Generalized Multi-Constraint Extremum Seeking

Alan Williams!

Abstract— We generalize the Safe Extremum Seeking algo-
rithm to address the minimization of an unknown objective
function subject to multiple unknown inequality and equality
constraints, relying on recent results of gradient flow systems.
These constraints may represent safety or other critical con-
ditions. The proposed ES algorithm functions as a general
nonlinear programming tool, offering practical maintenance of
all constraints and semiglobal practical asymptotic stability,
utilizing a Lyapunov argument on the penalty function and
the set-valued Lie derivative. The efficacy of the algorithm is
demonstrated on a 2D problem.

I. INTRODUCTION

Optimization under constraints is a central problem in
control and engineering, appearing in applications ranging
from robotics to autonomous systems and real-time decision-
making. Various approaches exist for solving constrained
optimization problems, but the choice of method depends
significantly on the information available about the objective
and constraint functions. In this paper, we leverage two
recently proposed methods for addressing different problems
using constrained optimization: one employing control bar-
rier functions (CBFs) and quadratic programming (QP) for
general nonlinear programming, under multiple constraints
with known gradients, and another using extremum seeking
(ES) to optimize an objective under a single CBF con-
straint, when gradients of the problem are unknown. These
approaches tackle different problems, but their combination
presents an opportunity to develop a more general ES tool
merging the ideas from both algorithms.

The first work [1] introduces a general constrained opti-
mization framework based on the safe gradient flow. The
method treats a general nonlinear programming problem
(under multiple inequality and equality constraints) as a
control problem, where constraints are enforced through a
CBF-inspired QP solved at every time instant. The result is
a continuous-time optimization algorithm that ensures that
the feasible set is forward invariant, while driving trajectories
towards solutions to the nonlinear program. The approach has
been shown [16] to be closely related to projected gradients
methods, and may be understood as a continuous, smoothed-
version of projected gradient descent methods. The work
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[1] assumes the gradients of the objective and constraints
are known which may not apply to scenarios where only
functions values are measured.

In contrast, the work [31] presents a “Safe” Extremum
Seeking (Safe ES) algorithm, designed for optimization prob-
lems where the objective and CBF gradients are unknown
but can be estimated through real-time measurements. ES
methods introduce perturbations to the optimization variables
to estimate the gradient of an unknown function in real-time.
To enforce safety constraints, Safe ES also incorporates a
QP-based safety filter, which prevents constraint violations
while seeking the extremum of the objective function. This
approach is particularly useful in settings where analytical
expressions of the constraint and objective are unavailable,
and it ensures “practical safety”, meaning that the constraint
violation can be made arbitrarily small via more conservative
design constants. However, Safe ES, in its current form, is
limited to a single inequality constraint as its design is based
on the classical safety filter design in [4].

Contributions: We propose a Generalized Multi-
Constraint Extremum Seeking (GMC-ES) algorithm that
merges ES-based gradient estimation with a QP framework
to handle multiple inequality and equality constraints using
only function evaluations. The method solves a QP in real
time with estimated gradients, and its aggressiveness in
enforcing constraints is tunable through a design parame-
ter. Using a penalty-function as a Lyapunov function, we
establish semiglobal practical asymptotic stability for a class
of nonconvex problems. More so, the practical maintenance
of the feasible set is also achieved. This extends Safe ES to
Generalized Multi-Constraint ES (GMC-ES), going beyond
single-constraint settings, providing a real-time, constraint-
enforcing optimizer for nonlinear programs. Along the way,
we also provide conditions for global convergence of the safe
gradient flow by means of the set-valued Lie derivative.

Literature (ES, CBFs, safe gradient flow): ES is a
powerful control method for dynamic systems with uncer-
tainties, with its first formal stability proof established in
the seminal work of [22] paper, sparking renewed interest in
this method. Constrained ES specifically has been explored
in cases where constraints are unknown, often assuming
convexity, incorporating techniques such as switching ES
algorithms using projection maps [9] and convex problem-
solving via saddle points of modified barrier functions [23].
Studies in [17], [18] provide Lie bracket-based analysis of
saddle-point dynamics, while [5] considers projection-based
gradient methods. We recommend [28] for a comprehensive
survey on extremum seeking.

The literature on safe control has grown significantly,



driven by foundational work in [2], [30], particularly in the
development of Control Barrier Functions (CBFs) and safety
filters to enforce constraint satisfaction in real-time control
applications [3].

The safe gradient flow algorithm [1] has found applica-
tions in power systems [13], reinforcement learning [19],
[24], and more such as for feedback control design for
dynamical systems [10]. Here, we extend the range of
applications to extremum seeking control. The connections of
the safe gradient flow with other dynamical system-inspired
approaches to solve constrained optimization problems, in
particular those based on projected dynamical systems [16],
[26], are discussed in [1].

II. PRELIMINARIES ON NONSMOOTH ANALYSIS

Suppose V : R™ — R is locally Lipschitz, and Qy is a
set of measure zero containing the points where V' is not
differentiable. Denoting the convex hull of a set S as co(S),
the generalized gradient is defined as

oV (x) = co{.lim VV(x;)  x; = x,m; ¢ QV} .
71— 00
Intuitively, the generalized gradient OV (z), at some point
x, describes a convex combination of all nearby gradients
where V(x) is strictly differentiable. See [11] and [14] for
more information on generalized gradients.

Regularity of a function proves useful in calculating
generalized gradients. The definition of regularity can be
seen in [11], but the following class of regular functions
is sufficient background for this paper, rewritten from [11,
Proposition 2.3.12], which provides a useful expression for
the generalized gradient.

Proposition 1: Let g, : R — R be differentiable func-
tions for K = 1,2,...,m, and let V : R® — R be defined
as the maximum of the collection of functions

;m}. (D

Let Iy (x) denote the set of indices k for which V(x) =
gr(x) — the “active” functions. Then:

V(z) = max{gi(z) : k=1,2,...

1) V is regular and locally Lipschitz.
2) The generalized gradient can be expressed as

OV (z) = co{Vgi(z):i e Iy(x)} .

See [11, Chapter 2] for more information on general-
ized gradients and useful calculus rules. Lipschitz func-
tions we encounter in this work can often be written in
the “pointwise maximum” form (1) — note these two
basic identities |g(z)| = max{g(x),—g(z)} and g(x) +
[A(2)]+ = max{g(z), g(x)+h(x)} where, we denote [h]4 =
max{0, h} for h € R.

We now define a set-valued form of the Lie derivative,
utilizing the generalized gradient, which is generally defined
for a set-valued map but we give a simpler definition for a
Lipschitz function, sufficient for this work [14]. Consider the
system

&= f(z). 2

Definition 1: Let V : R® — R and f : R® — R" be
locally Lipschitz. The set-valued Lie derivative of V' with
respect to f is

LiV(z)={aecR: f(x)'p=aforallpecdV(z)}.

If V is differentiable, then one recovers the standard Lie
derivative LV (z) = {f(z)"VV (x)}. If V if differentiable
everywhere then with some abuse of notation we may ignore
the set notation, writing £,V (z) = f(z) " VV (z).

The following result [6], [14] is a generalization of the
invariance principle, and it is the primary tool used to study
stability in this work. In the case where the set-valued
quantity £,V (x) is the empty set, we use the convention
that max{0} = —ooc.

Theorem 1 (Invariance Principle): Let V : R™ — R be
locally Lipschitz and regular. Let S C R™ be compact and
positively invariant for (2). Suppose max LV (z) < 0 for all
2 € S. Then all solutions of (2), with z(tg) € S, converge
to the largest invariant set M contained in

Sn{zeRr:0e LfV(x)}.

The next result is Nagumo’s theorem, giving a useful
condition which may be used to show that a set is invariant —
note that Theorem 1 requires an invariant, compact set S. The
original work is given in [25], but more simply reformulated
from [8, Theorem 4.7].

Theorem 2 (Nagumo’s Theorem): Suppose S C R™ is a
closed set. Then S is invariant with respect to (2) with f
locally Lipschitz if and only if

f(z) € Ts(z) for all x € bd(S),

where Ts(x) is the Bouligand tangent cone [8, Definition
4.6].

The following result characterizes Bouligand’s tangent
cone for sublevel sets defined by the maximum of differ-
entiable functions, showing that for a sublevel set S =
{V(x) < V}, with V given in (1), the set Ts(z) can be
equivalently expressed using the set-valued Lie derivative
LV (x)

Proposition 2: Let f : R™ — R”™ be locally Lipschitz and
V : R™ — R regular (which includes functions of the form
as in (1)). Consider S = {z € R" |V (z) <V} for V € R.
Then for = € bd(S) such that 0 ¢ 9V (),

max L;V(z) <0 < f(z) € Ts(x).

Proof: First, note that “Bouligand’s tangent cone” in the
terminology of [11] is referred to as the “contingent cone”
— see [12, Chapter 7]. Since V is regular by Proposition 1
and 0 ¢ OV (z) for x € bd(S), then by [11, Theorem 2.4.7]
S is regular and the “tangent cone” (in Clarke’s terminology)
is equivalent to Bouligand’s tangent cone (or the contingent
cone in Clarke’s terminology) with 7s(z) = {v € R" :
Ve(x;v) < 0}, where V°(x;v) is the “generalized direc-
tional derivative” of V' at the point x in the direction v. By



[11, Proposition 2.1.2], V°(z;v) = max{¢ v : £ € OV (x)},
and so

Ts(x) ={veR": max{{“—rv :£€dV(x)} <0}.

Forward implication: take some x € bd(S) and suppose
max LV (z) < 0. Then for all a € L;V (), where a =
f(z)Tpforall p € OV (x), we have a = f(z) "p < 0, which
implies f(z) € Ts.

Backward implication: take some z € bd(S) and suppose
f(z) € Ts, implying f(x)"p < 0 for all p € OV (z). For
any a € L;V(z) we have a = f(x)Tp, for all p € OV (z).
Since a = f(x) "'p < 0 then max LV (z) < 0. ]

Theorem 1 directly implies that if the system & = f(x) has
an equilibrium z. on some compact invariant set S, and if
max LV (z) <0 for x € S\ {z.}, then solutions converge
to x.. But in the context of this work, we ultimately are
interested in the convergence to a neighborhood around a
point.

Consider instead the system

i=F(z) = F(z) + O(a), (3)

where F'(z.) = 0 and O(a) is Lipschitz in x but can be made
arbitrarily small by choosing the parameter a > 0 sufficiently
small (on a compact set). In this scenario, we would like
to show that for any A > 0, trajectories of (3) from the
initial condition 2(0) € Ba(z.) converge to B, (z.), for any
v > 0, no matter how small, for some 0 < a < a*. This is
known as “SPA stability” or semiglobal practical asymptotic
stability, see [27, Assumption 2] for the definition of this
property. Theorem 1 is the tool we use to demonstrate this
SPA property in our work, and Theorem 2 is the tool used
to find an invariant set S, a requirement in Theorem 1.

Organization: In Section III we study the safe gradient
flow algorithm and derive conditions for which global con-
vergence is guaranteed. Rather than imposing conditions on
the nonlinear program which is being solved, as studied in
[1], we extend the work and derive conditions on the QP
defining the dynamics, and characterize results in terms of
the set-valued Lie derivative. Then in Section IV, we give
an extremum seeking design, GMC-ES, which mimics the
safe gradient flow dynamics, extending the work in [31]
to handle multiple constraints. We also give a high level
overview of the analysis and present a theorem showing
practical convergence and practical anytime maintenance of
all constraints. Finally in Section V we implement GMC-ES
in a simple 2D example.

III. STABILITY OF THE SAFE GRADIENT FLOW
A. Lipschitzness, Equilibrium, and Invariance

In this section we state the form of the safe gradient flow
from [1], the basis for the extremum seeking design of this
work, and characterize some key results in terms of the
set-valued Lie derivative. The results in this section differ
slightly in nature to the safe gradient properties described
in [1]. Here, we impose a global constraint qualification on
the QP (7) defining the safe gradient flow, whereas the work

of [1] imposes constraint qualifications on the nonlinear
program (4). We take the most direct route of imposing
global conditions on the QP (7), since our goal is to study
global convergence of (6) under the dynamics (7). Therefore,
many of the results in this section, which hold globally, have
analogs in the work of [1], which hold locally or in a region
near the feasible set C. For example, Proposition 5 has an
analog [1, Proposition 5.1] which holds given a constraint
qualification on nonlinear program at an optimal point 6*.
Proposition 6 also has an analog [1, Theorem 5.4] given a
constraint qualification on the nonlinear program for 6 € C.
Consider the nonlinear program:

minimize f(9)
subject to  g(6) <0 “4)
h(9) =0,

where f : R" - R, g : R® — R™, h : R* — R! are
differentiable with locally Lipschitz derivatives. Let
C={0cR"|g(0) <0,h(0) =0}, (5)

denote the feasible set.
Consider the safe gradient flow dynamics:

6 =Ga(9) 6)
where G,, satisfies the quadratic program with o > 0:

Ga(0) = argmin  {3[€+ Vf(0)*}

¢ERn

subject to 8%7(:) &< —ag(0), @)
Oh(6) _
a9 &7 ah(6).

The dynamics G, can be thought of as a gradient descent
based method, and under no constraints the minimization
under ¢ results in £ = —Vf(f) — standard gradient
descent.

The Karush—Kuhn-Tucker (KKT) conditions for the op-
timal point &* along with associated multipliers (u,v) €
R™ x R! are:

ag(0) " onO) "
&+ VIO)+ %(0) u a(e) v=0  (8a)
e +agm<o  6b
oh(o) ., B
w>0  (8d)
uw’ (a%(;) £+ ag(9)> =0 (8e)

where £* = G, (). Let the Lagrange multiplier set be defined
as

A(0) ={(u,v) € RZ, x RF | 3¢* € R" such that
(&%, u,v) solves (8)}. 9)

We impose the Mangasarian—Fromovitz constraint qualifi-
cation (MFCQ) for all 8 € R™ on the QP in (7).



Assumption 1 (MFCQ holds for the QP): MFCQ holds
for the QP (7) at each # € R™. Namely, for each § € R™:

1) 6h(0 has full row rank, and

2) ad € R"™ such that Vh;(0)Td =0 for all j = 1,...,1
and Vgi(G)Td <0 forall i € AQP(G) where

Aqp(8) == {ie{l,...,m} | V(6

(6) =0}

Proposition 3 (MFCQ implies bounded multipliers):
Suppose Assumption 1 holds.

)T + agi(

i) Then the Lagrange multiplier set A(f) associated with
(8) is nonempty and bounded. In particular, for all § €
R™ there exists an M () < oo such that every (u,v) €
A(0) satisfies u; < M(6) and |v;| < M(6) for all i €
{1,...,m} and 5 € {1,...,1}.

ii) Slater’s condition holds for (7) at the same €, which
means 3¢ € R™ satisfying Vg;(0)T¢" + agi(0) < 0
and Vh;(0) "¢ + ah;(0) = 0 for all i € {1,...,m}
and j € {1,...,1}.

Proof: Statement i) the set A(6) is bounded by [20].

Statement ii) see [7, Proposition 3.3.8 proof]. [ ]

The following proposition gives an additional fact and
Ga(0) is locally Lipschitz.

Proposition 4 (Lipschitzness of safe gradient flow):
Under Assumption 1, for all § € R”, G, () is well-defined
and locally Lipschitz.

Proof: Under Assumption 1, MFCQ provides a direc-
tion d with Vh;rd = 0 and Vg;r d < 0 for all active 1,
so no inequality can be an equality for all feasible points;
hence in [15, (3.5)-(3.6)], By is vacuous, the strict—slack
condition for Ag follows from Slater’s condition (implied by
MEFCQ), and the constant-rank hypothesis [15, (3.8)] reduces
to rank D(#) = [ uniformly by the full row rank of 0h/06.
Since the the problem data in (7) are locally Lipschitz in
0 and the quadratic cost is strongly convex, [15, Theorem
3.10] applies, yielding G, () locally Lipschitz in 6. ]
Under a constraint qualification, a local solution 8* € C
to (4) satisfies the KKT conditions

VI0") + 398(2*>Tu* N 5h§z*)Tv* Lo 0w
g(6*) <0, (10b)
hO*) =0,  (10c)

u >0,  (10d)
(u*)Tg(6*) =0, (10e)

with some Lagrange multipliers (u*,v*) € R™ x R! asso-
ciated with 6* € R™ [7]. We make the assumption that the
KKT conditions uniquely determines the global solution to
the nonlinear problem (4), in anticipation of a global study
of convergence.

Assumption 2: There exists a unique solution #* € R"
to (4), and is the only point that satisfies (10) with some
Lagrange multipliers (u*,v*) € R™ x R¥,

If 0* is a local solution to (4), and a constraint qualification
holds at 6*, then the KKT conditions are satisfied at 6*.
However, the converse is not true: a point § may satisfy the
KKT conditions, without being a (local or global) solution
of (4). Consequently, to ensure correctness in the study of
the global convergence of (6), we impose Assumption 2. The
next result also follows from the work of [1, Proposition 5.1],
demonstrating a single equilibrium of (6).

Proposition 5 (Equilibrium at KKT point): Under
Assumptions 1 and 2, G, () = 0 if and only if § = 6*.

Proof: If G,(0) = & = 0, then the conditions in (8)
with o > 0 can be simplified to exactly that of (10), which
implies § = 0* uniquely by Assumption 2. If § = 6*, notice
that £* = 0 satisfies (8) along with v = v* and v = v*.
Since the QP in (7) is strongly convex and Slater’s condition
holds, £* = 0 is unique. [ |

We define

Con = {0 €R™ | g(0) < g,|h(0)] < h},
where g € Rgo’ he Rlzo. Note that C C Cg,,;

(1)

Proposition 6 (Time derivatives and Invariance): Under
Assumptions 1 and 2 the following hold:
i) All sets of the form C; j,, including the feasible set C,
are invariant with respect to (6).
ii) For any (u,v) € A(0) satisfying (8),

Lo, f(0) = —[|Ga()]]* + au’ g(0) + av ' h(z)
iii) For any 0 € C,
Lg, f(0) <0
and Lg_ f(0) = 0 if and only if = 6*.

Proof: Statement i): £* = G, (0) are Lipschitz in 6 and
satisfy (8b) implying dgl( ) = =Vgi(0)"Ga(0) < —ag;(0) for
alli € {1,...,m}, accordlng to the dynamics (6). Similarly,
(8c) is satisﬁed, implying and %EG) = —ah;(0) for j €
{1,...,1}. Therefore the sets S,, = {0 : ¢;(f) < g;} and
Sp; = {0 : |h;(0)| < h;} are invariant [21, Lemma 3.4], and
since C; 5, is the intersection of all Sy, and S, then C; j,
is invariant. See [1, Lemma 5.8] for proofs of statements ii)
and iii). |

Proposition 6i allows one to study trajectories on the
invariant set Cj , rather than all of R". If C; ;, extends un-
bounded in some direction (it is not compact), then additional
assumptions will need to be imposed for global stability,
Theorem 1 requires a compact invariant set. Regardless, the
invariance of Cj;j, is useful in that it demonstrates that all
h;j(0(t)) remain bounded above and below in time, and all
9i(0(t)) remain bounded above in time.

B. The Set-Valued Lie Derivative and Stability

Consider the regular function V; : R™ — R with parameter
e >0,

12)

l
Ol + < 3 1hs(0)



Then, using Proposition 1, and since g(8) and h(f) are
differentiable, the generalized gradient is

Z qzv97

1€ Q). 1 e Rw)}

l

erwz () :

j 1

ov.(0) {710

13)

where ¢ (associated with g) and r (associated with h) are

{0}  ifgi(0) <O
QO)=qqgeR™:qse {1} ifgi(0) >0 ;
[O,Cl] if gz(ﬁ) =0
(14)
_ o ) {sien(h;(0))} if h;(6) # 0
R(ﬁ)—{reRl.me{[_%cﬂ if h(0) = }7
5)

for some cj,co > 0, which are determined by the number
of “active” functions (for g; = 0 and h; = 0) in order to
satisfy the convex combination.

Therefore, the set-valued Lie derivative Lg,_

Z a:Vgi(0) Gal(0)

ce.vi0) = {v 1076
1 l
+ - erth(e) Ga(0) 1 q€QO), re R(a)}.
~ (16)

We take some element p € Lg, V(6), and using Proposi-
tion 6, we have Lg, f(0) = Vf(0) "G, (0) and

p=~lGa(O)* + au'g(0) + OwTh(G)

+ = Z %ng a ZTth (6) .

V.(0) is

(I7)
From the rows of (8c), we have
;Vhi(0)" Ga(0) = ar;h;(0) = —alh;(0)]. (18)
and from the rows of (8b),
4V g:i(0)1Ga(0) < —aqigi(0) = —algi()]+.  (19)
Therefore
p< —lGa O] + Z( o0 )
= (20)

ail (Ujhj( 5 )

Because u;9;(0) < u;[g:(8)]+ and v;h;(6) < |vj||h;(8)]

then
(%)
U; — —
€

p < —[|Gal

OIF +a Y laO)]s
l
ca X @) (Il - 1)

2n

From this form of the bound on p € Lg_ V.() we can see
that if € is chosen small, we can dominate the multiplier
terms u; and |v;| in order to force max Lg, V.(#) < 0. The
constraint qualification, Assumption 1, guarantees that u, v
are bounded.

A simple condition which guarantees global asymptotic
stability is that one of the inequality constraints g;(6) has
compact levels — or with many inequality constraints, the
combination of sublevels yields a compact set. For example,
consider § € R? with no equality constraints (so Cy i, reduces
to Cg) and two inequality constraints. Suppose Cg ={0 ¢
R2[91(0) < g, ga(6) < g} for § > 0 where g4(0) = —0,
and g2(0) = —1+607+05. Therefore g;(0(¢)) < g:(0(0))e~*
for 7 = 1,2 and Cy is compact and invariant for all g > 0.

Assumption 3: For any 6 there exists a compact C; j, such
that 6 € C; .

Assumption 3 implies any initial condition can be con-
tained in a compact invariant set 6 € Cgﬁ, with invariance
being guaranteed by Proposition 6. Therefore Theorem 1 can
directly be applied, with the Lyapunov function V. where
€ > 0 is chosen sufficiently small to dominate all u, v, which
are bounded on Cj ; by Proposition 3.

Theorem 3: Let Assumptions 1, 3, and 2 hold. Then the
dynamics (6) are globally asymptotically stable with respect
to the equilibrium 6*.

Proof: Any initial condition 6(¢p) lies in a particular
set C; 5 for some g,h > 0, and C; 5 is compact (As-
sumption 3) and invariant (Proposition 6). Consider (21) for
p € Lg, V(). Choose ¢ > 0 such that ¢ < 1/M where
M = maxgpec, , M(#) for M(6) given in Proposition 3.
Therefore p < 0'for all 6 ¢ Cs5 \ {07} and by Theorem 1
we have the result. [ ]

Comments on when Cj j, is unbounded: Proving global
stability on a potentially unbounded feasible set C (which
means all sets C; ;, are unbounded) is more challenging. One
will need to find an arbitrarily large compact invariant M
(so that it subsumes any initial condition) without the use of
Cgﬁ. Instead, one could use of sublevel sets of the function
Ve (with radial unboundedness), since compactness of Cg,ﬁ
cannot be relied upon. One challenge which must be dealt
with is, for a fixed V > 0, making € small (to dominate u, v
in (21)) makes the sublevel M = {0 : V.(f) < V} small,
due to the form in (12). In other words, the choice of a small
€ is at odds with the goal of finding a large invariant set M,
as the compact invariant set is dependent on e.

IV. EXTREMUM SEEKING

A. Design

In the absence of knowledge of V f, Vg;, and Vh; we can
consider an approximation of the design in (7), through the
use of techniques used in extremum seeking to estimate the



gradients. The GMC-ES dynamics are given as

9 :kwféa (22)

= —wi(Gy = (f(0) = ns)M(t)) (23)
—wf(Ggl (9i(0) — mg, )M (t)) 24)

—we(Gn, — (h;(0) —nn, ) M(t)) (25)

—we(ny — f(0)) (26)

— wi(ng, — gi(9)) 27)

th = - Wf(77h — hj(0)) (28)
fori=1,...,mand j =1,...,[, where Go represents the

approximate solution to (7) and is defined as the solution to
the quadratic program with a > 0:

Go =argmin  {31¢ + G¢|*}
geRn
subject to  J, & < —any, 29)
Jhg = —Qp.
We define the relation
0:=0+S(t) (30)

for i = 1,---,m and j = ,I where Gy, Gg,,
Gn, € R" are estimates of Vf(0), Vgi(6), Vh;(0),
and nf,mng,mn;, € R are filtered measurements of
£(0),9:(0), h;(8) respectively. The Jacobian estimates of g
and h are grouped as

Gy, G,
Jo=1| |, Ju=1 31)
G;—"L G;}‘/

for a design parameters k,ws, o, po,€n > 0. Note that
g = [Mgys+ +7g,) " and mp = [nny,-- ,mn,] 7. As in
classical extremum seeking, the perturbation signal S and
demodulation signal M are given by S;(¢) = asin(w;t) and
M;(t) = 2 sin(w;t) and contain additional design parameters
wi,a € Rsg. The parameter dynamics are a function of
filtered measurements and gradients (shown in (29) without
arguments for space) of the nonlinear programming problem:
Ga =Ga(Gf,Ggryeo o, Ghyseoo s Mfse s lgrs e sThyye et )
Naming Conventions: following [1], we use « for the
constraint enforcement parameter, while [31] used c. In [31],
h was used for inequality constraints, whereas here, h are
the equality constraints, and ¢ are the inequalities (where
g < 0 defines the feasible set, and not ¢ > 0). In [31], «
was used as a parameter in the Lyapunov analysis, but here

the equivalent parameter is 1, using conventions from [1].

€ 9
B. Analysis

In this section we give a high level preview of the analysis
used to claim SPA stability of the system (22)-(28).
We first perform the series of transformations [27, Section
3] and summarize the details here:
1) Transform (22)-(28) to a new time variable 7 = wyt.
2) In the time scale 7 perform averaging in the classical
sense [21] over the common period of perturbation,
deriving an average system.

3) Make another time transformation to s = k7, and taking
k = 0 derive a singularly perturbed or “reduced” system
and a boundary layer system, which is UGAS.

We arrive at an averaged and then reduced system in the
new time variable s:

77N
- = ga,r(er; a)

Is (32)

where

{zllE+ V1O, a)|*}

_C’;a’r(Gr;a) = arg min
&'GRH

subj. to (8?)(?

(8?)(9?) + O(a>> §=—a(h{tr) +0(a)).

+ow0§s—a@wm+ow»,ea

The terms O(a) represent Lipschitz functions of 6, that
have a norm which can be bounded linearly in @ > 0 — so
they can be made arbitrarily small by choosing a sufficiently
small @ > 0. Since the problem data of the QP (33) are
perturbed by Lipschitz quantities, then by [15, Theorem
3.10], for sufficiently small a, we may express the solution
Gox(Or;a) as

de

% == ga,r(er; a) = ga(ﬂr) + O(a)

where G, (6;) is the solution to the unperturbed QP (7), where
a > 0 is taken sufficiently small. Therefore, the averaged
and reduced system dynamics can be written as the exact
safe gradient flow system with a small additive disturbance
(proportional to the amplitude of the perturbation signals).
We give the following without proof due to space limits.

(34)

Theorem 4 (Stable and Practically Constrained): Let
Assumptions 1,2, and 3 hold. Then there exists By € KL
such that: for any A, 4§, > 0 there exist 7, w;, a* > 0, such
that for any wr € (0,w;), a € (0,a"), there exists k*(a) > 0
such that for any k& € (0,%k*(a)) the solutions to (22)-(28)
satisfy

108) = "1 < Ba (118(t0) = 671,k -wr - (¢ = t0)) + v,
gi(0()) < gi(0(to))e™F<=10) 4 O(5)
115 (BN < lIhy (B(to))le==1) + O()
for all [|0(to) — 6| < A, |Gy, (to) —

Vai(0(to))ll < 7,
|Gn; (to) — Vh;(0(to)ll < 7. [Ing; (to) — 9:(0(t0))l| < 7,
ll7n, (to) — hj(ﬁ( o)l < r, for each i = 1,...,m, j =

..l and for all all t >ty > 0.

Proof idea: under the assumptions discussed in Section 11,
the dynamics G, (6;) are locally Lipschitz, implying that
the averaged and reduced dynamics of the ES scheme in
(34) are also locally Lipschitz for small a > 0, so that
the MFCQ assumption still holds for the QP (33). This is
crucial as the work of [27] requires this system to be locally
Lipschitz, admitting classical solutions (see the conditions
in [29, Lemma 1, Lemma 2], which are relied upon in the
proof sketch of [27, Theorem 1]). The result [27, Theorem 1]
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Fig. 1. Trajectories 9(1&) plotted from various initial conditions along with
the zero level sets of g1, g2 and level sets of Ve with e = 0.1. The inequality
set g(6) < 0 is shaded in green, and the point 6* is the blue star.

states that if (34) is SPA stable, then the GMC-ES scheme in
(22)-(28) will also be SPA stable. Theorem 4 can be argued
for using [27, Theorem 1] and a similar Lyapunov based
argument with the same V. which was used in Section III to
study the exact system 6 = G, (). See [31] as well, which
provides a similar analysis albeit under a single inequality
constraint (so m = 1,/ = 0). Finally, since the Lipschitzness
of (29) may not hold for the transient if the estimators in
(24), (25), (27) and (28) are not close to the true values
Vg;(0(t)), Vh;(6(t)),g:(0(t)) and h;(0(t)), we restrict the
initialization of these estimators to be close to the their true
values, so that [27, Theorem 1] applies.

V. 2D EXAMPLE

Consider the problem below with unknown functions

f(0) = (01 +1)% + (62 — 1),
g1(0) = =62,
g2(0) = =1+ 07 +05.

The design constants are chosen as a = 0.1, « = 1, k =
0.03, w¢ = 0.5, wy = 10, and wy = 13. The GMC-ES scheme
is integrated with the Euler method and a At = 0.048. Fig. 1
demonstrates the performance of the algorithm in parameter
space.

Assumption satisfaction: Assumption 1(ii) is nontrivial
(no equalities). Since Vgi(0) = (0,—1)" and Vgo(0) =
(20,,1)T, when 0, # 0 the two gradients are linearly
independent, so we can find a single direction d with
Vgi(0)Td < 0 for both i = 1,2. When 6; = 0 the
gradients are opposite, (0, —1) and (0, 1). If both were active
at the QP solution £*, the active equalities —£5 — afly = 0

and & + a(—1+ 63) = 0 implies —afs = a(l — bs), a
contradiction; hence |Aqgp(6)| < 1. If the active set is {3},
take d = —Vg;(0) so that Vg d = —||Vg:(9)]|* < 0; if it
is empty, the condition is vacuous. Therefore Assumption 1
holds for all . Since f is strongly convex and the feasible set
is convex with Slater’s condition, (4) has a unique minimizer
0*, and the KKT conditions are necessary and sufficient,
so there exists at least one multiplier pair (u*,v*) such
that (6%, u*,v*) satisfies (10), and no other ¢ does. Hence
Assumption 2 holds. One can also check that Assumption 3
also holds.

Finding 6*: The KKT conditions (10) state there exist
u1,us > 0 such that

(stationary) 2(61 + 1) + 2uz6, =0,
2(92 —1) —uy +ug =0,
(feasibility) 0 >0, 624+6,<1,

(complementary) w10y =0, up (67 + 6, —1) =0.

Suppose g5 is active at the solution: 9%4—92 =1and us > 0.
If 5 = 0 then #; = =1, but neither choice satisfies the
stationary condition with ui,us > 0, so 2 > 0 and thus
u; = 0. With u; = 0, the stationary condition gives us =
2(1 — 62) and, using go = 0 (i.e., 2 = 1 — 0?), we obtain

uy = 207, (1+ug)by +1=0 = 207 +6, +1=0.

This cubic has a unique real root and so 67 = —0.58975,
and 03 =1 — (07)? = 0.65219.

VI. CONCLUSION

We introduced the Generalized Multi-Constraint Ex-
tremum Seeking algorithm, extending Safe ES to handle
multiple unknown inequality and equality constraints. Using
the safe gradient flow with ES-based gradient estimates,
we established semiglobal practical asymptotic stability and
practical constraint satisfaction. This work broadens the use
of ES to general nonlinear programming problems, providing
a real-time, constraint-enforcing optimization tool.
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