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Abstract: Multi-parton distribution functions (mPDFs) are non-perturbative objects that
are important in the prediction of multiple scattering rates at hadron colliders. In the
case where the scales associated with all partons in the mPDF are the same, we have two
theoretical constraints on the mPDF. These are symmetry in exchange of the parton indices,
and the number and momentum sum rules. In a previous publication [1] we found that
the equal-scale mPDFs from the PYTHIA model could not satisfy both of these constraints
simultaneously. In this paper we introduce an algorithm for constructing equal-scale mPDFs
that is based on the PYTHIA procedure but has three additional modifications, such that it
yields symmetric mPDFs that should satisfy the sum rules to an improved extent. We test
the construction for the case of the double and triple parton distribution functions (dPDFs
and tPDFs), finding that the sum rules are obeyed to within 10% over the vast majority of
the phase space for the scales tested (and deviations only being mildly above this level). We
use our dPDFs to compute rapidity asymmetries for same-sign WW and ZZ production
via double parton scattering, and compare the results to predictions obtained using PYTHIA

and the GS09 dPDFs of Ref. [2].
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1 Introduction

Multiple parton scattering (MPI) is the process where multiple parton-parton scatterings
occur in an individual proton-proton collision. Multiple low-energy scatters accompanying a
trigger process are typical at hadron colliders such as the LHC and form the underlying
event, which impacts a variety of measurements (such as jet measurements). Multiple hard
parton-parton scatters are rarer, but can compete with single scattering signals for certain
processes and/or phase space regions (see e.g. Refs. [3–9]). Thus, theoretical predictions of
multiple scattering are relevant to a variety of measurements at the LHC (see e.g. Ref. [10]
for a summary). Multiple interactions are interesting in their own right as they reveal novel
information on hadron structure, in particular the correlations between partons in a hadron.
Various types of possible parton correlations have been studied (see e.g. Refs. [2, 11–26]).

An important object in the theoretical description of multiple scattering is the m-parton
distribution function, or mPDF. Roughly speaking, this object expresses the probability to
find m partons in the proton with given momentum fractions xi and flavours ji at given
scales Qi (i ∈ {1,m}), encoding “longitudinal” correlations in momentum fraction between
the partons. This object does not directly appear in proton-proton multiple scattering
cross sections – the one that appears there is the multiple parton distribution (MPD) that
also encodes transverse correlations via dependence on the parton transverse separations yi

[6, 21]. However, the two are related by an integral over transverse separations, and since
the mPDF is a simpler object we can regard it as an important “stepping stone” on the way
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to the description of the full MPD. For simplicity, let us restrict our attention here to the
case of the equal-scale mPDF, relevant to the case in which all Qi are equal, Qi = Q.

Even the equal-scale mPDFs are complex nonperturbative objects that are a function
of several arguments, and either computing them from first principles or fitting them from
data remains out of reach for the foreseeable future (although important progress has been
made on computing Mellin moments of double parton distributions on the lattice [27–30],
and proposals have been made to directly compute their x dependence [31, 32]). Thus for
predictions we need to construct models. A large number of model predictions exist in the
valence sector [26, 33–40], but since MPI typically probes relatively small x values, account of
the sea partons is essential. Monte Carlo Event Generators, that simulate full proton-proton
collision events, all have (and need to have) models of general MPI and mPDFs. The simplest
model of the mPDFs is the Eikonal model [41, 42] that is used in HERWIG, where it is
assumed that the different interactions are independent of one another. The current PYTHIA

model has some important improvements on this picture: the interactions are ordered in
energy, from high to low, and modifications are made to the PDFs after each interaction
to take account of momentum and valence number constraints [43, 44]1. The MPI model
of SHERPA is based upon the old MPI model of PYTHIA [47] with some modification as
described in Ref. [48].

Although the equal-scale mPDFs are unknown, we know two important constraints on
these objects. First, the mPDFs should remain the same when we swap the flavour and
momentum indices of parton i in the mPDF with parton k, {xi, ji} ↔ {xk, jk} (since this
describes the same collection of partons – the ordering of the partons in the mPDF has no
significance). Second, the mPDFs should obey number and momentum sum rules, which
formally express the constraints on valence number and momentum in the proton, and are
the mPDF analog of the usual PDF sum rules. The sum rules have been written down and
shown to hold for the (MS) renormalised mPDFs in the case of m = 2 [2, 49] and m = 3 [1],
but analogous relations should hold for higher m.

Given the PYTHIA mPDFs represent the most sophisticated model that exists for general
m, an interesting question to ask is whether the PYTHIA equal-scale mPDFs satisfy these
constraints. We addressed this question in a previous publication [1]. We found that the
PYTHIA model cannot perfectly satisfy these constraints at the same time, which is in part
linked to the intrinsic energy ordering in the model. Either one can define asymmetric
mPDFs, which are not symmetric in the exchange of parton indices in the mPDF, but
which satisfy the sum rules perfectly only when integrating over the last parton. Or, if
one naively symmetrizes the mPDFs (which is somewhat akin to what PYTHIA actually
does when simulating equal-scale MPI), the sum rules are not perfectly satisfied. Studying
explicitly the double and triple PDF cases (dPDF and tPDF), we observed very severe
O(100%) violations when the x fractions of the partons that are not integrated over are
large, but in some cases also substantial > 10% violations where the accompanying partons
have small momentum.

1As an aside, we note that the MPI model in the Angantyr model of pA and nucleus-nucleus (AA)
collisions [45], as implemented in PYTHIA, is based upon a modified version of PYTHIA’s MPI model, and
can be used to simulate DPS in pA and AA collision systems [46].
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Can one build a better model of the equal-scale mPDFs, that is both symmetric in the
parton indices and satisfies the sum rules reasonably well (to within O(10%)) over the full
phase space for the non-integrated partons? This is the aim of the present paper. After a
brief review of mPDFs, the PYTHIA model, and our previous work in Section 2, we introduce
a novel model for constructing mPDFs in Section 3. The philosophy is to build on the
PYTHIA model, and make the fewest modifications possible to improve the extent to which
the sum rules are satisfied, with these modifications being physically motivated as much
as possible. We refer to this model as the “X-ordered” mPDFs. We focus in particular
on the dPDF and tPDF cases, since double and triple scattering (DPS and TPS) are the
cases where (semi-)hard MPI sensitive to number/momentum effects is most likely to be
measurable/relevant – there is already an well-established programme of DPS measurements
at hadron colliders (see e.g. Refs. [50–74]), and activity/interest in TPS measurements is
growing [71, 75–77]. We give a detailed presentation of the X-ordered construction for the
dPDF case in Section 3.1, and then study the extent to which the sum rules are satisfied by
these dPDFs in Section 3.2. Section 3.3 presents the corresponding exercise for tPDFs. We
do not present or study the construction for the mPDF case, but the generalization to this
case is fairly straightforward, and we would also expect these to satisfy the sum rules rather
well over the full phase space (although looking at the trend between the dPDFs and tPDFs,
it likely would get gradually worse as m increases). In section 4 we make a toy study of how
the changes in the X-ordered dPDFs affect DPS cross sections, focussing on the same-sign
W±W± and ZZ cross sections, and also comparing with the GS09 set of dPDFs [2]. Finally,
we summarize and present some possible future directions to the work in Section 5.

2 Multiple parton distributions (mPDFs) and the PYTHIA model

2.1 Multiple Parton Densities and GS sum rules

The objects of our study will be the double parton distribution functions (dPDFs) and their
multi-parton analogues, the multi-parton distribution functions (mPDFs). We shall focus
only on the case where the two (or more) partons are probed at the same hard scale Q.
The dPDFs/mPDFs encode the correlations in longitudinal momentum fractions xi of the
probed partons, with the dependence on transverse space integrated over. More precisely,
the equal-scale dPDF Dj1,j2 is defined according to

Dj1,j2(x1, x2, Q) =

∫
|y|>1/Q

d2y Fj1,j2(x1, x2,y, Q), (2.1)

where the objects Fj1,j2 are the so-called double parton densities (DPDs) [6, 7, 21]. Roughly
speaking, the DPDs represent the number density of parton pairs with flavours j1 and j2,
momentum fractions x1 and x2, separated by transverse distance y, when the two partons
are probed at scale Q. To obtain the dPDF, the DPD is integrated over y, with a lower
cutoff inserted to regulate a UV divergence in the DPDs as y → 0. One may also regulate
the y integral using dimensional regularisation and MS renormalisation; if one sets the
corresponding renormalisation scale to Q then the resulting dPDFs agree with those defined
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in (2.1) up to subleading corrections of order αs and/or ΛQCD/Q. The mPDFs are defined
in terms of the yi-dependent multiple parton distributions (MPDs) in an analogous way.

The DPDs/MPDs are the quantities that are actually probed in the DPS/MPI cross
sections (see below); nonetheless is it valuable to study the dPDFs/mPDFs since appropriate
modeling of these is an important stepping stone towards more realistic modeling of the full
DPDs/MPDs (an example of this can be seen in Refs. [2] and [78]; the former paper developed
a model of dPDFs, which was later extended into a y-dependent model in Ref. [78]).

The dPDFs obey the momentum and number sum rules [2, 20, 49, 79]:

∑
j2

1−x1∫
0

dx2 x2Dj1j2(x1, x2, Q) = (1− x1) fj1(x1, Q), (2.2)

1−x1∫
0

dx2Dj1j2v(x1, x2, Q) =
(
Nj2v − δj1j2 + δj1j̄2

)
fj1(x1, Q), (2.3)

where Dj1j2v = Dj1j2 −Dj1j̄2 . These relations hold at all orders for the MS renormalized
dPDFs [49] − for the cut-off regularized dPDFs defined in Eq. (2.1) there will be subleading
corrections to these relations, which however we shall not concern ourselves with here.

Denoting the mPDF as Fm, it is straightforward to write down a proposed form for the
mPDF momentum and number sum rules:

∑
j2

1−x1∫
0

dxm xmFm
j1...jm(x1, ..., xm, Q) =

(
1−

m−1∑
i=1

xi

)
×Fm−1

j1...jm−1
(x1, ..., xm−1, Q), (2.4)

1−x1∫
0

dxmFm
j1...jmv

(x1, ..., xm, Q) =

(
Njmv −

m−1∑
i=1

(
δjijm − δjij̄m

))
×Fm−1

j1...jm−1
(x1, ..., xm−1, Q). (2.5)

If one defines F0 = 1, this general expression also covers the well-known single PDF sum
rules (for discussion of these see e.g. Ref. [80])). Aside from the single and double PDF
cases, the sum rules have also been proven for the case of the triple parton distribution
functions (tPDFs, which we shall denote in the below using the letter T ) [1]. This was
shown at all orders for the MS renormalised tPDFs, similar to what was done for the dPDFs.
We shall refer to the sum rules (2.4) and (2.5) as the GS sum rules in this paper.

The scale dependence of the dPDFs is given by the following “double DGLAP” evolution
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equation at leading order

dDj1j2(x1, x2, t)

dt
=
αs(t)

2π

∑
j′1

1−x2∫
x1

dx′1
x′1

Pj′1→j1

(
x1
x′1

)
Dj′1j2

(x′1, x2, t)

+
αs(t)

2π

∑
j′2

1−x1∫
x2

dx′2
x′2

Pj′2→j2

(
x2
x′2

)
Dj2j′2

(x1, x
′
2, t)

+
αs(t)

2π

∑
j′

Pj′→j1j2

(
x1

x1 + x2

)
fj′(x1 + x2, t)

1

x1 + x2
, (2.6)

with t = log(Q2/Q2
0), Pi→j the usual DGLAP splitting functions, and Pi→jk the “1 → 2”

splitting functions (at leading order these are related to the usual DGLAP splitting functions
in a straightforward way – see e.g. Ref. [2]). We refer to the final inhomogeneous term as the
“1 → 2”, “splitting” or “single PDF feed” term. If the dPDFs obey the sum rules (2.2) and
(2.3) at some scale Q0, then evolution according to the double DGLAP equation preserves
the sum rules at higher scales [2] – this is shown explicitly for the case of the momentum
sum rule in Appendix A of Ref. [20], where the role of the splitting term of the DGLAP
equation in maintaining the sum rule is emphasised. For the case of the tPDFs, the form of
the leading order evolution equations is given in Ref. [81].

As mentioned above, the cross section for DPS is expressed in terms of the DPDs

σDPS
A,B =

1

1 + δAB

∑
j1,j2,j3,j4

∫
y>1/Q

2∏
i=1

dxidx̄id
2y Fj1,j2(x1, x2,y, Q)

× Fj3,j4(x̄1, x̄2,y, Q) σ̂j1,j3→Aσ̂j2,j4→B,

(2.7)

where this expression is written for the case where A and B have the same energy scale,
QA = QB = Q, and δAB is a symmetry factor that is 1 if A = B and 0 otherwise.

If one makes the assumption that DPDs can be factorised into a dPDF and a smooth
flavour- and scale-independent transverse profile with width of approximately the proton
radius:

Fj1,j2/h(x1, x2,y, Q) ≈ Dj1,j2/h(x1, x2, Q)G(y), (2.8)

then the DPS cross section can be rewritten in terms of the dPDFs

σDPS
A,B =

1

1 + δAB

1

σeff

∑
j1,j2,j3,j4

∫ 2∏
i=1

dxidx̄iDj1,j2(x1, x2, Q)

×Dj3,j4(x̄1, x̄2, Q) σ̂j1,j3→Aσ̂j2,j4→B,

(2.9)

where 1/σeff is simply some overall geometrical prefactor equal to
∫
d2y G(y)2. Now, it is

known that (2.8) cannot hold − in particular, for a “1 → 2” splitting contribution to the
DPD occurring at the scale k, the transverse area associated with such partons should be of
order 1/k2 rather than the transverse area of the proton. Thus Eq. (2.9) does not correctly
account for the transverse dependence of the “1 → 2” splitting effects and underestimates the

– 5 –



impact of these (as well as not accounting for overlap between single and double scattering).
Even though this expression for the DPS cross section is an oversimplification, we will use it
in the toy phenomenological studies later in this paper to give an indication of the impact
of the longitudinal correlations in different dPDF models in the context of cross sections.
It is worth also noting that this simplified approach to computing DPS cross sections is
effectively what is used by PYTHIA MC.

2.2 The PYTHIA model of multiple parton distributions

Here we very briefly summarize the PYTHIA approach to modeling dPDFs and mPDFs
[43, 44], and the extent to which these dPDFs and mPDFs satisfy the GS sum rules, as
was studied in detail in Ref. [1]. A key aspect of the model is that multiple scatterings are
“ordered” in terms of their hardness, from high to low energy (as is typical in a parton shower
formulation of an event). The highest-energy “first” scattering is simulated according to the
unmodified “raw” PDFs, and then for the “subsequent” lower energy scatterings, the PDFs
are modified to take account of the momentum and quark flavour that has been removed
out of the proton by previous scatterings. There are four key modifications that are made
to achieve this. We briefly outline these below, where we will omit the dependence of the
functions on the scale Q for the sake of notational simplicity.

1. “Momentum squeezing”: At the nth interaction, the momentum available for further
interactions is given by Xn ≡ 1−

∑n−1
i=1 xi, where xi is the momentum of the parton

involved in the ith interaction. All PDFs are squeezed by Xn as follows

fjn(xn) →
1

Xn
fjn(xn/Xn). (2.10)

This transformation ensures that the PDFs for the nth interaction lie within 0 ≤ x ≤ Xn,
and the momentum sum integral applied for to these PDFs yields Xn.

2. “Valence number subtraction”: The valence quark distributions for the nth interaction
are rescaled to take account of valence quarks removed in previous interactions

qfvn(x) =
Nfvn

Nfvo

1

Xn
qfv0(x/Xn), (2.11)

where Nfvn is the number of valence quarks remaining at the nth interaction, Nfv0

the initial number, and qfv0 the unmodified valence quark distribution.

3. “Companion quark addition”: If a sea quark participates in an interaction, then a
“companion” contribution is added to the corresponding antiquark distribution, which
accounts for the fact that the “removal” of the sea quark leads to a flavour imbalance
in the remaining sea. If a sea quark with momentum fraction xs is removed in the
first interaction, then the form of the companion distribution added at the second
interaction is

qc0(xc, xs) = C(xs)Pg→qq̄

(
xs

xc + xs

)
g(xs + xc)

xs + xc
. (2.12)
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The quantity C(xs) is chosen such that the number integral of qc is equal to 1. The
momentum squeezing applied to the companion quark distribution at interaction n is
given by

qc(xc) =
1

Xn + xs
qc0

(
xc

Xn + xs
,

xs
Xn + xs

)
, (2.13)

which ensures that xc < Xn.

4. “Sea quark and gluon rescaling”: The second and third modifications, which are
introduced according to quark number considerations, alter the momentum of the
proton such that the momentum integral is no longer Xn. To repair this, the (non-
companion) sea quark and gluon distributions are adjusted by a factor a, defined
according to

a =
1−

∑
f

(
Nfvn⟨xfv0⟩ −

∑
j⟨xfcj0⟩

)
1−

∑
f Nfv0⟨xfv0⟩

(2.14)

with2

⟨xfcj0⟩ =
(
1 +

xj
Xn

)∫
dxc xc qc0

(
xc,

xj
Xn + xj

)
, (2.15)

⟨xfv0⟩ =
∫

dxx qv0(x). (2.16)

In the sum over j in (2.14), one only picks up contributions from interactions where a
sea quark is selected.

If one constructs a dPDF according to this model, then the GS sum rules are exactly
satisfied when integrating over the second parton, and the same statement holds true if one
constructs a tPDF and integrates over the third parton [1]. However, in the equal-scale
case, the concept of “first”, “second” or “third” interactions is not meaningful, and the mPDF
should be symmetric when swapping over the flavours and momentum fractions of any of
the partons (and consequently should satisfy the GS sum rules when integrating over any of
the partons). One can make a naive symmetrization of the PYTHIA mPDFs − e.g. for the
dPDF

Dsym
j1,j2

(x1, x2) =
Dpth

j1,j2
(x1, x2) +Dpth

j2,j1
(x2, x1)

2
. (2.17)

This kind of symmetrization is close to what PYTHIA actually does when simulating equal-
scale DPS events, although the symmetrization is done at the level of the luminosity rather
than at the level of the dPDFs. In Ref. [1] it was found that the dPDFs and tPDFs
symmetrized in this simple fashion satsify the sum rules reasonably well, although there
are violations of the sum rule beyond the 10-20% level in certain regions of phase space

2Note that our expression for ⟨xfcj0⟩ differs from that presented in Ref. [44]; the expression here is the
one that is actually used in the PYTHIA code, where it is also noted that there is a typo in the equation
given in the original publication, Ref. [44].
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(and in places violation of the order of 100% or larger). In Table 1 we present some sum
rule values obtained using the symmetrised PYTHIA dPDFs. The numbers are obtained by
integrating the relevant number and momentum response function over x2, after multiplying
by x2. The number and momentum response functions were introduced in Ref. [1] and are
defined respectively by:

Rj1j2(x1, x2) ≡ x2
Dj1j2(x1, x2)−Dj1j̄2(x1, x2)

fj1(x1)
, (2.18)

Rj1(x1, x2) ≡
∑
j2

Dj1j2(x1, x2)

(1− x1)fj1(x1)
, (2.19)

and are constructed such that if the sum rules are perfectly satisfied then we have:∫
dx2x2Rj1j2(x1, x2) =

(
Nj2v − δj1j2 + δj̄1j2

)
, (2.20)∫

dx2x2Rj1(x1, x2) = 1. (2.21)

In Table 1, and in the rest of the paper, we use single PDFs that essentially correspond to
the leading order MMHT 2014 PDFs [82]. The only slight modification we make from this
set is that we enforce that the strange quark distribution is equal to the strange antiquark
distribution

fs(x) = fs̄(x) =
fs,MMHT2014(x) + fs̄,MMHT2014(x)

2
. (2.22)

This is to avoid dealing with issues associated with the numerically small “valence” strange
quark PDF – a similar approach was taken in Ref. [2]. The algorithm from the MSTW code
[83] is used to extrapolate these PDFs below x = 10−6 where needed. We also compute ⟨xfv0⟩
directly from the PDFs, whilst the actual PYTHIA code uses a hardcoded parameterization
computed from the CTEQ5L PDFs [84].

In Table 1, one observes some substantial violations of the sum rules, particularly
towards large x. Note that the numbers given in the table differ slightly from those given in
Ref. [1] due to the differences in setup.

3 “X-Ordering” and the modified PYTHIA mPDF model

3.1 Construction of the model for the dPDF case

In this section we will make some improvements to the PYTHIA mPDF model, yielding a
set of symmetric mPDFs that satisfy the GS sum rules to a better extent than the naively
symmetrised PYTHIA mPDFs. We first discuss the simplest case of the dPDFs, postponing
the generalization of the new model to the case of tPDFs and more general mPDFs to the
end of this section. Our philosophy is to make modifications that are physically motivated
if possible, and that are as simple as possible, such that they can be straightforwardly
generalized to the mPDF case.

We also set a (somewhat arbitrary) target of satisfying the sum rules over the full
range of x1 and all flavour indices at better than 10% precision. We define the percentage
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Symmetrised Model GS Rules
x1 uuv Number Sum Rule u Momentum Sum Rule
10−6 0.907 0.975
10−3 0.836 0.973
0.1 0.917 1.013
0.2 0.921 1.047
0.4 0.881 1.133
0.8 0.748 1.673
Expected 1 1

Table 1: Results of numerical integration of the symmetrized PYTHIA dPDF distribution,
for the GS number sum rule (2.3) and momentum sum rule (2.2), evaluated at Q =MZ .

deviation from the sum rule expectation by taking the appropriate response function integral
on the left hand sides of Eqs. (2.20) or (2.21), dividing by the expected right hand side, and
then subtracting 1. This is unless the expected value is 0, in which case we simply use the
integral of the response function to define the percentage deviation.

Let us consider first the modeling of the dPDF for a sea quark and its corresponding
companion quark (in the following we call this the “sea pair” dPDF). In PYTHIA the dPDF
for this pair is given according to

Dcom,pth
j1j̄1

(x1, x2) = fsj1(x1)qc(x2, x1)

= f sj1(x1)C(x1)Pg→qq̄

(
x1

x2 + x1

)
g(x1 + x2)

x1 + x2
. (3.1)

If one wants to imagine the sea quark and its companion as essentially arising from the
splitting of a gluon into a quark-antiquark pair (similarly to the way it is done in the
PYTHIA code), one notices some deficiencies in the model when the dPDF is written out
explicitly like this. First, in the gluon splitting picture one expects a complete symmetry
in the distribution of the momentum fractions for the quark and its companion, whereas
this is clearly not the case for (3.1). Second, there is a kind of “double counting” of the
g → qq̄ splitting process in (3.1). It appears in the generation of the sea quark distribution
fsj1(x1) (recall that at low x, the sea quark distribution is mainly sourced from the gluon
distribution via a single g → qq̄ splitting process, see e.g. Ref. [85]), and explicitly in the
companion quark distribution.

In order to resolve these issues we can remove fsj1(x1) from the definition of the sea
pair dPDF, and then take C to be a function of x1 + x2 rather than x1, such that the dPDF
is explicitly symmetric in x1 and x2. Since the g → qq̄ splitting function is not a strong
function of the splitting variable (it varies only between 1/2 and 1), let us also approximate
this as a constant, absorbing this constant into the definition of C. Then we get our new
model for the “sea pair” dPDF

Dcom,m
j1j̄1

(x1, x2) = C(x1 + x2)
g(x1 + x2)

x1 + x2
. (3.2)
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From this definition one can define a PYTHIA-style companion distribution which is simply
this dPDF divided by fsj1(x1). Imposing that the number integral over this companion
distribution should be equal to 1 and solving for C, one obtains the following form for the
new “sea pair” dPDF and corresponding companion distribution:

Dcom,m
j1j2

(x1, x2) = −
[
∂u f

s
j1(u)

]∣∣
u=x1+x2

, (3.3)

qc(x2, x1) = −

[
∂u f

s
j1
(u)
]∣∣∣

u=x1+x2

fsj1(x1)
. (3.4)

Note that this is essentially the same sequence of steps as is done in the modeling of the “jj̄
correlation term” in Ref. [2], where that term plays a similar role in the modeling of the
GS09 input distributions in that paper as the “sea pair” dPDF does here.

We now have a companion quark mechanism that functions to account for the imbalance
in the sea when a quark is removed, as before, but now is explicitly symmetric in the
momentum fractions of the sea quark and its companion.

Let us recall from the end of Section 2.2 that the region where the sum rules were
generally most poorly satisfied by the symmetrized PYTHIA dPDFs was the region of large
x1 ≳ 0.4. The sum rules in this region could be significantly improved if, rather than
simply symmetrizing the PYTHIA dPDFs in a naive way, we impose an x-ordering procedure,
enforcing that the parton with larger x be picked “first”

D
{1,2}
j1j2

(x1, x2) ≡ θ(x1 − x2)D
pth
j1j2

(x1, x2) + θ(x2 − x1)D
pth
j2j1

(x2, x1). (3.5)

Note that this dPDF is symmetric under the interchange {x1, j1} ↔ {x2, j2} as required.
It also perfectly satisfies the sum rules by construction for x1 > 0.5, since in this region
x1 must be greater than x2, parton 1 is then always forced to be first, and the PYTHIA

algorithm always satisfies the sum rule perfectly in the second parton. For values of x1 that
are large but < 0.5, the sum rules should still be satisfied well, since over most of the x2
integration range we will have x2 < x1.

From an intuitive point of view, this “X-ordering” procedure seems at least somewhat
reasonable. Let us say that we have the situation where a large-x parton and a small-x
parton (x1 ≫ x2) are involved. It seems plausible to expect that the small-x parton will be
affected more by the presence of the large-x parton than vice versa, so we choose to apply
the PYTHIA modifications to the small x parton.

A drawback of the form (3.5) is that it has a discontinuity at x1 = x2, since we abruptly
switch from parton 1 being the first, to parton 2. Rather than having such a discontinuity,
we instead choose to implement a smooth transition between using D{1,2}

j1j2
in the strongly

ordered regime (x1 ≫ x2 or vice versa), and the naive symmetrized dPDF when x1 ≃ x2.
This can be done by introducing a smoothing function F as follows

Dj1j2(x1, x2) = D
{1,2}
j1j2

(x1, x2)

[
1− 1

2
F

(
xmax

xmin

)]
+D

{2,1}
j1j2

(x1, x2)
1

2
F

(
xmax

xmin

)
, (3.6)

where xmax = max(x1, x2), xmin = min(x1, x2), and D{2,1}
j1j2

is the dPDF computed according
to the PYTHIA procedure, but with the lower x parton always picked “first”.
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x1 uuv Sum Rule guv Sum Rule s̄uv Sum Rule
10−6 1.137 2.128 2.134
10−3 1.085 2.065 2.087
0.1 1.003 1.913 1.910
0.2 0.996 1.930 1.925
0.4 0.994 1.969 1.967
0.8 0.997 1.994 1.994
Expected 1 2 2

Table 2: Results for selected number sum rules for dPDFs constructed at Q =MZ , with
only the “X-Ordering” mechanism and the symmetric sea pair dPDF (no damping applied).
The numbers are the integrals of the response functions, and the expected values if the sum
rules are perfectly satisfied are given at the bottom of the table.

x1 uuv Sum Rule guv Sum Rule s̄uv Sum Rule
10−6 1.337 2.302 2.326
10−3 1.245 2.257 2.293
0.1 1.049 1.971 1.890
0.2 1.014 1.982 1.879
0.4 0.988 1.949 1.930
0.8 0.998 1.996 1.996
Expected 1 2 2

Table 3: The same quantities as in Table 2, but now computed for dPDFs constructed at
Q = 2 GeV.

The function F (x) is only needed for x ≥ 1. To have the required behaviour, it should
take the value of 1 at x = 1, and then monotonically decrease to zero as x→ ∞. We chose
to use the simple form

F (x) = e−(x−1)2 . (3.7)

This procedure improves the extent to which the sum rules at satisfied at very large
x1, but may degrade the extent to which they are satisfied at low x1 (at low x1 values,
we are probing the “wrong” ordering of the dPDFs over most of the x2 integral). We
investigated this by computing the extent to which our modified dPDFs satisfy the sum rules,
for x1 = {10−6, 10−3, 0.1, 0.2, 0.4, 0.8} and Q = {2, 5, 10, 20, 40,MW ,MZ and 100} GeV
(where we take MW = 80.385 GeV, MZ = 91.118 GeV here). At large Q ∼ MZ we found
that it was the quark number sum rules in particular that are degraded at small x1 – see
Table 2 which contain results for some of the number sum rules at Q =MZ . Even though
the sum rules are not violated particularly drastically at small x1, the violation does exceed
the 10% level for some cases. At the low Q values, both gluon and quark number sum
rules are violated more severely at small x1 values – see Table 3. On the other hand, the
momentum sum rules were found to be obeyed within the 10% tolerance at all Q values.
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The violation of these number sum rules can be associated with an overcontribution
from pairs of sea quarks (plus overcontributions from sea quark-gluon pairs at small Q)
when both x1 and x2 are small. This suggests that a way to fix these issues is to add a mild
damping of these dPDFs when both x1 and x2 are small, where a simple way to do this is
to multiply by (x2 + x2)

k. We want to apply the damping only where it is strictly needed,
and keep the damping as mild as possible – one reason for this is that whilst increasing
amount of damping improves the number sum rules (up to a point), it takes momentum
out of the dPDFs and degrades the momentum sum rules. The k values for sea quark pair
gluon-quark pairs should be different, and both should be dependent on Q, with the latter
becoming much smaller than the former at large Q. Finally, we do not want to apply this
damping factor to our “sea quark pair” dPDFs Dcom,m, since these have been constructed to
exactly satisfy their relevant “number sum rule” (i.e. that there is exactly one companion
accompanying the sea quark). We only apply the damping to the rest of the dPDF, which
we shall denote by Dv/s

j1j2
. Thus, the form of the dPDFs with the damping factor is

Dm
j1j2(x1, x2, Q) = (x1 + x2)

kj1j2 (Q)D
v/s
j1j2

(x1, x2) + δj1,j̄1D
com,m
j1j2

(x1, x2, Q), (3.8)

where there are two cases in which the damping factor kj1j2 is nonzero: if j1j2 is a quark-
gluon pair or a gluon-gluon pair, we set kj1j2(Q) = kg(Q), and if j1j2 is a quark-quark pair
that is not a pair of strange quarks, we set kj1j2(Q) = kq(Q). Appropriate forms for kq,g(Q)

were established by manually tuning the values of these over the set of Q values discussed
above, and then fitting simple functions to the result. We obtain:

kq(Q) = kqsq′s(Q) =
0.053

Q/GeV
+ 0.007, (3.9)

kg(Q) = kgj2(Q) = kj1g(Q) =
0.02

(Q/GeV)0.75 − 0.5
. (3.10)

Since these functions have been obtained from data only in the range 2 GeV < Q <

100 GeV, care should be taken if one uses them outside this range. In particular, these
functions will not give dPDFs satisfying the sum rules to within 10% below 2 GeV. In fact
even at 2 GeV we were not quite able to satisfy all sum rules to within 10% everywhere, with
some small localized deviations above 10%, see Section 3.2 (whilst at the higher Q values we
were able to tune kq,g to achieve better than 10% agreement). For Q values below 2 GeV,
it does not appear to be possible to get dPDFs satisfying the sum rules to a satisfactory
precision using the simple prescription described above (even when tuning kq,g), and further
modifications would presumably be needed. This final modification concludes the definition
of our X-ordered dPDFs.

3.2 Sum Rule assessment of the X-ordered dPDFs

Now let us study how well our X-ordered dPDFs satisfy the sum rules when constructed at
a high scale, Q =MZ , and a low scale, Q = 2 GeV (the latter is the lowest scale at which
our construction gives dPDFs satisfying the sum rules reasonably well). The Q = 2 GeV
dPDFs could be used as a low-scale model input in pQCD evolution to higher scales, where
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Figure 1: Behavior of the Number Sum Rule integrals for all parton flavors in the
X-ordered dPDF model at Q =MZ , as defined in Section 3.1.

the appropriate evolution equation for the dPDFs is the inhomogeneous double DGLAP
equation, see Eq. (2.6).

Let us start the discussion by showing the results for the number and momentum sum
rules respectively, for X-ordered dPDFs constructed at Q =MZ , see Fig. 1 and Fig. 2. The
quantities plotted are the integrals of the response functions as defined in (2.20) and (2.21);
the expected value if the sum rule is perfectly satisfied is given by the central red dashed line,
with the upper and lower red dashed lines representing a 10% deviation from expectation.
In Fig. 1 we do not plot the curves for sum rules that are trivially satisfied – for example
any strange number sum rule where the second parton is not a strange or anti-strange will
evaluate to zero due to the symmetry of the strange sea quarks.

We observe that all sum rules are obeyed to well within 10%, as desired. We also see
that the number sum rule curves all have the same qualitative shape, being larger than
expectation at small x1 ≪ 0.1, dipping below expectation at x1 ∼ 0.1, before finally rising
to a value just below the expected value as x1 → 1. The momentum sum rules also have
some shared behavior, all being smaller than 1 for x1 ≪ 0.1, and approaching a value just
below 1 for x1 → 1.
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Figure 2: Behavior of the Momentum Sum Rule integrals for all parton flavors in the
X-ordered dPDF model at Q =MZ , as defined in Section 3.1.

0.0

0.2

0.4

0.6

0.8

1.0

1.2

R d
u v

(x
1,

x 2
,Q

)

x1 = 10 6

X-Ordered
PYTHIA
X-Ordered
PYTHIA

9 8 7 6 5 4 3 2 1 0
log10 (x2)

0.00

0.05

du
v(x

1,
x 2

,Q
) 0.0

0.2

0.4

0.6

0.8

1.0

1.2

R d
u v

(x
1,

x 2
,Q

)

x1 = 10 2

X-Ordered
PYTHIA
X-Ordered
PYTHIA

9 8 7 6 5 4 3 2 1 0
log10 (x2)

0.05

0.00

0.05

du
v(x

1,
x 2

,Q
) 0.0

0.2

0.4

0.6

0.8

1.0

1.2

R d
u v

(x
1,

x 2
,Q

)

x1 = 10 1

X-Ordered
PYTHIA
X-Ordered
PYTHIA

9 8 7 6 5 4 3 2 1 0
log10 (x2)

0.10

0.05

0.00

du
v(x

1,
x 2

,Q
)

Figure 3: Behavior of the d̄uv Number Sum Rule response function for our X-ordered
dPDFs and for the PYTHIA (unsymmetrised) dPDFs, at x1 = {10−6, 10−2, 10−1}. The
bottom panels give the difference between the X-ordered and PYTHIA response functions,
∆d̄uv

.

Let us discuss why the curves have these generic shapes, starting with the number sum
rules. We consider the example of the d̄uv case, and to aid the explanation we make plots
of the response function curves at several values of x1 in Fig. 3. In the same figure we
draw the response functions for the unsymmetrised PYTHIA dPDFs, since those response
functions integrate to exactly the expected values, and so can be used as reference of what
the response function “should” look like.

For x2 < x1 our X-ordered prescription reduces to the PYTHIA one, apart from the
additional damping (and the difference in the companion quark mechanism, which we shall
not consider for the moment and is not relevant for the d̄uv case). Thus, the X-ordered
curve lies close to but slightly below the PYTHIA one, as observed in Fig. 3. As x2 exceeds x1
our ordering is now “the wrong way round”, such that for our d̄uv example our prescription
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yields

Dd̄uv
(x1, x2) = avfd̄

(
x1

1− x2

)
1

1− x2
fuv(x2)(x1 + x2)

kq(MZ), (3.11)

where av is the a-factor from Eq. (2.14) after one up valence quark is removed, whilst for
PYTHIA we have

Dpth

d̄uv
(x1, x2) = fd̄(x1)fuv

(
x2

1− x1

)
1

1− x1
. (3.12)

If x2 ≪ 0.1 the effect of the momentum squeezing in (3.11) is rather small. The impact of
the momentum squeezing in (3.12) will be to enhance the PYTHIA dPDF, although the effect
is also somewhat mild unless x1 ≳ 0.1. Then, the two prescriptions are rather close up to
two additional factors that are present in (3.11): the av-factor and the damping factor. The
av-factor is > 1 and outweighs the mild damping factor, pushing the X-ordered response
curve above the PYTHIA one for x1 < x2 ≲ 0.1 as seen in Fig. 3.

For large x2 ≳ 0.1, the momentum squeezing is the dominant effect controlling the
overall suppression of the dPDF and ensuring it decreases to zero as x2 → 1 − x1. In
Eq. (3.12) this overall decrease is set by the uv valence PDF behavior near x = 1, whilst in
Eq. (3.11) it is set by the d̄ sea quark; since sea quark distributions decrease to zero faster
than valence ones near x = 1, this results in the X-ordered response curve decreasing below
the PYTHIA one for x2 ≳ 0.1.

This then explains the behavior we see in Fig. 1. For small x1 ≪ 0.1 the phase space
over which the response function enhancement applies, x1 < x2 ≲ 0.1, is larger than that
over which there is a suppression, and we see an overall enhancement over the expectation.
Then as x1 increases the “enhanced” portion of the phase space grows smaller and eventually
disappears, leaving a suppression. Finally, when x1 gets larger than 0.5 the “suppressed”
phase space disappears too, and we end up with a sum rule integral that agrees with
expectation, up to a small effect from the damping factor.

For the momentum sum rule, the picture is somewhat similar, although in this case
the significant av enhancement will be absent, and the importance of the large x2 region
will be increased by the extra factor of x2 in the momentum sum rule integral. Thus, it
is not surprising that we now observe an overall suppression at small x2 rather than an
enhancement.

Before moving on, let us briefly touch on the impact of the companion quark mechanism.
As mentioned previously, our companion quark mechanism is constructed to perfectly satisfy
its relevant sum rule, so it is not responsible for any of the fluctuations away from the
expected values in Figs. 1 and 2. It is nonetheless interesting to study the effect of our
companion quark on number sum response functions, and compare with (unsymmetrised)
PYTHIA. In both cases, the companion introduces a “bump” (or dip) in the response function
with the same area (since in both cases the companion mechanism satisfies the sum rule
when integrating over the second parton), but the shape of the bump or dip can be somewhat
different.

In Fig. 4 we make these plots for the ūuv sum rule. In both cases one observes a
bump when x2 ≃ x1, which corresponds to the companion of the ū quark - although as x1
approaches 0.1 this bump becomes more difficult to discern on top of the valence quark peak.
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Figure 4: Behavior of the Number Sum Rule response functions for ūuv.

However, what is quite noticeable is that the bumps in the X-ordered case are narrower
and sharper than that for the PYTHIA case; in the PYTHIA case the companion has an extra
factor of a sea quark PDF that appears to smear out the x values for the companion. We
thus observe that our X-ordered companion mechanism has a rather stronger preference
than the PYTHIA one to produce the companion quark with a similar x value as that of the
sea quark.

The results at Q = 2 GeV for the number and momentum sum rules are given in Figs. 5
and 6. We observe that once the damping in (3.8) is applied, the sum rules are almost
entirely within 10% of 1, although the curves are generally closer to the ±10% boundaries
than in the Q =MZ case. In fact, the d̄uv and s̄uv number curves as well as the s̄ and d̄

momentum curves do go slightly beyond the −10% threshold at x1 ∼ 0.1.
Why are the deviations generally larger in this case? Let us focus first on the number

sum rules. At Q = 2 GeV the av factor is much larger than at Q =MZ (∼ 1.2 rather than
∼ 1.1 for the u and d), meaning that, before damping, the sum rule curves at low x1 are
significantly larger than at Q =MZ (as we saw in Tables 2 and 3). At high x1 there is some
compensation between the overall av factor enhancement, and a tendency for the large x2
suppressive troughs in the lower panes of Fig. 3 to increase, which is linked to the greater
importance of the high x region at smaller Q. We see in Tables 2 and 3 that before damping,
the troughs at around x1 ∼ 0.1 have the same size for Q = 2 GeV and Q = MZ . Thus,
already before damping, the sum rules vary over a larger range at Q = 2 GeV than Q =MZ .
We have to apply a more aggressive damping to pull the low x1 behavior inside the +10%

bound, and this more aggressive damping also impacts the higher x1 regions of the sum rule
curves, pushing the trough down towards the −10% bound.

The increased size of the troughs for some of the momentum sum rules in Fig. 6 is likely
caused by a subset of the effects discussed for the number sum rules; namely, a greater
prominence of the higher x region, and a more aggressive damping. One could presumably
pull the sum rule curves that stray slightly outside the ±10% bounds back inside the bounds
by using flavour-dependent damping factors – however we refrain from doing so here, as
this would make the construction more complex, and the violations are only slightly beyond
10% for a small range of x1 around x1 ∼ 0.1. We also note that the sum rules in which the
strongest violations appear at x1 ∼ 0.1 are the least important ones at this x1 value, since
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Figure 5: Behavior of the Number Sum Rule integrals for all parton flavors in the
X-ordered dPDF model at Q = 2 GeV.

at x1 ∼ 0.1, Q = 2 GeV, the u, d and g PDFs are much larger than the sea quark PDFs. We
note that the sum rules with the u, d and g flavours as parton 1 do not violate the ±10%

threshold at high x1.
Let us now take these dPDFs constructed at Q = 2 GeV, evolve them up to Q =MZ

using the inhomogeneous dDGLAP equation, and study how well the evolved dPDFs satisfy
the sum rules. To achieve this evolution numerically, we use the DOVE code that was
developed in Ref. [2]. For the evolution, 240 points were used in each xi direction spanning
10−9 < xi < 1, and 60 points in the t ≡ log(Q2) direction spanning 2 GeV < Q < 100 GeV.
We take mc = 1.4 GeV (< 2 GeV), mb = 4.75 GeV, and αs(MZ) = 0.135 as in the
MMHT2014LO set. From the resultant grid of dPDF values we extracted the dPDFs at
Q =MZ using the GS09 interpolation code [86], and we plot the sum rule curves for these
dPDFs in Figures 7 and 8. For consistency, the single PDFs used in these sum rule curves
have been obtained by evolving the MMHT2014LO PDFs at Q = 2 GeV up to MZ using the
same DOVE code; these differ at the O(1%) level from the MMHT2014LO PDFs at Q =MZ

due to differences in the interpolation routine, and formally higher order differences in the
treatment of the strong coupling constant αs.
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Figure 6: Behavior of the Momentum Sum Rule integrals for all parton flavors in the
X-ordered dPDF model at Q = 2 GeV.
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Figure 7: Behavior of the Number Sum Rule integrals for dPDFs that have been obtained
by evolving an X-ordered construction at Q = 2 GeV up to Q =MZ GeV, using
inhomogeneous double DGLAP evolution.
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Figure 8: Behavior of the Momentum Sum Rule integrals for dPDFs that have been
obtained by evolving an X-ordered construction at Q = 2 GeV up to Q =MZ GeV, using
inhomogeneous double DGLAP evolution.

Comparing to Figures 5 and 6, we see that for most number sum rule curves evolution
smoothes out the curves and pulls them closer to the expected values (note that in particular,
there are no longer any fluctuations outside the bounds). Note that the s̄sv curve still lies
perfectly at 1 (up to some small numerical artifacts near x1 = 1) due to the fact that this
satisfies the sum rules perfectly at Q = 2 GeV, and then is not fed by any other dPDF
during evolution (note that the gsv distribution is zero).

As an aside, we can evaluate the sum rules for dPDFs evolved with solely homogeneous
evolution (i.e. with the final “1 → 2” term on the right hand side of Eq. (2.6) removed). The
results are shown in Figures 9 and 10. We see from these plots that the “1 → 2” feed is critical
to maintaining the sum rules (as has been previously mentioned in Refs. [2, 20, 49, 78, 87]).
For the number sum rule curves, the curves which are particularly drastically affected are
those rules involving a qq̄ dPDF (e.g. the uuv, ddv, s̄sv sum rules), since that type of dPDF
is directly fed by the gluon sPDF (whilst the other qq dPDF in the sum rule is not). We
note that the momentum sum rule curves are now lying at ∼ 0.9 rather than ∼ 0.95; the
“1 → 2” feed injects partons, and thus momentum, into the dPDFs, so if we remove this feed
the momentum sum rule curves will gradually drift downwards as Q increases.

3.3 Construction of the triple parton distribution functions

The generalisation of this procedure to higher multiplicity mPDFs is fairly straightforward,
and we detail it here for the tPDF case. We can define T {1,2,3}

j1j2j3
(x1, x2, x3) to be the modified

version of the PYTHIA tPDF where the ordering is strictly determined by the x fractions
(from highest to lowest), and we replace their companion quark PDFs with ours (as defined
in equation (3.4), albeit now including appropriate momentum squeezing factors). Then,
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Figure 9: Behavior of the Number Sum Rule integrals for dPDFs that have been obtained
by evolving an X-ordered construction at Q = 2 GeV up to Q =MZ GeV, using
homogeneous double DGLAP evolution without the “1 → 2” term.

the appropriate smoothed version of these tPDFs can be constructed according to

Tj1j2j3(x1, x2, x3) =
{
1− 1

2

[
F
(
xmid
xmin

)
+F

(
xmax
xmid

)]
+ 1

6F
(
xmid
xmin

)
F
(
xmax
xmid

)}
T
{1,2,3}
j1j2j3

(x1, x2, x3)

+
{

1
2F
(
xmid
xmin

)
− 1

3F
(
xmid
xmin

)
F
(
xmax
xmid

)}
T
{1,3,2}
j1j2j3

(x1, x2, x3)

+
{

1
2F
(
xmax
xmid

)
− 1

3F
(
xmid
xmin

)
F
(
xmax
xmid

)}
T
{2,1,3}
j1j2j3

(x1, x2, x3)

+ 1
6F
(
xmid
xmin

)
F
(
xmax
xmid

){
T
{3,2,1}
j1j2j3

(x1, x2, x3) + T
{3,1,2}
j1j2j3

(x1, x2, x3)

+ T
{2,3,1}
j1j2j3

(x1, x2, x3)
}
, (3.13)

where xmin = min(x1, x2, x3), xmax = max(x1, x2, x3), and xmid is the remaining xi value
in between xmin and xmax. The quantity T {i,j,k}

j1j2j3
(x1, x2, x3) is the ordered tPDF where the

parton with the ith largest x value is first in the ordering, the jth largest x value is second,
and the kth is last. The function F is the smoothing function defined in Eq. (3.7).
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Figure 10: Behavior of the Momentum Sum Rule integrals for dPDFs that have been
obtained by evolving an X-ordered construction at Q = 2 GeV up to Q =MZ GeV, using
homogeneous double DGLAP evolution without the “1 → 2” term.

We construct the tPDFs in this way so that they are smooth and satisfy the following:

Tj1j2j3(x1, x2, x3) −−−−−−−−−−−→xmax≫xmid≫xmin

T
{1,2,3}
j1j2j3

(x1, x2, x3), (3.14)

Tj1j2j3(x1, x2, x3) −−−−−−−−−−−→xmax≫xmid=xmin

1
2

{
T
{1,2,3}
j1j2j3

(x1, x2, x3) + T
{1,3,2}
j1j2j3

(x1, x2, x3)
}
, (3.15)

Tj1j2j3(x1, x2, x3) −−−−−−−−−−−→xmax=xmid≫xmin

1
2

{
T
{1,2,3}
j1j2j3

(x1, x2, x3) + T
{2,1,3}
j1j2j3

(x1, x2, x3)
}
, (3.16)

Tj1j2j3(x1, x2, x3) −−−−−−−−−−−→xmax=xmid=xmin

1
6

{
T
{1,2,3}
j1j2j3

(x1, x2, x3) + T
{1,3,2}
j1j2j3

(x1, x2, x3)

+ T
{2,1,3}
j1j2j3

(x1, x2, x3) + T
{3,2,1}
j1j2j3

(x1, x2, x3)

+ T
{3,1,2}
j1j2j3

(x1, x2, x3) + T
{2,3,1}
j1j2j3

(x1, x2, x3)
}
. (3.17)

That is, when a parton has an x fraction that is very different from the others, it participates
in the X-ordering procedure, but if we have two (or more) partons with the same x fractions,
we recover the naive symmetrisation procedure for those partons.

The last step to achieve the full X-ordered tPDFs is to apply the damping factor pairwise.
That is, we consider the three possible pairings of partons in the tPDF, and apply the dPDF
damping factor (introduced in equation (3.8)) to each pair. For the parts of the tPDF that
involve a companion quark, we choose to not introduce any damping factors.

A numerical study of the sum rules for the tPDF case is a more involved exercise than
the study for the dPDF case, due to the fact that we now have two “spectator partons” with
two possible x values and flavours. Thus, for simplicity we shall only make a tPDF study
at Q = MZ – we expect the extent to which the X-ordered tPDFs satisfy the sum rules
at lower scales to be slightly worse, as we saw for the dPDFs. We construct the tPDFs at
Q =MZ using the procedure just described, and then evaluate the tPDF sum rule integrals
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Figure 11: A survey of the j1j2j3v tPDF Number Sum rules.

for a grid of points in the x1, x2 plane. We choose the points on the grid to have xi values in
the set

{
10−6, 10−4, 10−3, 0.1, 0.2, 0.4, 0.8

}
(and discard any points with x1 + x2 ≥ 1). This

gives us 44 points in the x1, x2 plane. For each point we compute the “percentage deviation”
from expectation, where this is defined by an analogous procedure to the one given at the
start of Section 3.1 for the dPDFs. The dPDFs we use in this computation are our final
X-ordered ones constructed in Section 3.1.

We find that for Q = MZ GeV all the momentum sum rules are within 10% of
expectation, but there are some number sum rules that violate that threshold. The results
are given for the number sum rules in Figures 11, 12 and 13. For each sum rule (listed along
the x-axis), we plot as a vertical scatter the percentage deviation for the 44 {x1, x2} points;
this gives an overall picture of how well the sum rules are satisfied across the phase space.
For clarity, the {x1, x2} values of the points are labeled only for those whose percentage
deviations exceed 20%. We see that the vast majority of points do fall within the 10%

envelope, and for all but one of the sum rules, the other points only lie slightly outside this
envelope. The exception to this is the guuv number sum rule where we see > 20% deviations
at the smallest {x1, x2} values. In Ref. [1] we tested the uuuv and uūuv sum rules for the
naive symmetrised tPDFs and found some > 10% violations even when restricting x2 to
10−4 – looking at Figs. 11 and 12 we see that these sum rules are now within 10% over the
whole grid of points tested.

Since the guuv case represents something of an outlier, it is interesting to study this in
more detail. In Figure 14 we show the integral of the response function for the guuv sum
rule over the x1, x2 plane, displaying the deviations of this sum rule from the expected value
of 1. We observe that the > 10% deviations are concentrated in the region where both x1
and x2 are small.

We can explain why the integral of the response function is so large for small x1 and
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Figure 12: A survey of the j1j̄2j3v tPDF Number Sum rules.
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Figure 13: A survey of the j̄1j̄2j3v tPDF Number Sum rules.

x2 using similar reasoning as was used to explain why the d̄uv dPDF response functon
integral lies above 1 in the discussion of Section 3.2. The important region leading to the
enhancement will be x1, x2 ≪ x3 ≪ 1, where the momentum squeezing effects are small. In
this region our prescription is the “wrong way round”, and in this tPDF case we now get an
increased enhancement from two factors of av. On the other hand, since kg(MZ) is essentially
negligible, for guuv we effectively only have a suppression from one damping factor that
involves x2 and x3 (note that since it involves the relatively large x3, the suppression is
milder than one would obtain from a damping factor which involved the small x1 and x2,
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with the latter being present for e.g. uduv). The final issue is that the guuv case has a
companion quark contribution, which at low x1, x2 acts to subtract off 1 from the response
function integral – at small x1, x2, this does so rather accurately. The remainder of the
tPDF should give 2, but due to the imperfections already discussed, differs from 2 by some
percentage. Even if these relative deviations were similar to those encountered in other cases
(like sduv), the near-perfect subtraction of 1 by the companion quark mechanism will then
lead to a relative deviation from 1 that is double the size (just because the same deviation is
being compared to 1 rather than 2). The same sort of effect is responsible for the uuv dPDF
sum rule curve having a larger positive percentage deviation than the other number sum
rules at small x1 in Figure 1. For the guuv sum rule, we thus have a “perfect storm” where
several effects stack together to produce a particularly large positive deviation at low x1, x2 –
no other parton combination suffers from all of these effects. In principle, one could consider
making some specific additional modifications to the guu and guū tPDFs to improve the
extent to which the guuv sum rules are satisfied, although this is somewhat contrary to our
philosophy of making simple, broad modifications to the mPDFs that are easily generalized
to higher multiplicities, and also will likely degrade some of the momentum sum rules. Thus,
we do not pursue it here.
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4 Toy Phenomenology of the X-ordered and PYTHIA dPDFs

In this section we perform a simple study of the effects of the X-ordered prescription on
kinematic distributions for DPS processes. The sample DPS processes we study involve
the production of two electroweak bosons; specifically we choose to look at same-sign WW

production and double Z-boson production. Same-sign WW production is a well-known
channel to study DPS (see e.g. Refs. [3, 4, 22, 23]) – the corresponding SPS process is
suppressed by multiple coupling constants, and produces additional jets that can be used
to discriminate it from the DPS signal. DPS in same-sign WW production has been
measured by both CMS [72, 88] and ATLAS [74]. Observing DPS in ZZ production would
be challenging due to the low DPS rate and significant SPS backgrounds – we include this
process to have a sample DPS process that is sensitive to the sea pair dPDF/companion
quark PDF (note that same-sign WW does not receive contributions at leading order from
the qq̄ dPDFs).

We choose to study an observable that is particularly sensitive to longitudinal correla-
tions, such as the ones associated with number and momentum conservation. This is the
rapidity asymmetry

A =
σ(Y1 × Y2 < 0)− σ(Y1 × Y2 > 0)

σ(Y1 × Y2 < 0) + σ(Y1 × Y2 > 0)
, (4.1)

where Y1 and Y2 are the rapidities of the two bosons. If there are no correlations between
the partons, A = 0, and any A ≠ 0 indicates the presence of inter-parton correlations.
We study this quantity as a function of a minimum absolute rapidity cut on the bosons,
|Y1|, |Y2| ≥ ymin. As ymin increases we cut out the central region of the detector and become
more sensitive to dPDFs closer to the kinematic boundary x1 + x2 = 1 (either two high x
values in the same hemisphere contribution or one high x and one small x in the opposite
hemisphere contribution). Close to this kinematic boundary one expects correlations to
have a strong impact, such that we generically expect A to increase with ymin.

In the same-sign WW case, one cannot reconstruct this bosonic A in the leptonic decay
channel, due to the fact that the produced neutrinos escape the detector. In this case we
also consider a leptonic version of Eq. (4.1), constructed from the lepton pseudorapidities
[4]. One generically expects such asymmetries to be lower than the bosonic asymmetries as
the decay process “smears out” the rapidities. If there are no correlations in the dPDF, then
this asymmetry will also be 0 of course.

The DPS cross sections are computed according to Eq. (2.9) with nf = 5. For the
partonic cross sections we use the standard leading order W+,W− or Z cross sections as
appropriate. For the electroweak parameters we take the following:

MZ = 91.188 GeV, ΓZ = 2.495 GeV,

MW = 80.385 GeV, ΓW = 2.085 GeV,

αEM = 7.806358× 10−3, sin2 θW = 0.2312,

MCKM =

|Vud| |Vus| |Vub||Vcd| |Vcs| |Vcb|
|Vtd| |Vts| |Vtb|

 =

0.097383 0.2243 0.00382

0.221 0.975 0.0408

0 0 0

,
(4.2)
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where we set the last row of the CKM matrix to zero, as we do not have any top partons in
our simulations.

4.1 Same-Sign W Boson Production

We first compute the asymmetry in same-sign WW obtained from X-ordered dPDFs directly
constructed at Q = MW . We will compare this with the asymmetry obtained using the
PYTHIA dPDFs, and also with the asymmetry obtained using the GS09 dPDF set [2]. The
GS09 dPDFs represent a different approach to constructing dPDFs that satisfy the sum
rules. At Q0 = 1 GeV dPDFs that approximately satisfy the sum rules are constructed by
modifying a product of single PDFs; there are valence and “companion quark” adjustments
that are similar to what is done for our X-ordered dPDFs, but instead of the X-ordering
procedure and damping factor the ansatz is multiplied by a phase space factor that suppresses
large x1+x2 (see Eqs. (3.14) and (3.15) in Ref. [2]). These inputs are then evolved to higher
scales using the inhomogenous dDGLAP equation, similar to what we did in Section 3.2.
For the GS09 set, the single PDFs used in the construction of the dPDFs was the leading
order MSTW 2008 set [89].

In Fig. 15 we plot the bosonic asymmetries, whilst the leptonic asymmetries are given
in Fig. 16. We note that for both the bosonic and leptonic asymmetries, the results from
the X-ordered dPDFs and PYTHIA are in fact extremely close. We only see a small difference
between the two for the W+ case at large ymin

W /ηmin
l , which can be traced to the X-ordering

procedure. Thus, the modifications to the PYTHIA procedure at Q =MW to produce the
X-ordered dPDFs (in particular the X-ordering procedure and the fairly weak damping
modifications, since the companion mechanism is not directly probed) translate only into a
minimal effect on the same-sign WW asymmetries. The GS09 dPDFs yield generally lower
asymmetry values than the PYTHIA/X-ordered results (apart from the W− case at small
ymin
W /ηmin

l ) – this was observed previously in Ref. [90].
Now let us additionally compare to results obtained with X-ordered dPDFs that have

been constructed at Q = 2 GeV, and then evolved up to Q =MW using the inhomogenous
dDGLAP equation (so here we are using the X-ordering procedure to construct inputs for
pQCD evolution, albeit one that does not take account of the transverse correlations in
the 1 → 2 splitting contribution). The asymmetry curves are denoted by “X-Ord Evolved”
in Fig. 17 (for the bosonic asymmetry) and Fig. 18 (for the leptonic asymmetry). In this
case we see a substantial increase of the asymmetry versus the curves from PYTHIA or the
X-ordered dPDFs constructed at Q =MW .

We traced the cause of this larger asymmetry to the substantial damping factors applied
at Q = 2 GeV in the input dPDFs. Given the form of the damping factor, this suppresses
most strongly the region where x1 ≃ x2, reducing the same-hemisphere contribution and
increasing A. In Fig. 19 we plot the bosonic asymmetries, but with the dPDFs evaluated
at the “input scale” of Q = 2 GeV, and we also show the impact of removing the damping
from the X-ordered dPDFs, and adding the damping factors to the PYTHIA dPDFs. We see
that this larger asymmetry for the X-ordered dPDFs is already present at the input scale,
and that it is associated with the damping factors, since removing the damping factor gives
a result that essentially coincides with PYTHIA (here again, the effect of the X-ordering
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Figure 15: Boson asymmetries in same-sign WW production, produced using PYTHIA,
GS09, and the X-ordered dPDFs constructed at Q =MW .
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Figure 16: Lepton pseudorapidity asymmetries for same-sign WW production, produced
using PYTHIA, GS09, and the X-ordered dPDFs constructed at Q =MW .

– 27 –



0.5 1.0 1.5 2.0 2.5 3.0 3.5

0.2

0.4

0.6

0.8

1.0
X-Ord Evolved
X-Ord
GS09
PYTHIA

0.5 1.0 1.5 2.0 2.5 3.0 3.5
ymin

W

0.8

0.9

1.0

1.1

1.2

1.3

Ra
tio

to
PY

TH
IA

(a) W+ Asymmetries

0.5 1.0 1.5 2.0 2.5 3.0 3.5

0.2

0.4

0.6

0.8

1.0

1.2
X-Ord Evolved
X-Ord
GS09
PYTHIA

0.5 1.0 1.5 2.0 2.5 3.0 3.5
ymin

W

0.8

0.9

1.0

1.1

1.2

1.3

Ra
tio

to
PY

TH
IA

(b) W− Asymmetries

Figure 17: The same as in Fig. 15, but now including the bosonic asymmetry produced
from dPDFs that have been constructed at Q = 2 GeV according to the “X-Ordering”
prescription and then evolved to Q =MW via inhomogeneous dDGLAP.
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Figure 18: The same as in Fig. 16, but now including the leptonic asymmetry produced
from dPDFs that have been constructed at Q = 2 GeV according to the X-ordering
prescription and then evolved to Q =MW via inhomogeneous dDGLAP evolution.
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Figure 19: Bosonic asymmetries for same-sign WW using dPDFs evaluated at Q = 2 GeV,
with the low-x damping both enabled and disabled in the X-ordered and native PYTHIA

dPDF prescriptions.

procedure is rather small). The effect persists even after evolution to Q =MW (although
evolution dilutes the asymmetry somewhat, particularly at small ymin

W ), yielding the higher
asymmetries observed.

It is interesting to note that the GS09 and evolved X-ordered dPDFs give somewhat
different results for the asymmetry, even though they were constructed to satisfy the same
dPDF sum rules, and they are evolved with the same evolution equations to Q = MW

(although one should bear in mind that they are based on different single PDF sets, MSTW
2008 LO and MMHT 2014 LO respectively). Comparing the results from the GS09 dPDFs
and the (evolved) X-ordered dDPFs could be useful to get some indication of the range of
possible impacts of momentum and number sum rule effects on the asymmetry (as well as
other observables).

As an aside, we investigated the impact of removing the “1 → 2” feed term on the
obtained asymmetries, for the evolved X-ordered dPDFs. In same-sign WW this term acts
to increase the asymmetry; this is because for the 1 → 2 splitting piece, an important
mechanism to generate the qq′ pair initiating the DPS process is a single q splitting to qg,
and then the g splitting (ultimately) into q′q̄′. If the x values of both quarks in the final qq′

pair are large (contributing to the same hemisphere configuration), this mechanism will be
somewhat suppressed, whilst if the x value of the q is large and the q′ is small (contributing
to the opposite hemisphere configuration) this mechanism can be enhanced by a large
chain of intermediate g → g splittings (with accompanying small x logarithms) between
the initially produced gluon and the final q′. Thus, if we remove this term, we should see

– 29 –



a decrease in the asymmetry. This was observed in both the W+W+ and W−W− cases,
although the effect was essentially negligible here, with the asymmetries being reduced by
at most 6% of their initial values with the splitting included.

It is interesting to contrast the small effect of the splitting seen here with that observed
in Ref. [90], where a very substantial effect of removing the 1 → 2 splitting was observed
in the W+W+ process (the asymmetry nearly halves from ∼ 0.11 to ∼ 0.06 at ηmin ≃ 0).
This difference can partially be ascribed to the account of y-dependence in the latter (which
enhances the impact of the 1 → 2 feed), and the use of nf = 3 rather than nf = 5 in the
latter (a larger nf increases the number of qq′ pairs with small, similar x values arising
from gluon-initiated 1 → 2 splitting processes, which in turn boosts the same-hemisphere
contribution).

However, we also investigated the effect of turning on and off the 1 → 2 feed contribution
in the GS09 dPDFs (which have nf = 5 and also do not take account of the y dependence
in the feed terms), and still saw a non-negligible contribution there. Turning off the feed
term in W+W+ reduces the asymmetry from 0.050 to 0.041 at ηmin ≃ 0, and for W−W−

it reduces the asymmetry from 0.048 to 0.041 at ηmin ≃ 0. We found that most of the
difference between the X-ordered and GS09 cases can be traced to the different starting
scales for the 1 → 2 feed (2 GeV and 1 GeV respectively) – if one removes only the 1 → 2

feed between Q = 2 GeV and Q = MW from GS09, and compares to the GS09 dPDFs
with the feed, one sees a difference rather closer to the X-ordered case. This is because the
1 → 2 feed has a strong preference to occur “early” in scale (at least when neglecting the y
dependence) – see Fig. 7 of [91] and the surrounding discussion. Thus, if one increases the
starting scale at which the feed can contribute even only a small amount, from 1 to 2 GeV,
this can significantly decrease its impact.

In the W+W+ case, some of the difference between the X-ordered and GS09 cases
can be attributed to the different single PDFs and αs values used (corresponding to the
MMHT 2014 LO set rather than the MSTW 2008 LO one). The u quark PDF for MSTW
is somewhat larger than the MMHT one at small scales and large x values, which leads to
more uq′ pairs with asymmetric x values being produced through the feed term (via the
mechanism discussed above), and a larger increase of the asymmetry with the feed for GS09.

As a final small comment, we note that the asymmetries obtained from the X-ordered
dPDFs are larger than those obtained with GS09 (due to the different dPDF initial conditions).
Thus, if one considers the relative impact of the 1 → 2 feed, one would obtain a smaller
result for the X-ordered case than the GS09 one even if using the same PDFs, αs and
starting scale for the feed.

4.2 Double Z-boson production

For the production of two Z bosons via DPS, we only study the bosonic asymmetry. In
Fig. 20 we plot the asymmetry from the X-ordered dPDFs constructed at Q =MZ , and again
compare the results to PYTHIA and the GS09 dPDFs. In this case we see larger differences
at small ymin between the X-ordered and PYTHIA predictions than in the same-sign WW

case, although they are still not very large, decreasing A by O(0.01). This difference is
largely associated with the companion quark mechanism: in Fig. 21 we see that when the
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Figure 20: Bosonic asymmetries for double Z boson production. The right hand plot is
the same plot as the one on the left, but “zoomed in” to the region 0 ≤ ymin

Z ≤ 2.
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Figure 21: Ratios of bosonic asymmetries in double Z boson to PYTHIA. Plotted are
curves for the X-ordered dPDFs, and PYTHIA with the default companion quark replaced by
the one given in eq. (3.4).

companion mechanism in the PYTHIA dPDFs is swapped to the one used in the X-ordered
prescription, the prediction moves a substantial way towards the X-ordered one. The reason
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Figure 22: Bosonic asymmetries for double Z production with the factorisation scale set
to 2 GeV. The left pane shows curves for the PYTHIA and X-ordered dPDFs, with various
aspects of the X-ordered prescription enabled/disabled. The term ‘X-ord. comp.’ means
the use of the companion quark given in eq. (3.4). The right pane is the same as the left,
but zoomed into the region 0 ≤ ymin

Z ≤ 2, and with only two of the PYTHIA curves plotted.

why the X-ordered companion mechanism drives lower asymmetries is that it has a tendency
to create the companion quark closer in x to the sea quark than Pythia does – we already
saw this in Fig. 4. This boosts the x1 ≃ x2 region corresponding to same-hemisphere
contributions, and decreases the asymmetry.

We will refrain from plotting the asymmetry associated with the evolved X-ordered
dPDFs, since for ZZ production the 1 → 2 splitting contributions in the evolution process
play an important role (much more so than same-sign WW ), and one should really take
account of the y dependence of these as well as double counting issues with single scat-
tering [21]. However, we can perform the same exercise as we did for same-sign WW of
plotting the asymmetry with the dPDFs evaluated at the scale Q = 2 GeV, just to give
a toy illustration of how these asymmetries change when we go to lower scales. This plot
is made in the left pane of Fig. 22, where to give additional insight into how the different
aspects of the X-ordering prescription affect the asymmetry, we also plot curves for Pythia
with various aspects of the X-ordering prescription included, and the X-ordered dPDFs
with the damping factor removed. We observe that the modification producing the most
significant effect on the asymmetry is the damping factor, where inclusion of the damping
factor increases the asymmetry considerably. This is very similar to what we saw for the
same-sign WW case at Q = 2 GeV. The change in the companion mechanism has a slightly
larger impact at Q = 2 GeV than it does at Q =MZ , shifting the asymmetries downwards
at lower ymin

Z by ∼ 0.02 (see the right pane of Fig. 22).
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5 Summary and Outlook

The equal scale m-parton distribution functions (mPDFs) express the probability to find m
partons in the proton with given flavours ji and momentum fractions, xi, when all partons
are probed at the same scale Q. These distributions must satisfy two simple requirements:
first, they must be symmetric when swapping over the flavours and momentum fractions
of any two partons, {xi, ji} ↔ {xk, jk}. Second, they must satisfy number and momentum
sum rules, which relate the integrals of the mPDFs over one of the momentum fraction
arguments to mPDFs with one less parton. The PYTHIA procedure for constructing model
mPDFs out of single PDFs, introduced by Sjöstrand and Skands [43, 44], is based on an
“ordering” of the interactions in energy, and cannot straightforwardly be used to construct
equal scale mPDFs satisfying both of these constraints simultaneously. One can either obtain
non-symmetric mPDFs perfectly satisfying the sum rules in only one parton argument, or,
naively symmetrising these mPDFs, one obtains symmetric mPDFs that satisfy the sum
rules imperfectly. The extent to which the sum rules are violated can be quite significant
(O(100%) or more), particularly when the x fractions of the partons that are not integrated
over are large [1].

In this paper we have developed an algorithm for constructing equal scale mPDFs that
has as its starting point the PYTHIA procedure, but incorporates a number of modifications
which enforce the symmetry of the mPDF, and are intended to improve the extent to which
the mPDFs satisfy the sum rules vs the naively symmetrised PYTHIA mPDFs. We introduced
three modifications: first, we altered the PYTHIA “companion quark” mechanism associated
with g → qq̄ splitting processes such that it is naturally symmetric and does not double
count the gluon splitting process (essentially following Ref. [2]). Second, we imposed an
“x-ordering” for the partons in the PYTHIA procedure, with the highest x parton being
picked first, and so on. A smoothing procedure is applied when the x values of two (or
more) partons approach each other, to avoid discontinuities in the mPDF. The rationale
behind this “x-ordering” procedure is the intuitive expectation that small x partons should
be affected more by the presence of large x partons than vice versa. Finally, we introduced
a damping function, that suppresses the mPDF when there are two or more sea quarks or
gluons in the mPDF with small x values (and the suppression increasing the more small x
partons there are in the mPDF). In order to best satisfy the sum rules at a range of different
scales, the damping is scale-dependent, with stronger damping at smaller Q. We refer to
the mPDFs resulting from this procedure as the “X-ordered mPDFs”.

We tested the extent to which the sum rules are satisfied by this algorithm for the
explicit cases of m = 2, the double PDF or dPDF, and m = 3, the triple PDF or tPDF.
In this investigation the single PDFs used in the construction were the MMHT 2014 LO
set. In the dPDF case we tested the X-ordered construction at a high scale Q =MZ and at
a low scale Q = 2 GeV. At Q = MZ all sum rules are satisfied to well within 10% over a
broad range of x values for the non-integrated parton, 10−6 < x1 ≤ 1. This represents an
improvement over the naive symmetrised PYTHIA dPDFs, which violate the sum rules at a
level much greater than 10% at large x1 [1]. At the lower scale Q = 2 GeV the extent to
which the sum rules are satisfied is slightly worse, and for some sum rules there is a small
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region of phase space where the sum rules are violated by slightly more than 10%, although
these violations are in practice not so relevant (since they are associated with a sea parton
having large x1 ∼ 0.1). We also considered the use of the low scale dPDFs at 2 GeV as
an input to pQCD evolution, evolving them to Q =MZ according to the inhomogeneous
double DGLAP equation, and studying how well the evolved dPDFs satisfied the sum rules.
We found that evolution smoothed the sum rule curves and brought all sum rules to within
10%.

In the tPDF case we restricted our tests to the tPDFs constructed at Q = MZ . We
found that all momentum sum rules are obeyed to within 10%, and that the number sum
rules are obeyed to within 10% over most of the phase space for the two non-integrated
partons, with any violations only being mildly above this level. The only exception to
this is the guuv number sum rule, where the number sum rule violations are slightly worse
than 20% when the x values of the two non-integrated partons are very small. Again, this
represents a notable improvement with respect to the naively symmetrised PYTHIA tPDFs,
where there are much more significant violations of the sum rules.

We performed a simple toy study of the extent to which the modifications in the
X-ordered dPDFs impact predictions at the level of double parton scattering (DPS) cross
sections, comparing also against predictions from the GS09 dPDFs [2]. We chose to study
same-sign W±W± and ZZ production, and restricted our attention to the boson/lepton
rapidity asymmetry observables, since these are sensitive to correlations in the dPDFs. It
was found that there were two main modifications producing differences in the asymmetries
from the PYTHIA predictions: the damping, if it is applied in the construction of the
dPDFs at a low scale before the dPDF is evolved up to MW /MZ (since in this case the
damping is strongest), and the modification to the companion quark mechanism. The
(low-scale) damping causes a substantial increase in the asymmetry since it suppresses the
same-hemisphere x1 ∼ x2 region, whilst the change in the companion quark causes a smaller
decrease in the asymmetry, since the new companion has a stronger preference to be close in
x to its sea partner, and boosts the x1 ∼ x2 region. It is interesting to note the substantial
difference in results between the GS09 dPDFs and the evolved X-ordered dPDFs, even
though these dPDFs are constructed to satisfy the same sum rules and have been evolved
using the same pQCD evolution equations - by comparing these dPDFs one can get a rough
indication of the different possible impacts of number and momentum sum rule effects on
DPS distributions.

There are various ways in which the results in this paper can be used in further work.
The constructed X-ordered mPDFs could be directly used in approximate multiple scattering
cross section formulae (like Eq. (2.9)); this approach neglects correlations in the transverse
space y between the partons (as well as potential single/double/triple scattering double
counting issues) and doesn’t properly account for pQCD evolution effects, but it is a simplest
approach to account for number and momentum sum rule effects. It is worth noting that our
X-ordered tPDFs represent the first set that has been constructed to be fully symmetric in
the parton arguments and to satisfy the sum rules to a good level of precision over the full
kinematic range. This is pertinent given the increasing activity with regards to predicting
and measuring TPS cross sections at the LHC (see e.g. Refs. [71, 75–77]).
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Alternatively, our mPDFs could be used as a low-scale input in pQCD evolution to
larger scales (as we have explored to some extent ourselves in the above). The optimal
approach would be to extend our model mPDFs to include y-dependence (possibly following
Ref. [78]), and then evolve these to higher scales using the full y-dependent framework,
using for example ChiliPDF [92] (for the case of the double parton density). The resulting
y-dependent double parton densities could then be used in the full DPS cross section formula
Eq. (2.7), or in the DPS parton shower simulation dShower [90].

A final future direction would be to explore the extent to which the modifications
described here could be incorporated into the PYTHIA MC. This would not be straightforward
since we have only considered the equal-scale mPDF case here, whilst the PYTHIA model has
to cover the general unequal scale case. One would need to consider the appropriate sum
rules in the unequal scale case, generalize the mPDF construction to this case, and phrase
the construction in a way that is compatible with the PYTHIA energy-ordered MPI model,
which may not be readily possible (outside some kind of reweighting-based approach, which
will also presumably become impractical for large numbers of scatters). One modification
that could presumably be incorporated without too much work is the implementation of
the companion quark as in Eq. 3.4. It could be interesting to include this as an option in
PYTHIA, and investigate the impact on observables sensitive to multiple parton scattering.
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