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Within a numerically exact simulation technique, the dissipative dynamics of a two-qubit architecture is
considered in which each qubit couples to its individual noise source (reservoir). The goal is to reveal the
role of subtle qubit—reservoir correlations including non-Markovian processes as a prerequisite to guide further
improvements of quantum computing devices. This paper addresses the following three topics. First, we
examine the validity of the rotating wave approximation imposed previously on the qubit-reservoir coupling
with respect to the disentanglement dynamics. Second, generation of the entanglement as well as destruction are

analyzed by monitoring the reduced dynamics during and after application of a ViSWAPT gate, also focusing on
memory effects caused by reservoirs. Finally, the performance of a Hadamard + CNOT sequence is analyzed for
different gate decomposition schemes. In all three cases, various types of noise sources and qubit parameters

are considered.

I. INTRODUCTION

The performance of quantum computing devices has im-
proved remarkably in the last decade. Especially for super-
conducting qubits, much longer coherence times [1-4], sub-
stantially enhanced fidelities of gate operations, and efficient
readout [5-9] have been achieved. From the perspective of
information science, quantum supremacy has been demon-
strated under certain conditions [10—12]. Stimulated by those
advances, quantum algorithms for noisy intermediate-scale
quantum (NISQ) devices have been implemented [13—18].

These achievements result to a large extent from the con-
siderable reduction of relevant noise sources including, for
example, thermal fluctuations, 1/ f-type of noise originating
from two-level fluctuators (impurities) [19], and quasiparticle
noise [20-22]. However, with growing fidelities the need to
further understand and mitigate or control even minute effects
of residual degrees of freedom (reservoirs) has turned into the
focus of current activities. For this purpose, high-precision nu-
merical simulations for devices of a modest number of qubits
and for sequences of single and two-qubit operations are one
prerequisite to guide further progress. It has become clear
by now that for subtle aspects of qubit—environment interac-
tion including time-retarded effects (memory effects) conven-
tionally adopted methods to describe the time evolution of
dissipative quantum systems such as, for example, the Bloch—
Redfield and the Lindblad equation, are insufficient. Hence,
studies with more advanced methodologies have been con-
ducted in recent years. For example, gate performance [23—
27], non-Markovianity [28, 29], and dynamical decoupling
schemes [30] have been studied for single-qubit systems. For
multiple-qubit systems, error correction codes in the presence
of noise [31], spatially correlated noise effects [32], and perfor-
mance of elemental two-qubit gates [25] and realistic quantum
algorithms [33] have been investigated.

In this paper, we follow Ref. [26], in which the performance
of sequences consisting of single-qubit gates and idlings has
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been analyzed thoroughly through the use of a numerically
rigorous method, namely, the free-pole hierarchical equations
of motion (FP-HEOM) [34]. This simulation method is system
agnostic and does not rely on any assumption about the nature
of the noise, except that it is predominantly Gaussian. Here
we focus on entanglement/disentanglement dynamics of two-
qubit systems and the performance of two-qubit gates in the
presence of a broad class of reservoirs. The respective two-
qubit gates constitute along with the general single-qubit gates
considered in [26] a universal set of gate operation for general
quantum information processing. While our findings are of
general nature, we specifically have superconducting platforms
in mind.

Theoretical research on disentanglement dynamics of two-
qubit systems has been triggered approximately twenty years
ago by the discovery of the “entanglement sudden death”
(ESD) [35-38], a phenomenon where the entanglement be-
tween two qubits abruptly decays to zero. In a first step, the
dynamics has been explored through the analysis of exactly
solvable models with the rotating wave approximation (RWA)
imposed on the system-reservoir coupling [35, 37-41] or
through perturbative treatments within the Bloch—-Redfield and
Lindblad equation [42—-44]. Around the same time, effects of
counter-rotating terms have been perturbatively taken into ac-
count [45], while thereafter, more accurate methods including
quasiadiabatic path-integral (QUAPI) and HEOM approaches
have been utilized [46—49]. Indeed, together with studies in
other contexts [50, 51], the impact of counter-rotating terms
have been found to play a crucial role in dissipative quantum
dynamics, at least for simple reservoirs with Lorentzian and
Ohmic spectral densities, respectively.

More specifically for the situation of coupled two-qubit dy-
namics, several aspects have been explored in the past: Ef-
fects beyond the Born—Markov approximation have been ad-
dressed [52, 53], however, mostly focusing on overall trends
in the long time limit [54-56], rather than analyzing micro-
scopic characteristics during gate operations. Studies of the
performance of sequences consisting of elemental single- and
two-qubit gates have also been conducted [57-60], but most
of those rely on some assumptions, for example, the Markov
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FIG. 1. Schematic of the model we consider in this study. The
qubits are directly coupled with each other with the strength J(z), but
each qubit couples with a different reservoir (gray rectangle). Each
reservoir is characterized by the spectral noise power Sf (w). For
single-qubit gates, external rotating fields are applied to each qubit
[Q;(t)]. The external fields and the qubit—qubit coupling can be
switched on and off according to gate operation.

approximation and the weak coupling approximation between
the system and reservoir implying sufficiently elevated tem-
peratures. In addition, it was found that for interacting qubit
structures the positivity of the reduced density operator can
be broken within the framework of standard perturbative ap-
proaches, a problem that was cured by imposing additional
assumptions. Another problem is that in the models utilized
in those previous studies, static external fields in the directions
of z and x are switched on and off to realize single-qubit gates.
By contrast, in most of the state-of-the-art transmon qubits, the
qubit is modeled by a two-level system with a fixed direction
of the Zeeman splitting, and the single- and two-qubit gates
are realized in rotating frames.

In summary, a general dynamical description of dissipative
two-qubit gate operations at low temperatures including re-
tarded reservoir feedback and counter-rotating terms and with
the focus on entanglement properties is still lacking. It is pro-
vided in this paper, where we numerically investigate the sit-
uation illustrated in Fig. 1: Each qubit couples independently
to its private reservoir, characterized by a spectral noise power
Sf (w) (j € {1,2}) defined below. While it is known that two
qubits embedded in a common reservoir may become entan-
gled [61-65], we here consider the usual case where individual
noise sources have detrimental effect on global quantum cor-
relations. Single-qubit gates are realized by imposing external
rotating fields [Q;(¢)], while two-qubit gates are realized by
a direct time-dependent coupling between the qubits [J(7)].
(For more details, see Sec. II).

In more detail, we address the following three topics.
(D) First, we revisit the disentanglement dynamics by utilizing
the FP-HEOM method. Following previous studies, we pre-
pare maximally entangled initial states and monitor disentan-
glement dynamics. Namely, the external fields and the qubit—
qubit coupling are always off [Q;(f) = Q(t) = J(¢) = O]
Here, we focus on a wider variety of noise sources compared
to previous studies. For example, detuned Lorentzian noise
sources and sub-Ohmic reservoirs are adopted.

(II) Second, we focus on processes for the generation of
the entanglement as well as on disentanglement processes. In
those simulations, we first switch on the coupling J and wait

until the operation of a ViSWAP gate is completed. Then, we

switch off the direct coupling and monitor the disentanglement
dynamics during the idle phase. Accordingly, the dynamics
during and after the application of the gate are correlated owing
to the retarded reservoir feedback.

(III) Finally, a more realistic sequence, namely, a Hadamard
+ CNOT sequence, is considered. In this case, both the single-
[€2; ()] and two-qubit [J(f)] gates are switched on and off to
realize the sequence. Two different schemes to decompose this
sequence into elemental gates are compared by analyzing the
fidelity and the entanglement.

This paper is organized as follows. In Sec. II, the Hamil-
tonian corresponding to the model in Fig. 1, including inter-
action Hamiltonian with and without the RWA, is introduced.
The method we use in this study, FP-HEOM, is also briefly
explained. Sections III-V are devoted to numerical results.
The simulation settings in those Sections correspond to the
case (I)—(III) discussed above, respectively. Finally, we draw
conclusions in Sec. VI.

II. MODEL AND METHOD

The two-qubit systems are described by the following
Hamiltonian (Fig. 1):

Hoi (1) =H\(t) + Ho(t) + 1 (1) (61 65 +0705), (1)

where H (1) (j € {1,2}) includes both system and reservoir
Hamiltonian and reads
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All the noise effects are described through the dynamics of
independent reservoirs Hg, j»and the interaction between qubit
j and its reservoir is given by Hj j (for details of H r,j and
A 1,j> see Egs. (3a) and (3b) below and Appendix A). The
operators 6']‘.’ (@ € {x,y,z}) indicate the Pauli matrices for
the jth qubit, and the ladder operators are defined accordingly
as 07 = (07 x ié']y)/Z. The frequency a)? in Eq. (2) is
the transition frequency of the jth qubit, and the first term
in Eq. (2) and the third term in Eq. (1) are introduced for
single- and two-qubit gate operations, respectively: For the
single-qubit gate a rotating external field is introduced with
amplitude, frequency, and initial phase given by Q;(¢), wj.",
and ¢, respectively, while the two-qubit gate is implemented
via a direct coupling between the two qubits. Both qubits
are considered to be in resonance (w; = w;’ = wy) so that
counter-rotating terms in the weak and time-dependent qubit—
qubit coupling with amplitude J(¢), i.e., 605 and 6 55,
are negligible. For the simulations of the qubit dynamics, we
switch on and off the rotating external field €;(¢) as well as
the qubit—qubit coupling J(¢) to realize specific single- and
two-qubit gates.



In previous studies [35, 39—41], for the system-reservoir
interaction Ay, ;, the RWA was imposed in order to obtain an-
alytical expressions for the disentanglement dynamics at zero
temperature. Under this assumption, the coupling Hamilto-
nian is expressed as

Hy;=h(0}B;+ &j—é}) , (3a)

where B f; (é;) is the annihilation (creation) operator of the
Jth reservoir. By contrast, within a full description (Caldeira—
Leggett model [66]) counter-rotating terms are taken into ac-
count so that one has
I:II’]'Zh(@';B\j+A._ET.+A éj)zh&ff(j,(%)

where X; = B; + é; is the collective position of the reservoir.
It is an interesting topic on its own to analyze the impact of
the counter-rotating terms in Eq. (3b) in the dynamics of two-
qubit systems [48, 49]. We stress that here the term “RWA”
indicates solely the approximation in Eq. (32) in the following
unless otherwise stated.

For Gaussian fluctuations, all the information on the noise
is encoded in the autocorrelation function

Ci(t) = (Xj(f)f(j(o))R,j ,

where (&) ; = tr{Oﬁjgj} denotes the expectation value with

respect to the equilibrium state of the jth reservoir ﬁ;qj =
e"BHva/tr{e‘ﬁHva} at the temperature 8 = 1/(kgT); the
mean value (X (7)), j is chosen to be always zero. Because
the reservoirs are independent, one has

(X1 (1) X2(0))g = (X2()X1(0))g =0,

where (o) = tr{ep ® pi',}. For the sake of convenience,

we introduce the spectral noise power

1 ® :
B _ ) iwt
Sj(a)) = /_m dwCj(t)e'“",
which is the Fourier transform of C;(f), and related to
the temperature-independent spectral density via Sf (w) =
nJj(w)[1 + n?(w)] with nf(w) = 1/[exp(Bhw) — 1] being
the Bose distribution function. We assume identical tempera-
tures for both reservoirs.

In this study, we consider the two classes of spectral densi-
ties, namely,

1. Lorentzian noise spectrum
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2. broadband noise spectrum
s Kilwl|%i
Jj(w) = sgn(w) o) il (5)
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characterized by spectral exponents s; with sgn(w) being
the sign function. A qubit coupled to a reservoir with a
Lorentzian spectrum corresponds to the damped Rabi model
(with the RWA it is simplified to the Jaynes—Cummings
model) [67], where a two-level system interacts with an elec-
tromagnetic field inside an imperfect cavity with the frequency
a)? — A; [39, 41]. The line width of the Lorentzian peak A;
determines the imperfection of the cavity. Instead, the broad-
band noise represents interaction between a qubit and a large
number of degrees of freedom in the surrounding. In cases
of transmon qubits, for example, the environmental degrees
of freedom (noise source) include (i) fluctuations of electro-
magnetic fields, (ii) quasiparticles in superconductors, and
(iii) defects in circuits (two-level fluctuators). The spectral
exponent s; in Eq. (5) determines the type of noise source:
Various values of s; have been considered in the past, for
example, (i) s; = 1 [68-70], (ii) s; = 1/2 [71], and (iii)
1> s; =0.1[1, 19, 68, 72-75], respectively. In the context
of open quantum systems, a reservoir with s; = 1 is referred
to as an Ohmic reservoir, while one with 0 < s; < 1 as a sub-
Ohmic reservoir. The bandwidth of the broadband spectrum
is restricted by the cutoff frequency a);.

For both noise spectra, the quantity «; determines the cou-
pling strength between the system and the reservoir. The quan-
tity wph,; in Eq. (5) has been introduced in order to fix the
dimension of «; irrespective of s;. Here, we set k| = k3 = «
for the sake of simplicity of the discussion. Within the Born—
Markov approximation (second-order perturbation theory), the
relaxation time of the qubit population 77 in the absence of
any drives [Q;(¢f) = J(t) = 0] can be estimated as (see Ap-
pendix A)
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This figure is often used when characterizing qubits together
with the phase decoherence time 73 (or 7; when external noise
is included).

In the following, we study the dynamics of the reduced den-
sity operator (RDO) of two-qubit systems ps (1) = trg{fwt(?) },
where trgr{e} is the partial trace over the reservoir degrees of
freedom. When we impose the RWA on the system-reservoir
coupling [Eq. (3a)], the RDO at zero temperature can be
expressed in analytical form. For example, the population
p11(t) = (11|ps(2)|11) is then described as [39, 67]

p11(1) = p11(0) |1y (1) P|ha (1)1, 7

where the functions /() are specified together with the other
matrix elements of gg(z) in Appendix A 2. As basis states
for the 2 x 2 Hilbert space, we have introduced states |ab) =
la); ® |b), (a,b € {0,1}) with [1); (|0);) being the excited
(ground) state of the jth qubit in the 6'; basis.

The full quantum dynamics is simulated with a numeri-
cally rigorous method, the FP-HEOM method [34]. In this
method, auxiliary density operators [ADOs, p;;(f)] are
introduced in addition to the RDO [ps(?) = ﬁﬁl:(),z:()(’)]
according to a proper decomposition of the reservoir cor-
relators in terms of auxiliary modes (see below). Multi-
indices m = [myy,...,mik,m21,... M2 k,] and i =

(6)



[n1.1,...,01.k,,12.1, - .. N2,k,] distinguish ADOs, and the
time evolution equation in extended state space reads

0 O (1 ) R
pa_,t() =—iLs(1)P5,a(1)
2 (K
- Z{Z [Omj kzjk +njk2s ) Pinia (1)
7=1 U=
+iL]  Pina(t) + i-L;,kﬁ,;,’ﬁ(l)]} , (8)

where Lg(r)e = [Hg(1),o]/h with Hs(r) = Hs (1) +
Hg (1) +hJ (t)(6 6y + 0, 07) is the commutator of the sys-
tem Hamiltonian, and the raising and lowering superoperators
{L;—T’ «} describe interaction between different ADOs (see Ap-

pendix A 1). Factorized initial states P (0) = ps(0) ® P, ®

P, correspond to an initial RDO 5 5(0) = ps(0) with the
other ADOs p (7.7 £(0.9) (0) = 0. Complex-valued frequencies
of the auxiliary modes z; x = iwj x +vjk (¥jrx > 0) are ob-
tained through a mathematically systematic procedure together
with complex-valued amplitudes d; x in the decomposition of
the reservoir correlators

K; X
CJ([) = Z dj’ke*iu)j,kl‘*)’jykt — Z dj’kefzj»k’
k=1 =1
t>0. O

We use dimensionless quantities through the paper with the
qubit frequency w, as the frequency unit. All simulations use
a set of fixed parameter values: A1 = A2 = 0.0lw, in Eq. (4),
and wpp,1 = wph,2 = wg and w{ = w5 = 50w, in Eq. (5). The
other parameters for the reservoirs are varied, i.e., detuning
A = Ay = Ay in Eq. (4), spectral exponent s; in Eq. (5),
temperature 3, and coupling strength x. Parameter values for
the gate operations in Eqgs. (1) and (2) are determined by the
specific quantum circuits that we consider below.

To facilitate the numerical simulations, we utilize tensor-
train (TT) representation (Appendix C). For the parameter
values of the FP-HEOM and TT methods and related discus-
sions, see Appendix D.

Figure of merit

In this paper, we characterize the performance of gate oper-
ations by means of the following quantities:

1. Concurrence: The degree of entanglement is character-
ized with the concurrence C(¢) with the definition

C(1) =max{0, A — Ay — A3 —A4}, (10)

where A ; are the square roots of the eigenvalues of ps () fs(¢)
in descending order. The quantity gs(f) is evaluated as
Ps(t) = &Iyé'zyﬁ;(t)é'l o with pg(1) being the complex
conjugate of the matrix gg(¢) in the standard product basis
B ={|1),]2),]3),4)} = {|11),]10),]01),|00)}. The con-

currence takes values in therange 0 < C < 1, and the two-qubit

system is maximally entangled when C = 1, while totally dis-
entangled when C = (. Note that when the system is expressed
as an “X-state”, which is given by

pi1 0 0 pu
s = 0 p2 py O

0 p32 p33 0]°

ps1 0 0 pay

the concurrence is evaluated as

C(r) =2max{0, |px3(®)| — Vp11(t)paa(t),
lp1a ()] = VP22 () p33(1) } (11)

(here, pgs is a Hermitian matrix, of course).

2. Fidelity: Dissipative pg () are compared with ideal states
Diso(2) obtained with the von Neumann equation for isolated
systems (k = 0). The fidelity is then defined as

2
F(1) = (tr{\/Jﬁiso<z)ﬁs<r>mso<r>}) P

The quantity is bounded by 0 < F(¢) < 1 and takes the value
1 if and only if s (f) = Piso(¢): Smaller fidelity implies worse
gate performance.

III. EFFECTS OF COUNTER-ROTATING TERMS IN
SYSTEM-RESERVOIR COUPLING

First, we investigate effects of the counter-rotating terms
in the qubit-reservoir interaction, see Eq. (3b), in order to
explore the validity of this approximation imposed in most
of the previous studies. For this purpose, we compare the
time traces of the concurrence obtained with the two coupling
forms in Egs. (3a) and (3b). Note that the temperature of the
reservoirs is set to zero in the results illustrated in this section.

More specifically, we consider as initial states ps(0) = po
two Bell states according to

110 +|01)
)y ="/
® V2o
I11) + |00)
gy /77
['¥) h

and monitor free relaxation processes via pg(¢) in the absence
of external driving and inter-qubit-coupling [Q; (1) = Q,(¢t) =
J(t) = 0]. Thus, in both cases, the RDO is in X-states at any
time, so that we can utilize Eq. (11), which holds no matter
whether the RWA is imposed or not under the above condition
as proven in Appendix B.

A. Lorentzian noise spectrum

Time traces for the concurrence are shown in Fig. 2 for the
two-qubit systems with individual Lorentzian noise sources.
Various qubit detunings A (qubit transition frequency and noise



peak) and reservoir coupling strengths « are considered while
the line width of the Lorentzian function is fixed to 0.01w,, for
both reservoirs.

We start with the resonant case (A = 0) in Fig. 2(a) as
previously explored in Ref. [49]. Note that while the ratio
K/ A was kept fixed in this previous study, here, we fix A, and
vary «; which in turn allows us to tune its ratio.

In Fig. 2(a), one realizes that significant discrepancies be-
tween the results with (red curves and circles) and without the
RWA (blue curves) appear at stronger coupling. This is as ex-
pected since the RWA is based on a weak-coupling assumption:
The rotating terms appear as leading-order corrections within
the framework of a perturbative treatment. When different ini-
tial states are compared, one finds that the discrepancy is more
pronounced for |®X®| than |¥XW|. The reason is the double
excitation process caused by the counter-rotating term 6'; 3} in
Eq. (3b): Since the reservoirs are initially in the ground state
(i.e., zero temperature), the qubit state |11) is populated from
the initial state |®)X®| only if the above term acts on the sys-
tem and reservoirs. Accordingly, when the RWA is imposed
on the interaction Hamiltonian, the population (11|gs(z)|11)
is always zero, so that the concurrence in Eq. (11) is given by
|023(2)|. By contrast, the contribution +/p11(¢)p44(t) is finite
for the case without the RWA. Note that the dynamics of the
coherence |py3(t)| with and without the RWA are similar to
each other so that the difference between those results with
|®X®| [blue and red curves in the upper panels of Fig. 2(a)]
are mainly attributed to the population p;;(f). We note in
passing that the importance of the population of the most ex-
cited state for the entanglement has been already discussed in
previous studies [43]. For the second initial state |¥)X¥|, the
decay of matrix elements (11|gs(¢)|11) to (10|ps(¢)|10) and
(01|ps(2)|01) can be described through both Hamiltonians
with and without the RWA. Consequently, differences of the
concurrence with | W)W/ as initial state are smaller compared
to those with |®)X®| [note that the concurrence is given by
2max{0, [p14(1)| = vp22(1)p33(1)} in the case with [¥X¥|].

Another major difference related to the RWA is the occur-
rence of so-called dark periods [40] with zero concurrence:
One can easily find horizontal lines with C = 0 between two
adjacent peaks for the strong-coupling case in Figs. 2(a)-(iii)
and (vi), and even in the case with the intermediate coupling
strength [277ik = 0.1, insets of Figs. 2(a)-(ii) and (v)], a closer
look reveals a finite dark period for the non-RWA situation.
Since the concurrence with RWA is expressed as the second
and fourth power of sinusoidal functions with the initial state
|OX®| and |PXW|, respectively [39], the red curves show in-
finitesimal dark periods only. This contrasts with the exact
results as discussed earlier [49]. In this previous study, the
oscillatory behavior of the concurrence is suppressed with in-
creasing coupling strength «, in contrast to our results where
they are present even in the strong-coupling region (2zfik = 5).
We discuss this difference in more detail in Sec. III B.

Next, we turn to the off-resonant case (A; = A = A # 0)
depicted in Fig. 2(b) for A = £0.05w,,.

Before we explore interplay of the detuning and the RWA,
we compare the exact results with and without detuned noise
sources with respect to the qubit frequencies. Figure 2(b)
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FIG. 2. Time traces of the concurrence C(t) of two-qubit systems
coupled with Lorentzian noise sources for various coupling strengths
k and initial states p¢. (a) Results without detuning, A = 0. Results
obtained with (w/ RWA, red curves and circles) and without (w/o
RWA, blue curves) the RWA are depicted. Insets of (ii) and (v):
Magnifications of C(¢) around certain time periods. (b), (c) Results
with detuning A # 0. Dynamics in a whole time domains (b) and
magnifications of those in long-time domains (c) are displayed. The
panels (i)—(vi) in (b) and (c) display the same dynamics in different
time domains. For the case without RWA (w/o RWA), the values
A = 0.05wg4 [(+), green curves] and —0.05wq [(-), red curves] are
taken into account. For the case with RWA (w/ RWA), both results
with A = 0.05w4 and —0.05wy are exactly the same, and hence only
one blue curve is depicted in each panel. The dashed curves are the
results without detuning (0), corresponding to the blue curves in (a).

displays time traces of the concurrence for both cases. One
finds that for weak and moderate coupling 277k = 0.002, 0.1)
the concurrence tends to decay faster in the resonant than in
the off-resonant situation. A qualitative understanding can be
obtained within the framework of the Born—Markov approxi-
mation and the second-order perturbation theory, in which the



relaxation and decoherence time are given by

hw,  w; 1 AN+2
2 2nhJ(wg) 2mhk A2

Ty, = (13)
at zero temperature [here, we omit the subscript j in Eq. (4)
for convenience]. Owing to the rightmost expression, detuning
induces a larger relaxation time (A # 0). Of course, strictly
speaking, the above approximations are not valid for moderate
coupling, where the concurrence oscillates. By contrast, for
the strong coupling (2n7ik = 5), the concurrences for the res-
onant and detuned noise sources are almost identical. Since
2rhk is much greater than A/w, and A/wy in this case, the
system-reservoir coupling dominantly affects the dynamics.

Let us now turn to the impact of the RWA. Similar to the res-
onant case, the deviation of the concurrence with RWA from
the exact results is larger for the initial state |®X®| compared
to |¥X'¥| owing to the double excitation process: One can con-
firm this with Fig. 2(b), where we can distinguish two curves in
the upper panels, while the curves are almost indistinguishable
from each other in the lower panels.

Looking more closely at the concurrence in the long-time
domain [Fig. 2(c)], one sees that its time trace depends on
the sign of the detuning. As mentioned in Eq. (13), the value
of the spectral noise power at the qubit frequency SP(w,)
plays a dominant role in the dynamics of reduced systems,
which is the same irrespective of the sign of the detuning.
When higher-order corrections are taken into account, the peak
values, S#(w, — A) and SP (w, + A), were found to contribute
to the dynamics in an asymmetric manner. This sign effect
cannot be detected within the RWA, in which the concurrence
is exactly the same for A = 0.05w, and —0.05w,: One can
confirm this by noting that the concurrence is determined by
the absolute value of /() in Eq. (7) (see Appendix A2 for
more details). Another interesting phenomenon relating to this
asymmetric contribution can be seen in Figs. 2(c)-(iii) and (vi):
The concurrence with the detuning A = —0.05w,, is almost the
same as that with the resonant noise sources (A = 0), while
the concurrence with A = 0.05w, is obviously different from
those curves.

Since the autocorrelation function of Eq. (9) is expressed
as C;(r) o exp[—a;|t| — i(w;]. — Aj)t] [see Eq. (A6) in Ap-
pendix A2 for details], it oscillates more slowly with posi-
tive detuning. Taking this into account, we conclude that in
the strong-coupling regime, quantum correlations in the two-
qubit system are more sensitive to low frequency modes of
the noise sources compared to faster modes. This appears to
be analogous to the fact that noise modes with much higher
frequencies than the cutoff frequency w,. merely have an al-
most time-independent renormalization effect on the reduced-
system dynamics [68, 76]. It is worth noting that when we set
+0.1wy to A, both detuned results are different from the reso-
nant results (results are not shown) so that the above discussion
is restricted to sufficiently small detunings.

It is interesting that for the intermediate coupling with the
initial state |[¥X¥| [Fig. 2(c)-(v)], the concurrence for the posi-
tive detuning takes the largest local maximum among the three
cases. Again we attribute this phenomenon to the double exci-
tation process caused by the counter-rotating term: The term
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FIG. 3. Time traces of the concurrence C(#) of two-qubit systems
coupled with broadband noise sources for various spectral exponents
s and initial states pg. Results obtained with (w/ RWA, red curve)
and without (w/o RWA, blue curve) the RWA are depicted. The green
filled circles indicate the times at which the concurrence reaches zero
(ESD). The times of the ESD are indicated by the associated numbers.

—/p11(t)p44(t) causes a dominant difference between the re-
sults with and without the RWA for the initial state |®)Y®|,

as mentioned above, see the upper panel of Fig. 2(c). By
contrast, both |p14(#)| and —+/p22(¢)p33(¢) contribute to the
different dynamics of C(7) in a complicated manner for the
cases with the initial state| ¥ XP|.

Finally, we comment on the decay speed of the entangle-
ment. With the initial state |®)X®|, one can see that the decay
rate is smaller for the weak-coupling case [monotonic decay,
Figs. 2(b)-(i) and (iv)], and the amplitude of the recovery is
larger for strong-coupling [damped oscillations, Figs. 2(b)-(iii)
and (vi)], compared to |¥X¥|. We found that the coherence
|023(¢)] in the case |®XD| and |p14(7)| in | W)X V| are almost the
same in the cases with and without RWA, and v/p11 (¢) p44(¢) in
|®XD| is quite smaller compared to /022 () p33(¢) in [PXY|,
although the double excitation processes occur in |O)X®D|. The
diagonal elements play a crucial role in the concurrence.

B. Broadband noise spectrum

In this subsection, we investigate effects of the counter-
rotating terms on the systems in the presence of broadband
noise sources given by Eq. (5). Here, we fix the coupling
strength to 277ik = 0.04 and instead vary the spectral exponent
s. Note that the exponents of each reservoir take the same
values in these simulations (s; = sy = s); the temperature is
set to zero.

In Fig. 3, the time traces of the concurrence are depicted.
In contrast to the results for the Lorentzian noise spectrum,
only monotonic decay is observed. This is because a larger
number of modes of the noise source contributes to the sys-
tem dynamics in this case compared to the Lorentzian noise
source, in which the mode with the frequency w,; — A domi-
nantly affects the system. The tendency of the slower decay of



the concurrence and the more significant difference between
dynamics with and without the RWA for the initial state |®)X®|
than those for the state |[¥XW¥| also holds in this case, which
again reveals the crucial role of the diagonal elements.

Comparing the concurrences with different spectral expo-
nents, one finds that the effects of the counter-rotating terms
are more significant for larger s. For an Ohmic reservoir
(s = 1) without the RWA, the coherence dynamics |023(?)|
starting with |®X®| and |p4(¢)| with |[PXWP| already differ
from those with the RWA. This contrasts with the Lorentzian-
spectrum case, and this difference decreases as the exponent s
gets smaller. The difference in the Ohmic case is mainly at-
tributed to the steep decay in the short-time domain wyt ~ 0.
A large portion of the high-frequency modes of S#(w) re-
sults in fast decoherence in a short-time domain owing to the
fast reconfiguration process of the environment, and in this
short-time region, both rotating and counter-rotating terms
contribute to the system dynamics almost equivalently. For
the smaller s, those fast dynamics of the reservoirs are sup-
pressed, and the effects of the counter-rotating terms on the
off-diagonal elements are also suppressed accordingly. The di-
agonal elements —+/p11 (¢) p44(2) and —+/p22 (1) p33(¢) are also
affected by the counter-rotating terms: The double excitation
process mainly contributes to the difference of the dynamics
with and without the RWA in Figs. 3(ii) and (iii). The steep
decay of the concurrence found in Fig. 3(i) results from the

steep decay of both |p23(#)| and —/p11(2) p44(2).

Interestingly, the ESD is predicted for the cases without the
RWA but not with the RWA: The concurrence reaches exactly
zero at a finite time for the exact results, while it approaches
zero only asymptotically for the RWA cases. The time at which
the ESD occurs is larger for smaller s, corresponding to the
magnitude of the difference between the exact and approximate
results. Similar to the finite dark periods discussed above, the
counter-rotating terms play a crucial role in the ESD. We here
emphasize that even if the initial state is prepared into the
maximally entangled Bell states, and even if the temperature
is zero, the ESD occurs by appropriately choosing the spec-
tral noise power and by exactly including the counter-rotating
terms.

Now, we place our results into the context of the previous
study [49]. The ESD for the maximally entangled Bell initial
states at zero temperature has been already suggested there,
in which a Lorentzian noise spectrum with a much broader
line width was considered due to a fixed ratio «;/4;. When
the spectral density has narrow peaks, a few number of reser-
voir modes whose frequencies are located around the peaks
are strongly coupled with the system. This leads to coher-
ent dynamics of the composite system of the qubits and those
reservoir modes, and hence oscillatory behavior is observed.
By contrast, when the spectral density has broad peaks or a
broadband structure, a larger number of reservoir modes with
a wide range of frequencies interfere, and thus the oscilla-
tory behavior is suppressed. Note that too large values of the
line width A; in Eq. (4) result in unphysical predictions, since
the conditions Sf “%(w < 0) = 0 at zero temperature and

S? (~w) = e‘Bh‘“Sf (w) at finite temperature must be fulfilled

(see also Appendix A 2).

IV. DYNAMICS OF ENTANGLEMENT DURING AND
AFTER OPERATION OF A TWO-QUBIT GATE

In the previous section, we focused on a fairly theoreti-
cal perspective and elucidated the role of the counter-rotating
terms in the interaction between the qubit system and the re-
spective noisy reservoirs. For this purpose, the temperature of
the reservoirs was set to zero, and the initial states were taken as
the ideal Bell states. Here, we move towards a more practical
setting: Entangled states of the two-qubit system are prepared

by applying a ViSWAP' gate, in the presence of noise sources,
to a factorized state, pio(#) = [10X10] ® Pr ® ﬁ;c{z, and the
dynamics of disentanglement after this operation (idling) is

monitored. Here, the ViSWAP gate is defined by

1
1/V2 -i/V2
-i/N2 1/V2

1

The schematics of this sequence are depicted in Fig. 4(a):
A direct qubit—qubit coupling, i.e., a finite J in Eq. (1), acts
over a finite time span to induce an entangled state, ideally
(110) — i |01))/V2 for an isolated system, and is switched
off at the time t = n/(4J). We adopt a finite temperature
of the reservoirs Shw, = 5 and consider broadband noise
only, see Eq. (5). Since no single-qubit gates are applied
[Q () = Q;(t) = 0], the RDO remains in X-states during the
time evolution, which is proven in Appendix B.

We proceed in four steps: First, we explore the role of
various spectral exponents (identical spectral exponents for
both reservoirs) as well as the gate time; second, the strength of
the qubit-reservoirs coupling is varied; third, heterogeneous
reservoirs (different spectral exponents) are considered, and
fourth, the focus is laid on memory effects.

A. Dependence on spectral exponent and gate time

Figure 4(b) displays the concurrence for various spec-
tral exponents with fixed system—reservoir coupling strength,
2nhk = 0.04. Obviously, the gate performance in terms of the
concurrence is the best for the case with s = 1/2 at the end of
the gate [vertical dashed line in Fig. 4(b)]. This trend was al-
ready predicted for single-qubit gates in previous studies [26]:
The relatively small portion of both low- and high-frequency
modes of the spectral noise power is beneficial for generating
entangled states.

For an Ohmic reservoir (s = 1) and in the short-time
domain, 0 < wyt/m < 0.1, entanglement is never gener-
ated. This is because the negative contribution of the term

VP11(8)pag(t) prevails over the generation of the coherence
|023(¢)]: According to Eq. (11), the concurrence remains zero

when |p23(1)| < v/p11(#)p44(t) even if the coherence |p23(1)]
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FIG. 4. (a) Schematic of the sequence of the qubit—qubit coupling strength J(#). (b)—(i) Linear-log plots of the time traces of the concurrence

C(r) during and after application of a ViSWAP gate in homogeneous environments, s; = s, = 5. The vertical dashed lines indicate the end
time of the gate operation. The system-reservoir coupling strength is 277« = 0.04 in (b) and (d)—(f), and 0.004 in (c) and (g)—(i), respectively.
(b), (c) Comparison between different spectral exponents with the fixed qubit—qubit coupling strength (J//wg = 1/8). Three cases for the
exponents, s = 1 (blue curves), 1/2 (red curves), and 1/8 (green curves), are depicted. Inset of (b): Time traces of 2|p,3(¢)| (dashed curve)
and 2+/p11(¢)p44(2) (solid curve) for s = 1/8, both of which constitute the concurrence. Inset of (c): Magnification of the main plot around the
time in which the concurrence takes the maximum value (linear—linear plot). (d)—(i) Comparison between different strengths of the qubit—qubit
coupling with the fixed spectral exponents: s = 1 in (d) and (g), 1/2 in (e) and (h), and 1/8 in (f) and (i). The stronger (J/wg = 1/8, blue
curves) and weaker (J/w4 = 1/12, red curves) coupling are considered. The filled circles indicate the maximum value of the concurrence.

takes a finite value. Because of the fast increase of the pop-
ulations pq;(¢) and p44(¢) similar to the case in Sec. III, the
above inequality holds in the short-time period.

For the deep sub-Ohmic reservoir (s = 1/8), the concur-
rence exhibits interesting behavior during the idling after the
gate operation: Compared to the other two noise cases, faster
disentanglement and more intense oscillations emerge. Both
components of the concurrence in Eq. (11) contribute to this
behavior, i.e., the fast decoherence of |0,3(¢)| [dashed curve
in the inset of Fig. 4(b)] determines the envelope of the con-
currence, while the oscillatory behavior is enhanced by the
dynamics of +/p11(t)p44(t) (solid curve). Similar to single-
qubit dynamics, decoherence of the off-diagonal elements sets
in faster as the spectral exponent gets smaller. The oscillatory
behavior of the population is caused by enhanced memory ef-
fects (retarded feedback) of the reservoir [26]. In this case, the
oscillation of py;(¢) is especially reflected in the concurrence.

Next, we explore effects of the qubit—qubit coupling strength
(gate time). Figures 4(d)—(f) depict the concurrence for
J/wg = 1/8 and 1/12, with various exponents, (d) s = 1,
(e) 1/2, and (f) 1/8. Note that the blue curves in Figs. 4(d)—(f)
correspond to each curve in Fig. 4(b). The blue and red verti-
cal lines correspond to the final time of the gate operation with
the coupling strength J/w, = 1/8 and 1/12, respectively. One
finds a similar behavior after the time indicated by the red line
(wgt/m > 3). The states of the compound consisting of the
two-qubit system correlated with their reservoirs at the time
wgyt/m = 3 appear to be almost the same regardless of the dif-
ferent values for the qubit coupling parameter. This is because
of the relatively small coupling strengths, w, /8 and w,/12:

The Larmor precession of the qubits and the system-reservoir
coupling dominate the time evolution of the correlated sys-
tem. This minor contribution of the qubit—qubit coupling can
be verified through the peak position of the concurrence. For
the weaker coupling case, the maximum concurrence is lo-
cated at a time much smaller than the time indicated by the red
line. For the deep sub-Ohmic case, both of the peaks with the
stronger and weaker coupling are located at almost the same
time. Because of the relatively strong coupling to the reser-
voirs, the direct qubit—qubit coupling can no longer generate
the entanglement during the time period 2 < wyt/m < 3 in
this case. It is worth noting that the peak position of the case
s =1/8 and J/w, = 1/12 is highly affected by the oscillation
of the population p1;(¢).

B. Weaker system-reservoir coupling

In this subsection, we focus on the dynamics with a smaller
system—reservoir coupling and set 2xfik = 0.004. The time
traces of the concurrence are displayed in Figs. 4(c) and (g)—
(1). In Fig. 4(c), one can see that the gate performance im-
proves compared to the strong system—reservoir-coupling case
[Fig. 4(b)], as expected. The difference of the concurrences
between different spectral exponents is negligible during the
gate application [inset of Fig. 4(c)]. However, one finds an
obvious difference during the idling: Only the concurrence
with the deep sub-Ohmic reservoir exhibits oscillations, a
finding that requires to take the whole profile of the spectral
noise power into account, even in this small system-reservoir-
coupling regime.
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FIG. 5. Dynamics of the off-diagonal element pj3(#) in hetero-
geneous environments (s; # sp) during and after application of a
ViSWAPT gate. The dotted and dashed curves represent the real and
imaginary part of p;3(1), respectively. The results with the exponents
(s1,52) = (1, 1/8) (red curve) are depicted, and a homogeneous case
(s1,52) = (1,1) is also displayed as a reference (blue curve). The
vertical dashed line indicates the end time of the gate operation. The
coupling strengths between the qubits and the qubits and reservoirs
are fixed to J/w4 = 1/8 and 2x7ik = 0.04, respectively.

Comparing the dynamics with different J in Figs 4(g)—(i),
we see that the concurrences after the time wyt/m = 3 are
almost the same, which is consistent with the case with the
larger « in Figs. 4(d)—(f). Even in the case of the weaker
system-reservoir coupling, the contribution of the reservoirs
to the system dynamics is found to be dominant compared
to the direct qubit—qubit coupling in our setting. The main
difference between the lager and smaller « is that the peak with
the smaller J is almost on the red vertical dashed line: The
concurrence with J/w, = 1/12 manifestly increases during
the period 2 < wyt/m < 3.

It is worth noting that the peak position in the case with
J/wg = 1/12 and s = 1/8 [red curve in Fig. 4(i)] is located
after wyt/m = 3. The oscillation of v/p11(f)paa(t), which
results from the memory effects of the reservoirs [26], can
generate the entanglement even after switching off the direct
qubit—qubit coupling.

C. Heterogeneous environment

Next, heterogeneous environments, s; # s, are analyzed.
We now assume that each qubit is sufficiently separated in
space so that the heterogeneity arises. Although one could
consider other heterogeneous environments by setting differ-
ent values to other reservoir parameters than s; in Eq. (5)
(cf. Ref. [77]), we here vary exclusively s; for simplicity.

Special focus is laid on the dynamics of the off-diagonal
element p53(¢) to illustrate the impact of the heterogeneity of
the environment, and a more general discussion is given in
Appendix E. Figure 5 shows the dynamics of p3(¢) during

and after the application of a ViSWAP' gate. A homogeneous
[(s1,52) = (1,1)] and a heterogeneous [(s1,s2) = (1,1/8)]

environment are considered. In an ideal case with an isolated
system, the imaginary part reaches 0.5 at the end of the gate
operation (vertical dashed line in Fig. 5) and remains at this
value during the idling, while the real part is always zero.
In the presence of the noise source, the imaginary part never
reaches 0.5 during the gate operation and begins to decay after
switching off the qubit—qubit coupling. A main difference of
the imaginary part between the homogeneous and heteroge-
neous environment is that in the homogeneous case, it always
takes positive values, and its decay is monotonic, while it takes
both positive and negative values, and damped oscillation is
observed in the heterogeneous case.

A clearer difference is seen in the real part of the matrix
element: For the homogeneous environment, the value re-
mains almost zero, while a significant growth is found in the
heterogeneous environment during the application of the gate.
Within the rotating frame with the effective Larmor frequen-
cies @] and @], the Hamiltonian of the qubit-qubit coupling
is expressed as

Ata— i(OT-02 A — A —i(@1-01
nJ (605 e (@ ‘“2)t+0'1 bye Hef-o)ny - (14)

with a time-independent coupling strength J. When the effec-
tive frequencies of each qubit are the same, the time-dependent
part of the above Hamiltonian vanishes, and the state [10) is
ideally transformed into the state (|10) — i |01))/V?2 after a
corresponding time period, which indicates the off-diagonal
element py3 = /2. This is true for the isolated systems, be-
cause the effective Larmor frequencies are exactly the same
in our study, @ = @7 = w,. While the effective frequencies
deviate from the bare frequency due to reservoir effects [29]
(cf. Lamb shift), they take the same value in the homogeneous
case since all the parameter values of each reservoir are the
same. This is the reason why the dynamics of the real part
are suppressed, although the values are not exactly zero owing
to reservoir-induced effects. By contrast, the qubits rotate at
different frequencies in the heterogeneous case ((I)? * cbg).
Therefore, the exponential part in Eq. (14) plays a role, and
both of the real and imaginary part take nonzero values. The
real part in the heterogeneous case keeps increasing after the
gate operation in a certain time period and then decreases. This
is related to the oscillation of the imaginary part: Since the
decay dynamics of the absolute value |p,3(f)| were found to be
similar in the homogeneous and heterogeneous case (results
are not shown), it is concluded that the reservoirs only mod-
ulate the phase of the matrix element over time [note that the
system Hamiltonian without the qubit—qubit coupling does not
affect the off-diagonal element p;3(¢), so that the oscillation
does not occur when the system is isolated].

D. Remarks on memory effects

Finally, we investigate memory effects of the reservoirs.
Here, we return to homogeneous environments s; = s, = .
Because of a finite decay rate of the autocorrelation function
C;(t), the dynamics of the RDO at a given time are affected
by its properties in the past. In this sense, the environment
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FIG. 6. (a) Time traces of the concurrence C(¢) during and after application of a ViSWAP* gate (linear—log plots). The exact results (w/o reset,
blue curves) and the results including an environmental reset (w/ reset, red curves) at the time wgt/m = 2 (vertical dashed line) are depicted.
For the details of the environmental reset, see the main text. The homogeneous environments are considered here (s; = so = s), and the
spectral exponent is varied in (i)—(iii). The coupling strengths between the qubits and the qubits and the reservoirs are fixed to J/wg4 = 1/8 and
2nhik = 0.04, respectively. (b) Dynamics of the populations pyy = (10|95 (#)|10) (blue curves) and p33 = (01|p5(¢)|01) (red curves) during
the same gate sequence as (a) (linear-linear plot). Again, the exact results (w/o reset, solid curves) and those including the reset (w/ reset,
dotted curves) are depicted. Here, only the case with the exponent s = 1/8 is considered, and the other parameters are the same as (a).

has “memory effects” which cannot be described within a
standard Lindblad equation. In particular, the dynamics after

the application of the ViSWAP' gate is affected by the one
during the gate application.

Here, we elucidate this correlation between the gate-
application phase and the idling phase through the following
reset technique: The contribution of the RDO during the gate
operation 0 < t < t, = n/(4J) to the subsequent dynamics can
be disregarded by resetting the total density operator to a factor-
ized state, i.e., Pt (1) — trr{Piot(?)} (X)pA;q’l ®ﬁ;§,2, at the time
tg. This reset corresponds to setting the ADOs to zero, which
is expressed as p (7.7 £(0.9) (t) — 0 within the framework of
the HEOM approach. In experiments, we can obtain results
with the reset scheme by exploiting the Kraus operators for
single-qubit systems, ﬁsingle(t) = Zi,j Xi,j(t)Aiﬁ(O)singleAj
(cf. quantum process tomography [78]). We assume that
system—reservoir correlations at the initial time are sufficiently
small so that the density matrix of the total system is given by
Psingle (0) ® P Since the reservoirs are independent of each
other, the dynamics of the two-qubit systems after the gate
operation is evaluated with the tensor products of the Kraus
operators for the single-qubit systems as

Ps(t+ig) = Z ZXi,j(t)Xk,l(t)Ai ® Arps(tg)A; ® A .
i,j kil

Figure 6(a) depicts the concurrence of the system with and
without the above reset scheme. The coupling strengths be-
tween the qubits and the qubits and the reservoirs are fixed to
J/wq = 1/8 and 2n7ik = 0.04, respectively. Exactresults with-
out reset (blue curves) correspond to the curves in Fig. 4(b).
One can see that the concurrence with the reset scheme is al-
ways worse than the result without. Since the factorized state
at time ¢, is far from the correlated state P (#), it gradually
moves towards a correlated state at the expense of the qubit—
qubit entanglement. Especially in the Ohmic case (s = 1), one

finds a sudden change of the state right after the time 74, which
is caused by the large portion of high-frequency modes of the
spectral noise power [cf. sudden decay of the concurrence in
Fig. 3(1)].

In previous studies [39], it was proposed that once the above
Kraus operators for the single-qubit systems are obtained, the
dynamics of the two-qubit system can be predicted. However,
this is found not to be true when memory effects correlating
the idling phase with the pulse-application phase are taken into
account: Predictions with the Kraus operators will underesti-
mate the concurrence, as discussed above, where, of course, the
discrepancy depends on the strength of the system-reservoir
coupling. For example, we find that the maximum difference
of the concurrences between cases with and without reset is
approximately 0.01 in a weaker coupling case (277ix = 0.004,
results are not shown), which is approximately ten times as
small as the difference in Fig. 6(a). Nevertheless, for reliable
predictions for high-perfomance qubits, it seems mandatory to
include memory effects.

In Fig. 6(b), the dynamics of the populations py;(¢) and
p33(t) with and without the reset scheme is depicted. In the
deep sub-Ohmic case (s = 1/8), the populations exhibit oscil-
lations [26], and one observes a qualitative difference of the
phase of the oscillation between the two cases: In the case
without reset, the difference py;(f) — p33(¢) increases and de-
crease over time. By contrast, the difference is almost time
independent in the case with the reset. It is concluded that
the phases of the oscillations are almost opposite in the former
case, while the oscillations are almost in phase in the latter.

V. APPLICATION TO HADAMARD + CNOT SEQUENCES

As a final demonstration for a more practical sequence, we
focus on a sequence consisting of a single Hadamard (H)
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FIG. 7. (a), (b) Decomposition schemes of the Hadamard (H) + CNOT sequence. Upper panels: Corresponding sequences consisting of the
elemental gates. The R%(6) gate is a single-qubit gate with rotation around an axis a by an angle 6. The shaded boxes associated with z-axis
rotation correspond to the virtual Z gates, which are not applied in our simulations. The iSWAPT gate is the complex conjugate of the iISWAP
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the qubit—qubit coupling J(¢) are depicted. The sequence is expressed as a step function. For the single-qubit gates, the phase of the pulse ¢ ;
is indicated in the rectangular area where the gate is applied. Idlings during which no gates are applied are inserted between successive gates

(gray boxes), and their durations are denoted by Ar.

and a single CNOT gate. Two decomposition schemes of
the H + CNOT sequence based on previous studies [58, 79]
are displayed in Figs. 7(a) and (b). In the upper panels, the
single-qubit gates consist of R%(6), where the rotation axis and
angle are denoted by « and 8, respectively. When the rotation
axis sits in the x—y plane, the rotation operator is expressed
as exp[—i6; (6';.‘ cos ¢ + 6'} sin ¢ ;) /2], corresponding to the
time evolution operator with respect to the first term of Eq. (2)
within the rotating frame under the condition w®* = w?. Here,
we adopt this condition (see below). The gate time is deter-
mined by the angle and the pulse amplitude given by 6;/Q;.
For the z-axis rotation, we consider the virtual Z gate [80],
which, as a gate terminating the sequence, is not included in
our simulation as it only changes the phase of the RDO. Thus,
it has no effect when only populations are monitored at the end
of the sequence. The iSWAP gate is expressed in the matrix
form as

with the iSWAPT gate being the complex conjugate. We can
apply these gates by virtue of the direct qubit—qubit coupling,
and the gate times of them are given by 37/(2J) and n/(2J),
respectively.

The lower panels of Figs. 7(a) and (b) are schematics of the
corresponding pulse sequences. In this study, we consider the
limit of instantaneously switching on and off the respective
gates. The rectangular areas correspond to the elemental gates
appearing in the lower panels of Figs. 7(a) and (b), and for
the single-qubit gates, the phase ¢; is indicated in the corre-

sponding area. Gate times are indicated below the baseline,
and we adopt identical values for the amplitudes of each pulse,
ie., Q = Qo = Q. In addition, idlings are inserted between
successive gates. This is motivated by the actual experimental
situation: Since experimentally step functions for pulses can-
not be prepared, one has to add “buffer time” in order to make
sure that application of a pulse is completely finished with no
overlap with the subsequent pulse. Here, the duration of the
idling is denoted by At.

For the simulations the following parameter values have
been used: For the single-qubit gates, the drive frequency and
the amplitude of the pulse is given by w{* = w5* = w, and
Q = wy, respectively; the strength of the qubit—qubit coupling
is set to J = wy/8; we consider homogeneous environments,
s1 = s = s, with coupling strength to the qubit system given
by 2nfik = 0.004 corresponding to the weaker coupling cases
in Sec. IV. We vary the spectral exponent s, the initial state of
the system pgs(0) = |[oXol, and the idling time At as s = 1,
1/2,and 1/8, [o) = |11}, |10}, |01}, and |00), and w At =0
and /2, respectively. The total time of the whole sequence is
evaluated as 7/Q+ 37/J + 3At and 37/ (2Q) + 21 /J + 4At for
sequences (Seqs.) (a) and (b). With these parameter values,
one obtains the total time 257/w, and 26.57/w, for Seq. (a)
without and with the idling, and 17.57/wy and 19.57/w, for
Seq. (b) without and with the idling, respectively.

A. Analysis of performance

Here, we investigate the performance of the H + CNOT
sequence through the fidelity and the concurrence as specified
in Egs. (10) and (12) taken at the end time.



TABLEI. Fidelity between the ideal states and the final states obtained
with the time evolution according to Segs. (a) and (b) in Fig. 7. The
values are the average of the different spectral exponents (s = 1, 1/2
and 1/8). Initial states |() and idling times At are varied.
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TABLE III. Averaged fidelity F' and concurrence C of different initial
states (|yo) = |11), |10), |01), and |00)). Results with various
spectral exponents s for Segs. (a) and (b) are listed. The idling time
At is fixed to 0.

1Wo)
M 1y 1oy jo1y  100)

Seq. () 0 0.75 0.75 0.75 0.76
4 /2 0.74 0.74 0.74 0.74
Seq. (b) 0 0.81 0.86 0.82 0.86
4 /2 0.79 0.85 0.80 0.85

TABLE II. Concurrence of the final states of Segs. (a) and (b) in
Fig. 7. The values are the average of the different spectral exponents
(s =1, 1/2 and 1/8). The same parameter values as Table I are

considered.
[¥o)
m iy oy oy 00y
Seq. () 0 0.55 0.61 0.55 0.63
q- /2 0.53 0.59 0.53 0.61
Seq. (b) 0 0.65 0.75 0.67 0.76
q- /2 0.62 0.74 0.63 0.75

We first focus on the effects of the initial states and the
idling times on the performance. Here, the initial state is
expressed as Ps(0) = [oXol|. In Tables I and I1, the averaged
fidelities and concurrences of the different spectral exponents
are listed, respectively. The following trends can be identified
through the analysis: (1) Sequence (b) performs better than
Seq. (a). (2) The sequences without the idling (A = 0) are
better than those with the idling (wy At = 7/2). (3) The initial
states [10) and |00) indicate better performance compared to
the states |11) and |01). From the trends (1) and (2), it is
concluded, as expected, that shorter sequences are preferable in
the presence of noise. Although partial recovery of the fidelity
during transient times is observed when idlings are inserted,
consistent with previous studies [26] (see Appendix F), this
recovery does not contribute to the final performance. With the
inclusion of the idling, results are even worse compared to the
results without the idling. We found that the partial recovery
of the fidelity is caused by intense reconfiguration processes
of the reservoirs that occur when the total system is far away
from a stationary state [26]. During the long-time period of
the sequence, the reservoirs approach the equilibrium state,
and in such a long-time domain, significant feedback from the
reservoirs to the system cannot be observed. As aresult, longer
sequence times are detrimental.

As for the trend (1), the final gate plays a role: For Seq. (a),
the final gate is the iSWAP gate, and the populations p;;(¢)
and p44(t) are not affected by the gate. In this sense, those
populations are under the free relaxation process during the
gate operation, and the performance deteriorates. By contrast,
the final gate R*(7/2) in Seq. (b) applied to the second qubit
affects all RDO elements, and hence the relaxation process of
p11(t) and pa4(?) is suppressed. As aresult, Seq. (b) performs

Seq. (a) Seq. (b)
s=1 s=1/2 s=1/8 s=1 s=1/2 s=1/8
F 0.74 0.77 0.75 0.83 0.85 0.83
C 0.58 0.60 0.57 0.71 0.72 0.70

better than Seq. (a).

The trend (3) is obvious when one looks at the concurrences
(Table II), while the fidelities (Table I) for Seq. (a) take almost
the same value for the various initial states. The reason for
trend (3) is related to the final states of the two-qubit systems:
With the initial states |11) and |01), the ideal final state is
(|11) + €' |00Y) /V2, while it is (|10} +¢'# |01))/V2 with the
initial states |10) and |00) with a certain phase ¢. Note that
the CNOT gate is expressed in matrix form as |1X1]| ® I +
|[0X0| ® X in this study, where I and X are the identity and
X gate, respectively. As discussed in Sec. III, larger values
of /2 (t)p33(t) compared to /p11(f)ps4(t) lead to lower
concurrences of states near |¥) compared to those near |®).
Since the single-qubit gates are applied, the RDO at the end
time is no longer in the X -states, and, strictly speaking, Eq. (11)
cannot be used in this case. However, the state is near the X-
state (i.e, the values of the matrix elements that do not appear
in the X-state are almost zero), and hence the above discussion
is roughly valid. In terms of fidelity, we must maintain the
population of the most excited state p;;(¢) at the value 0.5 in
the cases where the ideal state is [11) + ¢'# |00))/V2. This
is more difficult than the task to maintain the populations of
02 (1) and p33(7) for the ideal state (]10) + ¢ [01))/V2 due
to the relaxation process.

Next, we turn to the performance for various spectral expo-
nents, i.e., different types of reservoirs. The averaged fidelities
and concurrences of the four initial states are listed in Table II1.
Again, two sequences (a) and (b) are considered, and the idling
time is fixed to zero here. One finds that in both sequences,
and in terms of both fidelity and concurrence, the exponent
s = 1/2 is the best among the three types of the reservoirs.
As discussed in Sec. IV and previous studies [26], the profile
of the spectral noise power plays a key role in the sequence
performance. Interestingly, the fidelity is better in the deep
sub-Ohmic case than in the Ohmic case while for the concur-
rence the opposite is true. It seems that the large portion of
the low-frequency modes of the spectral noise power slightly
contributes to the deterioration of the entanglement.

B. Remarks on monotonic decay and non-Markovianity

Finally, we discuss relations between monotonic decay and
Markovianity. The term “Markovian” process is sometimes
used solely on the basis of monotonic decay of coherences,
populations, or fidelities in open quantum systems. Here, we
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FIG. 8. Time traces of the fidelity F () for Seq. (a) with the initial state
|00X00|. The spectral exponent is s = 1/8. The dynamics during
the first single-qubit gate RY (—n/2) ® R¥*(x/2) in the period 0 <
wgt/m < 0.5 and the fist idling (0.5 < wgt/m < 1) are depicted. The
total fidelity is decomposed into the two parts of each qubit, Fio(7) =
F1(t)F,(t), and all the total and partial fidelities are displayed.

examine this assertion: When monotonic decay of fidelity is
observed, then the process follows Markovian dynamics.

Figure 8§ displays the time traces of the fidelity under Seq. (a)
with the initial state |[00X00|. Here, those during the first
single-qubit gate application [RY (—n/2) ® R*(n/2)] and the
first idling (with the duration w,At = 7/2) in the deep sub-
Ohmic case s = 1/8 are depicted. Since no entanglement is
generated until the end in Fig. 8, the total fidelity of the two-
qubit system can be expressed as the product of the partial fi-
delities of each single qubit in the form of Fyo (1) = F1(¢) F2(2).
The time traces of the total fidelity, Fio(2), and the partial fi-
delities of each qubit, F;(t) and F,(t) are shown in Fig. 8.

One finds that the decay of the total fidelity is almost mono-
tonic, while in contrast the partial fidelities oscillate. In fact,
one even observes a partial recovery of F»(t) during the first
idling. The dynamics of single-qubit systems under pulse se-
quences in the presence of noise have been extensively studied
in previous studies [26], where oscillatory patterns and the
partial recovery of fidelities are attributed to retarded feedback
(memory effects) of the reservoir. As another figure of merit,
we consider the Breuer—Laine—Piilo (BLP) quantifiers [81] of
the two-qubit system and each single-qubit subsystem in the
time period 0 < wyt/m < 1. We confirm that both are at least
greater than zero which leads to the conclusion that the reduced
dynamics is non-Markovian on the basis of the definition of the
complete positive indivisibility [82]. This suggests a scenario
where a system evolves actually under a non-Markovian pro-
cess even if the total fidelity decays apparently monotonically.
We emphasize that especially when multiple-qubit systems
are considered and collective dynamics plays a role, the cor-
respondence between the monotonic decay of fidelities and
Markovianity no longer holds. We comment in passing that
when the system is coupled with heterogeneous environments
(s1 # 52), the total fidelity also oscillates.
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VI. CONCLUDING REMARKS

In this paper, we studied, based on a non-perturbative sim-
ulation method for open quantum dynamics (FP-HEOM in
combination with tensor train methods), the generation and
destruction of the entanglement between two qubits and perfor-
mances of single- and two-qubit gates. While it is well known
that the entanglement can be generated when both qubits are
coupled to the same reservoir, we here assumed that each qubit
is coupled to its individual noise source in order to focus on
their detrimental effects on the entanglement. Various types
of noise sources have been prepared and investigated.

The main findings are summarized as follows. (I) We inves-
tigated effects on disentanglement dynamics of the counter-
rotating terms which appear in the coupling Hamiltonian be-
tween the system and reservoir. While these effects have been
examined to some extent in previous studies within the frame-
work of the HEOM [49], a more extensive analysis has been
conducted here by considering various types of noise spec-
tra and sweeping through parameter space. We found that
in general, the RWA causes significant errors in terms of
the entanglement (concurrence) in cases where the Bell state
(110) + [01))/V2 should be maintained. This is because the
population of the state |11), which plays a crucial role in the
concurrence, is incorrectly evaluated as being zero within the
RWA. When the other Bell state (]11)+]|00))/V?2 is considered,
the error caused by the RWA is suppressed.

Focusing on noise-specific effects, we have obtained the
following main findings: (1) For both resonant and detuned
Lorentzian noise spectra, the dark periods during which the
concurrence remains zero have been identified. In detuned
cases, the dependence of the concurrence on the sign of the
detuning is completely absent when the RWA is imposed. (2)
For broadband noise spectra, the concurrence monotonically
decays, and the ESD is observed. Both phenomena are induced
by the counter-rotating terms. In previous studies, the RWA has
been introduced in order to obtain analytical expressions and
to explore disentanglement dynamics with various initial states
other than the Bell states discussed here. Since the effects of
the counter-rotating terms are obvious and substantial even for
the limited initial states discussed in this study, it is interesting
to investigate also other initial states. This is left for future
work.

(IT) Next, we turned to a detailed investigation of generation
and destruction processes of bipartite entanglement. In the
above settings, the ideal Bell states have been initially pre-
pared, but noise already plays a role during the preparation
in practice. Elevated temperatures for broadband noise spec-
tra have been considered beyond the more theoretical limit of
zero temperature. We here focused on the transformation of
the qubit states |10) — (|10) — i [01))/V2 through the use of

the ViSWAP gate.

The main findings are related to (1) characteristic times
of the reservoir dynamics and (2) the execution time of the

ViSWAP' gate as follows: (1) When the reservoir dynam-
ics is fast enough (Ohmic case with the spectral exponent
s = 1), the entanglement cannot be generated in a short-



time domain owing to fast excitation processes to |11). By
contrast, when the reservoir dynamics is sluggish (deep sub-
Ohmic case, s = 1/8), disentanglement dynamics becomes
faster after the gate operation. The low-frequency modes of
the noise spectral power mainly contribute to these dynamics.
The intermediate case, s = 1/2, has been found to indicate the
best performance in terms of the entanglement in our setting.
(2) For a longer gate time (i.e., smaller coupling strength be-
tween the two qubits), the entanglement begins to decay even
during the application of the gate when the system-reservoir
coupling prevails over the qubit—qubit coupling. As other mi-
nor findings, we remark on (3) heterogeneous environments
and (4) the construction of the Kraus operators. (3) For het-
erogeneous reservoirs, the real part of the off-diagonal element
p23(t) grows because of different effective Larmor frequencies
between the two qubits. (4) While the construction methods
of the Kraus operators for the two-qubit systems out of those
for the single-qubit systems have been proposed in previous
studies [39], those methods might not work well when cor-
relation between the pulse-application phases and the idling
phases mediated by the reservoirs must be taken into account.

(IIT) Finally, we have applied our method to a sequence con-
sisting of a single H and a single CNOT gate and measured the
performance of the sequence by means of the fidelity and the
concurrence. We have compared two decomposition schemes
of the H + CNOT sequence and have found that the shorter
time of the total sequence leads to the better performance.
Although by inserting idlings in which no gates are applied,
the fidelity can be recovered transiently, the final performance
worsens compared to the case without the idlings due to the
longer total time of the sequence. We have revealed the depen-
dence of the sequence performance on (1) initial states and (2)
noise source (here, we again consider broadband noise spectra
only, and the temperature is set to a nonzero value). (1) Start-
ing with the initial states |10) and |00), a better performance
is achieved compared to the initial states |[11) and |01). This
is because of the ideal final states: (]10) + ¢’ |01))/V?2 for
the former initial states and (|11) +¢'# |00))/V2 for the latter.
The preparation of the former final state has been found to be
an easier task than the latter in the presence of noise mainly
because of the relaxation process of the population. (2) Sim-
ilar to the result (II), the performance with the intermediate
spectral exponent s = 1/2 has been found to be beneficial
compared to the Ohmic and the deep sub-Ohmic case. The
same argument as the result (I) holds in this case.

In the simulations (I) and (II), we have varied the coupling
strength between the system and reservoir and have found the
somewhat expected result that the errors caused by the ap-
proximations, that is, the RWA in case (I) and the reset of
the memory effects in case (II), are smaller when the coupling
strength becomes weaker. This implies that approximate meth-
ods might be sufficient to analyze performances of quantum
computations qualitatively; however, minor errors will play a
crucial role for high-precision predictions in further improved
quantum devices.

In this study, we restricted ourselves to a simple H + CNOT
sequence. The reservoirs have also been assumed to be inde-
pendent of each other to focus on detrimental effects of noise.
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It is interesting to investigate noise effects in other architec-
tures; for example, spatially correlated noise, including noise-
induced crosstalk, as well as reservoir-induced entanglement
have attracted a lot of interest [32]. Proposing better pulse
shapes through, for example, optimal control techniques [83],
is one of the next steps to be incorporated in the FP-HEOM ap-
proach straightforwardly and without further approximations.
Those subjects are left for future work.
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Appendix A: Time evolution method

In this appendix, we present detailed form of the free-pole
hierarchical equations of motion (FP-HEOM) and analytical
expression of dynamics of the reduced density operator (RDO)
under the rotating wave approximation (RWA) in Eq. (3a). Be-
fore we move to each concrete topic, we specify the reservoir
operators A Rr,j and B j1in Egs. (2), (3a), and (3b). Since Gaus-
sian noise is considered in this study, the reservoir Hamiltonian
is expressed as a collection of an infinite number of harmonic
oscillators. The Hamiltonian reads

A2
Pir 1
Y Js 2 A2
HR<=E +—m; rw;  X;
5J ij,k 2 J K kY j k]

with p; , Xj k., mj k, and w; x being the momentum, position,
mass, and angular frequency of the kth mode of the jth reser-
voir, respectively. The coupling term in Eq. (3b), X;, is the
collective position of the reservoir given by X = Dk CikKj k-
Using the standard transformation of £; x and p; i to the an-
nihilation operator of the kth mode of the jth reservoir,

~ mi kWi k i
JkWjk | o .
bjk ="tk + ——Pjk|
Zh mj,kwj,k

the operator Ej in Eq. (3a) is rewritten as Ej =2 gj,klgj,k,

where g x = ¢ x/i/(2m;j rwj i). Accordingly, the spectral
density is given by

2
C.’k
Jj(w) =Z—] 6(w - wj k)
k

2mj,ka)j,k
2
8k
=Z ]75@) -wjk) .
k

In this model, the relaxation and the decoherence time for
single-qubit systems are evaluated within the Born—Markov



approximation and the second-order perturbative treatment as

s 1
"2 T 2a[SP(wg) + S (—wg)]
B tanh(Bhiwy /2)
a 2nhd (wg)
Here, we assume the condition J(-w,) = —J(wy). When

the temperature is sufficiently low (8 — o), and when the
reservoir is resonant in the Lorentzian case [A = 0 in Eq. (4)]
and the cutoff frequency is sufficiently large in the broadband
case [w. — oo in Eq. (5)], the relation between the coupling
strength « and the relaxation time 77 in Eq. (6) is obtained.

1. Details of the free-pole hierarchical equations of motion
(FP-HEOM)

Even for multiple-reservoir systems, the form of the FP-
HEOM is almost the same as the original version for single-
reservoir systems [34]. For the sake of simplicity, we refer
interested readers to Ref. [84-86] and here only display the
detailed form of the equation:

0 i
— D= 2(t) =— —
Piin,ii (1) ;

- [As (1) P (1)]

2 (Kj
- Z{Z[(mj,kzj,k +njkZ; 1 )P (1)
=l
+/(mj i+ Ddj i (07, Pins; 1,7 (1)]
= ik + DA (67, Piivive, 1 (1)]
—\m;jkd; k0 iz, i (1)

- ,}nj,kd;’kﬁrh,ﬁ—éjyk (t)a-‘-]x]} .

Here, we have introduced

(AL)

ﬁs(t) = I:IS’l(t) +I:IS’2(I) +h](t)(6-1+6-2‘ +@']_@';) .

As mentioned in the main text, the vector (7, /1) distinguishes
each auxiliary density operator (ADO). The vector €; j is the
unit vector of (j, k)th element. The values d;  and z;  are
given by Eq. (9) in the main text. The superoperator L;T’ x
(L; o) in Eq. (8) corresponds to the third and fourth lines
(fifth and sixth lines) of Eq. (A1). To terminate the infinite-
dimensional equation of motion Eq. (A1), we always set zero
to the ADOs any (j, k)th element of which (m; x or nj )
is greater than a certain value Nj m.x: We varied the values
N max and confirmed that the results reported in this paper
converge.

2. Analytical expression of the dynamics under the rotating
wave approximation

At zero temperature and without gate operations [Q;(?) =
Q; (1) = J(t) = 0], the dynamics of the RDO with the Hamil-

15

tonian in Egs. (1) and (3a) are expressed analytically as fol-
lows [39, 67, 87]: for the diagonal elements,

p11(t) =p11(0) A1 ()P [ha (1),

p22(1) =p2 ()11 (D + p11(O) [ () P[1 = [ha (1) ],
p33(t) =p33(0)[h2()1* + p11(0) A2 (H)*[1 = |1 (1)[*]
paa(t) =1 = [p11(2) + p22(1) + p33(1)], (A2)

and for the off-diagonal elements,

p12(t) =p12(0) |1 (1) ha (1)

p13(t) =p13(0) A2 (1) Phy (1) ,

p14(1) =p14(0) 1 (1) ha (1),

p23(1) =p23(0)h (1) h5(2) ,

p24(t) =p24(0)hy () + p13(0) A1 (1)[1 — |ha(1)[*]

p34(1) =p34(0)ha () + p12(0) () [1 = |y (1)*] . (A3)
with the Hermitian condition p; (¢) = pj.l.(t). Here, the matrix
element is expressed as p;;(t) = (i|ps(¢)|j) with the standard
basis B = {|1),]2),|3),]4)} = {|11),[10),]01),|00)} as
mentioned in the main text. The function /;(r) = e T, (1)

(j € {1,2}) is evaluated through the solution of the following
integro-differential equation:

%Ej(t)=—/Otdt’fj(t—;')ilj(t/)’ (Ad)
where
£i(0) :h/Owdej(w)eiw;fw),
e j(t)|ﬁm , ’s)

with the initial condition j(0) = 1. Note that in the limit
B — oo (zero-temperature limit), the spectral noise power is
reduced to Sf_m(w) — hf(w)Jj(w), with §(w) being the
Heaviside step function. The lower bound of the integral in
Eq. (AS5) can be approximated with —co as long as the condition
Jj(w < 0) = 0 is fulfilled. For the Lorentzian noise spectrum
[Eq. (4)], this approximation holds when we set small values
to A; and A;, so that the following analytical expression is
obtained:

Ci(t) =h dw
i) /_oo (! = Aj—w)> + 22

=nhikjwid; exp[=A;ltl —i(wh - Apt] . (A6)

q32
Kiw: A%
ST —iwt

Note in passing that 2xfik jw? corresponds to the quantity yg
in other literature [39, 67]. With this autocorrelation func-
Pond
tion C;(¢) and f;(t) = ¢'“s'C;(t), one can solve the integro-
differential equation Eq. (A4) analytically as
Aj —iA;

hj(t;A)) :exp[—(% + iw?)t]
dj(Aj)l‘ + /lj —iAj sin dj(Aj)l

2 di(Aj) 2 ’

X (cosh



with the function d;(A,) = \[(1; - i;)? - 4k A
Since the equation d;‘.(Aj) = d;(=A;) holds, it follows that
the absolute value |h;(#;A;)| is independent of the sign of
Aj, namely, |hj(t;A;)| = |hj(¢;—Aj)|. Substituting Eqs. (A2)
and (A3) into Eq. (11) and considering the above property of
|2;(t)], one finds that the concurrence of systems in the X-
state with a Lorentzian noise spectrum under the RWA takes
same values irrespective of the sign of A;. As mentioned in
the main text, this property does not hold without the RWA.

Using the adaptive Antoulas—Anderson algorithm (AAA
algorithm) [88], we can expand the autocorrelation function in
a series of exponential functions described in Eq. (9) in both
zero-temperature and finite-temperature settings. To evaluate
f;(#) in Eq. (A5) with the expansion Eq. (9), one has to solve
the following time-differential equation [89]:

K.
d - 5
—hi(0)== ) &u(0),
=l
d o i
Z78k(0) = = (zj — iw;) 8 () + djich; (1)

with the definition

t ) ’ ~
éj,k(t) = \/0‘ dt/dj,ke—(Zj,k—lw;?)(t—t )I’lj(l‘,) ]

Appendix B: Dissipative dynamics of X-states

Here, we discuss whether the RDO is in an X-state at any
time under the condition that the initial RDO is in an X-state.
The discussion is simpler for the RWA case without pulse
application [Q) () = Q,(¢) = J(t) = 0]: From Eq. (A3), one
finds that the elements p2(2), p13(t), p24(2), and p34(t) are
always zero when initial values of those elements are set to
zero. For the proof in the non-RWA case, we start to introduce
the following “X-state” for the sake of convenience:

0 pr2ppiz O

ps = [P 0 0 py
3t 0 0 pal”
0 pa psz O

and investigate to which state X-states are mapped with the
superoperators in Eq. (A1). Here, we first consider the case in
which no single-qubit gates are applied [Q () = Q,(z) = 0].
The superoperators [6';,0] and [0, + 005, e] map the
X-states to X-states (and the X-states to X-states), while the
superoperators oY e and e4¥ map the X-states to X-states and
vice versa. Since the former superoperators do not change
the indices (7, ) in the FP-HEOM formalism while the latter
change the depth N = 3 ; (m x +n; x) by +1, itis concluded
that the ADOs with even depths are in X-states, and those with
odd depths are in X-states provided that the initial RDO '56,6 (0)
is in an X-state, and the other ADOs ﬁ(rﬁ,ﬁ);e((),()) (0) are set
to zero (factorized initial states). When single-qubit gates are
applied [Q; () # 0], the system Hamiltonian Hg, () includes
the operator 6']’.‘ , and hence the ADOs become mixture of
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X- and X-states by just applying the system Hamiltonian. In
summary, an initial X-state of the RDO is conserved during the
time evolution Eq. (8) as long as no single gates are applied.

Appendix C: Tensor-train (TT) representation of FP-HEOM

Since the ADOs as well as the RDO must be taken into ac-
count, the computational cost of the FP-HEOM method can be
quite large. Especially, it becomes prohibitive when multiple
reservoirs are considered. To avoid this problem, we utilize
the tensor-train (TT) representation. Since this topic has not
been carefully presented previously, we give a more detailed
account in the sequel.

For this purpose, we first rewrite the FP-HEOM in Eq. (A1)
in an extended Hilbert space. Defining the extended density

operator,
D B (1) I, 7i)
m,i

D i1paa Ok [if, k1Y) @ i, i)
ij.kl
m,n

W(t)

(ChH

the annihilation operators acting on the (j, k)th element of m
and 7,

aj i lm,ny =fmj i |m—¢€j,ny,
Bj,k |’7l’ﬁ> :an,k |’/7,l’ﬁ - Ej,k) )

respectively, we obtain the following time-differential equation
for the extended states W (¢):

2304 hs - s 1

K;
; z{zns © (o aiivy s+ 540

Jj=1

(67 =00 © (Vdjkaj =[5 b

ﬁ h
ax o at
Vdj k075 ® a;
—

=-£tol(t)W(t) .

[\S]

d; ®b‘]})@%ﬂ
(C2)

Here, the number operator for the kth mode of the jth bath
is given by 71 ;. = dj. (Gjkand Aj g = Bj kl;j,k (of course,
¥ Nl

ik and bj’ g ared !
the respective modes). The operators 15 and 1g are the identity
operator acting on the system and reservoir, respectively, and
0 (0) is a system operator acting on the ket (bra) vector of
the RDO The vectors (ij| and |kl) in Eq. (C1) correspond
to vectors in the standard product basis B, and |ij, kl)) is

vectorization of |ijXkl|. With this vectorization, the operator
0 is expressed as the standard form, 0 O, while the operator

complex conjugates d are the creation operators for

g becomes the transpose of the orlglnal operator, (Q =07,
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For the TT representation, we arrange the state vector in the order of
1) @ |mi1) ®ni1) ®[mip) ® -+ ®|nik,) ® k) ®1))®mai) ®[n21) ® [map) ®---®|nyk,) ® 1)

and expand the coefficient as

.....

M-1

where M = 2(K; + K») + 4 is the total number of TT cores, Ci(:,:,:) € CRe-1*NexRi - The integer Ny corresponds to the
dimension of the Hilbert space of the kth element [i.e., the number of system levels for the ket- and bra-vector parts (k = 1,
2K +2,2K1 +3,and M), N max +1for2 < k < 2K; + 1, and No max + 1 for 2K; +4 < k < M —1], and Ry is referred to as the
“TT rank”. The ranks Ry and R s, which are allocated at the edges of the TT, are fixed to 1. The ranks for the other cores Ry
(1 < k < M —1) are bounded by a maximum value R,x: If a core can be analytically expressed with a smaller rank than Ry,
the rank is adopted. Otherwise, approximate expression with the rank Ry, is adopted. We varied Ry, and confirmed that the
obtained results converge.
To utilize the TT representation, we decompose the operator Ly (¢) in the TT operator form. When we rewrite Eq. (C2) as

S PRk = > [ L] 50" T P DK
[V
m’ i’

the TT operator is given by

-/"-/’k/’l/’*/’*/ L, 5 5 5
[Lia(0)]: e = Z D1 (i, i, F))D5(F1,my 1, m] y,72) - Dy (Fme1, L)

i,J, k.1,

(

Note that the ranks { Ry } for the cores of the TT operators, Di(: The matrix representation of the TT cores arranged with re-
,500) € CRerXNixNixRe | are different from {Ry}. Since the  Spect to the first and last indices is given as follows: for the
system Hamiltonian is time dependent, the TT operators are  time-independent part,

also time dependent, which is indicated by the superscript of -

Dj, (and accordingly, C}). The time differential equations of [D 50) (u,,:,v)] = il IS
the TT cores are given by

EC?(:, L) =P [{DLL G

or
Here, P;[{D{ },{C}}] provides an updat? of the jth TT core [ i 000 O 0
obtained with the projection of Ly (#)W(¢). Note that all iw?
the TT cores and TT operators are needed to obtain the jth —1(6'2)T i oo (6’+)T (&‘)T
update P;[{D}},{C}}]. Strictly, additional time differential [D(O) 550)] = 2
equations must be taken into account for the time integration 22 o s VL= (&X)T 000 O o |’
of the whole TT cores in order to ensure the orthogonality of 0} o000 O (0]
the cores: For more details, see, for example, Ref. [90]. 0 oi1o o 10)
If the TT operators are time dependent, the computational 0 oo1 o 0
cost to obtain P; [{D} }, {C} }] is too high. To avoid this prob-
lem, we further decompose the TT operators into the following
five parts:
ﬁc’,(~~) i oooo0o0
ar 1T iwd N
=P, [{D ) {C} )] -t 10600
2 [Dé(l)g (u,5,5,v)] = "
o (oc) . #3 o OO0 O 0 o)
+ 2 Qj{cos(wft+ 0 )P (D} ACH] & 00 0 00
- . o o0o0o0 1o
+sin(wt + ¢,)P; (DY), {CL} ]} o 00 0 01
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and for the time-dependent parts for the single-qubit gates,

[ (1 C)(u, : ,v)]
[Dgl’s)(u,:,:,v)]

[-ig~/2 1] .
=[-iev/2 1] .

(D3t =y
i

[D;<IY+2(”’ ” ’V)] _[ ) /2]

|

=[1] QK1 +3 <k < M),

Q =

[D](cl,c/S)(u’ o ‘,)] ?] 2<k<2K1+1),

(D) (2, m)]
and

(D3R, em)] = [ie*/2 1],

(D5 nw)] = [=io /2 1],

[Dg\ZA’C) (u,

[Dia’s)(u, Luv)| = ;
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TABLE IV. Maximum depth of the hierarchy Npyax for the Lorentzian
noise spectra. The initial state is expressed as pg = [WoXwo|. The
number of modes K is always 1 in these spectra [see Eq. (A6)].
Because of the small number of K, we do not use the TT representation
and directly calculate Eq. (A1), and therefore the TT ranks are not
listed.

2mhk 0.002 0.1 5
Alwgy 0 +0.05 0  +0.05 0,+0.05
¥0) ©) [¥)  [®), ) D), |¥) D). |¥)
Ninax 2 4 2 6 4 9

TABLE V. Number of modes K, maximum depth of the hierarchy
Nmax, and maximum TT rank Rmax for the broadband noise spectra.
The parameter values are independent of the initial states pg. The
values of Mpax and Rpax in the left column in the case with s = 1/8,
Bhwg =5, and 2xhik = 0.004 are used for the results in Sec. IV,
while those in the right column are used for the results in Sec. V.

s 1 1/2 1/8 1/14
Phwg 5 00 5 5 00

2nhk 0.04 0.04 0.004 0.04 0.04 0.004 0.04 0.004 0.04

K 15 10 10 28 24 3] 8 8 35
Nmax 3 3 2 3 3 2 &8 7 5 3
Rmax 30 30 20 30 30 20 200 50 80 30

[D(Zc/r)(,” ] =[] (1 <k<2K +2),

[ (ZC/S)( u, )]:[é (i)] RKi+4<ksM-1).

Since it is no longer necessary to distinguish each qubit and
each reservoir mode here, we omit the subscript of the Pauli
matrices, and 7z and 4 are the representative expressions for
i and Aj g, and @; x and b , respectively. The dimension
of /i1j and d; is truncated to Nj max + 1. The operators 1 and
O are the identity and null operator with the size Ny X Ny for
the kth TT operator. The quantity p; in Egs. (C3) and (C4)
indicates the starting point of the jth reservoir part, namely,
p1 = 0and pp, = 2K + 2. Here, we explicitly describe the
transpose (e)” even for the symmetric matrices in order to
indicate the application to the bra vectors. One can recover the
original expression of Lo (f) in Eq. (C2) through the matrix
multiplication with respect to the first and last indices u and v.

Appendix D: Parameter values used for FP-HEOM

The parameter values for the FP-HEOM method and TT
representation are listed in Tables IV and V. Those used in
Sec. III are in Table IV for the Lorentzian noise spectra and
in the columns with zero temperature (Sfiwg; — oo) in Ta-
ble V for the broadband noise spectra. The results in Sec. [V
were obtained with the parameter values in the columns with
Bhwy = 5 in Table V, while those in Sec. V were obtained
with the parameter values in the columns with 2z7ik = 0.004
in the same table. For the heterogeneous environments dis-



cussed in Sec. IV, the larger Ry.x was adopted. We can set
Nmax independently for each reservoir within our termination
scheme.

As shown in Eq. (A6), since the autocorrelation function
for the Lorentzian spectra can be always expressed with a
single damped mode (K = 1), we did not need to use the
TT method. Accordingly, we chose a different termination
scheme for the FP-HEOM method: When the depth of an
ADO, N =} ; i (mj i +nj k), is greater than Npax, the ADO
is always set to zero. One finds peculiar increase of Npax in
the case with 277k = 0.002, A/w, = 0, and po = [PXY|:
The larger depth of the hierarchy was needed to accurately
describe the relaxation process of the most excited state p; (7).
In the detuned case For the intermediate coupling 2n7ik =
0.1, the smaller value of NVpnax compared to the resonant case
results from the effective weaker system-reservoir coupling
[Eq. (13)]: In principle, FP-HEOM simulation with maximum
depth Nmax includes the system-reservoir interaction up to the
2 Nmaxth order, and hence the weaker the coupling becomes,
the fewer hierarchy is needed. The same trend can be seen in
the case with the broadband spectra for the different «.

One can see contribution of high-order terms with respect
to the system—reservoir coupling through the comparison be-
tween the zero- and finite-temperature cases with deep sub-
Ohmic reservoirs in Table V. In the deep sub-Ohmic case
(s = 1/14) at zero temperature, the maximum depth of the
hierarchy is the same as the other two cases, s = 1, 1/2, while
it increases at finite temperature (s = 1/8). When the tempera-
ture is zero, the spectral noise power reaches zero at the origin
of the frequency, which is indicated by the approximate expres-
sion SA7°(w ~ 0) ~ w*. By contrast, when the temperature
is nonzero and the exponent s is less than 1, it diverges at the
origin, which is expressed as S8 (w ~ 0) ~ 1/w'~%. It is con-
cluded that in order to accurately describe the effects caused
by the slow dynamics of the reservoir, which are enhanced
in nonzero-temperature cases, we must include higher-order
terms of the system-reservoir coupling.

Finally, we mention the parameter values Npax and Rpax
in the cases with s = 1/8. We found that required values
for both Nqax and Rpyax become larger as the total simulation
time wyt grows. Further, it was found that with two different
values of Rpax, the system dynamics are almost the same up
to a certain time and then deviate from each other, instead of
exhibiting different behavior throughout the entire period. For
example, we confirmed that the dynamics in Fig. 4(b) with
s = 1/8 converge up to the time w,t/m =~ 14.3 on the basis of
this finding. The values in the left column for the case with
s =1/8, Phwy =5, and 2k = 0.004 were used in Sec. IV,
while those in the right column were used in Sec. V. The
larger value Npnax in the left column is required for the longer
simulation time, while the large value Ry,ax in the right column
is required for the more precise description of the dynamics
with the finite values of Q;(¢) and ©;(¢) in Sec. V.
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FIG. 9. Time traces of the concurrence C(¢) for various reservoirs
during and after application of a ViSWAP' gate (linear—log plots).
Each qubit couples with a different reservoir (different spectral expo-
nent, 5| # s2). The set of the two numbers in the legend indicates the
spectral exponent of each reservoir, (s1, s). The dashed gray curves
correspond to cases with the homogeneous environments and are de-
picted for reference purposes. The strength of the system-reservoir
coupling is fixed to 2n7ik = 0.04. Different sets of the spectral ex-
ponents are considered in (a)—(c) with the same coupling strength
between the two qubits, J/wg = 1/8. In (d), the set of the spectral
exponents is the same as that in (c), but the qubit—qubit coupling is
weaker (J/wg = 1/12). The vertical dashed lines indicate the end
time of the gate operation.

Appendix E: Dynamics of concurrence in heterogeneous
environment

In this appendix, we investigate how the concurrence is af-
fected by heterogeneous environments. Following the scheme

in Sec. IV, a ViSWAP' gate is applied with the initial state
[10X10|, and idling dynamics after switching off the gate are
monitored [cf. schematic of Fig. 4(a)]. The coupling strength
between the system and reservoir is fixed to 277k = 0.04.
Figure 9 displays the time traces of the concurrence of sys-
tems in heterogeneous environments. All the combinations of
the spectral exponent, s; € {1,1/2,1/8}, are depicted. Since
the initial state is asymmetric with respect to each qubit, the
dynamics with (s, s2) = (a, b) and (b, a) are different. At the
end time of the gate, one finds that the gate performance with
the heterogeneous environments is bounded those with the ho-
mogeneous environments: The performance is determined by
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FIG. 10. Time traces of the fidelity during the first gate operation
[RY(-7/2) ® 1] and the first idling for Seq. (b) in Fig. 7. The vertical
dashed lines indicate the end of the first gate application. (a) The
results with the initial states (i) |10) and (ii) |11) are depicted. The
spectral exponent is varied as s = 1 (blue curves), 1/2 (red curves),
and 1/8 (green curves). (b) Partial fidelities in the Ohmic case, s = 1.
The fidelity of the first qubit to which the single-qubit gate is applied
is depicted as a blue curve, while that of the second qubit without
application of any gates is depicted as red curves, with the initial state
being |1) (dotted curve) and |0) (dashed curve).

the characteristics of both of the reservoirs.

InFigs. 9(b) and (c), one can see enhanced oscillation during
the idling in the setting where the second qubit is coupled with
the deep sub-Ohmic reservoir, s, = 1/8. As discussed in
the main text, the oscillatory behavior is mainly attributed
to the behavior of the most excited state p1;(¢). Since the
initial state is [10)10|, the growth of the population py;(t)
is mainly caused by the second reservoir under the excitation
process from |10) to |11). Hence, the second reservoir mainly
contribute to the oscillatory behavior of the concurrence. We
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here again emphasize that the excitation to the state |11) cannot
be described with the RWA.

Another interesting phenomenon relating to this oscilla-
tory behavior is found in a weaker qubit—qubit coupling case
[J/wq = 1/12, Fig. 9(d)]. At the end of the gate operation, the
concurrence with the reservoirs (s, s2) = (1/8,1) is larger
than that with (1,1/8), which is the opposite result in the
stronger coupling case in Fig. 9(c). In Fig. 9(d), the concur-
rence with (1,1/8) at the time wy#/m = 2 is larger than that
with (1/8, 1), but owing to the oscillation, the concurrence in
the former case gets worse as time goes on.

Noting that switching the reservoirs s; <> s, corresponds
to switching the initial state |10) < |01), it is implied that we
can avoid certain sub-Ohmic noise effects by switching the
roles of the qubit, for example, a target and a control qubit.

Appendix F: Partial recovery of the fidelity during the first
Hadamard gate

Here, we illustrate partial recovery of the fidelity occurring
during an idling phase, which is discussed in the main text
(Sec. V). One can see this phenomenon during the first idling
in the Ohmic case with the initial state |10) for Seq. (b) in
Fig. 10(a)-(i): The relation F(t = 0.57/wy) < F(t = n/wg)
is observed. We also found this recovery in the Ohmic
case with the initial state |00) for Seq. (b) (results are not
shown). For the other parameter values, the fidelity after the
idling phases cannot exceed the values before those phases
[cf. Figs. 10(a)-(i) and (a)-(ii)]. For deeper analysis, we again
decompose the total fidelity into the components for each qubit,
Fiot(t) = F1(t)F,(t). As indicated in Fig. 10(b), the partial
fidelity of the first qubit is recovered after the application of
the single-qubit gate, RY(—n/2). When the idling qubit is in
the ground state, the fidelity is almost time-stationary. As a
result, the total fidelity for the Ohmic reservoir in Fig. 10(a)-(i)
exhibits the recovery behavior. By contrast, the second qubit
experiences the intense decay of the fidelity when the initial
state is prepared into |1) [red dotted curve in Fig. 10(b)], and
the recovery behavior of the total fidelity cannot be observed
in Fig. 10(a)-(ii) (blue curve). Despite this partial recovery,
the fidelity at the end of the whole sequence is worse compared
to that without the idling, as discussed in the main text.
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