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Abstract. In the context of Byzantine consensus problems such as
Byzantine broadcast (BB) and Byzantine agreement (BA), the good-case
setting aims to study the minimal possible latency of a BB or BA protocol
under certain favorable conditions, namely the designated leader being
correct (for BB), or all parties having the same input value (for BA).
We provide a full characterization of the feasibility and impossibility of
good-case latency, for both BA and BB, in the synchronous sleepy model.
Surprisingly to us, we find irrational resilience thresholds emerging: 2-
round good-case BB is possible if and only if at all times, at least 1

φ
≈ 0.618

fraction of the active parties are correct, where φ = 1+
√
5

2
≈ 1.618 is

the golden ratio; 1-round good-case BA is possible if and only if at least
1√
2
≈ 0.707 fraction of the active parties are correct.

1 Introduction

The Byzantine consensus problems [15], such as Byzantine broadcast and Byzan-
tine agreement, are among the most fundamental and well-studied problems in
cryptography and distributed computing. The recent surge of cryptocurrencies
and blockchain systems has rekindled interest in these problems, and also drawn
the community’s attention to unconventional system models that were overlooked
in the decades of prior research.

One of the most prominent and striking features of the celebrated Nakamoto
consensus protocol [22,10] is that it allows correct parties to participate inter-
mittently in the protocol. At any time, only a (possibly tiny) fraction of correct
parties are actively following the protocol. The rest of the correct parties are
in an inactive (or crashed) state. Furthermore, correct parties can transition
between active and inactive states at any time without prior notice, and they
do not know for sure how many other parties are actively participating in the
protocol at any time. A variant of this model (without reliance on proof-of-work)
is formalized by Pass and Shi as the sleepy model [24], also interchangeably called
the dynamic participation model.4 In contrast, we refer to the traditional model
where all correct parties are always active as the static participation model. Note

4 Importantly, the unexpected temporary crash faults (what “dynamic participation”
refers to) in the sleepy model is not to be confused with scheduled reconfiguration



that a variant of the CAP theorem [11,16,23] shows that a synchronous network
is necessary for sleepy consensus, so we assume synchrony throughout this paper.
The sleepy model is employed by leading blockchains such as Ethereum and
Cardano [23,5,14,2].

A line of recent works has designed sleepy Byzantine consensus protocols that
match static participation protocols in many aspects. Sleepy Byzantine consensus
protocols can tolerate minority Byzantine faults [14,24,12,21,17,9,19,5,8,7,4],
which is the same corruption threshold in the static model. Protocols in the
sleepy model have also achieved expected constant rounds [21,18,17,9,19,8,7],
again matching the static participation model.

In this paper, we focus on the good-case latency Tgc, measured in rounds of
communication. For the Byzantine broadcast problem, the “good case” refers to
the case where the designated sender is correct, while for Byzantine agreement,
it refers to the case where all parties have the same input value. In addition
to a certain latency requirement in the good case, the protocols are required
to satisfy the usual consensus desiderata (termination, agreement, validity; see
Defs. 1 and 2) even when the good-case conditions are not met. The good-case
latency is a metric well-motivated by practical considerations. Most deployed
consensus protocols have parties rotate to serve as the leader, who proposes a
value (a block) for other parties to agree on. Because there are mechanisms to
reward or penalize the leader based on its actions, the vast majority of leaders
behave correctly. We thus would like the consensus protocol to be as fast as
possible under a correct leader.

Note that no Byzantine broadcast protocol can hope to achieve latency
Tgc ≤ 1, even in the good case, for the straightforward reason that it leaves
correct parties no time to reconcile (or even detect) equivocating values they
may have received from a Byzantine leader in the first communication round.
Similarly, no Byzantine agreement protocol can hope to achieve good-case latency
Tgc = 0, for the analogous reason that it leaves correct parties no time to reconcile
different input values they may have. On the other hand, an earlier work [1] has
shown that for Byzantine broadcast in the traditional synchronous model with
static participation, two rounds are sufficient and necessary in the good case, if
the resilience ρ (i.e., fraction of Byzantine parties tolerable) is below 1/2 (see
Tab. 1). For Byzantine agreement in the same model, it is folklore that one round
latency can be achieved in the good case, if and only if at most 1/3 of parties
are Byzantine (see Tab. 1 and Lems. 1 and 2).

Results. This paper extends the systematic study of good-case latency of Byzan-
tine consensus to the dynamic participation (sleepy) model. We give a complete
characterization of the good-case latency of Byzantine broadcast and Byzantine
agreement, and the corresponding resilience (see Tab. 1). Our results for the
dynamic participation model imply a complete characterization of good-case

of the membership set of parties operating the protocol (also called “stake shift” in
the context of proof-of-stake blockchains). No reconfiguration of the set of operating
parties takes place throughout this paper.



Table 1. Achievable and impossible resiliences for Byzantine broadcast (BB) and
Byzantine agreement (BA) with varying good-case latency Tgc in different participation
models. Notably, we provide a tight characterization under dynamic participation, where

tight irrational resilience thresholds emerge: 1− 1/φ ≈ 0.382 (where φ = 1+
√
5

2
≈ 1.618

is the golden ratio) and 1− 1/
√
2 ≈ 0.293.

Problem Tgc Part. Model Achiev. Resil. Imposs. Resil.

BB 2 Static P. 1/2 [1] Open∗

Unknown P. 1/2 (Thm. 5) Open∗

Dynamic P. 1− 1/φ (Thm. 3) 1− 1/φ (Thm. 1)

BB ≥ 3 Static P. 1/2 [1]† Open∗

Unknown P. 1/2 (Thm. 5)† Open∗

Dynamic P. 1/2 (Thm. 6) 1/2 [25]

BA 1 Static P. 1/3 (Folk.: Lem. 1) 1/3 (Folk.: Lem. 2)

Unknown P. 1− 1/
√
2 (Thm. 4)‡ 1− 1/

√
2 (Thm. 2)

Dynamic P. 1− 1/
√
2 (Thm. 4) 1− 1/

√
2 (Thm. 2)‡

BA ≥ 2 Static P. 1/2 (Thm. 7)‡ 1/2 [3]

Unknown P. 1/2 (Thm. 7)‡ 1/2‡

Dynamic P. 1/2 (Thm. 7) 1/2‡

“Folk.” indicates a result is folklore.
∗ The landscape of Byzantine broadcast in the “adversarial majority” regime
remains incomplete, even under static participation. The protocol provided
in [26] achieves Tgc = O( n

n−f
). This matches the impossibility results [1] asymp-

totically, but concrete gaps remain. This lack of clarity seeps into the unknown
participation model, since crashed honest parties can be treated as Byzantine for
the purpose of protocols tolerating an adversarial majority of parties [25]. For
dynamic participation, we fully characterize the good-case latency and resilience
achievable for Byzantine broadcast and Byzantine agreement.

† Implied by a protocol with better latency.
‡ Implied by a protocol or impossibility result for a more demanding model.

Table 2. Earlier protocols and their good-case latency Tgc and resilience, for Byzantine
broadcast (BB) and Byzantine agreement (BA), in different participation models.

Problem Part. Model Protocol Lat. Tgc Resil.

Broadcast (BB) Static P. ANRX’21 [1] 2 1/2
Unknown P. KW’21 [13] 3 1/3
Dynamic P. MMR’23 [19] 4 1/2

Agreement (BA) Static P. Folklore (Lem. 1) 1 1/3
Static P. MR’21 [20] 4 1/2
Unknown P. KW’21 [13] 3 1/3
Dynamic P. LG’23 [17,9] 4 1/2

Dynamic P.† DSTZ’23 [6] 3 1/2

† Mild stable participation assumption.



latency and resilience for Byzantine agreement and Byzantine broadcast (in the
“honest majority” regime) in the unknown participation model [13]. The unknown
participation model is weaker than the traditional static participation model, but
stronger than the dynamic participation model, in the sense that the number of
active correct parties is unknown to the protocol, but does not change once the
protocol starts.

Perhaps the most surprising part of our findings is that the critical resilience
thresholds that dictate good-case latency under dynamic and unknown participa-
tion are irrational numbers. For instance, Byzantine broadcast with good-case
latency Tgc = 2 and resilience ρ can be achieved under dynamic participation if

and only if ρ ≤ 1 − 1/φ ≈ 0.382, where φ = 1+
√
5

2 ≈ 1.618 is the golden ratio.
Byzantine agreement with good-case latency Tgc = 1 and resilience ρ can be
achieved under dynamic participation and under unknown participation if and
only if ρ ≤ 1− 1/

√
2 ≈ 0.293. To the best of our knowledge, this is the first time

irrational corruption thresholds arise in distributed and threshold cryptography
problems, such as Byzantine consensus, verifiable secret sharing, and multi-party
computation.

Our results also establish separations among static, unknown, and dynamic
participation. When the corruption threshold is between 1− 1/φ and 1/2, Byzan-
tine broadcast under unknown participation can decide in two rounds in the good
case, but requires three rounds under dynamic participation. When the target
corruption threshold is between 1− 1/

√
2 and 1/3, Byzantine agreement under

static participation can decide in one round in the good case, but requires two
rounds under unknown participation.

Related Work. Tab. 2 lists earlier consensus protocols with low good-case latency.
For Byzantine broadcast, [1] achieves the optimal Tgc = 2 under static participa-
tion. For dynamic participation, [19] provides Tgc = 4 under a majority of correct
active parties, which also works under unknown participation, whereas [13] gives
a protocol with improved latency Tgc = 3, but only with resilience 1/3. We
provide broadcast protocols for dynamic participation with minimal good-case
latency, Tgc = 2 and Tgc = 3, and optimal resilience, 1−1/φ and 1/2, respectively
(Tab. 1).

For Byzantine agreement, a folklore result (see Lems. 1 and 2) achieves the
minimal Tgc = 1 with 1/3 resilience despite synchrony and static participation.
Under dynamic participation, [17,9] achieves Tgc = 4 under 1/2 resilience, while [6]
improves it to Tgc = 3 at the expense of a mild stable-participation assumption.
The work of [6] also implies protocols with Tgc = 3 and 1/2 resilience under
unknown and static participation models. We provide agreement protocols for
dynamic participation (and for unknown participation) with minimal good-case
latency, Tgc = 1 and Tgc = 2, and optimal resilience, 1−1/

√
2 and 1/2, respectively

(Tab. 1).

Outline. We briefly review the model and definitions in Sec. 2, before providing a
technical overview of our results in Sec. 3. Then, Sec. 4 proves our impossibility
results. Sec. 5 presents our BB and BA protocols with Tgc = 2 and Tgc = 1,



respectively, and proves their correctness, before Sec. 6 does the same for our BB
and BA protocols with Tgc = 3 and Tgc = 2, respectively.

2 Model & Definitions

2.1 Model

Sleepy Model of Consensus. We work in the sleepy model [24] of Pass and Shi, also
called the dynamic participation model. We consider a setting with N parties in
total, identified by a public key infrastructure (PKI). We assume a synchronous
pairwise communication network, with a known delay upper-bound of ∆ on
message delivery. For simplicity, we present both our upper and lower bounds
for the case ∆ = 1, though both generalize to general ∆ in a straightforward
manner. We consider some known universe I of possible input values.

The Adversary. We consider a static corruption adversary A, i.e., at round t = 0,
the adversary chooses a set F ⊆ [N ] of parties to be corrupt. The remaining
parties are correct. Corrupt parties are entirely controlled by the adversary, and
may deviate arbitrarily from the protocol. Furthermore, following [24], at all
rounds t, the adversary can adaptively5 select a subset of the correct parties to
be asleep (i.e., inactive), whereas the remaining correct parties are awake (i.e.,
active). Asleep parties are temporarily crashed: they do not execute the protocol
or send messages. Messages sent to an asleep party are buffered and delivered to
the party (in an adversarially selected order) the next time it wakes up. Upon
waking up, parties know the current round number, i.e., we assume synchronized
clocks. Note that corrupt parties are awake from round t = 0, and never go
to sleep throughout the execution. The number of awake parties at round t is
denoted by nt. We drop the subscript when the round is clear from the context.
For an adversary A, we denote by FA the set of parties corrupted by A, and we
usually omit the subscript when the adversary is clear from context. For a value
ρ ∈ [0, 1], we say that an adversary A is ρ-bounded if for all t, |F | < ρnt. Finally,
whenever relevant, the adversary chooses the input values (from I) of all correct
parties.

Unknown Participation Model. Some of our results pertain to the unknown
participation model, introduced in [13]. Unknown participation is a special
case of the dynamic participation model, which can formally be described by
a restricted family of adversaries, as follows. Consider the exact same setup as
above, with the following restriction on the adversary model: At time t = 0, the
adversary picks a set S ⊆ [N ] of n awake parties and a set F ⊆ S of corrupt
parties. From this point, the adversary cannot wake up or put to sleep any party.
In other words, the parties in S\F are correct and awake throughout the entire
execution, the parties in F are corrupt and awake throughout the entire execution,

5 The adaptive adversary is not strongly rushing, i.e., it cannot observe the contents of
a message sent by a party, intercept it, and then put the party to sleep.



and the remaining parties are correct and asleep throughout the entire execution.
Similarly to the dynamic participation adversary, we say that an adversary A is
ρ-bounded if |F | < ρn.

Cryptographic Primitives. We use a digital signature scheme on top of our PKI
assumption. We assume A is computationally bounded, i.e., A cannot forge
signatures on any message on behalf of parties outside of FA.

2.2 Consensus Primitives

We consider two standard consensus problems in this paper, Byzantine broadcast
(BB) and Byzantine agreement (BA).

Definition 1 (Byzantine Broadcast (BB)). In the BB problem, there is a
designated party ℓ, referred to as the leader, with an input u ∈ I. As output, each
party p decides a value op ∈ I. Let Π be a protocol to be executed by the parties.
The following properties constitute the BB problem.

1. Termination. There exists a round T such that every correct party decides
and halts in the first round T ′ ≥ T in which it is awake.

2. Agreement. There exists a value u′ ∈ I such that all correct parties that
decide, decide u′.

3. Validity. If ℓ is correct and awake in round t = 0, then all correct parties
that decide, decide u, i.e., ℓ’s input.

For a value ρ, we say that a protocol Π for BB is ρ-secure under dynamic/unknown
participation if it satisfies termination, agreement, and validity against any ρ-
bounded adversary. The maximum ρ for which Π is ρ-secure is Π’s resilience.

Definition 2 (Byzantine Agreement (BA)). In the BA problem, each party
p has an input up ∈ I. As output, each party p decides a value op ∈ I. Let Π be
a protocol to be executed by the parties. The following properties constitute the
BA problem.

1. Termination. There exists a round T such that every correct party decides
and halts in the first round T ′ ≥ T in which it is awake.

2. Agreement. There exists a value u′ ∈ I such that all correct parties that
decide, decide u′.

3. Validity. If all correct parties that are awake in round t = 0 have u as input,
then all correct parties that decide, decide u.

For a value ρ, we say that a protocol Π for BA is ρ-secure under dynamic/unknown
participation if it satisfies termination, agreement, and validity against any ρ-
bounded adversary. The maximum ρ for which Π is ρ-secure is Π’s resilience.



2.3 Good-Case Latency

Decision Latency. For a ρ-bounded adversary A and a ρ-secure protocol Π for BB
or BA, we denote by DLA(Π) the random variable (over the randomness used by
correct parties and the adversary) indicating the smallest round R for which every
correct party decides (but not necessarily terminates) in the first round R′ ≥ R
in which it is awake, in the presence of A. We say that Π has decision latency R
with respect to a ρ-bounded adversary A if R = arg min

R′∈N
Pr[DLA(Π) ≤ R′] = 1.

For a family F of ρ-bounded adversaries we define the decision latency of Π with
respect to F to be DLF (Π) = sup

A∈F
DLA(Π).

Good-Case Latency. The efficiency metric we focus on in this work is that of
good-case decision latency Tgc. Intuitively, this measure considers the decision
latency of a protocol Π in executions in which certain favorable conditions hold,
namely ℓ being correct for BB, or all correct parties having the same input for
BA. More formally, we define good-case latency as follows.

1. BB: For a value ρ, and a ρ-secure protocol Π for BB under dynamic/unknown
participation, consider the family Fgoodcase of ρ-bounded adversaries A for
which the leader ℓ is correct, i.e., ℓ ̸∈ F , and the leader is awake at round
t = 0. We define the good-case latency of Π to be Tgc ≜ DLFgoodcase

(Π).
2. BA: For a value ρ, and a ρ-secure protocol Π for BA under dynamic/unknown

participation, consider the family Fgoodcase of ρ-bounded adversaries A for
which A gives all correct parties awake at round t = 0 the same input
value u, for some u ∈ I. We define the good-case latency of Π to be Tgc ≜
DLFgoodcase

(Π).

3 Technical Overview

The Traditional Case of Synchrony with Static Participation. To develop some
intuition about the feasibility of good-case latency, let us begin by considering the
traditional synchronous model with static participation, which in our formulation
translates to adversaries for which all correct parties are awake in all rounds.
Pondering on the BB problem for a moment, it definitely seems like in 2 rounds,
we cannot do much beyond:

1. Round 0: Have the leader ℓ multicast its value.
2. Round 1: Have all parties report what they heard from the leader.

If the total number of parties is N , keeping this protocol blueprint in mind,
for some value ρ ∈ [0, 1

2 ], we can expect correct parties to collect strictly more
than (1− ρ)N amount of “evidence” for a value u against ρ-bounded adversaries,
in executions in which ℓ is correct with input u. An additional observation is
that in executions with a correct leader ℓ, correct parties can also expect to
collect 0 evidence for any other value. As such we can have a correct party decide
after two rounds if it received sufficient evidence for a value, and no evidence



for any other value. One can observe that this implies that if a party p decided
u, then any other correct party q observed < ρN evidence for any other value.
To allow other parties to break the symmetry, all we need to stipulate is that
(1− ρ)N ≥ ρN . Note that this bound holds for all ρ ≤ 1

2 , and indeed ρ = 1
2 turns

out to be the correct corruption bound for the feasibility of 2-round good-case
BB in the traditional synchronous static participation setting.

Generic Intuition. Given that this approach works for the static participation
case, let us test whether the following line of thinking can yield the correct
corruption bound for 2-round good-case BB in other settings: For a bound ρ,
derive a lower bound on the amount of evidence cρ available for the leader’s input
in executions with a correct leader. Given this amount, derive an upper bound
on the amount of evidence aρ a correct party can receive for a different value.
Stipulate cρ ≥ aρ.

Dynamic Participation. Let us apply the above intuition to dynamic participation.
For a bound ρ, consider a good-case execution (Execution 1), i.e., the leader is
correct with some value u and awake at round t = 0, for a ρ-bounded adversary
A. In a similar fashion to the previous paragraph, consider a correct party p
awake in round t = 2, and suppose it hears from np parties. It can expect to hear
evidence for u from at least cρ = (1 − ρ)np of them, and no evidence for any
other value. From the perspective of p, the ρnp parties reporting no evidence for
any value are corrupt and p should ignore them and decide anyway. One might
be tempted now to repeat the argument from the previous paragraph, and claim
that any other correct party can receive at most ρnp evidence for any other value,
and so we again have (1− ρ)np ≥ ρnp yielding ρ = 1

2 .
The key observation is that p does not know that the parties reporting no

evidence are actually corrupt, as it cannot be certain about the total number of
participating parties. To make this concrete, consider now an alternative case
(Execution 2), in which the leader is corrupt, and although p hears from np

parties, they are all correct, and there are in fact ρ
1−ρnp corrupt parties, and not

just ρnp. The corrupt leader does not send anything to (1− ρ)np of the correct
parties, and the rest of the corrupt parties do not send anything to p. From
p’s perspective at round t = 2, execution 2 is identical to execution 1, and so
p decides in round t = 2 in both of them. In execution 2, however, a different
correct party may receive aρ = ρ

1−ρnp evidence for a value u′ ̸= u. Thus to allow

other parties to break the symmetry, we must stipulate (1−ρ)np ≥ ρ
1−ρnp, which

yields ρ ≤ (1− ρ)2, which in turn gives ρ ≤ 1− 1
φ , where φ is the golden ratio!

This intuition turns out to yield the correct solution, and we provide tight
lower and upper bounds in Thm. 1, and Thm. 3, respectively. We complement
these results by establishing in Thm. 6 that 3-round good-case BB is feasible
under dynamic participation for ρ = 1

2 .

Unknown Participation. An astute reader may rush to a premature conclusion
upon reading the previous part, as it seems that the same intuition from above



should apply to and yield the same bound under unknown participation. At
least at first glance, it seems that the only thing we used is p’s inability to
distinguish between the case of np participating parties and

np

1−ρ participating
parties. Perhaps, however, we were too hasty in making that assertion.

This intuition turns out to be deceiving under unknown participation. Specif-
ically, p can more scrupulously rely on the fact that the same set of correct
parties is awake in all rounds. In protocol terms, parties can multicast a heart-
beat message both in round t = 0 and in round t = 1, along with the leader’s
proposed value; they also relay all received heartbeat messages. Now, a protocol
can stipulate that having q’s heartbeat relayed by a majority of the parties is a
prerequisite for p to count q’s contribution to the leader’s purported value. It
turns out that this technique allows the unknown participation model to boast
2-round good-case BB for ρ = 1

2 , thus establishing a separation between dynamic
and unknown participation. The formal details can be found in Thm. 5.

BA. While for BB, the good-case decision latency is either 2 rounds to 3 rounds,
the good-case decision latency of BA can be as small as a single round. It
turns out that 2-round good-case BA is feasible for ρ = 1

2 even under dynamic
participation! To the best of our knowledge, this result was not known even in
the static participation setting, even though it is rather straightforward in that
model. For dynamic participation, however, such a result is far from trivial, and
involves a novel report participation technique. See Thm. 7 for the full details.

This leaves us with the question: what values of ρ make 1-round good-case
BA feasible? The same generic intuition we applied for BB under dynamic
participation can be repeated, with the caveat that we now have to account for
equivocations by corrupt parties when calculating aρ. The math yields that we
must stipulate ρ ≤ (1− ρ)2 − ρ(1− ρ), which is tight for ρ = 1− 1√

2
. The lower

and upper bounds can be found in Thm. 2, and Thm. 4, respectively. In fact,
our BA lower bound (Thm. 2) applies even for unknown participation (the easier
setting), while our BA upper bound (Thm. 4) applies to dynamic participation
(the harder setting). Furthermore, this establishes a separation between the static
participation model, for which 1-round good-case BA is feasible for ρ ≤ 1

3 , and
the unknown participation model.

4 Lower Bounds

In this section, we prove the following theorems.

Theorem 1. Let φ = 1+
√
5

2 ≈ 1.618 be the golden ratio. For all ρ > 1 − 1
φ ≈

0.382, there is no ρ-secure protocol solving BB under dynamic participation with
good-case latency ≤ 2.

Theorem 2. For all ρ > 1− 1√
2
≈ 0.293, there is no ρ-secure protocol solving

BA under unknown participation with good-case latency ≤ 1.
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ℓt = 0 A B C S

t = 1 A B C S

t ≥ 2 A B C S

1

∅

G2

ℓt = 0 A B C S

t = 1 A B C S

t ≥ 2 A B C S

1 0

∅

G3

ℓt = 0 A B C S

t = 1 A B C S

t ≥ 2 A B C S

1 0

∅

G4

ℓt = 0 A B C S

t = 1 A B C S

t ≥ 2 A B C S

0

∅

Fig. 1. Illustration of the four executions considered in the proof of Thm. 1. Green
labels and arrows indicate correct behavior, or emulation of it, with input 1. Blue
labels and arrows indicate correct behavior, or emulation of it, with input 0. Corrupt
parties are colored red, correct parties orange. Translucent sets indicate that the set of
parties is not awake at that round. The behavior of correct parties is well defined from
the protocol description Π, so we omit most of the corresponding arrows to maintain
simplicity. Lack of an arrow from a set of corrupt parties to a set of correct parties
indicates omission of all corresponding messages. Dashed red arrows labeled “∅” indicate
messages corresponding to receiving nothing from the leader ℓ in round t = 0. Black
arrows indicate correct round t = 0 behavior.

4.1 BB Lower Bound

In this section, we prove Thm. 1.

Proof of Thm. 1. Let n be a natural number and let ρ′ ∈ [0, 1] such that ρ′ >
ρ := 1− 1

φ . In particular, this implies that ρ′ > (1−ρ)2, as 1− 1
φ is a solution of the

equation x = (1−x)2. Assume towards a contradiction that there exists a ρ′-secure
BB protocol Π under dynamic participation with good-case latency 2. Let ℓ be the
designated leader. We consider some natural number n, and we define the following
disjoint sets of parties A,B,C such that |A| = |C| = ⌊ρn⌋, |B| = ⌈ρ(1 − ρ)n⌉.
Note that ρn+ρn+ρ(1−ρ)n = (1−ρ)2n+ρn+ρ(1−ρ)n = n. As such, since none



of these added expressions are integers, we have that |A|+ |B|+ |C|+ |{ℓ}| = n.
We further consider an additional disjoint set S of parties where |S| = |A| = |C|.

We now define and describe four executions of Π, which we denote by
G1, G2, G3, G4. See Fig. 1 for an illustration.

– G1: In round t = 0, the parties in S,B and ℓ are awake. The parties in S are
correct. In particular, the parties in C are not active at all throughout the
protocol. Furthermore, the parties in B are corrupt, and are thus awake at all
rounds. The leader ℓ is correct with input 1. In round t = 1, the parties in S
fall asleep, and the parties in A wake up and remain awake for the remainder
of the execution. The parties in A are correct, and the parties in B are corrupt.
Note that up to an additive factor of 1 due to the ceiling and floor, one has
that |A|+ |B| = ρn+ ρ(1− ρ)n = ρ(2− ρ)n = (1− (1− ρ)2)n = (1− ρ)n, and
thus for a sufficiently large n 6, it holds that |B| = ⌈(1−ρ)ρn⌉ < ρ′(|A|+ |B|),
and so the adversary is ρ′-bounded. The parties in B behave correctly in round
t = 0, and in round t = 1 they behave as if they have not received the round
one messages of ℓ.

– G2: In round t = 0, the parties in S,B,C and ℓ are awake. S,B are correct.
The leader ℓ is corrupt and the parties in C are corrupt, and are thus awake
throughout the whole execution. In round t = 1, S fall asleep, and the parties
in A wake up and remain awake for the remainder of the execution. All parties
in A,B are correct. Note that for a sufficiently large n, the adversary is ρ′-
bounded as |C|+ |{ℓ}| = ⌊ρn⌋+ 1 by definition and there are n awake parties.
The leader ℓ behaves to A as if it was correct with input 1 in rounds t = 0 and
t = 1 and then halts; it does not send any messages to the parties in B. The
parties in C do not send any round t = 0 messages, and do not send round
t = 1 messages to A; they behave to B in round t = 1 as if they received
correct round t = 0 messages from ℓ with input 0. Note that this is doable as
ℓ is corrupt. They behave correctly for the remainder of the execution, except
for pretending to have not received round t = 1 messages from A.

– G3: This is the dual execution to G2. In round t = 0, the parties in S,B,A
and ℓ are awake. S,B are correct. The leader ℓ is corrupt and the parties
in A are corrupt, and are thus awake throughout the whole execution. In
round t = 1, S fall asleep, and the parties in C wake up and remain awake
for the remainder of the execution. All parties in C are correct. Note that the
adversary is ρ′-bounded by the same argument as in G2. The leader behaves
to C as if it was correct with input 0 in rounds t = 0 and t = 1 and then halts;
it does not send any messages to parties in B. The parties in A do not send
any round t = 0 messages, and do not send round t = 1 messages to C; they
behave to B in round t = 1 as if they received correct round t = 0 messages
from ℓ with input 1. Note that this is doable as ℓ is corrupt. They behave
correctly for the remainder of the execution, except for pretending to have
not received round t = 1 messages from C.

6 Namely, n should be large enough so that ceil in |B| does not violate the corruption
bound ρ′, which is bounded away from ρ by ρ′ − ρ > 0.



– G4: This is the dual execution to G1. In round t = 0, the parties in S,B and
ℓ are awake. The parties in S are correct. In particular, the parties in A are
not active at all throughout the execution. Furthermore, the parties in B are
corrupt, and are thus awake at all times. The leader ℓ is correct with input
0. In round t = 1, the parties in S fall asleep, and the parties in C wake up.
The parties in C are correct. Note that the adversary is ρ′-bounded by the
same argument as in G1. The parties in B behave correctly in round t = 0,
and in round t = 1 they behave as if they have not received the round t = 0
messages of ℓ.

With G1, G2, G3, G4 defined, we can now proceed with the following observa-
tions.

– The parties in A decide 1 in G1 after 2 rounds. This is a consequence of the
assumed good-case latency of 2 property of Π, the leader being correct with
input 1 in execution G1, and the adversary being ρ′-bounded.

– The parties in C decide 0 in G4 after 2 rounds. This is a consequence of the
assumed good-case latency of 2 property of Π, the leader being correct with
input 0 in execution G4, and the adversary being ρ′-bounded.

– In the first two rounds, the parties in A cannot distinguish between G1 and
G2. In both executions, they receive the same set of messages from the exact
same parties in the first two rounds. Thus, the parties in A decide 1 in G2

after 2 rounds.
– In the first two rounds, the parties in C cannot distinguish between G3 and

G4. In both executions, they receive the same set of messages from the exact
same parties in the first two rounds. Thus, the parties in C decide 0 in G3

after 2 rounds.
– The parties in B cannot distinguish between G2, G3. In G2, the parties in C

are corrupt and falsely claim to not have received round 2 messages from A,
and in G3, the parties in A are corrupt and falsely claim to not have received
round 2 messages from C. In both G2, G3, the parties in A,C behave correctly
after round 2. Thus, throughout both executions, B sees the exact same set of
messages, from the exact same sets of parties, with the same delivery timings.
Thus, by termination, eventually the parties in B decide the same value in
both G2, G3.

Putting these observations together, we deduce, by the agreement property of
Π, that B outputs 1 in G2, and 0 in G3. This contradicts the last observation
above, thus concluding the proof. □

4.2 BA Lower Bound

In this section, we prove Thm. 2.

Proof of Thm. 2. Let n be a natural number and let ρ′ ∈ [0, 1] such that ρ′ >
ρ := 1− 1√

2
. In particular, this implies that ρ′ > (1− ρ)2 − ρ(1− ρ), as 1− 1√

2

is a solution for x = (1− x)2 − x(1− x). Assume towards a contradiction that



G1 A B C D

1 1 0

G2 A B C D

1 1 0

Omit

G3 A B C D

1 0 0

Omit

G4 A B C D

1 0 0

Fig. 2. Illustration of the four executions considered in the proof of Thm. 2. Green
labels and arrows indicate correct behavior, or emulation of it, with input 1. Blue labels
and arrows indicate correct behavior, or emulation of it, with input 0. Corrupt parties
in each execution are colored red, correct parties orange. Translucent sets indicate that
the set of parties is not participating in the given execution (inactive). Dashed red
arrows labeled “Omit” indicate that no messages are sent from the source set of the
arrow to its target set in round t = 0.

there exists a ρ′-secure BA protocol Π with good-case latency 1 under unknown
participation. We consider a set of n parties, and a partition of them into disjoint
sets A,B,C,D such that |A| = |D| = ⌈ρn⌉, and |B| = |C| = ⌊ρ(1− ρ)n⌋. Note
that by substituting ρ with (1−ρ)2−ρ(1−ρ), one gets ρn+ρ(1−ρ)n+(1−ρ)2n = n.
Since none of these added expressions are integer, and by the fact that A,D
are with ceil while B,C are with floor, we get that |A| + |B| + |C| + |D| = n.
Hence this is a valid partition of the n parties. We now define and describe four
executions of Π, which we denote by G1, G2, G3, G4. See Fig. 2 for an illustration.

– G1: The participating parties are A,B,C. The parties in A,B are correct and
C is corrupt. Note that up to an additive factor of 1, we have that |A ∪B| =
|A|+ |B| = (1− ρ)2n, and |A|+ |B|+ |C| = ρ(1− ρ)n+ (1− ρ)2n = (1− ρ)n,
thus for a sufficiently large n, we have that |C| ≤ ρ|A∪B∪C| < ρ′|A∪B∪C|,
which means the adversary is ρ′-bounded. The parties in A,B have input 1,
and the parties in C behave as if they are correct with input 0.

– G2: The participating parties are A,B,C,D. The parties in A,B,C are correct,
and the parties in D are corrupt. Note that |A ∪ B ∪ C ∪D| = n, and that
|D| = ⌈ρn⌉ as ρ = (1 − ρ)2 − ρ(1 − ρ). Thus, for a sufficiently large n, one
has that ⌈ρn⌉ < ρ′n, and so the adversary is ρ′-bounded. The parties in A,B
have input 1, the parties in C have input 0. The parties in D behave as if they
are correct with input 0, except for not sending any round t = 0 messages to
A, and pretending to have not received round t = 0 messages from A. They
behave correctly in all the remaining rounds.

– G3: This is the dual execution to G2. The participating parties are A,B,C,D.
The parties in C,B,D are correct, and the parties in A are corrupt. Note that



the adversary is ρ′-bounded by the same argument as in G2. The parties in
C,D have input 0, the parties in B have input 1. The parties in A behave
as if they are correct with input 1, except for not sending any round t = 0
messages to D, and pretending to have not received round t = 0 messages
from D. They behave correctly in all the remaining rounds.

– G4: This is the dual execution to G1. The participating parties are B,C,D.
The parties in C,D are correct, and the parties in B are corrupt. Note that
the adversary is ρ′-bounded by the same argument as in G1. The parties in
C,D have input 0, and the parties in B behave as if they are correct with
input 1.

With G1, G2, G3, G4 defined, we can now proceed with the following observa-
tions.

– All correct parties in G1 have the same input 1. Thus, by the validity of BA
and the good-case latency of 1 property of Π, the parties in A decide 1 at the
end of the first round.

– All correct parties in G4 have the same input 0. Thus, by the validity of BA
and the good-case latency of 1 property of Π, the parties in D decide 0 at the
end of the first round.

– At the end of the first round, the parties in A cannot distinguish between
G1, G2. Thus, also in G2, the parties in A decide 1 at the end of the first round.
By the agreement property of BA, we thus have that both B,C eventually
decide 1 in G2.

– At the end of the first round, the parties in D cannot distinguish between
G3, G4. Thus, also in G3, the parties in D decide 0 at the end of the first round.
By the agreement property of BA, we thus have that both B,C eventually
decide 0 in G3.

– The parties in B,C cannot distinguish between G2, G3, as in both executions
they receive the exact same sets of messages, from the same sets of parties,
with the same delivery timings, as both the parties in A and D claim to have
not heard from the other in round t = 1. Thus, by termination, eventually the
parties in B,C decide the same value in both G2, G3.

From the combination of the last three observations, we arrive at a contradic-
tion, as the parties in B,C output 1 in G2, 0 in G3, but also the same value in
both G2, G3. This concludes the proof. □

5 BB and BA with Optimal Good-Case Latency

In this section, we prove the following theorems.

Theorem 3. For all ρ ≤ 1− 1
φ ≈ 0.382 where φ = 1+

√
5

2 ≈ 1.618, there exists a

ρ-secure protocol (namely ΠBB,2 below) solving BB under dynamic participation
with good-case latency Tgc = 2.



Theorem 4. For all ρ ≤ 1 − 1√
2

≈ 0.293, there exists a ρ-secure protocol

(namely ΠBA,1 below) solving BA under dynamic participation with good-case
latency Tgc = 1.

Theorem 5. For all ρ ≤ 1/2, there exists a ρ-secure protocol (namely ΠBB,UP

below) solving BB under unknown participation with good-case latency Tgc = 2.

5.1 BB with Good-Case Latency Tgc = 2

In this section, we prove Thm. 3. In this protocol, we make black-box use of
the BA protocol from [8], which we denote by ΠBA, and which is 1

2 -secure under
dynamic participation.

Protocol 1: ΠBB,2

Setup. Leader ℓ with input value bℓ. Instructions for party p.
1. Round t = 0: ℓ multicasts ⟨echo, bℓ⟩ℓ.
2. Round t = 1: If received ⟨echo, u⟩ℓ for some u, then multicast ⟨vote, u⟩p

along with ℓ’s echo message. Else, multicast ⟨vote,⊥⟩.
3. Round t = 2: Let V denote the set of parties from which p received a valid

vote message. Denote by Vu the set of parties from which p received a valid
vote for value u. Let u be the value argmax

u∈I
|Vu|, breaking ties arbitrarily.

Multicast ⟨forward, Vu⟩p, along with the corresponding valid vote messages
for u from the parties in Vu.
Early deciding condition: If the following holds:
(a) Did not detect equivocation from the leader ℓ. I.e., did not receive two

echo (either forwarded or directly from ℓ) messages signed by the leader
ℓ for values u ̸= u′.

(b) It holds that |Vu| > (1− ρ)|V |.
Then decide u and multicast ⟨decided, u⟩p.

4. Round t ≥ 3:
(a) Early deciding: For a value u′, denote by Du′ the set of parties from

which p received a decided message for u′, and by D∗ the set of parties
from which p received a forward message. If there exists a value u such
that |Du| > (1− ρ)|D∗|, then decide u.

(b) Let u′ be the value for which p received the largest Vu set among all
received forward messages. Run ΠBA as instructed that commences in
round t = 3 with input u′, and decide the output of ΠBA, if did not
decide before.

Proof of Thm. 3. Let ρ be as in the premise of Thm. 3. Our protocol is given in
ΠBB,2. We now analyze its security and efficiency. Termination follows from the
termination of ΠBA, as all parties decide and halt once ΠBA terminates. We next
handle agreement.

Claim. ΠBB,2 satisfies agreement against any ρ-bounded adversary.

Proof. There are two cases: Either there exists a correct party that decides from
the early deciding condition, i.e., prior to participating in ΠBA, or not. Agreement



is straightforward in the latter case, as no correct party multicasts a decided
message, and thus no correct party decides due to an early deciding condition in
all rounds t ≥ 2. Thus, due to ΠBA being 1

2 -secure and all correct parties deciding
according to its output, agreement holds.

In the former case, let p be a correct party deciding a value u by the early
deciding condition. Denote by V p the set of parties from which p received a valid
vote message. We first argue that there cannot be two correct parties p, q, both
awake at round t = 2, that decide by the early deciding condition different values
u ≠ u′. If this was the case, then p has |V p

u | > (1−ρ)|V p|, and |V q
u′ | > (1−ρ)|V q|.

As the network is synchronous and ρ < 1
2 , this in particular implies that p has

received at least one valid vote message for u from a correct party, and q received
at least one valid vote message for u′ from a correct party. This implies, however,
that both p, q saw an equivocation from the leader ℓ at round t = 2, and thus
none of them would have triggered the early deciding condition. This in particular
implies that there exists at most one value, for which any correct party sends
a decided message for, and thus all correct parties deciding due to the early
deciding condition decide the same value.

It remains to show that if some correct party p decides a value u via the
early deciding condition at round t = 2, then all parties eventually decide u.
Denoting the correct parties awake at round t = 1 by H, we have that H ⊆ V p.
Furthermore, we have that |V p

u | > (1−ρ)|V p|, thus |V p
u | > (1−ρ)|H|. Furthermore,

p detected no equivocation from ℓ, hence no party in H multicast a vote message
for a value u′ ̸= u. Denoting by F the number of corrupt parties, we have that
|F | < ρ(|H| + |F |), thus |F | < ρ

1−ρ |H|. In particular, we can deduce that any

other correct party q receives at most |F | < ρ
1−ρ |H| valid vote messages for values

different from u. By the behavior of the protocol, p multicasts in round t = 2 the
message ⟨forward, V p

u ⟩p, and so all correct parties awake at rounds ≥ 3 observe
at least (1− ρ)|H| vote messages in the forward message of p. Finally, note that

(1− ρ)|H| − |F | > (1− ρ)|H| − ρ
1−ρ |H| = (1−ρ)2−ρ

(1−ρ) |H| > 0. The last inequality

holds by the assumption that ρ < (1 − ρ)2. Thus, all correct parties awake at
round 3 commence ΠBA with input u. By the validity guarantee of ΠBA, we thus
have that all parties decide u, as required. □

Finally, we handle validity and good-case latency.

Claim. ΠBB,2 satisfies validity against any ρ-bounded adversary. Furthermore,
ΠBB,2 has good-case latency 2.

Proof. Assume ℓ is correct with input u. Then by the behavior of ΠBB,2, it
multicasts ⟨echo, u⟩ℓ to all correct parties at round t = 0. Then, at round t = 1,
all correct parties multicast ⟨vote, u⟩ along with ℓ’s echo message. Note that since
ℓ is correct, no other valid vote for any other value other than u can be sent,
by correct or corrupt parties. Thus, at round t = 2, no correct party detects
equivocation from the leader, and all correct parties awake at t = 2 see a valid
vote message for u from all correct parties awake at t = 1. As the adversary is
ρ-bounded, we thus have that |V p

u | > (1− ρ)|V p| for all correct parties p awake



at t = 2, and they all decide u at t = 2 and send corresponding decided messages.
The same argument applied to the early deciding condition in rounds t ≥ 3 then
implies that any correct party p decides u in the first round t ≥ 2 in which it is
awake, as required. □

This concludes the proof of Thm. 3. □

5.2 BA with Good-Case Latency Tgc = 1

In this section, we prove Thm. 4. In this protocol, we make black-box use of
the BA protocol from [8], which we denote by ΠBA, and which is 1

2 -secure under
dynamic participation.

Protocol 2: ΠBA,1

Setup. Each party p has input value up. Instructions for party p.
1. Round t = 0: Multicast ⟨echo, up⟩p.
2. Round t = 1: Denote by E the set of parties from which p received an

echo message. Let u be the value argmax
u∈I
|Eu|, breaking ties arbitrarily.

Multicast ⟨forward, Eu⟩p, along with the corresponding echo messages for u.
Early deciding condition: If |Eu| > (1 − ρ)|E|, then decide u, and
multicast ⟨decided, u⟩p.

3. Round t ≥ 2:
(a) Early Deciding: For a value u′, denote by Du′ the set of parties from

which p received a decided message for u′, and by D∗ the set of parties
from which p received a forward message. If there exists a value u such
that |Du| > (1− ρ)|D∗|, then decide u.

(b) Let u′ be the value for which p received the largest Eu set among all
received forward messages. Run ΠBA as instructed that commences in
round t = 2 with input u′, and decide the output of ΠBA, if did not
decide before.

Proof of Thm. 4. Let ρ be as in the premise of Thm. 4. Our protocol is given
in ΠBA,1. We now analyze its security and efficiency. Termination follows from
the termination of ΠBA, as all correct parties decide and halt after ΠBA outputs.
Next, we handle agreement.

Claim. ΠBA,1 satisfies agreement against any ρ-bounded adversary.

Proof. There are two cases: either there exists a correct party that decides due
to the early deciding condition at round t = 1, or not. The proof can be quickly
concluded in the latter case, as then no correct party multicasts a decided message,
and thus no correct party decides according to the early deciding condition in
rounds t ≥ 2. Thus all correct parties decide according to the output of ΠBA,
which guarantees agreement.

We are now left with the case that there exists a correct party that decides
a value u according to the early deciding condition at round t = 1. First we
prove that this can occur for at most a single value. Assume that there exist two



correct parties p, q that decide according to the early deciding condition in round
t = 1 values u, u′, respectively, where u ≠ u′. Denote by Ep, Eq the set of echo
messages received by p, q, respectively. This implies that |Ep

u| > (1− ρ)|Ep|, and
|Eq

u′ | > (1−ρ)|Eq|. Denoting by H the set of correct parties awake at round t = 0,
we have that H ⊆ Ep and H ⊆ Eq, so |Ep

u| > (1− ρ)|H|, and |Eq
u′ | > (1− ρ)|H|.

Denoting by F p, F q the number of corrupt parties that sent an echo message to
p, q, respectively. We have that at least |Ep

u| − |F p| of the echo messages for u
received by p came from correct parties, and similarly at least |Eq

u′ | − |F q| of the
echo messages for u′ received by q came from correct parties. We thus have that:

|Ep
u| − |F p| > (1− ρ)(|H|+ |F p|)− |F p| = (1− ρ)|H| − ρ|F p|,

and similarly:

|Eq
u′ | − |F q| > (1− ρ)(|H|+ |F q|)− |F q| = (1− ρ)|H| − ρ|F q|.

As F q, F p ⊆ F , and |F | < ρ
1−ρ |H|, we have:

|Ep
u| − |F p| > (1− ρ)|H| − ρ2

1− ρ
|H| = (1− ρ)2 − ρ2

1− ρ
|H| = 1− 2ρ

1− ρ
|H|

= (1− ρ

1− ρ
)|H| > (1− (1− 2ρ))|H| = 2ρ|H|.

The last inequality holds due to the assumption ρ < (1− ρ)(1− 2ρ). This allows
us to deduce that less than (1− 2ρ)|H| correct parties sent an echo message for a
value other than u. Thus, (1− 2ρ)|H| ≥ |Eq

u′ | − |F q| > (1− ρ)|H| − ρ|F q| which
implies |F q| > |H|, a contradiction. Thus, there exists at most a single value u
for which some correct party decides u via the early deciding condition in round
t = 1.

This implies that correct parties can only send decided messages for a single
value u, and so any correct party deciding according to the early decision condition
in round t ≥ 2 decides u as well, and agreement is maintained.

It remains to show that when a correct party p decides u due to the early
deciding condition in round t = 1, all correct parties that decide on theΠBA output
also decide u. By the early deciding condition in round 1, |Ep

u| > (1−ρ)(|H|+|F p|),
and at least |Ep

u| − |F p| > (1− ρ)|H| − ρ|F p| of those echo messages for u came
from correct parties. Thus, less than ρ|H|+ ρ|F p| correct parties multicast an
echo message for any value u′ ̸= u. This implies that the size of the Eu′ set in
any forward message received by any correct party for a value u′ ̸= u is bounded
by

ρ|H|+ ρ|F p|+ |F | < ρ(|H|+ |F p|) + ρ

1− ρ
|H|

(1)
< ρ|H|+ ρ|F p|+ (1− 2ρ)|H| < (1− ρ)(|H|+ |F p|) < |Ep

u|.

Where (1) holds due to the assumption ρ < (1− ρ)(1− 2ρ). Thus, the forward
message sent by p with the set Ep

u is the largest set of echo messages witnessed



by any correct party in round t = 2, thus by the behavior of ΠBA,1, all correct
parties awake at round t = 2 commence ΠBA with input u. The validity property
of ΠBA then ensures that all correct parties output u from ΠBA, thus all correct
parties agree, as required. □

Next, we handle validity and good-case latency.

Claim. ΠBA,1 satisfies validity against any ρ-bounded adversary. In particular,
ΠBA,1 has good-case latency of 1.

Proof. Assume that all correct parties awake at round t = 0 have the same input
value u, then, due to the adversary being ρ-bounded, all correct parties awake at
round t = 1 observe |Eu| > (1−ρ)|E|, as all correct parties send an echo message
for u. In particular, all correct parties awake in round t = 1 decide u by the early
deciding condition and multicast a decided message for u. An identical argument
then implies that any correct party p, in the first round t ≥ 2 in which it is awake,
observes |Du| > (1− ρ)|D∗|, and thus p decides in the first round t ≥ 1 in which
it is awake. This proves that ΠBA,1 satisfies validity and has Tgc = 1. □

This concludes the proof of Thm. 4. □

5.3 BB for Unknown Participation with Good-Case Latency Tgc = 2

In this section, we prove Thm. 5. In this protocol, we make black-box use of
the BA protocol from [8], which we denote by ΠBA, and which is 1

2 -secure under
dynamic participation.

Protocol 3: ΠBB,UP

Setup. Leader ℓ with input value bℓ. Instructions for party p.
1. Round t = 0: If p = ℓ, multicast ⟨echo, bℓ⟩ℓ. Else, multicast ⟨echo,⊥⟩p.
2. Round t = 1: Denote by E the set of parties from which p received an

echo message. Multicast ⟨forward, E⟩p, along with the corresponding echo
messages. If ℓ ∈ E and received ⟨echo, u⟩ℓ, multicast ⟨vote, u⟩p along with
ℓ’s echo.

3. Round t = 2: Let G denote the set of parties from which p received a
forward message, and let V denote the set of parties from which p received
a valid vote message. Denote by E the set of parties from which p received
an echo message. Denote by E∗ ⊆ E the set of parties p for which an echo
message from p appeared in more than |G|

2
of the received forward messages.

Let u be the value argmax
u∈I
|Vu ∩ E∗|. Multicast ⟨echo2, Vu ∩ E∗⟩p, along

with the corresponding valid vote messages.
Early deciding condition: If the following holds:
(a) Did not detect equivocation from the leader ℓ, i.e., did not receive two

valid vote messages for values u ̸= u′.
(b) It holds that |Vu ∩ E∗| > |E|

2
.

Then decide u and multicast ⟨decided, u⟩p.
4. Round t ≥ 3:



(a) Let u′ be the value for which p received the largest Vu ∩ E∗ amongst
all received echo2 messages. Run ΠBA as instructed that commences in
round t = 3 with input u′, and decide the output of ΠBA, if did not
decide before.

Proof of Thm. 5. Our protocol is given in ΠBB,UP. We now analyze its security
and efficiency. Termination follows from the termination of ΠBA, as all parties
decide and halt once ΠBA terminates. We next handle agreement. Denote by n
the total number of parties, which is unknown to the correct parties.

Claim. ΠBB,UP satisfies agreement against any 1
2 -bounded adversary.

Proof. There are two cases: either there exists a correct party that decides from
the early deciding condition, i.e., prior to participating in ΠBA, or not. Agreement
is straightforward in the latter case, with ΠBA being 1

2 -secure and all correct
parties deciding its output. We next focus on the former case.

Denote by V p the set of parties from which p received a valid vote message,
and denote by Ep, E∗,p the E,E∗ sets observed by party p in round 2, respectively.
We first argue that there cannot be two correct parties p, q that decided due to
the early deciding condition in round t = 2 values u ̸= u′, respectively. Suppose
this was the case, then p has observed |V p

u ∩ E∗,p| > Ep

2 . Denoting by H the
set of correct parties, first observe that H ⊆ E∗,p, as a correct party sends an
echo message to all parties, and all correct parties include that echo message in
their forward messages. Since H constitutes a majority of the parties, all correct
parties observe the echo messages of correct parties as part of their E∗ set. This
in particular implies that there exists a correct party in V p

u ∩E∗,p, and the same
argument yields that there exists a correct party in V q

u′ ∩ E∗,q. This implies,
however, that all correct parties observed in round t = 2 a valid vote message for
both u, u′, and thus no correct party decides by the early deciding condition in
round t = 2. This implies that there exists at most a single value u, such that a
correct party decides u due to the early deciding condition in round t = 2. In
particular, this also implies that if any correct party decides due to the early
deciding condition at a round t ≥ 3, it can only possibly decide u, as no decided
message can be sent by a correct party for any other value.

Now suppose that a correct party p decided u due to the early deciding

condition at round t = 2. This implies that |V p
u ∩ E∗,p| > |Ep|

2 . This also implies
that no correct party multicast a valid vote message for any other value. We
next observe that for any correct parties p, q, we have E∗,p ⊆ Eq, and vice versa.
Consider any z ∈ E∗,p. The echo message of z appeared in the majority of forward
messages received by p, at least one of which was sent by a correct party, and
thus all correct parties have seen the echo message of z. For a correct party q,
denote by F q the set of corrupt parties in E∗,q. We thus have F q ⊆ E∗,q ⊆ Ep.

We thus have that |V q
u′ ∩ E∗,q| ≤ |F q| < |H|+|F q|

2 ≤ |Ep|
2 < |V p

u ∩ E∗,p|. Thus we
have that the echo2 message from p constitutes the largest set observed by q,
when intersected with E∗,q. And so, in round t = 3, q commences ΠBA with input



u. This holds for all correct parties, which triggers the validity property of ΠBA,
and thus all correct parties output u from ΠBA and decide u, as required. □

Next, we handle validity and good-case latency.

Claim. ΠBB,UP satisfies validity against any 1
2 -bounded adversary. Furthermore,

ΠBB,UP has good-case latency 2.

Proof. Assume ℓ is correct with input u. Then by the behavior of ΠBB,UP, it
multicasts ⟨echo, u⟩ℓ to all correct parties at round t = 0, and all other correct
parties multicast ⟨echo,⊥⟩ at round t = 0. Thus, at round t = 1, all correct
parties multicast ⟨vote, u⟩ and a forward message that includes all echo messages
of all correct parties. In round t = 2, no party detects equivocation from ℓ
due to ℓ being correct, and all parties see a valid vote message for u from all
correct parties, and H ⊆ E

,p for all correct parties p. Since the adversary is
ρ-bounded, H are a strict majority of the parties, and so any correct party p

observes |V p
u ∩E∗,p| > |Ep|

2 at round t = 2. Thus, all correct parties decide u in
round t = 2, as required. □

This concludes the proof of Thm. 5. □

6 BB and BA with Optimal Resilience

In this section, we prove the following theorems.

Theorem 6. For all ρ ≤ 1/2, there exists a ρ-secure protocol (namely ΠBB,3

below) solving BB under dynamic participation with good-case latency Tgc = 3.

Theorem 7. For all ρ ≤ 1/2, there exists a ρ-secure protocol (namely ΠBA,2

below) solving BA under dynamic participation with good-case latency Tgc = 2.

6.1 BB with Good-Case Latency Tgc = 3

In this section, we prove Thm. 6. In this protocol, we make black-box use of the
1
2 -secure dynamic participation BA protocol from [8], which we denote by ΠBA.

Protocol 4: ΠBB,3

Setup. Leader ℓ has input uℓ. Instructions for party p.
1. Round t = 0: ℓ multicasts ⟨echo, uℓ⟩ℓ.
2. Round t = 1: If received ⟨echo, u⟩ℓ for some u, multicast ⟨vote, u⟩p along

with the corresponding echo message from ℓ. Else, multicast ⟨vote,⊥⟩p.
3. Round t = 2: Denote by V the set of parties from which p received a vote

message. Multicast ⟨forward, V ⟩p, along with the corresponding valid vote
messages.

4. Round t = 3: Denote by G the set of parties from which p received a
forward message, and by V the set of parties from which p received a vote



message, whether directly or via a forward message. Denote by V ∗ the set
of parties q for which the following holds.
(a) p did not detect an equivocation from q, i.e., two valid vote messages

signed by q for values u ̸= u′.
(b) A valid vote message from q appears in more than |G|

2
of the forward

messages received by p.
Let u be the value argmax

u∈I
|Vu ∩ V ∗|. Multicast ⟨echo2, Vu ∩ V ∗⟩p, along

with the corresponding vote messages.
Early deciding condition: If the following holds:
(a) p did not detect an equivocation from ℓ, i.e., two valid vote messages

signed by ℓ for values u ̸= u′.
(b) |Vu ∩ V ∗| > |V |

2
.

Then decide u and multicast ⟨decided, u⟩p.
5. Round t ≥ 4:

(a) Early deciding: Denote by D the set of parties from which p received
a decided message, and by D∗ the set of parties from which p received
an echo2 message. If there exists a value u such that |Du| > |D∗|

2
, then

decide u.
(b) Let u′ be the value for which p received the largest Vu∩V ∗ (intersection

with own V ∗) among all received echo2 messages. Run ΠBA as instructed
that commences in round t = 4 with input u′, and decide the output of
ΠBA, if did not decide before.

Proof of Thm. 6. Our protocol is given in ΠBB,3. We now analyze its security
and efficiency. Termination follows from the termination of ΠBA, as all parties
decide and halt once ΠBA terminates. We next handle agreement.

Claim. ΠBB,3 satisfies agreement against any 1
2 -bounded adversary.

Proof. There are two cases: either there exists a correct party that decides due
to the early deciding condition at round t = 3, or not. The proof can be quickly
concluded in the latter case, as then no correct party multicasts a decided message,
and thus no correct party decides according to the early deciding condition in all
rounds t ≥ 3. Thus, all correct parties decide according to the output of ΠBA,
which guarantees agreement.

We are now left with the case that there exists a correct party that decides a
value u due to the early deciding condition at round t = 3. First we prove that
this can occur for at most a single value. Assume that there are two correct parties
p, q that decide according to the early deciding condition in round t = 3 values

u ≠ u′, respectively. We thus have that |V p
u ∩V ∗,p| > |V p|

2 , and |V q
u′ ∩V ∗,q| > |V q|

2 .
In particular, both V p

u ∩ V ∗,p and V q
u′ ∩ V ∗,q contain at least one correct party.

Which implies that both p, q have observed a valid vote message for both u and
u′. This implies that both p and q have observed an equivocation by ℓ, and thus
would not have decided by the early deciding condition in round t = 3.

We are thus left with the case that there exists a unique value u such that a
correct party p awake in round t = 3 decides u via the early deciding condition.



First, observe that since no correct party multicasts a decided message for a
value u′ ̸= u, we have that any correct party deciding via the early deciding
condition in round t ≥ 4 decides u as well. If a correct party p awake in round
t = 3 decides u via the early deciding condition, this implies that p did not detect

an equivocation from ℓ, and that |V p
u ∩ V ∗,p| > |V p|

2 . Denoting by H the set of
correct parties awake at round t = 1, we have that none of them multicast a vote
message for a value u′ ̸= u, as otherwise, p would have detected an equivocation
from ℓ. For some correct party q ≠ p awake at round t = 4, consider the set
V q
u′ ∩ V ∗,q for some value u′ ≠ u. Denote by F the set of corrupt parties. As we

have just observed, we have that V q
u′ ∩ V ∗,q ⊆ F . Note, however, that if some

f ∈ F satisfies f ∈ V q
u′ ∩ V ∗,q, then a vote message from f for value u′ appears

in a majority of the forward messages received by q, thus at least one of them
was sent by a correct party, and thus all correct parties awake at round t = 3,
and in particular p, received a valid vote message for u′. This contradicts the
assumption that p decided the value u via the early deciding condition at round
t = 3. We thus have that V q

u′ ∩ V ∗,q = ∅ for all correct parties awake at round
t ≥ 4. This in particular implies that all correct q parties awake at round t = 4
observe u to be the value maximizing V q

u ∩ V ∗,q among all echo2 messages, and
commence ΠBA with input u. This triggers the validity property of ΠBA which
implies that all correct parties output u from ΠBA, and thus all correct parties
decide u, as required. □

Next, we handle validity and good-case latency.

Claim. ΠBB,3 satisfies validity against any 1
2 -bounded adversary. Furthermore,

ΠBB,3 has good-case latency 3.

Proof. Assume ℓ is correct with input u. Then by behavior of ΠBB,3, it multicasts
⟨echo, u⟩ℓ to all parties in round t = 0. Afterwards, again by protocol behavior, all
correct parties awake in round t = 1, denoted by H, multicast a valid ⟨vote, u⟩p
message. In round t = 2, all correct parties multicast forward messages containing
all vote messages of all correct parties awake in round t = 1. In round t = 3,
note first that no correct party p detects an equivocation from ℓ, due to ℓ being
correct. Second of all, note that H ⊆ V p

u ∩ V ∗,p, and |V | ≤ |H|+ |F |. Thus, we
have that |V p

u ∩ V ∗,p| > |V |
2 holds for any correct party p awake in round t = 3.

Thus, all correct parties awake in round t = 3 decide u and multicast a decided
message for u. An identical argument then gives that all correct parties decide
u in the first round t ≥ 4 in which they are awake, due to the early deciding
condition. □

This concludes the proof of Thm. 6. □

6.2 BA with Good-Case Latency Tgc = 2

In this section, we prove Thm. 7. In this protocol, we make black-box use of
the BA protocol from [8], which we denote by ΠBA, and which is 1

2 -secure under
dynamic participation. Throughout the protocol, whenever we consider a set of



messages S, the notation Sp refers to the local view, or the purported local view,
of p of the set S.

Protocol 5: ΠBA,2

Setup. Each party p has input up. Instructions for party p.
1. Round t = 0: Multicast ⟨echo, up⟩p.
2. Round t = 1: Denote by E the set of parties from which p received an

echo message. Multicast ⟨forward, E⟩p, along with the corresponding echo
messages.

3. Round t = 2: Denote by G the set of parties from which p received a
forward message. Denote by E the set of parties from which p received
an echo message, either directly or via a forward message. For a value u,
denote by Eu the set of parties from which p received an echo message for
u. Denote by E∗ the set of parties q for which the following holds.
(a) p detected no equivocation from q, i.e., two echo messages signed by q

for values u′ ̸= u.
(b) An echomessage from q appears in more than |G|

2
of the forwardmessages

received by p
For a value u, denote by E∗

u the set Eu ∩ E∗.
Early deciding condition: If there exists a value u such that |E∗

u| >
|E|
2
, then decide u. Multicast ⟨decided, u, E,E∗

u, {forwardq | q ∈ G}⟩, where
forwardq indicates the forward message p received from q. Else, multicast
⟨echo2, E,E∗, {forwardq | q ∈ G}⟩.

4. Round t ≥ 3.
– Denote by E the set of parties from which p received an echo message,

and by Eu the set of parties from which p received an echo message for
u .

– Denote by E∗ the set defined in an identical manner as in round t = 2
above.

– Denote by G the set of parties from which p received a forward message.
– Denote by T the set of parties from which p received an echo2 message.
– Denote by G∗ the set of parties q for which a forward message from q

appeared in more than |T |
2

of the echo2 messages.

(a) Early deciding: For a value u, denote by Du the set of parties from
which p received a decided message for value u. If there exists a value u
such that |Du| > |T |

2
, then decide u.

(b) For a party p, we say a decided message from a party q of the form
⟨decided, u, Eq, E∗,q

u , {forwardz | z ∈ Gq}⟩ is valid if the following holds.
– Eq contains E∗,p.
– Gq contains G∗,p.
– Each z ∈ E∗,q

u appears in a majority of Gq, and there are no equivo-
cations from z in {forwardy | y ∈ Gq}.

– |E∗,q
u | > |Eq|

2
.

For a valid decided message for a value u from a party q, we refer to |Eq|
as its size. Let u′ be the value for which p received the maximum size
decided message. Run ΠBA as instructed that commences in round t = 3
with input u′, and decide the output ΠBA, if did not decide beforehand.



Proof of Thm. 7. Our protocol is given in ΠBA,2. We now analyze its security
and efficiency. Termination follows from the termination of ΠBA, as all parties
decide and halt once ΠBA terminates. We next handle agreement.

Claim. ΠBA,2 satisfies agreement against any 1
2 -bounded adversary.

Proof. There are two cases: either there exists a correct party that decides due
to the early deciding condition at round t = 2, or not. The proof can be quickly
concluded in the latter case, as all correct parties decide according to the output
of ΠBA, which is 1

2 -secure and guarantees agreement.
We are now left with the case that there exists a correct party that decides a

value u due to the early deciding condition at round t = 2. First, we prove that
this can occur for at most a single value. Assume that two correct parties p, q
decide u, u′ according to the early deciding condition in round t = 2, respectively.

In particular, that implies that |E∗,p
u | > |Ep|

2 , and |E∗,q
u′ | > |Eq|

2 . Note that
by the behavior of the protocol we have that E∗,p, E∗,q ⊆ Ep, and similarly
E∗,p, E∗,q ⊆ Eq, since every echo in E∗,p, E∗,q appeared in the forward message
of at least one correct party. Denote by F p

u the set of corrupt parties included
in E∗,p

u , and by F q
u′ the set of corrupt parties included in E∗,q

u′ . Note that
E∗,p

u ∩E∗,q
u′ = ∅, as otherwise p, q would have detected an equivocation from the

party in the intersection, and would not have included it in their E∗ set.
Denote by H0 the set of correct parties awake at round t = 0, and of those,

by H0
u, H

0
u′ those with input u, u′, respectively. One has that

|H0
u|+ |F p| = |E∗,p

u | > |Ep|
2

≥ |H0|+ |F p|+ |F q|
2

Similarly, one has that

|H0
u′ |+ |F q| = |E∗,q

u′ | >
|Eq|
2

≥ |H0|+ |F p|+ |F q|
2

Adding these inequalities, one gets that |H0
u|+ |H0

u′ | > |H0|, which is a contra-
diction.

We are then left with the case that there exists a unique value u such that a
correct party p, decides u at round t = 2, with reported participation Ep. First
note that this implies that any correct party that decides due to the early deciding
condition in round t ≥ 3 also decides u, as no correct party multicasts a decided
message for any value u′ ̸= u. Now, assume that some correct party q, awake in
round t = 3, received a decided message from a party z ∈ F for some value u′, of
the form ⟨decided, u′, Ez, E∗,z

u′ , {forwards | s ∈ Gz}⟩, with reported participation
Ez, such that |Ez| ≥ |Ep|. We now prove this cannot happen. Assume otherwise
(i.e. |Ez| ≥ |Ep|), and denote by E∗,z

u′ the claimed such set of z. Denote by F p
u

the set of corrupt parties in E∗,p
u . We have that |E∗,p

u | = |H0
u|+ |F p

u |. We next
note that Ep contains the set E∗,z

u′ . This holds due to the following: A party
s ∈ E∗,z

u′ must appear in a strict majority of forward messages reported by z,
i.e., the set Gz. Since we assume that z sends a valid decided message, we have
that G∗,q ⊆ Gz. Denoting by H1 the set of correct parties awake at round t = 1,



we have that H1 ⊆ G∗,q ⊆ Gz. Thus, if party s appears in a strict majority of
the forward messages of the claimed set Gz, then at least one of these forward
messages was sent by a correct party at round t = 1. Thus, p, which was awake
at time t = 2, observes an echo message from s for u′, and thus s ∈ Ep. This
gives E∗,z

u′ ⊆ Ep. Denoting by F z
u′ the corrupt parties in E∗,z

u′ , we in particular
have F z

u′ ⊆ Ep.
In fact, note that this line of arguing actually implies a stronger property,

and that is that E∗,z
u′ ∩ E∗,p

u = ∅, as p seeing an echo for u′ from s implies that
s ̸∈ E∗,p

u .
From F z

u′ ⊆ Ep, and E∗,z
u′ ∩ E∗,p

u = ∅, we can deduce that: |E∗,p
u | = |H0

u| +
|F p

u | >
|Ep|
2 ≥ |F z

u′ |+|Fp
u |+|H0|
2 . We now have all we need to arrive at a contradic-

tion. Let us summarize our observations.

– E∗,z
u′ ∩ E∗,p

u = ∅ which in particular implies that F z
u′ ∩ F p

u = ∅.
– |E∗,p

u | = |H0
u|+ |F p

u | >
|Ep|
2 ≥ |F z

u′ |+|Fp
u |+|H0|
2 .

– |E∗,z
u′ | ≤ |Hu′ |+ |F z

u′ |. This bound trivially holds.
– |Ez| ≥ |Ep|, our assumption.

– |E∗,z
u′ | > |Ez|

2 , from the assumption that z’s decided message is valid.

From these observation we deduce that:

|H0
u|+ |H0

u′ |+ |F p
u |+ |F z

u′ | ≥ |E∗,z
u′ |+ |E∗,p

u | > |Ep| ≥ |H0|+ |F p
u |+ |F z

u′ |

This finally implies that |H0
u|+ |H0

u′ | > |H0|, which is a contradiction. We thus
have that all correct parties awake in round t = 3 view the decided message from
p as the valid decided message with the maximum size (|Ep|), and so they all
commence ΠBA with input u. This triggers the validity property of ΠBA, and thus
all correct parties output u from ΠBA and decide u, and agreement holds. □

Next, we handle validity and good-case latency.

Claim. ΠBA,2 satisfies validity against any 1
2 -bounded adversary. Furthermore,

ΠBA,2 has good-case latency 2.

Proof. Assume that all correct parties awake in round t = 0 have the same input
u. Denoting by H0 the set of correct parties awake in round t = 0 and by F
the set of corrupt parties, we thus have that E∗,p

u contains H0 for all correct
parties p, as they all send an echo message for u in round t = 0, and none of
them equivocate. It clearly holds, for every party p, that |Ep| ≤ |H|+ |F |, and
since |H| > |F | we thus have that |E∗,p

u | > |Ep|
2 for all correct parties p in round

t = 2. Thus, all correct parties awake in round t = 2 (denoted by H2) decide u
and multicast a decided message for u. Any correct party q, in the first round
t ≥ 3 in which it is awake, observes decided messages for u from all parties in H2.
This constitutes a majority of the received echo2 messages, and so any correct
party q also decides u in the first round t ≥ 3 in which it is awake. □

This concludes the proof of Thm. 7. □
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A Folklore BA for Static Participation with ρ < 1/3 and
Tgc = 1

In this section we show, for completeness, the following folklore results.

Lemma 1. For all ρ ≤ 1/3, there exists a ρ-secure BA protocol (namely SyncBA,1
below) with good-case latency Tgc = 1 under static participation in synchrony.

Lemma 2. For all ρ > 1
3 , there is no ρ-secure BA protocol with good-case latency

≤ 1 under static participation in synchrony.

Proof. Denote by ΠBA an arbitrary choice of BA protocol which is 1
3 -secure under

static participation in synchrony. We treat it as a black-box. Our protocol is
given below:

Protocol 6: SyncBA,1

Setup. Each party p has input up. Instructions for party p. Denote by n
the number of parties and by f < n

3
the bound on the number of corrupted

parties. Initialize op ← up.
1. Round t = 0: Multicast ⟨echo, up⟩p.
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2. Round t = 1: Early deciding condition. If there exists a value u such
that p received n− f echo messages for u, then decide u. Denote n− f echo
messages for a value u by C(u). Multicast ⟨decided, C(u)⟩.

3. Round t ≥ 2: If received C(u) for some value u, set op ← u. Run ΠBA with
input op that commences at round t = 2, and decide accordingly, if have
not decided before.

Termination is clear from the termination of ΠBA. For agreement, if no correct
party decides via the early deciding condition in round t = 1, then agreement
holds by the agreement property of ΠBA. Else, let p be a correct party that
decides a value u in round t = 1, thus p observed n− f echo messages for u, since
f < n

3 , a quorum intersection argument implies that no n − f echo messages
exist for any other value, and so all correct parties set their local o variable to
u in round t = 2. This triggers the validity property of ΠBA, and so all correct
parties output u, as required. For validity and good-case latency, consider the
case where all correct parties have the same input value u. Then by the behavior
of the protocol, all correct parties see in round t = 1 n− f echo messages for u,
and decide u, as required. This concludes the proof. □

Next, we prove Lem. 2.

Proof. Let ρ > 1
3 , and let n be a natural number, and consider three disjoint sets

of parties A,B,C, each of size n
3 . Assume towards a contradiction that there

exists a ρ-secure protocol solving BA under synchrony with static participation
and good-case latency 1. We consider three executions G1, G2, G3, as follows.

1. G1: A,B are correct with input 1. C are corrupt, and behave as if they are
correct with input 0. Note that the adversary is ρ-bounded.

2. G2: A,C are correct, B are corrupt. The adversary is ρ-bounded. A has input
1, C has input 0. B behave in round t = 0 to A as if they are correct with
input 1, and to C as if they are correct with input 0, B then halts.

3. G3: Dual to G1. B,C are correct with input 0. A are corrupt, and behave as
if they are correct with input 1. Note that the adversary is ρ-bounded.

Note that in G1, all correct parties have the same input 1, and so the parties
in A decide 1 after one round. Note that up to the end of the first round, G1, G2

are indistinguishable from the perspective of A, and so also in G2, A decides 1
after 1 round. A dual argument gives that C outputs 0 after one round both
in G3 and G2. Lastly note that in G2, the adversary is ρ-bounded, and so by
assumption that Π is ρ-secure, agreement must hold and A,C output the same
value in G2, leading to a contradiction. □
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