Phase locking and multistability in the topological Kuramoto model on cell complexes
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Higher-order group interactions fundamentally shape the dynamics and stability of oscillator
networks. The topological Kuramoto model captures these effects by extending classical synchro-
nization models to include interactions between cells of arbitrary dimension within simplicial and
cell complexes. In this article, we present the topological nonlinear Kirchhoff conditions algorithm,
a nonlinear generalization of Kirchhoff’s circuit laws, that systematically identifies all phase-locked
states in the topological Kuramoto model and reveals how higher-order topology governs multistabil-
ity. Applying this framework to rings, Platonic solids, and simplexes, we uncover structural cascades
of multistability inherited across dimensions, and demonstrate that cell complexes can exhibit richer
multistability patterns than simplicial complexes of equal dimension. We find evidence hinting at
universal multistability classes determined by the number of boundary cells. These results reveal
how higher-order interactions affect synchronization and open new directions for understanding
collective dynamics in systems with non-pairwise interactions.

I. INTRODUCTION

Synchronization phenomena are a hallmark of many
natural and engineered systems, from neuronal activity
to power grid operation [I, [2]. The Kuramoto model of
coupled oscillators has long served as a prototype for un-
derstanding how synchronization emerges from local in-
teractions [3] [4]. While early studies focused on globally
coupled systems [5], later extensions to complex networks
revealed that network topology crucially shapes both the
onset and the nature of synchronization [6]. Such sys-
tems often exhibit multistability, where multiple distinct
synchronized states coexist [7THI0].

In the classical Kuramoto model, the coupling between
the oscillators is pairwise. This assumption is valid for
many systems, but in certain contexts where group in-
teractions play an essential role, such as neuronal as-
semblies [I1], the brain connectome [12HI4], multimode
lasers, [15], or protein interaction networks [I6], it is too
restrictive to capture all the relevant couplings in the sys-
tem. Higher-order connectivity structures that encode
such interactions are increasingly recognized as being
crucial to many collective dynamics [I7H25]. Recent ad-
vances in network science [12H14) [I8], 19} 23], 26H33] have
introduced models where the dynamics is not defined
only on nodes, but also lives on edges, faces, or higher-
dimensional elements of simplicial or cell complexes.
Among these, the topological Kuramoto model [34H36]
has become a paradigmatic framework, revealing uni-
versal features absent in conventional networks, such as
abrupt synchronization transitions [37, 38]. Moreover,
topologically-induced synchronization obstructions have
been found in the study of the simplicial Stuart-Landau
model, where global topological synchronization has been
studied [39]. While some aspects of multistability [40] 4T]
and phase locking [36] in similar simplicial models have

been analyzed separately, there is still no systematic
framework for analyzing how multistable phase-locked
states emerge from higher-order interactions.

We address this gap by studying phase locking and
multistability in the topological Kuramoto model defined
on general cell complexes. Unlike earlier work based
on the master stability function formalism [39] [42] 43],
we develop the topological nonlinear Kirchhoff conditions
algorithm, a generalization of Kirchhoff’s current and
voltage laws (Fig. . Most previous studies have fo-
cused on simplicial complexes, yet many real-world struc-
tures, such as architectural trusses, social interactions
or protein complexes, are better described as cell com-
plexes [21], [44H46], comprised of larger polyhedral faces.
Despite their prevalence, the study of dynamical phe-
nomena on cell complexes is still in its infancy.

Our algorithm systematically identifies all distinct
phase-synchronized states in cell complexes and provides
rigorous criteria for when going beyond pairwise interac-
tions pays off in terms of multistability. We demonstrate
our approach on three minimal but paradigmatic classes
of cell complexes: (i) rings, (ii) Platonic solids, and (iii)
simplexes. These basic motifs can be combined to build
larger complexes with potentially even richer multista-
bility. Our framework can be applied to any dimension,
but we focus on the case most relevant to applications,
where the dynamics is defined on edges and interactions
occur via nodes and faces [40].

In summary, we show that cell complexes support
richer multistability than simplicial complexes of the
same dimension. Higher-order connectivity gives rise to
structural cascades in which stable states are inherited
across dimensions. We also find indications of universal-
ity classes due to boundary structure.
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topological generalization

From Kirchhoff’s circuit law to the topological nonlinear Kirchhoff conditions. Kirchhoff’s voltage law enforces
linear conservation of potential differences around each circuit loop.

In the nonlinear generalization, phase differences ;

across network edges satisfy a nonlinear constraint, ), arcsin(vy;) = 27z, where integer winding numbers z describe distinct
phase-locked states. The topological generalization extends this principle to higher-order interactions on cell complexes, where

linear combinations of nonlinear phase differences across higher-dimensional cells satisfy >, C; arcsin wl[i] = 27TZH:], with C;

i

determined by the boundary structure of each cell. Here, the dynamics is defined on edges, and interactions occur via nodes in

the lower dimension (wz[_

II. CELL COMPLEXES

Cell complexes are generalised network structures that
contain cells of different dimensions [12, 44l 45]. In ad-
dition to nodes (n = 0) and edges (n = 1) found in stan-
dard graphs, they can include polygons (n = 2), poly-
topes (n = 3) and other higher-dimensional elements.
Most studies on synchronization focus on the special case
of simplicial complexes |34} [36], where each cell is an Eu-
clidean simplex, but many real-world systems are better
described by cell complexes.

The boundary of an n-dimensional cell consists of a
number of cells of dimension n — 1, and cells of con-
secutive dimensions are linked by boundary operators.
We denote a set of cells of dimension n by Sp,;, with
Npp = |Spy]. We generally consider a complex of cells
Sin-1)> S[n]» S[n+1], Where each boundary of a cell in Sy,
must be an element of Sp,,_y) for every n'. For calcula-
tions, we introduce an algebraic representation where we
label all cells j € S, consecutively as j = 1,2,..., Ny
and represent each cell by the jth standard unit vector
u; € RN, Fixing an orientation of each cell, we can
represent the boundary operator between Sj,,) and S,y
by a matrix By, € RNn-1%Nnl with entries +1, —1 or
0.

We briefly recall several important properties of the
boundary matrices. First, the boundary of a boundary
is always empty, such that

B, Bin+1) =0, B, B[, =0. (1)

[n

Using this property, one can show that every vector
Ty € RV can be decomposed according to the Hodge
decomposition [47] as

Tp) = mfi] + B[Tn]z[n_l} + B[n+1]z[n+l]? (2)

]) and faces in the upper dimension (w£+]).

where m[Hn ] is referred to as the harmonic component that
satisfies B[:L_H]x[lfl] = 0 and B[n]w[ﬁ] = 0. This decom-
position plays a central role in our analysis.

To study dynamics defined on such cell complexes, we
define phase variables supported on n-dimensional cells.
These phases are coupled via interactions occurring “from
below” via (n — 1)-dimensional boundaries and “from
above”, via the (n+1)-dimensional cells. For example, for
n = 1, edges can interact if they share a node, or if they
are part of the same polygonal face. Two illustrative ex-
amples are shown in Fig.[2] The first is a hexagon, whose
boundary consists of six edges (n = 1), each of which has
a boundary of two nodes (n = 0). The second is a cube,
with boundaries consisting of the six faces (n = 2), 12
edges (n = 1) and 8 nodes (n = 0). Ordinary graphs are
recovered for n = 0, where only pairwise interactions ex-
ist. Including group interactions in cell complexes with
n > 1 allows one to describe a much richer variety of
dynamical systems.

FIG. 2.

Examples of cell complexes for n = 1. Two rep-
resentative cell complexes, (a) a ring and (b) a cube, where
the dynamics is defined on the edges, and interactions occur
via both nodes and faces. Nodes are shown in black, edges in
blue and faces in light green.



III. PHASE LOCKING IN THE TOPOLOGICAL
KURAMOTO MODEL

In this article we consider a generalized topological Ku-
ramoto model [34] allowing for inhomogeneous coupling
constants. The basic dynamic variables are the phases
0;(t) associated to each n-dimensional cell. These phases
interact via cells of lower and higher dimension. In the
case n = 1 for example, phases are defined for each edge,
and interact via vertices and faces. Summarizing the dy-

. . . T
namical variables in the vector 8 = (91, . QN[n]) , the
equations of motion read

do T
7 =@~ BmKpsin (Bo)

— B[n+1]K[n+1] sin (B[—;+1]0> s (3)

where w is the vector of the natural frequencies. The
matrices K[, and K[,;) are diagonal and summarize
positive coupling constants. In the case n = 0 the cou-
pling constants correspond to edge weights. The origi-
nal topological Kuramoto model is recovered by setting
K, =ol and K{,,;1) = o1, where 1 is the identity ma-
trix of the respective size. The standard Kuramoto model
for weighted complex networks is recovered for n = 0,
with no interaction via the lower dimension.

We can decouple the dynamics by multiplying the
equations of motion by By, and BEL +1) from the left [34].
Defining the variables

0[+] = B[—;,Jrl]e’ and 0[_] - B[n]07 (4)

we obtain the decoupled equations

d0[+] T down .
= B, w — L{n—i—l] ]K[n+1] sin (B[H) (5)
dol-! [up] . _
= = Bpyw — L Ky sin (017) (6)

with the Laplacian matrices

L [up]

down
[n—1] = B["]B[IL]7 Ly :B[—:IJrl]B[n—&-l]' (7)

[n+1]

Here, we analyze the phase locked states of the topo-
logical Kuramoto model. Setting the time derivatives to
zero, we get the conditions

down .
BE;H]"" = L{nﬂ] ]K[n—‘,-l] sin (0[H) (8)
B[n]w = L{Zli]l]K[n] sin (0[_]) . 9)

The stability of phase locking can be determined from
the Jacobian matrix of the equations of motion given
by

— By41) K41 diag {cos <0H]>] BEL;H]. (10)

In general, a stationary state is linearly stable if the real
part of all eigenvalues is negative [48]. If the stationary
state satisfies the conditions

cos (OH) >0 and cos (O[H) >0 (11)

we find that all eigenvalues are real and satisfy the fol-
lowing conditions: (i) If an eigenvector v is purely har-
monic, then the associated eigenvalue is given by A = 0.
(ii) If an eigenvector v is not purely harmonic, then the
associated eigenvalue satisfies A < 0 (see appendix for
a proof). We thus conclude that a stationary state that
satisfies Eq. is linearly stable with respect to pertur-
bations that are orthogonal to the harmonic subspace and
neutrally stable with respect to harmonic perturbations.
Since harmonic perturbations do not affect the projected
quantities 6! and 0[_], phase locking is linearly stable.

In the following we will mainly concentrate on phase
locked states that satisfy the conditions in Eq. and
refer to them as normal fixed points. Stationary states
that violate Eq. are typically, but not always, lin-
early unstable. For the ordinary Kuramoto model n = 0,
it has been shown that stable phase locked states that
violate these conditions exist at the border of the stabil-
ity region [49]. We will return to this question later in
the context of polygonal face complexes, where we find
such stable phase-locked states that aren’t normal fixed

points (Fig.

IV. THE TOPOLOGICAL NONLINEAR
KIRCHHOFF CONDITIONS

Next, we introduce a two-step approach to explore
phase locking: In the first step, we generate a space of
solution candidates determined by a linear set of equa-
tions. In the second step, the actual solutions are singled
out by a nonlinear condition. These two steps generalize
Kirchhoff’s current law and Kirchhoff’s voltage law from
circuits theory, as we will discuss in detail below.

We first define the auxiliary variables

14 — s (0. (12

In the case n = 1, the original dynamical variables 8 are
defined on the edges of the cell complex, while the vari-
ables ¢[+] are defined on the faces, and the variables z,bH
on the nodes. In the case n = 0, the original dynamical
variables 0 are defined on the nodes of the graph, while
the auxiliary variables 1/J[+] are defined on its edges. In
the theory of supply networks, the entries of K mwm are
interpreted as flows [50H52].

We then construct the solution candidates in terms of
the auxiliary variables. The equations @D read

down,
Byw = Ll K g™ (13)



If we treat the w[i] as free variables, the solutions to this
linear set of Eqs. and define a low-dimensional
affine linear subspace.

To parametrize the set of solution candidates, we need
the kernel of the matrices B, 1) and B F;L]. We compute
a basis of these kernels and store the basis vectors as
columns of the matrices C, 11 and C;], respectively.
We thus have

B 11]Clus1) =0,  Bj,C[, =0. (15)

Note that these matrices are intimately related, but not
identical to the matrices B, o) and B[Lfl] via Eq. .

The columns of the matrix B, 9 (Bﬂ;hl]) lie in the
kernel of B, (BE;]L but the kernel also contains the

harmonic vectors. Having constructed the kernel, we can
write the solutions of Eqs. and as

P =y ]+K[7L+1]C[n+1]c[ ]
o =gl + K jCp¢ (16)

where ¢ (] are vectors of free coefficients which
parametrize the homogeneous solution space, such that
different choices of ¢ (] provide different candidate solu-
tions. The particular solutions @bg] can be calculated by
applying the Moore—Penrose pseudoinverse to Eqgs. —

such that

;
+] _ (g ldown] T ~1 pf
@bgp} = (L[n+1] K[n+1}) By, gw = K[n+1]B[n+1]w
1
] 1 TT
vl —( o ]) Bpw = K, B, w (17)

This corresponds to the least squares solution of the lin-
ear system given by Eqgs. (13))- (14).

Therefore, !+ = 0 if w = 0. Furthermore, the auxil-
iary variables must satisfy the inequalities

<1, (18)

since all variables are defined via sine functions. Hence,
the set of solution candidates is given by the intersections
of a low dimensional affine subspace and the unit cube.
The intersection can be empty depending on w.

The complexity of finding a stationary state is then
shifted to the question of whether a solution candidate
exists that can be expressed as (12). To approach
this topic, we first discuss how to recover the original
variables 8F from the 1,b[i]. If the equations Eq.
have solutions, they can have the form arcsin(-) or m —
arcsin(-).

To keep track of the two options, we partition the sets
of cells S, 41 and S|,,_1j into two parts depending on the

value of cos (Hz[i]). If the cosine is positive we define the

inverse

£ @) = arcsin(y ) (19)

up to integer multiples of 27 and collect the respective
cells in the sets S[n +1) and S 1] Likewise, if the cosine

is not positive, we define the inverse

fe (wl[i]) =7 — arcsin(z/;z[i]) (20)

up to integer multiples of 27 and collect the respective
cells in the sets S[ +1) and S[il e Finally, we summa-
rize the resulting components in the two vector-valued
functions f, (™) and Fin1) (.

The question whether a solution candidate exists
that can be expressed as can thus be formulated as

Fint1] (w[ﬂ) € image (BF;LH]) ,
.f[n—l] ("/)[7]) € image (B[n]) s (21)

up to integer multiples of 2. A vector is in the image of
a matrix if it is orthogonal to the kernel of the transpose
matrix. We thus have the conditions

C[Tn+1]f[n+1] (M) = 2721,
Cin)fin-1 () = 2721, (22)

where z[*! is a vector of integers. In the case of ordinary
graphs, the vectors z/*! are referred to as winding vec-
tors and its components as winding numbers [7H9]. We
will adopt this notation in the following and discuss the
interpretation below.

To summarize, we propose the following algorithm to
compute phase locked states of the topological Kuramoto
model.

Algorithm 1 (Topological nonlinear Kirchhoff condi-
tions). To compute the phase locked states of the topo-
logical Kuramoto model (Eq. )

1. Parametrize the set of solutions candidates as (|L6))
while taking into account the constraints |pF| < 1.

2. Choose a partition Sp,11) = S, U sy

(1) ] and
S[n—l] U S[n—l]'

[n+1
Stn—1] =

3. Find the solutions of the set of equations (22)) where
zF is a vector of integers.

4. Check the stability from the Jacobian J if necessary
via Fq. .

We briefly discuss three important aspects of this al-
gorithmic approach to phase locking. First, phase locked
states with S° = () are always linearly stable and as
such are especially relevant for applications. States with
S° £ ) are typically, but not always unstable. In fact,
we will demonstrate the existence of stable phase locked
states with S° # () close to bifurcations (cf. Fig. [4).

Second, the algorithm can be viewed as a topologi-
cal, nonlinear generalization of Kirchhoff’s circuit laws
(Fig. . This is most easily see for the case of ordinary



graphs n = 0. Here, the entries of K[1]1/J[+] are inter-
preted as flows or currents defined on edges [50H52]. The
set of solution candidates obtained by Eq. corre-
spond to all states that satisfy Kirchhoff’s current law at
each node. These states can be decomposed into a special
solution plus a set of loop flows. If we linearize the sine
and arcsine functions and set z!=] = 0, then conditions
correspond to Kirchhoff’s voltage law. Together,
Kirchhoff’s voltage and current laws then uniquely de-
termine the currents.

Algorithm (1| introduces two generalizations: (i) The
nonlinearity of the sine introduces multistability. Since
sin(a) = sin(a 4 27z) for all z € Z, we can obtain
different values for phase variables when inverting the
sine function. Hence, we can obtain different solutions
parametrized by the winding numbers z [7H9]. (ii) The
algorithm generalizes the nonlinear Kirchhoff conditions
to cell complexes of arbitrary dimensions.

Third, the possible values of the entries of the vectors
z[ and thus the number of steady states is bounded
depending on the topology of the cell complex. This
bound is essentially determined by the number of of cells
of higher or lower dimension that are adjacent to a given

cell k. More precisely, let mLH denote the number of

cells of dimension n + 1 in the boundary of the kth cell

of dimension n + 2 and mgc_] the number of cells of di-

mension n that have the kth cell of dimension n — 1 in
its boundary. We then obtain the bounds

[+] [-]
e s T and s T (23)

for every k that does not corresponds to the harmonic
component (see appendix for a proof). In the case of
normal fixed points with S° = () we obtain a < instead
of the <. We conclude that we typically need mgci] >5
for multistability.

V. CLASS 1: POLYGONAL FACES

Polygons are among the simplest models of a cell com-
plex, comprised of a single polygonal face bounded by
its edges. We start by considering a ring of 6 vertices, 6
edges and 1 face as illustrated in Fig. [2h. Our main inter-
est here will be dynamics of phases defined on the edges
(n = 1), which interact via the nodes (n = 0) and face
(n = 2). In this example, we demonstrate our algorithm
step-by-step, including the study of unstable states.

Denoting all cells by the vertices in the respective cell,
we have

Sioy = {[1], [2], [3], [4], [5], [6] }
Sy = {[1,2],[2,3],3,4], [4, 5], 5,6, [6, 1]}
Spy = {[1,2,3,4,5,6]}.

The boundary operators are given in [53]. We find that
the kernel of Bjy) is empty and the of the boundary op-
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— |5['0]| =6, |5[°o]| =0 — |5['o]| =2, |5[°0]| =4
- |5['01| =5, |5[001| =1 |S[.O]| =1, |5[001| =5
— 50l = 4 15jny] = 2 [Sto)l =2, 15{0y| = 6
- |5['01| =3, |5[001| =3
FIG. 3. Phase locked solutions of the topological Kuramoto

model for a siz-edge Ting. Each marker represents a distinct
phase-locked solution obtained from the nonlinear Kirchhoff
conditions. Filled (empty) markers indicate linearly stable
(unstable) solutions. Every partition except |S[y| = |S[y| = 3
gives rise to phase-locked solutions. For |Sfy| = 6, |S[°0](

three distinct stable phase-locked solutions coexist, illustrat-

ing multistability in the minimal ring motif.

=0,

erator BL is spanned by the harmonic vector 1. Hence,
the set of solutions candidates is given by

=l =gl Kl (2

The phase conditions reduce to

17 oy () = 2m2l7L (25)

We start by exploring the fully symmetric case when
w = 0, due to which ¢[+] = 0 and 1,b£;] = 0. In Fig.
we plot the expression 1T Fin-1 (¥ /(27) as a func-
tion of the parameter (=, for each of the partitions
Sjo] = S[.o] U S[%]. Since there are six elements that can
either be e or o, we obtain 64 different partitions of Sig.
Due to symmetry, these 64 curves in Fig. [3| are grouped
according to the 7 different multiset permutations (i.e.
fixed size of both partitions). Phase locked states are

found where the curves cross an integer value. All of
the partitions, except those where [Sf [ = |Sf;| = 3 pro-
vide phase locked solutions for w = 0. Finally, after

checking the stability of each of the phase-locked solu-
tions, we find multistability for the all-normal partition
|S['O]| =6, |Sﬁ)]\ = 0, where three stable solutions coexist.
All other solutions are unstable.

Next, we consider the effect of asymmetry in natural
frequencies on the existence of solutions, w # 0. Hereby
we limit our exploration to two partitions, Sﬁ)] = (), and
Sy = [5, 6], with w = (0,0,0,0, 4w, —wp). We plot the
phase conditions divided by 27 as a function of ¢!~
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FIG. 4. Effect of asymmetry in natural frequencies on stable
phase-locked solutions in the ring with siz edges. Top row:
Plots of condition for two node partitions, S = 0 (solid
lines) and S[y; = [5, 6] (dashed lines) at selected values of wo in
w = (0,0,0,0,wo, —wo). Filled (empty) symbols mark stable
(unstable) solutions. The number of intersections with inte-
ger values decreases as wy increases, i.e. phase locked states
gradually disappear. The inset highlights a narrow interval of
wp where S[%] = [5, 6] crosses zero twice, producing one sta-
ble and one unstable solution, while S = () does not cross
it. Bottom row: Dependence of the corresponding phase-
locked states on wo. The stable solution Sy = () (orange line)
vanishes near wo =~ 1.309, giving rise to the stable solution
S[o; = [5,6] (solid blue line). Stable and unstable (dashed
blue line) solutions of Sjy; = [5, 6] annihilate in a saddle-node
bifurcation near wo ~ 1.327.

for chosen wy values in Fig.[dl As before, we find that the
former partitioning always gives rise to stable solutions,
while the latter typically yields unstable ones. However,
near the bifurcation point, the phase-locked state .S ﬁ)] =0

becomes Sj = [5, 6] without losing stability. Increasing
wo further, the stable Sf = [5,6] solution annihilates
with another unstable S = [5, 6] solution in a saddle-

node bifurcation. This scenario is shown in the bottom
panel of Fig. [4]

Finally, let us generalize our result to polygonal faces of
arbitrary size. We consider only the all-normal partitions
= S[o) with w = 0. If the ring size is s = Njg) =
Npi) > 3, the number of stable phased-locked solutions

151 W Simulation
P — 123
111
§°
=z 79
5
3,
11
5 10 15 20 25 30
Ring size s
FIG. 5. Dependence of the number of stable phase-locked

states on ring size. The number of stable solutions Ngtapie
as a function of ring size s in an all-normal partitioned ring.
Symbols show numerical results, and the solid line denotes
the analytical prediction from Eq. (26).

Ngiaple Increases with s as

—1
Nstable =142 \:S 4 J . (26)

This is a consequence of Eq. (23). The solution with
2I71 = 0 always exists, and other solutions appear in
pairs at integer values of +2z!~), with jumps occurring at
|321|, cf. Fig. in line with previous results on the
ordinary Kuramoto model [7].

VI. CLASS 2: PLATONIC SOLIDS

One might wonder what happens when several rings
are combined together to create a polyhedron. We there-
fore now consider another class of elementary cell com-
plexes: convex regular polyhedra in three-dimensional
Euclidean space, also known as the Platonic solids. There
are exactly five such objects: the tetrahedron, cube, oc-
tahedron, dodecahedron, and icosahedron (shown in Fig.
@. We will focus on the n = 1 case once again, where
the dynamics on edges interacts via nodes and faces, and
provide selected results for n = 0 and n = 2 at the end
of the section.

For each cell complex, for n = 1, there are 2™ . 2N
partitions of the sets Sp3) and Sjo;. In larger polyhedra,
the analysis of all partitions becomes exhaustive. We
therefore limit ourselves in this section to the all-normal
partition that provides stable normal solutions, S['Q] =
Spg) and S[.o] = S|g]- Moreover, we once again set w = 0
as our default study case. The boundary matrices are
given in [53].

Following algorithm [I| we first parametrize the set of
solution candidates. We find that the kernels of the
boundary operators are one-dimensional and spanned by
the vectors 1 of appropriate dimension. For w = 0,
K, = diag(ly,) and K, 1) = diag(ly,), the set



of solution candidates thus simplifies to
,l/J[H — C[+]1
¢[—} — CHL

Exploiting symmetry, the phase conditions (22)) simplify
to

N arcsin C[H = 272l
Ny arcsing“[*] = 2mzl7]

Hence, we finally obtain the solution

w["r] — gin <27TZ[H> 1,

We conclude that the normal phase-locked states on
the edges n = 1 are determined by the number of
nodes N and faces Njg;. We can further take into ac-
count the constraints on the winding numbers arising
from Eq. and find that z[*! can assume Ng; . =
1+2|(Npy — 1)/4] different values and z[~] can assume
Nst,— =1+2|(Njg — 1)/4] different values. All normal
fixed points are parameterized by the Cartesian product
of the winding numbers z[*] and z[~) such that their total
number is given by

Nstavie = Nsy,— Ngy (27)

(o) (222,

From this, we immediately see that the tetrahedron with
4 vertices and 4 faces admits only one normal solution
since Ng; — = Ng¢ 4+ = 1. In other words, it is too small
to generate multistability.

The larger the objects, the richer the multistability:
the remaining four polyhedra admit respectively 9, 9, 45
and 45 coexisting stable solutions, as shown in Fig. [6}
The curious result of coinciding numbers of stable solu-
tions arises from the fact that the cube and octahedron,
as well as the dodecahedron and icosahedron, are dual
polyhedra: each vertex of one corresponds to a face of the
other, and each edge connecting two vertices corresponds
to the edge connecting the corresponding faces. Conse-
quently, the product from Eq. remains conserved,
whereas the states themselves consist of exchanged po-
sitions in (271, 2[*]). Thus, objects that belong to the
same symmetry group end up with the same universality
pattern.

A detailed graphical exploration of the phase-locked
solutions is shown in Fig. [f] The cascades of multista-
bility inherited from both lower and higher dimensions
become larger for larger objects. On the border of the
stability region, we find marginally stable states which do
not technically belong to the all-normal partition, since
they satisfy cos o =o.

Having presented the dynamically homogeneous w = 0
case, let us demonstrate how tuning w allows us to con-
trol the cascade of multistability. We show this phe-
nomenon on the smallest Platonic solid that admits mul-
tiple solutions, the cube. For w = 0, the cube has
9 coexisting solutions (cf. Fig. @ Upon introducing
asymmetry to the vector of natural frequencies w =
(0,0,0,0,0,0,0,0, +wg, 0,0, +wp), the number of stable
fixed points decreases gradually, as shown in Fig. [7] dis-
appearing in symmetric pairs or triplets (when a state
with the winding number zero is included). In this case,
there is no exchange of stability between different parti-
tions as one finds in the ring. States with S° # () do not
stabilize for any wg value.

We conclude this section with a brief discussion for
n = 0 and n = 2. For the tetrahedron, cube and oc-
tahedron, only a single stable solution exists, while for
the dodecahedron and icosahedron, calculations become
computationally prohibitive due to the combinatorial ex-
plosion of the number of possible solutions for winding
number vectors. Nevertheless, the simpler cases already
demonstrate the importance of including higher-order in-
teractions for multistability in the topological Kuramoto
model. Handling the combinatorial explosion poses an
interesting problem for future work.

VII. CLASS 3: SIMPLEXES

In contrast to the cell complexes studied earlier, sim-
plexes, especially in low dimensions, are far more lim-
ited in terms of multistability. The winding number con-
straint in Eq. tells us that multistability will ap-
pear when there are more than 4 cells in the boundary.
This is consistent with previously shown results for the
2-simplex (the triangle, or smallest ring, with three edges
in the boundary) and 3-simplex (the tetrahedron, also the
smallest Platonic solid, with four triangles in its bound-
ary), each admitting only one stable solution for n = 1.

Here, we analyze the stable solutions of the all-normal
partitions, S[’Q] = Sjg and S[.o] = Sjg, for all viable n
values for simplexes up to 5 dimensions. For definiteness,
we once again set w = 0 and all couplings to unity. The
explicit form of the boundary operators and the kernel
matrices are given in [53]. Our results are summarized in
Fig. 8] Note that whenever there is one stable solution,
it refers to the trivial solution with winding number(s)
zero. We list the winding number vectors for all stable
solutions in all considered simplexes.

1. The 2-simplex (triangle) consists of 3 vertices
and 3 edges. It supports the following stable states.

e For n = 0, z[*) = 0 with no lower dimension
contribution.

e For n = 1, zl-] = 0 with no upper dimension
contribution.
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FIG. 6. Multistability in Platonic solids (edge dynamics, n = 1). Top row: number of stable phase-locked states Nstable for
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cascades of multistability where stable states are inherited from both lower and higher dimensions. Dual Platonic solids are
shown in matching colors with different line styles to emphasize their symmetry. Bottom row: stable phase-locked solutions in
the (¢, ¢71) plane for the four solids that exhibit multistability.

2. The 3-simplex (tetrahedron) consists of 4 ver-
tices, 6 edges and 4 triangular faces. It admits sin-
gle stable states as follows.

e For n = 0, z[*] = (0,0,0) with no lower di-
mension contribution.
e Forn=1, z[7l =0 and 2[t] = 0.

e For n = 2, the upper dimension contributes
with 271 = (0,0,0).

3. The 4-simplex (5-cell) consists of 5 vertices, 10
edges, 10 triangular faces, and 5 tetrahedra. We
find the following stable states:

e For n = 0, one stable state exists from the
upper dimension, z[*] = (0,0,0,0,0,0).

e For n = 1, the three stable states correspond
to z[*] = (0,0,0,0) with 2= € {0,+1}.

e For n = 2, three solutions exist with z[*] €
{0,£1} and 2I-! = (0,0,0,0).

e For n = 3, a single solution comes from the
lower dimension, with z[=] = (0,0,0,0,0,0).

. The 5-simplex has 6 vertices, 15 edges, 20 trian-

gular faces, 15 tetrahedral cells, and 6 5-cells in its
outer boundary. It supports the following stable
states.

e For n =0, z*1 = (0,0,0,0,0,0,0,0,0,0).

e For n = 1, three solutions coexist: z[tl =
(0,0,0,0,0,0,0,0,0,0) with zI=1 € {0, +1}.

e For n = 2, there is only z[*] = (0,0,0,0,0)
with z[=1 = (0,0,0,0,0).

e For n = 3, again three solutions coexist, z[*] €
{0,41} with zl-1 =(0,0,0,0,0,0,0,0,0,0).
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FIG. 8. Number of stable phase-locked states in simplexes up
to dimension 5. For each cell dimension n € {0, ...,d—1}, the
number of stable (normal) phase-locked states obtained from
the topological nonlinear Kirchhoff conditions with w = 0 is
shown. Multistability occurs only when at least one relevant
boundary contains more than four cells; the 4-simplex is the
smallest case satisfying this criterion. Pairs of n and d that
exhibit multistability are highlighted in grey.

e For n 4, we find only z[7]
(0,0,0,0,0,0,0,0,0,0).

We can generalize our result on the dimension of z[*!

to simplexes of arbitrary dimension d and obtain

dimZH] = dim kel"(Bn+1) = (n jd’_ 2)

d

dim z!~! = dim ker(BI) = (n - 1) (28)

with dim z[=] = 0 for n = 0 (see appendix for a proof).
The elements of z[*! are integers. One can then apply the
equations to compute upper bounds for the number
of allowed winding numbers. Deciding which vectors z[*]
are achievable is assisted by symmetry arguments: sim-
plices with w = 0 and equal coupling are symmetric to
vertex permutations. Hence, if a certain z!#! is achiev-
able, then any permutation of its components, should
also be achievable.

VIII. DISCUSSION

Our results establish a general theoretical framework
for studying multistability in oscillator networks with
higher-order interactions, integrating concepts from net-
work science, geometry, and nonlinear dynamics. The
topological nonlinear Kirchhoff conditions algorithm al-
lows one to identify all phase-locked states of the topo-
logical Kuramoto model on arbitrary cell complexes. By
applying it to minimal motifs (polygonal rings, Platonic
solids, and simplexes), we showed that multistability
emerges when boundaries contain more than four cells.



Structural cascades of multistability then arise, with sta-
ble states inherited from lower and/or upper dimensions.
Moreover, dual Platonic solids display identical multista-
bility patterns, suggesting the existence of universality
classes determined by the boundary structure.

Future research could explore how these structural cas-
cades manifest in heterogeneous systems, and how com-
bining the elementary motifs studied here gives rise to
multistability in larger complexes. Beyond theoretical
interest, these findings are relevant for real-world sys-
tems where higher-order couplings are intrinsic, such as
neuronal networks [I1], optical and mechanical oscillator
arrays [15], b4, power-grid stability [2], 53], and collec-
tive decision-making in multi-agent systems [56]. The
framework may be applicable to other dynamical pro-
cesses on cell complexes, including diffusion, consensus,
and pattern-forming instabilities.

ACKNOWLEDGMENTS

We thank Ginestra Bianconi for stimulating discus-
sion. D.W. and I.B. gratefully acknowledge support by
the German Federal Ministry of Research, Technology
and Space (Bundesministerium fiir Forschung, Technolo-
gie und Raumfahrt) via the grant number 03SF0751.
M.T.S acknowledges support by the European Union
(ERC, HIGH-HOPeS, 101039827). Views and opinions
expressed are however those of the author(s) only and do
not necessarily reflect those of the European Union or the
European Research Council Executive Agency. Neither
the European Union nor the granting authority can be
held responsible for them.

Appendix A: Eigenvalues of the Jacobian

Let v # 0 be an eigenvector of the Jacobian matrix J
with associated eigenvalue A such that

v Jv

Jv=X\ A= ———
v v = oo

If v is purely harmonic then Bj,,jv = 0 and B[—LH]'U =0
by definition and thus Jv = 0 = A = 0. If v is not
purely harmonic then yl=] = By, jv # 0 or/and yltl =
BE;H]” # 0. We thus obtain

A= (vTv)l{y”TK i [cos (671) [ 4~
YT K ding [cos (677 ym}

oo (5 () ()
+%—: (7)) cos (857) }
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If the stationary state satisfies the conditions in Eq. ,
this implies A < 0.

Appendix B: Proof of Eq.

To proof Eq. , we rewrite Eq. in components
and use that |f1]| < 7/2 and obtain

|2 =

S O fe (i)

1

< ZZ|C[n+1},ik|
1

< ZZ |Cln) il

In the case of normal fixed points with S° = () we obtain
a < instead of the <.

We recall that the matrices C are closely related to the
boundary matrices. We can choose a basis of the kernel
such that the kth column of C, 4 (C[Tn]) is equal to

the kth column of By, (B[Tn_l]) unless k corresponds
to the harmonic component. A further simplification is
possible by noting that the entries of the boundary ma-
trix have the values —1,0,+1. We then define mgj] as
the number of non-zero elements of the kth column of
B2 and mgg] as the number of non-zero elements of
the kth row of B,_1;. We then obtain the bounds given
in Eq. for every k that does not corresponds to the
harmonic component.

Notably, the number of non-zero elements can be re-
lated to the number of adjacent cells and thus enables a
geometric interpretation. The number mLH counts the
number of cells of dimension n + 1 in the boundary of
the kth cell of dimension n 4+ 2. The winding number
z,[fH counts how often the phases 0" wind by 27 when
following all cells in this boundary. Likewise, the number
mgg] counts the number of cells of dimension n that have
the kth cell of dimension n — 1 in its boundary.

1
2w

[n],kif+ (i

|zk]|—

Appendix C: Proof of equations

We prove the equations using a recurrence rela-
tion that is derived from the fact that d-simplex is con-
tractible and the rank-nullity theorem. A d-simplex is
contractible, which means that all homology groups are
trivial except Hy = R,

H,=0, n>0Q, (Cl)
where a homology group is the quotient vector space

. ker B[n]
H,=——%—- (C2)
im B

implying

dim H,, = dimker By, — dimim By, ). (C3)



Since B, B,4+1) = 0, every element in By, ) lies in
ker B[n],

im Bi,41) C ker By, (C4)
For n > 0, since H,, = 0, we have

dimker Bp,,; = dimim By, (C5)
Combining Egs. and , we find for every n > 0

im B[n-‘,—l] = ker B["]. (CG)

We now apply the rank nullity theorem to By

11

RN — RNm-11 which yields

dim ker B[n] = N[n] — rank B[n]' (07)

We thus obtain a recurrence relation valid for n > 0

d+1
N[n] = rank B[n+1] + rank B[n] = (nj; 1) ) (CS)

where we used the fact that for a d-simplex, the number
of n-dimensional faces, formed by chogsing n+ 1 vertices
. . 1 .
from d + 1 available ones, is N, = (nil). Applying the
recurrence relation forn = d, . .., 1 together with Pascal’s
identity then yields Eq. . As a last step, for n = 0,
we have to slightly adapt the recurrence relation because
dim Hy = 1 = dim ker Bjp) — dimim By). (C9)
Nevertheless, this yields the same results as Eq. for
z[*]. Finally, there is no z![~! for n = 0 which concludes
the proof.
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