (E), EWs are
non-decomposable and optimal, and their mirrored operators
are positive definite.

B. EWsin4d®4

For n = 4, we consider instances of EWs in Eq. (48)
with four parameters [71]

3
Wla,b,c,d] Z[ i) (ii| +bli, i +1){i,i +1]

teliyi+2)(,i+2] +d\z‘,i+3><i,i+3|}
= 2 i) Gl
i#]
with a,b,¢c,d > 0 satisfying
at+b+ctd = a>+ b0+ +d> =3,
ac+bd =1, (a+c)(b+d) =2
There are two solutions to the above set of equations

[71]. From four parameters and four equations, we have
two variables, called classes I and II:

b+d=1
b+d=2

(53)

I: a+c=2,
II: a+c=1,

EWs from class I are not optimal, whereas those from
class II are optimal [71].

1. Classs I: non-optimal non-decomposable EWs

EWs may expressed by a single parameter 6,

1 1
a = E(Z—s'm@) , b= E(l—i—cos@),

c =2—-a,and d=1-0, (54)

(52)
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In particular, W(0) = WJ1,1,1,0] and W(r) =
WI1,0,1,1] are Choi-like EWs, and M %%
s 1131 —
W(E) [E/ E/ Er E]

is the only decomposable EW in the class. The mirrored
operator is computed for a witness W(0) = W[1,1,1,0],
S, sep

M[1,1,1,0] = %114 214 — W1,1,1,0].

The mirrored operator can detect PPT entangled states

in the following, Figure 9. A pair of optimal EWs in Egs. (57) can be mirrored

with each other. Both are also non-decomposable. Two EWs
[3 |it) (ii| + x |i,i +1)(i,i + 1| + |i,i +2)(i,i +2| are related by local unitaries.

e

Px &
0

|i,i+ 3) 11+3|} Y lid) (jjl (55)
i#]

which is PPT for x > 0. It follows that

+

Rl

tr[M[1,1,1,0]p,] = %(ﬁ —5x +4),

are optimal, non-decomposable, and equivalent up to
local unitaries. We here summarize the pair of optimal
non-decomposable EWs.

which is negative for x € (1,4). Hence, the mirrored
operator M[1,1,1,0] is a non-decomposable EW.

We have shown that a pair of non-decomposable EWs
can be mirrored with each other.

Firstly, two EWs in the following are non-

2. Class II: optimal non-decomposable EWs decomposable,

We introduce a parameterization as follows:

I\)\H

%(1+c039) ,b==-(2—sin@),

c=1—-a,d=2-0, (56)

a =

with 6 € [0,71]. For & = 0 and § = 71, EWs are de- - -
composable. Otherwise, i.e., 6 € (0,7), they are non- N ' '
decomposable and optimal. o 3 B 5 I )

It turns out that mirrored operators are positive semi-
definite for EWs with 6 € (71/2, ) and decomposable
EWs for 6 €€ (0, 71/2). Hence, for optimal EWs in class
II, their mirrored operators cannot be non-decomposable,
i.e., either decomposable EWs or positive semidefinite

[72]. 1 : 1

C. Mirrored pair of optimal non-decomposable EWs 1 e 202 .

So far, we have considered mirrored operators of non- o211 e 2
decomposable EWs and found that the mirrored ones are and M = | -1 - |- 4 |- - -1 (57)
not EWs detecting PPT entangled states; they are either -2 - 12 -
decomposable EWs or positive semidefinite operators. -2 021
Recently, an intriguing instance of mirrored EWs has o202 - 1
been presented in 3 ® 3 systems [72], where both EWs -1 - /- =1 -] - 4




as they detect PPT entangled states as follows,

3 .
A T R T I
N O
1 101 - - 1 -
oW = 15 a3 ] and
1 S 1)1
T -] - 11
111 - .. 1 -
I .. -3
1 1 - 17
2 S o1 -1
2 |1-1 - - -1
1 —1| 2 -1
oM = 15 1 S 11,
-1 2 -1
] . . 1] 2
“1=1 . . )
1 S 1]
such that
2
tr[Wow] = tr[Mpm] = —%.

Note that EWs in Eq. (57) are constructed from positive
maps via depolarization with mutually unbiased bases
[72].

Both EWs in Eq. (57) are optimal as they fulfill the
spanning property. In this case, it also holds that they
are connected by local unitaries

M=UUwWu'eu**

where

1 w

w 1 (58)
w w

and w = exp[27i/3].

V. BIPARTITE SYSTEMS: GENERALIZATION

We here generalize mirrored EWs in Eq. (12) such
that they are connected by some other observable, not
an identity,

W+M=K, (59)

where it follows that KK block-positive, i.e., it is nonneg-
ative for all separable states since W and M are EWs.
Generalized mirrored EWs allow one to approach the
following problems. Firstly, a pair of EWs may be con-
structed to detect a larger set of entangled states such
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Figure 10. Entangled states (A) and (C) are detected by a
witness W and its mirrored one M, respectively, where both
EWs are non-decomposable and optimal. Both EWs detect an
entangled state (B) in common, see Eq. (60), and W + M also
defines an EW, see Eq. (59).

Mopt

that there may be entangled states detected by both EWs
in common, i.e.,

Dw N Dy # Q. (60)

Secondly, one may attempt to characterize non-extremal
EWSs composed of optimal EWs and construct EWs that
are efficient in the detection of entangled states.

Let us exploit EWs of class II in Eq. (52), which are
optimal and non-decomposable EWs. We then apply a
Weyl operator Uj to construct its generalized mirrored
one

M = (I U)W(I® Uy)".

Note that two EWs, W and M, are unitarily equivalent;
hence, both are optimal and non-decomposable, and the
two sets Dy and Dy, are unitarily equivalent.

A witness W detects a family of PPT entangled states

px in Eq. (55) since,

tr[Wox] = a+bx+c+%f3
1
= b(x—l)—l—d(x—l),

which is negative for

o5 (b d—[b—d]) <x < op (b+d+[b—d]).
We have tr[Wpy] < 0 for b # d. Since W and
M are wunitarily equivalent, M detects entangled
states(I @ U )px(I ® U]-k)+, which are PPT; M is non-
decomposable.

With two optimal EWs, we construct an operator

K =W+ (I®Ux)W(I® Uy)".



It is clear that IK is non-negative for all separable states.
Let us consider an entangled state

T = 5 (Poo + Pj1)

N —

where Py = |¢y) (Y| in Eq. (45). Note that the state
above does not remain positive after the partial trans-
pose. From the parametrization of a,b,c,d in Eq. (56),

tr[Wt] = —(cosf —sinf — 3),

NN

and tr[Mt] = —(cos@+sinf —3),
both of which are negative. By construction, it follows
that

tr[Kt] = tr[Wt] + tr[M71] <0,

and each one W and M detects entangled states T in
common, see Fig. 10. Hence, we have shown that optimal
and non-decomposable EWs can be mirrored with each
other by another EW.

VI. OPEN PROBLEMS

Mirrored EWs pave the pathway to increasing the use-
fulness of an experimental realization of EWs. Once an
EW is estimated, the estimation can be exploited to de-
tect distinct types of entangled states. Our results open
an avenue to develop EWs with intriguing questions in
the following.

1. For bipartite systems, we have found that for two-
qubit states, optimal EWs cannot be mirrored with
each other. Then, a mirrored pair of optimal EWs
have been obtained for systems 3 ® 3. However,
the result in systems 3 ® 3 cannot be extended to
higher-dimensional systems [72]. It remains open
to find if a mirrored pair of optimal EWs exists
for higher dimensions, in particular, the covariant
Bell-diagonal EWs.

2. Optimal EWs can be mirrored via another EW, as
shown in Eq. (59). Since optimal EWs are generally
not extremal yet, it remains unanswered whether
a pair of optimal EWs can be mirrored through
another optimal EWs.

3. Mutually unbiased bases (MUBs) are a measure-
ment setting for quantum state verification. They
can also be used for constructing EWs [73, 74], in
which extendible and unextendible MUBs, which
are inequivalent, provide different efficiencies in
detecting entangled states. For practical applica-
tions, it would be interesting to find mirrored EWs
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for EWs constructed from MUBs and investigate
how efficient a subset of MUBs is in entanglement
detection before a quantum state is fully verified.

4. Throughout, we have investigated mirrored linear
EWs. In future directions, it is worth investigating
the properties of mirrored nonlinear EWs.

5. All instances provided here about mirrored pairs
of optimal EWs satisfy the equivalence up to local
unitaries. That is, mirrored EWs detect distinct
sets of entangled states in which states of one set
can be transformed the others by local untaries. It
remains open if there could be a mirrored pair of
optimal EWs that cannot be transformed by local
unitaries.

VII. CONCLUSION

In conclusion, we have developed mirrored EWs for
multipartite and high-dimensional quantum systems.
For multipartite systems, we have investigated mirrored
EWs for n-partite GHZ states, graph states, and mul-
tipartite bound entangled states. A mirrored pair of
optimal EWs is also shown for three-qubit systems. For
bipartite systems, we have considered mirroring for exist-
ing optimal EWs and found that the resulting mirrored
ones are either decomposable EWs or positive semidefin-
ite. A mirrored pair of optimal EWs is then constructed
in a three-dimensional bipartite system. Hence, we have
shown that mirrored pairs of optimal EWs, which do not
exist for two-qubit states, appear in higher dimensions
and multipartite systems. The framework of mirrored
EWs has been generalized by taking an EW, not an iden-
tity, to which two EWs are mirrored with each other. Our
results shed new light on the theory of EWs and also
on the efficient detection of entangled states in practical
scenarios.

Our results are readily applied to realistic scenarios
of quantum communication, e.g., fibre-optic commu-
nication, where rotations of local bases of qubit states
are a critical source of errors. Entanglement is also a
precondition in secure quantum communication [16, 17].
Mirrored pairs of EWs considered in the present work,
when both are EWs, are connected by local unitaries.
Consequently, entangled states detected by each EW of
a pair are local unitarily equivalent. Therefore, mirrored
EWs are robust against the noise from rotations of local
bases. We envisage that mirrored EWs can enhance the
detection of entangled states in realistic entanglement-
based quantum communication protocols.



APPENDIX
A. Local equivalences of Wiy, iy, i3]
As stated earlier, two different EWs W(iy, ip, i3] and

Wi}, 5, i5] from Eq. (41) are locally equivalent. More pre-
cisely, one W[i}, ij,i4] is given by the Pauli-conjugated
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The coefficients r;j are given by

operator:

W[llll 1/2/ lé] = uw[lll i2/ 13] U+/

where U is a local unitary, a product of Pauli matrices.

Specifically,

wi1,1,1] = (zMz@zBG)ywio,0,0] (zM 2@ zG)*
Ww1,1,0] = (zMWx@ x®)ywlo,0,0] (zMx2 xG)H*
Ww1,0,1] = (XMW z@ xG)ywlo,0,0] (x(Vz2 xG)*
WI1,0,0] = (X x®@zE))w(o,0,0] (xVx2 zE)*
wio,1,1] = (YWy@ 1))y wio,0,0] (YD y@1G)*
wo,1,0] = (YW1 Y@y w(o,0,0] (y(l) @)y @)yt
w[0,0,1] = (IMyY®y®)ywio,0,0] (1M Y@ yG)H*

The same applies to M[iy, ip, i3].

B. Calculations for detecting pppt

We provide details of coefficients of p, introduced

in (61),

Sl . . . . . . ul
Sy - . . - Uy
53 - ]
1 . . © S4 Uy
Z?:l (Si + ti) c s g Iy
. i3 - - I3
753 . . . . t2
7

Pppt =

when expanded in the Pauli basis. We first denote

rijk = 8tr[pppt(0i ® 0’] & O'k)]
0'0—1[0'1 XO'Q—Y0'3 Z.

Then we can rewrite pppt in the Pauli basis as [56]:

Pppt = é []1(1)]1(2)]1(3) + 7300 ZVTATG) + 1050 1V DTG

+ 7003 INIA ZG) 4 435, ZW 7O § 450, zZW TR Z0)

+ 1033 IV Z@ ZB) 440 7MW 72 7G) 44 xDx @ xG)
17110 XV XY@ 4y xWY@ xG) 4y YD () xO)
+ 7120 XBYDYO) 41, YD) XAy 6) g YO Y@ x6)

+ 7990 YY) Y () |

iy %(Re u1 + Reuy + Reus + Reuy),

"1 %(Im uy —Imuy + Imuz — Imuy),

T = %(Imul +Imup — Imuz — Imuy),

oy = %(—Imul —Imuy —Imus — Imuy),
T = %(—Reul +Reuy +Reuz —Reuy),
Ty = %(Re 11 —Reuy + Reus — Reuy),

Ty = %(Re 11 + Reuy —Reus —Reuy),

Topy = %(Im up —Imuy —Imug + Imuy),
rm:%m+@+%+m—nf@7gfm,
Tos0 :%(51+52—53—54—f1—f2+t3+f4),
rm:%@+&—%—m+h+h—%—m,
303 :%(51—52+S3—S4+t1—f2+t3—f4),
Tos3 :%(51—52—S3+S4+t1—tz—t3+t4),
333 :%(Sl—52—53+54—t1+f2+t3—f4),

where v is the normalization factor, v = Z?Zl (s; + t;).
For Wiy, ip, i3] presented in Eq. (41),

Wliy in i3] = 193 = z(0Z@70) — (—1)ix(V X2 xC)
_(_1)lzx(1)y(2)y(3) _ (_1)13Y(1)X<2)Y(3)
_(_1)i1+i2+i3+1y(1)y(2)x(3), (61)

we compute the following expectation value:

tr[ Wiy, ig, i3loppt] =1 =755 — <_1>i1r111 - (_1)1'27,122
- (_1)1'31,212 - (_1)i1+i2+i3+17’221r

(62)

To evaluate the expectation value of 3-qubit PPT state
p(b, c) in Eq. (44) with respect to W([iy, ip, i3], we expand
it in the Pauli basis and compute selected correlation
coefficients. The nonzero off-diagonal entries of p(b, c)
appear as 1 = up = 4 = —1 and u3 = 1. The diagonal
elements yield s; = sp = s3 = 1,54 = band f =
tp = t3 =1, t4 = c. Substituting these into the general
expressions for the Pauli coefficients, we obtain:
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factor. Plugging all coefficients 7333, 7111, 7122, 1212 and
ryp1 into Eq. (62) gives

. b—c
333 = T2
b+c+6
P S tr[Wliy, ip, i3] p(b, ¢)]
b+c+6 i i i1+ip+iz+1
. 0 2c+6+4((—1)1—(—1)3—|—(—1)1 27113 )
122 =0, =
b+c+6
4
212 = btc+6 Plugging iy = ip = 1 and i3 = 0 gives
4
o1 = T 2(c—3
b+C+6 tr[W[l, 1,0} p(b,C)] = ﬁ

where v = 2;1:1 (s; + t;) = b+ c + 6 is the normalization
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