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Abstract

We study valued fields equipped with an automorphism. We prove that
all of them have an extension admitting an equivariant cross-section of the
valuation. In residual characteristic zero, and in the presence of such a
cross-section, we show that amalgamation problems are solvable precisely
when the induced residual problem is, characterise the existentially closed
objects of this category, and prove that its positive theory does not have
the tree property of the second kind. We prove analogous results with
cross-sections replaced by angular components. Along the way, we show
that array modelling does not require thickness.
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INTRODUCTION 2

Introduction

The study of difference equations may be carried out inside a suitable ring
of functions, say in the indeterminate x, equipped with the endomorphism
o(f(xz)) = f(z +1). For this reason, a field K with a distinguished endo-
morphism o is called a difference field [Coh65]; when o is an automorphism,
(K,o) is said to be inversive. The typical object of interest in this work will
be an inversive valued difference field: a valued field (K, v) together with an
automorphism o compatible with the valuation v, that is, fixing the valuation
ring O setwise. If we denote by I' the value group and by v: K — I' U {co} the
(surjective) valuation, we could equivalently specify a pair of automorphisms,
one of the field K and one of the ordered abelian group I', that we will both
denote by o, such that for all a € K one has v(o(a)) = o(v(a)).

Automorphisms of valued fields appear for instance in [Sen69; Put72; Kel86;
KS22; KKS25]. Their model theory has been studied intensively since the be-
ginning of the millennium, for example in [Sca00; Sca07; BMS07; Azgl0; AD11;
Pal12; DO15; Rid17; BG25], and it has been used to obtain Lang—Weil-type es-
timates in finite difference fields [Hil+24] and a version of Kapranov’s Theorem
for tropical difference algebra [Ali25]. A connection with algebraic dynamics
was envisaged in the introduction to [CHO8|. Although the techniques have
recently been extended to the non-inversive case [DH22; DH25; Ram24|, all dif-
ference fields in this paper will be inversive, hence we will from now on omit this
qualifier and tacitly assume the surjectivity of all of our field endomorphisms,
unless otherwise specified.

When studying fields, it is often convenient to place oneself in a universal
domain: a large enough algebraically closed field. It has long been known that
this is not a peculiarity of field theory, as one can give a precise definition of
“universal domain” via the notion of existentially closed object of a category of
structures with embeddings (Definition 1.1). If such a category is closed un-
der inductive limits, every object embeds in an existentially closed one. This
happens to be the case for the category of valued difference fields; here, a con-
sequence of existential closedness is a form of the Nullstellensatz for difference
varieties which takes the valuation into account: for example, whenever a differ-
ence variety defined over K has a point in some valued difference field extension
(L,vp,01) 2 (K,v,0) with all coordinates of valuation zero, then such a point
already exists in K. A sufficiently saturated (Definition 2.1) existentially closed
valued difference field can then be seen as a universal domain for tropical differ-
ence algebra.

For categories of structures with an automorphism it is customary to refer
to the automorphism of an existentially closed object as generic [Mac97; CP98].
Note that not every structure carries a generic automorphism; for example,
every field that does must be algebraically closed; this follows from the fact that
every automorphism of a field can be extended to its algebraic closure. In the
valued difference case, some consequences of genericity can be easily deduced
using standard results from the model theory of valued fields: for instance (Pro-
position 2.3) the valued field needs to be algebraically closed, and its residue
field and value group, equipped with the induced automorphisms, need to be
existentially closed in their respective categories.

After observing this, one is immediately confronted with the fact that, in
almost all of the existing literature on fields with a valuation and an auto-
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morphism, the behaviour of ¢ on I' is severely constrained, and certainly not
generic. Namely, most of the currently available results are only valid in the
multiplicative case [Pall2|, two important special cases being the isometric one—
where v(o(z)) = v(x) for every z, that is, the induced automorphism of T is
the identity—and the strongly contractive one—where v(o(z)) > n - v(x) for
every z of positive valuation and every n € N. Exceptions are [Bey+20], which
deals with existentially closed (K, v, o) where o is only required to preserve the
field structure but not v—hence there is no induced automorphism of I at all—
and [DO15; Rid17; Ram24|, that black-box the behaviour of o on I'. Another
non-multiplicative example is, on the field of transseries, precomposition by a
positive infinite element, studied in [Hoe06, Chapter 5] and [DO15, Section §].

Existential closedness for ordered abelian groups with an automorphism—
from now on, difference oags—has recently been studied in [DM24]. Having
started to grasp an understanding of existentially closed difference oags, which
occur as value groups of existentially closed valued difference fields, it is natural
to wonder whether one may leverage knowledge of the former to obtain results
on the latter. In this paper, we will see that the answer is affirmative.

The first property one may expect from a universal domain for tropical
difference algebra is the existence of a cross-section of v—a group morphism
s: I' — K* such that v(s(y)) = —that is o-equivariant. In turn, such an
object induces a o-equivariant angular component, that is, a multiplicative ho-
momorphism from K to the residue field k£ extending the residue map. The
existence of these maps implies that the inclusion of Z[o]-modules O* — K*
is pure: every system of multiplicative difference equations with parameters in
O* that has a solution in K* must have one in O*. If said equations are not
allowed to mention o, then this is well known to follow from the fact that I' is
torsion-free. When o enters the picture, showing this becomes more intricate,
and constitutes our first main result.

Theorem A (Theorem 2.14). Suppose (K, v, 0) is an existentially closed valued
difference field. Then O* is a pure Z[o]-submodule of K *. It follows that every
valued difference field embeds into one with a cross-section commuting with o.

While adding a cross-section to the language enlarges the family of defin-
able sets, we prove that this does not drastically change the notion of universal
domain. Namely, every valued difference field with a cross-section that is existen-
tially closed is also existentially closed as a valued difference field with no extra
structure (Proposition 2.21); we also obtain similar results for other expansions
of valued difference fields.

We prove the above results in Section 2 by combining logical and tropical
tools, such as the Compactness Theorem, saturation, and initial varieties. We
also use a version of the Fundamental Theorem of Tropical Geometry for valu-
ations with arbitrary rank (Theorem 1.12), which we prove in Section 1 by a
compactness argument using upper bounds from [JS18] on the minimum degree
of a tropical basis. The existence of an equivariant cross-section allows to define
equivariant initial forms (Remark 2.16), thereby providing further evidence that
this framework is suitable to develop tropical difference algebra. We will also
see that, by an argument due to Philip Dittmann, existentially closed valued
difference fields are not existentially closed as difference fields (Corollary 2.27).

In Section 3 we work in the case of residual characteristic zero, and study
amalgamation problems: given a base object A and morphisms f: A — B and
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Figure 1: An amalgamation diagram.

g: A — C, we seek an object D and morphisms making the diagram in Figure 1
commute.

It is well known that, in the category of valued fields, as well as in that of
difference fields, where in both cases we allow as arrows all possible embeddings,
not every amalgamation problem can be solved. For difference fields, one may
solve amalgamation problems where the arrows are required to preserve certain
predicates expressing the possibility to add solutions to difference equations
of a specific form [Mac97]. In our setting, even adding the aforementioned
predicates to the residue field does not allow to solve all amalgamation problems
(by Example 3.2).

As for valued fields, one remedy is to use RV -structures, or equivalently [LT25]
stringent valued hyperfields; to the best of our knowledge, a theory of generic
automorphisms of such structures is still lacking. For this reason, we adopt
another common approach, and work in the category of valued difference fields
endowed with a o-equivariant angular component—briefly, ac-valued difference
fields—of residual characteristic zero, with embeddings required to commute
with angular components. We characterise which amalgamation problems have
solutions by proving an embedding result (Proposition 3.27) that also allows
us to characterise the existentially closed objects of this category in terms of
genericity of the automorphisms induced on k£ and I" and a generalisation of
henselianity commonly used in the context of valued difference fields.

Theorem B (Theorem 3.28). An amalgamation problem of ac-valued difference
fields of residual characteristic zero has a solution if and only if the induced
amalgamation problem of difference residue fields does.

Theorem C (Theorem 3.29). An ac-valued difference field of residual char-
acteristic zero is existentially closed if and only if it is o-henselian and the
automorphisms induced on its value group and residue field are both generic.

Both theorems also hold if we work with cross-sections instead of angular
components, and in both cases we may also add a lift of the residue field to
the language. Combining Theorem C with results from [DO15] we show that, if
char(k) = 0 and both (k,o) and (T, o) are existentially closed, then so is their
Hahn product £((T")) (Example 3.30).

As observed in [Pil00; Ben03a; BP07], even if a class of existentially closed
structures is not elementary, which happens to be the case in our setting by
[KS02], one can still analyse it through the lenses of model theory by using
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positive logic, an approach already followed in e.g. [HK21; Kam23; EKN21;
DM24] that constitutes one of the main motivations for the general study of this
framework, carried out for instance in [Hay19; DK22; DGK23; Kam24]. Positive
logic has also been used to introduce definability patterns [Hru20; Seg25] and
obtain applications to approximate subgroups [Hru22].

The relevant neostability-theoretic dividing line for this paper is the tree
property of the second kind: the existence of an unbounded definable family of
independent partitions. The absence of this property is a tameness condition,
known as NTP; and studied intensively in recent years, see e.g. [Chel4; CH14;
MOS20; Kam24]. In our final Section 4 we take the opportunity to advance
the study of NTPy in the positive setting by generalising to arbitrary posit-
ive theories the Array Modelling Theorem (Theorem 4.10), a Ramsey-theoretic
statement established in [Kam24| for thick positive theories. Array modelling
implies a number of desirable general properties such as submultiplicativity of
burden (Corollary 4.18) that, combined with Theorem B, allow us to adapt the
arguments of [CH14] to prove that our class enjoys the above tameness property,
which for example fails in existentially closed exponential fields [HK21].

Theorem D (Theorem 4.40). Existentially closed valued difference fields of
residual characteristic zero are NTP5 in the sense of positive logic.
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1 Preliminaries

1.1 Model theory

Lowercase letters such as a,b,z,y, ... will usually denote finite (except in
Section 4) tuples of elements or of variables, e.g. a = (ag,...,an—1), and their
length (in the previous case, n) will be denoted by |a|. We abuse the notation
and write e.g. @ € M instead of a € M!®l. Similarly, for a function f defined on
M, we write f(a) for (f(ag),..., f(an—1)), etc. We refer the reader to [DM24,
Section 1.2] for a quick tour of some model-theoretic terminology and facts, to
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[Hod93] for a more extensive treatment of the fundamentals, and to [Dril4] for
the basics of valued fields and of their model theory. We nevertheless recall the
following standard definition.

Definition 1.1. Let £ be a first-order language, T an L-theory axiomatised
by V3-sentences, and K the category of models of T" with embeddings. An
object M € K is existentially closed iff, for every embedding f: M — N, every
tuple a from M, and every quantifier-free formula ¢(x,y) without parameters,
it NE 3z o(z, f(a)) then M F Iz o(z, a).

Remark 1.2. The following is well known.

(1) Every such K is closed under inductive limits [Hod93, Theorem 6.5.9 and

Exercise 5 in Section 6.5], and this in turn ensures that every object em-
beds in an existentially closed one [Hod93, Theorem 8.2.3].

(2) By enlarging £, hence restricting the class of embeddings between models,

every first-order theory can be V3-axiomatised [Hod93, Theorems 2.6.5
and 2.6.6]. However, this process (known as Morleyisation or atomisation)
may change the notion of existentially closed model.

In our context, the following assumption is natural; see Remark 2.4(2).

Assumption 1.3. All difference fields and oags are assumed inversive.

Definition 1.4. We will mostly deal with the following languages.

(1)

The three-sorted language of valued fields Ly¢ has

(a) asort VF for the valued field, carrying a copy of the language Lgeolg =
{+vE,0vF, —VvF, 'vF, lvF, (—)\_,blﬂ} of fields, interpreted in the natural
way with the convention that 0~! = 0,

(b) asort I" for the value group, carrying a copy of the language Loag ==
{+r,0r, —1, <r} of oags and an additional constant symbol co, to be
interpreted as an infinite absorbing element, with —oco = oo, equal
to the valuation of Oy,

(¢) a sort k for the residue field, carrying a copy of the language of fields
{+&, 06, — k), &> Lk, (7),;1}, interpreted in the natural way with the
convention that 0~! = 0,

(d) a function symbol v: VF — T

(e) a function symbol res: VF — k.
We view a valued field as an L¢-structure by interpreting v as the (sur-
jective) valuation, res as the map sending x to the residue of z if x lies in

the valuation ring, that we denote by O, and to 0 otherwise, and the rest
of the symbols in the obvious way suggested by the symbols themselves.

The language of ac-valued fields L, is the expansion of Lyt by a function
symbol ac: VF — k, to be interpreted as an angular component map.

The language of s-valued fields L4 is the expansion of L.t by a function
symbol s: I' — VF, to be interpreted as a cross-section of the valuation.
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(4) We write L, (resp. Lac,o, Ls,o) for the expansion of Lyf (resp. Lac, Ls) by
symbols oyF, 0\_,%, or,op Lok, o) ! interpreted as automorphisms of the
sorts indicated in the subscripts and their inverses, and commuting with
the other maps in the language (see below).

(5) We also expand all of the above languages by a function symbol ¢: £ — VF,
to be interpreted—in the equicharacteristic case—as a lift of the residue
field commuting with o. The resulting languages are denoted e.g. by

£€LC,L,O"

(6) If £ is one of the languages introduced above, we will write L£-valued differ-
ence field to mean a valued difference field expanded by the corresponding
structure.

As customary, we treat I' as an oag even if, strictly speaking, it also contains
oo, conflate K with VF(K) whenever convenient, and drop subscripts if no
confusion may arise. If K is clear from context, we may also write k in place of
k(K), etc. We also say e.g. “o commutes with v” instead of “or o v = v 0 oyg”,
as already done in Definition 1.4(4). When dealing with extensions we may or
may not use subscripts to differentiate the interpretation of a particular symbol,
typically o. For instance, we sometimes write (K,0) C (L,0), and sometimes
write (K,0x) C (L, or,) for emphasis. For brevity, we write e.g. (K, v, 0) to refer
to a valued difference field K viewed as an L,-structure, even if £, contains
other symbols, e.g. o~ 1.

Recall that DOAG denotes the Loa.-theory of nontrivial divisible ordered
abelian groups. We denote by ACF the Lgeq-theory of algebraically closed fields,
by ACVF the L,¢-theory of nontrivially valued algebraically closed fields, by
ACVF,. the L,.-theory of nontrivially valued algebraically closed fields equipped
with an angular component map, and similarly for the other languages men-
tioned above. For p,q prime or zero, we write ACVF, , for the completion
of ACVF obtained by specifying that char(VF) = p and char(k) = ¢. As
customary, in the aforementioned theories of valued fields, the valuation map
v: VF — T is assumed surjective. All of these theories are easily checked to
be V3-axiomatisable in their language, hence by Remark 1.2 each of their mod-
els embeds in an existentially closed one.! After adding o, 0! to the languages
above, together with axioms saying that these are respectively an automorphism
and its inverse, V3-axiomatisability is clearly preserved.

Remark 1.5. Our choice of language is slightly different from the usual one,
in that we have symbols for multiplicative inverses on the sorts VF and k and
a unary res map, while most of the literature uses the language of rings and a
binary map Res(z,y) defined as res(z/y) if y # 0 and z/y € O, and 0 otherwise.
Once a symbol for the multiplicative inverse is available, Res(z,y) is piecewise
definable by a term, and each piece is quantifier-free definable, hence many
results from the literature, e.g. on quantifier elimination, are easily shown to
transfer.

Example 1.6. Given (k, o) and (T, or), the Hahn field k((T")) can be equipped
with the structure of a valued difference field, with the natural valuation and

n fact, all of DOAG, ACF, ACVF, ACVF,. are model complete, that is, all of their models are
existentially closed.
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o: VF(L) — VF(L) given by (o(f))(7) == ax(f(op"(7))) or, in power series
notation,

o Z ayt? | = Z o (@ )tor ).

vyel’ yel’

As a special case, consider the field of complex Puiseux series with the auto-
morphism sending Y, .o ant™ to Y, .o @nt*", where Z denotes the complex
conjugate of z.

Observe that such structures have a natural cross-section, namely ~ — t7,
which is easily checked to commute with o. In particular, the associated angular

component, which maps f =" Jer at7 to ay(y), is o-equivariant.

1.2 Tropical geometry

In what follows, we will use results from tropical geometry, for which we refer
the reader to [MS15]. In the cited source, all value groups are Archimedean,
which is typically not the case in this paper. Nevertheless, all the results we
will use from [MS15] still hold in our setting; since this sometimes requires
justification, and because it may be of independent interest, we gather in this
subsection the results that we will need. We especially want to highlight that
many of these are, or can be reduced to, first-order statements; therefore, by
the model-theoretic properties of ACVF, they do not depend on the rank of the
valuation.

For the rest of this section we use K[zT!], O[zT], k[z*!] as shorthands for
Kzt a1, 0, .. o) klzf!, ... 2E!] respectively, for some fixed n.
For u = (uy,...,uy) € Z" and v = (y1,...,7,) € I'™, we will use (u,v) to
denote the scalar product uyy; + ... 4+ upyn-

Definition 1.7. Let (K, v) be a valued field.

(1) A tropical polynomial is an expression of the form min{vy; + (u;, z) | i < £},
where x is a variable ranging over I'", u; € Z", and v; € T.

(2) We call v € T'™ a tropical oot of a tropical polynomial g iff the minimum
in g is achieved at least twice at ~.

Let f € K[z*'] be a Laurent polynomial; write f as Y, g cuz, for some finite
subset S C Z", with ¢y, # 0 for all u € S, and let v € T'™.

(3) The tropicalisation trop(f): T™ — T is defined as
(trop(f))(7) = min{v(cu) + (u,7) [u € S}.

Fix now a cross-section of the valuation s: I' — K.

(4) The initial form of f with respect to « is the Laurent polynomial over
the residue field & defined as in, (f) = >, cg res(cus(—v(cu)))z", where
S ={ueS|Vu e S v+ (u,y) <v(ew)+ (W,7)}.

(5) Given an ideal I of K[z*!], the initial ideal of I with respect to v is the
ideal of k[z*!] that is generated by the set {in,(f) | f € I}.
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(6) If V C G (K) is an algebraic subvariety and I is the ideal of Laurent poly-
nomials over K vanishing on V, then we denote by in, (V') the algebraic
subvariety of G}, (k) associated to in,(I). We call this the initial variety
of V' with respect to ~y.

Note that initial forms depend on the choice of a cross-section, even if this
is suppressed from the notation. Below, if we mention initial forms without
specifying a cross-section, we assume implicitly that a one exists and has been
fixed. Recall that cross-sections always exist if the value group is divisible, e.g.
in the algebraically closed case, see for example [ADH17, Lemma 3.3.32].

Remark 1.8.

(1) In order to define initial forms one does not really need the cross-section s,
rather the corresponding angular component res(xs(—v(x))). We mostly
use the cross-section as that is customary in the literature, but observe
that many results in tropical geometry (say from [MS15, Sections 2 and
3]) generalise to initial forms when they are defined using an arbitrary
angular component.

(2) Initial varieties are sometimes called tropical reductions or tropical degen-
erations in the literature.

It is almost immediate to see that the codimension 1 case of the Funda-
mental Theorem of Tropical Geometry, also known as Kapranov’s Theorem
[MS15, Theorem 3.1.3], is a first-order statement. In higher codimension we
will need a bound of Joswig and Schréter on the minimum degree of a tropical
basis.

Definition 1.9. Let K be a valued field.

(1) Let I be a homogeneous ideal of K[z, ...,x,]. A universal Grébner basis
U of I is a finite subset of I such that, for every v € I'(K)"*!, the set
in, (U) generates in.(I).

(2) Let I be an ideal in K[x™!]. A tropical basis of I is a finite generating
subset T C I such that for every v € I'", if there is f € I such that ~ is
not a tropical root of trop(f), then there is ¢ € T such that + is not a
tropical root of trop(g).

Given the ideal I, denote by I..; its homogenisation: the homogeneous ideal
in K[zg,...,z,] obtained by homogenising the elements of K[z¥] N I.

Proposition 1.10. Let K be an algebraically closed valued field with value
group Q. For all finite S C Z™ there are d € N and a finite H C N™ such that
the following holds. Let I C K[z*!] be an ideal and G a finite set generating of
I such that every polynomial in G can be written as ), g cuz™ (with possibly
some ¢y = 0).

(1) There is a universal Grébner basis U of I, such that every polynomial
in U can be written as 3 cro  gyxpr buz™

(2) There is a tropical basis T 2 G of I such that every polynomial in 7 can

be written as ), oy bur™.
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Proof. Because I'(K) = Q, every ideal of K[z, ..., x,] is defined over a subfield
of K with discrete valuation. Hence we may apply [JS18, Theorem 10] to Ipyo;
and obtain that there are d, depending only on n and on the minimal degree of
a set of generators of I, a tropical basis 7o, and a universal Grébner basis I/
of Ip.oj, both consisting of polynomials of degree at most d. We can then take
T to be the union of G with the set of polynomials from 7 evaluated in zo = 1;
we will show that 7 is a tropical basis, from which it follows that we can take
as H the set of exponents [0, d]” C N™.

Equip K with a cross-section, so that we may define initial forms. By [MS15,
Theorem 3.2.3], T is a tropical basis if and only if, for every ~, whenever there is
a monomial in in, (I), then there is some g € 7 such that in,(g) is a monomial.

Let v € I'", and assume that in,(I) contains a monomial. Then by [MS15,
Proposition 2.6.1], ing ) (Iproj) also contains a monomial, so there is f € 7o such
that in(g ) (f) is a monomial. Since ing )(f(zo,...,2n)) = in, (f(1,21,...,25))
as shown in the proof of [MS15, Proposition 2.6.1], T is then a tropical basis. [

Fact 1.11. Let I be an ideal in K[z*1] and v € T'™. For every g € in,(I) there
is h € I such that g = in,(h).

Proof. This is [MS15, Lemma 2.6.2(1)]. One sees by inspection that in its proof
(and in the proofs of Lemma 2.4.2 and Proposition 2.6.1, which are used within
it) the rank 1 assumption is never used. O

Theorem 1.12. [Fundamental Theorem of Tropical Geometry for valuations
of arbitrary rank| Let K be an algebraically closed valued field and I C K[z*!]
an ideal. Then the following properties are equivalent for all v € T'".

(1) For all f € I, the point + is a tropical root of trop(f).
(2) The ideal in,(I) C k[z*] is proper.
(3) There is z € (K*)™ such that f(z) =0 for every f € I and v(z) =~.

Proof. If K is trivially valued then the statement is obvious, so we may assume
the valuation is nontrivial.

The implications (2) = (1) and (3) = (1) are obvious, and (1) = (2) follows
from Fact 1.11.

For (1) = (3), let V' C GJ}, be the algebraic subvariety defined by I. Fix a set
G of generators of I, with support S. Let H C N™ be given by Proposition 1.10
applied to S and to an arbitrary algebraically closed valued field L of the same
characteristic (p, q) with value group Q. We identify a finite family of Laurent
polynomials in K[J;lil, ..., 1] with exponents in S with the tuple ¢ of their
coefficients; write G; for such a family and I; for the ideal it generates.

Let @ (t,v) be the formula saying that for every tuple (yu)uen, if the poly-
nomial f =3, yuz" vanishes on all z such that all elements of G; vanish on
z (this is a finite conjunction expressing the fact that f is in the radical of I;),
then + is a tropical root of trop(f). In an arbitrary valued field, for all ¢ and +,
the implication (1) = @ (¢, ) holds trivially.

By Proposition 1.10, in L we have that ¢ g (¢,v) holds if and only if ~ satisfies
property (1) for I;; by the Fundamental Theorem of Tropical Geometry [MS15,
Theorem 3.2.3|, in rank 1 properties (1) and (3) are equivalent, so in L we have
that @ (¢,7) holds if and only if v satisfies property (3) for I;. This equivalence



1 PRELIMINARIES 11

is a first-order statement, so it holds in algebraically closed nontrivially valued
fields of arbitrary rank by completeness of ACVF,, ,. O

The following proposition, which generalises a step of the proof of the Fun-
damental Theorem of Tropical Geometry [MS15, Proposition 3.2.11], will be
needed later on. We consider initial forms as computed with respect to a given
angular component map, see Remark 1.8.

Proposition 1.13. Let V C Gj be an algebraic subvariety defined over an
algebraically closed nontrivially ac-valued field K, and v € T'™.

(1) The variety in,(V)(k(K)) coincides with the set of angular components
of points of V(K) of valuation ~.

(2) For each a € in,(V)(k(K)), the set of a € V(K) such that v(a) = v and
ac(a) = « is Zariski dense in V(K).

Proof. Let I C K[z*'] be the ideal associated to V. Let d and H be given by
Proposition 1.10 applied to the set S of exponents of a fixed basis of I. Similarly
as in the proof of Theorem 1.12, write I = I; where t is the tuple of coefficients
of a set of generators with exponents in S. Let J;, be the ideal generated by
iny(f), as f varies amongst polynomials in I; with exponents in H. In every
nontrivially ac-valued field, for every ¢ and ~, it follows from the definition of
initial form that

{ac(a) |a € V(I}),v(a) =~} C V(in (L)) C V(Ji ).

By [MS15, Proposition 3.2.11], in every algebraically closed ac-valued field of
rank 1, the first inclusion above is an equality. If furthermore I'(K) = Q, then
by Proposition 1.10 there is a universal Grobner basis of I,;,; with exponents
in {0,...,d} x H, and it follows that the second inclusion is also an equality.

As the sets {ac(a) | a € V(I;),v(a) =~} and V(J; ) are first-order definable
uniformly in ¢ and <, completeness of ACVF, ;.. yields that they coincide in
every algebraically closed nontrivially ac-valued field. As V'(in,(I;)) lies between
them, this proves (1).

As for (2), fix a polynomial g € K[z*!]. The conclusion follows from the
previous point and the first-order expressibility of “if there are points 29,21 € V
with v(z0) = 7, ac(z9) = a and ¢(z1) # 0, then there is a point zo € V such
that v(z2) =, ac(z2) = «, and g(z2) # 0. O

Lemma 1.14. Let I be an ideal in K[z*!]. Then ing(I) = res(I N Oz*1)).

Proof. (2) Let f € res(I N O[z*1]); if f = 0 then there is nothing to prove,
so assume f # 0. Then there is g € I N O[z*!] such that f = res(g). Since
res(g) # 0, g has at least one coefficient of valuation 0, and it follows from the
definitions that f = res(g) = ing(g).

(©) Let f € ing(I). By Fact 1.11 there is g € I such that f = ing(g), say
9 = Y uesCuz®. Let " C S be the set of u for which v(cy) is minimal. If
up € S, then

ino(g) = 3 res(cus(—v(ca))z" = res <9> :

2 5(0(Cun)
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Now g/(s(v(cu,))) € INO[z*!], and the minimal valuation of its coefficients
is 0, so we have

Proposition 1.15. Let I be an ideal in K[z%!] and o an automorphism. Then
o(ing(I)) = ing(o(1)).

Proof. By Lemma 1.14, it is enough to show o(res(I N Olz*])) = res(o(I) N
O[z*1]). This follows easily from o o res = res oo. 0O

2  Purity and reducts

As already recalled, every algebraically closed valued field admits a cross-
section of the valuation. In this section, we show that universal domains for
tropical difference algebra admit one that is o-equivariant.

For this purpose, we endow the multiplicative group of a valued difference
field (K, v, o) with a module structure over the polynomial ring Z[o] by defining
(X gmio®) -z =Ti_, o' (2™). We show that, assuming existential closedness,
O* is a pure Z[o]-submodule of K*, and we use standard arguments to deduce
the existence of a cross-section commuting with o if enough saturation is present.

Recall that a formula is existential iff it is of the form 3z ¢(z) with ¢(x)
quantifier-free, and positive (resp. positive primitive) iff it is obtained from
atomic formulas by using A, V, 3 (resp. A, 3).

Definition 2.1.

(1) Let M be an L-structure. A partial type 7(z) is a set of L-formulas with
parameters from M such that, for every n and every ¢g(x),...,pn(z) €
m(x), there is a € M such that, for every ¢ < n, we have M F ¢;(a).

(2) The quantifier-free type qftp(a/B) of a tuple a in an L-structure M over
a set B C M is the set of quantifier-free £-formulas ¢(z) with parameters
from B such that M E ¢(a).

(3) Let k be an infinite cardinal. A structure M is existentially (resp. posit-
ively, resp. quantifier-free) k-saturated iff, whenever m(z) is a partial type
consisting of existential (resp. positive, resp. quantifier-free) formulas with
parameters from a set A C M of size |A| < k, there is a € M satisfying
all formulas in 7(x).

So, for example, the Z[o]-module O* is positively R;-saturated if and only if,
for every system of countably many equations in the language of Z[o]-modules
with parameters from O, if every finite subsystem has a solution in O* then
the whole system does.? This is in particular the case if (K,v, o) is existentially
Ni-saturated.

Remark 2.2. By standard model-theoretic arguments, for every cardinal x,
every valued difference field has an existentially x-saturated existentially closed
extension.

2Note that every partial type consisting of positive formulas is implied by a partial type
consisting of positive primitive formulas.
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Proposition 2.3. In every existentially closed (K,v,0), the following state-
ments are true.

(1) The field VF(K) is algebraically closed.
(2) The difference oag I'(K) is existentially closed.
(3) The difference field k(K) is existentially closed.

Proof. As commonly done in model theory, we embed the valued field (K, v) into
a |K|T-strongly homogeneous valued field 4, that is, one where every elementary
map with domain of size at most |K| extends to an automorphism. Recall that,
whenever a theory has quantifier elimination, an elementary map is nothing
more than a partial isomorphism, and that quantifier elimination holds for ACVF
in Ly, see [HHMO6, Theorem 2.1.1(iii)|3.

(1) As (K,v,0) is existentially closed, it follows easily from the definitions that,
in order to prove its algebraic closedness, it suffices to embed it into an algebraic-
ally closed valued difference field. By quantifier elimination, o may be regarded
as an elementary map 4 — 4, and by |K|T-strong homogeneity we may extend
it to some og € Aut(4l), thus obtaining the required extension.

(2) View again o as an elementary map 4 — . Let (I",0") 2 (I'(K), or(k))-
Since I'(4f) £ DOAG,* up to replacing 4 by a larger &', we may embed I in
it over T'(K). Again by quantifier elimination, cx U ¢’ is an elementary map,
hence extends to an automorphism of . Every existential formula over I'(K)
realised in I is as well realised in I'(4(). By existential closedness of K, it must
be also realised in I'(K'). This shows that I'(K) is existentially closed.

(3) This can be proved similarly to (2), using ACF in place of DOAG. O
Remark 2.4.

(1) In our framework, the residue and valuation maps are assumed surjective
from the start. In fact, as far as existentially closed models are concerned,
this is not necessary, as surjectivity of these maps can be proved with
arguments similar to those of the proof of Proposition 2.3. We thank
Ehud Hrushovski for pointing this out.

(2) Every possibly non-inversive difference field embeds canonically in its in-
versive closure. In particular, even if we work with non-inversive valued
difference fields, the existentially closed ones are going to be automatically
inversive. We thank Simone Ramello for pointing this out.

2.1 Purity

Recall that, if R is a ring, a submodule IV of an R-module M is pure iff, for
every matrix A € Matgy,(R) and vector b € N, if the equation A -z = b has
a solution in M then it has a solution in V. This passes to localisations, and
is in fact a local property, see [Lam99, §4, Exercise 34]. The case of interest for
us is that purity as a Z[o]-module implies purity as a Z[o, 0~ !]-module, hence
it suffices to work with Z[o].

30ur language is slightly different, see Remark 1.5.
4In characteristic (0, p) we need to add to the language on T' a constant symbol, interpreted
as v(p). We leave to the reader the easy task of modifying this part of the proof accordingly.
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Remark 2.5. It follows easily from the definitions that, since I' = K> /O* is
torsion-free, O is a pure abelian subgroup of K*.

The following example shows that, if we do not assume existential closedness,
purity may indeed fail.

Example 2.6. Consider the R-ezponentiation (see [KS22, Definition 3.3.1]°)
o: C((R)) — C((R)) given by

Z cpt’ Z e"e t".

In this example, O* is not a pure Z[o]-submodule of K*: the equation
o(z)z™! = et has parameters in O* and is solved by t!, but there are no
solutions in O* because o induces the identity on the residue field.

In particular, this automorphism admits no equivariant angular component,
hence no equivariant cross-section.

Notation 2.7.
(1) For r < s € Z, we denote by [r, s] the interval {h € Z | r < h < s}.

(2) For a tuple a with all coordinates in the domain of an automorphism o and

r < s € Z we will write orb, s(a) to denote the tuple (6" (a),...,o%(a)).
Note that, if uy,...,u,, € Z™ and ¢: G} — G2 is the monomial map
z > (2", ..., z%2), then trop(¢): '™ — I'"2 is the morphism

s (<111,’Y>,...,<11n2,’)/>).

Lemma 2.8. Let K be a valued difference field, let A € Matgx,,(Z[o]), and let
b€ (0*)%. Assume there is 8 € (K*)" such that A -3 = b.

There are £ € N, an algebraic subgroup G of GI\‘*Y | and ¢ € (O )ne+n)
such that, for all z € (K*)", we have A -z = b if and only if orbg s(2) € t- G.

Proof. For each entry a;; of A, there are {;; € Z>o and myjo, ..., Mij,, € Z
such that
. 2 Lij—1 . B
Qij = Mije,; 0 + Mijj(L;;—1)0 + ...+ myj10 + myjo-

Let £ := max; £;;. For i € [1,d], let C; € Mat,,(¢41)(Z) be the matrix

Ci = (cijn)jel1,n),hel0,q

in which the entry c;;;, is the (integer, possibly 0) coefficient of o™ in the entry
a;; of A (see Example 2.9 below). For i € [1,d], let p;((y;n) e[1,n],hef0,q) be the

monomial
n L

pi = H y;;fh .

j=1h=0

Let G = {y € G | Vi € [1,d] pi(y) = 1} and H = {y € Gi""" |
Vi € [1,d] pi(y) = b;}. Then G is an algebraic subgroup of GrY and H is a

5The reader familiar with this work will see that, if we decompose the automorphism group
of C((R)) as in [KS22, Theorem 3.7.1] with respect to the natural cross-section, then any
counterexample to purity must have a nontrivial factor in Hom(R, C*).
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coset of G. By construction, for all z € (K*)", we have A -z = b if and only if
pi(orbg ¢(2)) = b; for all i € [1,d], if and only if (6"(2;))ic(0,¢,je[1,n] € H-
Since A - = b, we have that (orbg ¢(8)) € H(K). Moreover, by Remark 2.5,

there is some ¢ € (O*)"*+1) such that H = ¢ - G. O
Example 2.9. Let A = 11__;2> and b = 1 . Then the matrices C; and Cs

are C7 = (1 -1 O) and Cy = (1 0 —1), and for all a € K* we have that
A-a =bif and only if (a,0(a),o?(a)) lies in the algebraic subgroup of (K*)3
defined by zlzz_l =1A z123_1 =1.

Lemma 2.10. Let ¢: G — G72 be a monomial map, defined by 1(z) =

(z™1,...,2z"2) for appropriate vectors uy,...,u,, € Z".

There is a monomial map &: G — G2, defined by £(z) = (2V1,...,2V"2),
such that ker £ is the connected component of the identity of ker ¢) and that each
v; is a rational multiple of an element of the group generated by uy,...,u,,.
Proof. It suffices to let vi,...,v,, be generators of the unique primitive lattice
containing the one generated by uy,...,u,, and of the same rank. See [Sch25,
Lemma A.7]. O

Lemma 2.11. Let G < G}, be a connected algebraic subgroup. For all ¢t €
(O*)™, the initial variety ing(¢ - G) is irreducible.

Proof. By [Sch25, Theorem A.13] and connectedness, G is defined by a set of
equations of the form z" — 1 = 0 and the associated lattice A C Z"™ is primitive.
The subvariety ing(t - G) of G (k) is contained in the coset by res(t) of the
group H defined by the equations ing(z" — 1) = 0, and it is easily checked that
ing(z* — 1) = 2" — 1. The lattice A’ associated to H must satisfy A" D A.
Moreover, ing(t - G) C res(t) - H, and by [MS15, Lemma 3.2.6]%, dim(ing(G)) =
dim(G). It follows that dim(H) = dim(G), hence A’ and A have the same rank,
and because A is primitive A = A’. O

Definition 2.12.

(1) We define o_, as the map sending a Laurent polynomial f =3 cijhy§ n €
K[yﬁ1 | 7 € [1,n], h € Z] to the Laurent polynomial

o (f) = Z U(Cijh)y;‘(thl)'

(2) We write o?, for (o_,)P.

Note that o_, is invertible and that f(a) = 0 if and only if (¢, (f))(c(a)) = 0.
Lemma 2.13. Let (K,0) be an algebraically closed difference field, and let
IC K[yﬁl | 7 €[1,n],h €0,4]] be a proper ideal such that the variety V(I) is
a coset of an algebraic subgroup of G&(Hl). Assume moreover that there is o €
()" such that, for all r < s € Z, we have that orb,,s(a) € V(3¢ 0% (1))

For each r < s € Z there is an ideal J, s of K[y]ih1 |7 €l,n],helrs+{]
such that J.s 2 32 . 0%, () and the set {J;,s}} sjez satisfies the following
properties.

pe

6This is for rank 1 algebraically closed valued fields, but note that every algebraic group in
this lemma is defined over the prime field.
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(1) For all r < s € Z, the variety H, s := V(J, ) is a coset of a connected

algebraic subgroup of GQ(FTHH).

(2) For all r < s € Z, we have Hy41 541 = 0(Hys).

(3) If v is a valuation on K commuting with o, and V'(I) intersects (O )"(¢+1),
then each H, ; intersects (O )s=rtbt)

Proof. For each interval [r,s] C Z, define ideals I,.; and I,
[1,n], b € [r, 5 + €] by

of K[ijh1 | j €

L= Y oI
p€E|r,s]
and

I, = Z (Irq.50 ﬂK[yjihl |j€ll,n],h€r,s+1]).

[ro,50]2(rs]

By noetherianity of K[yjihl | 7 € [1,n],h € [r,s+{]], this sum stabilises, so given
[, 8], there is [ro, so] such that for all [rq,s1] D [ro, So] we have

I?”l,Sl ﬂK[y]ihl |]€ [17n]7h € [T75+€]]
=Ly s NK[y3' |G €Lnl,hers+ 0] =1

70,80 r,87
hence V'(I;. ) is still a coset of an algebraic subgroup of Gulsmr D | et Ir.s
be the prime ideal containing I; ; of polynomials vanishing on the irreducible
component H,. s of V(I ;) which contains the point orb, s(). Then, for all
r < s, the irreducible variety H, , is again a coset of an algebraic subgroup of
GulE=m ) broving (1), and by construction H,1 441 = o(Hy.,), proving (2).
Finally, for (3) note that, under these assumptions, I is generated by poly-
nomials of the form 2" — b, with b € O*. Tt follows that so is I; , so V(I} )
has a point with all coordinates in O* by Remark 2.5. Different irreducible
components of a subgroup of GY are translates of each other by a root of unity.
As roots of unity have valuation 0, if one of them intersects (O*)", then so do
all of them, and the conclusion follows. O

Theorem 2.14. Suppose K is an existentially closed valued difference field.
Then O* is a pure Z[o]-submodule of K*.

Proof. Let A € Matgxn(Z[0]), let b € (0*)?, let 3 € (K*)" be such that
A - B =0, and denote by £ the highest order of an iterate of o appearing in the
matrix A.

Let ¢ - G be the coset of an algebraic subgroup G < G obtained from
Lemma 2.8, and let I be the ideal of polynomials in the ring K [yjihl | j €
[1,n],h € [0,£]] which vanish on t-G. Let {H, ;}(.scz be the set of varieties
obtained by Lemma 2.13. For each [r, s], as H, s is irreducible, by Lemma 2.11
so is ing(Hy.s)-

Let © be the set of formulas in the variables (y;1);e[1,n],nez, Which contains,
for each finite subtuple (y;n);e[1,n],he[r,s+¢, the following.

n(L+1)

(1) The formulas saying that (y;n)je[1,n],ne[rs+¢ 15 @ K-generic point” of the
irreducible variety H, ;, all of whose coordinates have valuation 0.

"Recall that a point of an irreducible algebraic variety is K-generic iff it does not lie in any
proper subvariety definable over K.
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(2) The formulas saying that (res(y;n));e[1,n],helrs+¢ 1S @ k-generic point of
the irreducible variety ing(H, s).

Let A be a finite fragment of ©. Without loss of generality, A says that a finite
subtuple of variables (y;n)je[1,n],he[rs+¢ lies in a certain Zariski open dense
subset H' of H, 4, that all of its coordinates have valuation 0, and that its residue
lies in a certain Zariski open dense subset H” of ing(H, ). Since the residue
field k is algebraically closed, there is a point (a;x);e[1,n),hefrs+¢ € H"(k), and
by Proposition 1.13 the set of points of valuation 0 in H, s(K) with residue
(ajh)je[l,nLhe[rvsJ’_e] is Zariski dense in H, g, so in particular there is such a point
in H'(K). Therefore © is finitely satisfiable, so by the Compactness Theorem
it is consistent.

Hence O is realised in some valued field extension (K’,v") of (K,v) by some
infinite tuple (ajn)je(1,n),nez- Without loss of generality we assume K' =
K((cjn)jefin),nez). By using Proposition 1.15, we see that o(ing(H,s)) =
ing(o(Hys)) = ing(Hy4+1,s+1)- Because H, s is a coset of an algebraic subgroup
isomorphic (as an algebraic group) over the prime field to a power of G,,, and
because in every power of Gy, there is a unique type of a tuple of valuation 0
with k-generic residue, it follows that © is a complete quantifier-free L, ¢-type
over K.

Therefore, extending the action of o_, from polynomials to formulas in the
obvious way, as (Oéjh)je[l,n],hez realises O, for all » < s € Z we have, in L¢,

o (aftp((en) jepn) hems+a/K)) = aftp((n) je ng,nefr+1,s+041] /K-

Therefore we may extend o to an automorphism ¢’ of (K’ ,v") by putting
o'(ajn) = aj(p41) for each j € [1,n] and h € Z. Then the tuple (a1, ..., ano) €
(K'*)™ is a solution of the equation A-z = b, whose coordinates have valuation 0.
Hence, by existential closedness there is a solution with coordinates of valuation
0in K. O

Corollary 2.15. Let K be an existentially closed valued difference field. If
O* is positively Nj-saturated as a Z[o]-module (e.g. if K is existentially N;-
saturated), then K admits a cross-section s: I' — K satisfying soo = g o s,
hence an angular component ac: K — k satisfying acoo = o oac. In particular,
every valued difference field embeds into one admitting an equivariant cross-
section.

Proof. Recall that, in an R-module, a partial positive primitive type (or partial
pp-type) is specified by a filter of pp-definable cosets, hence can be written by
using at most |R| + Ng-many formulas (see e.g. [Pre88] for model theory of
modules). In particular, under our assumptions the Z[o]-module O* realises all
consistent partial pp-types. By Theorem 2.14 the short exact sequence of Z[o]-
modules 1 —» O* — K* — I' — 0 is pure, hence the existence of a cross-section
follows from [Pre88, Theorem 2.8|. As standard, a cross-section s induces an
angular component acg(z) = res(z/s(v(z))), and clearly if s commutes with o
then so does acg, since both res and v do. The “in particular” part follows from
Remark 2.2. O

Remark 2.16. If (K,v,0) is a valued difference field and s: I' — K is a o-
equivariant cross-section, then it is easy to see that, for every Laurent polyno-
mial f € K[z*!] and v € I'", we have o(in,(f)) = in,(,)(o(f)); similarly, for
initial ideals we get o (iny (1)) = iny(,) (o (1))
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2.2 Good reducts

By Corollary 2.15, every existentially closed valued difference field that is suf-
ficiently existentially saturated can be expanded by an equivariant cross-section.
In order to use the cross-section as an auxiliary object, and later remove it
from the language, it is important to understand whether, given an existen-
tially closed (K, v,0,s), its reduct (K,v,0) is still existentially closed. Similar
questions can be formulated when passing from (K, v,0,s) to (K,v,o,ac), etc.

Below, we will prove that these questions have positive answers. As this will
be proved separately for each case of interest, and as there will be a nontrivial
amount of algebra involved, the reader may wonder whether some abstract ar-
gument shows that existential closedness passes to reducts. This is in fact false.
We thank Angus Matthews for the following example, and for his permission
to include it here. We will encounter another instance of this phenomenon in
Corollary 2.27.

Example 2.17 (A. Matthews). Let Ty be an inductive theory that is not model
complete (e.g. the theory of oags with an automorphism, or the theory of fields),
and let T7 be its Morleyisation (see the references given in Remark 1.2). Observe
that every model of T;, expands to a model of 77, and that every model of T}
is existentially closed by quantifier elimination. In particular, if My F Tj is not
existentially closed, then its natural expansion to M; F T} is existentially closed
but has a non-existentially closed reduct.

Proposition 2.18. Let (K,v,0,ac) be an ac-valued difference field closed un-
der roots, and let (L,v,0) be an existentially closed, existentially N;-saturated
valued difference field extension. There is an equivariant angular component
map on L extending the angular component map of K.

Proof. Let T be the Z[o]|-submodule of L* generated by K* and O(L)*, and let
0: T — k(L)* be the unique morphism which coincides with ac on K* and with
res on O(L)*. Enumerate T in a tuple b. If we prove that the pp-type of b in
the Z[o]-module L* is contained in the pp-type of §(b) in k(L)*, then we may
conclude by using existential saturation of k(L)* as a Z[o]-module to apply
Point (v) in [Pre88, Theorem 2.8], obtaining a morphism acp: L* — k(L)*
which extends 6.

Let a be some finite subtuple of b and A € Matgx,(Z[o]) a matrix such that
A -z = a has a solution in (L*)". Fix such a solution a. We need to show that
A -z = 0(a) has a solution in (k(L)*)™. Since k(L) is existentially closed as a
difference field by Proposition 2.3, it suffices to find an extension of k(L) where
a solution exists.

As in the proof of Lemma 2.8, we associate to A some d matrices C1,...,Cy €
Mat,, x (¢41)(Z), where £ is maximum such that o appears in A, such that the
entry c;;p, of the matrix C; is the integer coefficient of o" in the entry a;j € Z[o]
of A.

For all » < s € Z, there is a group homomorphism v, ,: Gristi=rt

Gds—r+1) satisfying ¢, s(orby sye()) = orb, s(a), namely we can take the ho-
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momorphism which maps (y;n)je[1,n],he[r,s+¢ tO

+£ )
H] IHZ rY ;}lzﬂ

[T T g

Jj= =r Yj
+1+4+£ ¢

H] 1H; T+1 _]flzjh

+1+£
H] 11_[:1 r+1 ]C(}jljh

+£
HJ IHZ s jcilL]h

+£
H] IHZ sy ]CZJ’L

By Lemma 2.10 there is a monomial map &, s such that ker ¢, ; is the connec-
ted component of ker 1, ;. Moreover, each of the exponents of &, ; is a rational
multiple of an element of the group spanned by the exponents of v, 5, and there-
fore every entry of &, ;(orb, s()) is a root of a product of the entries of orb,. s(a).
By assumption, T is a multiplicative subgroup that is closed under taking roots
hence, since each entry of orb,. ;(a) lies in T', we have &, ¢(orb, ¢(a)) € T4+,

Let e = (e1,...,eq) denote the tuple & o(orbg¢(a)). Consider the set Q
of Lgeg-formulas over k(L) in variables (y;n);e[1,n],nez Which says that each
finite subtuple (y;n);je[1,n],hefrs+¢ 1S @ k(L)-generic point of the algebraic vari-
ety V;. s defined by the equations &, ((2jn)jeq1,n),he[rs+¢) = 0(0rb,s(e)). Note
that the genericity requirement makes sense because, as V;.s(k(L)) is a coset of
ing(ker&, 5) (which does not depend on the choice of an angular component by
Lemma 1.14), it is irreducible by Lemma 2.11.

To see that ) is consistent, consider a finite fragment mentioning formulas
in the finite subtuple of variables (yjn);ecp n),hefrs+e- As k(L) is a divisible
abelian group, there is a (possibly non-equivariant) angular component ac’: L —
k(L) extending 6. Since, for all r < s, we have orb, s(e) € im(&, 5), and ac’ is a
multiplicative homomorphism, V;. s(k(L)) is not empty.

Hence the set €2 is realised in some field extension of k(L); let (Bjn)je[1,n),nez
be a realisation, and consider the field k(L)((5;n) e[1,n],nez). We now have that,
for all r < s, the finite tuple (8;(h+1))je[1,n],hefr,s+¢ i generic in the algebraic
variety defined by the equations

Eri1s+1((Zj(ha1)) jelim] helrst+) = 0(orbri1 s11(e)),

which since o and € commute is the same as

Eri1,s+1((Zj(h41))je1,n), helrs+g) = o(0(orby s(e))).

Hence, applying o_, to the Lgeq-quantifier-free type over k(L) of the tuple
(Bjn)jen,n],helrs+¢ Yields the one of (8jr) jel1,n], he[r+1,s41+¢- So the automorph-
ism o of k(L) extends to an automorphism of k(L)((Bjn);e[1,n),hez); in which
the equation A - z = 6(a) is solved by the tuple 8 = (S10, ..., P1n)- O

Corollary 2.19. If (K, v,0,ac) is existentially closed, then (K, v, o) is existen-
tially closed.
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Proof. As ACVF,. eliminates quantifiers®, arguing as in the proof of Proposi-
tion 2.3(1) we see that K is algebraically closed, and in particular closed under
taking roots. Suppose that (Lo, vr,,0r,) 2 (K,v,0) is such that Ly F 3z ¢(x),
with ¢(z) a quantifier-free £, (K )-formula. Let (L, vy, or) be an existentially N;-
saturated existentially closed extension of Ly. After applying Proposition 2.18,
L extends K as ac-valued difference fields, and L F 3z ¢(x). Since Lac o 2 Lo
and (K,v,0,ac) is existentially closed, we have K F 3z ¢(x). O

Lemma 2.20. If (K, v, 0, s) is existentially closed, then (I'(K), o) is existentially
closed.

Proof. It is well known that the theory ACVF, of algebraically closed valued
fields with a cross-section eliminates quantifiers; see e.g. [Kes24, Theorem 2.2]
for a proof for ACVF; , that can be easily adapted.

Embed (K, v, s) in a monster model 4l F ACVF;. Let (A, o) be an extension
of (I'(K), or(k)); we may assume that A is embedded in I'(i4) over I'(K). If the
map f :=ocUoa, viewed as a partial map { — 4, is elementary, then it extends
to an automorphism of 4l and we conclude as in Proposition 2.3.

By quantifier elimination it suffices to show that f preserves and reflects
atomic formulas. Up to applying the same arguments to f!, it is enough to
show that atomic formulas are preserved. It suffices to check formulas of the
form ¢(a,vy) = v(to(a,v)) > v(t1(a,v)), where tg,t; are terms in the language
with a cross-section s, and the tuples a,y are from the sorts VF, I" respectively.
We do this by induction on the maximum depth of nested occurrences of s in
to, t1; in the same induction, we simultaneously prove that the valuation of such
terms lies in A.

If s does not appear at all, then ¢ is an Ly ¢-formula, hence the conclusion
follows from the fact that o is an automorphism. If s never appears nested more
than once, then ¢ is, up to equivalence, of the form v(p(a, s(v))) > v(q(a, s(v))),
where « is a tuple from A \ I'(K) that is Q-linearly independent over T'(K)
and p,q are polynomials over Z, say. Then p(a,x) is a polynomial over K;
write it as the sum of its monomials, say p(a,z) = > ., m;(x). By linear
independence of v over I'(K), the v(m;(s(y))) are pairwise distinct, hence
there is 49 such that v(p(a,s(v))) = v(m4,(s(y))). Similarly we may write
v(g(a,s(7))) = v(nj,(s(v))). As oa is an automorphism, it is easy to see that
v(p(f(a), f(s(7)))) = v(f(mi)(f(s(7)))), and similarly for ¢, hence f preserves
©(a,7); because m;, is a monomial, we also have v(f(m;,)(f(s(7)))) € A.

If s appears nested more than once in a term, then there must be an oc-
currence of v in the middle, that is, the term contains a subterm of the form
s(ta(a,y,v(ts(a,)))), where ta,t3 are terms with fewer nested occurrences of
s. As by inductive assumption v(t3(a,7)) € A, we fall back into the previous
case. O

Proposition 2.21. If (K,v,0,s) is existentially closed, and we set ac(z) =
res(z/s(v(x))), then (K, v, 0, ac) is existentially closed. Therefore, so is (K, v, o).

Proof. Given an extension (L,vr,or,acy) of (K,v,0,ac), which we may as-
sume existentially closed and existentially N;-saturated, we will show that there
is a cross-section sp: I'(L) — L which extends s and such that acp(z) =

8This is folklore, and follows from e.g. the much more general [HH19, Theorem 1]. For a direct
proof, use [HKR18, Fact 2.4] in combination with [Tou23, Observation 1.51].
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res(z/sp(vp(z))) for every z € L. This will conclude the proof, as it shows that
then (K, v,0,ac) is existentially closed as an ac-valued field, and then (K, v,0)
is existentially closed by Corollary 2.19.

It is enough to show that there is a cross-section sy, such that acy(sz(7v)) =
1 for every v € T'(L): if this is the case, then for every z € L we have
res(z/sp(vp(2))) = acp(z/sp(vr(2))) = acp(z)/acp(sn(vr(2))) = acr(z) as
we wanted.

Consider the Z[o]-submodule N of L consisting of elements of L with angular
component 1; note that the image of s is contained in N. Let b be a tuple
enumerating I'(K). If we prove that the pp-type of b in I'(L) is contained in the
pp-type of s(b) in N, then we may apply [Pre88, Theorem 2.8(v)] and obtain
the desired extension of s to I'(L). In other words, we need to show that if a
is a finite subtuple of b, and A € Matgx,(Z[0]) is such that A -z = a has a
solution in I'(L), then A -z = s(a) has a solution in N. In fact, it suffices to
show that A -z = a has a solution in I'(K), as then if 7 is such a solution we
get that A - s(y) = s(a) and s(vy) € N.

This follows from Lemma 2.20, concluding the proof. O

Corollary 2.22. Let K be an existentially closed ac-valued (resp. s-valued)
difference field. Then VF(K) is algebraically closed and (I',o) and (k,o) are
existentially closed in their respective categories. In particular, (K, v, ac) (resp.
(K,v,s)) and (K,v) are existentially closed.

Proof. By Proposition 2.21 it suffices to deal with the ac-valued case. By Co-
rollary 2.19 (K,v,0) is existentially closed, so we may apply Proposition 2.3.
Alternatively, we may adapt its proof by using quantifier elimination in ACVF,.
The “in particular” part follows from the above and Proposition 2.3(1). O

2.3 Bad reducts

Another natural reduct of (K, v, o) to consider is the difference field (K, o).
In this subsection we will see that, in contrast to what we saw in Subsection 2.2,
forgetting the valuation does not preserve existential closedness.

Recall that existentially closed difference fields are axiomatisable by a theory
denoted by ACFA, in the language {+,0,—,-,1,(=)"%,0,071}. The axioms of
this theory say that (K,o0) F ACFA iff K is algebraically closed and, for all
n, all irreducible algebraic subvarieties V, W of K™ and K?2" respectively such
that W C V x ¢(V) and the projections of W to V and to o(V) are dominant,
there is € V(K) such that (z,0(z)) € W. See [Mac97, Theorem 7|, [CH99,
Theorem on p. 3007].

We will see in Example 3.30 that if £ F ACFA has characteristic zero and I'
is an existentially closed difference oag, then the Hahn field k((t')), made into
a valued difference field as in Example 1.6, is existentially closed. The following
argument, due to Philip Dittmann, shows that it is not existentially closed as a
difference field, that is, it is not a model of ACFA.

Below, when we speak of fixed points, fixed fields, etc., we always refer to
fixed points of o, fixed fields of o, etc.

Proposition 2.23 (P. Dittmann). Let (K, v,0) be a henselian valued difference
field with a fixed point of nonzero valuation. Then (K, o) ¥ ACFA.
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Proof. Tt is well known (see e.g. [CH99, Proposition 1.2]) that the fixed field
of every model of ACFA is pseudofinite, and in particular not separably closed.
By [FJ23, Corollary 12.5.5]° every pseudo-algebraically closed (in particular,
every pseudofinite) nontrivially valued henselian field is separably closed. Since
there is a fixed point of nonzero valuation, the induced valuation on the fixed
field Ky of K is nontrivial. Hence, to obtain a contradiction, it suffices to show
that K is henselian.

We check henselianity directly. Let f € O(Ko)[z] and a € O(Kj) be such
that res(a) is a simple root of res(f). By henselianity of K there is b € O(K)
with f(b) = 0 and v(b—a) > 0. If o(b) = b we are done, so assume this is not the
case. As f is over the fixed field, o(b) is a root of f. Therefore (z —b)(x — (b))
divides f, and since res(o(b)) = o(res(b)) = o(res(a)) = res(a) this contradicts
that res(a) is a simple root of res(f). O

Corollary 2.24 (P. Dittmann). If £ £ ACFA and T is a difference oag with
nonzero fixed points, then the Hahn field k((t")) is not a model of ACFA.

Proof. By inspection, if kg is the fixed field of k, and I'y is the fixed subgroup
of T, then the fixed field of k((t")) is ko((t'°)), hence we are in the assumptions
of Proposition 2.23. O

By mining the proof of Proposition 2.23, we can obtain an explicit example
of failure of the ACFA axioms.

Lemma 2.25. The fixed field is closed in the valuation topology. Moreover,
if v(a) = 0 and res(o(a)) # res(a) then the ball {z | v(z — a) > 0} does not
intersect the fixed field.

Proof. Closedness is clear. For the moreover part, suppose v(o(x) — o(a)) > 0.
If o(x) = x, then v(a — o(a)) > 0, against res(c(a)) # res(a). O

Proposition 2.26. Let (K, v,0) be a valued difference field containing a fixed
point € = o(¢e) of positive valuation and an element a € O* of valuation zero
that, for some n > 1, is a fixed point of ¢" but such that, for every m with
1 <'m < n, its residue res(a) is not a fixed point of o}*. Then (K, o) # ACFA.

Proof. For notational simplicity, we will only deal with the case n = 2. Define
P(z) = (x — a)(z — o(a)), observe that it is over the fixed field Ky, and set
Q(z,y) = P(x)P(y) — e. By the Eisenstein criterion (in the version of [FJ23,
Lemma 2.3.10(b)]) applied to (K[z])[y], the vanishing variety V of @ is abso-
lutely irreducible.

Let us show it does not have points in K. Assume it does, say (b1,bs) €
V(Ky). Then P(b1)P(bs) = ¢, hence v(P(b1)) + v(P(b2)) > 0, so for some i we
have v(b; —a) > 0 or v(b; —o(a)) > 0. By assumption on res(a) and Lemma 2.25
we must have o(b;) # b;.

Let W be the diagonal of V' x V. Then W, which is absolutely irreducible
because it is isomorphic to V, projects surjectively on V' and on (V) =V, but
a o-point on W would contradict that V(Ky) = 0. O

Corollary 2.27. Every existentially closed valued difference field is not exist-
entially closed as a difference field.

9In the third edition of the same book (2008), this is Corollary 11.5.5.
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Proof. Let us show that every existentially closed valued difference field satisfies
the assumptions of Proposition 2.26. The existence of € follows from existential
closedness of I' (Proposition 2.3(2)). To find some a with v(a) = 0, 6%(a) = a,
and res(o(a)) # res(a), it suffices to take two Gauss extensions (see [EP05,
Corollary 2.2.2]), let o swap the added points, and apply existential closedness.

O

Remark 2.28. The proof above may be adapted, for instance, to the existen-
tially closed isometric case studied in [AD11], but not to the existentially closed
strongly contractive case, where the valued field sort is indeed a model of ACFA
[CH14, Fact 2.13].

Corollary 2.27 implies that there must exist a valued difference field (K, v, o)
and a difference field extension (L,or) 2 (K, o) such that no valuation on L
extending v is compatible with oy. It is indeed possible to extract a concrete
example from the above proofs.

Example 2.29. Let K = C((¢t)) with the usual valuation and

(Lo g

where z denotes the complex conjugate of z. Take, in the notation of the proof
of Proposition 2.26, a = i and € = ¢, i.e. P(z) = (z —i)(z + i) = 22 + 1 and
Qa,y) = (2* + 1)(y* +1) — ¢.

By quantifier elimination in ACF and the fact that V' is defined over the
fixed field, hence its generic type is invariant over the fixed field, we can find
L == K(b1,bs) with o(b;) = b; and (b1,b2) € V(Q). Assume towards a contra-
diction that there is an extension of the valuation to L preserved by o. Because
Q(b1,b2) = 0, there is j such that v(b3 + 1) > 0. So res(b;) = +i is not a fixed
point, hence neither is b;, contradiction.

In other words, what is happening is that the valuation forces points on
the variety (2 + 1)(y® + 1) — t to have a coordinate infinitesimally close to a
square root of —1; continuity with respect to the valuation then implies that
this coordinate cannot be fixed.

In characteristic (p, p), working with F;lg((t)) and replacing complex conjug-
ation by the Frobenius automorphism allows a similar argument to go through.

3 Amalgamation

An amalgamation problem of (expanded) valued fields induces amalgamation
problems at the residue field and value group levels. Therefore, an obvious
obstruction to the solution of an amalgamation problem is that one of these
induced problems cannot be solved.

In the case of valued difference fields, value difference groups can always be
amalgamated by [DM24, Theorem 5.10], but residual obstructions may still be
present.

Example 3.1. Let K, M and L be the trivially valued difference fields with
valued field sorts VF(K) = Q and VF(M) = VF(L) = Q(¢), and automorphisms
om (i) =i and (i) = —i. Then M and L do not amalgamate over the common
substructure K.
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Even in the absence of obstacles coming from the residue field (e.g. algebra-
ically closed difference fields are amalgamation bases, see Theorem 3.28 and the
following discussion), amalgamation problems may fail to have solutions.

Example 3.2. Let k be algebraically closed, let o € Aut(k) be arbitrary, and
consider the Hahn product k((R)) of (k,0) and (R,0,+, <,idg). Let Ky =
k((Z)) C k((R)), and let K = Ky(t™). By the Zariski-Abhyankar inequality
[Dril4, Corollary 3.25], the residue field of K is an algebraic extension of k, so
it is equal to k. Let L and M be valued fields isomorphic to K (v/7), endowed
with automorphisms o, and o), extending the automorphism on K so that o,
fixes the square roots of t™ while oy swaps them. Then (L,or) and (M, o)
cannot be amalgamated over K.

This is not surprising, as similar issues are well known to exist when one
tries to amalgamate e.g. henselian valued fields of residual characteristic zero
(with no extra structure). Common solutions are to expand the language by
an angular component or a cross-section, which in our case will be assumed to
be equivariant. In Theorem 3.28 we will show that, in the residual character-
istic zero case, this allows to characterise which amalgamation problems have
solutions. Our result also works when a lift of the residue field is added to the
language.

3.1 Set-up

Definition 3.3. A difference field (k, o) is linearly difference closed iff for all
n € Nand aqg,...,a, € k with «;,, # 0 the equation 1 +apz+...+a,o™(z) =0
has a solution in k.

It is an easy and well-known fact that every model of ACFA is linearly dif-
ference closed.
The following definitions appear for example in [AD11, Section 2].

Definition 3.4. Let (K, 0) be a difference field. A o-polynomial over K is an
expression of the form G(z) = g(z,0(z),...,0"(x)), where g € K[Tp,...,Ty].

The order of the o-polynomial G(x) is the smallest n for which there ex-
ists g € K[To,...,T,] such that G(z) = g(z,...,0™(z)). The complexity of
a o-polynomial G(x) = g(z,0(z),...,0™(z)) of order n is the ordered triple
(n,deg, g,degg), where deg g denotes the total degree of g.

We regard complexities of o-polynomials as being linearly ordered by the
lexicographical ordering on N3,

Definition 3.5. Let (K, o) be a difference field, (Ko, 0|k, ) a difference subfield.
An element a € K is o-algebraic over Ky iff there is a nonzero o-polynomial
G over Ky such that G(a) = 0, and o-transcendental over Ky otherwise. If
a is o-algebraic over Ky, a minimal o-polynomial for a over K, is a nonzero
o-polynomial G of minimal complexity such that G(a) = 0.

For G a o-polynomial, we refer to [AD11, Section 2| for the definition of the
o-polynomials G ;). Note that if i # 0 then G(;) has strictly lower complexity
than G.

For G a o-polynomial and a € K, we refer to [Azgl0, Definition 4.2] or [DO15,
Definition 4.1] for the definitions of (G, a) being in o-Hensel configuration and
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of the value 7(G,a). Recall that a valued difference field is o-henselian iff,
whenever (G,a) is in o-Hensel configuration, there is b with G(b) = 0 and
v(a—b) = v(G,a).'? Our uses of o-henselianity will be mediated by the following
observation.

Fact 3.6 ([DO15, Remark 4.2]). Let G be nonconstant, G(a) # 0, v(G(a)) >
0 and v(G;)) = 0 for all i # 0 with G5y # 0. Then (G,a) is in o-Hensel
configuration with v(G,a) > 0.

Fact 3.7. If (K, v, 0) is o-henselian, then (k(K), o) is linearly difference closed.
Proof. See [Azgl0, Lemma 4.6] or [DO15, Lemma 4.6]. O

Fact 3.8. Assume K is o-henselian and char(k) = 0. For every difference
subfield Ky C O there is a difference subfield K7 of K with Ky C K; C O and
res(K1) = k(K).

Proof. This is [AD11, Theorem 4.8]. Note that its proof does not assume that
the automorphism o is isometric (i.e. o(y) = v for all v € T'), even if the main
results of the cited paper do. Moreover, even though the notion of o-henselianity
used there is different, it can be seen by using Fact 3.6 that the proof still works
with the notion of o-henselianity used here. O

Lemma 3.9. Let £ be either L, Ly, or the expansion of one of these by a
lift. Every existentially closed £-valued difference field of residual characteristic
zero is o-henselian.

Proof. If L equals L, (resp. Lac,»), this follows from Proposition 2.3(3) (resp.
Corollary 2.22), the fact that every o-algebraically maximal (i.e. having no
proper o-algebraic immediate extension) valued difference field with linearly dif-
ference closed residue field and residual characteristic zero is o-henselian [DO15,
Corollary 5.6(2)], and the fact that o-henselianity is expressible by a set of V3-
sentences in £. The last fact can be checked by inspection, by observing that,
in [DO15, Definition 4.1], for G of fixed complexity, it suffices to check finitely
many of the G(;) because the other ones will be null regardless of the coefficients
of G.

Assume now Ly is one of the languages above and £ = Lo U {¢}. Let K be
an existentially closed L-valued difference field and let Ky be its reduct to L.
Extend K to some g-algebraically maximal My, which is o-henselian as recalled
above. Now apply Fact 3.8 and the syntactical considerations above. O

Corollary 3.10. Assume char(k) = 0.

(1) If (K, v,0,ac,t) is existentially closed, then so are all the reducts obtained
by forgetting some subset of {o,ac,¢}.

(2) If (K,v,0,s,t) is existentially closed, and ac(z) = res(z/s(v(x))), then so
is (K,v,0,ac,t).

10There is another notion of o-henselianity, designed to work for valued difference fields with
analytic structure, see [Rid17, Definition 4.10]. In the case where the analytic structure is
trivial and char(k) = 0, the two notions are equivalent, as they both imply (and are implied
by) elementary equivalence to a maximally complete valued difference field with linearly
difference closed residue difference field. We thank Silvain Rideau-Kikuchi for pointing this
out.
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Proof. This is proved similarly to the results in Subsection 2.2.

For L, we use that, by Fact 3.8, partial lifts of the residue field may
always be extended. This also implies the result for £, by Corollary 2.19,
and for £,. and £ by Corollary 2.22. For L., we apply [Kes24, Proposition
1.8], which allows us to repeat the argument with quantifier elimination as in
Proposition 2.3.

For L, 5, let (L,v,0,¢) be an extension of (K,v,0,t). Then, by taking an
existentially closed, existentially N;-saturated extension if necessary, we may
assume that L has a g-equivariant angular component map extending the one
on K by Proposition 2.18. Then (L,v,0,ac,t) is an extension of (K,v,o,ac,t),
as there are no extra compatibility conditions to be checked between ac and .
This proves that (K, v, 0,) is existentially closed. Finally, for (K, v, (), we know
by the above that (K, v,ac,) is existentially closed so we can again extend the
angular component map to any sufficiently saturated L£,-valued field extension
of (K, v,¢). This completes the proof of the first part.

The proof of the second part uses the same ideas as the proof of Lemma, 3.9,
together with Proposition 2.21, and is left to the reader. O

Corollary 3.11. Let £ be L,,Lac0,Ls,5, Or an expansion of the previous
by a lift. If K is an existentially closed L-valued difference field of residual
characteristic zero, then it is o-henselian.

Proof. By Corollary 3.10 and Lemma 3.9. O

Notation 3.12. If K is an ac-valued difference field, A C K, and b € K, then
by (A) and A(b) we mean the ac-valued difference fields generated by A and by
A U {b}, respectively, unless otherwise specified. We use the same notation for
structures in other languages, e.g. k(E){«) is the difference field generated by
k(E) and a.

The proof of the following fact is straightforward.
Fact 3.13. Let (K,vx) C (L,v) be an extension of valued fields.

(1) Let a € L be such that 0,v(a),...,v(a™) € T'(L) are in different cosets
modulo I'(K). Then for all ¢g,...,c, € K we have

v (Z cia’) = miin{'uK(ci) +iv(a)}.

In particular v(K + Ka + ...+ Ka™) CI'(K) + Zv(a).

(2) If there is @ € L such that I'(L) = T'(K') 4+ Zv(a), then every element of L
is of the form bea™, for suitable b € K, ¢ € O(L)*, and n € Z.

The following facts about valued difference fields appear in Sections 2 and
6 of [AD11]. As in Fact 3.8, the isometricity assumption is not used in these
three lemmas, hence they hold for arbitrary valued difference fields.

Suppose (K,v,0) and (K’,v,0) are valued difference fields. Put O := O(K)
and O .= O(K'). Let (F,v,0) be a valued difference subfield of both K and
K'.

Fact 3.14 ([AD11, Lemma 2.5]). Let @ € O and assume o = res(a) is o-
transcendental over k(FE). Then
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(1) v(P(a)) = miin{v(bi)} for each o-polynomial P(z) = Y b;0’(z) over E;

(2) v(E{a)*) =v(E*)=T(E), and E{(a) has residue field k(E){«);

(3) if b € O is such that 8 = res(b) is o-transcendental over k(E), then there
is a valued difference field isomorphism F{a) — E(b) over E sending a to
b.

Fact 3.15 ([AD11, Lemma 2.6]). Assume char(k(E)) = 0, and let G(x) be a
nonconstant o-polynomial over the valuation ring of F such that res(G(x)) has
the same complexity as G(z). Let a € O, b € O, and assume that G(a) = 0,
G(b) = 0, and that res(G(x)) is a minimal o-polynomial of « := resa and of
B =resb over k(E). Then

(1) E{a) has value group v(E*) =T'(E) and residue field k(F){a);

(2) if there is a difference field isomorphism k(E){(a) — k(E)(8) over k(E)
sending « to (8, then there is a valued difference field isomorphism E{a) —
E(b) over FE sending a to b.

Fact 3.16. Let £ C F and E/ C F’ be substructures of ac-valued fields, with
v(F*) = v(E*). Let f: E — E’ be an Lyc-isomorphism, and g: F — F’ be
an Ly¢-isomorphism extending f. Suppose that res(O(F)) C k(F) and that
f(res(u)) =res’(g(u)) for all u € O(F).

Then ac(F) C k(E) and f(ac(a)) = ac’(g(a)) for all a € F.

Proof. The proof of [AD11, Lemma 6.3] does not use the elementarity require-
ments in the definition of a good map in [AD11, Section 6], thus we can relax the
assumption of being a good map to being an isomorphism of ac-valued fields. [

Below, we extend the tropicalisation operator to o-polynomials in the obvi-
ous way. For example, trop(o?(2?) + o(z*)) = min{30?(z), 40 (x)}.

Definition 3.17. Let B be a valued difference field. An element a of a valued
difference field extension of B is regular over B iff for every o-polynomial f over

B we have v(f(a)) = trop(f)(v(a)).

Remark 3.18. If a is regular over B, and c¢ is such that (ac(a),v(a)) =
(ac(c),v(c)), then c is also regular over B.

Proof. This is essentially [DO15, Lemma 3.2|, together with the observation
that v(c—a) > v(a) if and only if (ac(a),v(a)) = (ac(c),v(c)). This equality can
be easily shown by using that the pair of maps (ac,v) induces an isomorphism
of k x T with the RV-structure VF* /(1 + m), where m denotes the maximal
ideal. O

3.2 Amalgamation

Assumption 3.19. From now on, all fields will be assumed to have character-
istic zero.

Lemma 3.20. Let U, N be valued difference fields such that no o is the identity
on k(U) nor on k(N). Let E be a common valued difference subfield, and let
v € I(N)\T(E). Assume U is quantifier-free |E|*-saturated.
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(1) There is a € U that is regular over E with v(a) = 7.

(2) The value group of E{(a) is T'(E)(v), and its residue field has size at most
E.

(3) Suppose b € N is regular over E and the identity on I'(E) extends to
an isomorphism I'(E)(vy) — I'(E){(v(b)) sending v to v(b). Then the iden-
tity on F extends to a valued difference field isomorphism F(a) — E(b)
sending a to b.

Proof. This is a variant of [Pall2, Lemma 8.8]. One modifies its proof by
replacing the tacitly used [Pall2, Lemma 8.5] by [DO15, Lemma 3.6] (as in
[DO15, Lemma 6.1]') and observes that the saturation assumption in [Pall2,
Lemma 8.8] is only used to realise a quantifier-free type in U. O

Lemma 3.21. Let M be an ac-valued difference field, and let a € M be regular
over an ac-valued difference subfield B. Let go(z),...,gn,(x) be o-monomials
with coefficients from B such that, for all ¢ # j, the o-monomial g;(x) is not
of the form bg;(x) for any b € B. If all g;(a) have the same valuation, then

ac(go(a) + ... + gnla)) = ac(go(a)) + ... + ac(gn(a))-

Proof. By regularity, go(a) + ...+ gn(a) has the same valuation as each g;(a),
say v. In some extension of M, let ¢ be such that v(¢) = v and ac(c¢) = 1. Then
both sides of the equality equal res((go(a) + ...+ gn(a))/c). O

Notation 3.22. Until the end of the section, £ will denote one of Lac 5, Ls,0,
CaC,L,O’v or ['s,L,o’~

Definition 3.23. Let M and N be L-structures. A k-elementary map is an
isomorphism f: A — B of L-substructures of M and N respectively such that
fik(ay is an elementary map k(M) — k(N).

We now show how to extend k-elementary maps to make sure that the valu-
ation and residue maps on the domain substructure are surjective (note that, in
the absence of a cross-section, the valuation map in a substructure need not be
surjective, and similarly for lift and residue).

Lemma 3.24. Let E be a common L-substructure of the £-valued difference
fields U and N. Let f: A — B be a k-elementary map extending idg. Assume
that U, N are o-henselian and that k(N) is |k(A)|t-saturated.

Then, for all « € k(U), the map f extends to a k-elementary map f’': A" —
B’, with domain of cardinality |A’| = | 4|, such that a € res(O(A4’)) and T'(A’) =
T'(4).

Proof. Let a € k(U) \ res(O(A)). As flpay: k(U) — k(N) is an elementary
map, by saturation there is some § € k() such that the map f|na) U {(a, 8)}
is elementary. We now give a separate argument for each language.

If £ = Lac,,0, then we may take as A’ and B’ the structures generated by
Aa and Bp respectively. It is then clear that f U {(c(a),¢(5))} extends to the
desired k-elementary map.

HPoint (ii) of the cited lemma incorrectly states that, in its notation, the residue field of E(a)
is the same as that of E. In fact, the residue field will in general grow. We thank Simone
Ramello for bringing this fact to our attention.
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Suppose now L = Ly, ,. For all i € Z, let a; == 1(c*(«)) and b; == 1(c%(3)).
We prove by induction on ¢ € N that the k sort of the L, ,-structure generated
by k(A) U VF(A)(a_,...,a;) equals k(A)(c~(a),...,0'(a)) and that there
is an L, ,-isomorphism f; extending f and sending the tuple (a_;,...,a;) to
(b—i,...,b;). Suppose this holds for some i € N. Applying [Kes24, Proposi-
tion 1.7] we obtain an L, ,-isomorphism extending f; and sending a;+1 to b;11.
Applying [Kes24, Proposition 1.7] again, this time to a_;_1, we obtain the de-
sired k-clementary map f;11. We now conclude by taking f' := Uien fi-

Suppose now that £ = L, ,. We may assume a € k(A) and 5 € k(B). If o
is o-transcendental over res(O(A)), then f is o-transcendental over res(O(B)).
Pick a € O(U) and b € O(N) with res(a) = « and res(b) = 8. By Fact 3.14(3)
f extends to an L,-isomorphism f’: A{a) — B(b) sending a to b, and by
Fact 3.14(2) I'(A) = T'(A{a)). By the choice of 3, f'|p(a()) is an element-
ary map k(U) — k(N). We then use Fact 3.16 to see that f' commutes with
ac. Thus, f’ is a k-elementary map.

Now assume that « is o-algebraic over res(O(A4)), and fix a minimal o-
polynomial g(x) witnessing this. Let G(z) be a o-polynomial over O(A) with
residue g(x) and of the same complexity as g. Let ap € O(U) be such that
res(ag) = a. We will find a € O(U) with G(a) = 0 and res(a) = a. If G(ag) =0
we simply set a = ag. Otherwise, as U is o-henselian, it suffices to show that
(G, ap) is in o-Hensel configuration with v(G,ag) > 0. To this end, we check
that the assumptions of Fact 3.6 are satisfied.!? Clearly G is nonconstant, and
we have assumed G(ag) # 0. Furthermore, by construction v(G(ag)) > 0. If
there was i such that Gy # 0 but v(Gj)(ag)) > 0, then we would obtain a
o-polynomial of lower complexity over res(O(A)) vanishing on «, contradicting
minimality of g = res(G). Similarly, o-henselianity of N allows us to obtain
b e O(N) with (f(G))(b) = 0 and res(b) = 5. By Fact 3.15 f extends to an L,-
isomorphism f’: A{a) — B(b) sending a to b and I'(A) = I'(A(a}). By Fact 3.16,
f' commutes with ac, and by the choice of 3, the map f'|y(a(a)): K(U) — k(N)
is partial elementary. Thus, f’ is a k-elementary map.

If £ = L, ,, we use the same proof as in the previous case, except that we
do not need to invoke Fact 3.16. Commutation with the cross-section is given
by the fact that I' does not grow. O

Lemma 3.25. Let E be a common substructure of the £-valued difference fields
M and N such that there is an embedding e of T'(M) into I'(N) over T'(E). Let
f: A — B be a k-elementary map extending idg with f|pa) = e|pa). Let
U be an extension of M, and assume that U, N are o-henselian, that k(NV) is
|k(A)|*-saturated, and that U is quantifier-free | M| -saturated.

Then, for all v € T'(M), the map f extends to a k-elementary map f’': A" —
B’, with domain A’ C U of cardinality |A’| = |A|, such that v € v(A’) and
4" CT(M).

Proof. Let v € T'(M) \ v(A) and 0 = e(y). We give a separate argument for
each language.

Suppose £ = L, . By Fact 3.7 we are in the assumptions of Lemma 3.20,
hence there is a € U regular over VF(A) with v(a) = 7. By Lemma 3.24, we may
extend f to some element of O(U) with residue ac(a). Pick b € N with v(b) = §

12While we will not needs this, let us remark that one can check the definition o-henselianity
directly, which yields that v(G, ag) € {v(G(ao)), o™ (v(G(ao)))}.
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and ac(b) = f(ac(a)). By Remark 3.18, b is regular over B. By Lemma 3.20,
we may extend f to a valued difference field isomorphism sending a to b. From
the fact that ac(b) = f(ac(a)) and Lemma 3.21, we conclude that f commutes
with ac.

If £ = L., ., argue as in the previous case and then, to check that f also
commutes with the lift, use the fact ac(a) is transcendental by regularity of a.

Suppose now that £ = L;,. For all i € Z, let a; == s(c'(v)) and b; =
s(0(8)). Denote by (X) the structure generated by X in the language L.
We will prove by induction on i € N that I'(A{a_;,...,a;)) = T'(A) + Zo = (y) +
...+Zo'(7y) and that there is an s-valued field isomorphism f;: A{a_;,...,a;) —
B(b_;,...,b;) extending f and sending the tuple (a_;,...,a;) to (b_;,...,b;),
which is enough to prove the lemma as then f” := (J,y fi is the desired isomorph-
ism. Suppose this holds for some 7 € N. We will extend f; to an L4-isomorphism

fz+ A<a‘—ia .. 'aa‘iaai+1> - B<b—ia . 'abi7bi+1>-

We then repeat the argument to deal with a_;_; and b_;_;.

Suppose first that for all £ € N\ {0} we have lo"T1(y) ¢ T'(A) + Zo = (y) +
oo+ Zo'(y) = T(Ala_;,...,a;)). Then by Fact 3.13(1) we have that a;4q
and b;41 are transcendental over VF(A{a_;,...,a;)) and VF(B(b_;,...,b;)) re-
spectively, and that the field isomorphism fj' extending f; and sending a;41 to
b;+1 commutes with the valuation, and by construction it commutes with the
cross-section. Fact 3.13(1) also gives us that

U(A<(1,i, N ,ai+1>) = F(A) + Za,i + ...+ Z(Li+1.

If instead there is some positive £ € N such that £o'™1(y) € T'(A)+Zo " (y) +
...+ Zdo'(v), take the minimal such ¢, together with integer coefficients h;, and
70 € T(A) such that Lo'tl(y) = v + > i<j<i hio*(y). Applying the cross-

section, we get that al,; = s(7o) [T icj< a?j and b%,; = s(f(70)) [T icj< b;lj.
It follows then by Fact 3.13(1) that zf — s(’yo)HinQa?"' is the minimal
<< n

polynomial of a;1 over VF(A{a_;,...,a;)), and z* — f(s(70)) [[icj<ib;” is

the minimal polynomial of b;1q1 over VF(B(b_;,...,b;)). Because we have
fi(Hfingia?j) =l icj<i b;-lj, we get that f; extends to a map

[ Alacy, o aign) = Blbi, . biga)

sending a;y1 to b;y; and whose VF part is a field isomorphism. It also fol-
lows from Fact 3.13(1) that f;" commutes with the valuation map, and it com-
mutes with the cross-section by construction. Fact 3.13(1) also gives us that
v(A{a—s,...,a;41)) =T(A) +Za_; + ...+ Za;41, as required.

If £L = L;,,, the proof is analogous to the proof of the case L;,, in
Lemma 3.24 with the roles of the sorts I' and k interchanged, the role of ¢
now played by s, and the applications of [Kes24, Proposition 1.7] replaced by
applications of [Kes24, Proposition 2.1]. O

Remark 3.26. Above, if £ contains a cross-section symbol s, we may further-
more ensure that A’ C M and that res(O(A’)) = res(O(A)). As we will never
use this, we leave it to the reader to check that this follows from the construc-
tions given.
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We are now ready to prove an embedding result, using which we will be able
to characterise the solvable amalgamation problems, as well as the existentially
closed L-valued difference fields.

Proposition 3.27. Let E, M, N be substructures of £-valued difference fields
of residual characteristic zero, with M and N extending E and such that:

(1) N is quantifier-free |M|*-saturated, o-henselian, with k(N) an |M|*-
saturated model of ACFA,

(2) T'(M) embeds in T'(N) over I'(E), and
(3) k(M) embeds in k(N) over k(E).
Then there is an embedding of M into N over E.

Proof. By extending M and N, we may assume that they are £-valued difference
fields.

Since k(M) embeds into k(N) over k(E), there is an existentially closed (in
particular, o-henselian by Corollary 3.11) and quantifier-free |M|T-saturated
extension U of M such that the restrictions to the algebraic closure of k(E) of
the automorphisms of k(U) and k(N) are isomorphic. By [CH99, Theorem 1.3]
idg is then a k-elementary map between substructures of U and N.

By a standard inductive argument, in order to embed M into N over F, it
is enough to show that if f: A — B is a k-elementary map with |A| < |M| and
a € U, then there is a k-elementary map f': A’ — B’ with a € A’ and |A'| <
|M|.13 Additionally, we inductively maintain the condition that T'(4) C I'(M).

By repeated applications of Lemma 3.25, we extend f to a k-elementary
map fo: Ao — By with v(4g) = T'(Ap) = I'(M) and |Ap| < |M]|. By repeated
applications of Lemma 3.24, we then find a k-elementary map fi: A1 — B;
extending fo with res(O(A;)) = k(A1) D k(M), v(4;) = T'(41) = I'(M) and
|A1] < |M]|. By further iterating Lemma 3.24 if necessary, we may assume that
k(A7) is linearly difference closed. Since A; has the same value group as M
and larger residue field, the maximal immediate extension Ay of Ay inside U
contains M; observe that |Ag| < |k(Ap)[FAD! < 2IM],

Claim 3.27.1. The k-elementary map f1: Ay — B extends to a k-elementary
map fg: A2 — B2.

Proof of Claim. Observe that the proof of [DO15, Corollary 5.10]** only uses
saturation to realise sets of quantifier-free formulas. Namely, the only step
where saturation is used is in the proof of [AD11, Lemma 5.9], in saying that, in
our notation, certain pseudo-Cauchy sequences from Bj have pseudolimits (see
for example [DO15, Section 2] for the definitions of pseudo-Cauchy sequence,
or pc-sequence, and of pseudolimit). To conclude, observe that if 7(z) is a set
of quantifier-free formulas over B; stating that x is a pseudolimit of a certain
pe-sequence then, by definition of pc-sequence, 7(z) is finitely satisfiable in By,

and a fortiori in V. O
CLAIM

13Note that A’ may contain points of U \ M.

MFor the reader’s convenience, we point out that most of the proofs in [DO15, Section 5|,
which culminates in the corollary of interest, are omitted as they heavily rely on similar
material presented in [AD11, Section 5].
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As the extension A; C A, is immediate, in order to conclude that fs is
a k-elementary map it remains to be shown that, if £ contains an angular
component symbol, then f, commutes with ac. This follows from the fact,
because a € As is a pseudolimit of a pseudo-Cauchy sequence, there is b € A3
such that v(b — a) > v(a).

We conclude the proof by simply restricting fo to M. O

Recall that K is an amalgamation base iff every amalgamation problem
M + K — L has a solution.

Theorem 3.28. An amalgamation problem of valued difference fields of residual
characteristic zero with either an angular component or a cross-section, and
possibly with a lift, has a solution if and only if the induced problem on the
residue difference fields has a solution.

In particular, K is an amalgamation base if and only if k(K) is an amalgam-
ation base, if and only if ¢ has a unique extension to the algebraic closure of
k(K) up to isomorphism.

Proof. If the amalgamation problem M < K — L has a solution, then this
clearly descends to the residue difference field level, so we prove the converse. Let
Ny be a valued difference field with one of the additional structures mentioned
above, whose residue difference field k(Ny) solves the amalgamation problem
k(M) < k(K) — k(L). Let N be an existentially closed, existentially |M|*-
saturated extension of Ny, so that k(M) and k(L) embed into k(N) over k(K).
By Corollary 2.22 and Corollary 3.11, assumption (1) of Proposition 3.27 is
satisfied. Moreover, as I'(V) is existentially closed and existentially [I'(M)|*-
saturated, it follows from [DM24, Theorem 5.10] that assumption (2) is satisfied
as well, while assumption (3) is satisfied by choice of Ny. Hence M embeds into
N over K, solving the amalgamation problem.

For the “in particular” clause, the first part is clear. The fact that if the
residue automorphism extends uniquely to the algebraic closure then k(K) is
an amalgamation base for difference fields follows from [Mac97, Lemma §].
Conversely, if (k(K),o) is an amalgamation base and oy, o2 are two exten-
sions to the algebraic closure, then any solution of the amalgamation problem
(k(K)™8, 01) < (k(K),0) — (k(K)# ;) induces an isomorphism between
(k(K)™2, 01) and (k(K)#, 0y). O

Solvable amalgamation problems appear in the difference algebra literature
under the name of compatible extensions. See e.g. [Coh65, Chapter 7]. See
[CH99, Lemmas 2.8 and 2.9(4)] for a condition ensuring that a field automorph-
ism extends uniquely to the algebraic closure.

Theorem 3.29. A valued difference field K of residual characteristic zero with
either an angular component or a cross-section, and possibly with a lift, is
existentially closed if and only if it satisfies the following conditions.

(1) K is o-henselian.
(2) The automorphisms induced on I'(K) and k(K) are generic.

Proof. The conditions are necessary by Corollaries 2.22, 3.10 and 3.11.
For the converse, suppose K satisfies the given conditions. Let N be a |K|*-
saturated elementary extension of K. By elementarity, N is o-henselian and
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k(N) E ACFA. Suppose that ¢(x,a) is a quantifier-free formula with a € K
which is satisfied by some b in some extension of K.

Let 4 be a tuple enumerating I'(K (b)). Note that qftp(7/I'(K)) is finitely
satisfiable in I'(K), by existential closedness of the latter. In particular, it is
finitely satisfiable in T'(IV), and so by saturation of N it is realised in N by some
tuple 4'. Hence, there is an embedding I'(K (b)) — I'(N) over I'(K). As ACFA
is model complete, the embedding of k(K) in any model of ACFA containing b
is elementary, hence there is an embedding k(K (b)) — k(IN) by saturation of
k(N). We may therefore apply Proposition 3.27, hence N F 3z ¢(z,a), and we
conclude by elementarity. O

Note that, in this characterisation of existentially closed structures, the only
non-first-order part is the assumption that or is generic.

Example 3.30. If (k,0) and (I', o) are both existentially closed and char(k) = 0,
then the Hahn field k((T")), with o and ac as in Example 1.6, is o-henselian by
[DO15, Corollary 5.6(2)]. By Theorem 3.29, it is existentially closed.

The results above are in languages with at least a definable angular compon-
ent. Without auxiliary maps, the following problems remain open.

Problem 3.31. In the language L, characterise
(1) the solvable amalgamation problems, and

(2) the existentially closed models.

4 The tree property of the second kind

In this section we prove that, for £ any of the languages considered above
(see Notation 3.22), the positive theory of L-valued difference fields of residual
characteristic zero is NTPy. We do this by adapting the proof of [CH14, The-
orem 4.1]. This will require generalising certain statements about indiscernible
arrays to the positive setting, which we do in the first two subsections. Along
the way, we prove the Array Modelling Theorem for arbitrary positive theories,
removing the thickness assumption used in [Kam24], and deduce submultiplic-
ativity of burden from it. We also provide an example showing that Lemma 2.3
in [Cheld] is false (this, however, does not affect the correctness of any other
results of [Chel4]).

Henceforth we assume familiarity with positive logic. We refer the reader
to [BP07] for the fundamentals; condensed accounts are available for instance
in [DK22; DGK23; DM24]. Terminology-wise, let us just mention that we say
positive theory for h-inductive theory, and that we talk of positively existentially
closed (pec) models, while “existentially closed” is reserved for the classical no-
tion. We refer to [DGK23, Definitions 4.1 and 4.5] for the definitions of IP and
TP, in the positive setting. From now on, unless otherwise stated, we work in
a monster model i of a positive theory with the Joint Continuation Property
(JCP). By a formula we will mean a positive formula, and by a type we will
mean a (partial) positive type, we write =4 for having the same positive type
over A, if we call a sequence indiscernible we mean with respect to positive
formulas, etc. Similarly, every mention of NTPs and similar properties refers to
their versions for positive logic.
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We now recall some definitions and facts regarding generalised indiscernibles.

Definition 4.1. Let £ be a language and I, J two £-structures indexing some
tuples (ai)iej and (bj)jEJ-

(1) The EMg-type EMe((a;)icr/A) of (a;)icr over A is the set of formulas
¢(xy) over A, as i) varies among finite tuples in I, such that, for every
tuple § from I with the same quantifier-free £-type as 7, we have F ¢(ag).

(2) We say that (a;);er is L-indiscernible over A ift
EMe((ai)ier/A) = tp((ai)icr/A).-

(3) We say that (b;);cs is EMg-based on (a;)ier over A iff, for all p(z;) €
EMe((a;)ier/A) and all tuples £ from J with the same quantifier-free £-
type as 7, we have ¢(bg) € EMe((bi)icr/A).

(4) We say that (b;) e is based on (a;)ie; over Aiff, for all tuples £ C J there
is 77 C I, with the same quantifier-free £-type as &, such that b =4 aj.

As usual, when using the above definitions, if we omit the “over A” we mean
“over .

Remark 4.2.

(1) EMg¢-basedness is most significant (and will only be used below) when I
and J realise the same finitary quantifier-free £-types, in which case it is
a transitive notion [Kam24, Remark 3.8]. Note that, if I = J, then being
“EM_g¢-based on” is simply inclusion of EM¢-types.

(2) If (bj)jes is based on (a;)ier over A, then it is also EMg-based on it
over A, but the converse is false in general [Kam24, Proposition 3.10 and
Example 3.11].

Recall that tuples are called compatible when they belong to the same
cartesian product of sorts.

When index sets are linear orders, we will write EM . instead of EM{y. In
the same setting, the following fact is standard, see e.g. [Ben03b, Lemma 1.2].

Fact 4.3. Let A be a parameter set, x a cardinal, and let'® X := J((2/71+4l+#)+),
Then for every sequence (a;);<x of compatible x-tuples there is a sequence
(b;)i<w that is A-indiscernible and based on (a;);<) over A.

For some purposes, EM_-basing, as opposed to basing, suffices. In that case,
one may start from shorter sequences.

Fact 4.4 (|[DK22, Corollary 5.4]). Let A be a parameter set. Then for every
sequence (a;)i<, of compatible tuples there is a sequence (b;);<, that is A-
indiscernible and EM-based on (a;);<,, over A.

I5For the sake of readability, we will use the notation J(a) instead of the more commonly
used Do .
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4.1 Array Modelling and submultiplicativity of burden

The first objective of this subsection is to generalise [Kam24, Theorems 1.3
and 1.4] to arbitrary positive theories, dropping the thickness assumption. We
follow notation from there.

Recall that £, is the language {<1,<s}, interpreted in a subset Z of a
product of linear orders I x J as (i,7) <1 (¢/,7") iff i <4’ and (4, j) <o (¢, ') iff
1t =1 and j < j'. That is, <; is the order on rows and <5 is the order internal
to rows. For A\ an ordinal, £, denotes the expansion of £,, by predicates P,,
for aw < A, which we will interpret in a subset Z of A x p as Z N ({a} x p).

If Z is as above, we call (a(;)) (i, j)ez an array. In order to keep the notation
concise, we will also simply write az, and extend this usage to restrictions, e.g.
it Z' C Z we will write az with the obvious meaning. Similarly for e.g. a<q >3-
We will use ™ to indicate rows, e.g. @, typically will mean the a-th row of az,
and we similarly write e.g. a,, for the sequence whose elements are the rows of
az up to the a-th, etc.

Remark 4.5.

(1) An array is £y-indiscernible exactly when it is mutually indiscernible, i.e.
each of its rows is indiscernible over the union of all other rows.

(2) An array indexed on I x J is £,,-indiscernible exactly when each of its
rows is indiscernible over the union of all other rows and, furthermore, its
rows form an indiscernible sequence.

We use strongly indiscernible as a synonym for “£,,-indiscernible”; note
that [Kam24| uses the terminology array-indiscernible instead.

Lemma 4.6. Let I be an £-structure, J, L be £/-structures, and E a set of
parameters. If ¢y is based on by over a;F and aj is £-indiscernible over b; F,
then a; is also £-indiscernible over ¢y E.

Proof. By naming parameters, we may assume E = (). Consider any finite tuples
7,7 C I with qftpe(77) = qftpe(), as well as a finite tuple £ C L. As ¢y, is based
on by over ay, there is a tuple 7 C J with b; =,, ¢7. As ay is £-indiscernible over
by, we have that a; =, az. It follows that ap =, aj, hence that ay =, az. U

For an ordinal A and I C A, by ot(/) we will mean the order type of I with
the order induced from A. For Z C A x p we write Z; := ZN(I x p) and consider
it as an L4 ()-structure in the obvious way.

By inspecting atomic £y-formulas, we easily see that if A = IUJ, v, v’ C Z;
and &, C Z;, then aftpe, (v, €) = aftpg, (v, ') if and only if qftpgctm(y) =
aftpe,, ,, () and aftpe () = aftpe, , (')

Lemma 4.7. Let A = IUJ and Z,Z" C X\ x p with Z; = Z’;. Suppose bz, is

EMeg,, ,,-based on az, over az, E. Let

o i when (i,j) € Z', = Z;
Y7 by  when (i,4) € Z, '

Then czs is EMg, -based on az over E.
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Proof. We may assume that £ = (). Let v C Z;, £ C Z;, and ¢ be such that
¢(ry,mg) € EMg, (az). We have to prove that F ¢(cy, cg).

For every v/ with dftpg_ (V') = aftpe_, , (7) we have that qftpg, (V'€ =
qftpgk(ﬂ,f_), so F p(ay,ag). Hence ¢(zy,ag) € EMEM(,)(GZI/GZJ) and so F
¢(by, ag) by the assumption on bz;. This means that & ¢(cz, ¢g), as required. [

Lemma 4.8. Let A\ = IUJ and Z C X\ x p. Suppose az is such that az, is
Lot(s)-indiscernible over az, E and az, is £y (r)-indiscernible over az, E. Then
az is £y-indiscernible over E.

Proof. We may assume E = (). Let v,7/ C Z; and £, C Zj be such that

aftpe, (7,€) = qftpe, (7',&'). It follows easily from the assumptions that a, ¢ =
Ay g = i g O

Proposition 4.9. Let A = (a;5)i<x,j<w be an array with each row consisting of
compatible tuples, and E a set of parameters. Then there is an array (b;;)i<x,j<w
which is £-indiscernible over £ and EM¢,-based on A over E.

Proof. We proceed by induction on A. For A = 0 the statement is trivial.

Limit step. Let A be a nonzero limit ordinal and let A be as in the statement
of the proposition. We may assume that £ = (). We will inductively replace
the rows of A, making the new rows mutually indiscernible over the remaining
ones and keeping the array EMg, -based on A. More formally, we construct
recursively on o < \ arrays A® = (a%)i<)\,j<w such that

(1) a¢ = a:™ for every i < a,

(2) a¢ = a; for every i > «,
(3) A“ is EMg, -based on A, and
(4) a2, <. is Lo-indiscernible over ag, .

First, let us argue that this is enough to complete the limit step of the
induction. Suppose we have A as above, and put b;; = azjl for all ¢ < A
and j < w. To see that bex <, is EMg,-based on A, consider any ¢(z5) in
the EMg,-type of A. Then there is @ < A such that ¥ C a x w. As A® is
EMg, -based on A, we get that E ¢(a2), but a2 = by, so F ¢(by). Similarly, to
see that (bij)i<a j<w is £x-indiscernible, let 7,7" C X X w be finite tuples with
aftpe, (7) = aftpg, (7) and choose o < A such that 7,7' C a x w. As a2, is in
particular £,-indiscernible over (), we get that a2 = a%,, i.e. by = byr.

We now carry out the construction of the arrays A¢. If « < X is a limit
ordinal, we put af; = ai:;rl for i < a and af; = a;; for i > . Then (1) and (2)
are clearly satisfied by this choice and the inductive assumption, and (3) and (4)
are satisfied as well, due to the inductive assumption, the fact that every finite
tuple of elements of a X w is contained in 8 X w for some 5 < «, and arguments
similar to those in the previous paragraph.

For the successor step of the construction, suppose we have constructed A%
satisfying conditions (1)—(4). Let s = J((2*AIHTH+) and let ¢ = (¢;)icn
be a sequence EMc-based on a, over a%,, which exists by compactness.'6 By

16Note that we do not need to require this sequence to be indiscernible; this could nonetheless
be ensured by invoking Fact 4.4.
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Lemma 4.7, the array a%, —~ ¢ —~ a2, (obtained by replacing the a-th row
of A* with ¢) is EMg,-based on A%, and hence on A by inductive assumption
on «. By the main inductive assumption, there is an array (d%)Ka which is
EMg_-based on a2, over a¢,, ¢ and £,-indiscernible over ag ,, ¢. By Lemma 4.7
again, a2, —~ ¢ —~ a%, is EMg,-based on a%, —~ ¢ —~ a<,, and hence on A. As
a2, is £o-indiscernible over a¢,, we have EMg, (a%,/a2,,¢) 2 tp(a,/al,),
so a%,al, = at,a%,. Let f be an automorphism over al, sending a%, to
a%,. Then a%, is L£,-indiscernible over f(¢),a%,, and a%, —~ f(¢) —~ a<, is
EMg, -based on A.

Now by Fact 4.3 we can choose d = (d;);j<. to be {<}-based on f(¢) over
a%,,a%, and indiscernible over a2 ,,a%,. By Lemma 4.7, a%, —~ d ~ a2, is
EMg,-based on a2, —~ f(¢) ~ a%,, and hence on A. Note that, since a2, is
£Lq-indiscernible over f(¢),a%,, by Lemma 4.6 it is also £,-indiscernible over
d,a%,. As d is indiscernible over a2,,a%,, it follows from Lemma 4.8 that
al, — d is £4.41-indiscernible over a$,. Thus putting a;’jﬂ = ag; for i # a,
and agfjl = d; for all j < w, we get that A*T! satisfies conditions (3) and (4).
It also clearly satisfies conditions (1) and (2) by the inductive assumption about
A® and the choice of a?j"’l. This finishes the recursive construction of (A%),<x,
and hence the limit step of the inductive proof of the proposition.

Successor step. We proceed similarly as in the successor step of the above
construction. Namely, suppose the statement holds for some A\ and consider
an array (aij)i<i+1,j<w- We may assume that £ = (. By compactness there
is a sufficiently long sequence ¢ that is EM_-based on ay over a<). By the
inductive hypothesis, there is an £j-indiscernible over ¢ array (b;;)i<x,j<w that
is EMg, -based on @ over c.

Use Fact 4.3 to find a B<A—indiscernible sequence (by ;)i<w that is based on
¢ over boy. By Lemma 4.6, by is £x-indiscernible over by, hence we may apply
Lemma 4.8 and conclude that b<;1 is EMg, ., -indiscernible.

We conclude by observing that, by repeated applications of Lemma 4.7,
bexgt is EMg,,,-based on by — G, in turn EMg, ,-based on a<) — ¢, itself
EMg, . ,-based on a<xy1. O

Theorem 4.10 (Array Modelling). Let (a;;); j<. be an array of compatible
tuples and E a set of parameters. Then there is an array (b;;); j<. which is
strongly indiscernible over E and EM,,-based on (a;;); j<. over E.

Proof. Without loss of generality £ = (. Let \ := J((2/7!*le0.0)*) By com-
pactness we can extend (a;;)i j<w to an array (a;;)i<x,j<w which is EMg_ -based
on (a;j)i,j<w- By Proposition 4.9, there is an £y-indiscernible array (¢;;)i<x,j<w
which is EMg, -based on (ai;)i<x j<w- In particular, by Remark 4.2(1), (¢ij)i<x,j<w
is EMg,, -based on (a;;)i<x,j<w- By Fact 4.3 there is an indiscernible sequence
(b;)i<. based on the sequence é.). Then, by Remark 4.5, (bij)ij<w is an Lap-
indiscernible array EMg¢, -based on (a;;); j<w- O

In [Kam24], the thickness assumption was used in proving Array Modelling,
but not in deriving its consequences. In other words, having proved Array
Modelling without assuming thickness, we may derive, by the same proofs as
in [Kam24, Lemma 6.2 and Theorem 1.4], the following corollaries.
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Corollary 4.11. A formula ¢(x,y) has k—TPy for k£ > 2 if and only if there is
a strongly indiscernible array (a;j)i j<. such that

(1) {p(x,a;0) | i <w} is consistent, and
(2) {¢(z,a0;) | i <w} is k-inconsistent.

Corollary 4.12. If ¢(z,y) has k—TP, for some k > 2, then A, ¢(z,y;) has
2—TP5 for some n.

Remark 4.13. Suppose ¢(z,9), k, ¥(x,y1,...,yx) and (ai;)i j<w witness TP.
Assume that in the monster model ¢ = A,.;¢; and ¢ = /\jGJ ¥j. Then by
compactness there are finite Iy C I and Jy C J such that, putting ¢’ = /\Z.EI0 v
and ¢ == A;c; ¥; the formula ¢'(y1,....y6) A @' (2, 1) Ao A @' (2, 4,) s
inconsistent. Then ¢'(z,y), k, ¥'(x,y1,...,yx) and (a;;)i j<w also witness TPa.

We now move towards submultiplicativity of burden.

Definition 4.14. Let 7(x) be a partial type and x be a (possibly finite) cardinal.
An inp-pattern in 7(z) of depth x consists of (@a,i)a<r,i<w and, for each o < k,
a formula ¢, (x,y4), such that

(1) for every a < k there are ko < w and ¥ (Ya,0, - - -, Ya,ko—1) Such that
F - (3%9@,07 s Yok, —1 (wa(ya,(% e ;ya,ka—l) A /\ Spa(xaya,z))>
i<k
and F ¥q(aaigs - - - Qayiy, o) for all ip < ... <ig, 1 < w;and

(2) for every f: Kk — w, the set m(x) U {¢a(Z, aa,f(a)) | @ < K} is consistent.

The burden of m(x), denoted by bdn(7), is the supremum of the depths of all
inp-patterns in 7(z), if one exists, and oo otherwise. By bdn(a/E) we mean
bdn(tp(a/E)).

Clearly, m(z) C p(x) implies bdn(7) > bdn(p). Note that, by pigeonhole
and compactness, we have bdn(m) < co <= bdn(r) < |T|". In particular, T
has TPy if and only if there is partial type of infinite burden.

Following [Chel4], we will say that an array (ai;)i<a,j<g is almost mutually
indiscernible over E iff for every iy < o we have that (a;, ;);j<p is an indiscernible
sequence oOver Gj,, <gd>iy,0k.

In the next lemma we correct [Chel4, Lemma 2.3]|, which we will see in
Example 4.20 not to hold as stated in [Chel4].

Lemma 4.15. Let @ = (a;);<., be an E-indiscernible sequence and let b be
arbitrary. Let p(x,ap) = tp(b/aoE), and assume that p(z) = U, p(z,a;) is
consistent. Then there is @’ such that

(1) @ =4 @ and

(2) @ is indiscernible over Eb.
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Proof. We may assume E = (). Let ' F po(z) and use Fact 4.4 to obtain some
a’’ indiscernible over b’ and EM_-based on @ over b'.

Note that b'af = bag, because for every ¢ we have b'a; = bag by choice of
b'. Therefore, there is an automorphism f sending b'ay to bag. Put @’ = f(a”).
Clearly @’ =,, @ and, as @” is indiscernible over ', we get that a’ = f(a”) is
indiscernible over b = f('). O

Lemma 4.16. The following are equivalent for a partial type m(x) over E.
(1) There is no inp-pattern of depth & in .

(2) For every b E 7(z) and every almost mutually indiscernible over E array
(@) ey, there are B < k and @ indiscernible over bE and such that

a’ =ap0E 08

(3) For every b= m(z) and every mutually indiscernible over £ array (@a) g,
there are < x and @’ indiscernible over bE and such that a’ =,, £ ag.

Proof. We may assume FE = ().

(1) = (2) Let bF 7(x) and an almost mutually indiscernible (aq), ., be given.
To find @’ as in the conclusion it suffices to check that we are in the assumptions
of Lemma 4.15. Let pa(,aa,0) = tp(b/aa,0) and pa,co(r) = U, o, Pa (T, a,i)-
If po,co is inconsistent for every a then by compactness and indiscernibility of @,
we can find for every « integers k, and formulas ¢, (z,y) € tp(b, @n,0) and ¥,
satisfying condition (1) in Definition 4.14. As we have that b F {¢o (%, @a,0)} o<
by almost indiscernibility of (@n),., we get that (@o),., is an inp-pattern of
depth & in 7, a contradiction. Thus pg o () is consistent for some 5 < k.

(2) = (3) Obvious.

(3) = (1) Assume that there is an inp-pattern (@, @a),, of depth s in 7(x).
We may assume (Ga),., is mutually indiscernible by Proposition 4.9. Let b =
7(z) U{pa(x,aq,0) | @ < k}. Then for every 5 < k we have that F ¢g(b,as0)
and {¢p(r,ap,)}, ,, s inconsistent, so it is impossible to find an @’ as required.

O

Theorem 4.17. If there is an inp-pattern of depth 1 X k2 in tp(b1be/FE), then
either there is an inp-pattern of depth k1 in tp(b1 /b2 E) or there is an inp-pattern
of depth ko in tp(be/E).

Proof. Assume not. We may assume E = (). We show that condition (3) in
Lemma 4.16 is satisfied.

Let (@+),c,, xx, Pe @ mutually indiscernible array, where we consider the
product k1 X ko lexicographically ordered.

By induction on o < 1 we choose @, and 8, < k2 such that:

(1) ai, is indiscernible over baa’. ,G>(a+1,0);
(2) ai, has the same type as G(q,g,) OVer G(q,4,),00% 00> (a+1,0), and

(3) dlga U @>(a+1,0) is @ mutually indiscernible array.
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Assume we have managed up to «, and we need to choose @, and fB,. Let
D = a_,a>(a41,0 As (EL(W;))&GKZ is a mutually indiscernible array over D
(by assumption in the case & = 0 and by (3) of the inductive hypothesis in the
other cases) and there is no inp-pattern of depth ks in tp(ba/D), by Lemma 4.16
there are a, indiscernible over by D (which gives us (1)) and 8, < k2 such that
G =a(ap0y0D O(a,B,) (Which gives us (2)), and as by the inductive assump-
tion (3) we have in particular that a’_, —~ Ga,5,) ™ @>(at1,0) is mutually
indiscernible, the condition a;, =p G(a,s,) gives us that (3) is preserved as well.
This completes the induction.

As, by (2), we have a;, o = a(a,p,),0 for every a < k1, we get by (1) that
(@) qey, is an almost mutually indiscernible array over bs.

As there is no inp-pattern of depth ; in tp(by/b2), by Lemma 4.16 there

are some 0 < k1 and a’ indiscernible over b;b; and such that a”’ =

TA(5,84),0
aj =a(s.55).0 4(6,85) (for the second equivalence, note that afm = a(5,85),0)- There-
fore, @’ witnesses that condition (3) in Lemma 4.16 is satisfied. O

Corollary 4.18 (Submultiplicativity of burden). If bdn(a;/FE) < k; for i < n
with k; < w, then bdn(ao, ...,an—1/E) <[], ki

Corollary 4.19. If T has TP2, then some formula ¢(z,y) with |z| = 1 has
TPs.

We now provide a counterexample to [Chel4, Lemma 2.3], and also to its
relaxation to “almost mutually indiscernible”. The lemma is used in that paper
only with k = 1 in which case it is true (it is Lemma 4.15 above, specialised to
first-order logic), hence this does not affect correctness of any other results in
there.

Example 4.20. Let £ be the language with three sorts A, B, C and a single func-
tion symbol f: A x B — C. One checks amalgamation of finite £-structures eas-
ily, obtaining a Fraissé class. Let T be the theory of its Fraissé limit (see [HM23,
Definition 1.2(viii)] for an axiomatisation).

Let ¢ = (¢;)i<w be a sequence of pairwise distinct elements of sort C, and let
ag be an arbitrary element of sort A. Consider the 2-row array with first row ¢
and second row @ constantly equal to ag. Let C = (). This is a counterexample
to [Chel4, Lemma 2.3].

Proof. By quantifier elimination, this array is mutually indiscernible over (.

Choose any b € B such that f(ag,b) = ¢o. By quantifier elimination and
genericity of f, the partial type p> in [Chel4, Lemma 2.3] is consistent (in fact,
it defines the whole sort B).

Now take the promised b-mutually indiscernible array, say ¢ —~ @’. By clause
(1) of the lemma, the first column is the same as that of ¢ ~ @, from which it
follows that @’ = @ and that f(af,b) = ¢,. But the ¢; are pairwise distinct,
hence by clause (1) so are the ¢}, hence we cannot also have f(a(,b) = ¢|. This
contradicts mutual indiscernibility over b, i.e. clause (2). O

4.2 Weak quantifier elimination and weak stable embed-
dedness

In this subsection we introduce the notions of weak quantifier elimination
and (strict) weak stable embeddedness, and generalise to positive logic certain
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lemmas from [CH14] concerning array extension.
Recall that usual inductive theories may be identified with Pillay positive
theories; see [DM24, Subsection 6.2] for details.

Lemma 4.21. Let T be a Pillay theory, E C il be small, z a variable of sort'”
X, and let F be a family of quantifier-free formulas ¢(z) over E, closed under
Boolean combinations. Assume that, for all a,b € i of sort X, if a and b
satisfy the same formulas in F then tp(a/E) = tp(b/E). Then, in i, every
quantifier-free formula over E of sort X is equivalent to a formula in F.

Proof. This is a standard application of a general topological fact, see e.g. [TZ12,
Exercise 3.1.1]. In the notation of the cited source, given ¢(z) a quantifier-free
formula, take as X the space of maximal types in variables x, as Y7 the set given
by ¢(z), which is clopen because T is Pillay, and as Y3 its complement. O

Definition 4.22. The theory T admits weak quantifier elimination iff, whenever
a,b are compatible tuples from {1, if qftp(a) = qftp(b) then tp(a) = tp(d).

Definition 4.23. We say that a (-definable set D is

(1) weakly stably embedded iff every formula with parameters ¢(x) implying
x € D is equivalent to a partial type 7(z) with parameters in D, in the
sense that they have the same set of solutions in every |T|*-saturated pec
model; and

(2) strictly weakly stably embedded iff furthermore, for every ¢ over which ¢(z)
is definable, 7(z) can be chosen over D N dcl(c).

Remark 4.24. If T is Boolean (that is, it is the translation in positive logic of a
full first-order theory), then weak quantifier elimination is the same as quantifier
elimination and weakly stably embedded is the same as stably embedded.

Definition 4.25. Let D be a (-definable set. By Djnq(4) we denote the struc-
ture with universe D(4) and, for all n < w and every formula ¢(z1, ..., z,) over
(), a predicate for p(Ll) N D(LH)™.

We now generalise [CH14, Lemmas 3.6, 3.7 and 3.8].

Lemma 4.26. Let (¢;5)i j<w be a strongly indiscernible array such that (¢;);<ew
is indiscernible over a, and let b be arbitrary. Then there are (b;;); j<. such
that (bijcij)i j<w is a strongly indiscernible array, b;;c;; = bego for all 4, j, and
(bi€;)i<e is indiscernible over a.

Proof. Let A = J((2!TI+labeool)+) By compactness, we can extend (c;;); j<w to
a strongly indiscernible array (c;;)i<x,j<w Such that ¢« is a-indiscernible. For
all i < X and j < w, let bj; be such that bj;c;; = boocoo. By Theorem 4.10 we
can find a strongly indiscernible array (b;c;’)i<x j<w Which is EMg,-based on
(Vi€;)i<r. As é<y was strongly indiscernible, EMa, (05€;)i<x) 2 tp(¢<r) so Ly =
C<x. Hence, by applying an automorphism, we may assume ¢, = ¢<x. By
Fact 4.3, we can find an a-indiscernible sequence (b;¢;");<., based on (b¢;)i<x
over a. As ¢.y was already indiscernible over a, we get that ¢, =, ¢<., so, by
applying an automorphism over a, we may assume &, = ¢<,,. Then (b;;)i j<w
satisfies the requirements.

7Here we regard the family of sorts as being closed under cartesian products.
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Definition 4.27. We say that a structure M (as opposed to a positive theory)
is (positively) NTPy iff there is no infinite inp-pattern with constant ., kq, Vo
and parameters in M.

We will exclusively use the notion just introduced with M = Djpq () for D
some ()-definable strictly weakly stably embedded set.

Lemma 4.28. Let D be a (-definable strictly weakly stably embedded set
such that Dinq($) is NTPy. Let b C D(4) and assume (G;);<, is a mutually
indiscernible array over C. If x > (|T| + |b|)*, then there are i < x and
¢ =¢e,;, € which is indiscernible over Cb.

Proof. We may assume C' = ). By making each ¢;; longer, we may also as-
sume dcl(c;;) = ¢;; for all 4,j. Let p;(x, cio) = tp(b/cio) for every i < k. By
Lemma 4.15, it is enough to show that Ujew pi(x,cij) is consistent for some
i. Suppose not. By strict weak stable embeddedness, for every ¢ < k we have
pi(, cij) = pi(®, cij)| D(syne,, and hence there is a formula v;(z,y’) € pi(z,y’)
such that {¢;(x, D() N¢;;) | j < w} is k;-inconsistent for some k; < w. By
pigeonhole we can assume ; and k; are constantly equal to some fixed v and k.
Now (D(h) N ¢ij)ij<w, (x € D) Ap(x,y), and k witness that Dinq(4) has TP,
because the consistency condition with the 0%-path is witnessed by b, hence
holds for all paths by mutual indiscernibility. O

Lemma 4.29. Suppose C' is a set of parameters and (a;)i<x j<w 1S almost
mutually indiscernible over C. Then there is a mutually indiscernible over C'
array (a;;)i<xj<w such that aj =g,,c a; for every i < A.

Proof. We may assume that C' = (). By Proposition 4.9 there is a mutually
indiscernible array (@);<x which is EMg,—based on a<x. By the assump-
tion on a<) we have that a; is indiscernible for every i < A, hence @ = a;,
and that for all £k < w, 49 < ... < ix—1 < X and jg,...,Jr—1 < w we have
Aiggg «++ Aig_1jp_1 =C Q30+ - - Qjp_10, hence (a;’o)i<>\ = (aio)i<k. Thus, we can
find an automorphism f sending (aly)i<a to (ai0)i<x and define a; = f(a}) for
each i < A O

In Lemma 4.31, we assume that T is thick; recall that this means that
“(zg,x1, . ..) is an indiscernible sequence” is equivalent, in sufficiently saturated
pec models, to a partial type. Direct usage of thickness will be confined to the
proof of Lemma 4.31, and mediated by its following consequence.

Remark 4.30. Assume 7T is thick.

(1) If ¢ is a sequence indiscernible over dE and d’ is EM.-based on d over ¢F
then ¢ is indiscernible over d'E.

(2) Let (@;)i<x be EMy-based on (b;)j< over E. If by is mutually indiscern-
ible over E, then so is a<y.

Lemma 4.31. Assume T is thick. Let D be a (-definable strictly weakly stably
embedded set and assume that Djnq(84) is NTPy. Let b € D(4) be arbitrary
and (¢;;)i,j<w be a strongly indiscernible array such that (&;);<,, is indiscernible
over a. Then there are (cj;); j<w and (b};)i j<w such that

(1) (b}€})i<, is indiscernible over a
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(2) (b€!)i<e is mutually indiscernible

(3) ¢ =, G for all i < w (so in particular ¢jy = ¢;)

(4) biocho =a beoo

Proof.

P

Claim 4.31.1. It is enough to find, for every n < w, sequences ¢, and l_)*<*n
satisfying (2), (3) and such that:

(4") brpcrs =a bego for all k < n.

P

Proof of Claim. Indeed, assume we can find such ¢, and l_)** Then, for xk =
J((2!T1*labeooly+) by compactness and Remark 4.30(2) we may find %%, and b**
satisfying (2), together with (3) (for all ¢ < w), and with the analogue of (4" but
for i < k instead of k < n, with (¢})i<x indiscernible over a. Then we can apply
Fact 4.3 to (b;*¢}*);<, over a, obtaining an array (b.c, )1<uJ satisfying (1), (2),
and (4). As (c})i<x was indiscernible over a, we get that (¢}g)icw =a (€I )icw =
(ci0)i<w- Let f be an automorphism over a sending (c zO)Z<UJ to (Ci0)icw- Let
by = f(b}) and ¢ = f(c;). Then for every i we have that ¢ = ¢ and c; = cio,
yielding (3), while (1), (2) and (4) are clearly preserved by f, hence they are
satisfied by (b¢})i<w as well. O
CLAIM
Fix any n < w. By compactness, stretch (¢;)i<, to a strongly indiscernible
over a array (C(i,e))(i,0)e(nxw,<ix) With €y = ¢; for all i < w. For each (i,£) €
n x w find b(; g0 With b(; ¢)oC(i,e)0 =a bcoo. By induction on k < n we will find
(0% ;¢ j)jew such that the following hold.

(1) ( C; i<k is almost mutually indiscernible over (b(; ¢)0C(i,¢)0)ie[k+1,n—1],0<w-
(ii) ¢ Ek (é(i,é))(i,é)e([kﬂ,n—l}xw,<1ex) is based on (&;)i<y-

(iii) (cjp)i<k — (cg,e00)q, 0 E([k+1,n—1]xw,<1ex) 18 based on (Ci0)i<w OVer a.

(iv) biocho =a beoo

Suppose we have constructed (b:¢});<x. Put A = (|T| + |bcoo|)™ and find by
compactness a sequence (b; ¢ );<, that is EM_-based on (b(k,0)0C(k,0) ) e<w OVEr
aBC, where

= (=
C = CLi(C(i,0) )ieh+1,n—1] b<ws

B = b (b(i,0)0)iclot 1,n—1] b<w-

Then b;rcjo =, bego for every i < A, and, by the inductive assumption and
Remark 4.30(1) applied & times, one for each row of (bJ¢} )<k,

(b€)i<k is almost mutually indiscernible

()

over (b ¢/ )i (b(i,00C(i,0))iclb+1,n—1],0<w-

Observe that, since (ii) inductively holds, by choice of b;réj the sequence

% 1 _
Cop ™ €Ly ™ (C6,0)) (1,0) € ([h+1,m—1] X, <1ex)
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is based on ¢.,.

It also follows by Remark 4.30(2) that £, is a mutually indiscernible over C'
array, hence, by Lemma 4.28, there are m < X and d = (d;)i<w =cct, ¢ with
(di)i<w indiscernible over BC'. For each j < w, let e; be such that e]dj =gc
bl By Fact 4.4 there is an indiscernible over BC' sequence (s;t;);<, which
is EM<-based on (ejd;j)j<. over BC. Let f be an automorphism over BC
sending soto to bicl . Then b} := f(5) and ¢} = f(f) (together with b% %, )
satisfy (i) because (s;t;) <. is indiscernible over BC, hence so is (bkjckj)Kw,
and because by () the array (bi¢f);<r is almost mutually indiscernible over
br0Cho (0(5,0)0C(1,0)0)i€[k+1,n—1] f<w-

By the same choice, because f fixes C' pointwise, and because (C(x,r))e<w is
indiscernible over C', the sequence ¢<y, also satisfies (ii). Also, (iii) follows by the
fact that ¢,y = ¢, , and the choice of (b ¢ );<x, which implies, as (Cl,0)0)e<w 18
indiscernible over aC, that ( 1)i<x is based on (c(x,0)0))e<w over aC. Point (iv)
holds because b},ci, = bfcih . This completes the construction of (b7¢})i<p.

Applying Lemma 4.29 to (b €} )i<n We obtain an array (b***c;‘**)Kn satisfy-
ing (2), (4), and &** = ¢ with ¢jg* = ¢}, for every i < n. By (iii) we have
in particular that ( 0)i<n =a (Ci0)i<n, hence we can find an automorphism
g over a with g((c} ),<n) = (¢i0)i<n. Then bf* = g(b:**) and &* = g(c**)
satisfy (2), (3) and (4'), as required. O

4.3 NTP, for existentially closed valued difference fields of
residual characteristic zero

In our proof of NTP; for valued difference fields of residual characteristic
zero we will need to Morleyise the residue field sort. For details on (partial)
Morleyisation in positive logic see [DK22, Remark 2.2] and [DM24, proof of
Remark 6.14].

Notation 4.32. In this subsection we denote by £ one of the four languages
in Notation 3.22. We let Mory, be the language of the Morleyisation of ACFA.
We write L for the expansion of £ by the symbols in Mory, added on the k sort.
We write ACVFAO’O’ 7 for the h-inductive theory of L-valued difference fields
of residual characteristic zero. By ACVFA( we mean the h-inductive theory
of valued difference fields of residual characteristic zero in the language £, of
Definition 1.4.

Note that, contrary to ACFA, the axioms of ACVFA0 0.2 and of ACVFAq
do not require any form of genericity of ¢. This is common in the literature
(e.g. [HK21; DM24]), and due to the fact that, at any rate, we focus on the
existentially closed models.

Remark 4.33. ACVFAQO’ 7 is a Pillay theory, as the negations of the formulas
r <r y, x =r ¥y, and x =yp y are equivalent to the positive formulas z >r
yVaz=ry,x<ryVz>ry,and (x —y)~ (z —y) =vr 1, respectively, and the
negation of every predicate coming from Morleyising the sort k is also added to
the language in the Morleyisation process.

Proposition 4.34. The JCP-refinements of ACVFAO 0.z and of ACVFAq o are
determined by fixing a characteristic zero completion of ACFA.
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Proof. Indeed, suppose T is such a completion and A, B F ACVFAO,()’ zUT. Then
the prime subfields of k(A) and of k(B) are Morg-isomorphic. By identifying
both of them with the same Morg-expansion of Q, we get that k(A) and k(B)
amalgamate over Q, so, by Theorem 3.28, A and B amalgamate over Q. This
proves JCP.

Conversely, if T 2 ACVFAOD’ 7 is a JCP-refinement, then for every A, B =T
we can embed A and B in a model C' F T and so the copies of Q*# in k(A) and
k(B) are isomorphic. By [CH99, Proposition 1.4], this means that T implies a
completion of ACFA on k.

For ACVFA o, the only difference is that in the proof of the first implication
we pass from A and B to some positively N;-saturated extensions, and equip
them with angular components by using Corollary 2.15. On Q the angular com-
ponent coincides with the residue map, hence Q is still a common substructure

of A and B in the expanded language, hence we can apply Theorem 3.28. [
Proposition 4.35. ACVFA | = admits weak quantifier elimination in L.

Proof. By [Hod93, Theorems 8.5.2 and 8.5.4], it suffices to show that the class
of substructures of models of ACVFA , 7 has the Amalgamation Property.

Let L + M — N be substructures of £-valued difference fields. By The-
orem 3.28 it suffices to show that the amalgamation problem k(L) < k(M) —
k(N) has a solution. If k; and ko are characteristic zero models of ACFA in
the language Mory, extending k(L) and k(N), respectively, such that ko is |k1|T-
saturated, then k(M) is a Morg-substructure of k; and of k2, hence idy () is a
partial Morg-elementary map between ki and k2. Hence idg(ys) extends to an
embedding of k; into ks. O

Corollary 4.36. In every existentially closed model of ACVFA07O) 7 the sorts T’
and k are orthogonal, i.e. for every pair of maximal types p(x) and ¢(y) with =
a tuple of variables of the sort I" and y a tuple of variables of the sort k, the
partial type p(z) U ¢(y) implies a maximal type in variables zy.

Proof. By Proposition 4.35 it suffices to check that if « E p and v,7" £ ¢ then
the structures generated by ay and oy’ are isomorphic. This is easy and left to
the reader. O

Proposition 4.37. In every existentially closed U F ACVFA ; 7 the following
hold. h

(1) The sorts k and T' are strictly weakly stably embedded.

(2) The formulas in kinq($) are equivalent in ${ to infinitary conjunctions of
formulas in Mor (k(41)), and the formulas in T'j,q(4l) are equivalent to in-
finitary conjunctions of quantifier-free formulas over T'(l) in the language
Loag U {0,071}

Proof. We prove both statements in the case of I'; the case of k is completely
analogous. In both cases, we apply Lemma 4.21. We first deal with the language
with lift and section.

For (1), it is enough to show that if M is a substructure of 4 and ~,4 €
(0™ are such that qftp(y/T'(M)) = qftp(d/T'(M)), then tp(y/M) = tp(6/M).
Indeed, if we have this, let ¢(z, ¢) be a quantifier-free formula, with x a tuple of
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variables of sort I', and set M := dcl(c). Apply Lemma 4.21 with F the family
of quantifier-free formulas over I'(M), obtaining that o(x,c) is equivalent to
such a formula. By Proposition 4.35, it suffices to check the definition of strict
weak stable embeddedness on quantifier-free formulas, hence this suffices.

Observe that, in the proofs of [Kes24, Lemmas 4.9 and 4.10], the assumption
that or is multiplicative is never used. We apply [Kes24, Lemma 4.10] for the
T" case, the other lemma being used in the k case. By the cited result, we have
an isomorphism f: (M,~) — (M,0) extending idy; and sending v to 6. As
k((M,~)) = k(M) = k({M,d)), in particular, f restricted to k((M,~)) is Mor-
elementary. Hence, by weak quantifier elimination we get that f is a partial
immersion, so in particular tp(y/M) = tp(6/M).

For (2) we show that, if 7,6 € T'(&)™ and qftpp(y) = qftpp(d), then tp(y) =
tp(d), and then apply Lemma 4.21 and Proposition 4.35. Again by [Kes24,
Lemma 4.10|, we have an isomorphism (Q,v) — (Q,d) sending v to 4. As
E((Q,7)) = Q = k((Q,0)), we have in particular that f|x((qg,,)) = idg is element-
ary. Hence, by weak quantifier elimination we get that f is a partial immersion.

For the other three languages, the proof is analogous, and uses analogues of
[Kes24, Lemmas 4.9 and 4.10] that are easier to prove and left to the reader. O

Lemma 4.38. If K C L is an immediate extension of L-valued difference
subfields of 4, and a € L, then every realisation in 4 of the quantifier-free type
of a over K in the language £ (see Notation 4.32) realises tp(a/K).

Proof. This follows by Proposition 4.35 and inspection of L. O

Remark 4.39. By Theorem 3.28, as observed in [DM24, Remark 6.55], the pos-
itive theory ACVFA , 7 is Hausdorff, see [DK22, Definition 2.13]. In particular,
it is thick. '

Theorem 4.40. The positive theories ACVFA | 7 and ACVFAq o are NTPs.

Proof. If M is an L-valued difference field, or a valued difference field in the
language L, as in the proof of Corollary 3.10 we may expand a suitable pec
extension of it to an L, ,-valued difference field. It follows that it suffices to
show that ACVFA()’O’S’L is NTP2

Suppose for a contradiction that a formula ¢(z,y) has TP3. We may as-
sume that z is a single variable by Corollary 4.19. As the theory of I' is NIP
(hence NTP2, see [DGK23, Theorem 1.1]) by [DM24, Corollary 6.39], by Pro-
position 4.37(2) and Remark 4.13 the structure I'ipq(4) is NTP3. Similarly for
kina (Y1), using the fact that k(4) E ACFA, hence is simple [CH99|. Therefore,
by Lemmas 4.16 and 4.28 we may further assume that z is of sort VF. By
Proposition 4.35 and Remark 4.13 we may furthermore assume that ¢(x,y) is
quantifier-free.

Let (a;j)i,j<w be a strongly indiscernible array witnessing that ¢(z,y) has
TPs. Let a F {p(z,a,0) | i <w}. By Fact 4.4 we may assume that the sequence
(@;)i<w is a-indiscernible. We run the analogues for the language ZSM, of steps
(I) to (V) in the proof of [CH14, Theorem 4.1], but we replace [CH14, Lemmas 3.6
and 3.8] by Lemmas 4.26 and 4.31. We obtain, for 5 < w, strongly indiscernible
arrays (afj)i,j(w such that K = {J;_,, ago is a substructure of 4 (in fact, a
valued difference subfield because, since ¢ and s are in the language, the maps
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res and v are automatically surjective), the union is increasing, L := K{a) is an
immediate extension of K,

(1) for every 3, the sequence (C_L? )i<w is indiscernible over a, and

(2) for every a < 8 and i, j < w we have a decomposition a?; = (a bj;) such

ij 779
that @t =0 a® T
1 — Q9 1"

Note that it follows from (2) that aﬁo Da;p for all 4, 8 < w, so aF {p(z, afo) |

i < w} and the rows {p(z, afj) | j < w} are inconsistent for all i, 8 < w.

We now deviate from the proof of [CH14, Theorem 4.1]: instead of construct-
ing (a$))i j<» and running their step (VI), we argue as follows. By Lemma 4.38
and compactness there is a quantifier-free L-formula v (z,¢) € gftp(a/K) such
that ¥(4U,c) C p(tag). As K = g, ago is an increasing union, we may
assume ¢ = ago for some 8 < w. Then ¥(z, ago) is a quantifier-free formula, and
by indiscernibility of the rows and strong homogeneity of Ll we have (4, afj) -
oL, afj) for all 4,j < w, preserving inconsistency, while a F w(x,afo)Kw by
indiscernibility of (afo)Kw over a, so (a?j)i,j@, witnesses that 1) has TPy. In
particular, ¢ has IP witnessed by some (a;)i<. and (by)wcw. But then, writing
v(x,y) = p(z,0(x),...,0"(x),y,0(y),...,0™(y)) for some n and a formula p
in the language of L ,-valued fields, we get that p, (aﬂa(af), e 70"(af))i<w
and (by, 0(bw), - - ., 0™ (bw))wcw Witness that the £, ,—valued algebraically closed
field & has IP. But algebraically closed L, ,-valued fields of residual character-
istic zero are NIP, as can be shown, e.g. by using [Kes24, Theorem 2.2]. This is

a contradiction. O
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