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Abstract

For a graph F , an r-uniform hypergraph (r-graph for short) H is a Berge-F if there is
a bijection ϕ : E(F ) → E(H) such that e ⊆ ϕ(e) for each e ∈ E(F ). Given a family F of
r-graphs, an r-graph is F-free if it does not contain any member in F as a subhypergraph.
The Turán number of F is the maximum number of hyperedges in an F-free r-graph on
n vertices. Kang, Ni, and Shan [Discrete Math. 345 (2022) 112901 ] determined the exact
value of the Turán number of Berge-Ms+1 for all n when r ≤ s−1 or r ≥ 2s+2, where Ms+1

denotes a matching of size s+ 1. In this paper, we settle the remaining case s ≤ r ≤ 2s+ 1.
Moreover, we establish several exact and general results on the Turán numbers of Berge
matchings together with a single r-graph, as well as of Berge matchings together with Berge
bipartite graphs. Finally, we generalize the results on Turán problems for Berge hypergraphs
proposed by Gerbner, Methuku, and Palmer [Eur. J. Comb. 86 (2020) 103082 ].
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1. Introduction

A hypergraph H, denoted by H = (V (H), E(H)), on a finite vertex set V (H) is a family E(H) of
subsets of V (H), called hyperedges. For an integer r ≥ 2, a hypergraph H is called an r-uniform
hypergraph (r-graph for short) if every hyperedge of H contains exactly r vertices. The size
of E(H) is denoted by e(H). The degree of a vertex v in H, denoted dH(v), is the number of
hyperedges of H that contain v. When there is no ambiguity regarding H, we simply write d(v)
instead of dH(v). Throughout this paper, we assume that all r-graphs are simple, i.e., no loops
and no multiple edges (hyperedges).
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Given a family F of r-graphs, we say H is F-free if H does not contain any member of F as
a subhypergraph. The Turán number exr(n,F) of F is the maximum number of hyperedges in
an F -free r-graph on n vertices. When r = 2, we write ex(n,F) instead of ex2(n,F).

Turán problems on graphs and hypergraphs are central topics in extremal combinatorics.
Erdős and Gallai [3] determined the Turán number of paths and matchings. Let Ms+1 denote
a matching of size s+ 1, i.e., the graph consisting of s+ 1 independent edges, and Kk+1 denote
the complete graph on k+1 vertices. Recently, Alon and Frankl [1] initiated the study of Turán
problems on graphs with bounded matching number. Specifically, they determined the exact
value of ex(n, {Ms+1, F}) for every n when F is a clique, or for n sufficiently large when F is an
arbitrary color-critical graph.

Theorem 1.1 (Alon and Frankl [1]). For n ≥ 2s+ 1 and k ≥ 2,

ex(n, {Ms+1,Kk+1}) = max
{
e(T (2s+ 1, k)), e(G(n, k, s))

}
,

where T (n, k) is the Turán graph on n vertices, i.e., almost balanced complete k-partite graph,
and G(n, k, s) is the complete k-partite graph on n vertices with one part of order n−s and each
other part of order ⌊ s

k−1⌋ or ⌈ s
k−1⌉.

Later, Gerbner [4] generalized the results to the following theorem.

Theorem 1.2 (Gerbner [4]). If χ(F ) > 2 and n is large enough, then ex(n, {Ms+1, F}) =
ex(s,D(F )) + s(n− s), where D(F ) is the family of graphs obtained by deleting an independent
set from F .

For two graphs H and H ′, let N (H ′, H) denote the number of copies of H ′ in H. Given a
graph G and a finite family F of graphs, let ex(n,G,F) denote the maximum number of copies
of G in an n-vertex F-free graph. Ma and Hou [13] further extended the result of Alon and
Frankl [1] as follows.

Theorem 1.3 (Ma and Hou [13]). For n ≥ 2s+ 1 and k ≥ r ≥ 3,

ex(n,Kr, {Ms+1,Kk+1}) = max
{
N (Kr, T (2s+ 1, k)),N (Kr, G(n, k, s))

}
.

Hypergraph Turán problems are notoriously more difficult than graph versions. Two fun-
damental notions in hypergraph Turán problems are the expansion and the Begre hypergraph.
For a given graph F , the r-expansion F r of F is the r-graph obtained from F by adding r − 2
distinct new vertices to each edge of F , such that the (r− 2)e(F ) new vertices are distinct from
each other and are not in V (F ). For the results on Turán problems for expansions, one can
refer to Subsection 5.2.1 in [7]. Very recently, Gerbner, Tompkins and Zhou [8] considered the
analogous Turán problems for hypergraphs with bounded matching number. In particular, they
determined the asymptotics of exr(n, {M r

s+1,F}) where F is an arbitrary r-graph. Furthermore,
Zhou and Yuan [14] considered linear Turán problems on expansions of graphs with bounded
matching number.

In 1989, Berge [2] introduced the notion of a Berge cycle. Győri, Katona and Lemons [9]
defined the notion of Berge paths and generalized the Erdős–Gallai theorem to Berge paths in
2016. Later, Gerbner and Palmer [6] generalized the established notions of Berge cycle and
Berge path to general graphs. For a graph F and an r-graph F , we say F is a Berge copy of
F if V (F ) ⊆ V (F) and there is a bijection ϕ : E(F ) → E(F) such that e ⊆ ϕ(e) for each
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e ∈ E(F ). The graph F is called a core of F . Observe that for a fixed graph F there are many
hypergraphs that are a Berge-F . For convenience, we refer to this collection of hypergraphs as
BF . Turán problems on Berge hypergraphs have been extensively studied, yielding numerous
related results. For a short survey on Turán problems on Berge hypergraphs, one can refer to
Subsection 5.2.2 in [7]. In 2022, Khormali and Palmer [11] completely determined the Turán
number of Berge matchings for sufficiently large n.

Theorem 1.4 (Khormali and Palmer [11]). Fix integers s ≥ 1 and r ≥ 2. Then for n large
enough,

exr(n,BMs+1) =


s, if r ≥ 2s+ 1;(
2s+1
r

)
, if s+ 1 < r < 2s+ 1;

n− s, if r = s+ 1;(
s

r−1

)
(n− s) +

(
s
r

)
, if r ≤ s.

Note that if n ≤ 2s + 1, it is trivial that exr(n,BMs+1) =
(
n
r

)
. For n ≥ 2s + 2 and r ≥ 3,

Kang, Ni and Shan [10] determined the exact value of exr(n,BMs+1) in the case when r ≤ s− 1
or r ≥ 2s+ 2. However, the case s ≤ r ≤ 2s+ 1 remains open.

Theorem 1.5 (Kang, Ni and Shan [10]). Fix integers s ≥ 1 and r ≥ 3. For any n ≥ 2s+ 2.

exr(n,BMs+1) =

{
max{

(
2s+1
r

)
,
(

s
r−1

)
(n− s) +

(
s
r

)
}, if r ≤ s− 1;

s if r ≥ 2s+ 2.

The purpose of this paper is to settle the remaining cases of the Turán number of Berge
matchings and to investigate Turán problems for families of Berge hypergraphs that include
Berge matchings, providing both exact and general results.

2. Main results

Our first result is to determine the exact value of exr(n,BMs+1) for all n in the case s ≤ r ≤ 2s+1
in Theorem 2.1, which will be proved in Section 3. For positive integers a and b, define

(
a
b

)
= 0

if a < b.

Theorem 2.1. Let integers s ≥ 1 and r ≥ 2. For all n ≥ 2s+ 2,

exr(n,BMs+1) =


max

{(
2s+1
r

)
,
(

s
r−1

)
(n− s) +

(
s
r

)}
, if r ≤ s+ 1;(

2s+1
r

)
, if s+ 2 ≤ r ≤ 2s;

s, if r ≥ 2s+ 1.

Moreover, we provide a formula for the Turán number of Berge matching together with a sin-
gle r-graph F , namely exr(n,BMs+1∪{F}), and determine the asymptotics of the Turán number
of Berge matchings together with Berge-G where G is a bipartite graph, namely exr(n,BMs+1∪
BG). Finally, we extend two general lemmas for Turán problems on Berge hypergraphs from [5],
and present some applications.
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2.1. Berge matchings and a single r-graph

We first introduce some definitions from [8]. A proper k-coloring of H is a mapping from V (H)
to a set of k colors such that no hyperedge is monochromatic. The chromatic number χ(H) of
H is the minimum colors needed for proper coloring H.

If χ(H) = 2, then we take the colors of a proper 2-coloring of H to be red and blue. In the
following, when we say red-blue coloring, we always mean a proper 2-coloring. Let p(H) denote
the minimum number of red vertices in a red-blue coloring of H. We say that a red-blue coloring
of H is strong if each hyperedge contains exactly one red vertex. We remark that the set of red
vertices in a strong red-blue coloring is also called a crosscut in the literature. Let q(H) denote
the minimum number of red vertices in a strong red-blue coloring of H, with q(H) = ∞ if H
does not have a strong red-blue coloring. Clearly, p(H) ≤ q(H).

A strongly independent set of a hypergraph H is a subset of V (H) that intersects every
hyperedge in at most one vertex. Note that in a strong red-blue coloring, the set of red vertices
is a strongly independent set. Our main result in this subsection is as follows.

Theorem 2.2. Let integers 2 ≤ r ≤ s+ 1 and n be sufficiently large. Suppose F is an r-graph
with χ(F) > 2, or χ(F) = 2 and q(F) = ∞. Then

exr(n,BMs+1 ∪ {F}) = exr(s,D(F)) +

(
s

r − 1

)
(n− s),

where D(F) is the family of r-graphs obtained by deleting a strongly independent set from F .

Remark 2.3. Note that in the above theorem we assume that r ≤ s + 1. If r ≥ s + 2,
then exr(n,BMs+1 ∪ {F}) ≤ exr(n,BMs+1) ≤

(
2s+1
r

)
by Theorem 2.1. This implies that

exr(n,BMs+1 ∪ {F}) is a constant which does not depend on n when r ≥ s+ 2.

Theorem 2.2 can be viewed as a Berge-version extension of Theorem 1.2. We first provide

two applications of Theorem 2.2. For k > r, let K(r)
k denote the complete r-graph on k vertices.

We color the vertices of K(r)
k . It is easy to see that the number of vertices of each color is at

most r − 1. Otherwise, a monochromatic hyperedge would exist. Then χ(K(r)
k ) = ⌈ k

r−1⌉. When

k > 2(r − 1), we have χ(K(r)
k ) ≥ 3. When k ≤ 2(r − 1), we claim that q(K(r)

k ) = ∞. Indeed,

if q(K(r)
k ) < ∞, then q(K(r)

k ) = 1 as any two vertices in K(r)
k are contained in some hyperedge.

However, after deleting one red vertex, there are still at least r blue vertices, which implies the
existence of a monochromatic hyperedge, a contradiction. Thus, by Theorem 2.2, we derive the
following corollary.

Corollary 2.4. Let integers 2 ≤ r ≤ s+ 1, k ≥ r + 1 and n be sufficiently large. Then

exr(n,BMs+1 ∪ {K(r)
k }) = exr(s,K(r)

k−1) +

(
s

r − 1

)
(n− s).

Observe that if k > s + 1, then exr(s,K(r)
k−1) =

(
s
r

)
and exr(n,BMs+1 ∪ {K(r)

k }) =
(
s
r

)
+(

s
r−1

)
(n− s).

The other application is about the Fano plane. Let F7 denote the Fano plane. Since any
two vertices in F7 are contained in some hyperedge, any single vertex in F7 forms a maximum
strongly independent set. By deleting any vertex from F7, we obtain the 3-graph F6 with vertex
set {1, 2, . . . , 6} and hyperedge set

{
123, 145, 246, 356

}
. See Figure 1 for an illustration of F7

and F6. Note that χ(F7) = 3. Therefore, Theorem 2.2 implies the following result.
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Figure 1: The Fano plane F7 and the hypergraph F6.

Corollary 2.5. Let integers s ≥ 2 and n be sufficiently large. Then

ex3(n,BMs+1 ∪ {F7}) = ex3(s,F6) +

(
s

2

)
(n− s).

The proof of Theorem 2.2 will be presented in Section 4.

2.2. Berge matchings and Berge bipartite graphs

Now let us consider forbidding Berge matchings together with Berge-G where G is a bipartite
graph. We have the following theorem.

Theorem 2.6. Let s and r ≥ 2 be fixed integers. Let G be a bipartite graph with p = p(G) and
n sufficiently large.

(i) If r ≤ p ≤ s, then exr(n,BMs+1 ∪ BG) =
(
p−1
r−1

)
n+O(1).

(ii) If p ≤ s < r − 1, then exr(n,BMs+1 ∪ BG) ≤ max
{
s,
(
2s+1
r

)}
.

(iii) If p > s, then exr(n,BMs+1 ∪ BG) = exr(n,BMs+1).

In the above theorem, the case p ≤ r ≤ s+1 remains unresolved. For the complete bipartite
graph Kp,q with p ≤ q, we obtain the asymptotics for exr(n,BMs+1 ∪ BKp,q) in that case.

The 2-shadow ∂H of a hypergraph H is the graph consisting of all 2-sets contained in some
hyperedge of H. For r ≥ 3, let Gr−1

s be an s-vertex (r− 1)-graph with the maximum number of
hyperedges such that ∂Gr−1

s is Kp,q-free. Note that when r = p + q ≤ s, we have e(Gr−1
s ) ≥ 1,

since the 2-shadow of a single (r − 1)-edge is Kp,q-free.

Theorem 2.7. Fix integers s and r ≥ 2. Let n be sufficiently large.
(i) If p ≤ r ≤ min{s, p+ q − 1}, then

exr(n,BMs+1 ∪ BKp,q) = (p− 1)n+O(1).

(ii) If r = p+ q ≤ s, then

exr(n,BMs+1 ∪ BKp,q) = min{p− 1, e(Gr−1
s )} · n+O(1).

(iii) If p+ q < r ≤ s, then

exr(n,BMs+1 ∪ BKp,q) ≤ s+

(
2s

r

)
+

(
2s

r − 1

)
(pq − 1).
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For the case p ≤ r = s+ 1, we have the following result.

Proposition 2.8. Let integers r ≥ 2 and n be sufficiently large.
(i) If p = r = s+ 1, then exr(n,BMs+1 ∪ BKp,q) = exr(n,BMs+1).
(ii) If p < r = s+ 1 ≤ p+ q, then exr(n,BMs+1 ∪ BKp,q) = n+O(1).
(iii) If p+ q < r = s+ 1, then exr(n,BMs+1 ∪ BKp,q) ≤ s+

(
2s
r

)
+
(

2s
r−1

)
(pq − 1).

The proofs of Theorems 2.6 and 2.7, and Proposition 2.8 will be presented in Section 5.

2.3. Finite families of Berge hypergraphs

In this subsection, we use a slightly different notation. In the Section 2.2, we consider the Turán
problems on two Berge families. It is natural to ask what happens for more general families of
Berge hypergraphs. Let F be a finite family of graphs and BF :=

⋃
F∈F BF . Now we consider

Turán problems on BF .
Given a graph G, a red-blue graph Gred-blue is formed by coloring the edges of G with two

distinct colors, namely red and blue. For a red-blue graph Gred-blue, let Gred denote the subgraph
spanned by the red edges of Gred-blue, and let Gblue denote the subgraph spanned by the blue
edges of Gred-blue. Set ε(r,Gred-blue) := e(Gred) +N (Kr, Gblue).

Inspired by the results of Gerbner, Methuku and Palmer in [5], we present the following more
generalized results.

Lemma 2.9. Let F be a finite family of graphs. Then

exr(n,BF) ≤ max
{
ε(r,Gred-blue)

∣∣G is an n-vertex F-free graph
}
.

Let

F− =
{
F− ∣∣F− is a graph obtained by deleting a vertex from F, F ∈ F

}
.

By Lemma 2.9, we obtain a general upper bound for the Turán number of BF .

Theorem 2.10. Let F be a finite family of graphs and f := f(n) such that ex(n,Kr−1,F−) ≤ fn
for every n, then

exr(n,BF) ≤ max
{2f

r
, 1
}
· ex(n,F).

Next, we present an application of Theorem 2.10. Let F =
{
Ms+1,Kk+1

}
and F− =

{
Ms ∪

{v},Kk

}
. For a matching Ms and a vertex v /∈ V (Ms), it is easy to see that if n ≥ 2s+1, then a

n-vertex graph is Ms ∪{v}-free if and only if it is Ms-free. Thus, ex(n,Kr−1, {Ms ∪{v},Kk}) =
ex(n,Kr−1, {Ms,Kk}) for n ≥ 2s + 1. By Theorems 1.1, 1.3 and 2.10, we obtain the following
corollary.

Corollary 2.11. Let n ≥ 2s+ 1 and k ≥ r ≥ 3. Then

exr(n,B{Ms+1,Kk+1}) ≤ Z(n, r, s, k) ·max
{
e(T (2s+ 1, k)), e(G(n, k, s))

}
,

where Z(n, r, s, k) := max
{

2N (Kr−1,T (2s−1,k−1))
rn ,

2N (Kr−1,G(n,k−1,s−1))
}

rn , 1
}
.

Note that if n ≤ 2s + 1, then exr(n,B{Ms+1,Kk+1}) = exr(n,BKk+1). If k ≥ 2s + 1, then
Ms+1 ⊆ Kk+1. This implies that exr(n,B{Ms+1,Kk+1}) = exr(n,BMs+1) for k ≥ 2s+ 1.

The proof of Lemma 2.9 and Theorem 2.10 will be presented in Section 6.
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3. Proof of Theorem 2.1

Given an r-graph H, the neighborhood NH(v) of a vertex v in H is the set of all vertices adjacent
to v in H. For a set S ⊆ V (H), the neighborhood of S is defined as NH(S) =

⋃
v∈S NH(v) \ S.

Recall that dH(v) denote the degree of a vertex v in H. Let H[U ] denote the subhypergraph of
H induced by U ⊆ V (H). We say that a Berge matching M in H is maximum if H contains no
Berge matching with a core larger than that of M. When referring to H contains a BMs+1, we
mean H contains a Berge copy of Ms+1.

Now let us start with the proof of Theorem 2.1 that we restate here for convenience.

Theorem. Let integers s ≥ 1 and r ≥ 2. For all n ≥ 2s+ 2,

exr(n,BMs+1) =


max

{(
2s+1
r

)
,
(

s
r−1

)
(n− s) +

(
s
r

)}
, if r ≤ s+ 1;(

2s+1
r

)
, if s+ 2 ≤ r ≤ 2s;

s, if r ≥ 2s+ 1.

Note that for the cases r ≤ s − 1 and r ≥ 2s + 2 in Theorem 2.1, the result holds by
Theorem 1.5, and the case r = 2 for Theorem 2.1 follows from the result of Erdős and Gallai
[3]. Thus, in the following, we may assume s ≤ r ≤ 2s+ 1 and r ≥ 3.

Proof. Let us first consider lower bound. For r ≤ s+1, we consider the following two r-graphs:
one is an r-graph formed by the union of a complete r-graph of order 2s+1 and n−2s−1 isolated
vertices (i.e., vertices of degree 0); the other is an n-vertex r-graph where there exists a vertex
subset S of size s such that every hyperedge intersects S in at least r − 1 vertices. For s+ 2 ≤
r ≤ 2s, the lower bound follows from the union of a complete r-graph of order 2s+1 and n−2s−
1 isolated vertices. For r ≥ 2s+1, the lower bound follows from any r-graph with s hyperedges.
It is easy to verify that these hypergraphs are BMs+1-free.

In the following, we prove the upper bound. Let H be a BMs+1-free r-graph on n vertices
with maximum number of hyperedges. Note that adding a new hyperedge to H increases the
size of the core of a maximum Berge matching by at most 1. Thus, by the maximality of e(H),
we may assume that H contains a BMs, denoted by M. Let E = {e1, . . . , es} be the hyperedges
of M, with the core C = {u1, v1, . . . , us, vs} such that {ui, vi} ⊆ ei for each i ∈ [s]. For a subset
S ⊆ C, we write S = {ui | vi ∈ S} ∪ {vi | ui ∈ S}.

Let H′ be the r-graph obtained from H by deleting s hyperedges of E . Let EH′(v) denote
the set of hyperedges in H′ that contain v. Observe that each hyperedge of H′ intersects C in
at least r − 1 vertices. Indeed, if there exists a hypergraph e ∈ E(H′) such that e \ C = {u, v},
then E ∪ {e} forms a BMs+1 in H with the core C ∪ {u, v}, a contradiction. This implies that
NH′(v) ⊆ C for any v ∈ V (H) \ C.

Claim 1. If s ≤ r ≤ 2s, then either e(H) ≤
(
2s+1
r

)
, or there are at least two vertices u, v ∈

V (H) \ C such that dH′(u) ≥ 1 and dH′(v) ≥ 1.

Proof of Claim 1. It is sufficient to prove that if there is at most one vertex u ∈ V (H)\C with
dH′(u) ≥ 1, then e(H) ≤

(
2s+1
r

)
. If dH′(v) = 0 for every v ∈ V (H) \ C, then e(H) ≤ s +

(
2s
r

)
≤(

2s+1
r

)
as r ≤ 2s.

Let v ∈ V (H) \ C be the unique vertex with dH′(v) ≥ 1. If ei ⊆ C ∪ {v} for every i ∈ [s],
then e(H) ≤

(
2s+1
r

)
and we are done. Now suppose that there exists some i ∈ [s] such that
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ei ⊈ C ∪ {v}. Without loss of generality, suppose es contains a vertex w /∈ C ∪ {v}. Note that
|C| = 2s. If r = 2s, then we have us ∈ NH′(v) or vs ∈ NH′(v). Thus, there exists a BMs+1 in H
by adding the hyperedge containing v and us (or vs) to E , and extending the core to C ∪ {v, w},
a contradiction. Now we asume that s ≤ r < 2s. We claim that us /∈ NH′(v) and vs /∈ NH′(v).
Indeed, if us ∈ NH′(v) (or vs ∈ NH′(v)), then as in the case r = 2s we may find a BMs+1 in H,
a contradiction.

Then |EH′(v)| ≤
(|NH′ (v)|

r−1

)
. Note that E(H′[C]) = E(H′)\EH′(v). We now partition E(H′[C])

into the following three classes: E1 (consisting of hyperedges not containing NH′(v)), E2 (con-
sisting of hyperedges not containing {us, vs}), and E3 (consisting of hyperedges containing both
a vertex of {us, vs} and a vertex of NH′(v)). We assert that E3 = ∅. Otherwise, assume that
e ∈ E3 contains the vertex us and ui ∈ NH′(v) (or vi ∈ NH′(v)) for some i ∈ [s − 1]. By
the definition of NH′(v), there is a hyperedge e′ ∈ E(H′) containing v and vi (or ui). Then
(E \ {ei}) ∪ {e′, e} forms a BMs+1 in H with the core C ∪ {v, w}, a contradiction. Note that
r − 1 ≤ |NH′(v)| ≤ 2s− 2. Therefore, we have

e(H) = s+ |EH′(v)|+ |E1|+ |E2| ≤ s+

(
|NH′(v)|
r − 1

)
+

(
2s− |NH′(v)|

r

)
+

(
2s− 2

r

)
≤

(
2s+ 1

r

)
.

3.1. Proof of Theorem 2.1 for r = s

Claim 2. If dH′(v) ≤ 1 for all v ∈ V (H) \ C, then e(H) ≤ max
{(

2s+1
s

)
, s(n− s) + 1

}
.

Proof of Claim 2. Note that e(H′[C]) ≤
(
2s
r

)
=

(
2s
s

)
. Since dH′(v) ≤ 1 for all v ∈ V (H) \ C,

e(H) = s+ e(H′[C]) +
∑

v∈V (H)\C

dH′(v) ≤ s+

(
2s

s

)
+ n− 2s =

(
2s

s

)
+ n− s.

If e(H) > max
{(

2s+1
s

)
, s(n− s) + 1

}
, then we have

(
2s
s

)
+ n− s ≥

(
2s+1
s

)
+1 and

(
2s
s

)
+ n− s ≥

s(n−s)+2. This implies that
(
2s
s

)
≥ (s−1)(n−s)+2 ≥ (s−1)

[(
2s
s−1

)
+1

]
+2 = (s−1)

(
2s
s−1

)
+s+1,

which is a contradiction when s ≥ 2.

Case 1. There exists w ∈ V (H) \ C such that {ui, vi} ⊆ NH′(w) for some i ∈ [s].

We choose a such vertex w such that dH′(w) achieves minimum. Without loss of generality,
assume that {u1, v1} ⊆ NH′(w). Then we have {u1, v1} ⊆ ew ∈ EH′(w), or u1 ∈ e1w and v1 ∈ e2w,
where e1w, e

2
w ∈ EH′(w) and e1w ̸= e2w. Let

Y = NH′
(
V (H) \ (C ∪ {w})

)
.

Clearly, Y ⊆ C. We claim that u1, v1 /∈ Y . Otherwise, there exists a BMs+1 in H with the core
C ∪ {w, z}, where z ∈ V (H) \ (C ∪ {w}) and u1 ∈ NH′(z) (or v1 ∈ NH′(z)).

By Claim 1, we may suppose that there exists at least one vertex in V (H) \ (C ∪ {w})
such that its degree in H′ is at least 1. Otherwise, e(H) ≤

(
2s+1
r

)
and we are done. Thus,

|Y | ≥ r − 1 = s− 1.

Case 1.1. |Y | = s− 1.

8



Figure 2: The illustration of BMs+1 by the thick red lines. The left figure shows when a
hyperedge e ∈ E3 contains ui, uj (the figure shows the case 2 ≤ i, j ≤ s − 1, the case when
i ∈ {1, s} holds similarly). The right figure shows when a hyperedge e ∈ E3 contains ui, v1
(2 ≤ i ≤ s). The hyperedge connecting w′ comes from the definition of Y .

It is easy to see that dH′(v) ≤ 1 for any v ∈ V (H) \ {C ∪ w}. By Claim 2, we may suppose
dH′(w) ≥ 2. Otherwise, e(H) ≤ max

{(
2s+1
s

)
, s(n− s) + 1

}
and we are done. Let E1 and E2

denote the set of hyperedges in H′ containing a vertex in V (H) \ (C ∪ {w}), and the vertex w,
respectively. Note that E2 = EH′(w). Let Ω = {v1, . . . , vs} and E3 = E(H′[C])\E(H′[Ω]). Then

E(H) = E ∪ E(H′[Ω]) ∪
3⋃

i=1

Ei.

Clearly, e(H′[Ω]) ≤ 1. Note that dH′(v) ≤ 1 for any v ∈ V (H) \ (C ∪ {w}). So |E1| ≤ n− 2s− 1.
Recall that u1, v1 /∈ Y . We claim that {ui, vi} ⊈ Y for all 2 ≤ i ≤ s. Otherwise, there

exists some j such that {uj , vj} ⊆ Y . Then V (H) \ (C ∪ {w}) contains a vertex v such that
{uj , vj} ⊆ NH′(v) and dH′(v) ≤ 1, which contradicts the minimality of dH′(w). Without loss
of generality, we assume that Y = {v2, . . . , vs}. We claim that NH′(w) ⊆ Ω ∪ {u1}. Indeed, if
ui ∈ NH′(w) for some 2 ≤ i ≤ s, then there exists a BMs+1, obtained by adding to E \ {ei} the
hyperedge containing wui and hyperedge containing viw

′ for some w′ ∈ V (H) \ (C ∪{w}) by the
definition of Y . So |E2| ≤

(
s+1
s−1

)
=

(
s+1
2

)
.

Since dH′(w) ≥ 2, we have |NH′(w)| ≥ r = s. Recall that {u1, v1} ⊆ NH′(w). Without loss
of generality, we may assume that {u1, v1, . . . , vs−1} ⊆ NH′(w). For any hyperedge e ∈ E(H′[C])
containing u1, e does not contain any uj for 2 ≤ j ≤ s. Otherwise, by the definition of Y , we
may find a BMs+1 in H whose core has edge set {wv1, u1uj , vjw′, u2v2, . . . , usvs}\{ujvj}. For
any hyperedge e ∈ E(H′[C]) containing ui with 2 ≤ i ≤ s, e does not contain any other uj
(1 ≤ j ≤ s and j ̸= i) or v1. Otherwise, by the definition of Y , we may find a BMs+1 in H (see
Figure 2). It means that |E3| ≤

(
s

r−1

)
+ s− 1 = 2s− 1.

Therefore, we have

e(H) ≤ |E|+ e(H′[Ω]) +
3∑

i=1

|Ei| ≤ s+ 1 + (n− 2s− 1) +

(
s+ 1

2

)
+ 2s− 1

= n+ s− 1 +

(
s+ 1

2

)
≤ max

{(
2s+ 1

s

)
, s(n− s) + 1

}
,
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where the last inequality can be proved by a method similar to that of Claim 2 when s ≥ 3.

Case 1.2. |Y | ≥ s.

Let E1 and E2 denote the set of hyperedges in H′ containing the vertex w, and a vertex in
V (H) \ (C ∪ {w}), respectively. Let E3 = E(H′[C]). Then

E(H) = E ∪
3⋃

i=1

Ei.

Recall that {u1, v1} ⊆ NH′(w). We claim that e1 ⊆ C ∪ {w}. Otherwise, we may find a
BMs+1 in H with the core C ∪ {w, z}, where z ∈ e1 \ (C ∪ {w}). So we can choose a set X of s
vertices from (e1 ∪ ew) ∩ C or (e1 ∪ e1w ∪ e2w) ∩ C such that {u1, v1} ⊆ X.

Recall that u1, v1 /∈ Y . It follows that u1, v1 /∈ Y and |X ∩ Y | ≤ s − 2. We claim that
X ∩ Y = ∅. Otherwise, assume that uj ∈ X ∩ Y (or vj ∈ X ∩ Y ) for some 2 ≤ j ≤ s. Then for
the hyperedge ej ∈ E , apart from uj (or vj), it does not contain vertices of V (H) \ C, vertices in
X, and vertices in Y . Otherwise, we may obtain a BMs+1 in H (see Figure 3 for illustration),
a contradiction. Thus, we have

s− 1 = |ej | − 1 ≤ |C \ (X ∪ Y )| = 2s− |X| − |Y |+ |X ∩ Y | ≤ s− |Y |+ s− 2.

It yields |Y | ≤ s− 1, which contradicts |Y | ≥ s. Thus, we have X ∩ Y = ∅.
Combining |X| = |X| = s, |Y | = |Y | ≥ s, |X ∪ Y | ≤ |C| = 2s, and |X ∩ Y | = 0, we have

|Y | = |Y | = s and |X ∩ Y | = 0. We claim that X ∩ Y = ∅. Otherwise, there exists a BMs+1

in H. So we have X = X and Y = Y . Thus, all hyperedges of E1 are contained in {w} ∪ X
(otherwise, there exists a BMs+1 in H since Y = Y ). Then |E1| ≤

( |X|
s−1

)
=

(
s

s−1

)
. Furthermore,

if e ∈ E3 contains a vertex from X, then e = X, and if e ∈ E3 contains a vertex from Y , then
e = Y (otherwise, there exists a BMs+1 in H). Then |E3| ≤ 2. By the definition of Y , we have
|E2| ≤

( |Y |
s−1

)
(n− 2s− 1) =

(
s

s−1

)
(n− 2s− 1). Therefore,

e(H) = |E|+
3∑

i=1

|Ei|

≤ s+

(
s

s− 1

)
+

(
s

s− 1

)
(n− 2s− 1) + 2

= s(n− s) + 1− (s2 − s− 1) ≤ s(n− s) + 1.

Case 2. For any v ∈ V (H) \ C, {ui, vi} ⊈ NH′(v) for each i ∈ [s].

By Claim 2, we may suppose dH′(w) ≥ 2 for some w ∈ V (H) \ C. Then we have that
NH′(w) ⊆ C and |NH′(w)| ≥ r = s. Note that {ui, vi} ⊈ NH′(w) for every i ∈ [s]. Hence,
without loss of generality, we may assume that NH′(w) = Ω.

By Claim 1, we may suppose that there exists at least one vertex in V (H) \ (C ∪ {w}) such
that its degree in H′ is at least 1. Otherwise, e(H) ≤

(
2s+1
r

)
and we are done. It follows that

NH′(w′) ⊆ Ω for any w′ ∈ V (H) \ (C ∪ {w}). Otherwise, there exists a BMs+1 in H with the
core C ∪ {w,w′}.

Case 2.1. There exists a set W ⊆ V (H) \ C such that each vi (i ∈ [s]) is contained in at
least two members of the family {NH′(v) | v ∈ W}.
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Figure 3: The four cases: ej contains w, w′′ ̸= w, a vertex in X, or a vertex in Y . In each case,
we can find a BMs+1 using either red lines or dotted lines. In the picture, we only list some
typical cases. For example, when ej contains u2 ∈ X, we only consider u2 ∈ ej ∩X. However,
other cases hold similarly.

It follows that for each e ∈ E(H), the hyperedge e can not contain both ui and uj for any
i ̸= j. Otherwise, we would get a BMs+1 in H by connecting uiuj with the edge, and connecting
ui, uj to two different elements in W by definition. Then every hyperedge e ∈ E(H) intersects
Ω in at least s− 1 vertices. Therefore, we have

e(H) ≤ 1 +

(
s

s− 1

)
(n− s) = 1 + s(n− s).

Case 2.2. There does not exist W ⊆ V (H) \ C such that each vi (i ∈ [s]) is contained in at
least two members of the family {NH′(v) | v ∈ W}.

Note that NH′(w) = Ω and NH′(w′) ⊆ Ω for any w′ ∈ V (H) \ (C ∪ {w}). It follows that for
every w′ ∈ V (H)\(C∪{w}), we have dH′(w′) ≤ 1. Otherwise, there exists a setW = {w,w′} that
satisfies Case 2.1, a contradiction. So, by Claim 1, there exists one vertex w′ ∈ V (H)\ (C ∪ {w})
such that dH′(w′) = 1. Similarly, if w′

1, w
′
2 ∈ V (H) \ (C ∪ {w}) satisfies dH′(w′

1) = dH′(w′
2) = 1,

then NH′(w′
1) = NH′(w′

2). Without loss of generality, assume that NH′(w′) = Ω \ {v1} for all
w′ ∈ V (H) \ (C ∪ {w}) with dH′(w′) = 1. Let E1 and E2 denote the set of hyperedges in H′

containing the vertex w, and a vertex in V (H) \ (C ∪ {w}), respectively. Let E3 = E(H′[C]).
Clearly, we have |E1| ≤

(
s

s−1

)
= s, |E2| ≤ n− 2s− 1.
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Now we consider the hyperedges in E3. If e ∈ E3 contains ui (1 ≤ i ≤ s), then it must lie
in {ui} ∪ Ω, at most

(
s

s−1

)
= s such hyperedges. Otherwise, we would get a BMs+1 in H by

connecting uiuj with the edge, and connecting ui, uj to w,w′. With only one hyperedge on Ω,
we have |E3| ≤ s2 + 1.

This implies that

e(H) ≤ |E|+ |E1|+ |E2|+ |E3|
≤ s+ s+ n− 2s− 1 + s2 + 1

= n+ s2 ≤ max

{(
2s+ 1

s

)
, 1 + s(n− s)

}
,

where the last inequality can be proved by a method similar to that of Claim 2 when s ≥ 2.

3.2. Proof of Theorem 2.1 for s+ 1 ≤ r ≤ 2s+ 1

Case (i): r = s+ 1.

By Claim 1, if e(H) ≤
(
2s+1
r

)
, then the result holds. So we assume that w1, w2 are two vertices

such that dH′(wi) ≥ 1 for i = 1, 2. Then |NH′(wi)| ≥ r − 1 = s. And NH′(w1) ∩NH′(w2) = ∅,
otherwise we can find a Berge copy of Ms+1. Thus, |NH′(w1)| = |NH′(w2)| = s.

For the case NH′(w1) ∩NH′(w2) = ∅, we write NH′(w1) = V1 and NH′(w2) = V2. Then for
every x ∈ V1 and y ∈ V2, there is no hyperedge e ∈ E(H) \ E with {x, y} ⊆ e, otherwise we can
find a BMs+1. Therefore, E(H′[C]) = and for every vertex v ∈ V (H) \ C, either NH′(v) ⊆ V1 or
NH′(v) ⊆ V2. Thus, e(H) ≤ s+ n− 2s = n− s.

For the case NH′(w1) ∩NH′(w2) ̸= ∅, there exists uj (or vj) in NH′(w1) ∩NH′(w2). Now we
consider the hyperedge ej in E . Apart from uj (or vj), ej does not contain vertices in V (H) \ C,
NH′(w1), and NH′(w2) by a similar argument as Figure 3. Then we have

s = |ej | − 1 ≤ |C \ (NH′(w1) ∪NH′(w2))| ≤ |NH′(w1) ∩NH′(w2)|.

It derives that NH′(w1) = NH′(w2) and thus NH′(w1) = NH′(w2). This only happens when
NH′(w1) contains exactly one vertex from {ui, vi}. Without loss of generality, we may assume
NH′(w1) = NH′(w2) = Ω = {v1, . . . , vs}. In this case, for every w ∈ V (H)\C, either NH′(w) = Ω
or dH′(w) = 0. Also, every hyperedge containing ui (including ei) contains Ω. Thus, we have

e(H) ≤ e(H[Ω]) +
∑

u∈V (H)\Ω

dH′(u) ≤
(

s

s+ 1

)
+ (n− s) = n− s.

Case (ii): s+ 2 ≤ r ≤ 2s.

Suppose that the result does not hold. By Claim 1, we may assume w1, w2 ∈ V (H) \ C with
dH′(wi) ≥ 1 for i = 1, 2. Then NH′(wi) ≥ r − 1 ≥ s + 1. It implies NH′(w1) ∩ NH′(w2) ̸= ∅.
Similar as above, we can find a BMs+1, a contradiction.

Case (iii): r = 2s+ 1.

Suppose that the result does not hold, i.e., e(H) ≥ s+1. Then there is at least one hyperedge
e ∈ E(H) \ E . Since r = 2s + 1, e must be of the form {w} ∪ C for a w ∈ V (H) \ C. Then e1
contains a vertex outside {w} ∪ C, and thus we may find a BMs+1, a contradiction.
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4. Proof of Theorems 2.2

Let H be an r-graph and U ⊆ V (H) be a nonempty subset. Let H[U ] denote the subhypergraph
of H induced by U . Given a hypergraph H and a vertex v ∈ V (H), the link hypergraph Lv is
defined as

Lv =
{
e\{v}

∣∣ e ∈ E(H), v ∈ e
}
.

Let us start with the proof of Theorem 2.2 that we restate here for convenience.

Theorem. Let integers 3 ≤ r ≤ s+ 1 and n be sufficiently large. Suppose F is an r-graph with
χ(F) > 2, or χ(F) = 2 and q(F) = ∞. Then

exr(n,BMs+1 ∪ {F}) = exr(s,D(F)) +

(
s

r − 1

)
(n− s),

where D(F) is the family of r-graphs obtained by deleting a strongly independent set from F .

Proof. Observe that for any strongly independent set S of F , the r-graph F − S is not empty.
Otherwise, χ(F) = 2 and q(F) < ∞, a contradiction. This implies that D(F) does not contain
the empty graph. Thus there exists an s-vertex D(F)-free r-graph H0 with exr(s,D(F)) hy-
peredges. Now let us add n− s new vertices and add all hyperedges containing one new vertex
and r− 1 vertices in H0. The resulting r-graph is BMs+1-free since |V (H0)| < s+1, and F -free
since H0 is D(F)-free and the n − s vertices outside H0 form a strongly independent set. The
construction gives the lower bound.

Now we consider the upper bound. Let H be an n-vertex BMs+1 ∪ {F}-free r-graph with
e(H) > exr(s,D(F)) +

(
s

r−1

)
(n− s). Let V (H) = {v1, v2, . . . , vn} and dH(v1) ≥ · · · ≥ dH(vn).

Claim 3. dH(vs+1) ≤ s+
(

2s
r−1

)
.

Proof of Claim 3. Suppose otherwise that dH(vs+1) > s +
(

2s
r−1

)
. We may greedily find a

BMs+1 in the following way. First, we pick a hyperedge e1 containing v1 and a vertex v′1 distinct
from v1, v2, . . . , vs+1, and take v1 and v′1 as the core of e1. In step i (2 ≤ i ≤ s + 1), we pick
a hyperedge ei containing vi and a vertex v′i distinct from v1, v2, . . . , vs+1, v

′
1, . . . , v

′
i−1 which is

different from all previously selected hyperedges, and take vi and v′i as the core of ei. This is
possible since the number of the previously selected hyperedges is at most s, and there are at most(
s+i−1
r−1

)
≤

(
2s
r−1

)
hyperedges containing vi and r − 1 vertices from {v1, . . . , vs+1, v

′
1, . . . , v

′
i−1}\vi.

Then e1, . . . , es+1 forms a BMs+1 whose core is {v1v′1, . . . , vs+1v
′
s+1}, a contradiction.

Let Mt be a maximum Berge matching in H, and let A be the core of Mt. Then |A| =
2t ≤ 2s. Let {ei}1≤i≤t be the hyperedges of Mt. Every hyperedge in E(H) other than {ei}1≤i≤t

intersects A in at least r− 1 vertices, otherwise a larger Berge matching would appear. Assume
A = {a1, a2, . . . , a2t}. This implies that the number of hyperedges in H is at most

t+
1

r − 1

2t∑
i=1

dH(ai) ≤ t+
1

r − 1

2s∑
i=1

dH(vi) ≤ s+
1

r − 1

s∑
i=1

dH(vi) +
s

r − 1

[
s+

(
2s

r − 1

)]
. (4.1)

The upper bound in this inequality follows from Claim 3.

Claim 4. dH(vi) ≤
(
s−1
r−2

)
(n− 1) +

(
s−1
r−1

)
.
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Proof of Claim 4. Let d := d(s, r) be a large enough fixed constant. If dH(vi) ≤ d, then
dH(vi) ≤

(
s−1
r−2

)
(n − 1) +

(
s−1
r−1

)
as

(
s−1
r−2

)
≥ 1 and n is sufficiently large. If dH(vi) > d, then

we claim that the (r − 1)-graph Lvi is (r − 1)-uniform BMs-free. Suppose otherwise that Lvi

contains a BMs, denoted byMs. Let E(Ms) = {e′1, . . . , e′s}. Since n is sufficiently large, we have
e(Lvi) = dH(vi) > d > s+

(
2s
r−1

)
. Then there exists an (r−1)-edge e′ ∈ E(Lvi) with e′ ̸= e′1, . . . , e

′
s

that contains a vertex v′ outside the core of Ms. Then e′1∪{vi}, . . . , e′s∪{vi}, e′∪{vi} forms a r-
uniform BMs+1 whose core is the core ofMs together with the vertices vi and v′, a contradiction.
By Theorem 1.4, we have e(Lvi) = dH(vi) ≤

(
s−1
r−2

)
(n− 1) +

(
s−1
r−1

)
.

Claim 5. dH(vs) >
(
s−1
r−2

)
n− c for some c = c(s, r) > 0.

Proof of Claim 5. Suppose to the contrary that dH(vs) ≤
(
s−1
r−2

)
n − c for any c. By Claim 4,

we have

e(H) ≤ 1

r − 1

s∑
i=1

dH(vi) +
s

r − 1

[
s+

(
2s

r − 1

)]
+ s

≤ s− 1

r − 1

[(
s− 1

r − 2

)
(n− 1) +

(
s− 1

r − 1

)]
+

(
s− 1

r − 2

)
n

r − 1
− c

r − 1
+

s

r − 1

[
s+

(
2s

r − 1

)]
+ s

=

(
s

r − 1

)
(n− s) + C − c

r − 1
,

where C is a constant depending only on r and s. When c is large, we have e(H) ≤
(

s
r−1

)
(n−s),

a contradiction.

Let U = {v1, . . . , vs}. If there exists a hyperedge e intersecting V (H)\U in at least two
vertices, then we take u, u′ ∈ e\U as the core of e. Since dH(v1) ≥ · · · ≥ dH(vs) >

(
s−1
r−2

)
n − c

by Claim 5, we may greedily find a BMs+1 in a way analogous to the proof of Claim 3. Thus,
H contains only two types of hyperedges: those containing exactly r − 1 vertices from U , and
those containing exactly r vertices from U . The number of hyperedges of the first type is at
most

(
s

r−1

)
(n− s), and the number of hyperedges of the second type is equal to e(H[U ]) ≤

(
s
r

)
.

If H[U ] is D(F)-free, then e(H) ≤ exr(s,D(F)) +
(

s
r−1

)
(n − s) and we are done. Assume

now that H[U ] contains an r-graph F0 ∈ D(F). Then for each (|V (F)|− |V (F0)|)-set X outside
U , this copy of F0 could be extended to a copy of F in V (F0) ∪ X using only hyperedges
that contains exactly r − 1 vertices from V (F0) and one vertex from X, by the definition of
D(F). This means that at least one such hyperedge is missing from H. Let us partition the
n − s vertices outside U to ⌊(n − s)/(|V (F)| − |V (F0)|)⌋ sets of size |V (F)| − |V (F0)| and a
smaller set, arbitrarily. Then we have a distinct missing hyperedge for each of the sets of size
|V (F)|− |V (F0)|, thus there are at most

(
s

r−1

)
(n− s)−⌊(n− s)/(|V (F)|− |V (F0)|)⌋ hyperedges

containing exactly r − 1 vertices from U . Therefore, the number of hyperedges of H is at
most

(
s
r

)
+

(
s

r−1

)
(n − s) − ⌊(n − s)/(|V (F)| − |V (F0)|)⌋. Since n is sufficiently large, we have(

s
r

)
−⌊(n− s)/(|V (F )| − |V (F0)|)⌋ ≤ exr(s,D(F))+

(
s

r−1

)
(n− s). This completes the proof.

5. Proofs of Theorems 2.6, 2.7 and 2.8

Let Sℓ be a star with ℓ edges. The non-leaf vertex is called the center of Sℓ. Khormali and
Palmer [11] proved the following lemma establishing the degree conditions for the existence of
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a BSℓ.

Lemma 5.1 (Khormali and Palmer [11]).
(i) Fix integers ℓ > r ≥ 2 and let H be an r-graph. If x is a vertex of degree d(x) >

(
ℓ−1
r−1

)
in H, then H contains a BSℓ with center x.

(ii) Fix integers r ≥ 2 and ℓ ≤ r and let H be an r-graph. If x is a vertex of degree
d(x) > ℓ− 1 in H, then H contains a BSℓ with center x.

Now let us start with the proof of Theorem 2.6 that we restate here for convenience.

Theorem. Fix integers s and r ≥ 2. Let G be a bipartite graph with p = p(G) and n be
sufficiently large.

(i) If r ≤ p ≤ s, then exr(n,BMs+1 ∪ BG) =
(
p−1
r−1

)
n+O(1).

(ii) If p ≤ s < r − 1, then exr(n,BMs+1 ∪ BG) ≤ max
{
s,
(
2s+1
r

)}
.

(iii) If p > s, then exr(n,BMs+1 ∪ BG) = exr(n,BMs+1).

Proof. (i) For the lower bound, we consider the following r-graph: take a set A of order p− 1
and a set B of order n− p+ 1, and add each hyperedge that contains exactly r − 1 vertices of
A. Clearly, this resulting r-graph is BMp-free as |A| < p, and thus BMs+1 ∪ BG-free as p ≤ s
and BG contains a BMp.

We now continue with the upper bound. Let H be an n-vertex BMs+1 ∪ BG-free r-graph
with maximum number of hyperedges. Let M be a largest Berge matching in H, and let U be
the core of M. Then |U | ≤ 2s as H is BMs+1-free. Observe that each hyperedge not belonging
to M intersects U in at least r − 1 vertices. Otherwise, a larger Berge matching would appear.
Now we delete these at most s hyperedges from M. Denote by H′ this resulting r-graph. Thus,
H′ contains only two types of hyperedges: those containing exactly r − 1 vertices from U , and
those containing exactly r vertices from U . The number of hyperedges of the first type is at
most

( |U |
r−1

)
(n− |U |), and the number of hyperedges of the second type is at most

(|U |
r

)
.

Let X = {v ∈ V (H)\U | dH′(v) >
(
p−1
r−1

)
} and Y = V (H)\(U ∪ X). By Lemma 5.1 (i), for

any v ∈ X, there exists a BSp in H′ with center v such that every vertex other than v belongs
to U . In particular, the core of this BSp is contained in U , except for the vertex v. Note that

there are at most
(|U |

p

)
p-sets in U . If |X| ≥

(|U |
p

)
(|V (G)| − p), then by pigeonhole principle,

there exists a p-set U ′ ⊆ U that forms the p leaf vertices in the cores of at least |V (G)|−p Berge
copies of Sp. This implies that H contains a BKp,|G|−p, and therefore a BG, a contradiction.

Thus, |X| <
(|U |

p

)
(|V (G)| − p). Therefore, the number of hyperedges of H is at most

s+

(
|U |
r

)
+

(
|U |
r − 1

)
|X|+

(
p− 1

r − 1

)
|Y | ≤

(
p− 1

r − 1

)
n+O(1).

(ii) If r − 1 > s, then by Theorem 1.4,

exr(n,BMs+1 ∪ BG) ≤ exr(n,BMs+1) ≤ max

{
s,

(
2s+ 1

r

)}
.

(iii) By the definition of p, G contains a matching Mp. Then any Berge copy of G contains
a Berge copy of Mp. Since p ≥ s+ 1, we obtain exr(n,BMs+1 ∪ BG) = exr(n,BMs+1).

Recall that for r ≥ 3, let Gr−1
s be an s-vertex (r − 1)-graph with the maximum number of

hyperedges such that ∂Gr−1
s is Kp,q-free.

Let us continue with the proof of Theorem 2.7 that we restate here for convenience.
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Theorem. Fix integers s and r ≥ 2. Let n be sufficiently large.
(i) If p ≤ r ≤ min{s, p+ q − 1}, then

exr(n,BMs+1 ∪ BKp,q) = (p− 1)n+O(1).

(ii) If r = p+ q ≤ s, then

exr(n,BMs+1 ∪ BKp,q) = min{p− 1, e(Gr−1
s )} · n+O(1).

(iii) If p+ q < r ≤ s, then

exr(n,BMs+1 ∪ BKp,q) ≤ s+

(
2s

r

)
+

(
2s

r − 1

)
(pq − 1).

Proof. We first prove the lower bounds in (i) and (ii). For the lower bound in (i), we consider
the following r-graph. Let A be a fixed r-set with vertices {a1, a2, . . . , ar}. Let Ai = A\{ai} for
i = 1, 2, . . . , p − 1. For each of the remaining n − r vertices, add all hyperedges that contain
Ai and the vertex, i = 1, 2, . . . , p − 1. Clearly, this resulting r-graph is BMs+1-free as r ≤ s.
Observe that in a BKp,q, there are at least p+ q vertices whose degree is at least p. However, in
this resulting r-graph, the number of vertices of degree at least p is at most r ≤ p+ q− 1. This
implies that this resulting r-graph is BKp,q-free.

For the lower bound in (ii), we consider the following r-graph. If e(Gr−1
s ) ≤ p − 1, let

A = E(Gr−1
s ). Otherwise, let A be a collection consisting of exactly p − 1 hyperedges of Gr−1

s .
For each of the remaining n − s vertices and each A ∈ E(A), add the hyperedge containing
the vertex and A. Note that |A| = min{p − 1, e(Gr−1

s )} and the resulting r-graph has exactly
(n− s)|A| hyperedges. Clearly, this resulting r-graph is BMs+1-free as Gr−1

s has only s vertices.
Observe that only the vertices in V (Gr−1

s ) have degree greater than p. Therefore, the core of
any BKp,q is contained only in Gr−1

s . However, by the definition of Gr−1
s , ∂Gr−1

s is Kp,q-free.
This implies that this resulting r-graph is BKp,q-free.

We now prove the upper bounds in (i), (ii) and (iii) together. Let H be an n-vertex
BMs+1 ∪ BKp,q-free r-graph. Similar to the proof of Theorem 2.6, let M be a largest Berge
matching in H, and let U be the core of M. Now we delete at most s hyperedges from M
and denote by H′ this resulting r-graph. Then H′ contains only two types of hyperedges: those
containing exactly r − 1 vertices from U , and those containing exactly r vertices from U .

Case 1. p ≤ r ≤ p+ q.

Let X = {v ∈ V (H)\U | dH′(v) > p − 1} and Y = V (H)\(U ∪X). By Lemma 5.1 (ii), for
any v ∈ X, there exists a BSp in H′ with center v such that every vertex other than v belongs
to U . In particular, the core of this BSp is contained in U , except for the vertex v. Note that

there are at most
(|U |

p

)
p-sets in U . If |X| ≥

(|U |
p

)
q, then by pigeonhole principle, there exists a

p-set U ′ ⊆ U that forms the p leaf vertices in the cores of at least q Berge copies of Sp. This

implies that H contains a BKp,q, a contradiction. It follows that |X| <
(|U |

p

)
q. Therefore, the

number of hyperedges of H is at most

s+

(
|U |
r

)
+

(
|U |
r − 1

)
|X|+ (p− 1)|Y | ≤ (p− 1)n+O(1).

Case 2. r = p+ q ≤ s and e(Gr−1
s ) < p− 1.
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Let d := d(s, r, p, q) be a large enough fixed constant. For every (r − 1)-set S in U , set

EH′(S) =
{
e ∈ E(H′)

∣∣ e∩U = S
}
andX =

{
S ⊆ U

∣∣ |EH′(S)| > d
}
. We claim that |

⋃
S∈X S| ≤

s. Otherwise, we may greedily construct a BMs+1 such that the maximum independent set of
its core is contained in

⋃
S∈X S, a contradiction. For convenience, let |

⋃
S∈X S| := x ≤ s. Now

let G̃ denote the (r− 1)-graph with vertex set
⋃

S∈X S and hyperedge set X. We claim that ∂G̃
is Kp,q-free. Otherwise, there exists a copy of Kp,q in ∂G̃, denoted by K. Since each edge of K is
contained in some (r−1)-set from X, by the definition of X, we may greedily construct a BKp,q

with K as its core, a contradiction. Thus, we have |X| = e(G̃) ≤ e(Gr−1
x ) ≤ e(Gr−1

s ) < p − 1.
Note that |EH′(S)| ≤ n − |U | for any S ⊆ U . Therefore, the number of hyperedges of H is at
most

s+

(
|U |
r

)
+ e(Gr−1

s ) · (n− |U |) +
((

|U |
r − 1

)
− e(Gr−1

s )

)
d = e(Gr−1

s ) · n+O(1).

Case 3. p+ q < r ≤ s.

We claim that any (r − 1)-set S ⊆ U is contained in at most pq − 1 hyperedges. Indeed, If
there exists such an (r − 1)-set S ⊆ U , then we may greedily construct a BKp,q such that its
core is contained in S. Thus, the number of hyperedges in H′ that contain exactly r− 1 vertices
from U is at most

( |U |
r−1

)
(pq − 1). Therefore, the number of hyperedges of H is at most

s+

(
|U |
r

)
+

(
|U |
r − 1

)
(pq − 1) ≤ s+

(
2s

r

)
+

(
2s

r − 1

)
(pq − 1).

This completes the proof.

We now begin with the proof of Theorem Theorem 2.8 that we restate here for convenience.

Proposition. Let integers r ≥ 2 and n be sufficiently large.
(i) If p = r = s+ 1, then exr(n,BMs+1 ∪ BKp,q) = exr(n,BMs+1).
(ii) If p < r = s+ 1 ≤ p+ q, then exr(n,BMs+1 ∪ BKp,q) = n+O(1).
(iii) If p+ q < r = s+ 1, then exr(n,BMs+1 ∪ BKp,q) ≤ s+

(
2s
r

)
+
(

2s
r−1

)
(pq − 1).

Here we make a slight adjustment to the proof of the upper bound in Theorem 2.7.

Proof. Obviously, (i) follows directly from Theorem 2.6 (iii). For the lower bound in (ii), we
consider the following r-graph. For a fixed (r − 1)-set, add hyperedges by joining it with every
vertex from the remaining n − r + 1 vertices. Clearly, this resulting r-graph is BMs+1-free as
r−1 < s+1. Observe that in a BKp,q, there are at least p+q vertices whose degree is at least p.
However, in this resulting r-graph, the number of vertices of degree at least p is at most r − 1.
This implies that this resulting r-graph is BKp,q-free as r − 1 < p+ q.

We now prove the upper bounds in (ii) and (iii) together. Let H be an n-vertex BMs+1 ∪
BKp,q-free r-graph. Similar to the proof of Theorem 2.6, let M be a largest Berge matching in
H, and let U be the core of M. Now we delete at most s hyperedges from M and denote by H′

this resulting r-graph. Then H′ contains only two types of hyperedges: those containing exactly
r − 1 vertices from U , and those containing exactly r vertices from U .

Suppose p < r = s + 1 ≤ p + q. Let d := d(s, r, p, q) be a large enough fixed constant. For

every (r−1)-set S in U , set EH′(S) =
{
e ∈ E(H′)

∣∣ e∩U = S
}
and X =

{
S ⊆ U

∣∣ |EH′(S)| > d
}
.
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We claim that |X| ≤ 1. Otherwise, there are two (r− 1)-sets S1 and S2 such that |EH′(S1)| > d
and |EH′(S2)| > d. Since |S1 ∪ S2| ≥ r = s + 1, we may greedily construct a BMs+1 such that
the maximum independent set of its core is contained in S1 ∪ S2, a contradiction. Note that
|EH′(S)| ≤ n− |U | for any S ⊆ U . Therefore, the number of hyperedges of H is at most

s+

(
|U |
r

)
+ (n− |U |) +

((
|U |
r − 1

)
− 1

)
d = n+O(1).

If p + q < r = s + 1, an argument analogous to that of Theorem 2.7 (iii) yields e(H) ≤
s+

(
2s
r

)
+
(

2s
r−1

)
(pq − 1). This completes the proof.

6. Proofs of Lemma 2.9 and Theorem 2.10

We first introduce Gallai-Edmonds Structure Theorem on bipartite graphs. For a graph G, we
denote by D the set of all vertices in G that are not covered by at least one maximum matching
of G. Let A := NG(D) and C = V (G) \ (D ∪ A). The partition (D,A,C) is called the Gallai-
Edmonds decomposition or G-E decomposition shortly. Here we use the following result (see
Theorem 3.2.4 in [12]) to prove Lemma 2.9, which extends the result of in [5].

Theorem 6.1 (Lovász and Plummer [12]). For a bipartite graph X = (X1, X2) and i = 1, 2, let
Ai = A ∩Xi, Ci = C ∩Xi and Di = D ∩Xi, where A,C, and D are the G-E decomposition for
X. Then

(i) D1 ∪D2 is an independent set of X.
(ii) The subgraph X[C1 ∪ C2] has a perfect matching.
(iii) NX(D1) = A2 and NX(D2) = A1.
(iv) For any maximum matching M of X, it contains a perfect matching of X[C1∪C2], and

contains all vertices of A1 (resp. A2) with neighbors in D2 (resp. D1).

Let H be an r-graph. Define an auxiliary bipartite graph X with parts X1 and X2, where
X1 is the hyperedges of H and X2 is the collection of all pairs of vertices contained in some
hyperedges of H. A vertex x ∈ X1 is joined to y ∈ X2 if and only if the hyperedge x contains
the pair y.

Now let us start with the proof of Lemma 2.9 that we restate here for convenience.

Lemma. Let F be a finite family of graphs. Then

exr(n,BF) ≤ max
{
ε(r,Gred-blue)

∣∣G is an n-vertex F-free graph
}
.

Proof. Let H be a Berge-F -free r-graph of order n, and let X = (X1, X2) be an auxiliary
bipartite graph defined as above. For i = 1, 2, we let Ai = A∩Xi, Ci = C∩Xi and Di = D∩Xi,
where A,C, and D are the G-E decomposition of X. Let M be a maximum matching in X. By
Theorem 6.1 (iv), there exist vertices D′

1 ⊆ D1 and D′
2 ⊆ D2 respectively that are uncovered

by M . The vertices in X2 \D′
2 correspond to a collection of pairs on V (H). Let G∗ be the graph

on V (H) with edges X2 \D′
2. Clearly, e(G

∗) = |X2 \D′
2| and |V (G∗)| ≤ n.

We assert that G∗ is F-free. If G∗ contains some F ∈ F , then by the definition of X, we see
that for each pair {v1v2} ∈ E(F ) ⊆ X2 \D′

2, there exists a distinct hyperedge e ∈ X1 \D′
1 in H

such that {e, {v1, v2}} ∈ M , which implies that H contains a Berge copy of F , a contradiction.
Thus the assertion holds.
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We next find a red-blue coloring of G∗ that satisfies the statement of the lemma. If D′
1 = ∅,

then |D1| = |A2| by Theorem 6.1 (iii) and (iv). We color all edges of G∗ red. By Theorem 6.1
(ii) and (iv), one can see that

e(H) = |X1| = |C1|+ |A1|+ |D1| = |C2|+ |D2 \D′
2|+ |A2| = |X2 \D′

2| = e(G∗).

So we may assume that D′
1 ̸= ∅. Let G∗

red-blue be the red-blue graph obtained by coloring the
edges of G∗ corresponding to vertices in C2 ∪ (D2 \D′

2) red, and those corresponding to vertices
in A2 blue. By Theorem 6.1 (ii), (iii), and (iv), we have |C1∪A1| = |C2∪ (D2 \D′

2)| = e(G∗
red),

and NX(D1) = A2. Note that each vertex in D1 is adjacent to exactly
(
r
2

)
vertices in A2. So

each vertex in D1 corresponds to a blue Kr in G∗
red-blue, which implies that |D1| ≤ N (Kr, G

∗
blue).

Therefore,

e(H) = |X1| = |C1|+ |A1|+ |D1| ≤ e(G∗
red) +N (Kr, G

∗
blue).

We now continue with the proof of Theorem 2.10 that we restate here for convenience.

Theorem. Let F be a finite family of graphs and f := f(n) such that ex(n′,Kr−1,F−) ≤ fn
for every n, then

exr(n,BF) ≤ max
{2f

r
, 1
}
· ex(n,F).

We will follow the strategy of the proof in [5] by Gerbner, Methuku and Palmer.

Proof. Let Gred-blue be an n-vertex F -free red-blue graph. By Lemma 2.9, it is sufficient to
prove that

ε(r,Gred-blue) ≤ max
{2f

r
, 1
}
· ex(n,F).

Write e(Gblue) = m, then

e(Gred) = e(Gred-blue)−m ≤ ex(n,F)−m. (6.1)

Since the underlying graph G is F -free, the neighborhood of every vertex v ∈ V (Gblue) in Gblue

is F−-free. Note that an F−-free graph on |NGblue
(v)| vertices contains at most

ex(|NGblue
(v)|,Kr−1,F−) ≤ f |NGblue

(v)| = fdGblue
(v)

copies of Kr−1. This implies that v is contained in at most fdGblue
(v) copies of Kr in Gblue.

Summing the number of copies of Kr containing each vertex in V (Gblue), we count each Kr

exactly r times. So by
∑

v∈V (Gblue)
d(v) = 2m, one can see that

N (Kr, Gblue) ≤
1

r

∑
v∈V (Gblue)

ex(|NGblue
(v)|,Kr−1,F−)

≤ 1

r

∑
v∈V (Gblue)

fdGblue
(v)

=
2fm

r
. (6.2)
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Thus, by (6.1) and (6.2), we have

ε(r,Gred-blue) ≤ ex(n,F)−m+
2fm

r

≤ max
{2f

r
, 1
}
·
(
ex(n,F)−m

)
+max

{2f

r
, 1
}
·m

= max
{2f

r
, 1
}
· ex(n,F).

This completes the proof.
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