Super-resolution of partially coherent bosonic sources
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We consider the problem of imaging two partially coherent sources and derive the ultimate quantum
limits for estimating all relevant parameters, namely their separation, relative intensity, as well as
their coherence factor. We show that the separation of the two sources can be super-resolved over
the entire range of all other pertinent parameters (with the exception of fully coherent sources),
with anti-correlated sources furnishing the largest possible gain in estimation precision, using a
binary spatial mode demultiplexing measurement positioned at the center of intensity of the joint
point spread function for the two sources. In the sub-Rayleigh limit, we show that both the relative
intensity, as well as the real part of the coherence factor, can be optimally estimated by a simple
boson counting measurement, making it possible to optimally estimate the separation, relative
intensity and real coherence factor of the sources simultaneously. Within the same limit, we show
that the imaging problem can be effectively reduced to one where all relevant parameters are encoded
in the Bloch vector of a two-dimensional system. Using such a model we find that indirect estimation
schemes, which attempt to extract estimates of the separation of the two sources by measuring the
purity of the corresponding state of the two-level system, yield suboptimal estimation precision for

all non-zero values of the coherence factor.

I. INTRODUCTION

The resolution of conventional imaging systems has
been known to be limited by the diffraction properties
of the electromagnetic field [1]. Imaging systems capable
of exploiting the quantum properties of light, however,
exhibit no such limit. This phenomenon, dubbed as super-
resolution, was first derived for incoherent point sources [2—
13] with several experimental demonstrations [14-21] af-
firming that indeed, quantum mechanically, the diffraction
limit can be entirely circumvented. A debate as to whether
the same phenomenon can be exhibited for partially co-
herent sources [22-24] was resolved in favor of super-
resolution [25—28] and vindicated by experiment [29)].

In this work we consider the full quantum mechanical
treatment of estimating all pertinent parameters in the
imaging of two partially coherent point-like sources: their
separation s > 0, relative intensity 0 < ¢ < 1, and
coherence factor v € C, |y| < 1. Due to the presence
of coherence, the average number of bosons arriving at
the image plane per coherence time is not fixed, but
depends on all parameters we wish to estimate. We obtain
the quantum measurements that maximize the quantum
Bayesian Cramér-Rao bound for each of the parameters
of interest and determine their compatibility in optimally
estimating said parameters. For ¢, as well as the real
coherence factor, yg, of the two point sources, we find that
conventional boson counting suffices to attain the optimal
precision limit. For estimating the separation between the
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sources we show that the corresponding precision limit
strongly depends on the reference position in the image
plane relative to which the point spread funuctions (PSFs)
of the two sources are described. With respect to the
geometric center of the two PSFs the quantum Fisher
information (QFI) for separation is does not vanish when
only source is present (i.e., when ¢ = {0,1}), whereas
with respect to the intensity centroid of the two PSFs the
QFI vanishes when only one source is present.

For sources whose separation is well below the diffrac-
tion limit, the description of the PSF at the image plane
can be adequately explained by a density operator over a
two-dimensional Hilbert space—the qubit model of [30].
Using this model the measurements furnishing optimal
estimation precision for each parameter can be derived
with relative ease and for the case of separation corre-
spond to binary, spatial mode de-multiplexing (SPADE)
measurements. Yet, the qubit model exacerbates the refer-
ence frame dependence in the estimation of the separation
resulting in an erroneous result surpassing the correspond-
ing QFI. We show that in order for the qubit model to be
applied effectively one must choose the intensity centroid
frame of reference.

Finally, we also show that indirect estimation methods
for the separation of the two sources—that first estimate
the purity of the corresponding density operator [31]—are
sub-optimal for partially coherent sources. What is more,
for partially coherent point sources with yg < 0 such
indirect estimation is problematic since as the functional
relation between purity and separation is not bijective.
The only case where indirect estimation of the separation
via the purity of the corresponding density operator is
optimal is for incoherent point sources.

The paper is structured as follows. Sec. Il reviews
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imaging in both the classical (Sec. ITA) and quantum
(Sec. IIB) regimes, the qubit model of [30] (Sec. II C), as
well as the necessary background on both classical and
quantum statistical inference (Sec. IID). In Sec. IIT we
compute the Bayesian Cramér-Rao bound for each of the
4 parameters in question with (Sec. III B) and without
(Sec. TITA) the qubit model approximation, whilst in
Sec. I11 C we consider indirect estimation of the separation
via estimation of the purity of the corresponding density
operator. Sec. IV contains a summary of our findings and
concluding remarks.

II. BACKGROUND

In this section we provide a rigorous mathematical back-
ground of the problem of imaging partially coherent point
sources both in the classical (Sec. IIA) as well as in the
quantum mechanical case (Sec. IIB). In Sec. II C we intro-
duce the qubit model of [30], which provides a simplified
description of the imaging problem, whose validity we
will elucidate on in Sec. III B. Finally, Sec. II D reviews
the key concepts in both classical and quantum statis-
tical inference in relation to the problem of parameter
estimation.

A. Classical description of imaging of point sources

Imaging systems have played a foundational role in the
development of science since their invention in the late
sixteenth century. Such systems typically consist of an
aperture and a series of lenses designed to collect and
analyze light emitted or reflected by an object, allowing
for the study of the object’s structure and properties.
We model image formation in a simplified setting that
neglects the imaging optics and sensor response, focusing
instead on the far-field diffraction pattern produced by
the aperture. Throughout, we assume that the object
consists of quasi-monochromatic point sources, so that
the image formed by each source is characterized by the
system’s Point Spread Function (PSF). A heuristic bound
on the angular resolution imposed by diffraction was first
introduced by Lord Rayleigh, who stated that two point
sources can barely be resolved if the central maximum of
one source’s PSF coincides with the first minimum of the
other’s in the image plane [1].

This resolution criterion can be made quantitative using
classical wave optics. For a circular aperture, the far-
field diffraction pattern forms an Airy disk, whose first
minimum occurs at an angle

g o TN (1)

where ) is the wavelength of light, D is the diameter of
the aperture, and 1.22 is the numerical factor arising from
the first zero of the Bessel function Ji, which characterizes
diffraction from a circular aperture [32]. More generally,

under the Fraunhofer approximation, the complex field
amplitude observed in the image plane is proportional
to the Fourier transform of the aperture function. For
a two-dimensional aperture described by a transmission
function f(r), r € R2, the far-field amplitude at the
position 7' € R? on the image plane is

iwwyx/fu)mp(iir.w>d%, (2)

where £k = 27/ is the wavenumber, L is the dis-
tance from the aperture to the image plane, and v’ =
L sin f(cos ¢, sin ¢) describes points in the far field at an-
gle 0 from the optical axis. The intensity at 7’ on the
image plane is proportional to the squared modulus of
the complex field amplitude,

I(r') o [0 () (3)

with the proportionality constant given by (AL)~!. The
total optical power incident on the image plane is given
by

1:/&@3&#. (4)

If more than one source is being imaged, one must
account for correlations between the complex amplitudes
of the fields. These are captured by the mutual coherence
matriz, I';; € C, whose diagonal elements represent the
average intensities of the individual sources, while the
off-diagonal elements describe the degree of coherence
between the various sources. Note that I';; encodes the
statistical properties of the sources and thus does not
depend on the position ' on the image plane; all spatial
variation in the intensity arises from the complex field
amplitudes ¥, (r’), which describe diffraction and propaga-
tion effects. If m quasi-monochromatic sources are being
imaged, the intensity at position ' on the image plane is
given, under stationary statistical assumptions [32], by

I(r') = i Dij Wi(r') Wi (r"). ()
ij=1
Defining the complex degree of coherence as
Yij = 71?”
1] m il
Eq. (5) can be rewritten as

I(r') = > /Tul g5 v Walr') Ui (r'), (7)

4,5=1

"Vij| <1, (6)

with the total intensity given by Eq. (4).

B. Quantum mechanical treatment of imaging

A quantum mechanical description of the imaging set-
up described above proceeds by first associating the com-



plex amplitude in Eq. (2) to the position-space wave-
function of the bosons after passing through the imaging
system. Defining the creation operator

Ty = / A2 G (rYal (1) (8)

with respect to the creation and annihilation operators at
the image plane obeying [a(r), af(r")] = 6 (r — 7'), the
Fock state with exactly n bosons in mode ¥(r') at the
image plane is given by
tn
O (1)
) = <2 [0
n (9)

= / HdzT‘;\I/("';) |r,17"'7'7/1>Symm )

=1

where |0) denotes the vacuum state and

1
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is a totally symmetric state. The position eigenkets at the
image plane are defined as af(r)|0) = |r). The second
line in Eq. (9) gives the position-space representation of
the corresponding symmetric wavefunction ¥(rj...r/)
and the state is normalized, (¢,|¢,) = 1. If the source
quasi-monochromatic then the quantum state describing

the field at the image plane is given by the density matrix

n=0

and the average number of bosons per coherence time
illuminating the image plane is

oo
n= Z npy (12)
n=1

Observe that for thermal sources p,, = %, whereas

+n
for coherent sources p,, = e’ﬁ%.

For m partially coherent, quasi-monochromatic sources,
the corresponding density matrix at the image plane is

given by
§= Z Prn | Vn)XPns| 5 (13)

n,n’

where n = (n1,...,ny,) and |[¢n) = Qe [¢n,) with
[tn, ) a Fock state with exactly ny bosons in spatial mode
Ui (r") as in Eq. (9). Observe that the fields at the image
plane need not be orthogonal, i.e.,

avial,) = [ @) —e e, )
implying that the creation and annihilation operators asso-

ciated with these modes obey the canonical commutation
relations only when the mode functions are orthonormal.

The state ¢ in Eq. (13) can also be expressed in terms
of the total boson number basis as

€= pup'™, (15)
n=0

where n = >";", ng, and 0 < p, <1 is the probability of
detecting exactly n bosons in total (3, p, = 1). Each
p™ in Eq. (15) is a normalized density matrix supported
on the n-boson subspace and can be expanded as

P = Y P |, (16)
n,n’
In|=|n'|=n
where |n| = Y| n is the total boson number.

Just as in the classical case, the presence of multiple
sources gives rise to correlations between the complex
amplitudes of their corresponding quantum mechanical
states at the image plane. These correlations are captured
by the image plane coherence matriz, a Hermitian matrix

IV € C™*™ defined as
Ly = tr(¢ ai&,iaq,j) . (17)

The diagonal elements I';; represent the mean boson num-
ber in mode ¥;, whereas the off-diagonal terms F;j cap-
ture the coherence between different modes. The average
total boson number at the image plane is the trace of the

coherence matrix:

n=Y Tj=tr(I")=> npn. (18)
i=1 n=0

In the low-intensity limit, n < 1, where the probability
of having more than one boson per coherence time in-
terval becomes negligible, the state in Eq. (16) can be
approximated as
&= (1 —n) |00 +71p™") + O(R?)
- (19)
= (=R X0l + 7 > g [a)(wss ] + O?).
ij=1

where I'}; = 7y;; and the sum in the second line of Eq. (19)
is over all m-dimensional vectors n that have a single
non-zero entry at position n;, i.e., |¢;) = a&,i(r,) |0), i€
(1,...m). Physically, this corresponds to a regime in
which individual boson detections carry nearly all the
available information, and quantum interference effects
between distinct modes ¥;(7') are directly encoded in the
off-diagonal elements ;.

The remainder of this work concerns the low intensity
limit. In addition, we shall consider a one-dimensional
imaging system illuminated by light from two partially co-
herent, quasi-monochromatic point sources with Gaussian

PSFs
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with mean z, # x» and variance ¢2. This case is par-

ticularly relevant to the problem of imaging a pair of
partially coherent, low-intensity sources emitting quasi-
monochromatic light [22, 23, 25-28]. The effective density
matrix describing the optical field at the image plane in
the regime where at most one boson arrives per coherence
time interval, is given by

&€= (1—a)[0}0] +np", (21)

where p(1) is the normalized single-boson density matrix
describing the conditional state of the optical field given
that a single boson arrives at the detector. It describes
a statistical mixture of emissions from the two sources,
including coherence terms when « # 0, and is given by

1 — 1 -
S enyan g I Aol

+VaT=a) (7 [¥)g] + 1. ) |

with ¢, (1 — ¢) the relative intensities of the sources ¥, ®
respectively, [1),|¢) their respective one boson states,
and v € C,0 < |y| < 1,4 = vg + iy their coherence
factor. Note that, with respect to Eq. (19), y11 = ¢, 722 =
(1—q),v12 = 73; = . The average intensity per coherence
time n is given by

A= (1 + 2(:73\/M) , (23)

where

s

=e 872, 5:=|x1 —xa| (24)

¢— ‘/_Z Az 0 ()0 (2)

is the overlap between the two PSFs and quantifies their
spatial indistinguishability. To ensure the low-intensity
limit we set the proportionality constant § < 1. Phys-
ically, this implies that the average number of bosons
per coherence time interval arriving at the image plane
due to source ¥ alone (respectively ® alone) are ¢d < 1
(respectively (1 —¢)0 < 1). It is important to note that
the intensity per coherence time interval fluctuates, and
this fluctuation carries information about the separation
s, relative intensities ¢ as well as coherence factor .

C. The qubit model [30]

The density matrix p(!) of Eq. (22) has support only
on a two-dimensional subspace of the single-boson Fock
space spanned by the PSFs. Denoting this subspace by
HD) = span{|¢)), |#)}, and introducing an orthonormal
basis {|v1),|va)} € HM), the state p(!) can be expressed
in Bloch form as

& 2 14+r-o
P =" pij vi)v;| = — (25)

ij=1

4

where p;; = (v;|pV|v;), and o = (01, 09,03)T is the vec-
tor of Pauli matrices defined with respect to the orthonor-
mal basis {|v1),|v2)}. The vector r € R3>—known as the
Bloch vector of pt")—encodes the quantum distinguishabil-
ity and coherence between the two PSFs. The components
r; = tr(o;pM) quantify the contributions from source
imbalance, mutual coherence, and PSF overlap. The mag-
nitude of the Bloch vector satisfies 0 < 7 := |r| < 1 and
determines the purity of p) via r2 = 2tr(p(?) — 1.

The Bloch representation of p(*) depends on the choice
of orthonormal basis {|v;),|va)} € H(). A particularly
convenient choice of orthonormal basis is

1

1) = e (al4) + (1= 0)10) "
oy~ =00 = ) ) — (e +91 =)o)
V=24 - 1= 0)

In the limit s/o < 1 the state |v1) in Eq. (26) is equal
to the zeroth order Hermite-Gauss mode, |¢(z.)) =
[dz ¥, (x)|z), where ¥, _(z) is given by Eq. (20), with
X1 = T, centred at the intensity centroid x. = qr1 + (1 —
q)w2, ie., (vi|Y(z.)) = 1+ O(s®). A second choice of
orthonormal basis is given by

1

le1) =
(27)

le2) = (I) + 1))

V2t o

which can be obtained from Eq. (26) by setting ¢ =
1/2. In the limit s/o < 1 the state |e2) in Eq. (27) is
equal to the zeroth order Hermite-Gauss mode, |[¢(z4)) =
Jdz ¥, (z)|x) centered at the geometric centroid x4 =
(1 +22)/2, ie., {ea|p(zy)) = 1+ O(s%). With respect to
this basis the Bloch vector p(!) is given by

(1-29)V1=¢2
291 q(1 —q)vV1—¢c2 |,
c+2vrvq(1 —q)

-1

r =
1+ 2cyrva(1—q)

(28)
with norm

2 The T49(1—q)(0% + (1 — A)y]) +4eyr/a(1 — )

T (1+ 207av/a(l — 0))?
(29)
where
Tian =1- 4Q(1 - Q)(l - 02) (30)

is the norm of the Bloch vector describing the incoherent
mixture (v = 0) of point sources. In this representation,
the z-component of the Bloch vector quantifies the net
imbalance between the source amplitudes and the (real
part) mutual coherence, while the z- and y-components
encode the symmetric and antisymmetric spatial mode
structure, which arises from PSF overlap and partial
coherence.



The quantum state at the image plane—for both the
fully quantum and qubit models—depends on five pa-
rameters: separation s, relative intensity ¢, coherence
v = vgr + 77, and a reference position, xg, from which
to locate the positions of each PSF (such as the intensity
centroid x. or the geometric centroid x4). Assuming that
x¢ is known we can focus on inferring the remaining four
parameters.

D. Classical and quantum statistical inference

We are thus led to the problem of estimating the key
parameters of the PSF of a pair of partially coherent
point sources: their separation s, relative intensity ¢, and
complex coherence factor . These define the parameter
vector 8 = (s,q,7r,71)T € ©, where © denotes the
differentiable parameter space. The task of estimating 0
falls within the scope of classical and quantum parameter
estimation theory, which we now briefly review.

1. Classical parameter estimation

Consider n independent and identically distributed
(i.i.d.) samples = (z1,...,2,) drawn from a random
variable X ~ p(z|@), where the unknown parameters
0 € O are to be estimated using an estimator f : X" — ©,
which maps the data to an estimate 8 = f(x). Any good
estimator must satisfy the following four conditions [33]:

i. Unbiasedness: the estimator must give the correct
parameters on average,

(6) ::/nd”wp(w|9)f(:n) =} (31)

ii. Consistency: for any 6 > 0 and a sequence f*)(x)
of estimates it holds

lim Pr (‘f(’“) (z) — a[ > 5) ~0. (32)

k—oc0

iii. Precision: the estimator must minimize the error
on its estimate as much as possible. This error is
quantified by the covariance matriz, whose entries
are of the form

Cov(f)jn = [ d"x(f;(x) = 0;)(fr(¥) — Ok) , (33)

Xn

where 6; € 0 is the j—th parameter and fi(x) =
0 € 0 the k—th element of our estimate.

iv. Efficiency: The estimator f : X™ — O is said to be

efficient if for any other estimator g : X" — © it
holds

Cov(f)Cov'(g) < 1. (34)

Here and throughout matrix inequalities are to be un-
derstood as follows: A > B < A — B is a positive semi-
definite matrix.

A lower bound to the covariance matrix of any unbiased
estimator was provided by Cramér and Rao [34],

Cov(f) = F~'[p(x]0)], (35)

where F[p(x|0)] is the Fisher Information matriz (FI for
short) [35]

Palp(alo)] = [ daplal6)s;(@l0)s.(zl6).  (30)

The Fisher information matrix is the covariance of the
score s(x|@) of the random variable, a vector with el-

ements s;(x|0) = %W, and quantifies how much
J

information the random variable X carries about the pa-
rameters 6. Observe that for n i.i.d. random variables
the FI is additive, i.e., F[p(z|0)] = nF[p(z|0)]. The
maximum likelihood estimator is asymptotically efficient,
meaning that its covariance approaches the Cramér-Rao
bound in the large-sample limit [33].

In the Bayesian approach to parameter estimation, the
parameters 0 are treated as random variables distributed
according to a prior distribution 7(0), which encodes
our state of belief about the values of & € ©. In this
framework, the performance of an estimator is quantified
via a user-specified cost function C' : © x © — R, and one
aims to minimize the Bayes risk, defined as the average
cost:

() = / 460 da C(f(2), 0) p(x. 0), (37)

where p(x, 0) = p(x|0)n(0) is the joint distribution over
the data and parameters. For the squared-error loss
C(f(x),0) = ||f(x) — 08]]?, Eq. (37) yields the Bayesian
Mean Squared Error (BMSE).

Assuming sufficient regularity of p(x,0) the BMSE
satisfies the van Trees inequality [36]:

BMSE(f) > ((Flp(x|0)]),0) + Fn(0)]) . (38)

where F[p(x|0)] is the FI matrix of the conditional prob-
ability p(x|0), (F[p(x|0)]), @) its average over the prior,

1(0), and F'[n(0)] is the FI of the prior. This lower bound
is saturated when the estimator is the posterior mean:

f(@) = / 166 p(8]x), (39)

where the posterior p(@|x) is computed via Bayes’ theo-
rem [36].

2. Quantum parameter estimation

The transition from classical to quantum parameter
estimation follows from the realization that the random



variable X corresponds to the outcome of a quantum
measurement—described by the resolution of the identity
into a set of positive operators {E, > 0| .y Fr = 1}—
whose probability distribution, p(z|@), is given by Born’s
rule:

p(z]0) = tr[p(0) Eq], (40)
where tr[-] denotes the trace, and p(0) is the density oper-
ator describing the state of some quantum system. Unlike
the classical case, we now have an additional optimization
to perform since as any resolution of the identity into
a set of positive operators constitutes a valid quantum
measurement. Specifically, we can search over the set of
all possible quantum measurements (this set is compact)
in order to find a measurement whose corresponding prob-
ability distribution yields the maximum FI. This allows us
to define the Quantum Fisher Information (QFI) matrix
as the following maximization:

Flp(0)] = max

= Fip(x|0)].
o5,y FlP(eIO)

(41)

The optimal measurement for estimating 6 corresponds
to the eigenprojectors of the operators {Ag, : 0; € 6},
defined implicitly as

op(8) _ p(@)Ag, + Ag,p(6)
00; 2 ’

(42)

known as the Symmetric Logarithmic Derivatives (SLDs)
of each parameter 6; [37]. The elements of the QFI matrix
are related to the SLD operators by
Fijlp(0)] = tr[Ag, p(0) Ay, . (43)
Due to this additional optimization we have the following
chain of inequalities
Cov(f) = F~'[p(z(6)] = F~'[p(6)]. (44)
the latter of which is commonly known as the quantum
Cramér-Rao bound (QCRB) [37]. In particular, for the
diagonal elements in Eq. (44):
2 -1 -1
A05 = F;; [p(x]0)] = F;;7[p(0)] (45)
where A9J2- is the variance of the parameter 6;.

In general, the SLD operators do not commute,
[Ag,, Ag,] # 0, for 0; # 0, which implies that the QCRB
cannot be attained simultaneously for their respective
parameters, not even asymptotically. A necessary and
sufficient condition for the attainability of the QCRB is

tr [p(e)[A97 ) A9k]] =0, (46)
which is less strict than the mere commutativity of the
corresponding SLD operators [38].

In the case where the parameters 8 € O are also treated
as random variables, distributed according to the prior

7(0), the van Trees inequality lower bounding the BMSE
becomes

BMSE(f) > ((F[p(6)])e) + Fln(0)])

This bound holds for density matrices of the form of
Eq. (15), with the prior being the probability distribution
{pn,n € N}.

- (47)

III. THEORETICAL LIMITS TO RESOLUTION

In this section, we derive the QCRB given by Eq. (47)
for the parameters 0 = (s,q,vr,7r) and the density ma-
trix £(0) of Eq. (21). We will do so using two methods:
the first involves a direct estimation of all the parameters
0 (Sec. TITA), whilst the second is an indirect estima-
tion that involves estimating first the purity of p(!)(8)
through which we can infer the separation of the sources
by standard error propagation (Sec. III C). In Sec. ITI B we
show when and under what conditions the qubit model
of Sec. ITC can be safely employed in calculating the
precision limits for the parameters 6.

A. Direct computation of the QFI

Without loss of generality, we may choose the point

zo=ax;+ (1 —a)zy =0 (48)
as the origin of coordinates in the image plane, with o €
[0,1]. With respect to this reference point the positions of
the sources are 1 = —(1 — «)s and x5 = as respectively.
Note that choosing o = 1/2 corresponds to setting the
geometric center x4 as the origin of coordinates, whereas
selecting o = ¢g corresponds to the intensity centroid x..

For any fixed choice of a € [0,1] we note that the
partial derivatives with respect to ¢, yg and 7 remain in
the span of of the eigenvectors of p(!) i.e.,

apH) _10r

06, ~ 200, (49)

g, ei S {q77R7’7[}-

with r defined in Eq. (28). By decomposing the SLDs as

Ay, = /\E)?)ll + A, - 0, 0; € {¢,vr, 71}, (50)
one arrives at the the following solutions
Or
A\ _ 2o, "t
0 T 2 _1
’ 01 € {qa’yRa’)/I} (51)
o, = 25Oy
0T He, 0

The explicit dependence of Aé?) and Ag, on 0 is provided
in the Appendix.

For the separation s the determination of the relevant
SLD is a bit more involved on account of the fact that the



states |¢),|¢) appearing in p") depend on s. Working in
the {|e1), |ea)} basis of Eq. (27), the derivative of p(*)(8)
with respect to s is

op) N
= le) (ej] + pij |0seq) (el
Js Z; ( Js (52)

+ pij lei) <<9s€j|) :

where we have introduced the shorthand notation

+oo T
o) = oty = [ ar e )

—00

Note that {|dse1),|0se2)} ¢ HM). Hence, dpM) /0s is an
operator acting over a 4—dimensional subspace spanned
by {le1),le2),|0se1) ,]|0se2)}. Consequently, the SLD A
is an operator acting over said 4—dimensional subspace.
Using the Gram-Schmidt method, we can build an or-
thonormal basis {|e1),|e2),|es),|es)} of this extended
subspace (preserving the original definitions of |e;) and
lea)), relative to which Ag can be expressed as

(ab) (ex)
A, = (A“ AJ? AL ﬁ”) , (54)
12 ‘ 22

where AP A L) o qMD Ay HE o 4@,
and A1 : H® — HO | and we have defined H® =
span{|es), |e4)}. As is to be understood as the sum of
two contributions: a qubit term (Ag‘}b)), corresponding to
the SLD if [¢), |¢) did not depend on s, and the extra
terms A Ayy, Al, and Ay, which exclusively contain
the states’ dependence on s.

We note that the optimal measurements furnished by
the SLDs do not commute. Specifically, we find that the
commutators of Ay with Ag, A, A, are of order O(1),
whereas the commutators of A, with A, and A, as well
as [Ay,, A, ], are of order O(s). On the other hand for
the necessary and sufficient condition of Eq. (46) one finds
that the commutators of Ay with Ay, A, A,,, within the
subspace spanned by p1)(8), are of order O(s), whilst
those of the commutators of A, with A,,, and A, as well
as [Ay,, A, ], are of order O(s?) (see the Appendix).

Once the SLDs have been found, the QFI matrix
F[p™M ()] can be determined using Eq. (43), and the
lower bound of Eq. (47) can be readily obtained since as

1 07(0) 97 ()
n(0) (1—n(0)) 00, 06y

Fyu[n(0)] = (55)

is the classical FI matrix of the prior distribution 7(8).
Fig. 1 displays both the classical and quantum contri-
butions for the diagonal elements of the lower bound of
Eq. (47) for the case & = ¢ = 1/2. We can clearly see
that, with the exception of fully coherent sources, esti-
mation of the separation between the two sources can be
performed regardless of how close the two sources are.
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FIG. 1. The diagonal entries of the lower bound of Eq. (47)
for £(@) versus the separation between the sources s/o. The
plots are done for ¢ = 1/2 and several real values of v, as
shown be the legend. The y-axis is in units of (§/4¢?) with
6=10"".

This is a direct consequence of the quantum mechanical
measurement furnished by As. On the other hand, neither
the relative intensity ¢ nor 77 can be estimated in the
s/o < 1 limit no matter what the degree of coherence of
the sources is. Finally for v we see that both the classical
and quantum contributions are non-zero, although in the
s/o < 1 limit most of the information concerning this
parameter can be obtained from the prior n(0). Notice
that for all parameters, the lower bound of Eq. (47) is
maximal for perfectly anti-correlated sources. We remark
that as both Ay and A, are independent of ; (as are
the corresponding diagonal elements of Eq. (47)), unless
otherwise stated, we will assume that v = yg.

Fig. 2 presents the same information as in Fig. 1 as a
function of the relative intensity ¢ in place of the separa-
tion s and in the super-resolution regime s/o < 1. As
before, the plots are done from the geometric center frame
of reference (@ = 1/2). Observe that negative coher-
ence factors enhance super-resolving capabilities, whereas
positive coherence factors reduce them. In addition, note
that using the geometric center as our frame of reference
super-resolution is maintained even in the limiting cases
q = 0,1, where only one source exists. The classical con-
tributions for s and v; contain zero information about
the parameters as a function of q. On the other hand
all the information pertaining to ¢ and yr comes entirely
from the Fisher information of the prior distribution 7(8).
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Indeed, in the limit where s/o < 1 we have that

(Foal€(O)nio) + Fyal(8)] = Fyq[n(0)]

(Frnvn [5(9)]>ﬁ(0) + F 0y, [0(6)] &)

with the quantum contribution being of order O(s?/0?),
which implies that in the super-resolution limit the rel-
ative intensity, ¢, and real coherence factor yg, can be
estimated with maximum efficiency (i.e., saturating the
QCRB) by simply counting the average number of bosons

arriving at the image plane per coherence time interval.
This is extremely useful in cases where bosons are scarce,
as it saves us from having to infer these parameters by
performing the measurements corresponding to A, and
A, which are incompatible with those of the remaining
parameters.

Note that the matrix element F,, is reference-frame
dependent at small separations. For the geometric cen-
troid, i.e., « = 1/2, Fss is strictly finite even for the
case where only a single source is present, i.e., ¢ = 0, 1.
Choosing the intensity centroid, @ = ¢, as our frame of
reference results in Fgs that is more pronounced the more
balanced, and anti-correlated the point sources are, as
shown in Fig. 3. More importantly, note that with re-
spect to this reference frame Fg, tends to zero in the cases
where ¢ = 0, 1, i.e., when only one source is present. This
is to be expected as it is harder to estimate the sources’
separation when one can barely “see” one of the sources.
Fig. 3 also demonstrates that it is harder to estimate the
separation between two perfectly coherent point sources,
as expected.

The intensity centroid is the natural choice for a frame
of reference as it is the only point in the image plane we
can know of—at small separations—prior to measuring
the separation s. Information about the intensity centroid
can be easily gained via intensity measurements. The
same cannot be said for the geometric center of the sources
or for the sources’ positions.

We pause here briefly to raise an important remark
concerning the use of the intensity centroid. Naively
setting o = ¢ in Eq. (48) induces a spurious ¢g-dependence
over the modes of Eq. (20). This is unrealistic since
as all spatial variation in intensity are strictly due to
the mode wavefunctions, with ¢ governing the statistical
properties of the sources (which are independent of the
image plane position). To resolve this issue one notes that
the intensity centroid is an inferred quantity, represented
by an unbiased estimator ¢ of the relative intensity with
an associated error €(q), i.e., « = § = g £ €(q). In Fig. 4
we compare the QFI matrix element Fy, for both oo = ¢
(i.e., perfect alignment), and a = § frames. We observe
that the error propagated to the QFI due to misalignment
is of order O(e(q)) (at the limit s/o < 1), unless vy =0
or ¢ = 1/2, where said error is of order O(e2(q)).

B. Applicability and restrictions of the qubit model

We now compute the lower bound of Eq. (47) using the
qubit model. To do so we restrict ourselves entirely to
the subspace H(Y so that the derivative of p(*)(8) with
respect to any of the parameters is given by

opV(@) 1 0r

00; 200,

o. (57)

Whilst Eq. (57) is exact for the parameters ¢, vg, s, for
the separation s it corresponds to ignoring any and all
contributions coming from the subspace spanned by the
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FIG. 4. Comparison between the true QFI for s measured
from the intensity centroid (solid blue line) and the one mea-
sured from the o = 0.7 frame (orange dashed line). For this
particular example we consider ¢ = 0.75 the true value of the
relative intensity, and § = q + €(¢) = a = 0.7 the estimate
for which we set the reference frame. The true QFI for s at
q = 0.75 is marked by the green square, whereas the perceived
QFT from the a« = ¢ = 0.7 reference frame is marked by the
blue triangle. For v = 0 or ¢ = 1/2 the difference between
the real and perceived QFIs is of order O(e?(q)) (left plot),
otherwise their difference is of order O(e(q)) (right plot).

derivatives {|0se1) , |0sea) } (that is we neglect the last two
terms in Eq. (52)). We thus define the qubit contribution
to the lower bound of Eq. (47) as

FE(9)] = 7(0)F ) [01V(0)] + Fus[7(6)]
FE[p0(9)] = tr[Al® D ()] (58)

with the difference from the exact value of the lower bound
given by the contributions of the extra terms. Fig. 5
compares both contributions against the exact value of
the lower bound for the case of the separation s, under the
same conditions as in Fig. 1. We clearly see that in the
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FIG. 5. Qubit and extra contributions to the diagonal element
corresponding to the separation for the lower bound of Eq. (47).
As in Fig. 1, the plots are done for ¢ = 1/2 and several real
values of v, as denoted by the legend. The value of the lower
bound is expressed in units of (§/402) with § = 1072 and the
separation in units of o.

limit s/o < 1 the qubit contribution does approximate
the true lower bound of the separation. Hence, for the

particular case of ¢ = 1/2, we can safely perform the
approximation given in Eq. (57), with the corresponding
SLD operator given by Ay ~ Ag‘}b) effectively reducing the
description of the problem to that of a two-level system
and greatly simplifying the computation. This holds true
for any value of ~.

The same can be done for the case of ¢ # 1/2 so
long as we use the orthonormal basis {|v1), |va)} € HD).
This is a very salient point concerning the qubit model
as it tends to over-estimate the Fisher information in
any other basis, and can even yield values beyond those
furnished by the lower bound of Eq. (47). To see this let us
compute the lower bound for the projective measurement
associated with {|e1)Xe1]|,|e2)ez2|}. As |ea) = |¥(xy)) +
O(s?) this corresponds to a binary SPADE measurement
about the geometric centre of the two sources [2]. This
measurement is known to be optimal when ¢ = 1/2 and
s/o < 1. Computing the partial derivatives with respect
to the separation of the resulting probability distribution
p(k|0) = tr(|ex)Xex| p™M(0)) results in

(1)
%’?9) = tr (Iekxek 8p85<8))

_ Ipi (0)
Os

(59)
+(=1)F 20R(p13(9))

with v given in Eq. (75). We note that no approximations
have been made in deriving Eq. (59). Choosing o = § = g,

: LRI C) T . . .
if we now replace === with its qubit approximation

12 . o we obtain instead
Op@d) (k|0 10r
o (kl6) _ tr ( ex)en| = =— o
Os 2 0s
o (60)
_ 9pux (9)
0s

The corresponding Fisher information resulting from
Egs. (59) and (60) is contrasted with the Fisher informa-
tion corresponding to the measurement {|vy Xvy|, |vaXvs|}
in Fig. 6. Note that the latter corresponds to a binary
SPADE measurement centered at the intensity centroid
x. when s/o < 1, and is optimal Vg € [0,1]. We ob-
serve that the qubit model erroneously over-estimates the
Fisher information, even beating the QFI.

The reason for this over estimation is of course the
omission of the extra contributions due to #(®, which
are negative and reduce the FI. For the case of the or-
thonormal basis {|v1),|ve)} these contributions tend to
zero in the limit s/0 < 1, i.e.,

|0sv1) = O(s?), k € {1,2} (61)
whereas as this is not the case for the orthonormal basis
{le1), |e2)}. Tt follows that the qubit model can be safely
applied whenever, for a given choice of basis, dsp")(0)
has no support over H?) in the limit s/o < 1 so that
one can safely replace the full derivative with its qubit
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FIG. 6. FI for the separation from the aligned SPADE
measurement {|vi}v1],|v2)(v2|} and the misaligned one
{lei)e1],|e2)ez|}, with and without taking the qubit approx-
imation. The plots are made for v = 0.5 (left), v = —0.5
(right), and s/ = 1072, The FT is in units of (§/40?), with
§ = 1072, At small separations, the FI of the aligned mea-
surement coincides with the QFI and the FI of the qubit-
approximated misaligned measurement coincides with the fail-
ing qubit-approximated QFI of Eq. (58).

approximation. Note that, the {|v1), |ve)} basis carries
one degree of freedom, namely the position of the intensity
centroid x., which ;| together with the three additional de-
grees of freedom of the qubit model, adequately captures
the four parameters describing the image plane PSF.

One can recover Eq. (60) if one performs the full deriva-
tive of both the measurement and p(*) without any ap-
proximation, i.e.,

(1)
L) — (5 enenh 9(6) + feen] 2 1)
_ 9pii(e)
s
(62)

The reason for this is that the first term in Eq. (62) ex-
actly cancels the last term in Eq. (59). In other words, the
overestimation resulting from the qubit approximation
is equivalent to that of performing a measurement that
explicitly depends on the parameter. However, such mea-
surement is unphysical as it implies previous knowledge
on the parameter to be estimated.

When ¢ # 1/2 a binary SPADE measurement centred
anywhere but at the centroid can be thought of as a
misalignment of the measurement apparatus, resulting
in a sub-optimal FI. This is the reason why, in Fig. 6
and when the qubit approximation is not taken, the FI of
the {|e1)e1], |e2)ea]|} measurement (misaligned & sub-
optimal) is below the FI of the {|vi ) v1|, |ve)v2|} measure-
ment (aligned & optimal). Fig. 7 shows the relative dif-
ference in Fisher information between said measurements.
The misaligned measurement is still super-resolving and
becomes optimal at ¢ = 1/2, when z. = .

For completeness, we also consider the FI of the
actual binary SPADE measurements centered at x.

10

1.0
~v-values
-3
o 0.8 - — 1.0-10
< 0.5
g 1 — 0.0 I
o 0.6 :
= \ -=- 05 ]
es \ L
5 \ === -1.0410
2 049 7
& \ /
< N ’
~ 0.2 N /7
\\ Ve
~ //
0.0 X o
’ T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Relative intesity ¢

FIG. 7. Relative difference between the Fisher information
of the optimal measurement {|vi)(v1|, |v2)v2|} and the mis-
aligned measurement {|e1)e1|, |e2)e2|} as a function of the
relative intensity. The plot is made in the limit s — 0 and for
several real values of v, as denoted by the legend.

and x,, whose probability distributions are given by

{po = tr[pM(0) [ (ze)((z)[],p1 = 1 = po} and {go =
tr[pM(0) [¢(z4)Xb(zy)|], a1 = 1 — qo} respectively. We
find the same behavior for the FI as that for the POVMs
{lvi)v1], [v2)val}, and {[e1)e], [e2)(e2|} (in the limit
s/o <« 1). The binary SPADE centered at z. gives
the optimal FI, whereas the one located at =, gives the
same sub-optimal FI due to its misalignment. As pre-
viously, applying the qubit approximation to the latter
measurement yields an overestimation of the QFI, which
also coincides with naively including the FT of the binary
SPADE measurement itself.

C. Indirect estimation for the separation of the
sources

As we have shown that in the limit s/o0 < 1 we can
safely restrict the imaging of partially coherent point
sources to the qubit model where the pertinent parame-
ters are encoded in the states Bloch vector. An alternative
method for extracting estimates of 8 proceeds via esti-
mation of the Bloch vector r from which one can use the
functional dependence on the parameters 8, and standard
error propagation, to extract estimates for all pertinent pa-
rameters. For the case of incoherent sources, this indirect
estimation method has been shown to furnish estimates of
both the separation and relative intensity—by estimating
the purity rinc of Eq. (30)—that saturate the QFI [31].
We note that the resulting QFT for the separation agrees
with that derived in Sec. IIT A with the intensity cen-
troid, z., as the choice of reference. Since as the purity
is a reference frame independent quantity, this agreement
singles out the intensity centroid as the correct choice



of reference position. For the incoherent case [31] show
that such indirect estimation methods allow for simul-
taneous estimation of both the separation and relative
intensity, saturating the multi-parameter Cramér-Rao
bound, through collective measurement strategies. In this
section we ask whether such indirect estimation meth-
ods continue to be advantageous for the case of partially
coherent sources.

To that end we proceed by estimating the purity
(Eq. (29)) of the Bloch vector r, which itself carries infor-
mation about 8. The SLD for the purity takes a quite

simple 2 X 2 matrix form A, = )\7@]1 + A\, - o, with

r 1 r
1—1r2’ Tl =2y

A0 = (63)

whilst the SLDs of (¢q,vgr,7r) keep their original expres-
sions found in Section III A. Eq. (47) for ¥ = (v, q,vr, V1)
the equivalent lower bound for 8 can be calculated using

BMSE(8) = JBMSE[p™M) (9)] 77, (64)

where J is the Jacobian matrix of the transformation
relating ¥ with 0 whose elements are given by

~00k(9)
\7lk - 819[ )

0, €0, Y €. (65)

It is important to note that this estimation strategy
crucially depends on 6 <+ 9 being a bijection, which is
not guaranteed. In fact, we find that

or .
=0 if yg <0, co = _Q'VR\/(H7 (66)

Oc e=co

i.e., for negative yr the purity presents a local minimum
at sp = v—802Incg, and the transformation 8 <+ ¥ is
not bijective. An example of the serious implications
posed by Eq. (66) is shown in Fig. 8. Hence, such indirect
strategies for computing the BMSE through the purity
can only be applied if we know a priori that v > 0. This
is feasible, as we have shown in Sec. III A that vz can be
estimated classically with maximum efficiency. If yg < 0,
one could still apply such indirect estimation so long as
7 > T, Where

r2 = lim r* = 14+4¢(1 - q)(v% +~7 —1).  (67)

§—>00

However, knowing whether this bound is satisfied requires
previous knowledge of ~y;, which we don’t have access to
in the small separation limit.

Even if yg > 0, indirect estimation of the separation
through the purity of the Bloch vector is sub-optimal
for the case of partially coherent sources. In Fig. 9 we
compare the lower bounds for both the direct and indirect
strategies by means of their relative difference, showing
that such an indirect strategy is optimal only if v = 0, i.e.
for incoherent sources. For non-zero coherence factors,
the efficiency of this strategy decreases with both |yg| and
|vz|. Hence, when ~ # 0 the QCRB for the separation
cannot be saturated.
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IV. CONCLUSIONS

This work studies the quantum multi-parameter esti-
mation problem of imaging two partially coherent, quasi-
monochromatic point sources. We obtain the optimal
measurements for estimating the separation, relative in-
tensity and coherence factor of the two point sources and
determine their corresponding precision. We find that for
partially coherent sources whose separation is well below
the diffraction limit, both the relative intensity as well
as the real part of the coherence factor can be efficiently
estimated by observing the total intensity arriving at the



image plane per coherence time interval. For the separa-
tion, we find that estimation precision depends strongly
on the reference position one chooses to describe the PSF
at the image plane. Choosing this position to be the
geometric center of the two PSFs results in a QFI that
is finite, even if only one source is present, whereas for
the intensity centroid the QFT is zero for cases where only
one source is present.

We also study the efficacy of the qubit model—a two-
dimensional simplification of the description of the PSF at
the image plane—applicable in the sub-diffraction regime.
We show that this model is applicable on the proviso that
the PSFs of the two point sources are described relative
to the intensity centroid, and show that any other choice
of reference position can result in calculated precisions
that surpass the actual QFI. Finally, we also show that
indirect estimation of the separation by first estimating
the purity of the corresponding density matrix describing
the PSF in the qubit model, is sub-optimal in the case of
non-zero coherence factors and can even be ill-defined if
vr < 0.

Our findings can be of practical relevance in a variety
of imaging applications where partially coherent emit-
ters appear such as fluorescence microscopy [39, 40], as
well as in quantum dots coupled to nanowires [41, 42].
The study of multiple, partially coherent sources, as well
as resolution of partially coherent sources in all three-
dimensions—particularly axial resolution—are interesting
directions for future investigation.

Appendix. COMPUTATION OF SYMMETRIC
LOGARITHMIC DERIVATIVES

In this appendix we provide the explicit computation
for obtaining the SLD operators associated with each of
the parameters 8. Choosing our reference position xg
as in Eq. (48), the corresponding quantum mechanical
wavefunctions describing the state of a boson emanating
from each of the sources are given by

1 2 (o0 Giae?
W= (552) [ _TF 0

1 \? [® _oan?
0= (502) [ 5 .
To oo

Note that both wave functions depend explicitly on the
separation s, but not on any of the other parameters g,
vr and ;. For the latter three parameters the SLDs are

(68)

12
given by (using Eq. (50))

V1 —c?

—2q 1

1
0) _ _

A0 = T M= 0 : (69)

(1 —2q)

V0 2e =) vall —q) +r
YR B 9

AN — T 70
I 1— '7122 _ ’)’? ’ ( )

Tr(1 —2¢)V1 — 2
P 1 2yry1 V1= (207ra(1-9)++/a(1—9))
REE B (1+2C"/R Q(1*‘Z)>
evr+2(1 = 7§)Va(l - q)
. Y1(2¢ —1)V1 —¢?
M= 5 21 =p)V1-/al-a) | | (71)
=1 (C +2vrV/q(1 — Q))

where A = 2¢(1 —q) (1 + 2cvry/q(1 — q)) and B = (1—
% 1) (1 +2cvry/q(1 - Q)>~

The determination of the SLD for s requires a bit more
work since as the states |e1) , |e2) of Eq. (27) depend ex-
plicitly on s. This means that we must also consider
the states |0se1) , |0ses)—which do not belong to the sub-
space H—and we must consider an extended space, H,
spanned by {|e1), |e2),[0se1) , |0se2)}.

In order to construct the appropriate SLD we must first
construct an orthonormal basis for H. To that end we
define

5= sc
8o?
= (s —40?)c (72)
6404 ’
so that
(¥]0s¢) = 228
(9]0s9) =2(1 — ) B
(11— a)?
a?
<8sw|as¢> = 40&(1 - O‘)C . (73)

Using the Gram-Schmidt procedure we construct two
additional orthonormal vectors

1
les) = —=== (|0se1) —ve2))
wi—v
1
les) = = (\8562) +vler)
w2 —v?— wfu—ﬂ



where
1 [(a?+(1-a)? 52
2
= —4a(l — _
R p— < 802 al —a) l1-c¢
1 [(a?+(1-a)? 52
2
= 4a(1 — _
2T 11e < 802 +4a(l —a)c 1+c¢
_(-20) (1  2p
Mi\/l—CQ 802 1—¢2
8(1 - 2a)
v=———2 = (0se1]ea) = — {Daealer) . 75
T = (Oscrlea) = —(Baealer) (75)
With  respect to the orthonormal basis

{‘61> , ‘€2> , |€3> s |64>} we can write

Mo
m_(Pr
"= (%o o)

opH - Alab) o Ag(ex) ‘ C
ds CT ‘0

A A12>
A, = , 76
<A12 Ao (76)
where 0 denotes the two-dimensional zero matrix,
AW@P) A A HD 5 HD O Ay HP) = HD and

Aoy - HP — HP). Here, HD, H(?) denote the subspaces
spanned by {|e1), |e2)} and {J€3> , |ea)} respectively. Us-

ing Eq. (52) the matrices AP), A(®¥) C are explicitly
given as

10r
Alab) —

20s
Alex) _ o, [ —2R(p12)  (p11 — p22)

(p11 = pa2)  2R(p12)

. 1y/wi —v? + PlQﬁ przy ws — V2 — w%ujy2

2
21y/wi — V2 +P22ﬁ p22yfwi — v — w’;’ufyz
(77)

where R(z) denotes the real part of the complex number
z.

Substituting Eq. (76) into Eq. (42) yields the following
set of equations for each of the two-by-two blocks

Allp(l) —+ p(l)All
2

Alab) 4 glex) —

_ p(l)A12
2
02><2 = A22 . (78)

The second equation in Eq. (78) yields immediately the
solution

Ap =200
.y Vw? — 2 (79)
w1_V2 \/w — y2 wffyg )

To find the solution for Aj;, we can write the blocks
involved in the first equation of Eq. (77) in terms of their
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Bloch form as

10r
Alab) —
20s
A =01 4 d. o
Ay =201+, o, (80)
with r given in Eq. (29) and

d® =0
— ¢+ 2vr/q(1 —q)
= 0
1+ 2evr/q(1 - q) (2¢ — 1)V1—¢2

Expressing the blocks this way allows for an easy proce-
dure to find

. (81)

(2. r)+2(d-r—dO)

AD = 1 .

_Or . (82)
As = +2d - )\

= 95 +

Thus, we can decompose Aq7 into a sum of two contribu-
tions: a “qubit” term and an “extra” one:

Ay = A + A
A(qb) _ )\(O,qb 14 Al (ab) . (83)
A(ex) )\(0 ex)]l + A(ex)

whose Bloch decompositions are explicit given by

A(0:ab) _ % r_ —2f3 c+2vr\/q(1 —q)
) ri-1 (1-c? (1+2wm/q(1—Q))
0
A=) iLjQ_O
-1
or -2 0
A@b) — 22 3\ (0ab). T |
s 0s s 1—¢2 1

Agcx) —92d — AgO,cx)r

c+2vrvq(1 —q)

—2v 0
(2¢ — V1 —¢?

14 2evr V(1 —9)

(84)

Given the explicit form for the SLDs we can
now easily check their commutation relations.
To the smallest non-trivial order in s we find
[As, Agl, [As, Ay, [As, Ay, ] are all O(1)—independent
of s—whilst [Ag, Ayl [Ag, Ayl [Ayge,Ay,] all have
leading order O(s).  For the necessary and suf-
ficient condition of Eq. (46) we find instead
tr [P [, Agl] b2 [0 A Ayg]] b [pO[Ar, Ay, ]
all have leading order O(s),
tr [p(l)[AqvA'yR” s tr [p(l)[Aq,A,wH ,tr [p(l Ay Ay

have leading order O(s?).

whilst
<] all
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