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Abstract

Let 1 be a probability distribution on a multi-state spin system on a set V' of sites. Equiv-
alently, we can think of this as a d-partite simplicial complex with distribution y on maximal
faces. For any pair of vertices u,v € V, define the pairwise spectral influence Z, , as fol-
lows. Let o be a choice of spins s,, € S, for every w € V' \ {u,v}, and construct a matrix in
R(5uU%)x(SuUS) where for any s, € Sy, s, € Sy, the (us,, vs,)-entry is the probability that s,
is the spin of v conditioned on s, being the spin of v and on ¢. Then Z,, ,, is the maximal second
eigenvalue of this matrix, over all choices of spins for all w € V' \ {u,v}. Equivalently, Z,, , is
the maximum local spectral expansion of links of codimension 2 that include a spin for every
we V\ {u,v}.

We show that if the largest eigenvalue of the pairwise spectral influence matrix with entries
7, is bounded away from 1, i.e. Anax(Z) < 1 — € (and X is connected), then the Glauber
dynamics mixes rapidly and generate samples from p. This improves/generalizes the classical
Dobrushin’s influence matrix as the Z,, ,, lower-bounds the classical influence of v — v. As a
by-product, we also prove improved /almost optimal trickle-down theorems for partite simpli-
cial complexes. The proof builds on the trickle-down theorems via C-Lorentzian polynomials
machinery recently developed by the authors and Lindberg.
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1 Introduction

A simplicial complex X on a finite ground set [n] = {1,...,n} is a downwards closed collection
of subsets of [n], i.e., if 7 € X and 0 C 7, then 0 € X. The elements of X are called faces,
and the maximal faces are called facets. We say that a face 7 is of dimension k if |7| = k and

write dim(7) = k'. A simplicial complex X is a pure d-dimensional complex if every facet has
dimension d.

Given a d-dimensional complex X, for any 0 < ¢ < d, define X (i) = {r € X : dim(7) = i}.
Moreover, the codimension of a face 7 € X is defined as codim(7) = d — dim(7). For a face 7 € X,
define the link of 7 as the simplicial complex X, = {oc\7:0 € X,0 D 7}.

A d-partite complex is a d-dimensional complex such that X (1) can be (uniquely) partitioned
into sets S U - - - U Sy such that for every facet 7 € X (d), we have |[rNS,| = 1forallu € V. Let p
be a probability distribution on facets of X. We denote this by (X, 11).

Multi-state Spin Systems. Equivalently, a d-partite simplicial complex can be seen as a multi-
state spin system. In a general multi-state spin system, we have

¢ aset of d sites which we denote by V,
* asite v is associated with a set of spins S, so that X (1) = U,ey Sy, and

¢ each possible configuration of the system is an element of the set S; x --- x S; and p is a
probability distribution over all configurations.

We emphasize that in general the sets {5, },c may even be exponentially large in V' and they do
not need to be the same.

Many of the classical models in statistical physics such as the Ising and the Potts model can be
seen as special cases of such a system. Thus, in the rest of this manuscript we will use these two
terminologies interchangeably.

1.1 Dobrushin’s Condition

Given a d-partite complex (X, 11), a site w € V, and a choice of spin s,, € S, for all v # u, a marginal
oracle samples the spin of u from . conditioned on the spin of all the other sites. Given a such an
oracle, one can run a Markov chain called the Glauber dynamics (or the down-up walk) to generate
random samples from p: Each time choose u € V' uniformly at random, and re-sample the spin of
u given all the other spins using the marginal oracle. Under certain connectivity assumptions, this
Markov chain converges to . So, a natural question is to find sufficient conditions for the Markov
chain to mix rapidly. Dobrushin’s condition is then a simple sufficient condition for rapid mixing.

To state Dobrushin’s condition, we need to develop a little more notation. For a face 7 € X (i),
let p- denote the conditional distribution of y on facets of the link X, i.e,

pr(w) =Porplo\7=w|7Co] forall we X, (d—1).

Given two probability distributions ; and v, we write ||p — v||;, to denote the total variation
distance between p and v.

!Note that this differs from the typical topological definition of dimension for faces of a simplicial complex.



Pairwise Influence Matrix. Given distinct u, v € V, the influence of v on u is defined as

o= max ) e = tio || 7y
where the maximum is over all pairs 0,0’ of choices of spins for all sites in V' \ {u} where the
choice of spin is the same for every site in V' \ {u, v}. In other words, I,_,,, measures how much v
can change the marginal distribution of u (in the worst case) when the spins of all other sites are
fixed. The pairwise influence matrix I € RV*V is defined to be the (not necessarily symmetric)
matrix where I(u,v) = I,_y.

Spectral Independence. Define ¥ ¢ R(Vu%u)x(UuSu) as follows. Given distinct sites u,v € V,
define
U(usy,vsy) = Ponplvsy € olus, € o] — Plus, € o],

and let U(us,us’) = 0 otherwise. We say p is n-spectrally independent if for any 7 € X of
codimension at least 2, we have
AmaX(\I'uT) <.

Spectral independence is recently introduced in [ALO24; Che+21; Fen+21] and it was shown that
it implies that the Glauber dynamics mixes in O(d'/")-steps.

The modern form of Dobrushin’s condition is then a bound on the maximum eigenvalue of
the pairwise influence matrix. This condition implies spectral independence of the distribution 1
on the facets of X, which in turn implies rapid mixing of the Glauber dynamics. We formalize this
in the following.

Theorem 1.1 (see e.g., [Hay06; DGJ09; Bla+22; Liu2l]). If p(I) < 1 — ¢, then p is 2/e-spectrally
independent and the Glauber dynamics mixes in O(dlogd/¢) steps, where p(I) is the spectral radius of I
(that is, the largest eigenvalue of I in absolute value).

The above theorem has a very long history. Originally Dobrushin [Dob70] showed that for
infinitely sized multi-state spin systems, if the influence of every site u on all other sites is bounded
away from 1 then the Gibbs distribution is unique. This condition was later weakened (see e.g.,
[DS85; Weil5]). After the introduction of the path coupling technique, it was observed that the
Dobrushin’s condition also implies rapid mixing of the Glauber dynamics. The condition was
weakened in a sequence of works [Hay06; DGJ06; DGJ09; Bla+22; Liu21] leading to the above
theorem. We remark that [Bla+22] only justifies spectral independence of ..

We also emphasize that Dobrushin’s condition has found many applications outside of the
theory of the Markov chain community (see e.g., [SOR16; LY25]) because of its simplicity and
generality. Although it may not give a tight mixing result, in many settings it provides a close to
optimal bound.

1.2 Main Results

Given a complex (X, 11), the (weighted) skeleton” of X, denoted Gy, is the weighted graph with
vertex set X (1) and edge set X (2) where the weight of an edge

U)(CC,y) = ]P)UNM[xvy € O-}'

2Some authors use the term base graph instead of skeleton.
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We let Ay be the adjacency matrix of this graph, and Py be the transition probability matrix of
the simple random walk. More generally, for any face 7 € X with codim(7) > 2, we let A., P; be
the adjacency matrix and the random walk matrix of the skeleton of link of 7. Lastly, we say X
is a connected complex if for every 7 of codimension at least 2, the skeleton of X is a connected
graph.

Given a d-partite complex X, we define the pairwise spectral influence matrix 7 as follows.
For any distinct u,v € V we define

I(”? U) = I(Uv ’LL) - TEX(d—HZl)E,Lz}jvgéV(T) >‘2(PT)7

where V(7) is the set of all v € V' with a spin in 6. We note that for any such 7, the graph G, is a
bipartite graph; so its second eigenvalue is always non-negative, unless it has exactly two vertices,
i.e., both u, v have exactly one spin left in the link of 7. In such a trivial case, we also let Z(u,v) = 0
so that Z always has non-negative entries.

It is straightforward to see the following (see Section A for a proof):

Lemma 1.2. For any connected d-partite complex, Amax(Z) = p(Z) < p(I).

In other words, I measures probabilistic influence of sites on one another (when the spin of
every other site is fixed) whereas 7 measures the spectral influence, which can be significantly
smaller. We remark that spectral independence is closely related to the eigenvalues of links of

Amax (V-
m. See e.g.,

X. Specifically, for any 7 € X of codimension at least 2, we have \y(P;) =
[Che+21, Theorem 8 arxiv version] for a proof.
We show that the Glauber dynamics mixes rapidly even if the largest eigenvalue of the spectral

influence matrix is bounded away from 1.

Theorem 1.3 (Main). For any connected d-partite complex, if Amax(Z) < 1 — € then for any T € X of
codimension at least 2, we have \a(Pr) < ((1_76)2 That is, the distribution y is @—spectmlly

‘ — (codim(7)—1)e
independent.

We remark that the conclusion of the above theorem is slightly weaker than Theorem 1.1 in the
sense that 1/e-spectral independence implies O(d'*!/¢)-mixing (unless we make further assump-
tions about X). We suspect an improved upper-bound of O(d?polylog(d) - f(€)) on the mixing
time is possible for some function f(-) independent of d, and we leave that as an open question.

We in fact prove a more general theorem from which Theorem 1.3 follows. To state our theorem
we need to equip our set of sites I with a random walk matrix after adding a set of “boundary”
vertices B. Let G be any graph with vertices VU B and no self-loops, and let W € R(VUE)x(VUB) pe
a random walk matrix, such that from any vertex v € V there is a path (with positive probability)
from v to some vertex in B. Given u,v € V, we also denote by W,[u — v] the probability that a
random walk starting from u hits v before any boundary vertex in B.

Theorem 1.4 (Main technical). Let (X, 1) be a connected d-partite complex with parts indexed by V', let
W be a random walk matrix as described above, and let My € RY*V be the real symmetric matrix with
zero diagonal and off-diagonal entries given by My (u,v) = /W, [u — v] - W,[v — u] for all distinct
u,v € V. Ifforall 0 € X (d — 2) we have \o(Py) < /W (u,v) - W (v, u), where u,v are the two distinct
sites in V which have no spin in o, then

)\max M



and more generally for any T € X of codimension at least 2,

)\max(MT)
Ao(P) < — 2
2(Pr) < codim(7) — 1

where M, € RV\V(")XVAV(T) is defined analogously to M, except that the vertices in V (1) are considered
to be boundary vertices in B.

To help with the understanding of Theorem 1.4, we consider a concrete example. Let (X, )
be a d-partite complex on sites V' labeled by V' = {1,2,...,d}. In the notation of [LLO25], we call
(X, u) a top-link path complex if for all 0 € X (d — 2) we have

1 . .
ho(P) < { o
0, 1<j—1,
where ¢ < j are the two distinct sites in V' which have no spin in o.

We can capture this definition using our notation as follows. Define B = {0, d + 1}, and define
G to be the simple path graph with vertices ordered as {0,1,2,...,d,d + 1}. We let W be the
transition probability matrix of the simple random walk on G; that is, for each vertex k € V,
the walk moves to & — 1 with 50% probability and to & + 1 with 50% probability. The d-partite
complexes (X, ) satisfying the condition A2 (P,) < /W (u,v) - W(v,u) forall ¢ € X(d — 2) from
Theorem 1.4 are then precisely top-link path complexes.

In this case, the values of W, [u — v] can be explicitly computed: for i < j we have

g o, d+1—7j
ili — J] ; and W7 — 1 FE

One can then use this with Theorem 1.4 to prove that \y(P;) < ’\m‘;’f% = % for all 7 € X, which
is one of the main results of [LLO25]. We give a more detailed proof of this in Section 5.3.

We find it quite surprising that hitting probabilities of the given random walk appear in the
second eigenvalue bounds of Theorem 1.4. Intuitively, we believe that they represent global cor-
relations between sites in the complex.

To apply the theorem more generally, one can consider the following remarks:

1. Since the theorem allows any absorbing random walk matrix W, one should design G and
W such that for any v € V, a random walk starting at v hits a vertex in B as fast as possible.

2. For any choice of W, we have M (u,v) < 1 for all 7 € X since W, [v — u] is a probability.
Therefore a row sum bound on M, gives the trivial bound X\2(P;) < 1forall 7 € X.

3. The Cauchy interlacing theorem and Theorem 2.4 imply Amax(M;) < Apax(Mg) forall 7 €
X. Thus a constant bound on Apax (M) is sufficient to imply spectral independence.

We finally give a corollary which gives a slightly weaker but more conceptual form of the
upper bound on A\2(Py) in Theorem 1.4. We will use this corollary to prove Theorem 1.3.

Corollary 1.5. Let (X, u) be a connected d-partite complex with parts indexed by V, and let W be a random
walk matrix as described above. If for all o € X (d — 2) we have \o(Py) < /W (u,v) - W (v, u) where u, v
are the two distinct sites in V which have no spin in o, then

Eqg iy [distinet(Q) — 2]
Q~Wlu)
<
Ao(Po) < max -1

)



where the expectation is over all random walks Q) starting at u and stopping the first time it hits a vertex in
B, and distinct(Q) is the number of distinct vertices in Q). An analogous bound also holds for \o(P;) for
all T € X.

We note that the RHS of the bound has another interpretation: it is the maximum (over u € V) expected
fraction of vertices of V' \ {u} visited before hitting a vertex of B on a random walk starting from u.

We now apply Theorem 1.5 to the path graph example discussed after Theorem 1.4. When d
is odd (the even case is similar), the worst case choice of u € V for the bound of Theorem 1.5 is
u = %1, and we want to compute the expected number of distinct vertices visited by a random
walk starting at « and ending at either 0 or d + 1. By symmetry we may assume that the walk ends
at 0, and thus it is equivalent to ask for the expected largest index of V' reached by the walk before
hitting 0. That is, letting Z be the random variable indicating the largest index of V' we visit, we
want to compute Eq .y, [Z | absorb at 0].

Obviously Z > %L, and straightforward computations imply P[Z > i | absorb at 0] =

Thus we have

d+1—1
T

d
d+1 )
—5 + g P[Z > i | absorb at 0] = d - In(2).

=441

IEQ~W[u] [Z | absorb at 0] =

Applying Theorem 1.5, we obtain A\2(Py) < In(2) ~ 0.693. Note that this is worse than what we
can obtain from directly using Theorem 1.4, which is A2(Py) < %

1.3 Applications

Analysis of Markov Chains. The pairwise influence matrix of Dobrushin has long been used as
an analytical tool to bound the rate of convergence of Gibbs sampling. This is mainly due to the
simplicity and locality of the Dobrushin’s criterion.

We expect our main Theorem 1.3 to find applications in many settings that the classical in-
fluence matrix fall short such as analyzing Gibbs distributions in statistical physics or Graphical
models in machine learning.

Given our stronger theorem one wonders for what regime of parameters or for what family
multi-state spin systems our new theorem significantly beats the classical results: Unfortunately
for some of the classical examples of multi-state spin systems such as the graph coloring problem
the bound of Theorem 1.3 is equivalent to that of the (path) coupling and Dubrushin’s bound. It
turns out that Theorem 1.3 gives significantly improved bound for instances with “asymmetric”
interactions between the spins. Next, we explain one such example.

Example. Consider the following concrete example: We are given a family of d individuals (sites)
on a graph G = (V, E)) where each edge represents mutual friendship. Suppose a spin represents
the activity that an individual is doing (during the day) such as working, sleeping etc. A new
contagious disease is started in the community; when an individual gets sick, we mark them as
“sick” and we will immediately send their friends to “quarantine”. The question is to sample a
uniformly random state of such a system. That is fora o € X let

(o) o H I[s, # “sick” V s, = “quarantine”]

u~v

The following lemma is immediate:



Lemma 1.6. Suppose A is the maximum degree of any individual in G and suppose |S,| > q for every
site v. There is a universal constant ¢ > 0 such that if A < c¢,/q, then Ayax(Z) < 1/2 and the Glauber
dynamcis mixes in polynomial time.

We emphasize that for any u ~ v the influence of v to w is almost 1, I,_,,, > 1 — O(1/q). So,
Amax (1) is not bounded and the classical (path) coupling arguments/Dobrushin’s like conditions
fails to analyze the Glauber dynamics in such settings.

Trickle-down Theorems. Trickle-down theorems are a family of local-to-global theorems for
simplicial complexes. Roughly speaking these theorems imply that if A\2(P;) is small for “all”
faces of codimension 2, then the underlying complex is a local spectral expander.

Theorem 1.7 ([Zuk03; BHV08; Opp18]). If (X, 1) is a connected d-dimensional such that Xo(P;) < 15¢
for every 7 € X of codimension 2, then for any o with codim(c) = k, Xo(FPy) < W' In
1—¢

particular, X is a —¢-local spectral expander.

If X is d-partite, then the assumption of the above theorem translates to every entry of the
pairwise spectral influence matrix is bounded by %, so the max eigenvalue is trivially upper-
bounded by 1 — €. In a sequence of recent works the above theorem has been generalized for
partite or path complexes [AO23; LLO25]. Our main Theorem 1.3 can be seen as a generalization
of all of these recent works. In particular, see Section 5.3 for a short reproof of spectral expansion
of the links of path complexes.

Lastly, we remark that the trickle-down theorems are often employed in constructions of sparse
high dimensional expanders e.g., [L5SV05; KO18; OP22]. Our main theorem can also be exploited
in such scenarios to obtain improved bounds on the local spectral expansion of the underlying
complex.

1.4 Technical Overview

Trickle-down theorems can be seen as one of the strongest tools to prove mixing time of Markov
chains. In several cases such as sampling bases of matroids [Ana+24] or edge coloring of graph
[ALO21; WZZ24] we are not aware of any other technique that can replicate the result. In par-
ticular, none of correlation decay, coupling, canonical path, interpolation method, etc., seems to
work.

This paper builds on a long-term program [ALO21; WZZ24; AO23; LLO25] where the goal is
to obtain near optimal trickle-down theorems for various family of simplicial complexes. To this
date, this program has lead to near optimal bounds for sampling edge coloring of graphs [ALO21;
WZZ724], near tight bound on spectral expansion of sparse coset complexes [AO23; LLO25], and
new tight bounds for sampling and log-concavity of path complexes such as distributions over
maximal chains in distributive and modular lattices. Some of the major goals of this program is to
obtain optimal mixing results for sampling proper colorings of graphs, or to prove long-standing
conjectures on log-concave sequences corresponding to matroids of lattices such as the Neggers-
Stanley conjecture.

Originally, [ALO21; WZZ24; AO23] managed to prove improved trickle-down theorems by
a purely linear algebraic argument extending the proof of Theorem 1.7 by running a more so-
phisticated inductive proof via a technique called “matrix trickle-down theorem”. Although they



succeeded in giving near optimal mixing time arguments for sampling edge coloring of graphs
[ALO21; WZZ24] the technique seemed rather complicated and non-trivial to generalize. It is
also typically lossy. In this work, building on [LLO25], we continue building a new approach
that is proving tight trickle-down theorems using the machinery of C-Lorentzian polynomials.
For experts, the polynomial techniques so far are analogous to the diagonal induction machinery
introduced in [ALO21].

C-Lorentzian polynomials and commutative maps. In the C-Lorentzian polynomial technique,
we recursively define a family of polynomials p, over faces o of a complex X such that their Hes-
sian has only one positive eigenvalue when evaluated in certain open convex cones (the definition
is in fact more general, see Theorem 2.1). These polynomials are constructed in such a way that
eigenvalues of P, can be computed by evaluating and taking directional derivatives of p,. Prior
to our works, there has been several suggestive definitions for stable or Lorentzian polynomials
with respect to cones [DGT21; Ali+21; BD24]. These definitions are incomparable to our machin-
ery since the cone is often fixed; in our machinery the cone changes and gets “bigger” as we take
more (directional) derivatives. For example, we relate the cone of p, to that of p, ., (for some
x € X,(1)) by defining a family of “commutative” = maps

Toye : RXW 5 R¥ou1 (M) forall o e X, 2 € X, (1),

so that applying 7, to the cone of p, gives the cone of p, .}, where “commutative” roughly
speaking means

ToUfa+y(To+a (1)) = Toufya(Toty (1)) forall {z,y} € X,(2).

Commutative 7 maps of a specific form are then utilized in the definition of the polynomials p,.
Concretely, we define p, = 11(c) when o is a facet of X, and otherwise we inductively define

([d=1o)pe®) = Dt Poua}(Tora(t) with mopa(t)y =ty — ¢o(y, ) - ta,
z€Xs(1)

for a carefully chosen ¢,(-,). As we will demonstrate, such families of commutative 7 maps
very generally give rise to trickle-down-type theorems, yielding eigenvalue bounds on all links
from eigenvalue bounds on links of codimension 2. Thus the main challenge is to find the right
family of commutative 7 maps. (We note here that the commutativity property is equivalent to
a highly over-constrained system of linear equations and thus is a priori difficult to satisfy; see
Theorem 4.2.)

Main contribution. The main contribution of this paper is to define commutative m maps based
on a family of random walks on the sites V. In fact, once we add a carefully chosen set B of
absorbing vertices to V, any random walk transition matrix W € R(VUE)X(VUB) that absorbs in B
(in a finite number of steps) gives a family of commutative = maps by letting ¢, (y, ) (above) be
the probability that a random walk starting from the site of y hits the site of x before the sites of
o or the any of the boundary vertices B. The commutativity property then simply follows from
properties of random walks (see Theorem 3.4).

From this we obtain that any absorbing random walk transition matrix W gives rise to a trickle-
down theorem. This may seem surprising at first, but the hitting probabilities used to define the



commutative m maps above are capturing long-range correlations in the underlying probability
distribution p.

Finally, to fully define our polynomials p, we choose the transition matrix W based on the
pairwise spectral influence matrix Z in such a way that, for 7 € X of codimension 2, the polyno-
mial p, is a (quadratic) Lorentzian polynomial. This implies eigenvalue bounds on the links of
codimension 2, enabling us to apply the trickle-down theorem associated to our commutative 7
maps.

With these polynomials defined, the proofs of our main results are detailed in Section 4 and
Section 5. They generally follow three main steps:

1. For all 0 € X such that codim(o) = 2, prove that the Hessian of the quadratic form

b= 5 o ufe (e, - e e

2
{z,y}€Xs(2)

has at most one positive eigenvalue (i.e. A2 < 0). Note that including 7 maps has the effect
of adding negative values to the diagonal of V?p,. Without these values, the multi-affine
terms in p, would need to be supported on bases of a matroid (in order to obtain Ay < 0),
which would not allow for the more general applications of C-Lorentzian polynomials given
in this paper.

By Theorem 4.8 this implies p, is C,-Lorentzian for all o € X for certain cones C,. That is,

from eigenvalue bounds for 0 € X with codim(o) = 2, we obtain eigenvalue information for
allo € X.

2. Bound the second eigenvalue of P, ,, the bipartite random walk matrix between S,, S,
(in the link of @) where every edge (sy,s,) is weighted by Py, [usy,vs, € o]. We do
this by applying one well-chosen directional derivative V) for each site w € V' \ {u,v}
(where a(w) € Cy), which has the effect of marginalizing out the site w. Because py is Cy-
Lorentzian, the Hessian of what remains has at most one positive eigenvalue, which yields
the desired bound.

3. Use bounds on all P, ,’s together with some basic facts from spectral graph theory to bound
X2(Pz) (and A\o(FPy) for all o € X); see Theorem 2.8. We remark that our approach differs
substantially from the matrix trickle-down arguments of [ALO21] in the sense that we don’t
directly bound eigenvalues of P. Instead, as described above, we first use the theory of C-
Lorentzian polynomials to bound eigenvalues of the induced subgraph between every two
parts of the underlying d-partite graph, and then we combine these bounds to obtain the
desired upper bound on Az (Py).

Future directions. It can be seen that our current machinery is not enough to obtain significantly
improved bounds on mixing time of the Glauber dynamics for sampling proper colorings of a
graph. This is mainly because in our inductive argument we only use second eigenvalues of
P, for faces 7 of codimension 2, and that is not enough even to obtain optimal mixing results
for proper colorings of the complete graph. Going forward, we expect a more general family of
commutative m maps (which we call “non-diagonal 7 maps”) can exploit the full spectra of links of
codimension 2. We hope that this will allow us to extend the current machinery to give improved
mixing bounds for fundamental sampling problems.
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2 Preliminaries

2.1 Log-concave Polynomials

We recall the definition of C-Lorentzian polynomial from [LLO25], along with the main lemma
which makes such polynomials useful for bounding second eigenvalues (and for log-concavity,
but we do not utilize this in this paper).

Definition 2.1 (C-Lorentzian polynomials; Defn. 2.1 of [BL23]). Let p € R[ty, ..., t,] bea d-homogeneous
polynomial for d > 2, and let C C R™ be a non-empty open convex cone. We say that p is C-Lorentzian if

(P) Vy, - Vy,p(t) >0forallvy,...,vg € C,and
(Q) the Hessian of V., - - - V4, _,p(t) has at most one positive eigenvalue for all vy, ..., v4_2 € C.

Note that (P) implies any Hessian in (Q) also has at least one positive eigenvalue.
Additionally, any linear form for which (P) holds is defined to be C-Lorentzian of degree d = 1, and any
positive constant is defined to be C-Lorentzian of degree d = 0.

Lemma 2.2. Let p be a d-homogeneous polynomial on R", and let C C R" be a non-empty open convex
cone. If p is C-Lorentzian and w, w, vy, . ..,vq—2 € C (the closure of C), then:

1. the Hessian of Vo, - - -V, ,p has at most one positive eigenvalue, and
2. the coefficients of f(x) = p(u - © + w) form an ultra log-concave sequence.

Proof. For (1), let (v (i), ...,vq-2(7))52, be a sequence of vectors in C which approach (vy, ..., v4-2).
Thus the Hessian of V,, (;y - - - V,, ,(5)p has at most one positive eigenvalue for all i > 1. Therefore
the limit of these Hessian matrices also has at most one positive eigenvalue.

The statement of (2) follows from Remark 2.4 of [BL23]. O

2.2 Linear Algebra

We next state some eigenvalue bounds which will be useful in our analysis. The first two results
are standard, whereas Theorem 2.6 and a weaker version of Theorem 2.8 were both proven and
used in [LLO25].

Lemma 2.3 ([Tro01]). For any matrix A and any matrix norm,

p(A) = lim | A"|/" (1)

n—oo



For a square (non-symmetric) matrix A € R"*" let A be the symmetrized version of A where
/L-’ i = \/Ai;Aj ;. We will prove the following two lemmas. The following lemmas are immediate
consequences of the above.

Lemma 2.4 ([Mey00, Example 7.10.2]). For any pair of matrix A, B € RLg" such that A(i, j) < B(i, j)
forall i, j we have p(A) < p(B).

Lemma 2.5. Forany A € RIG" we have

p(A) > p(A)
where p is the spectral radius.
Proof. We choose the trace norm ||A[| = /Tr(AAT) = /3~, . A? ;- By Theorem 2.3, it is enough to
show for any integer n > 1, )
A = A
We show that for any n and ¢, j we have
(A7) + (A7) > 2(A7)%. 2)

Then, the lemma immediately follows from the fact that || A™||* = > (AL )2 = 2o (AT, )2.
It remains to show (2). First we notice that A7, can be written as the sum over all walks of
length n from i to j (with non-zero diagonal entries of A indicating loops):

Al = 2 [ Aus = 2 Aq

P:(U07...,un),i:u0 7j:u7l =1 Q:(uo 7"'7“77«) vi:uo 7j:u’ﬂ

where we let A_,g = [[;; Au, , u,. Similarly,

A?ﬂ = Z HAui,ui_l = Z A<_Q

P=(ug,...,un),i=ug,j=un =1 Q=(ug,...,un),i=ug,j=un

where welet A, o = [[1| Ay, ., ;- Since A is symmetric we have A_, = A, ; furthermore since
it is a symmetrization of A for any path ) we have

VALQAQ=Asq

Therefore, by the Cauchy-Scwhartz inequality we can write

(AZJ)2 = Z VASQAQ < Z Asq- Z Acq = A?]A;Lz
Q=(ug,...,un),i=ug,j=un
Now, by AM-GM we have
ATAT, < (A7) + (A7)
as desired. ]
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2.3 Spectral Graph Theory

In this subsection, we state and prove several facts about bipartite and d-partite graphs.

For an undirected (possibly weighted) graph G = (V, E), let P be the transition probability of
the simple random walk on G. Let i be the stationary distribution of the walk. For f,g: V — R,
let

<f7 g)u = Emwuf(x)g(x)
Recall that P is self-adjoint with respect to this inner product, i.e., (Pf,g), = (f, Pg),. Further-
more, the all-ones vector 1 is an eigenfunction with eigenvalue 1.

Lemma 2.6 (Eigenvalues of Bipartite graphs). Let G = (X,Y) be a (weighted) bipartite graph, A €
RXHYIXXHY) be the adjacency matrix of G, P be the transition probability matrix of the simple random
walk on G, and D be the diagonal matrix of vertex degrees, i.e., P = D7 1A, Let S, 5 € REFY)X(X+Y) po
diagonal matrices such that S(z,z) = sx,S(y,y) = sy forallz € X,y € Y and S = \/sxsy - Ix1y.
Then the following are equivalent:

1. D712AD" Y2 < § + v for some vector v € RXFY,
2. D712ADY2 < S + ww? for some vector w € RX*Y,
3. Ma(P) < \/sx5y,

4. (P —95)<0.

In what follows, given a vector U € RXYY we define ux to be the vector with X entries equal
to those of u and Y entries equal to 0 (and we define uy similarly).

Lemma 2.7. Let P be a random walk matrix on a bipartite graph (X,Y') with stationary distribution p,
self-adjoint with respect to (-, ). If g is such that (g,1x), = (g, 1y), = 0, then

(9, Pohu < Aa(P) - 24/(95, 9) {9y v D

Proof. First notice that if gx = 0 then (g, Pg),, = 0 since G is bipartite; so the statement holds
trivially. Similarly, we are done if gy = 0. So, we assume gx, gy # 0. Let h = agx + Bgy for
some « - § = 1 that we choose later. Since G is bipartite and « - 8 = 1, (h, Ph),, = (g, Pg),. Since
(h,1), = (9,1), = 0, we have

(h, Ph)u < Xa(P) - (h, h)y = X2 (P) - (o (gx, 9x)u + B9y, 9v) )

Since gx, g9y # 0, {(gx,9x)u: (gv,gv ), > 0. Letting a? = % and 3? = 1/a? proves the

claim. O
Lemma 2.8. Let G = (V, E, w) be a weighted d-partite graph with parts Ty, . .., Ty such that for i, j € [d]
with i # j, and any x € T;, we have w(z,T;) = ZyeTj w(z,y) = %. Here, d,(x) is the weighted
degree of x. Let P be the simple random walk on G with stationary distribution p. Then, u(T;) = 1/d for

all i. For all distinct i,j € [d], let G, ; be the induced bipartite graph on parts T;, T; with corresponding
random walk matrix P ;, and let M (i, j) > 0 be such that Xo(P; j) < M (i, j). Then

Amax (M)
P) < —2+ 7

where M € R4 is the real symmetric matrix with entries given by M (i, j).

11



Proof. For i € [d], define
ei(x) =

d—1 ifxeT;
-1 otherwise.

Then since for any i # j and z € T;, P(z,T;) = ﬁ we get that e; is also an eigenfunction of P
with eigenvalue d%ll, i.e, Pe; = 7=+. We call 1 and ¢;’s trivial eigenfunctions of P.
Let f be a non-trivial eigenfunction of P; for any i € [d] we have

0={fi1+e)u=d-(f L

where 1; is the indicator vector of the set 7.

Note that if A2(P) < 0 we are already done since M(i,j) > 0 for all i,5. So we assume
X2(P) > 0. Let g be the second eigenfunction of P. Consider the bipartite graph G; ; for some
i # j. Let ug, ; be the stationary distribution of the random in the graph G; ;. Notice that since

da, ,(z) = 75dw(x) forall z € T; U T; we have ug,  (z) = 24u(z) for any z € T; U T}. Therefore

(g, 12’>uci’j = <g, 1j>ug. =0,

¥

and thus by Theorem 2.7, we have

(g, Pi’jg>#cm < Ao (P ) - 2\/<gi7.gi>,uciﬂj <gjvgj>,ucz-’j < M(i,j) - 2\/<gi’gi>”Gi,j <gj’gj>“Gi,j'

w(i) = \gi, gidu = [ > nlx) - g(x)?

xeT;

We now define

for all i € [d]. Since pu(x) = %,ugw (x) for all x € T;, we then have

(9 Pig8uc,, < Mi-3) - dy/ (g5, 0dulg 93 = M) - d (i) - w(i).

Using the fact that for x € T; and y € T; we have p(z) = %,ugi’].(x) and P(z,y) = w, we
compute
B 2 1 M(i, 7) . o {w, Mw)
(9, Pg)u=> a1 (9, Pii9)pe, ; < 2y -1 w(i) - w(j) = -1

i<j 1<J
where without loss of generality we assume that M (i, ) = 0 for all . We then further have
(9:9) =Y (@) -g(@)* =" > u(@)-g(@)* = w(i)* = (w,w),
x i z€T; i

which implies
9. P9y 1 (w,Muw)

(9,900 ~—d-1 (wuw) "

Therefore \2(P) < ,\,11%(11\4) by the variational characterization of eigenvalues. O
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3 Random Walks on Absorbing Graphs

Let G = (V U B, E) be a (possibly directed) graph. We call B the set of “boundary” vertices. Let
W € R(VUB)X(VUB) pe the transition probability matrix of a simple random walk on G. Without
loss of generality we assume W (u,v) > 0 for any (directed) edge u ~ v € E.

Definition 3.1 (Absorbing graph). We say G is an absorbing graph if for every vertex v € V there is a
directed path with from v to B (with positive probability).

Unless otherwise specified, all graphs we work with in this manuscript are assumed to be
absorbing. The following fact is immediate:

Fact 3.2. If G is an absorbing graph then for any U C 'V, the graph with boundary vertices U U B and
vertex set V' \ U is also absorbing.

Proof. This can be shown by induction. Suppose statement holds for U; consider U’ = U U {v}.
For any vertex u € V' \ U’, either U has a path to v or a path to U U B (by IH). O

Consider a simple random walk on G started at a vertex v € V. Unless otherwise specified,
we assume that such a walk will terminate (or be absorbed) when it hits a boundary vertex. This
is despite the fact that we may have W (b, u) > 0 for b € B. The following fact is immediate:

Fact 3.3. For any absorbing graph and any vertex v € V, the simple random walk started at v will be
absorbed almost surely in a finite number of steps.

Proof. Let € = min, ,)eg W(u,v) be the minimum probability in P. Then, for any v € V, the
simple random walk from v hits B with probability > ¢"~! where n = |V|. So, the probability that
the walk is not absorbed by time ¢ = k(n — 1) is at most (1 — €"~1)//("=1) which — 0ast — co. [

For a walk Q = (’uz-)fzo, we use W[Q] = Hf;é W (v;, vi11) to denote the probability of going
along this walk in our random walk. For U C V, and a pair of vertices u,v € V U B let

Wulu — v] = U{(Ui)fzo cvg =u,vp =vandvy,...,v_1 ¢ BUU}
>0

be the set of all walks from u to v (in G) that do not hit any vertex of UUB in between. Furthermore,
let
Wylu — v] = Z W[Q]

QEWY [u—v]

be the sum of the probabilities of all walks in Wy [u — v]. When U = {w}, we may also write
Wy lu — v] and Wy, [u — v].
Let us explain some concrete examples:

e If v € U and u # v, then Wy [u — v] is the probability that, on G’ with boundary vertices
U U B, a simple random walk started at u is absorbed at v. So, in particular, 0 < Wy[u —
v] < 1 because G is absorbing.

e If v ¢ U then the walk is allowed to visit v multiple times, and we may have Wy [u — v] > 1.
In fact, in the special case that v = u we always have Wy (u — u) > 1.

13



The following fact is crucially used in our construction of C-Lorentzian polynomials.

Lemma 3.4. Fix any set U C V and any three verticesv € V \ U and u,w € V. If u # v and w # v then
we have

Wy lu — w] = Wyygy[u = w] + Wy lu = v] - Wy v — ],
and if v = w then we have
Wylu — v] = Wyygy[u = o] - Wy v — vl

Proof. We start by proving the identity when u # v, w # v. We give a bijection between walks
counted in the LHS and the RHS. By definition, the LHS is the the sum probabilities of all walks
in Wyu — w]. Let Q € Wy[u — w]. We show @ is counted (once) in the RHS.

Case 1: Q € Wy [u — w]. Then W[Q] is counted in Wy, [u — w].

Case 2: Q ¢ Wyygyy[u — w]. In other words, v is hit (not at the end) in Q. Consider the first
time that it hits v. We can write Q = Q1Q)2, i.e., we write () as the concatenation of two walks
where

Q1 € Wyulu = v], Qe eWylv—w],  W[Q] = W[Q1] - W[Q,].

Note that Q) is counted in Wy} [u — v] and Q2 is counted in Wy [v — w].

Conversely, we show that any walk in the RHS is counted (once) in the LHS. First, any @ €
Wuuge[u — v] and Q2 € Qulv — w] can be concatenated to form Q1Q2 € Wy[u — w] which hits
v in the middle. Wyyqy [u — w] makes up the rest of walks in Wy [u — w]. O

Lemma 3.5. For any pair of vertices u,v € V with u # v we have
0 <Wylu—o] <1, min{W,[u — v], W, [v = u]} < 1.

Proof. First observe that for any u,v € V, W, [u — v] is the probability that a simple random walk
started at u hits v before any boundary vertex in B. This proves the first assertion of the lemma.
To prove the second assertion, we use that G is absorbing. Therefore, there is a directed path from
each u and v to B. Let () be the shortest path from any of u or v to B; say it is from u. But then, this
path does not visit v (otherwise there is an even shorter path). This implies, that the walk started
at u has a positive probability of hitting B before hitting v; i.e., W,[u — v] < 1 as desired. O

We now define W]u] to be the set of walks which start at u € V, and end the first time a vertex
in B is reached. Since we assume G is absorbing, for any u € V we have

Y. WRQI=1;

QeEW(u]

i.e., the LHS defines a probability distribution. So, we abuse notation by also letting VW[u] denote
the probability distribution over all walks in this set. For a walk Q = (v;)¢_,, we let

d(Q) = [{vi: 0 < i< ¢}

to denote the number of distinct vertices visited in Q.

14



Lemma 3.6. For any u € V we have
> Wolu = v] = Eguwy [4(Q) — 2] < Equwy Q] — 1],
veV:w#u
where |Q)| is the length (number of edges) of Q.
Proof. First, we write,
EQNWM [d(Q) — 2] = IEQNVV[u} Z W[Q1Qa],
vEQ:w¢ BU{u}

where the inner sum in the RHS is over the first occurrence of any vertex v € () (other than v and
the last vertex), )1 is the (prefix) of @ which is a walk from v — v and 3 is the rest which is a
walk from v — B. Note that inner-sum in the RHS ranges over exactly d(Q)) — 2 vertices as we are
excluding v and the last vertex of (). Changing the order of sums we can write,

Eouwwld@) —21=>Y Y  WQ- > WQ)

vEU QEW, [u—v)] QEW[v]
:Z Z W[Q]-lzzwv[u%v].
vF#EU QEW, [u—v) v#U

where the second to last identity uses that the set of walks in Wv] form a probability distribution.
This proves the first identity in lemma’s statement. The inequality simply follows from d(Q) <
|Q| + 1, i.e. the number of distinct vertices of ) is at most one more than the number of edges of

Q. O

4 Local to Global Argument via C-Lorentzian Polynomials

In this section, we prove a sort of edge trickle-down theorem for partite simplicial complexes,
based on the C-Lorentzian polynomial machinery. We first recall some notation from the previous
sections which we will utilize here.

Throughout, we fix a partite simplicial complex (X, ) with parts given by S, = {vs, € X(1)}
for v € V, and an absorbing (possibly directed) graph G = (V U B, E) with boundary vertices B
which has no edges between boundary vertices. We further associate to G a random walk matrix
W e RVUB)IX(VUB) ‘where W (u,v) > 0 if and onlyif u ~v € E. Givenany o € X (d — 2), we also
denote by P, the transition probability matrix on the skeleton of X,,, weighted according to .

Further, given u,v € V we let G, be the bipartite graph on S, U S, with adjacency matrix A4, ,
with edge weights A, ,(usy, vsy) = Po~plusy,vs, € o], diagonal weighted degree matrix D, ,,
and transition probability matrix P, , of the simple random walk on G, ,.

The main goal of this section is then to prove the following result.

Theorem 4.1. Suppose (X, u) is connected, and suppose for all o € X (d — 2) we have
Ao(Pr) < /W (u,0) - W (v, u), 3)

where u, v are the two distinct vertices in V' for which u,v ¢ V (o). Then we have

A2(Puw) < VWyv — u] - Wy [u — v]

for all distinct u,v € V.
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In the following sections we will prove the above theorem. To do this, we will at various points
recall results and notation from [LLO25, Sec. 4].
4.1 Polynomials and m Maps for Partite Complexes

In this section, we recursively define polynomials associated our given simplicial complex X,
which we will later prove are C-Lorentzian with respect to particular cones. To construct these
polynomials, we need to define a family commutative 7 maps. We first recall the definition of
commutativity.

Definition 4.2 (Commutative 7 maps). Let 7 = {m,;, : R¥Xe() — RXeur(} v+ bea family of
linear maps having the following property:

Torr(t) i = tu — L((tz)wer), forall H € Xour (1), where L = Lo 7 i is some linear functional.

We will also use the shorthands my 1 1= T qyy and 7, = Tgyo. We say that w is commutative if for
alloe X, 7€ X,, w € XUy, we have:

To+(TUw) (t) = T(oUr)+w (770-1—7' (t))

We now construct the commutative family of = maps, which will lead to the polynomials we
will use in our analysis. To do this, we will utilize the random walk notation of Section 3. Given
o € X and {usy, vs,} € X,(2), we define

Totus, (Evs, = tvs, — Wy (o)ufu) (v — u] - tys,.
We now prove that these m maps are commutative.

Lemma 4.3. Forall o0 € X and {usy, vsy, wsy} € X5(3), we have

T(oU{usy})+vse (7T0'+usu (t))wsw = T(ou{vj})+usy (7T0+U8v (t))wsw :

Proof. We compute

T (oUfusy})+vse (Totus, (E))Jws,,

= Totus, (Ews, — Wy (0)U{u,0} (W = V] Totus, (t)vs,

= (twsw — Wy yuguylw = U] - tus,) — Wy (oyugueyw = 0] - (tus, — Wy (oyuguy[v — u] - tus,)

= tws, — Wy (o)ufuo [0 = V] tos, = (Wyoyugu v = ] = Wy oyuguey[w = 0] - Wy gyupuy[v — ul) - tus,
= twsw — Wy (o)ufu,o} (W = V] - tos, = Wy (o)ugup} (W — U] - tus,

= T(oU{vj})+ui (7r0+vj (t) )wa :
The second to last equality follows by Theorem 3.4 for U = V(o) U {u}. O

With this, we can now construct the polynomials associated to X. Note that the following
definition applies to any simplicial complex, but here we will apply it specifically to partite com-
plexes.
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Definition 4.4. We inductively define a family of polynomials p, (t) on RX*(1) of degree d — || associated
toevery o € X. If o is a facet of X (so that |o| = d) we define p,(t) = pu(o), and if |o| < d we define p,(t)
via

(d—lol) - ps(t) = Z lz 'pou{w}(ﬂ-aJr:Jc(t))'

z€Xs(1)
In particular, if |o| = d — 1 then p, is the linear form given by

pa(t) = Z ty - ,U/(O- U {x}) (4)

z€Xs(1)

In what follows we will prove that these polynomials p, are Lorentzian with respect to certain
associated cones. We next describe these cones.

4.2 Cones of Positive Vectors

In this section we define cones C, such that p, is C,-Lorentzian under condition (3). The cone C,

is called the cone of positive vectors, and we recall its definition now.
Definition 4.5 (Cone of positive vectors). Given o € X, we say that a vector v € ]ng W) s T-positive

if Toqr(v) € ng ur (1) forall T € X,. Wealso say v is w-non-negative if the inequalities are not strict.

We further define C,, to be the set of all w-positive vectors. By definition of =, it follows that C, is an open
convex (possibly empty) cone.

The main goal of this section is then to prove some basic properties of the cones of non-negative
vectors for the polynomials and m maps defined above. To do this, we first define some special
vectors in those cones called the a vectors. For ¢ € X and w € V \ V(0), we define a, (w) € RX-(1)
via

Qo (W)us, = Wy (g)[u — w] for all us,, € X,(1).

The following is the main result we will use regarding the « vectors.
Lemma 4.6. Foranyo € X, 7 € X,,andv € V' \ V (o), we have

asur(v), vEV(r
roer(0a(0)) = 1 O (v) (7)
0, veV(r).
Furthermore, o, (v) is w-non-negative.
Proof. By a standard induction argument, we only need to prove this for 7 = {us,}. For all
28, € XoUfus,}(1), we compute
Totusy (Ao (V))zs. = (V) 25, — Wy (0)ufu} [z = u] - g (V)us,
=Wy (o) [z = v] = Wyoupuylz = ul - Wy (o) [u — v]
_ WV(O’)U{’LL} [Z - U]a uF v
Theorem 3.4 O’ uU="v
_ Aour(V)zs,, v EV(T)
0, veV(r),

as desired. O
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This gives non-emptiness of the cones of non-negative vectors as an immediate corollary.
Corollary 4.7. For all non-facets o € X, the cone Cy is non-empty.

Proof. For all 0 € X and us, € X,(1), we have o, (u)y, = Wy () [u— u] > 1. Thus for all 7 € X,,
and us, € X,u-(1) we have

To41 Z aa(v) Th = 16 Z aoUT(U)usu > aUUT(u)’uSu >1>0,
veV\V (o) wse Y weV\V(oUr)
and therefore 3 1\ (o) & (v) € Co. O

4.3 Polynomials p, are C,-Lorentzian

We are now ready to prove that the polynomials p, are C,-Lorentzian under condition (3). To
do this, we need the following theorem, along with a lemma which puts into context the main
required condition of the theorem.

Theorem 4.8 (Connected + Quadratics = Lorentzian). Suppose (X, 11) is a d-dimensional connected
simplicial complex and Cy is non-empty. If the Hessian of p, has at most one positive eigenvalue for all
o € X(d — 2), then p, is C,-Lorentzian for all o € X.

Lemma 4.9. Fix 0 € X(d — 2), and let A be the adjacency matrix of the 1-skeleton of X,, weighted
according to p. That is, for all {z,y} € X,(2) the entry A(x,y) is u(o U {z,y}). Further, let D be the
diagonal matrix with entries given by

D(z,z) = Z Az, y) - atzﬂ'aer(t)y =VI[A- 7Ta+a:(t)]x .
yeXoU{z}(l)
Then the Hessian of ps is A + D.

We now apply Theorem 4.8 to prove that p, is Cy-Lorentzian for all 0 € X. To do this, we just
need to prove that the Hessian of p, has at most one positive eigenvalue for all o € X (d — 2).

Theorem 4.10. Let (X, j1) be connected, and suppose that for every o € X (d — 2) we have

Ao (Py) < /W (u,v) - W(v,u),
where u, v are the two distinct vertices such that u,v ¢ V(o). Then p, is C,-Lorentzian for all o € X.

Proof. By Theorem 4.8 and the fact that C, is non-empty by Theorem 4.7, we just need to prove that
the Hessian of p, has at most one positive eigenvalue for all o € X (d — 2). Given o € X (d — 2), to
compute the Hessian of p,, we use Theorem 4.9. Let u, v be the two vertices such that u,v € V(o).
For {us,,vs,} € X,(2) compute

8tusu7ra'+usu (t)vsv = _WV(O')U{U} [U — u] = _W('U,u),
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where the last equality follows from the fact that every vertex adjacent to v is contained in V(o) U
{u} U B. Now let A, be the adjacency matrix of the skeleton of X,,, weighted according to ;, and
let M, be the diagonal matrix with entries given by

My (usy,usy) = Wv,u) Z Ay (usy, v8y) for all us, € X,(1)
vsvexau{usu}(l)
and

My (v8y,v8y) = W(u,v) Z Ay (v8y, usy) for all vs, € X,(1),
usueXc‘U{vsv}(l)

By Theorem 4.9, the Hessian of p, is equal to A, — M,. Letting D, be the diagonal degree matrix
weighted according to y, we have

W(Uvu) Ty €Xs(1) 0
MO’ = “ 7 : -D0'7
|: 0 W(u,v) . IvsuGXg(l)

where Ig is the identity matrix indexed by the elements of S. Now by assumption we have

Ao(D; ' Ag) = Xo(Py) < /W (v,u) - W (u,v),
and thus by Theorem 2.6 we have that
D124 D12 W(v,u) - Itus,ex, 1)} 0 _ D2 (A, — M,) DoV
g g 0 W(u, 'U) . I{vsveXU(l)} i g
has at most one positive eigenvalue. Therefore the Hessian A, — M, has at most one positive
eigenvalue. O
4.4 Special Directional Derivatives of p,

In this section, we will prove a nice formula for directional derivatives in a(v) directions (for
various v € V) applied to p,. This will produce a quadratic polynomial with Hessian related to
the random walk matrix P, ,. Since the a(v) vectors are w-non-negative, this Hessian will have
one positive eigenvalue, allowing us to analyze the eigenvalues of P, ,. First we recall a few
lemmas which will make out computations much simpler.

Lemma 4.11 (cf. Lem. 3.3 of [BL21]). Given o € X and x € X,(1), we have

O, Po (t) = Pou{z} (7r0+ﬂc (t))

Further, for z,y € X, (1) with x # y, we have

By, 0y (t) _ pau{x,y}(ﬂ-a—‘r{m,y}(t))v {:L’,y} € XU(2)
v 0, otherwise.

Lemma 4.12 (Chain rule). If f € R[t1,...,t,] is a polynomial, L : R™ — R" is a linear map, and
v € R™ then

Vo[f(L(#))] = VL) FI(L(E))-
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Using these two lemmas, we now prove the nice formula for applying «(v) directional deriva-
tives to p,-.

Lemma 4.13. Given o € X, let {v1, ..., vy} be any ordering of the vertices of V' \ V(o). We have

[ I Vew

v¢V (o)

po(wo(t» = [H WV(O’)U{’Ul,...,Ui—l}[Ui — Ui] Z M(T)'
i=1 TeX(d):cCT

In particular, [[;21 Wy (o)Ugur ... 001} [Vi = vi] is independent of the order of {v1, ..., v}
Proof. We prove this by induction on codim(c) where the result is trivial in the case that codim(c) =
0. For v ¢ V (o), we first compute an expression for a single directional derivative.

Vaw [Po(me ()] = [Vi,(a@)Pol(ms(t))

chain rule

o= Vay@pol(mo(t)

= 2 (s Poutws) (To s ()]0 (1))
UISwEXg(l)
— o\Y)wsy " PoU{ws ocU{ws t)).
commut. of 7 Z o (U) w' P u{ w}(ﬂ- u{ w}( ))

wsywE€Xs(1)

To prove the desired expression, we now want to apply Vg, for all other u ¢ V(o) besides v.

A priori, it seems this computation could become quite complicated. However, we now make a

small observation which will simplify things significantly. Note that by Theorem 4.6 we have
7"'O'U{usu}(a(u)) =0,

which implies

Voz(u) [pau{usu} (Wau{usu} (t))] [vﬂau{m—} (a(u))pau{usu}] (Wou{usu} (t)) =0. (5)

chain rule

Therefore we have

{ I Vaw

ugV (o)

Va) [Po(ms(t))]

Po(7o(t)) = [ II Vaew
ugV (o)U{v}

= Z o (V)ws,,

WwswEXqs(1)

II Vaw

ugV(o)U{v}

(? Z o7 (U)USU |: H voz(u)

Pou{wsw} (WJU{wa} (t) )

| po’U{vsv}(Trau{vsu}(t))'
Sv:08,€X (1) ugV (o)U{v}

That is, the sum of the RHS is only over vs, € X,(1) for the specific vertex v with which we
applied the directional derivative V(). Now suppose we order vertices notin V(o) as vy, ..., vp,
for m = codim(o). Recalling that o, (v)ys, = W, [v — v], by induction we finally have

[H Va(vi)] Po (7o (1))

i=1
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= Z ag(vl)ms H va(vi)

Pou{vis} (Wau{vl s} (t))

sw18€ X5 (1) =2
I?{ Z WU[’Ul — Ul} . HWV(U)U{UL..-,’W—l}[Ui — Ui] Z /,L(T)
s:w18€X4 (1) 1=2 T€X(d):0U{v1s}CT
- [H Wy (o)Ugor i1} [V = Uz]] Z (7)
=1 T7€X(d):cCT
as desired. -

4.5 Proof of Theorem 4.1

We now finally use Theorem 4.13 to prove Theorem 4.1. First we compute a certain Hessian related
to the random walk matrix P, ,. Let 0 = {us,,vs,} and let wy, ..., w4_2 be the rest of the vertices
in V. We have

va(wl) o 'va(wd,g)ausu 81;5,,]?@ (t)

The()re:m 411 vo¢(w1) to va(wd_g)p{usu,vsv}(W{usu,vsu}(t))
d—2

H W{u,v,’wl,.._,wiil}[wl' — wl] Z M(T)

Theorem 4.13 [ ]
heorem el TEX (d):{usu,vss }CT

and
vOt(wl) o 'va(wd72)833up®(t)

o= 2 O sy e Vawn Vo) Plus.os) (Tus,.os ()
50SEX 46,3 (1)

d—2
Theore:m 4.13 Z —Wu [/U — U] ) [H W{quwlv“,wi—l}[wi - wl]] TGX( Z M(T)

5:08€ X (45,3 (1) =1 d):{usy,vs}Cr

d—2
= —Wy[v — ul - [H W o 0n i1} Wi = wi]] > u).
T7eX

i=1 (d):usy €T

Thus up to positive scalar, the Hessian Hy, , of V() = Va(uw, ,)Po(t) isequal to Ay, — Dy M,y
where A, , and D, , are as defined above Theorem 4.1 and M, , is the diagonal matrix which
equals W,[v — u] for the u entries and equals W,[u — v] for the v entries. Since py is Cy-
Lorentzian by Theorem 4.10, and a(wy) € Cy for all k by Theorem 4.6, the matrix H, , has one
positive eigenvalue by Theorem 2.2. Since G, , is a bipartite graph, by Theorem 2.6 we finally
have that A\2(P, ) = )\Q(D; TAuL) < \/ Wy[v — u] - W, [u — v]. This completes the proof of Theo-
rem 4.1.

5 From C-Lorentzian to Spectral Independence

In this section we prove Theorem 1.4 and then we use it to prove Theorem 1.5. We then use
Theorem 1.5 to prove Theorem 1.3.
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Proof of Theorem 1.4. By the conclusion of Theorem 4.1, for any pair of vertices u,v € V we have

A2(Pyw) < \/Wu[v = u] - Wy[u — v], (6)

where recall that P, , is the simple random walk matrix on the weighted bipartite graph G, ,, on
Sy, US, where the weight of every edge A, ., (us,, vs,) is the probability that us,, vs, areina o ~ p.
Observe that from (6) we have \y(P, ) < 0 if u, v there is no directed path from u to v (or from v
to u) w.r.t. the random walk matrix W. Thus recalling that My (u,v) = /W, [v — u] - W,[u — 1],
the assumptions of Theorem 2.8 are satisfied by M. Therefore we have

< )\max(M@)

MPo) < =5

as desired.

To prove Theorem 1.4 for any 7 € X of codimension at least 2, notice that (X, ;1) is a con-
nected codim(r7)-partite complex with parts indexed by V'\ V(7). Thus by adding V' (7) to the set of
boundary vertices B, we consider a random walk on V. UB; for V; = V\V(7) and B, = BUV(7),
with the same transition probabilities as W. Thus we can define M, analogously to My by set-
ting M, (u,v) = /W, [v — u] - W,[u — v] according to this new random walk matrix on V; U B;.
Further, the assumptions of Theorem 2.8 are satisfied by M. Therefore we have

)\max(MT)
AP < Cqimi =1

for all 7 € X of codimension at least 2, as desired. O

5.1 Upper Bounds via the Number of Distinct Walk Vertices

Proof of Theorem 1.5. To prove this corollary, we just need to show that

)\max MT < Eg- u d -2
(M) e Eaawy | [d(Q) — 2]

Given any 7 € X of codimension at least 2, let M be defined as M (u,v) = Wy (yy(o[u — v] for
all u,v € V'\ V(7), so that M. = M, (using the M notation from Section 2.2). By Theorem 2.5, we
have

)\ma)((MT) = P(MT) < P(M‘;)’

and then we can bound the spectral radius by the maximum row sum via

Amax(M;) < p(M!) <  max > Wylu— o).
ueVAV(7) veV\V(1)w#u

Therefore, by Theorem 3.6 we have

Amax(MT) < 61‘51\34‘3(( ) Z WU[U — U] = 61"51\3"3(( )EQNWV(T)M [d(Q) - 2]
“ 4 veEV\V (7):w#u “ 4

as desired. O
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5.2 Generalizing Dobrushin’s Condition

Proof of Theorem 1.3. Given a d-partite complex X corresponding to a multi-state spin system and
the pairwise spectral influence matrix Z, we first construct an undirected graph G with corre-
sponding random walk matrix W and then we apply Theorem 1.5. We add a boundary vertex
by, forany v € V, welet B = {b, : v € V} and we let V(G) = V U B. For any u,v € V with
Z(u,v) > 0 we include an edge {u, v}; we also connect any b, to v. Next, we determine the weight
of the edges.

Let V1UB1, VaUBs, ..., V,UB,be the connected components of G. Furthermore, let ey, e, ..., ¢
be such that A\yax(Z;) = 1 —¢; forall ¢ € [¢], where Z, is the principal submatrix of Z corresponding
to G[V; U B;]. Let x; € R o be the corresponding eigenvectors which can be chosen to be strictly
positive by the Perron—Froberuus theorem; i.e., Z;x; = (1 — ¢;)x;.

We now define W € R(VUB)X(VUB) For any u, v € V;, we let

x;(v)

W(u,v) =Z(u,v) - )’

forall u,v € V.

Further, for v € V; welet W (v, b,) = €, W(b,,v) = 1, and we set every other entry of W to be zero.
Next, we show that indeed W is a random walk matrix. First notice W (u,v) > 0 for all u,v €
V U B. For any u € V; we have

ZW( v) = W(u,by,) —i—ZWuv—el—FZIuv zi(v) e—&—w:l.

veVUB veV veV; wi(u) wi(u)

So, W is stochastic.

Note that the graph G that we constructed above is absorbing as there are at least one boundary
vertex b in every connected component. Now we check the assumption of Theorem 1.5. Fix u,v €
Vilet 7 € X be a face of codimension 2 such that u, v ¢ V(7). Then by the definition of Z, we have

Ao (Pr) < Z(u,v) = /Z(u,v)Z(v,u) = /W (u, )W (v, u).

Since X is connected, by Theorem 1.5 we have

A2 (PU) <

S codim(e) =1 "X By (@) =2 <

W mq?,XEQNWV(o)[u]HQ| —1]

for every o € X of codimension at least 2. We now upper-bound the RHS. For an arbitrary vertex
u € V\V(o), wehave

o0

1 €)?
E Qw0 1Q] — ZPIQ!>k S (1o = 129

€
k=2

where in the first identity we used that every walk @ has length at least 1. The inequality uses that
from every vertex v € V; we jump to an absorbing Vertex b, with probability at least ¢; > €. This

(1-¢)” - Therefore 1 is (1=9"

then implies A2(P,) < eodim{o) =Ty

spectrally independent. O
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5.3 Path Complexes

In this section, we use the machinery of this paper to prove a generalization of one of the main
results of [LLO25] for path complexes. First let us recall some notation from [LLO25]. A d-partite
simplicial complex X is called a top-link path complex’ if the parts/sites V of X can be labeled
by [d] = {1,2,...,d} so that the following holds: for every 7 € X of codimension 2 such that
VA\V(r) = {z j} for non-consecutive i, j, we have \y(P;) < 0. The main trickle-down theorem
obtained for top-link path complexes is then given as follows.

Theorem 5.1 (Theorem 1.4 of [LLO25]). If (X, p) is a connected d-partite top-link path complex such
that \o(P;) < L forall T € X of codimension 2, then Xo(Py) < & forall 7 € X.

To reprove this theorem using our machinery, we first translate the definition of top-link path
complex into the language of this paper. Given any top-link path complex, we can set Z(i,j) = 0
for all 4, j which are non-consecutive integers. Thus our pairwise spectral influence matrix 7 is a
symmetric tri-diagonal matrix with zero diagonal (assuming the sites are ordered via the labels
[d]). The above theorem then says that if all non-zero entries of Z are equal to 1, then A\o(P;) < £
forall 7 € X.

Note that if we could assume for some constant e > 0 that Ao (P;) < % for all 7 of codimension
2, then we could simply bound Ayax(Z) by the maximum row sum of Z and apply Theorem 1.3 to

obtain Ao (P;) < (Cw&ri(i);l)g for all 7 € X. (In fact, this recovers a weaker form of Theorem 1.21
of [LLO25].) Thus to reprove Theorem 5.1, we will instead use Theorem 1.4.

Consider a path graph with V' = [d]| and two boundary vertices B = {0, d+1} adjacent to 1 and
d respectively, and let the (non-directed) edges be weighted by 3. Thus for all adjacent i, j € [d] we
have W (i, j) = 5. We let M/, be a (non-symmetric) real matrix with zero diagonal and off-diagonal
entries given by M/ (i,5) = W;[j — i]. Since M/, = My (using the M notation from Section 2.2),
we have that Theorem 2.5 implies Apax(Mg) < Amax(M}) by Perron-Frobenius. We then bound
Amax(M}) by bounding the maximum row sum as follows. For all i € [d] we have

— d—1
! /-
ZM@(Z] ZW]—M Z ilj — 1+ ZW]—M —
J jF#i J=1 Jj=i+1

To see the last equality, observe that by symmetry Ziil W;[j — 0] = Z’ L W.[j — i] and they
sum up to i — 1. So, each must be exactly 51. Similarly, we have S W;[j — i) = %= This
implies Apax(Mp) < &L

Therefore applying Theorem 1.4 gives: if for all o € X (d — 2) we have

j=i+1

— L 1, j are adjacent
)‘2(P0>§\/W(Z7J)W(Ja ) {2 )

0, 1,j are not adjacent,
where i, j are the two distinct sites in V' = [d] which have no spin in o, then
)\maX(ME) )\max(M/@) 1
X2(Py) < < < -
2Po) S =77 S g1 =3
By the definition of top-link path complex, this is precisely Theorem 5.1 for 7 = @. The general

result for all 7 € X then follows from the fact that (X, u|x, ) is also a connected top-link path
complex (since (X, i) is) with the same codimension 2 eigenvalue bounds.

*The definition we give here is slightly different than that of [LLO25], but the two definitions are equivalent.
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6 Future Directions

Given our improved Dorbrushin’s condition with a spectral pairwise influence matrix, the first
question is to find new applications of this statement which were not approachable using the
previous machineries. We expect to see many such directions in the next few years.

Another natural question stemming from our machinery is to prove a more general trickle-
down theorem for non-partite simplicial complexes. We intend to do this in future work; that is,
to reprove Theorem 1.7 and then to extend beyond worst case bounds on second eigenvalues of
top links. In fact, a slight variation of the machinery of this paper can already be used to reprove
Theorem 1.7, but it is currently unclear how to generalize this idea.

Finally, we conclude this paper with a natural conjecture stemming from our family of Lorentzian
polynomials. Given a graph G with d = |V| vertices, maximum degree A > 1, and ¢ colors, it is
conjectured that the natural Glauber dynamics mixes in poly(d) steps and generates a uniformly
random proper coloring of G as long as ¢ > A + (1).

Let X be the d-partite complex defined as follows: For every vertex v, S(v) is the list of colors
available to v, facets of X correspond to all proper colorings of GG, and y is the uniform distribution
over all facets. Let A be the adjacency matrix of G; attach a boundary vertex b, to every v and let
P be the simple random walk matrix where W (u,v) = @ for any u ~ v, and W (u, b,) = € for
all u. Having the random walk matrix W, we can recursively define p, for any ¢ € X using (4).

Conjecture 6.1. There is a constant C' > 0 such that if |S(v)| > deg(v) + C for all v € V, then pg is
Cg-Lorentzian.

For example, if G is just one edge then the above conjecture holds for C' > 3. A few remarks
are in order:

¢ If the above conjecture holds, then by the argument in Section 4.4 and proof of Theorem 1.4

we obtain that A\2(Py) < O(ﬁ).

¢ We don’t expect a trickledown argument that only uses second eigenvalues of links of codi-
mension 2 lead to a proof of the above conjecture. This is because in the case of a complete
graph on d vertices (and same set of colors) all links of codimension 2 have second eigen-
value ﬁ. In general the trickle-down Theorem 1.7 is tight when all links of codimension 2
have the same eigenvalue (in the worst case).

® Theorem 4.8 and Theorem 1.4 only give sufficient conditions for p, to be C,-Lorentzian.
In general, it could be that p, is C,-Lorentzian for significantly smaller values of ¢ < 2A.
In such a case we need to find new techniques to verify whether a given polynomial is C-
Lorentzian.
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A Pairwise Influence vs the Spectral Pairwise Influence Matrices

In this section we prove Theorem 1.2. We require the following lemma, which we will prove after
proving Theorem 1.2.

Lemma A.1. Let P = g 61] be a real matrix with constant row sums a and suppose X is an eigenvalue

of P other than %a. If A is m x n with entries a;; and B is n x m with entries b;; then

1
<= — b0,
Al < QJ (&??ﬁmz‘% ') (@;?ﬁnz‘bw bw')

Proof of Theorem 1.2. Let I be the influence matrix of ;. By Theorem 2.5,

)\maX(I) = p(f) < p([).

Next, we show that for any v, v,
T(u,v) < I(u,v). %

Note that this finishes the proof as by Theorem 2.4 it would imply that A\pax(Z) < Amax(I). For a
pair of vertices u, v consider the worst link 7 of codimension 2 such that u,v ¢ V(7) in the sense
that A\2(Pr) = Z(u,v). Such a link exists by the definition of the spectral pairwise influence matrix

Now we can write P, = as a matrix with non-negative entries, such that every row

0

B 0
sum is 1. Let a4 ¢ (resp. b, ) be entries of A (resp. B). Suppose the rows of A correspond to
spins of u and the rows of B correspond to the spins of v. It then follows by the definition of the

influence matrix I that

<1<Z7]<mz |CL13 CLJS’) < Tyuso 5 (123?712 |b15 — b]s|) < Iy_y.

Since the skeleton G- of X is connected, we have that Ao(P;) # 1. Thus either

Xo(Pr) < 0=Z(u,v) < I(u,v),
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or else by Theorem A.1 we have

1
Z(u,v) = Xao(Pyr) < 2\l <1<I?,?§m > |ais a;sl> (éﬂl‘fén > [bis ]s|> I(u,v).

This proves (7) as desired. O

We now prove Theorem A.1, which is a bipartite version of a result found in [Sen81]. That
said, we will make use of the following intermediate lemma from [Sen81] for the proof.

Lemma A.2 (Lemma 2.4 of [Sen81]). Suppose d € R", n > 2, "1 =0,6 #0. Then for a suitable set
S = S(0) of ordered pairs of indices (i, j) with 1 < i, j < n, we have

=3 (%) 6.
(i,5)es

where n;j > 0and 3 ; »yesmij = ||6][1, and y(i, j) = e; — e; where e; is the ith standard basis vector.

Proof of Theorem A.1. Let 2" = (21,...,2,) be an arbitrary row vector of complex numbers. For
any real & # 0 with 6 ' 1 = 0, the previous lemma implies
ij 1
2Tol< 30 (5) e — =l < gmaxlei — 21 ] ®)
(i,5)es

Note that the first term being at most the last term also trivially holds for § = 0. Letting f(z) =
max; j |2z — zjl,

n

Z(ais - ajs) S

s=1

f(Az) = max < %f( )max > |ais — asl.

Z’]

To see the inequality let 6 be the vector in R” given by the difference of the ith and jth rows of A.
Then 6 "1 = 0, and so the inequality follows by (8).

Since we have a similar inequality for f(By) for any complex row vector y' = (y1,...,%m),
we obtain
f(ABy) < f(By maXZ ‘azs a]s’ < f (maxz ‘azs - ajs’) <H21%XZ ‘bit - bjt‘) :
o=l

Nowletz" = (y",2") = (y1,...,Ym, 21, - - -, 2) be a right eigenvector of P corresponding to an

eigenvalue A of P, so that ABy = AAz = \?y. We thus have

I\?f(y) = f(ABy) < f (maXZIazs ajs|> (H;&]LXZIbit—bjA).
ot=1

Now X\ # +a implies both y and z are not multiples of the all-ones vector. Further, at least one of
y and z is non-zero, and we can assume it is y without loss of generality by possibly swapping A
and B. Thus f(y) # 0, and therefore

1 u -
|)\|2 < Z <HZI%XZ |ais — (Ijs|> (Inlz;xz |bzt - bjt|> .
Yos=1 Yot=1

The statement follows by taking the square root of both sides. O
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