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ABSTRACT

Causal Abstraction (CA) theory provides a principled framework for relating causal models
that describe the same system at different levels of granularity while ensuring interventional
consistency between them. Recently, several approaches for learning CAs have been proposed,
but all assume fixed and well-specified exogenous distributions, making them vulnerable to
environmental shifts and misspecification. In this work, we address these limitations by
introducing the first class of distributionally robust CAs and their associated learning algorithms.
The latter cast robust causal abstraction learning as a constrained min-max optimization problem
with Wasserstein ambiguity sets. We provide theoretical results, for both empirical and Gaussian
environments, leading to principled selection of the level of robustness via the radius of these
sets. Furthermore, we present empirical evidence across different problems and CA learning
methods, demonstrating our framework’s robustness not only to environmental shifts but also to
structural model and intervention mapping misspecification.

1 Introduction

Causal reasoning provides the foundation for understanding and influencing complex systems: it enables us
to move beyond correlation to estimate the effects of interventions, simulate counterfactual scenarios, and
uncover the underlying mechanisms that drive a system’s behavior. These capabilities are crucial for supporting
out-of-distribution generalization and for developing interpretable, fair, and socially aligned machine learning
systems. The emerging field of Causal Representation Learning (CRL) [Scholkopf et al., 2021, Locatello et al.,
2019] aims to recover structured, latent representations that not only compress data but also retain the causal
features necessary for robust reasoning and decision-making. This challenge becomes even more apparent when
dealing with systems that naturally operate at multiple levels of abstraction, such as cells versus organs in biology,
neurons versus brain regions in neuroscience, or individual behaviors versus population dynamics in social
sciences, where causal relationships may manifest differently across scales. While fine-grained models are often
assumed to better reflect the underlying dynamics of a system because they are more expressive, they tend to be
opaque and computationally expensive. Conversely, more abstract models offer interpretability and efficiency, but
are faithful only if they preserve the causal semantics of the systems they simplify. This trade-off motivates the
need for consistent causal reasoning across abstraction levels in a principled way, allowing for reliable reasoning
and decision-making at both detailed and aggregate views of a system.

The theory of Causal Abstractions (CAs) addresses this challenge by formalizing causally consistent models at
different granularities and characterizing the abstraction maps that relate them. Two main theoretical frameworks
have shaped this space: 7-w abstractions [Rubenstein et al., 2017, Beckers and Halpern, 2019], which define a
single mapping between model domains, and (R, a, «v) abstractions [Rischel, 2020], which separate mappings
between variables and of their domains. Their relation has been recently analyzed in [Schooltink and Zennaro,
2025]. Recently, Causal Abstraction Learning (CAL) [Zennaro et al., 2022], the problem of learning abstraction
maps directly from data, has attracted growing attention as it enables cross-scale representation learning, evidence
synthesis from heterogeneous sources, and more efficient data collection and modeling.
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Figure 1: Left: Exact CAs assume a single environment Py (U4), robust CAs operate over a constrained subset
of relevant environments , with , and uniform CAs across all possible environments P, ().
Right: CAL methods in relation to this structure. Our framework models environmental uncertainty using a

Wasserstein ball ., centered at the empirical joint environment Po (). Prior methods correspond to ¢ = 0,
implicitly assuming a fixed environment.

The first learning method was introduced by Zennaro et al. [2023] on the (R, a, «)-abstraction, followed by several
approaches, see Fig. 1, for learning approximate abstractions including clustering-based [D’Acunto et al., 2025,
Kekic et al., 2024, Xia and Bareinboim, 2024] and optimal transport ones [Felekis et al., 2024], along with diverse
CA and CAL applications, from climate modeling [Chalupka et al., 2017] to neural network interpretability
[Geiger et al., 2021], agent-based modeling [Dyer et al., 2024], multi-armed bandits [Zennaro et al., 2024], and
causal discovery [Massidda et al., 2024]. A key challenge in CAL is understanding how the environmental
conditions, i.e. the exogenous distributions under which an abstraction is learned, influence its generalization and
causal consistency properties. While exact abstractions Rubenstein et al. [2017], Rischel [2020] assume a fixed
environment, without explicitly addressing how the abstraction depends on it, Beckers and Halpern [2019] propose
a notion of abstraction uniformity that requires causal consistency to hold across all, infinitely many, environments,
see Fig. 1. The latter corresponds to an environment-independent mapping that captures a more fundamental
relationship between models, that of their respective deterministic parts, i.e. their causal bases (see Def. 2.1).
Although theoretically stronger, this notion of abstraction is computationally infeasible to learn, as it requires data
from infinitely many environments including ones that may be unattainable due to physical or practical constraints.

In this work, we address this challenge by introducing a framework of robust causal abstractions, which requires
causal consistency to hold not uniformly, but rather across a constrained set of relevant environments. This yields
a notion that is theoretically stronger than exact abstractions, capturing relationships at a more fundamental level,
while remaining more flexible and computationally tractable than uniform abstractions. Building on this, we
develop CAL algorithms that model uncertainty over the environments and learn robust CAs that remain consistent
under distributional shifts and environmental misspecification. Moreover, as we demonstrate, this robustness
extends to other forms of misspecification, including structural assumptions of the causal models and mapping
of their respective interventions. In the finite sample case, our approach links the level of modeled uncertainty
to the strength of the learned abstraction: the broader the ambiguity set, the more powerful the abstraction it
approximates. Overall, we make the following contributions:

» We introduce the first class of robust causal abstractions, called (p, ¢)-abstractions, that require consistency
across a constrained set of environments. This yields stronger abstractions than exact ones (fixed environment)
yet more realistic and tractable than uniform ones (all environments).

e We introduce Distributionally Robust Causal Abstractions (DIRoCA), the first framework for learning CAs
robust to distributional shifts and misspecifications in the underlying SCM environments. Our approach
formulates learning as a distributionally robust optimization (DRO) problem over a Wasserstein ambiguity
set, explicitly modeling environment uncertainty.

* We provide theoretical results for joint product measures under both Gaussian and empirical settings, to guide
the selection of the robustness parameter in our DRO setting.

* We demonstrate the effectiveness of DIROCA across different problems and scenarios, consistently outper-
forming existing methods and baselines under environmental shifts, structural and intervention mapping
misspecifications.
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2 Background

Causal Models, Environments and Abstractions. We work with Pearl [2009]’s Structural Causal Models, where
each endogenous variable is a function of its direct causes and the exogenous noise.

Definition 2.1 (Structural Causal Model). A d-dimensional Structural Causal Models (SCM) is a pair M? =
(84, p%), where 8¢ = (X,U, F) defines the deterministic causal basis, consisting of a set of d endogenous
variables X, a set of d exogenous variables U and a set of d structural functions F, each defining the value of
an endogenous variable as X; = f;(PA(X;),U;) Vi€ [d], where PA(X;) € X\ X, denotes the set of parent
variables (direct causes) of X;. The measure p?, is a joint probability distribution over the exogenous variables I/,
called the environment of the SCM.

Causal Assumptions. We focus on Markovian SCMs, where the exogenous variables are jointly independent;
ie. pd = H;L 1 P(U;), a property that entails several standard assumptions. Markovianity implies acyclicity,
so M entails a directed acyclic graph (DAG) G\« where the nodes correspond to the endogenous variables
X and the edges are defined by the signature of the functions f; in 7. We assume this graph is given. In
addition, due to acyclicity, the structural functions F can be recursively composed into a single deterministic map
g : dom[U] — dom[X], referred to as the mixing function of the model. This defines the SCM’s reduced form, in
which the endogenous variables are expressed purely as a function of the exogenous variables; i.e. X = g(U). The
induced distribution over X’ can then be expressed as: Py (X) = g4 (p?), where g denotes the pushforward
measure, making explicit the generative process by which exogenous uncertainty propagates through the causal
model. It also implies causal sufficiency, meaning that there are no unobserved confounders. Furthermore, we
assume faithfulness, meaning that independencies in the data are captured in the graphical model. Finally, we focus
on Linear Additive Noise (LAN) models [Peters et al., 2016], a class of SCMs where the endogenous variables
satisfy X = BT X' + U, with B € R?* the weighted adjacency matrix of the causal DAG G 4 and U a vector of
independent exogenous noise variables. Due to acyclicity, B can be permuted to an upper triangular form, yielding
the reduced form X = M U, with M = (1 — B)~L. The linear transformation, M is the mixing matrix, which
linearly maps the independent exogenous noise to the observed endogenous data.

Interventions. A key feature of SCMs is their ability to facilitate reasoning about interventions in a causal system.
For instance, an intervention ¢ = do(.A = a) sets each variable A; in A € X to a specific value a;, while allowing
the rest of the system to evolve as usual. Graphically, such an operation mutilates the DAG G, by removing the
incoming edges to variables in .4, yielding a new post-interventional SCM M and thus altering the distribution
of the remaining variables, giving rise to the interventional distribution P pa(X) = P(X | do(A = a)). These
are called exact interventions, as they deterministically set a variable to a fixed value, fully overriding its causal
dependencies, leaving no residual influence.

Causal Abstractions. Causal Abstraction (CA) theory formalizes the relation between SCMs defined at different
levels of granularity by requiring interventional consistency between them. This enables flexible shifts in the level
of representation used for causal reasoning, depending on the specific inquiry or the nature of the available data.

Definition 2.2 ([Rubenstein et al., 2017]). Let SCMs M?* and M" with fixed respective environments p,
p" and intervention sets Z¢, Z" and a surjective and order-preserving map w : Z¢ — Z". An abstraction
7 : dom[X*] — dom[X"], with £ > h, is called an exact transformation if:

T (Pare (X)) =Py (X"), VeI’ ()

L

This is illustrated in Fig. 2 by comparing the green (intervene—then—abstract) and purple (abstract-then—intervene)
paths; their mismatch defines what is known as the abstraction error. We further formalize these concepts in the
next section.

3 Distributionally Robust Causal Abstractions

In this section, we introduce a new class of CAs that extends exact transformations by ensuring interventional
consistency of the two models across a set of environments, rather than just one. This formulation yields a dual
benefit: it defines a stronger notion of abstraction, and it enables robustness to misspecification and distributional
shifts when learning the abstraction from data.

The (p, :)-Causal Abstraction Framework. We explicitly model the uncertainty inherent in each SCM through
its corresponding environment: p for the low-level model M* and p" for the high-level model M". These
give rise to a joint environment p = p* ® p", a product measure that captures the uncertainty across abstraction
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levels. Formally, p € P(U), where U = dom[U’] x dom[U"] denotes the product measure space of the
exogenous domains. In practice, the realization of certain environments is infeasible or unrealistic. Hence, we
introduce the notion of relevant environments, denoted A* < P(U*) and A" < P(U™) for the low- and high-level
SCMs, respectively. Accordingly, we define the relevant joint environment space as A = A’ @ A", which
represents all joint distributions formed by pairing any p’ € A* with any p* € .A". This mirrors the concept of
relevant interventions 1 that is a partially ordered set that restricts attention to interventions that are semantically
meaningful or practically implementable. Furthermore, to align interventions across abstraction levels, we assume
the existence of a surjective and order-preserving map w : Z¢ — Z". To ensure consistent alignment of joint
interventions across levels, we define Z = {(1,w(¢)) | ¢ € Z%}, pairing each low-level intervention with its
high-level counterpart. Finally, we define the abstraction context as the pair (A, Z), which specifies the set of
interventions and environments over which an abstraction is evaluated. Building on this setup, we introduce a
refined notion of abstraction that operates on the reduced form of the SCM, making explicit the dependence of
the abstraction on both the environment spaces and the intervention sets associated with the low- and high-level
models.

Definition 3.1 ((p, ¢)-Abstraction). Let (A, Z) be an abstraction context, where M* = (S, p*), M" = (8", p")
the low-level and high-level SCMs with £ > h, and let g’ and g” denote the respective mixing functions of their

reduced forms. Then a map 7 : dom[X*] — dom[X"] is called a (p, 1)-abstraction if, for all p = p* ® p" € A
and forall ¢ = (1,w(1)) € T:

4 (804(0)) = 8Ly (0") @)

A (p, t)-abstraction ensures commutativity between interventions and abstractions under a given joint environment
p: (a) intervening via ¢ and then abstracting via 7 yields the same result as (b) abstracting first and then intervening
via w(¢) for all ¢ € Z*. In general, we say that M" and M are (p, 1)-interventionally consistent if there exists
an abstraction context (A, Z) such that Eq. 2 holds. Furthermore, in this work, we focus on the case of linear
abstractions [Massidda et al., 2024], an important and well-behaved class of abstractions according to which
the abstraction map can be represented through a matrix T € R"*¢ and thus the map 7 can be represented as a
matrix-vector multiplication 7(z) = T 2. Let L, and H,,(,) be the linear transformations of the reduced forms gt

of M and g" of M" for every intervention, then Eq. 2 becomes: T L, /¢ = H, U h,
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Figure 2: Computation of the environment—intervention error. The joint environment p = p’ ® p/ captures
the combined uncertainty from the low- and -level SCMs. By pushing forward these components through
the reduced forms g’ and g” of the respective SCMs, we evaluate two interventional pathways: (a) apply an
intervention ¢ to M, then map the resulting distribution to the high-level space via 7y : ; and (b)
first map M* to M" via T4, then apply the corresponding intervention w(¢): . The divergence D

between the resulting interventional distributions computes e?-*. Aggregating e?"* over an (A, Z) abstraction
context, recovers the (A, Z)-abstraction error (Eq. 3). If this is zero, the diagram commutes and 7 defines a
T—0O—approximate abstraction.

Our (p, ¢)-framework generalizes and bridges prior notions of causal abstraction. Unlike exact transforma-
tions [Rubenstein et al., 2017], which assume consistency under some fixed (but unspecified) environment, and
uniform transformations [Beckers and Halpern, 2019], which require consistency across all environments, (p, ¢)
allows for a range of finite, plausible environments. This enables principled abstraction under realistic data
constraints. Further discussion on this is in Appendix A.1.

The (A, 7)-Abstraction Error. Def. 3.1 suggests a perfect form of abstraction where interventional consistency
holds exactly, implying that under a given abstraction context (.4, Z) using the high-level model entails no loss in
predictive accuracy. However, in reality, such types of abstractions are rare. This stems in part from the very nature
of abstraction, which reduces the size of the representation by disregarding minor differences, often leading to
some degree of information loss. More importantly, in CAL, where the goal is to learn abstractions from data, all
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inferences are inherently approximate. Thus we need a notion of abstraction error [Beckers et al., 2020] tailored
to our framework. The core idea is to measure the discrepancy between the two sides of Eq. 2 while accounting for
the given context (A, 7). To this end, we assume access to a metric over high-level interventional distributions,
which induces a discrepancy between SCMs via 7 enabling approximate abstractions. Specifically, we introduce a
novel notion of abstraction error by aggregating over environments and interventions.

Definition 3.2. Let 7 : dom[X*] — dom[AX”] be a map between the SCMs M* and M", defined wrt an
abstraction context (LA, 7). Let also Dy be a discrepancy measure over high-level distributions, and ¢ be a
distribution over interventions in Z¢. We define the (A, T)-Abstraction Error as:

eT(MeaMh) =9 b [ef’L(szMh)]a 3

peA Lt~q

where we define e2*(M* M") = Dy (T# (gf#(ﬂe))a gZ(L)#(ph)) as the environment—intervention approxi-

mation error induced by 7 for a fixed p € A and intervention ¢ € Z*.

The operators g and h aggregate the error over environments and interventions, respectively. Typically, prior
work has focused on a sub-case of Eq.3 where aggregation is performed only over interventions (h) either as an
expectation [Felekis et al., 2024, Dyer et al., 2024, Keki¢ et al., 2024] or as a supremum [Zennaro et al., 2023],
assuming a fixed environment. [Beckers et al., 2020] proposes a similar notion of abstraction error, though their
framework is defined under uniform abstractions and does not consider restrictions to subsets of the environment
space, as we do. We say that M" is a approximate (p,1)-abstraction of M’ if e, (M*, M") > 0. A visual
representation of this approximation is illustrated in Fig. 2. The connection between Def. 3.2 and (p, ¢)-abstractions
now becomes apparent. In particular, when the total abstraction error vanishes for a given 7, the pushforward of
the low-level interventional distributions gf# (p*) through 74 matches the corresponding high-level ones gﬁ(ll) 2

g-almost surely. Statement and proof of this in Proposition 1, Appendix A.4.

4 Learning Distributionally Robust Causal Abstractions

We learn robust causal abstractions when data is available from a single environment per SCM. Consider a pair
(M, M™") of SCMs and define their joint environment p as before, representing the unknown data-generating
process. We learn an abstraction map 7 that reliably transforms low-level distributions into high-level ones, even
in the presence of distributional shifts or test-time noise. To address this, we build on Wasserstein Distributionally
Robust Optimization (DRO) [Kuhn et al., 2019], which provides robustness against distributional misspecification.
The standard objective is:

inf  sup  Bewolf(# 9], )
e Qestp(lsN)

The goal is to minimize the worst-case expected loss f(x,¢) : R” x £ — R, where = € R™ denotes a decision
variable, £ € = = R™ a random vector representing uncertain data, over a set of plausible distributions, called the
ambiguity set. In our setting, the loss is the environment-intervention error e?*(M?*, M™), the decision variable
is 7, and we minimize the worst-case abstraction error over a 2-Wasserstein product ambiguity set centered at the
empirical joint environment p with radius e. More details on DRO are provided in Appendix A.3.

Environmental Robustness via (p, )-Abstractions. We introduce distributional robustness by setting the
aggregation function g in Eq. 3 over the environments to a supremum, and for computational practicality, the
aggregation function § over the interventions to an expectation. Following the DRO paradigm, and since we
assume access to a single environment from each SCM, we substitute P (A) with a joint ambiguity set over the low-
and high-level environments to incorporate distributional uncertainty in a principled way using a 2-Wasserstein
product ball centered at the empirical joint environment p. We denote this ambiguity set by B, »(p), which
contains all the environments that lie within a radius €, determined by the individual radii ¢, and €}, from the
nominal empirical components. Formally, it is given by:

~ —~

Be,2(ﬁ) = 862,2(/)[) X Beh,Q(ph)7 (5)

where Bsdvg(pAd) = {p e PUY) : Wa(p, ,DAd) < sd} for d € {¢,h}, is a 2-Wasserstein ball centered at pAd. The

radius €4 controls the robustness level: larger values provide protection against broader shifts but may yield
more conservative solutions. Each marginal Wasserstein ball bounds the allowable deviation from the empirical
environment for each SCM. As we have sample access to the endogenous variables, we estimate the exogenous
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environments via abduction by inverting the reduced form of the SCM, denoted as (gd#)_l. In the case of LAN
models, if the structural functions are known, this inversion is exact; else, they must be inferred, and the abduction
step recovers an approximate exogenous distribution. The role of the joint ambiguity set B¢ 2(p) is to identify the
worst-case joint environment p* = p’* ® p* within the product ball that maximizes the abstraction error. This
captures the most adversarial shift consistent with the estimation error. The full construction process is illustrated
in Fig. 5 of Appendix A.5 for the case of independently sampled environments.

The DiRoCA Objective. Our objective is to learn a linear abstraction map T, that remains reliable across all
shifts inside the 2-Wasserstein product ambiguity set B, ,(p). Assuming access to an abstraction context (A, Z)
and a divergence measure D y» over high-level interventional distributions, we define the distributionally robust
causal abstraction learning objective as follows:

min  sup E [e2 (M4 M )] (6)

hx£ ~
TeR™C peB. ,(p) ™19

where T € R"** denotes the class of linear abstraction maps 7, and e?+*(-, -) is the environment—intervention error.
This objective seeks the linear abstraction map that minimizes the worst-case expected abstraction error over the
joint ambiguity set, ensuring robustness to distributional shifts.

Remark 1. The robustness radius € provides a natural interpolation between prior causal abstraction frameworks.
As € — 0, the DIRoCA objective recovers a (T,w)-transformation, optimized solely for the empirical environment
p. Conversely, as ¢ — o0, DIRoCA seeks robustness over all possible environments, resulting in a stronger
abstraction and approximates a uniform transformation. Thus, both (T,w) and uniform transformations arise as
special cases of our framework, which flexibly interpolates between these extremes depending on the desired level
of robustness.

Concentration guarantees for the joint environment. Our theoretical results below show that in both a Gaussian
and empirical setting, the true joint environment p lies within a 2-Wasserstein product ball centered at p with
high probability for an appropriate radius €. This result offers a principled way to set the robustness parameter €
to ensure the ambiguity set reliably covers the true environment, thus justifying our distributionally robust CA
objective for independent environments.

Assumption 1. For d € {¢, h}, pd is a light-tailed environment; i.e. there exist constants « > 0 and A > 0 such
that E#* [exp (|€]$)] < A, where & ~ p?.
Theorem 1 (Gaussian p-Concentration). Let pf~N (W, ¥y) and p" ~ N (uh, ), under Assumption 1, let ;;

andp from Ny and Ny, i.i.d. samples. Also, let p := p* @ p" and p = p ®ph Then, for d € {{, h}, there exist
constants cq > 0, depending only on the individual d-environment and confidence levels ng, such that V6 € (0,1],
withd =1 — (1 — 77@)(1 — nh).'

P[Wa(p,p) < €] =1-3, ve>\/<“’5(c\/%’m) +<10g(6\/%/h%)>

Theorem 2 (Empirical p-Concentration). Let pAf and p" empirical distributions, under Assumption 1, from

Ny and Ny, iid. samples, with p := p* @ p", p := p' ® ph. Then, for d € {{,h}, there exist constants
Cd1,cd2 > 0, depending only on the individual d-environment and confidence levels ng, such that ¥§ € (0, 1],
withd = 1 — (1 —ng)(1 — ny), for Ng(c,n) = log(ca,1/n)/ca 2, if we set:

1 min{l/d,1/2} 1 1/aq
g = log(ca1/m) if Ng = Ny(c,n), or log(ca.1/m) otherwise,
Cd’QNd Cd,QNd

— PWi(p,p)<e]=1-06, Yex=n/&?+&2

These concentration bounds for CA show how the robustness radius € contracts with sample size to ensure
high probability coverage of the true environment. In particular, ¢ = O (N -1/ d) for dimension d > 2, where
N = min(Ny, Np) and d = max (¢, ). Under finite sample, setting ¢ > 0 yields a stronger abstraction, valid
over the entire Wasserstein ball. Proofs in Appendix A.4.

Remark 2. These results assume known coefficients for exact abduction of p. When these are estimated, the
nominal environment may deviate from the true; nevertheless, as the sample size increases, the approximation
improves, and the concentration bounds remain asymptotically valid.
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Optimization. We now demonstrate how to solve the robust causal abstraction problem under the model-based
(Gaussian) and model-free (empirical) formulations introduced earlier. In both cases, the problem is
cast as a min—-max optimization between the abstraction map 7 and the worst-case distributions over a
Wasserstein ambiguity set, adapted to the available information. In the Gaussian setting, leveraging the
fact that reduced-form solutions in Linear Additive Noise models (LANs) preserve Gaussianity under linear
transformations, the pushforward distributions remain Gaussians under T. The DRO objective then admits a
closed-form expression using the 2-Wasserstein distance between Gaussians, known as the Gelbrich distance:

g1 — pol? + Tr(1) + Tr(Se) — 2T ((2}/22221/2)1/2), and the objective becomes:

F(T, p) i= Epng [WE (M(T Lo, TLEL TT), N (Hop, By S H ) | %

where NV (¢, 2¢) ~ p® and V(" $") ~ p" are the low- and high-level marginals of the joint environment
p = p' ® p", with p € B, 2(p). We relax the non-smooth term in the Gelbrich distance using a variational upper
bound (see Appendix A.8) and optimize the resulting objective via a proximal gradient ascent—descent scheme. A
visual comparison of the initial empirical distributions and the final worst-case distributions found by our algorithm
is provided in Appendix A.8 (Figures 18a and 18b). In the empirical setting, where only samples are available, we
define the robust objective via perturbed empirical distributions. Specifically, we introduce perturbation matrices

04 € RNa*d gver the empirical exogenous samples and define p?(04) = Nid Zf\fl 04,+0,. The objective is the

squared Frobenius discrepancy between the perturbed distributions of the SCMs:
2
F(T,p) = EL~q [T LL(UZ +®Z) - Hw(L)(Uh "’_@h)’F] (8)

The perturbations capture adversarial shifts around the nominal distributions and a reparameterization of the
Wasserstein ambiguity sets reduces them to constrained Frobenius norm balls [Kuhn et al., 2019]: |O4]r < pav/Na.
We solve this via alternating projected gradient descent. The general optimization procedure can be seen in Alg. 1
and applies whether structural functions are known or not, with the latter requiring an additional estimation step
via linear regression. Further details in Appendix A.8.

Algorithm 1 DiIRoCA. See Alg. 2 and Alg. 3 for Gaussian and empirical instantiations.
1: Input: 7%, 7% w, PMf(XZ), PM;L( )(Xh), Vie T

*

2: pAZ, ;/)E — (gf#(PMz))’l, (g;fﬁ(PMh))*l = Get environments via abduction
3: Bep(p) <« p = p' ® p" and € from Theorem 1, 2

4: Initialize: TV, (O F(.,.) from Eq. 7, 8

5: repeat until convergence:

6: pttl) — arg MaxX,eg_ (5) F(T(t), ) = Update worst-case environment
7. T argmin_ F(T, p(t+1)) = Update abstraction map
8:

return: T* € R"*¢ p

5 Experimental Results

We examine DIRoCA’s performance versus prior art across problems, misspecification levels, and distributional
shifts. Further results, evaluation details, and a roadmap of experiments can be found in Appendix A.7. The code
for all experiments is publicly accessible'.

Overview. We denote our method as DIRoCA., ., to emphasize the robustness parameters that define the radius €
of the joint ambiguity set that was used during training. Also, DIROCA.+ .+ denotes the method trained with
2" h

robustness radii set to the theoretical lower bounds derived from Theorems 1, 2. We evaluate its performance
across Gaussian and empirical environments based on the empirical approximation of the (A, Z)-abstraction error
from Eq. (3) for g, h both instantiated as the expected value (E), the distance metric Dy is the 2-Wasserstein
distance for the Gaussian setting or the Frobenius distance for the empirical setting, and report x + o abstraction
error (p > 0.05, paired t-test). For all experiments, we evaluate performance using a k-fold cross-validation
scheme (with k& = 5). We assume access to the structural functions and the sets of discrete interventions for both
the low- and high-level models alongside their mapping w.

'DIROCA public codebase


https://github.com/yfelekis/DiRoCA.git
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Data and Methods. We work with the following datasets: (a) Simple Lung Cancer (SLC): A low-level SCM with
a causal chain structure (¢ = 3) in which the abstracted model (h = 2) removes a mediator node and (b) Linear
LiLUCAS: A linearized version of the LUng CAncer Simple, a higher dimensional benchmark (¢ = 6, h = 3) that
simulates realistic causal relationships in lung cancer diagnosis. A complete description of them can be found in
Appendix A.6. Furthermore, we compare DIROCA against the following methods: (a) Bary(, ), a variation of the
Barygr of [Felekis et al., 2024] which computes the Wasserstein barycenters of the interventional distributions at
both abstraction levels and learns a mapping between them; (b) GrRaD(, ) that ignores environmental uncertainty
and approximates a (7,w) transformation via gradient descent; corresponding to DIROCA o as discussed in
Remark 1 and for the empirical setting we also compare against (¢) ABs-LINGAM [Massidda et al., 2024], that
estimates the abstraction map from observational data by solving a least squares problem between low- and
high-level samples. We evaluate both variants proposed in the original work: the perfect (AbsLin,) and noisy
(AbsLiny,) abstraction learning variants.

Evaluation. We perform a robustness analysis using a unified evaluation framework based on the Huber

contamination model. This is applied to the held-out test set for each of the k cross-validation folds, controlled by

two key parameters: the contamination fraction « € [0, 1], which controls the prevalence of shifted samples, and

the contamination strength &, which controls the magnitude of their shift. Each test set consists of a collection
3 . . . 12 h

of paired, clean endogenous datasets corresponding to each intervention {( X, X L‘(b))}bezz € RNewxt 5 RN xP,

For each intervention ¢, we first generate a noisy version of the data, X £ by applying an additive stochastic shift to

. . . . . ¢ ~ .
the clean data. This is achieved by creating a noise matrix N € RVes*?, where each row n; ~ A'(0,52 - I) is an

independent sample from a zero-mean Gaussian distribution with a scaled covariance and thus, X f=XI+N.
While we focus on Gaussian shifts in the main text for clarity, we present analogous results for Student-t and
Exponential noise distributions in Appendix A.7. The final contaminated test sets, X’ for every ¢+ € Z, are then
formed as a convex combination:

Xf=(1-a)X!+aX!, )

L

An analogous process applies for the high-level data. While our method is designed for robustness to shifts in the
exogenous environments, we contaminate the endogenous samples directly. In LAN models, this serves as a direct
and computationally efficient proxy, as any additive shift in the exogenous space propagates linearly to an additive
shift in the endogenous space. The final performance metric is the expected abstraction error 2, averaged over
cross-validation folds, random samples for each noise configuration, and all interventions.

Analysis. We first evaluate all methods under the two extremal settings of our framework: the clean data case,
of a = 0, and the fully noisy case, of a« = 1 with a fixed 7, with results summarized in Table 1. The results
consistently demonstrate the value of our robust optimization framework. For clarity of presentation in the main text,
we feature the theoretically derived lower bound radius setting DIROCA.: .+ and the consistently well-performing
Di1RoCA; » and DIRoCA, 4, while full results for more robustness radii are provided in Appendix A.7.

The o« = 0 setting reveals a nuanced trade-off between standard and robust optimization where the non-robust
GraD(; ) achieves the lowest error across baselines. This highlights the cost of robustness: on a clean test dataset,
the adversarial training of DIROCA can be overly conservative. Contrarily, under the a = 1 case where we fix
a 0 and apply it to all endogenous samples, DIROCA demonstrates superior performance across both settings
and datasets, achieving a significantly lower abstraction error than all baselines by yielding more generalizable
solutions. This validates our central hypothesis that explicitly accounting for environmental uncertainty during
training yields abstractions that are substantially more robust to distributional shifts. To understand the intermediate
behavior, we analyze the performance as the fraction of outliers « increases, while holding the noise intensity
fixed and vice versa. The results for the SLC and LiLUCAS experiments are shown in Figure 3 and Figure 4
and the ones including all the different DIRoCA variants in Appendix A.7 (Figures 10, 11). The plots clearly
illustrate that the robust DIROCA variant maintains a lower abstraction error as the data becomes more corrupted
or more noise is introduced. At low contamination levels (o ~ 0), non-robust methods like GRAD( ) are
outperforming DIRoCA variants; however, their error grows sharply as the number of shifted samples or noise
increases. BAryY ) achieves intermediate performance, benefiting from a degree of robustness by aggregating
interventions via Wasserstein barycenters, but lacking the explicit adversarial training of DIROCA to guard against
worst-case shifts. Notably, the AbsLin baselines underperform overall due to their reliance on observational data
and lack of robustness mechanisms. The perfect variant (AbsLiny) fits better under the o = 0 case but breaks
under distribution shift, while the noisy variant (AbsLiny,) generalizes slightly better at the o = 1 case thanks to its
built-in sparsity regularization. This confirms that their optimization, which is tailored to the clean training data,

’In the Gaussian setting, for each dataset X, we first estimate its empirical mean /i and covariance 3. The Wasserstein
distance is then computed between the Gaussian distributions N (fi, 32) defined by these estimates.
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Table 1: Abstraction error and std under @ = 0 and o = 1 for SLC and LiLUCAS. Top: Gaussian setting with

(e7,€7) = (0.11,0.11). Bottom: Empirical setting with (¢, ) = (0.10,0.03)
Method a=0 a=1 a=0 a=1
SLC LiLUCAS
Gaussian
BARY (7 . 2.63 + 0.01 8.43 + 0.01 5.75 £ 0.01 55.11 £ 0.02
GRAD(+ ) 1.25 + 0.01 6.74 + 0.00 5.45 £ 0.02 64.73 + 0.03
DiRoCAgs » 2,67 +£0.02  11.28 £ 0.01 5.86 + 0.01 61.86 + 0.02
DiRoCA3 2 1.74 £ 0.01 2.37 £ 0.01 5.53 +£0.03 25.79 +£ 0.01
DiRoCA4 4 1.90 £ 0.01 2.59 4+ 0.01 6.81 + 0.03 22.99 + 0.01
Empirical
BARY(; . 86.46 + 0.15 65033 +£0.69 561.19 +3.49 3804.18 + 4.39
GRAD (1 57.04 £ 028 39295+ 0.30 309.82+1.71 1290.65 + 1.52
AbsLin, 89.29 + 0.24 678.89 +0.71 399.21 +1.63 2189.48 +2.15
AbsLiny, 91.67 £0.29 64045 £0.68 35431+ 146 1878.96 + 1.55
DIRoCA.y .» 8839 +0.14 67440 +0.74 470.13 £3.65 292840 + 3.41
DiRoCA3 o 58.86 + 1.26 35793 +1.72 31521 +793 1102.80 + 18.15
DiRoCAy 4 5887 +£1.25 35793 +1.72 311.19+8.01 981.61 + 18.29

fails to generalize when the test distribution is contaminated. The respective analysis for Student-t and Exponential
noise can be found in Appendix A.7.
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Figure 3: Robustness to outlier fraction («) on the SLC (top) and LILUCAS (bottom) experiments for the Gaussian
(left) and Empirical (right) settings. The evaluation is performed at a fixed Gaussian noise intensity (¢ = 5.0 for
SLC and ¢ = 10.0 for LILUCAS). DIRoCA, especially with tuned ambiguity radius, achieves consistently lower
abstraction error as the proportion of outlier environments increases, while non-robust methods degrade.

Beyond Environmental Robustness. We also test robustness to violations of core modeling assumptions such
as (i) linearity of structural functions (F-misspecification), and (ii) correctness of the intervention mapping w
(w-misspecification). For F-misspecification, we evaluate our linearly-trained models on new test data generated
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Figure 4: Robustness to Gaussian noise intensity (¢) on the SLC (top) and LiLUCAS (bottom) experiments for
the Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed outlier fraction of a = 1.0
(fully noisy data). DIRoCA achieves consistently lower abstraction error as the proportion of noise intensity
increases.

from SCMs with non-linear structural equations. These misspecified SCMs share the same causal graph and
environments as those used during training, but the structural equation for each variable is non-linear, controlled
by a strength parameter k € R. For w-misspecification, we contaminate the ground-truth w map by reassigning a
subset of low-level interventions to different high-level ones of the same complexity (same number of variables),
thereby preserving intervention dose while introducing realistic mapping errors. An explanation of both processes
can be found in Appendix A.7. In Table 2 we present the results for both the Gaussian and empirical settings of
LiLUCAs while the ones of SLC are presented in Appendix A.7. We report the mean and standard deviation of the
abstraction error across 100 random trials. For F-misspecification, we report the results for the simplest scenario
where k£ = 1 using a sinusoidal (sin) structural function. For a more comprehensive view, full robustness curves
illustrating the abstraction error as a function of the non-linearity strength & for both sin and hyperbolic tangent
(tanh) functions can be found in Figures 12 and 13 of Appendix A.7. Under both misspecification types, the
tuned DIRoCA variants consistently outperform all baselines. Specifically, DIROCA , attains the lowest error in
the Gaussian setting, while DIROCA4 4 is the best in the empirical regime. These improvements hold under both
misspecification types, demonstrating robustness beyond environmental shifts. This arises from the core min-max
design of DIRoCA. Optimizing against worst-case distributions within an ambiguity set over the joint environment
seems to act as a powerful implicit regularizer. By leveraging the linearity of the SCMs, the algorithm effectively
propagates uncertainty from the environment through the system’s reduced form to the endogenous level. This
process forces the learned abstraction to become resilient to not only environmental shifts but also to violations of
the model’s own structural assumptions, such as errors in the functional form or the intervention mapping.

6 Conclusion

We introduced a new class of (p, ¢)-abstractions that ensure interventional consistency across a relevant set of
environments. This framework yields robust abstractions that go beyond the limitations of exact abstractions
while remaining more tractable than uniform ones. Building on this foundation, we developed the first robust
Causal Abstraction Learning (CAL) methods, DIRoCA, which explicitly account for distributional shifts and
misspecification of SCM environments by formulating the problem as a Wasserstein DRO. Our theoretical results
extend DRO concentration bounds in the CA setting for the true joint environment under both Gaussian and
empirical settings. This provides principled guidance for selecting robustness levels, which also serve as a natural

10



DisTRIBUTIONALLY ROBUST CAUSAL ABSTRACTIONS

Table 2: Average abstraction error (mean +o¢) under model F-misspecification (left) and intervention mapping
w-misspecification for both the Gaussian with (¢},¢}) = (0.11,0.11) and empirical with (¢},¢}) = (0.10,0.03)
setting of LILUCAS.

Method F-misspecification w-misspecification

Gaussian Empirical Gaussian Empirical

BarY (7 ) 425 +£0.01 57880+ 1.25 5.86+0.03 548.55+2.48
GRrAD(1 ) 5.86 £0.03 338.74+1.01 5.63 £0.03 305.46 + 1.31
AbsLin, n/a 430.34 £ 1.24 n/a 414.62 £ 1.09
AbsLiny, n/a 381.32 £1.92 n/a 359.45 + 1.44
DiRoCA;; .»  6.01 £0.03 500.10 + 1.44  6.08 £ 0.03  459.06 + 2.80
D1RoCA; » 3.99 +0.03 333.02+9.86 5.55+0.03 308.52 +8.54
DiRoCA4 4 4.63 £0.03 32742+9.15 6.86+0.02 304.11 £+ 7.76

measure of abstraction strength. Experiments across different problems and prior art demonstrated a consistently
lower abstraction error under both distributional shifts and structural misspecification. Notably, we observe that
robustness to environmental shifts often induces resilience to broader sources of misspecification, such as imperfect
structural assumptions or intervention mappings. The current framework is limited to linear abstractions, depends
on reduced-form inversion, and assumes access to both a known intervention map and the true causal DAGs or an
accurate estimate via causal discovery. These present challenges that we aim to address in future work.
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A Supplemental material

A.1 Relation to existing CA frameworks.

Fig. 1 provides an overview of how existing causal abstraction (CA) frameworks and learning methods differ in
their treatment of environmental variability. The left panel organizes CA frameworks by the subset of the joint
environment space P (U) over which they require interventional consistency.

The (p, ¢) framework differs from the exact transformation formulation of Rubenstein et al. [2017], and the
(R, a, a) of Rischel [2020], both of which implicitly assume a fixed environment (Py(U)) without addressing how
it constrains or influences the abstraction. As a result, these frameworks may yield ill-defined forms of abstractions
when applied beyond that fixed setting, as also noted by Beckers and Halpern [2019], limiting their practical utility.
Our notion of (p, ¢)-abstractions also differs from the uniform transformations introduced by Beckers and Halpern
[2019], which requires interventional consistency to hold across all possible pairs of environments (P, (U)). By
design, uniform transformations are environment-independent: they relate the deterministic components of the
SCMs; i.e., their deterministic causal bases without regard to the specific distributions that generate observational
data. While uniform abstractions offer a theoretically stronger and philosophically valid notion of abstraction,
they are practically infeasible to learn, as they assume access to an unbounded number of environments, many of
which may be inaccessible due to physical, data, or knowledge constraints. The (p, ¢) framework strikes a middle
ground: it preserves the formal rigor of exact abstractions while remaining flexible and computationally tractable
under real-world distributional limitations by requiring consistency over a constrained relevant subset P, (i),
with 0 < m < oo. Just as the notion of relevant interventions restricts attention to those that can be meaningfully
abstracted and implemented at the high level, we similarly constrain focus to environments that are plausible or
meaningful within a given setting. Together, these relevant environments and interventions define the abstraction
context, which determines the domain over which causal consistency is required.

As discussed, when exact abstractions are not achievable, consistency between models is relaxed to be approximate.
However, in the CAL literature, various formulations of abstraction error (Eq. 3) have been proposed. The
divergence term D has been instantiated using either the Jensen—Shannon divergence [Zennaro et al., 2023,
2024] or the KL divergence [Dyer et al., 2024, Keki¢ et al., 2024, D’Acunto et al., 2025]. Regarding the
aggregation function 0, initial frameworks adopted the maximum over interventions [Beckers et al., 2020, Rischel
and Weichwald, 2021], a choice followed by many subsequent CAL works [Zennaro et al., 2023, 2024], while later
approaches also considered the expectation over the intervention set [Felekis et al., 2024, Dyer et al., 2024, Keki¢
et al., 2024]. Note that, especially in policy-making scenarios, some interventions matter more than others due to
factors like the likelihood of implementation or cost, reflecting an implicit weighting over the intervention set.
While prior works such as [Felekis et al., 2024, Dyer et al., 2024] assume this distribution to be uniform, assigning
equal weight to all interventions, it can be adapted to reflect practical priorities or domain-specific preferences.
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As for the aggregation function g, no prior CAL framework has explicitly addressed variability across environments
of the two SCMs. The closest suggestion came from Beckers et al. [2020], who, within the setting of uniform
abstractions, proposed taking an expectation over exogenous samples of the low-level model. Crucially, they
showed the existence of a deterministic map 7, that maps low-level exogenous variables into their high-level
counterparts. This result relies on a strong assumption, induced by the uniformity property: for any low-level
exogenous sample, one can define an environment assigning it probability one, and deterministically map it to
the high level (see Appendix, Theorem 3.6 in [Beckers et al., 2020]). Their definition further aggregates over
these 77, maps via a minimum operator. In contrast, our approach does not assume the existence of a deterministic
map across environments. Instead, we treat each environment independently, adopting a data-driven formulation
avoiding potentially restrictive assumptions or optimality conditions imposed by a global minimum. That said,
since we work with probability measures rather than individual samples, we can always estimate the pushforward
of a function, even when its deterministic form is not recoverable. At best, we can approximate a stochastic map
derived from the pushforward. In other words, we can always learn a measure-preserving map 7y : ot — ph,
though not necessarily the underlying function 7;,. Of course, computing the pushforward measure comes at a cost:
it may be complex, computationally expensive, or difficult to work with. This cost could potentially be interpreted
as a form of information loss, an idea further explored in [Fullwood and Parzygnat, 2021].

Regarding the task of CAL, the right panel of Fig. 1 aligns learning methods with their underlying environmental
assumptions. Prior CAL approaches operate in the € = 0 regime, implicitly assuming a fixed environment,
performing learning under varying settings and assumptions. In contrast, our method introduces a robustness
parameter 0 < € < o0 and explicitly models environmental uncertainty using a Wasserstein ball B, centered at the
empirical joint environment, enabling generalization to distributional shifts and misspecification within a range
controlled by e.

A.2 The Wasserstein Distance

The Wasserstein distance strongly relates to the theory of optimal transport [Villani et al., 2009], [Peyr€ et al.,
2019], which seeks to find the most efficient way of transforming one probability distribution to another. In the
classical Monge formulation [Monge, 1781], the goal is to find a deterministic map 7" : R® — R"™ that pushes a
source measure /4 onto a target measure v, while minimizing the expected cost of transport, typically taken as
the squared Euclidean distance ||z — T'(x)|3. However, the Monge problem is highly non-convex and may not
admit solutions in general. To address these difficulties, Kantorovich [1942] proposed a relaxation, allowing for
couplings, these are joint distributions 7 on R™ x R™ with marginals x and v instead of deterministic maps.

The W5 Wasserstein distance between two probability measures © and v on R™ is then defined as the minimal
expected squared cost over all such couplings:

. 1/2
Wa(u,v) = inf  (Eqxayen| X — V[2)"2, (10)
mell(p,v)
where IT(u, v) denotes the set of all couplings with marginals p and v. Intuitively, Ws(u, ) measures the least
amount of effort required to convert x into v under a given transport cost.

Wasserstein Distance between Gaussians. When p and v are multivariate Gaussians N'(mq,%;) and
N (mg, X2), the 2-Wasserstein distance admits a closed-form expression [Givens and Shortt, 1984]:

1/2
W, (N(ml,El),N(mg,Eg)) —\/|m1—m2||§+Tr (El +22—2<21/22221/2> ) (11)

The squared W, is also known as the Gelbrich distance [Gelbrich, 1990], and it captures both the displacement
between the means and the discrepancy between the covariances. In particular, when the covariance matrices
commute, the trace term simplifies to the squared Frobenius norm between their matrix square roots.

Optimal Transport Map between Gaussians. When = A (m1,X1) and v = N (mg, o) are two Gaussian
measures on R™, the optimal transport map 7" : R — R™ pushing p to v under the W5 distance is affine and given
by [Knott and Smith, 1984]:

T(z) = ma + Az —my), (12)

where the matrix A is symmetric positive definite and is equal to:

—1/2
A=xl? (2;/22125/2) ny2, (13)
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This map is the gradient of a convex function, and is therefore the unique optimal transport map up to sets of
[-measure zero’, by Brenier’s theorem [Brenier, 1991]. Moreover, it satisfies the relation

Tip = v, (14)

meaning that the pushforward of p under 7' is exactly v.

Wasserstein Barycenters. The Wasserstein barycenter [Agueh and Carlier, 201 1] provides a principled way
to aggregate a collection of probability distributions into a single representative distribution by minimizing the
average squared Wasserstein distance to the given distributions. Given a set of probability measures {v;}7_,
and associated weights {\;}_; with A; > 0 and }77_, \; = 1, the Wasserstein barycenter v* is defined as the
solution of the following problem:

v* = argmin Z NWi(v,vj), (15)
v j=1
where Wo(+, -) denotes the 2-Wasserstein distance between probability measures. In the special case where all

v; are multivariate Gaussians N (y;, X;), it can be shown that the barycenter v* is also a Gaussian N (p*, X*),
where the mean p* is the weighted average:

eI (16)
j=1
and the covariance ¥* solves the fixed-point equation [Alvarez Esteban et al., 2016]:
n 1/2
o= A (z ) (17)
j=1

Here, the square roots are matrix square roots, and the equation is understood in the positive semidefinite sense.

A.3 Distributionally Robust Optimization (DRO)

Distributionally Robust Optimization (DRO) is a mathematical framework for decision-making under uncertainty,
designed to hedge against model misspecification and distributional shifts [Kuhn et al., 2019]. Instead of optimizing
performance with respect to a single estimated distribution, DRO considers a set of plausible distributions, called
the ambiguity set, and seeks solutions that minimize the worst-case expected loss across this set.

Formulation: Let z € R™ denote a decision variable, £ € = = R™ a random vector representing uncertain data,
and f(x,€) : R® x 2 — R aloss function. The standard Wasserstein DRO objective is to solve:

,i,n)ff sup  Eevqlf(w,8)], (18)
TEY QeB.,,»(PN)

where P ~ 1s a nominal distribution estimated from data, and Bs’p(ﬁ ~) denotes a Wasserstein ball of radius €
centered at P y:

B,(Py) = {Qe P(E) : W,(Q.Py) < <f. (19

The radius € controls the size of the ambiguity set and reflects the desired level of robustness: a larger € allows
for greater deviations from the nominal distribution (increasing robustness), while a smaller ¢ yields tighter but
potentially less robust decisions. Below, we present two formulations of DRO that are relevant to our work: (a)
Elliptical DRO, which leverages moment-based structural assumptions; and (b) Empirical DRO, which builds
ambiguity sets directly from the empirical data distribution.

Elliptical DRO. Elliptical DRO leverages structural assumptions by modeling the data distribution as belonging
to the elliptical family (e.g., Gaussian, Student-t), which is characterized by its mean and covariance. Elliptical
distributions are fully characterized by their first two moments, which makes them particularly well-suited for
moment-based uncertainty modeling. Specifically, a distribution Q = &, (p, X) is called elliptical if it admits a

3Formally, uniqueness holds z-almost everywhere: if two maps both solve the Monge problem, then they agree except
possibly on a set of p-measure zero.
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density of the form f(¢) = C det(X)1g ((€ — 1) "S71(€ — p)), where g is a nonnegative generator function
and C' is a normalizing constant.

As we saw in the previous section, when p = 2, the squared Wasserstein distance between two elliptical distributions
admits a closed-form lower bound known as the Gelbrich distance:

A& (1), (1, 3)) = = /12 + Te(D) + Te(F) — 2T ((B22/512)12)) (20)

where (1, ) and (p/, X') are the mean-covariance pairs of two distributions.

Assuming elliptical structure, the Wasserstein ambiguity set can be projected onto the space of first and second
moments, yielding an elliptical uncertainty set [Nguyen et al., 2023]:

Ua(71,8) = {(,) € R™ x ST 5 d (1,5, (0, )) < 2. @1

This construction offers two key advantages: (i) interpretability, as uncertainty is captured through shifts in mean
and covariance; and (ii) computational tractability, since U/, is a convex and compact set. Furthermore, when the

nominal distribution Py itself is elliptical, the Wasserstein ambiguity set and the elliptical uncertainty set coincide
exactly, i.e., B. ,(Pn) = U: (1, X).

Empirical DRO. In contrast, empirical DRO makes no structural assumptions about the underlying data
distribution. Instead, the nominal distribution is the empirical measure:

1 N
v Z 8. (22)

where 5 denotes the Dirac measure at the ¢-th training sample 51 A convenient reparameterization restricts
attentlon to ambiguity sets of perturbed empirical distributions of the form:

1 N
QO) =+ DI (23)
i=1

where 6; € R™ is a displacement vector applied to the i-th sample, and © = (01,...,0x) € R™*V is the
perturbation matrix. The Wasserstein constraint W, (Q(©), P ~) < € is then equivalent to:

)
~ 2 16l < €. (24)
N i=1

For p = 2, this simplifies to [|©|r < eV N, where | - || denotes the Frobenius norm. This formulation offers
a clear geometric interpretation: empirical DRO controls the total amount of perturbation allowed on the data
samples, measured in aggregate via the Frobenius norm. As a result, optimization under empirical DRO can be
interpreted as finding decisions that are robust against small, localized deviations from the observed data points.

A.4 Theorems and Proofs

Proposition 1 (Consistency of Metric-based Abstraction Errors). Let an abstraction context (A,T) and a
distribution q over I* be given. Suppose D yn is a statistical divergence or distance between probability measures
satisfying Dyn(p,q) = 0 < p = q. If M" is a (p, 1)-approximate abstraction of MY, then for all p € A and
q-almost surely, M" and M* are (p, v)-interventionally consistent; i.e. Eq. (2) holds.

Proof. We first consider the case where both aggregation functions g and b are realized as expectations. Specifically,
this transforms the environment-intervention error as follows:

B (M M) = EpeaBuny | Do (Ta(el4 (), (") |- (25)

By non-negativity of the divergence D, we have that for every fixed p € A, the inner expectation is non-negative.
Since the total abstraction error is assumed to be zero, it follows that for each p € A,

Euna [P (814 (01): 8l (0") ] = 0. 26)
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Taking the expectation of a non-negative random variable implies that

D (T#(gf#(pg)), gz(b)#(ph)> =0, g-almost surely 27)
Since Dy (p,q) =0 <= p = q, we conclude that:

T#(gf# (p) = gZ(L)#(ph) g-almost surely for each fixed p € A. (28)

If either one or both of the aggregation functions g and fj are realized as an essential supremum, the argument
becomes even simpler: since the supremum of a non-negative function is zero if and only if the function itself is
zero everywhere, we again conclude that

4 (814 (0) = gZ(L)#Q’h) (29)
for all p € A g-almost surely. O

Remark 3. The proof relies solely on the non-negativity of D xn and the fact that D xn (P, Q) = 0 if and only if
P = Q. Consequently, the proposition applies to a broad class of divergences and distances, including (but not
limited to) the Kullback—Leibler (KL) divergence, the Wasserstein distance W, for any p = 1, the Total Variation
distance, the Hellinger distance, and others.

Concentration Results for Joint Environments in Causal Abstraction In our causal abstraction setting, each
SCM is associated with its own environment: p’ for the low-level model and p” for the high-level model. We
assume these environments are independent and define the joint environment as the product measure p = p’ ® p".
In practice, however, only e/r\npirical samples from each environment are available, leading to an empirical

joint distribution p = p? ® p". It is therefore essential to quantify how well the empirical product distribution
approximates the true joint environment. To this end, we establish a concentration result in Wasserstein-2
distance, showing that, with high probability, the true joint environment p lies within a 2-Wasserstein product ball
centered at p for an appropriately chosen radius. This result provides the theoretical foundation for defining a
distributionally robust causal abstraction objective over joint uncertainty sets. In particular, the following theorems
provide principled guidelines for selecting the radius of the joint ambiguity set, ensuring that it contains the true
data-generating process. The results build upon: (a) the tensorization property of the Wasserstein distance [Villani
et al., 2009]; (b) concentration inequalities for elliptical and empirical distributions [Kuhn et al., 2019, Theorems
18 and 21] and the independence assumption between p’ and p”. We first introduce the notion of a light-tailed
distribution, which characterizes the tail behavior necessary for applying the concentration results:

Definition A.1 (Light-tailed distribution). A probability distribution P over R? is said to be a-light-tailed if there
exist constants o > 0 and A > 0 such that EF [exp (|£]$)] < A, where £ ~ P.

Unlike in [Kuhn et al., 2019], where concentration is studied for a single distribution, our setting involves a product
of two independent distributions corresponding to the low- and high-level SCMs. Consequently, our concentration
theorems specifically account for this product structure.

Assumption 1. Both p’ and p" are light-tailed distributions.

Theorem 1 (Gaussian p-Concentration) Let p* ~ N (g, %) and p"* ~ N (up, $n) under Ass. 1, let pAé and ;;

be the empirical distributions from Ny and Ny, i.i.d. samples. Also, let p := p* ® p" and p := p* ® p". Then,
YV d € {{, h}, there exist constants cq > 0, depending only on the individual d-environment and confidence levels
Na, such that ¥V € (0,1], withd =1 — (1 — ne)(1 — np):

PWa(p,p) <€ =1-9, v6>\/<wv%’m> +<1m:(6\/%?m)>

Proof. Our goal is to identify a radius € > 0 such that:

PWz(p,p) <€l =1-06. (30)
Let the global event E,, := {W>(p, p) < €}. From [Villani et al., 2009], we linow /tllat the squared 2-Wasserstein
distance tensorizes for product measures. That is, for p = p’ ® p" and p = p? ® p", we have:

Wi(p,p) = Wi (p", p') + W3 (p", ph). 31)
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Therefore, the event E, is equivalent to the event:

—~

{WS(,O’Z,,OAK)JrWS(ph,ph) <62} (32)
Let us now define the per-component local events:
= Wa(p',pf) <} and By = (Wa(p”, 0") < e (33)
If the intersection event Ey n Ej, occurs, then both W3 (p*, p ) €2 and W2 (p", p ) 2 hold.

Summing these inequalities yields W2 (p, p ) +W2(p", p ) €2 + sh By the tensorization property, this is
exactly the condition defining the event E,, and it suffices to select: €2 = 7 + £7. Thus, the intersection event
Ey n E}, is a subset of the target event I,

EynE, C B (34)

Consequently, to establish a lower bound on P(E),,), it suffices to lower bound the probability of the intersection:
P(E,) = P(E¢ 0 Ep) (35)

However, by construction, the empirical measures pAZ and ;ﬁ are generated independently from p® and p”. Therefore,

the events Fy and FE}, are statistically independent. This allows us to factor the probability of the intersection
according to the product rule for independent events:

P(Ee n Ep) = P(E,)P(Ep). (36)
Next, from Theorem 21 of Kuhn et al. [2019], we have that for any confidence level ; € (0,1]:
P(E;) = POWa(pi, pi) < &) = 1 —m;, (37

whenever ; > €; =
each distribution p;.

%, for suitable constants ¢; > 0 depending on the dimension and tail properties of

Consequently, by substituting the Eq.s 36 and 37 into the inequality of Eq. 35, we obtain:
P(Ep) = P(Eg N Eh) = P(E@)P(Eh) (1 — ’17@)(1 — 77h)- (38)

Recalling that E, = {Wa(p,p) < +/c7 + 3} and by expressing the desired global confidence 1 — § =
(1 —n¢)(1 —np,)*, we have shown:

PWalp,p) <€l = (1 =ne)(1—mn) =10 (39)

whenever € > /£, + €},%, completing the proof. O

Theorem 2 (Emplrlcal p- Concentratlon) Let p and p empirical distributions, under Ass.1, from Ny and N}, i.i.d.

samples, with p := p*®p" and p = p ®ph Then, forV d € {{, h}, there exist constants ¢4 1, cq,2 > 0, depending
only on the individual d-environment and confidence levels ng, such that V6 € (0,1], withd = 1— (1 —mng)(1 —np),

for Ny(c,n) =log(ca.1/n)/ca,2, if we set:

1 min{1/d,1/2} 1 1/aa
€4 = log(ca./m) if Ng = Ny(c,m), or 1og(ca.1/n) otherwise,
ca,2Ng cd,2Nd

— PWa(p.p)<el=1-06, Yex=n/é?+&2

Proof. The core structure of the proof follows exactly that of Theorem 1. Specifically, we define the global event
E, := {Wa(p,p) < €} and local events Eq := {Wa(p?, p?) < ed} for d € {{,h}. Using the tensorization

property of W2 and the independence of the samples generating p¢ and p we arrive at the same intermediate
conclusion as in the proof of Theorem 1:

P(E,) = P(E; n Ey) = P(E;)P(E}), provided that € =e? 42,

*A simple choice could be the uniform allocation, given by ny =74 = 1 — (1 — & )1/ 2,
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The key difference from Theorem 1 lies in the specific concentration inequality used to bound the probabilities of
the local events P(Ey). Here, since pf; are assumed to be general light-tailed distributions, we apply Theorem 18

of Kuhn et al. [2019]. This theorem guarantees that for any 1y € (0, 1], P(E;) = PWa(p?, p?) < &4) = 1 — 14,
provided that €4 is chosen to be at least the threshold value £; where:

IOg(Cd 1/7](1) min{1/d,1/2} '
—_— f Ng = Ny(e,n),
< ca2Na if Ng = Na(c,n)

(10g(0d,1/77d) ) e

otherwise.
cd,2Nq

To achieve the overall confidence 1 — §, we select local confidence levels 7g, p, € (0, 1] such that (1 —n,)(1—np) =
1 — 4, and then by substituting the bounds P(E;) > 1 — 7 into the combined probability inequality, we yield:

P(Ep) = (1 —ne)(L—mp) =146 (40)
Thus, the result P [Wh(p, p) < €] = 1 — § is established once again, whenever € > +/ €% + &% O

Remark 4. These results justify the use of joint Wasserstein ambiguity sets centered at the empirical product
environment. They ensure that, with high probability, the true environment lies within a ball of radius €, allowing
us to formulate a robust abstraction objective that is consistent with finite-sample uncertainty. The construction is
especially well-suited for our setting, where only a single environment is available from each SCM.

A.5 The Joint Ambiguity Set

Here, we provide a visual and formal illustration of the construction of the joint ambiguity set used in our framework,
as described in the main text. Our goal is to introduce distributional robustness at the level of environments by
following the Distributionally Robust Optimization (DRO) paradigm. Since we assume access to a single observed
environment from each SCM (low-level and high-level), we model distributional uncertainty using a 2-Wasserstein
product ball centered at the empirical joint environment p that is formally defined as the joint ambiguity set:

Bs,Z(ﬁ) = Bez,Q(pZ) X BEh,Q(ph)7 (41
where for each domain d € {|M?|, | M"|}, the marginal ambiguity set B, mg(pAd) is a 2-Wasserstein ball defined as
B,2(0%) = {p e PU") : Walp.p") < a. (42)

Each radius €4 controls the robustness level for the corresponding SCM, with larger values providing robustness to
broader shifts but may lead to more conservative solutions.

Construction Steps. Since we do not observe exogenous environments directly, we reconstruct them via
abduction. Specifically, given samples from the endogenous variables, we invert the reduced form of the SCMs to
recover approximate exogenous samples:

(g%) (X)) ~ud, forde {|M"],[M"]}. 43)
In Linear Additive Noise (LAN) models with known structural coeflicients, this inversion is exact. Otherwise, if
the structural functions must be estimated, the quality of the abduction depends on the estimation accuracy of

Linear Regression. After performing abduction, we form the empirical exogenous distributions /¢ and U" via
empirical measures:

1

TR JPI SR P
“:NEE’“:MEQ% (44)
1= Jj=

where u’ and uf denote the reconstructed exogenous samples at the low and high levels, respectively. Next, we

form the nominal joint distribution p := pf ® p" by combining the empirical exogenous distributions. Finally, we
build the joint ambiguity set B, »(p) by taking the product of two marginal Wasserstein balls. The ambiguity set
B.2(p) allows us to find the worst-case joint environment p* = p’* ® p"* that maximizes the abstraction error
within the specified robustness radii. This captures the most adversarial distributional shift consistent with the
observed data and estimated environments. The radii €, and ¢}, quantify the maximum deviation we aim to protect
against at each abstraction level. The full construction process, including the abduction, nominal estimation, and
radius selection steps, is illustrated in Fig. 5 for the case where low- and high-level environments are sampled
independently.
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Abduction Nominal Estimation Radius Selection

Figure 5: Construction of the joint ambiguity set B, »(p) under the assumption of independently sampled
environments. The process involves abduction of exogenous variables, nominal empirical distribution estimation,
and selection of robustness radii.

A.6 Datasets

Simple Lung Cancer (SLC) Dataset The Simple Lung Cancer (SLC) dataset models the causal relationships
between three continuous variables: .S denotes Smoking, T' denotes Tar deposition in the lungs, and C' denotes
Cancer development. In the low-level representation, smoking causes tar accumulation, which in turn causes
cancer. The high-level abstraction removes the intermediate variable T, resulting in a direct causal link between
smoking and cancer. The experiment includes a set of 6 distinct low-level and 3 high-level binary interventions.
The corresponding low-level and high-level causal graphs are shown in Fig. 6.

Low-Level: G . High-Level: G,

O—O—0 OO

Figure 6: Low-level (G 4¢) and high-level (G ) causal graphs for the Simple Lung Cancer (SLC) dataset. In
the high-level abstraction, the intermediate variable 7' (tar deposition) is omitted, resulting in a direct causal link
between smoking and cancer.

Linearized LUCAS (LiLUCAS) Dataset The Linearized LUCAS (LiLUCAS) dataset is a simplified, linearized
version of the LUng CAncer dataset (LUCAS)’, originally designed to simulate realistic causal relationships in
lung cancer diagnosis. The low-level model involves several continuous variables: SM denotes Smoking, GE
denotes Genetics, LC denotes Lung Cancer, AL denotes Allergy, CO denotes Coughing, and FA denotes Fatigue.
In the high-level abstraction, groups of variables are clustered into broader concepts: EN’ (Environment), GE’
(Genetics), and LC’ (Lung Cancer). It involves a set of 20 distinct low-level and 11 high-level binary interventions.
The underlying low-level and high-level causal graphs are shown in Fig. 7.

A.7 Additional experimental results and settings

We evaluate our framework across a diverse set of experimental settings of different representations of the
environment (Gaussian vs. empirical) and datasets. Fig. 8 provides an overview of the datasets, methods, and
evaluation metrics used in each setting.

A.7.1 Misspecifications and settings

Robustness to Distributional Shifts. We evaluate robustness using a unified and flexible framework based on a
Huber-style contamination model, applied to the held-out test data from each of the k cross-validation folds. The
methodology consists of data contamination, error computation, and a multi-level aggregation protocol.

1. Data Contamination. For a given clean interventional test set, Xeg,, € R™e *d e first generate a noisy
outlier set, X,, by applying an additive stochastic shift. This is achieved by generating a noise matrix

Shttp://www.causality.inf.ethz.ch/data/LUCAS.html
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Low-Level: G High-Level: G~

2 F

(=)

Figure 7: Low-level (G r4¢) and high-level (G v ) causal graphs for the Linearized LUCAS (LiLUCAS) dataset.
The abstraction groups variables related to environment, genetics, and disease outcomes, resulting in a simplified
causal structure.

Evaluation Setting

(C Gaussian ) ( Empirical )

( SIIC ) ( SL[C )

( LiLUCAS ) ( LILUCAS )
[ Methods: ) Methods: )
DiRoCA, ), GRAD(; ), DiRoCA., , (ours), GRAD(+ .y,
BARY (7 o) BARY(; ), AbsLiny, AbsLin,

L J ’ )
[ Evaluation: ) Evaluation: )
Abstraction Error er Abstraction Error e

with 2-Wasserstein dis- Frobenius distance (|A — B r) for Dn
L tance (Ws) for Dyn, ) 7

Figure 8: Roadmap of experimental settings.

N e R™=*? where each row is an independent sample from a specified distribution. While the main
text focuses on Gaussian noise (n; ~ N (0,02, - I)), our framework also supports other distributions,
including heavy-tailed Student-t and skewed Exponential. The final contaminated test set, X, is then
formed as a convex combination of the clean and noisy data, governed by the contamination fraction

ae[0,1]:
X, = (1 - &)Xy + aX,. (45)

This process is controlled by two parameters: the fraction « (prevalence) and the noise scale oypise
(magnitude).

. Error Computation. For a single contaminated test set and a given abstraction map T, the abstraction
error is computed as the average distance between the transformed low-level and high-level samples,
averaged across all interventions ¢ € Zy:
L h
(7,0, Onoise) = Eumg [D (T X, XW(L))] . (46)

. Experimental Protocol. To ensure statistically robust results, we perform a multi-level evaluation. The
full experiment is a nested procedure that iterates through a grid of contamination parameters (« and 7).
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Ground-Truth w Contaminated w
w(t3) = n2

L3 > 12 L3 2
wltz) =m

2 w(e) =m b2

am wiz) =m 3

L w(bl)v= m 1
w(t1) =

Dmie 2 B aie 79

Figure 9: Illustration of intervention map (w) contamination. Left: the ground-truth mapping between low-level
interventions (¢) and high-level interventions (n). Right: a contaminated version where interventions have been
re-assigned to incorrect counterparts of similar complexity (e.g., w(¢1) = 72 instead of 1;) shown in red.

For each point on this grid, our protocol yields a total of m x k individual error measurements (one for
each of the m random samples on each of the &k data splits). The final "Robustness Curves" visualize the
mean error, averaged over both samples and folds, as a function of the contamination parameters.

Robustness to Model Misspecification. Beyond robustness to environmental shifts, we evaluate our method’s
resilience to violations of core modeling assumptions. We challenge two critical assumptions: (a) the linearity of the
structural functions (F-misspecification), and (b) the correctness of the intervention mapping (w-misspecification).

» F-misspecification. To test robustness against violations of the linearity assumption, we evaluate our
linearly-trained models on test data generated from fundamentally non-linear SCMs. Crucially, these
new SCMs share the same causal graph, intervention sets, and underlying environments as those used
in training. However, we define a new structural non-linear equations fyr, controlled by a strength
parameter k € R:

Xj = k"fNL(Pa<X7‘)) +Uj. )

For each strength level k, we simulate a brand new, ground-truth non-linear test set from this SCM and
compute the abstraction error. The main text reports the results for £ = 1 using a sinusoidal function.
Here we also provide full robustness curves showing the error as a function of k € [0, 100] for both sin
and tanh non-linearities in Figures 12 and 13 respectively.

* w-misspecification. To test robustness to an incorrect intervention mapping, we contaminate the
ground-truth w map using a semantic corruption strategy. For a given number of misalignments, we
randomly select a subset of low-level interventions and re-assign each one to an incorrect high-level
counterpart of similar complexity (i.e., one that intervenes on a similar number of variables), with a
fallback to the nearest complexity neighbor if an exact match is not available within a specified delta. An
illustration of this semantic w-misspecification process is provided in Figure 9.

Implementation and Optimization Details. All models were trained on a MacBook Air (13-inch, Ml,
2020) equipped with an Apple M1 chip and 16 GB of unified memory, running macOS Monterey version 12.3.
Performance is evaluated using a k-fold cross-validation scheme (with £ = 5) on the 10,000 generated samples
for each intervention in both LiLUCAS and SLC. In DiIRoCA each iteration comprises 5 minimization and 2
maximization steps. Finally, we monitored convergence by tracking the absolute change in the objective value
across successive epochs, and the optimization is terminated once this change falls below a fixed threshold of
104, ensuring numerical stability while avoiding unnecessary computation.

A.7.2 Results

Below, we present the full experimental results as outlined in the experiments roadmap (Fig. 8). All bolded
values in the tables indicate statistically significant differences, determined using paired t-tests with a significance
threshold of p < 0.05.
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Table 3: Abstraction error and std under o« = 0 and = 1 for SLC and LiLUCAS. Top: Gaussian setting with

(e7,€7) = (0.11,0.11). Bottom: Empirical setting with (¢, ) = (0.10,0.03)

Method a=0 a=1 a=0 a=1
SLC LiLUCAS
Gaussian
BARY(TM) 2.63 £ 0.01 8.43 + 0.01 5.75 1+ 0.01 55.11 £ 0.02
GRAD(TM) 1.25 + 0.01 6.74 + 0.00 545 + 0.02 64.73 + 0.03
DIROCAaz,a; 2.67 + 0.02 11.28 + 0.01 5.86 + 0.01 61.86 + 0.02
Di1RoCA 4 2.01 +£0.01 4.14 + 0.01 6.97 + 0.03 48.05 + 0.02
D1RoCA; » 1.74 + 0.01 2.37 £ 0.01 5.53 £ 0.03 25.79 £ 0.01
DiRoCA4 4 1.90 + 0.01 2.59 + 0.01 6.81 + 0.03 22.99 + 0.01
D1RoCAg g 1.90 + 0.01 2.59 +0.01 6.81 + 0.03 23.00 + 0.01
Empirical
BARY(WJ) 86.46 + 0.15 650.33 +0.69 561.19 +3.49 3804.18 +4.39
GRAD(T,W) 57.04 + 0.28 39295+ 0.30 309.82 + 1.71 1290.65 + 1.52
AbsLin, 89.29 +0.24 678.89 +0.71 399.21 +1.63 2189.48 + 2.15
AbsLin, 91.67 £ 0.29 640.45 + 0.68 354.31 + 1.46 1878.96 + 1.55
DIROCAEE,S;L 88.39 + 0.14 67440 +0.74 470.13 +3.65 2928.40 + 3.41
DiRoCA; ; 59.08 £ 0.33 388.73 + 0.31 332.96 + 2.98 1385.36 + 1.58
DiRoCA; » 58.86 +1.26 357.93 +1.72 31521 +£7.93 1102.80 + 18.15
DiRoCA4 4 58.87 +1.25 35793 +1.72 311.19 +8.01 981.61 + 18.29
DiRoCAg g 58.89 + 1.21 358.20+ 1.67 311.43 +8.18 987.53 +17.81
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Figure 10: Robustness to outlier fraction () on the SLC (top) and LiLUCAS (bottom) experiments for the
Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed Gaussian noise intensity
(0 = 5.0 for SLC and ¢ = 10.0 for LiLUCAS)
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Figure 11: Robustness to Gaussian noise intensity (¢) on the SLC (top) and LILUCAS (bottom) experiments
for the Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed outlier fraction of
a = 1.0 (fully noisy data).

Table 4: Average abstraction error (mean o) under model F-misspecification with sin nonlinearity for the
Gaussian setting with (e}, ¢,) = (0.11,0.11) and the empirical setting with (¢},¢}) = (0.10,0.03).

Method SLC LiLUCAS
Gaussian Empirical Gaussian Empirical

Bary(, ) 1.10 +0.02 185.84 +£1.50 4.25+0.01 578.80+ 1.25
GRAD(; ) 296 £0.01 13833 +£096 5.86+0.03 338.74+1.01
AbsLin, n/a 198.39 + 1.70 n/a 430.34 + 1.24
AbsLin, n/a 190.58 + 1.67 n/a 381.32 +1.92
DIRoCAeg,E;l 0.40 +0.02 191.68 +1.54 6.01 £0.03 500.10+ 1.44
DiRoCA; ; 1.79 £0.02 13737 +£092 598 £0.03 353.61 +1.83
DiRoCA » 143 +£0.01 13534 +0.51 399 +0.03 333.02 +9.86
DiRoCA4 4 2.19+0.02 13534 +050 4.63+003 32742 +9.15
DiRoCAg g 2.19+0.02 13532 +0.52 4.63 +£0.03 327.64 +9.00

Table 5: Average abstraction error (mean +o) under model F-misspecification with tanh nonlinearity for the

Gaussian setting with (e}, ¢,) = (0.11,0.11) and the empirical setting with (¢},¢}) = (0.10,0.03).

Method SLC LiLUCAS
Gaussian Empirical Gaussian Empirical

BARY () 1.22 +£0.01 18694 +1.39 3.85+0.01 564.09 + 1.81
GRrRAD(; ) 299 +0.01 140.07 +0.87 5.42+0.04 338.69 +0.93
AbsLin, n/a 19523 +1.62 n/a 44413 + 1.27
AbsLing n/a 191.79 + 1.57 n/a 386.72 +2.03
DIRoCAEZ@; 0.55+0.01 19273 +144 5.61 +0.04 486.29 + 1.89
DiRoCA ; 2.05+0.02 138.89 +0.84 5.86+0.04 352.50+ 1.84
D1RoCA; » 1.57 £0.01 13698 +0.42 4.08 +0.03 333.73 +8.63
DiRoCA4 4 2324+0.02 13699 +042 496+ 0.03 328.82 + 8.26
D1RoCAg g 232+0.02 13692 +045 496+ 0.03 329.04 + 8.12
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Figure 12: Abstraction error comparison as a function of the nonlinearity strength parameter %, which controls
the strength of the nonlinear component (sin) in the data generation process. The figure shows results for both
Gaussian (left) and empirical (right) data distributions in the SLC (top) and LiLUCAS (bottom) settings.
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Figure 13: Abstraction error comparison as a function of the nonlinearity strength parameter k, which controls
the strength of the nonlinear component (tanh) in the data generation process. The figure shows results for both
Gaussian (left) and empirical (right) data distributions in the SLC (top) and LiLUCAS (bottom) settings.
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Table 6: Average abstraction error (mean +o) under intervention mapping w-misspecification for the Gaussian

setting with (¢}, ¢}) = (0.11,0.11) and the empirical setting with (¢, ) = (0.10,0.03).
Method SLC LiLUCAS
Gaussian Empirical Gaussian Empirical
BARY(; . 277 £0.00 100.98 +0.24 5.86 +0.03 548.55 +2.48
GRAD(; . 0.71 £ 0.00 5039 +£0.15 5.63+0.03 30546 + 1.31
AbsLin, n/a 111.24 £ 0.17 n/a 414.62 + 1.09
AbsLin, n/a 105.50 + 0.14 n/a 359.45 + 1.44
DiRoCA.; .~ 257 £0.02 105.03 + 0.24 6.08 £ 0.03 459.06 + 2.80
DiRoCA; 1 1.54 £0.00 4621 £0.14 7.16+0.03 326.56 + 2.59
DiRoCA; 2 1.48 £ 0.01 39.16 +2.75 5.55+0.03 308.52 + 8.54
DiRoCAy 4 143 +£0.00 39.16 +2.75 6.86+0.02 304.11 £+ 7.76
DiRoCAg g 143 £0.00 39.28 £2.51 6.86+0.02 304.32+7.83
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Figure 14: Robustness to outlier fraction («) on the SLC (top) and LiLUCAS (bottom) experiments for the
Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed Exponential noise intensity
(0 = 5.0 for SLC and ¢ = 10.0 for LiLUCAS)
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Figure 15: Robustness to Exponential noise intensity (¢) on the SLC (top) and LILUCAS (bottom) experiments
for the Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed outlier fraction of

a = 1.0 (fully noisy data).
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Figure 16: Robustness to outlier fraction («) on the SLC (top) and LiILUCAS (bottom) experiments for the
Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed Student-t noise intensity

(¢ = 5.0 for SLC and 6 = 10.0 for LiLUCAS)
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Figure 17: Robustness to Student-t noise intensity () on the SLC (top) and LiLUCAS (bottom) experiments
for the Gaussian (left) and Empirical (right) settings. The evaluation is performed at a fixed outlier fraction of

a = 1.0 (fully noisy data).

A.8 Optimization
A.8.1 Distributionally Robust Causal Abstraction Learning (D1RoCA)

In this section, we provide a detailed analytical presentation of the optimization procedures of DIRoCA, both for
the Gaussian and empirical settings.

Gaussian case. Recall that in the Gaussian case DIROCA solves the following constrained min-max optimization
problem:
min max g [WE (N (T Lo, TLSL TT), N (o', Huy S H )| (48)

TeRhx¢ MZ)EE
H}L,Eh

supported by the environmental uncertainty constraints:

WEN (29, N, £0) <&, WEW (", 7), Nk, Bh)) < & (49)
where ,t;f, i\f, ﬁ, Sh are empirical estimates from observed data. Since we work with Markovian SCMs, the
exogenous variables are jointly independent, which implies that their covariance matrices are diagonal. This
structural property simplifies the form of the Wasserstein constraints, allowing them to be expressed as:

1/2 —~1/2 —~ 1/2 —~1/2
B N I N R D e (50)

2 =

It = w1 + %

Expanding the Gelbrich formula for the Gaussian 2-Wasserstein distance, the objective decomposes as:

F(T, 2 f 5) = By || TLop = By + To(TLEL] TT) 4+ Te(Hu S'H ) | 6D

Fs (smooth term)

By [2 Tr ((Ho="H] () Y*(TLSL] TT)(H, () S'H] ) "?) ] (52)

F,, (non-smooth term)
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We rewrite the objective as the sum of a smooth component Fy capturing the quadratic terms and a non-smooth
component F; capturing the last trace term. Thus the objective becomes:

: ¢ s h h 4 h
mllnﬂl,zmé,i}f,zh F(T,u", X% p™ X% + Fy(T, 25, %" (53)

LetS, =T LLEZLJ— T and S}, = Hw(L)ZhHI(L). Then the non-smooth term simplifies as:

1/2
“((552545%/2) ) 1528314 (54)

To handle the non-smoothness of the nuclear norm in optimization, we use the variational characterization from
Srebro et al. [2004]. For any matrix X = UV T,

IXls = min |Ule|V]r (55)
X=Uv"
In our case:
15072852 1 < 150"l 1155/ e (56)

Applying this inequality, we upper bound the non-smooth term, allowing the optimization to proceed efficiently
using standard gradient and proximal-gradient methods. Specifically, we maximize a surrogate lower bound
F < F:

F = F(T, ", 2% ph, 2h) + E¥(T, %4 5 (57)

where F¥(T, 5%, £%) = —|(TL,S'L] )2 ol (Ho S H )21 e

The optimization algorithm alternates between updating T via gradient descent on (51), and updating the moments
(ut, %), (u", ") via proximal-gradient ascent on (57) (see Algorithm 2). Figures 18a and 18b provide a visual

illustration, showing the initial empirical distribution (N (], fl)) and the final worst-case distribution (N (u*, ¥*))
learned by the adversary for our two experimental datasets.

Note 1. The proximal operator of the Frobenius norm of a matrix A € R™*" is given as

I- ) A ifAls > A
pro, ., (4) = < ) A Al > A 58)
0, otherwise
Here A denotes the square root of the transformed covariance matrices (e.g.,(T L, XL TT)l/ 2 and
RErT \1/2

Note 2. The projection operation projy,, ., (-, -, -, ) enforces the Wasserstein constraints:

W3 (N (1, %), N(i1,%)) < e*  via projection onto a Gelbrich ball. (59)
This is done iteratively using the update:

(1, %) — fi+ ol — p), 2 + (22 = 512 (60)

with scaling factor a = /W3 ((11, %), (f1,3)).

Empirical case. When there are no structural assumptions about the distributional form of the environment,
the empirical formulation provides a fully data-driven robust alternative, particularly useful when the low- and
high-level environments are available only through finite samples. In this case we introduce perturbation matrices
4 € RN2*4 gver the empirical exogenous samples and define p?(0,4) = ~ ZNd 04,+0,- The objective then
measures the squared Frobenius discrepancy between the perturbed distributions of the two SCMs:

2
F(T,0,,0n) i= Evvy [HT L, (U +0y) = Hy ) (U" +64,) F] : (61)

where U*, U" are the empirical exogenous samples for M and M", respectively. The perturbations capture
adversarial shifts around these nominal empirical distributions. A proposed reparameterization reduces the
Wasserstein ambiguity sets to constrained Frobenius norm balls [Kuhn et al., 2019]:

1©¢lr < eev/Ney,  [On|F < env/Ni (62)

We solve this via alternating projected gradient descent. The optimization alternates between updating the
abstraction map T with gradient descent and the adversarial perturbations of the samples through projected
gradient ascent. Specifically,
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Figure 18: Marginal noise distributions for each variable in the low-level (top) and high-level (bottom) SCMs
of the SLC dataset. In each subplot, the curve represents the initial empirical noise distribution, and
the dashed purple curve shows the corresponding worst-case distribution obtained via the distributionally robust
optimization.

* Minimization step (updating T): Fix perturbations (©,, ©}) applied to the samples and perform
gradient descent to update the abstraction map T by minimizing the empirical loss.

* Maximization step (updating perturbations O, ©;): Fix T and perform adversarial updates to the
perturbations:
— Perturbations O, are added to U’ and ©, to U".
— Gradient ascent steps are performed to maximize the abstraction error.
— After each ascent step, perturbations are projected onto Frobenius norm balls to ensure they lie within

a fixed robustness radius (g for ©, ¢, for ©},), enforcing constraints derived from the Wasserstein
DRO ambiguity sets.

A.8.2 Barycentric Abstraction Learning (Bary, ).

We also consider an abstraction learning method based on barycentric aggregation of interventional distributions,
inspired by Felekis et al. [2024]. In the case where the environments are Gaussian distributions, the key idea is
to aggregate the different interventional distributions at both the low- and high-level SCMs into representative
barycentric means and covariances, project the low-level distribution into the high-level space, and then minimize
the Wasserstein distance between these two distributions.

Formally, given mixing matrices {L, },ez¢ and {H,},cz» corresponding to the low- and high-level SCMs under
interventions, we define the barycentric mean at each level according to Eq. 16:

1 1
L E l E
:ubary = ‘Ig‘ LL/LUa p’ﬁary = |Ih‘ Hmu’[lj (63)
LTt neZh

ﬁary, is obtained as the Wasserstein barycenter of the set

{L,X% L}, ez, solving the fixed-point equation from Eq. 17:

1 1/2
¢ 2 ¥4 1/2 1T 4 1/2
Zbary = |Ig| /\L (Zbary / (LLZULL ) Zb'ou"y / ) ) (64)

LT

The barycentric covariance at the low level, %
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Figure 19: Marginal noise distributions for each variable in the low-level (top) and high-level (bottom) SCMs of
the LiLUCAs dataset. In each subplot, the curve represents the initial empirical noise distribution, and
the dashed purple curve shows the corresponding worst-case distribution obtained via the distributionally robust
optimization.

The barycentric covariance Eﬁary at the high level is computed analogously over the set {HnEgH;}nezh. To
map from the low-level to the high-level space, we first project the low-level barycentric distribution onto the
high-level dimension. Specifically, letting V' € R**" denote the projection matrix, obtained via PCA, we define
the projected mean and covariance:

[hro; =V bharys  Sho; =V S0 V. (65)

proj bary
Consequently, by defining the abstraction map as the optimal transport Monge map between the distributions

N (105> Zioroj) and N (15t » Bit,y ), from Eq. 12, since both distributions are Gaussian, this admits the following

closed-form expression:

—1/2
T(iC) = /J’gary + A(iC - Nf)roj)7 where A = E{)Laryl/2 (Egroj) / . (66)
Finally, since we initially projected the low-level distribution, the full transformation matrix is:
T=AVT, (67)

In both cases, the resulting abstraction approximately aligns the barycentric summaries of the low- and high-level
interventional distributions.

32



DisTRIBUTIONALLY ROBUST CAUSAL ABSTRACTIONS

In the setting where only empirical samples of the environments are available and no structural assumptions are
made about their underlying distributions, we simply take the arithmetic mean across all the interventions of the
mixing matrices Lyq,y and Hy,,, and propagate the exogenous datasets U* and U" through them and solve with
gradient descent the following problem:

min

2
TeRhx¢ T Lbary(UZ) - Hbary(Uh)HF (68)

While Bary ;) is computationally efficient, it does not explicitly optimize robustness to distributional shifts,
unlike DiRoCA.
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Algorithm 2 Gaussian DiIRoCA
1: Input: S¢, 8", 7%, 7", w : 7 — T", samples from PMf(Xf), PMh( )(Xh)
2 pz ~ N (fiy, zz) — (g4 (Ppge)) ™" = Abduction for M’
3: ph ~ N(fap, Xp) < (g;;(PMh))_l = Abduction for M"
4: € « from Theorem 1 > Compute robustness radius
5: Be,2(ﬁ) - Bsz,Q(pe) X BEh,Q(ph>

6: nitialize: T(*) € R"™¢ p(0) = N (10 54Oy @ N (O 57O 1ir 1, mins Fina

7

8

9

0

1

: repeat ©> min-max iterations
for ki, steps do > Gradient descent: Update abstraction T
T 7O VTF(T(t), p1)
10: end for
11: for ky.x steps do > Proximal-gradient Ascent: Update joint environment p
12: ,ué(tJrl) - IuE(t) + 0 VMF(Ma T(t+1))
13: Mh(t-q—l) - Mh(t) + 7, vth(MI17T(t+1))
14: SUtH3) SO 4oV (1D p0)
15: S+ prox,, (B4+2)) > Proximal step
16: Sht+3) SO g Vo F(rHD | p0)
17: SHEHD  prox,, (S(+2)) > Proximal step
18: (A DY projy,y,  (ufEHD, B, ,124, i\z) > Project to Gelbrich ball
19: (phHD SREDY  projy,, (D) St [77‘, 2/)71) > Project to Gelbrich ball
20: P+ A(pl+D) DY @ N (ph(+D) | Sh(E+D))
21: end for
convergence

22: return T* € R"*¢ p* = p** @ p*
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Algorithm 3 Empirical DIRoCA

23:

Input' St Sh T8 T, w : T — T, samples from P e (

P _NLZZNE 5A — L lxt

o= X0 5A —H7Ah
p—pt®@ph
€ «— from Theorem 2
Initialize: T, 0!" 0"
4(0) = i vael 5A4+9?<0>
h(O) _ 1 ZNh 6ah+9h(0)
p0 — pZ(O) ® ph(O)

repeat
for k., steps do

T(t+1) - T(t) —T]VTF(T(t)a @ét)’ GS))
end for
for kmax steps do
O™ — O + Ve, F(T!D 0" o)
f tem
O™V proj. <., s (OF™)
@emp @( ) Vo, F(T(t+1) @(t) eglt))
@2” ) projy. \\FSEhﬁ(@temp)
pl+l) L Z 5% gL+
phFD 1 ZNh 5ah+9h(””
p(tH) - pg(t+1 ®,0 (t+1)
end for
convergence

return T* € R"*¢ p*

X£)7 PMh( )

(x")
= Abduction for M?*
= Abduction for M"

= Joint environment
> Robustness radius

> min-max iterations
> Gradient descent: Update abstraction T

= Gradient Ascent: Update joint environment p
> Project onto Frobenious norm ball

= Project onto Frobenious norm ball
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