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ABSTRACT: In this work, we calculate a broad class of parton distributions—including par-
ton distribution functions (PDFs), transverse-momentum-dependent distributions (TMDs),
generalized parton distributions (GPDs), generalized transverse-momentum-dependent dis-
tributions (GTMDs), and diffractive parton distributions—directly from their operator-
level definition in the shockwave approximation for the target nucleon. This approxima-
tion is valid in the high-energy limit of scattering, corresponding to the small-z regime.
The shockwave framework allows us to employ the eikonal approximation and express the
parton distributions in terms of Wilson-line correlators, naturally formulated within the
color-glass condensate effective field theory. We present a comprehensive set of Feynman
rules for evaluating parton distributions in this limit, and demonstrate how they can be
systematically applied to calculate all phenomenologically relevant leading-twist parton dis-
tributions at leading order. This work establishes a unified starting point for future studies
that aim to bridge the color-glass condensate approach with the partonic description of the
nucleon.
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1 Introduction

A central frontier in hadronic physics is the multi-dimensional imaging of strongly inter-
acting systems [1]. The conventional tool for describing hadron structure has been the
parton distribution function (PDF'), which characterizes how quarks and gluons share the
longitudinal momentum of the hadron. Over the past two decades, significant effort has
been devoted to moving beyond this one-dimensional description toward richer, multi-
dimensional frameworks that resolve the spatial and momentum distributions of partons
inside nucleons; for a comprehensive recent review, see Ref. [2].

Two key generalizations of PDFs have emerged: generalized parton distributions
(GPDs) and transverse-momentum dependent distributions (TMDs). GPDs extend PDF's
by incorporating information on the transverse spatial distribution of partons, thereby en-
abling a genuine three-dimensional imaging of hadrons in mixed longitudinal momentum
and transverse position space [3—6]. Through Ji’s sum rule, specific GPDs provide access



to the total angular momentum carried by quarks and gluons [3], making them an im-
portant ingredient in addressing the nucleon spin puzzle [3]. TMDs, on the other hand,
resolve the transverse momentum of partons, providing information on spin—-momentum
correlations and effects arising from initial- and final-state interactions in semi-inclusive
processes [7-12].

At the most general level, both GPDs and TMDs can be obtained as limiting cases of
the generalized transverse-momentum dependent distributions (GTMDs) [13, 14]. GTMDs
thus constitute the most complete characterization of partonic structure, earning them the
designation of “mother distributions”. Their Fourier transforms correspond to Wigner
functions [15, 16], the quantum-mechanical analogues of classical phase-space distribu-
tions, which encode simultaneously the longitudinal momentum, transverse momentum,
and transverse position of partons. GTMDs, in contrast to GPDs, provide a more direct
connection to the orbital angular momentum of partons inside nucleons [17-27]. This dis-
tinctive feature highlights their central role in addressing the nucleon spin problem while
simultaneously revealing the complete phase-space structure of hadrons.

Although the operator definitions of these distributions are well established, carrying
out practical calculations remains highly challenging (see, e.g., Ref. [28]). Moreover, the
conventional partonic picture becomes inadequate in the high-energy (small-z) regime of
QCD, where gluon densities grow large and collective dynamics dominate. In this domain,
an alternative yet complementary description emerges: the shockwave, or the color-glass
condensate (CGC), formalism. Here the hadron is no longer represented by individual
partons but by dense gluon fields, with scattering processes encoded in Wilson-line correla-
tors [29]. Perturbative calculations in this framework follow the shockwave approximation,
in which the Lorentz-boosted target interacts with the projectile instantaneously in light-
cone time. The scattering off the target factorizes from the rest of the process, and the
corresponding dynamics are described by Wilson lines that connect the fields before and
after the interaction.

It is important to emphasize that, despite their conceptual differences, the partonic
(PDF, GPD, TMD, GTMD) and CGC approaches are both founded on the principle of fac-
torization: the separation of perturbative hard dynamics from the nonperturbative physics
of the target. It is therefore natural to expect that these descriptions should be connected
when their domains of validity overlap—mnamely, at very high energies where the CGC
is justified, and in processes with a hard transverse momentum scale where collinear or
TMD factorization applies. Establishing this matching is crucial: it unifies the physics
of small-z gluon saturation with the multi-dimensional imaging of hadrons, providing a
common language that connects two seemingly different pictures of QCD dynamics. On
the one hand, it allows distributions such as GPDs, TMDs, and GTMDs to be computed
directly from Wilson-line correlators in the CGC formalism. On the other hand, it ensures
that observables derived in the partonic framework remain consistent with the dynamics
of dense gluon fields at high energies. In this way, the matching not only strengthens the
theoretical connection between small-x saturation physics and partonic physics, but also
makes these ideas directly applicable to collider phenomenology. By providing a unified
framework, it allows multi-dimensional parton distributions—such as GPDs, TMDs, and



GTMDs—to be computed in the kinematic domains relevant for experiments, where both
high energies and hard momentum scales are present. This is essential for interpreting
observables at facilities like the Electron-Ion Collider (EIC) [30, 31] and the Large Hadron
Collider (LHC), where signals of gluon saturation and partonic imaging naturally coexist.

Recognizing this connection, substantial progress has already been achieved at lead-
ing order, where various parton distributions have been expressed in terms of Wilson-line
operators. Examples include the gluon PDF [32-34], GPDs [35, 36], TMDs [37, 38|, GT-
MDs [35, 39], and diffractive distributions [40, 41]. Additionally, gluon TMDs have also
been considered at next-to-leading order [42, 43].

However, these results have so far been obtained only on a case-by-case basis, and a
general, systematic framework with transparent Feynman rules has been lacking. In this
work, we address this gap by formulating a simple and comprehensive set of Feynman rules
that directly connect the operator definitions of parton distributions to their realization
in the CGC shockwave formalism. Within this framework, we present for the first time
complete leading-order results for the quark PDF and GPD, including their finite parts,
as well as TMDs and GTMDs with arbitrary gauge-link structures. This unified approach
not only consolidates previous findings but also establishes a foundation for systematic
higher-order studies.

Beyond its theoretical significance, this framework further strengthens the phenomeno-
logical implications discussed above. By enabling the computation of multi-dimensional
parton distributions in the high-energy limit, it provides new means to study spin—orbit
correlations, orbital angular momentum, and the phase-space structure of nucleons. These
aspects are central to the physics program of the upcoming EIC, where multi-dimensional
imaging of hadrons will be a primary goal. Moreover, connections between small-x dynam-
ics and parton distributions are also highly relevant for interpreting results from the LHC
and other high-energy facilities, where gluon saturation effects play an increasing role. In
this sense, our results bridge two complementary pictures of hadronic structure and open
new avenues for both theory and experiment.

The article is organized as follows. In Sec. 2, we describe the operator-level starting
point and derive the Feynman rules for the matching. We then apply the framework to
compute specific parton distributions: GTMDs in Sec. 3, GPDs in Sec. 4, TMDs and PDFs
in Sec. 5, and diffractive distributions in Sec. 6. Finally, in Sec. 7, we summarize our results
and discuss future directions.

2 Theoretical framework

In this Section, we present the overall framework for computing parton distributions in the
shockwave approximation used widely in small-x calculations. This allows us to perform
computations starting from the operator-level definition, without considering a specific
observable. We will work in a frame where the target moves with large p* (i.e. along
the 4z direction). This is the standard choice in computations with parton distributions
but differs from the convention adopted in many small-z works. The main reason for this
choice is to make comparisons to the standard literature for parton distributions easier.



Note, however, that while our main motivation is to be able to compute parton distri-
butions at small x, we wish to present our results in a general shockwave approximation
without approximating the relevant x variable to be small. While it will turn out that small
x is a requirement for nucleon targets for the shockwave approximation to be valid, the
small-x approximation and the shockwave limit correspond to a power counting in terms of
different parametric variables, allowing us to treat these as separate approximations. We
hope that making a clear distinction between the shockwave limit and small x will clarify
the approximations done in the calculations.

Let us remark on the connection between small z and the shockwave limit. Working in
the frame where the target is moving in the plus direction, the shockwave approximation
is valid when the plus momentum kT of the particle scattering off the target is small
compared to the width of the target in the minus direction L~. The relevant z-variable
describing the small-z power counting is defined as * = k*/p* where p™ is the plus
momentum of the target. We can then see that the shockwave approximation is valid when
kTL™ = xptL~ < 1, and working at a small enough x guarantees that the shockwave
approximation is also satisfied. In general, however, we see that the proper power counting
for the shockwave approximation depends on the constant p™ L~ = MR, where M and R
are the mass and the radius of the target, which depends on the specific target. For example,
for protons we can estimate M,R,, ~ 5, meaning that the shockwave approximation requires
r < 1/(MyR,) ~ 0.2. For heavy nuclei, the z-variable is typically defined with respect to
the average momentum of the nucleon, and we find (M4/A) x Rq ~ AY/3 x 5. This means
that we generally need a slightly lower value of x for heavy nuclei compared to protons for
the shockwave approximation to be valid, which can be understood from the increase in
the width of the shockwave due to multiple nucleons.

This requirement of a small x variable can also be understood from the uncertainty
principle: because the x variable corresponds to the plus momentum fraction exchanged
with the target, in the parton picture we can relate it to the plus momentum fraction
carried by the parton interacting with the projectile. By momentum conservation, the plus
momentum distribution of the parton is restricted to values 0 < k™ < p*. In position
space, this corresponds to a distribution of the parton in minus direction, and the variance
of this distribution can be interpreted as the width of the shockwave L~. The uncertainty
principle then gives us the estimate p* L~ > 1, meaning that this constant cannot be too
small. Hence, the shockwave approximation in general requires a small x.

2.1 Relation between parton distributions and the shockwave approximation

Let us now explain the main procedure for computing parton distributions in the shockwave
limit. In general, parton distributions can be written as matrix elements such as [6]
Fij(k ALz, f) _ (P+)n / dr™ d2reixP+r*—ik-r <p/|7-q)i (—[)W(];” [_[ f] dJ <Z> ‘p>
’ ’ (2m)3 2 272 2 ’
(2.1)
where p and p’ describe the incoming and outgoing target states, ® is a field operator cor-
responding to the particle of interest, and the factors of the momentum (P*)" are added to



make the matrix element boost invariant. Here, 7 denotes time-ordering which is impor-
tant for GPDs and GTMDs that are defined at the amplitude level; parton distributions
defined at the level of the cross section, such as PDFs and TMDs, are discussed in Sec. 5.
We will also implicitly set ™ = 0 for all parton distributions, and the open indices 4, j of
the field operators can be contracted with suitable projection operators. The Wilson line
W connects the two field operators to make the quantity gauge invariant, and the exact
path C' of the Wilson line depends on the process of interest. Specifically, we define the
Wilson line as

WEz,y) :Pexp<—igs/cds# Ag@)t%) (2.2)

where the path C' starts from y and ends at x, P denotes path-ordering along the path C'
with the start point on the right and the end point on the left, and tg correspond to the
color matrices in the representation R of the field operators. In practice, we will write all of
the quantities in this work in terms of the Wilson lines in the fundamental representation
F and denote Wy = Wg .

We will be working in the symmetric frame with the definitions:

1 1

Pzi(p—kp/), p:P—§A, (2.3)
1

A=yp —p, p =P+ iA’ (2.4)

where p and p’ are the momenta of the incoming and outgoing nucleon, respectively. Specif-
ically, the momenta are defined as

1 1 1
= (1 + &P, e (M2 + -~ AT |, —ZA 2.
p=(I+ 6Pt gapr M2+ 1AY] 540, (25)
1 1 1
=(]1- P+7M A% A 2.
p ([ §] ) [ f]P+|: +4 J_:|72 J.)v ( 6)
1
P=|PT, M? 2.
(7 g [ 142 0). e
A= (—26P",26P7,A ), (2.8)
where we use the convention p* \}( Y + p3), bolded symbols denote transverse compo-

nents', and we have defined the skewness

pt—p'" AT
=2 - F = (2.9)
pT+p 2P

We can also read the value of the Mandelstam ¢ variable from these momenta:
b= (p —pR=AZ— A +agtr) (2.10)
To employ the shockwave limit, it is easier to work in the position space for the target:
Ip(p.pt, ) = \/2].7/db— d%b PP b b N)) (2.11)

IFor clarity we will denote A instead of A, in order to distinguish it from the 4-vector A.




where the factor \/2pT comes from the normalization
W0 N)|pe.p".N) = dw2pt (2m)*(pT — p ) (p - p'). (2.12)

This allows for a very natural application of the shockwave limit where the target is lo-
calized at a specific light-cone time b~. Alternatively, it can be motivated by the eikonal
approximation that is valid in the high-energy limit, which states that an interaction with
the target is instantaneous in the light-cone time. Due to this instantaneous interaction the
transverse coordinates are also conserved, allowing us to write the eikonal approximation
as

(P (0,0, N)|0]p(b,b, A)) = 6P (b = b)5(t'™ —b7) (O), v - (2.13)

where the notation (O) pan means that the operator O is evaluated with a shockwave at
b~ and the center of the target at b. We have also kept the helicities A, \ of the incoming
and outgoing target explicit. Equation (2.13) serves as our definition of the matrix element

(O)pan-
Employing the eikonal approximation, we can rewrite matrix elements in the momen-
tum space as

P, 0" N)|0p(p. pT, N))
=2\/ptp/t / db™ d’b db/~ b/ e PP ERR TR (1 (1 1 )| O|p(b, b, )

=2¢/ptp/+ /db‘ d2b ei(P—P')-b—i(pt —p' )b (O)) s\

2P TISE [ et o),

(2.14)
and the parton distribution then becomes
Fl](k7 AJJ x, 5)
_ (£+)): 2P+\/@/d7a— d21‘ dp~ d2be—iAL~b—i2£P+b7+ixP+r7—ik-r
T
i(_r Mgt
x <T(I) ( Z)W[ 2’ 2}(1) (2)>b,,\,\'
+\n . . L _ .
_((]; ))3 2Pt /1 - ¢ / dr~ d?rdb~ d%b e A LDV e Pt ke (2.15)
T
i(_r _ e lei(T -
% <T(I) ( 2 b)W[ 3 3 b}q) (2 b)>w
pt)n
:((2 ))3 2Pt \/1 — 52/dx_ d*x dy~ d%y
7
X AL 5 Oy HEPT (@7 y ) —ie P (a7 =y )ik oY) (T (1) W, y] D7 () ) N
Here, we have shifted the coordinates using
O(z) = e POz — y)e VP, (2.16)
p(a)) = eV |p(x —y)) (2.17)



such that the zero light-cone time corresponds to the interaction with the shockwave, and
the center of the target is located at the zero transverse coordinate. With this shift, it is
natural to define the target average

<O>)\,\' = <O>b,)\)\’ b0 (2-18)

which corresponds to the usual CGC average for A = \. Going to the last line, we have
also redefined the integration variables:

1
r=—z+y, b=—5(z+y) (2.19)

Equation (2.15) is our main starting point for evaluating GTMDs and GPDs. This
definition needs to be modified slightly for TMDs, PDFs, and diffractive distributions as
will be discussed in more detail in their corresponding sections 5 and 6.

2.2 Feynman rules

The evaluation of the parton distribution (2.15) can be done perturbatively, order by order
in the strong coupling constant, when the relevant momentum scales are sufficiently large.
This gives rise to Feynman rules that can be used for a systematic way to organize different
terms in the perturbation theory. These Feynman rules are a combination of rules for the
gauge links [8], corresponding to eikonal interactions of gluons, and rules for the scattering
off the shockwave [44, 45]. For completeness, we provide a brief description of these rules
below.

1. Standard Feynman rules apply for regular propagators and vertices [46], including
minus signs that appear for e.g. quark loops. To make computations with the
shockwave easier, we will be working in the light-cone gauge A~ = 0 for gluons.
This corresponds to the following Lorentz structure of the gluon propagator:

1 (g) = —g + LT (2.20)
q-n
where n* is a vector such that n - ¢ = ¢~ for any vector ¢*. Additionally, the sign of
the quark—gluon vertex is chosen as —igs, consistent with the definition of the Wilson
line (2.2).

2. Eikonal Feynman rules: Eikonal lines are treated in position space where they
do not have propagators associated with them. Instead, particle lines connecting to
eikonal lines give additional exponential factors.

xT

(a) For vertices corresponding to field operators, add a factor €' where x is the

coordinate of the field operator and ¢ is the momentum flowing out of the vertex.

(b) Gluons can be connected to the eikonal lines. The corresponding Feynman rule
for this vertex is given in Fig. 3.



3. Shockwave Feynman rules: Draw one vertical (instantaneous) shockwave for each
amplitude. Shockwaves at different positions correspond to different diagrams, and
these different diagrams have to be summed together to get the final result.

(a) For particles passing through the shockwave, we get a shockwave vertex shown
in Fig. 1.

(b) Because the shockwave is instantaneous in light-cone time, we must make sure
that the field operators are restricted to before or after the shockwave depending
on the Feynman diagram. For example, if we have a field operator at =z =
(z7,x) and a shockwave at b~, we would need a step function (x~ — b™) for a
field operator after the shockwave or (b~ — x7) for a field operator before the
shockwave.

(c) For eikonal lines going through the shockwave, we get a Wilson line in the
representation of the particle that has been eikonalized, as illustrated in Fig. 2 for
an eikonal quark line. The form of the Wilson line depends on the representation
of the eikonalized particle crossing the shockwave as follows:

e Eikonal quark: V(x) (fundamental representation)
e Eikonal antiquark: —VT(x) (fundamental representation)
e Eikonal gluon: U(x) (adjoint representation)

(d) For each shockwave, subtract the noninteracting case corresponding to V' — 1
for the Wilson lines. This subtraction has to be done to exclude disconnected
diagrams in the definition of the parton distribution.

The Wilson lines V, VT, and U are understood to depend only on the gluon fields
of the background shockwave, as opposed to the gauge link VW which contains both
perturbative gluons and the color field of the background shockwave.

While these Feynman rules are standard in their respective communities, let us briefly
give some motivation for the way they appear here. The general exponential factors of
iq-x

the form e can be traced to the relation between coordinate and momentum space

propagators:
D(q) = / d*z " D(x). (2.21)

This also explains the integrals over the transverse coordinates in the shockwave vertices
in Fig. 1: Because the shockwave is instantaneous in the light-cone time z~, there is
no associated integral. Additionally, since the shockwave Wilson lines do not depend
on the plus-coordinate =™, this coordinate can be integrated over, leading to the minus-
momentum-conserving delta functions.

The interaction with the eikonal line follows from the definition of the Wilson lines in
the gauge link:

4% [(az;, x), (z;, x)} = Pexp (—igs /;; dz™ A+(x)> =1—igs /:; de™ AT (z) + O(gg).
i i (2.22)
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Figure 1: Feynman rules for the shockwave with the target at the coordinate b. In practice,
we can shift the coordinates such that in the actual computations we take b = 0.

Figure 2: Feynman rule for an eikonal quark line crossing through the shockwave. For
antiquarks we get —VT(x);; and for gluons U(x);; instead.

Contracting with the gluon fields A™(x) and writing the corresponding propagator in mo-
mentum space leads to the term gHTt%e’®.

The shockwave Wilson lines V, VT, and U correspond to classical color fields that
carry the information about the shockwave. The Wilson line V' is a color matrix in the
fundamental representation, whereas we denote the adjoint representation Wilson line by
U. For a shockwave at the time b~, these Wilson lines only have support in a narrow region



T; T xTf

dz~ 4"
i

q — —igsg“th?i /
x

a, p

Figure 3: Feynman rule for a gluon interacting with an eikonal line in the fundamental
representation. Here x; and xy denote the light-cone times for the start and end points of
the eikonal line.

b= — L™ /2,b~ + L™ /2] in light-cone time:
b—+L~/2 oo
V(x) = Pexp —igs/ dz~ Af(z) | = Pexp <—igs/ dz™ A£($)> (2.23)
b——L—/2 —o0

where we used the fact that A™

cl’
outside the shockwave. The shockwave approximation then corresponds to taking the width

corresponding to the background color field, vanishes

of the shockwave to zero, L~ — 0, such that we can neglect the emission or absorption
of perturbative gluons inside the shockwave. The gluon fields A are considered to be
classical in the sense that they correspond to real numbers whose value is given by the target
shockwave. In general, the color-field configuration of the target is a fluctuating quantity,
and for this reason the classical Wilson lines need to be evaluated as an expectation value
such as:

Vi = [ DA AV [Ad] (2.24)

where W is the wave function describing the weight of the color configuration. In phe-
nomenological applications, the wave function is often described using the McLerran—
Venugopalan model [47-49] which allows for an analytic evaluation of correlations of clas-
sical Wilson lines.

We note that Rule 3d, corresponding to the subtraction of the identity, is often left
out in small-x computations. This modification of no subtraction is usually valid, as
the identity contribution corresponds to the non-interacting case where no momentum is
transferred between the projectile and the target. Such contributions generally vanish for
cross sections of interest. However, in this work we are doing computations at the operator
level, and it is no longer clear whether the non-interacting case vanishes identically. For
this reason, we insist upon including this rule to ensure the consistency of our framework.

Finally, we note that Rule 2b is not needed at leading order, which is the focus of this
work. We include it here for completeness, as it would be needed for next-to-leading order
calculations, and we do not expect any other modifications to the rules at higher orders
apart from the choice of the regularization scheme required for rapidity divergences that
start at next-to-leading order.

~10 -



3 Generalized transverse-momentum-dependent distributions

As already alluded to before, GTMDs, despite their fundamental importance, have re-
mained essentially unexplored in practical calculations. This is largely due to the formidable
complexity of their operator structure and the absence of suitable nonperturbative tools
for their evaluation. In this work, we overcome these obstacles by establishing a direct
connection between GTMDs and the shockwave formalism. The latter provides a natural
and efficient framework in which GTMDs can be computed systematically, placing them
on the same footing as other parton distributions previously studied in the CGC.

3.1 Gluon

For gluons, we can define a general GTMD as (generalizing the GPD case in Ref. [6])
iJ 2 d'l"_ d2r . -
Wl] / (Py -'E7 k7 A, C, Cl) = — / 67«$P r— —ik-r
b%Y P+ (27)3 o)
1t _f) [_f f} +j<f) /[f _f}
< T (p|TG (=5 )We -5, 5|67 (5) e [5:—5 Ip)

where we use the Latin alphabet to indicate summation over transverse indices. Other

possible gluon GTMDs vanish in the eikonal limit and will not be considered in this work.

The seemingly extra factor of 2 compared to Ref. [6] comes from the fact that we are

writing the Wilson lines in the gauge link in the fundamental representation as opposed

to the adjoint representation. This allows for a more general gauge link structure as the
paths C' and C’ can be completely independent. In the shockwave limit, this becomes:
ij 4 - 12 — 320 AL (x+y)HiEPT (2 +y ) —ia P (@ —y T )ik (x—

W;\J)\/:W /1—§2/d$ d’xdy~ d?y e L5 (x+y)+iEPT (27 +y 7 )iz Pt (27 —y~ ) +ik-(x—y)
x Tr (TG (@)Wole, yIGH (y)Werly, 2]) -
(3.2)

The leading order case for the gluon distribution comes completely from the classical
gluon fields inside the shockwave. This follows from the enhancement of the gluon field
A;q within the shockwave compared to the perturbative gluons, as generally we can have
gSA;q ~ 1 in terms of power counting. Such contributions then need to be resummed, which
can be done by considering a narrow but finite shockwave. As the contribution comes from
gluons inside the shockwave, we can approximate £~ = y~ = 0 for the exponential factors,
iEPTz

leading to e.g. € ~ 1. The relevant contribution from the gluon field operators then

reduces to

L=/2 . .
/ de™ dy™ Te G (2)Wele, 5G9 () Werly, 2]
~Lm2 (3.3)

L=/2 4 .
= [y Tt @)Wl 0 AT () Wely. o
—L—/2

where we have neglected other components of the gluon field operator that are not enhanced
by the shockwave. This can be simplified further by noting the identity

u

7 dz™ Wylu™, 270" AT (27, x) W[z, v 7], (3.4)

ain[U_?v_] = _igs/

v

- 11 -



where we have denoted a Wilson line at a constant transverse coordinate x by

Wxlu™,v7] = Pexp <—igs /u_ dz” A1 (27, x)) (3.5)
A direct computation then shows that:
Te {0 WAL~ /2, ~L7 /2] x Wel(—L™/2,%), (-1~ /2,y)]
X Wy [~L7 /2,17 /2] x Werl(L7/2,3). (L7/2,%)] (3.6)
=g / LL_/; dz” dy” Trd"AT (z)Welz, y)o A* (y)Werly, 2.
Since we can neglect perturbative gluons at this order, we can replace
Wi[L™/2,=L7/2) = V(x),  Wol(=L7/2,%),(=L7/2,y)] =Ve__[xy]l,  (37)
Wyl=L7/2,L7/2) = Vi(y), Werl(L™/2,y), (L7 /2,%)] = Ve [y, %],

which allows us to write the gluon GTMD as
W;\J/\, -~ /1= §2/d2X d2y eZAJ_ 2(ery)Jr'Lk (x—y)

(3.9)
><Tr<6’ (x)Vo__[x,y]dVi(y )Vc;+[yax]>

AN
Here C__ indicates that the path C is taken to begin and end at a negative (infinitesimal)
light-cone time 2, located before the shockwave. Similarly, the path C’, | begins and ends
at a positive light-cone time, after the shockwave.

With this general notation, it is now easy to consider different gauge link structures.
For the simplest gauge links, corresponding to staples pointing in the past (C) or future
(1) directions, we get:

Ve o [Xa Y] =1 VE++ [Y7 X} = V(Y)VT (X) (310)
Vo [yl =VixV(y) Vo, [y, x] = 1. (3.11)

These can be derived by noting that only Wilson lines crossing the shockwave yield a
nonvanishing contribution. With these gauge links, we find the following gluon GTMDs:

W)\)\/ (C |: C/ ) 2\/7 d2X d2y eiAJ_'%(x‘i’y)ﬁ’ik-(xfy)

o (2m)* (3.12)
i iyt
T (oVEIVIY)
2,/1— €2
WM,(C =0,0' =C) = \/T/dQXdee’AL L (x+y)+ik-(x—y)
s (2) (3.13)

x Tr <81VT(X)8JV(y)>/W ,

W)\)\/ (C |: Cl ) — @ d2x d2y eiAL'%(X+Y)+ik-(X7y)
% (2m) (3.14)

< T (VI VIV )V (v)])

A
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W)Z\j)\l(c =7, C’ ::l) _ 2 V 1- 52 /d2x d2y eiAL-%(X+y)+ik-(x7y)

as(2m)t (3.15)
< T ([0VEIVIEPVEIVIE))
where the identity
[0V (x)]Vix) = -V(x) [al‘vf(x)} (3.16)

has been used. These results are consistent with Ref. [35] after taking & — 0. The first
two correspond to the so-called dipole gluon GTMD, and they are related to each other
by the complex conjugation of the Wilson-line correlator. Similarly, the last two are of
the Weizsdcker—Williams type, and their Wilson-line structure is the complex conjugate of
each other. From this it is clear that even more complicated gauge link structures can be
considered in a straightforward way.

For the dipole gluon GTMD, it is also convenient to consider this in terms of the dipole
amplitude, defined as:

Nyaw(xy)=1— ]3, Tr <V(X)VT(y)>/\X . (3.17)

We will also define the momentum-space dipole amplitude as

. dD72X dD72y eip-eriQ'y
Ny (p,q) = / Ny (x,y), (3.18)
(2ﬂ)2(D—2) |x _ y\2

written in D = 4 — 2¢ dimensions for generality. We note that including the extra factor
1/]x — y\z here is convenient, as it guarantees that the Fourier transform converges for any
reasonable model of the dipole amplitude. The dipole gluon GTMDs in D = 4 dimensions
can then be written as:

Wik, (C =c, ¢’ =0)

2N, 1 ¢ 1 i~ 1 1
- a%/1-§2(k+2Al> <—k+2AL) ViNA,\,<k+2AL,—k+2AL
S

) (3.19)

Wi, (C =3,C" =)

2N, 1.\ 1. Veoe 1 1 (3.20)
= — 5 \/l—§2<k+2Al> <—k+2AJ_> v%{N)\)\/<—k+2Al,k+2AL).

S
To use these distributions in phenomenological studies, an explicit model for the dipole
amplitude NV or its Fourier transform N is needed. Here, we have also kept the helicities A
and X of the target general, although typically these are assumed to be the same: X\ = \.
This is the case, for example, for the standard McLerran—Venugopalan model [47-49],
where one usually also neglects the impact-parameter dependence, although this can also
be extended to a general transverse density of the target [50, 51].
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(b)

Figure 4: Feynman diagrams for computing the quark GTMD.

3.2 Quark

Following the notation from Ref. [2, 13], we can write the quark GTMD as

-2
W ai0) < [ e (Do 5] 3,

(3.21)

where I' denotes a general gamma matrix and C is the path for the gauge link. Because of

the eikonal approximation in the shockwave limit, structures with the ° matrix such as

I' = 4% and I = i071+> vanish, and the only non-vanishing twist-2 GTMD is given by

I' = 4*. As outlined in Sec. 2.1, in the shockwave approximation we can write this GTMD

as:

+ Pt B -~
W)[&/] :—(27r)3 \/1 —52/d:1: d®xdy~ d%y

« eiAJ_-%(x+y)+i§P+(x_+y_)fi:rP+(z_fy_)+ik-(x7y) <TTE($)’Y+WC [x’ y]w(y»)\x .

(3.22)

The relevant Feynman diagrams are then shown in Fig. 4, where for illustration purposes
we show the future-pointing gauge link C' =1. However, we note that the equations are
computed for a completely general gauge link structure. Diagram 4a yields:

P+

oAy
W4a - (27‘()3

/1 —§Z/d2xd:ﬁ_ Ay dy~ QAL 5 (xty)HiEPF (a7 +y T ) =iz PT (z 7~y ) +ik-(x—y)

diqdtq idf id L
O(x)0(—v— 1T + — —iq Yy +iqry+ig T —1q' X
<o) [Ty e

x 2m0(q~ —q'7) /dzu e~Ha—a)umy <—VT(U)VC+7 [x,y] + 1>

N
(3.23)

where the extra minus sign comes from having a quark loop. We have also denoted by
Ve, _[x,y] a gauge link with only classical gluon fields that starts at (y~,y) and ends at

— 14 —



(x7,x) with ¥y~ < 0 < z=. Such gauge links contribute only when there is a crossing
through the shockwave. For example, V-, _[x,y] = V(y) and V-, _[x,y]| = V(x), but even
more complicated gauge link structures are possible.

Evaluating the trace and integrating over z— and y—, we have:

P+ ) 1 ) d4qd4q/
wh'l — s / P d2y iDL b cky)Fik-(x—y) /
fa SgapVITe [ dxdyem (278

1 4q-q piay—ia/x
[(§ +x)Pt — gt —ig][(§ — 2)PT + ¢/t +ie] [¢? +ic][q? + ic]

x 218(q~ —q'7) /dQu e~Ha—d)upy <—VT(u)VC+7 (x,y] + 1> ,

X

AN
(3.24)
where we have used the distributional identities
0 o=t —1
— iz pT __
/_ood:v e s (3.25)
do e vt — ! 3.26
/0 ve pt +ie’ (3:26)
with an infinitesimal € > 0. We can then integrate over q*, ¢'*, and ¢'~:
) _ PT 1_ 2/ 2 120 il -k (xty)tik-(x—y) / d*qd*q' dg—
Wy, E 2V 13 d“xd“ye 2 7(277)5
0(—q~) N _iq-y—iq’ -
4q - iq-y—iq’-x
2 Cr Pt @ EPr € - P P — i L)
% /d2u€i(qq/)-u Tr <—VT (u)VC+_ [x,y] + 1>)\>\/ .
(3.27)

At this point, it is easiest to perform the Fourier transforms over q and q’ using [52]:

d2q ql iqer 7 I'i
/(gﬂ)2 q2+Q2€q ~onr| x QK1(|r|Q). (3.28)

This gives us

+ 2 i Lk ike(x—
Wi ]:(2w)6\/@/d2xd2yd2ue“ 70y ik ()

- - w

ly —ullx —ul

xAmmmK4w—uw%@+x—w0K&m—uuM«<+x—w0

T (—ViVe, oyl +1) Ve —ie)(—¢+a—i)

(3.29)
where we have also defined n = —2¢~ PT. The integral over n can be done analytically (see
Eq. (6.521-3) of Ref. [53] in the limit v — 1):

o 4 b
dnnKi(van)Ki(yv/bn) = —————|a® — b* + 2ablo ()} 3.30
/0 ka1 (Van) Ki(vbn) M(G_b)g{ gl - (3.30)
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where a and b are complex numbers that are not on the negative real axis, to avoid the
branch cuts in the Bessel functions and the logarithm. This allows us to write:

W4a 62 d2X d2y d2u eZAJ_ 5 (x+y)+1k (x—y)
X (y — u)2 (x — 112) Tr <—VT(u)VC+_ x,y] + 1> (3.31)
ly —u|”|x — u AN

< F(ly —ulle+ o el jx — ulP[-¢ +a — ie])
where we have denoted
For the full quark GTMD we also need Diagram 4b:

pt ‘ . o I
(2r)3 Y 1_52/d2xd:c— A2y dy~ AL 3 Cety)HiEPT (@7 +y ) —imPT (27 —y )ik (x—y)

< (-2 )007) [

x 2m0(q~ —q'7) /dQu e~ilad)umy (-V)Vo_, [xy]+1),, -

+
iy -

d4q C14q/
(2m)®

. .
(-1 Tr [7+ 2:? —7 /2Z_d|_ : ]e_iﬁy‘*‘iq)’-f—iq'*x—iq"x
¢ +ic ¢ i€

(3.33)
We can proceed similarly to Diagram 4a, leading to
Wil (28)6 V1i-¢ / A2x d%y d2u et AL 3 (cty)Fike(x—-y)
—u)-(x—u
o s 2) Tr (-V(WVe_, [xy]+1),, (3.34)

ly —u’|x — ul
X F(!y —ul’[¢ + 2 +ie], [x — uf[-€ + 2 —i—z'a]).

By considering different possibilities for the location of the shockwave, we would seem-
ingly also need to evaluate the diagram shown in Fig. 5. However, as can be checked by
a direct calculation, the contribution from this diagram is identically zero. This can be
understood from causality: in this diagram, we have a quark propagator with separation
(r —y)? = —(x —y)? < 0. Due to causality, spacelike propagators must vanish, meaning
that this diagram can only give a finite contribution for x = y. At the same time, the
color structure in this limit reduces to Tr[1 — V(x)VT(x)] = 0 due to the unitarity of the
Wilson lines. This means that only the two diagrams shown in Fig. 4 are needed for the
quark GTMD. The full expression is then given by:

W[“f \/752/ d%x d2y d2u eiAL- 1 (x+y)+ik-(x—y) (y - u)2° (X - 112)
2m)° y—ufx—u
2 . o2 .
x{ < Ve, [x y]+1>M,F(]y ul“[¢ +z —ic], |x —ul [-{+ 2 ze])

T (=V()Vo_, [,y] + 1), F(ly = ulle + 2+ ie], Jx = ul’[~¢ + o + ie] }

(3.35)
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Figure 5: An example contribution to the quark GTMD that evaluates to zero.

The special cases C' =11 and C' =C can be read directly from this:

WWNm=8M@ﬁ—8/¥mﬁw%aMéwmwmka—wg@—?
(27) ly —ul”|x — u
X {N,\,\/(y, U)F(Iy - u|2[£ +x —ig], |x — u|2[—z§C 4+ — ig]) (3.36)

+NM@L@FOy—uFK+w+ka—uF%£+m+wD}

Wbl (C) = SNCG \/@/dQX d?y d*u oA L5 (x+y)Fike(x—y) (y - u)Q- (x — ‘12)
(27) ly — ul“|x — u|
X {N,\,\'(x,u)FOy — u]2[§ +x —ig], |x — u\z[—é +z— ie]) (3.37)

+N)\,\/(u,y)F(|y — u\2[§ + x4+ ig, |x — u|2[—§ +x + 15]) }

To our knowledge, these expressions for the quark GTMD are completely new and have
not been considered before.

4 Generalized parton distributions

Moving on to GPDs, we recall that experimental observables in deeply virtual exclusive
processes are sensitive only to certain integrals of GPDs [2], rather than to the full dis-
tributions themselves. This limitation highlights the need for complementary theoretical
approaches that can provide access to their complete structure [54, 55]. In this work, we
take a step in this direction by computing GPDs within the shockwave formalism. This
establishes a novel framework for investigating their detailed properties and yields results
that complement ongoing efforts in both experiment and lattice QCD.
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4.1 Gluon

We can get the relevant gluon GPD from the GTMD by integrating over k [6]:
F9 /dD kWit (P, z,k,A)
_2/dr Pt gy }TG—I—z( E)W[_f K}Gﬂ‘(f)w[f _ZM )
—pr ) or € P 2 2’2 2)"" 12 T 2llP

=g\/@ / dz~ dP~2x dy~ AL 3 (xFY)+iEPT (@™ +y ) —iwPT (@™ —y7)
s

=0 (4.1)

X Te (TGH (@)W, y)GH(y) Wiy, 2])

y=x

where we have written this in D = 4 — 2¢ dimensions in anticipation of the quark GPD
calculation in Sec. 4.2. Because the transverse coordinates of the external fields are the
same (x = y), the path of the gauge link does not matter. In practice, we will take it to
be a straight line along the minus direction connecting = and y~. We can simply read
the result from the dipole gluon GTMD:

po_ 2 ; (47re2"E>6\/@ / 4P AT (DY () V() )

as(2m

AN
__2Nefe \/1—52/(1’3 2k 1A2 k% | ViNuw [ k+ 1AL,—k+ 1AL
Qg 7ru 4 2 2

4N.(D — VB 1
AN (6 > va fQ/dD 2k Ny <k+ AL -k + 2AL>

Qs

(4.2)

where going to the last line we have used the fact that the dipole amplitude vanishes for
zero dipole sizes, Nyy(x,x) = 0. We have also included the MS factor by substituting

g2 — g3 x (1P /[AmeE])°.
4.2 Quark

Similarly to the gluon case, the relevant quark GPD can be obtained from the GTMD by
integrating over k [6]:

F9 = / A2k WP .k, A C)
B dr— mP+r n T T
—2/ o WITE (-5 ) w]-5:5]0(5)Ip)
:P—ﬂ_\/l —52/dx dixdy~

IALXHIEPT (27 4y ™) —izPT (27 —y~ <7'¢ *W[x,y}w(y»w

r=0

y=x

As in the case of gluon GPD, the path of the gauge link does not matter, and we can
choose it to be a straight line along the minus direction.
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(a) (b)

Figure 6: Feynman diagrams for computing the quark GPD.

It turns out that in this case the GPD will develop a UV divergence due to the same
transverse coordinate x =y in the quark field operators. This divergence will be related to
the GPD evolution as we will discuss later. Because of this divergence, we need to work in
D dimensions, and we cannot directly read the result from the quark GTMD. To evaluate
the quark GPD, we need to consider the diagrams shown in Fig. 6. The first one of these
gives the expression:

pt . N . -
Féla =+/1 = 525 /d$— dy_ dD—2X e—z$P+(x —y7)+HiA | x+iIEPT (27 +y )0(—y_)9(1:_)

x/d(Dq?SDQI(—l)TT{ Zig v zidl 71eix'(Q—Q’)—iy_q++iff—¢I'+
27 q* +ic q% +ie

« / 4P (2m)3(g~ — ¢ e O T (v oV w41

ANV
(4.4)
Note that there is again a minus sign from the quark loop.
Evaluating the Dirac trace and integrating over x— and y—, we get:
D, 4D
Fl =y/1- §2P—+ /dD_Qde_2u/ ; qd—q/emf’ﬂ'i(x—“)'(q_q,)
ba 7r (2m)2P
% (27)8(q~ — ¢~) T <—V(X)VT(u)+1>/W (4.5)
2q-q 1
(@® +1ie)(q? +ie) (—x P+ + EPT + ¢/t +ie)(@Pt + (P — gt —ig)’
We can also evalute the integrals over ¢'~, ¢'T, and ¢ directly:
pt dequszq/ dqi
q _ D—2_ 1D—2
F§, —\/1—527/d xd u/ (2n)2D3
o eiALxFi(x—u)-(a—a') Ty <—V(X)VT(U)+1>>\X (4.6)

y 2q-q'0(—q")
2= (zPt — EPT —ie) — g2 + i€][2¢~ (x P+ + EPT —ie) — 2 +ig]
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The rest of the integrals are more difficult. We will use the Schwinger parametrization to
massage them into a nicer form:

1
[2¢— (xP+ — EPt —ie) — q? +ig][2¢~ (x Pt 4+ EPT — ie) — q? + i€] (47)
_ / > dt du eit[Qq_(zP+f§P+7i€)7q’2+is])+iu[2q_(mP++£P+7ie)7q2+is] '
0
which allows us to do the integrals over ¢—, q and q':
0 .
da— 24 PTlt(@—¢—ie)+u(e+E—ie)] _ —t 4.8
[ e P € i) tua @]
dP=2q . o 1 i(x —u)t
i i(x—u)-q—iuq _ _ _ 2 1
[ e L e ], (49
dD72q/ 1 . ’ 12 1 —’L(X—u)l
i ,—i(x—u)-q'—itq® _ e 11)2 :
[ Gt s ool
Using these equations, the result can be written as
2 — — 7 X
Fl =v1—¢2 2n)? /dD 2xdP2u et X Ty <—V(X)VT(11)—|—1>)\N
e i
dtd
X/O ut(w—f—i6)+u(m+§—i5)
" 1 (x —u)? (x —u)? 1+1
exp| ———— |-+ —
[(47r)2i2tu}(D72)/2 4%ty P 43 t wu
2 ,
=y1-& Gn)? /dD_Qx dP~2uelALx Ty [—V(X)VT(H) + 1]
" 1 /°° dtdu 1 1 n 1
xp( —|=+—1 ).
mx—w?P2 )y [Pt —€—ie) tulet € —ie) T\ |t w
(4.11)

The final integrals over ¢ and u are done using the following identity, which is valid for
general complex numbers a and b that are not on the negative real axis:

/Oodtdu Lo _/°° dtdw 1/ lw+1
o B atrou P\t T wl) T )y ) atbw P\t w
w1 I'(v)?

=Ir2v -1 dw = xoF1( Lv;2v51 — — |,
( )/0 (@+bo)(w+1)> 1 a@v—1) 21( a>

where in the last line we used Eq. (3.197-1) of Ref. [53]. Finally, we get:
2 I(D/2)?* 1 T+ ¢ —ie
Fl =\/1-¢&2 B(1,D/2;D;1 — ————
6a Sem? Dol s—e—itt\b [BD =T
v
S

_ —=2P7IN.T(D/2)* 1 1. D+1 ¢
—vi-¢ (2m)P D—1 '2F1<2’1’ 2 ’(xis)2>

Tr — 1€

(4.12)

X /dD2dezueiAL'xTr<—V(x)VT(u)+1>
(4.13)

; N /(X U)
D—-2_ 1D-2_ . iA -x VANV XU
X /d xd” “ue \x—u\Q(D_2)7
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where we used Eq. (9.134-1) of Ref. [53] to rewrite the hypergeometric function as

1 r+&—ie 1 1. D+1 £2
—oF(1,D/2;D;1 — = =1 ; . (4.14
z—&—ie’ 1(’ /% D; x—f—ie) T —ic’ 1(2’ T2 T (x—ie)? (4.14)

To make the UV divergence explicit, it is instructive to write Eq. (4.13) in terms of the
momentum-space dipole amplitude (3.18):

——2P-IN, T'(D/2)? 1 1 D+1 &
Fga: ]‘7&-2 )4 D $—i52F1<’1; 5 >

(2 D-1 2 2 7 (x—ieg)?
D 4 D—4)/2 (4.15)
(477)(D 2/2 P(D 3) q )\)\’( J__q7q) q2 .
Here we can see the divergence F( ) I(e) = % + ... that needs to be renormalized.

For the second diagram in Fig. 6, we have:
6b —/1— 52 /da: dy~ dP—2x sz+(:13 —y7)+iA | x+iEPT (z T +y ™ )G(yf)ﬁ(—xf)

D D/ o
X/ d( ()12D(_1)Tr|: 2Zg o 2Zd yt|ex(a-d)-iTd T
2T q* +ic  q* +ice

X /dD_2u (2m)8(q~ — ¢ )e Ha—d)u Ty <—VT(X)V(U)+1>

AN
(4.16)

Comparing to Eq. (4.4), we see that this is just the complex conjugate of Diagram 6a.
Summing the two contributions together, the quark GPD is given by

B ON.T(D/2)2T(-24) [ . 1\ (P
N 2 /d 2q<)

D—1 TI'(D-3) Q2
Nav(A _ D+1 2
x{ v ( lfqy Q)2F1< +1 ¢ >
Xr — 1€
1
2

1
1.
2777 2 T (x—ig)?

Nyv(a, AL —q) m(L 1,D+1. £
x +ic 2T T2 (w+ie)

(4.17)

_|_

N ! 523 iig‘)]/dQQN)\/\’(AJ_‘i‘%_Q)‘i"--

where we have expanded in ¢ in the final line to show explicitly the UV pole. The pole has
to be renormalized, which can be achieved by introducing a counterterm [56—60]:

2x€ + (€2 — 2?) log
| (

2 g
AL &) = AL 9= 52 (5 ) [ YR x (AL 6, (118)
TE\HUR 0 Y

where ,u% is the renormalization scale and K% corresponds to the GPD evolution kernel
for the ¢ — ¢ channel. This is the only channel we need at this accuracy, which follows
from the 1/ enhancement of the gluon GPD in Eq. (4.2).

We note that typically the y-integral in Eq. (4.18) is restricted to the interval [—1, 1] due
to momentum conservation. However, in the strict shockwave approximation we lose this
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information when writing the target in the position space, and for this reason momentum
conservation should be considered a subeikonal effect that we do not want to impose here.
Another way to motivate this choice is to note that here x will be integrated over at the
cross-section level, as opposed to the skewness £ which has a fixed value that depends on
the kinematics of the process. For the shockwave approximation to be valid, we will in
practice need £ to be small as discussed in Sec. 2. The variable z appears as /¢ in our
expressions, and as such £ also sets a characteristic scale for x. We are thus only sensitive
to values x ~ £ < 1, meaning that the contribution from the non-physical values |z| > 1
is expected to be small. Any sensitivity related to imposing the momentum conservation
constraint —1 < x < 1 would then be an indication of a breakdown of the shockwave
approximation.

Let us now evaluate the counterterm in Eq. (4.18). First of all, the kernel K% is given
by [56-58, 60]

Ka,3:6) =P (2. Y106 <2 <) 00y < 0 < -]
: vy . . (4.19)
#5006 <o <0 P( 5 )otw <) - piy (5 oty < ).
where the splitting functions are:
R <2 1 )2 _ £2
Pu(36) = e (4.20)
p (A @284
Pul#6) =T e a0 e 2y

with Tp = % and we use the generalized notation

1if X is true,
0(X) = (4.22)
0 if X is false,
for the theta functions. These splitting functions differ from the usual definition by a factor
2ny as we only consider a single flavor and we do not include antiquarks yet. As the gluon
GPD F9(A,y,&, pr) does not depend on y at leading order, the y-integral is simply given
by

/_00 dy KY(x,y;€) = 5;[2:6§+ (&2 —x%log(‘éti )} (4.23)

We note that this cancels exactly the e-pole in the quark GPD (4.17), rendering the quark

distribution finite.
The full renormalized quark GPD is then given by:

1-& N, s Nox(AL +4q,—q)
~—= "R d ~
§ o e/ 4 £2

) e -o-em(i2)

FIU(ALx,& pR) =
(4.24)

+h(£_)},
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where é_ = ¢/(z — ie), and we have used the following expansion for the hypergeometric
function evaluated with the HypExp Mathematica package [61, 62]:

1.5 5\ 3 |.; ; 1+¢ :
2F1 (27 17 5 - 57£2> - 453 [2§ - (1 - 52) 10g<1 _ é) + Sh(f)], (425)
where
h(é) %é ~(1-£2) [2 (Liz(é) ~ Lis(~6)) — glogc J_r Z)
(4.26)

(159 (159) 2 (59) 2 (29

To our knowledge this is the first time the full quark GPD, including the finite terms,
has been derived in the shockwave limit. Apart from the overall factor /1 — &2/¢, its
dependence on the ¢ and x variables is fully given in terms of the combination &/x = €.

Writing the quark GPD in terms of £ and é , the dependence on the skewness ¢ is then
similar to that of the gluon GPD (4.2), noting that often the gluon GPD is defined with
an additional factor 1/z = £/¢ [63].

The quark GPD also depends on the renormalization scale M2R, as expected after the
renormalization. The dependence on the renormalization scale is dictated by the GPD
evolution, such that Eq. (4.24) can be used as an initial condition to the evolution equation
at some initial scale u% = p?. To minimize the logarithmic term in Eq. (4.24), the initial
scale should be chosen as p? ~ Q?, where @2 is the saturation scale corresponding to the
characteristic momentum scale in the dipole amplitude.

5 Tranverse-momentum-dependent and collinear parton distributions

While the GPDs and GTMDs are defined at the amplitude level, the TMDs and PDFs
are defined at the cross section level. Because of this, the relation between these different
parton distributions is not immediately clear in the shockwave approximation. As a cross-
check, we will compute the TMDs and PDFs at the cross section level starting from their
definition, and verify that the expected relations to the GTMDs and GPDs are valid.

Because we are now working at the cross section level, we will have final-state particles
that need to be integrated over. This can be done by summing over the helicities of the
final-state particles and introducing the phase-space integral

4,.
| Ghmswhew)) (5.1)

for each particle 7 in the final state.
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5.1 Gluon
The gluon TMD is defined as [8]:

f;{)\(x,k; )= 1 /dr direirp‘hﬂ_—ik-r <p|G2'Z(**)WC [** f} G*J( )|p>

xpt (2m) 272
2 - Pxdy & (5.2)

« efi:thr(I**y*)Jrik'(x*y) <Gz{l( )WC [z, y}Gﬂ( )>)\>\

where ¢ denotes that we have a “cut” in the final state, corresponding to evaluating this
at the cross section level. Similarly, the gluon PDF is defined as [7]:

e :fwi“/(;rep;; wles(-3)we -5 56 (5)

_ L da™ d®xdy~ eiapT (@ —y”
e 2

)1 +i ab +i,\© >
S {GH@WE G )

AA
A

y=x

As in the GPD case, the path of the gauge link does not matter.

In the shockwave approximation, the leading-order gluon distribution comes from
gluon-field operators inside the shockwave, and there are no final-state particles to inte-
grate over. Therefore, the derivation of the gluon distributions follows that of the GTMD
and GPD, and we can directly read the results for the TMD and the PDF:

fg,\( k) = Wf\&(A—>O)

2

(27T)1/d2xd2y€ (x=y) Ty <al x)Ve__ =, y]ajVT( )VC@+[y’x]>>\,\’

(5.4)

R D R e e I K £ DL
A A

Qs T
(5.5)
These results for the gluon TMD and PDF are consistent with those found in the litera-
ture [37, 64].

5.2 Quark TMD
The relevant quark TMD in the shockwave limit is defined as [8]:

[y] _1 dr— d?r ixptr——iker LA gt r f r c
Ja (x’k)_z/ @2r) ¢ ol 2) el 2’ 2} (2)|p>
+ o .
z(;)T)g / de~ dPxdy~ a2y e~ iop " @y )R GY) (G )y W, y]i(y)

Y
(5.6)
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Let us first consider a general gauge link. We then need to evaluate the diagrams shown in
Fig. 7, where for illustration purposes we show the case C =C. The two diagrams for the
amplitude (and the complex conjugate) can be shown to differ only in their color structure,
giving us:

f[7+}( k) = p+ d? d —d2 duy~ —i(z~—y)apt+i(x—y)-k 0 Y] —
g\ x, )_(271')3 xXdr ydy e X (_:E ) (_y )

d4g d4d’ d41 s Y o o
/?27‘-)qu |:’Y+ % ’Y_l’Y_ 5] Zd :|6_“1+y +iq-y+iq +r —iq/-x

g% +ie q? —ie
x 2m8(12)0(17) x (27)25(1" + ¢ )6(I” +¢7) / Pud2y e—il+a)v+il+d)-u

$ T ((=V Ve 5] + Vi (0 Vo b, ) (Ve IV ) + Ve 1) ) -

(5.7)

We have divided the gauge link structure as Welz,y] = W}Jz []Weay [z, y)Wes[y] where
CY is a straight line from y to either plus or minus infinity, and similarly for C*. The path
C™ contains the rest of the gauge link. We use the notation Cﬂ for the case y~ > 0, and
correspondingly y~ < 0 for CY, to clarify whether we start the Wilson line before or after
the shockwave. For example, for the simplest gauge links we have:

W5 [.%', y] = Wi[l’]W—.[y], (5'8)
We [z, y] = WEz]W-[y],

where we have denoted the gauge links to the future and past by:

W.ly| = Pexp<—igs /OO dz” AT (27, y)), (5.10)
y—
W-ly| = Pexp<—igs /_OO dz” At (27, y)> : (5.11)
y—
We can then identify:
Vo [x] =V (x), Vo, [x] =1, (5.12)
Vo_[x] =1, Vo, [x] = Vi(x), (5.13)

where again only Wilson lines crossing the shockwave give a nontrivial contribution.
To compute the quark TMD (5.7), we can calculate the Dirac trace and integrate over
I™,1, 27, and y:
+ 4 4.1 37—
(v ] k) = p /d2 42 i(x—y)-k/ d*qd*q'dl 0(1-
fq,)\ (SC, ) (271')3 xaye (271_)9 ( )
4q - q, —1 6z'q-yfiq/-x
[¢? +iel[q? — ie] [~apt + ¢'F —ie][zpT — ¢ — ig]

x (2m)26(1" +q)0(I" +¢"7) / dPud?v e~iavHaus2) (y — v)

x T ((=V @V 5] + Vi (0 Vo b, ) (Ve IV ) + Ve 1) ) -
(5.14)
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Figure 7: Feynman diagrams for computing the quark TMD.

We can now evaluate the integrals over ¢™ and ¢t using the residue theorem, and use the
delta functions to integrate over v, ¢—, and ¢':

+ 2 2. 31—
e k) =2 [ @2x A2y d2 Fad®q di” ) ixy)-ketia(y—u)+ia'-(u—x)
foh (@, k) 2]’ /d xd%yd u/ on)F 01" )e
iq-d'
[2zptl— + q?][2zpTl~ + ¢?]
T ((=V Ve 5] + V(0 Vo e, ) (Ve [¥IVI () + Ve [y]) ) -
(5.15)

X

Integrals over q and g’ can be done using Eq. (3.28):

[v*] _ 2 /2 2. 12 i(x—y)-k(y_u)'<x_u)
fo (z,k) 2@n) d“xd*yd“ue ¥ —ulx —ul

% T (= V () Ve [3] 4 Vi () ) Vo %, ¥ (= Ver IV () + Ve [v]) )

X /0 "y (ly — ulyi) (% — ulyi),

AA

(5.16)

where we have also denoted 1 = 2zp™I~. Using now Eq. (3.30), this becomes:

fg;](ka) _ 8 /d2x a2y d2u et x—y)k (y—uw-(x— u)F<]y - u|2, Ix — u|2)

- z(27)S |y —uf*jx —uf?
x T ((=V Ve %] + Vi, (0) Vo, ] (= Ver IV (@) + Ve [¥]) ) -
(5.17)
Finally, we can simplify the Wilson line notation somewhat by noting that:
Ve (X Ve, y]Vos [y] = Ve [x, ] (5.18)
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using the notation we introduced for the quark GTMD in Sec. 3.2. This allows us to write:
[vF] _ 8 / 9. 20 2. ix—y)k (Y 1) (x—u) ( 2 2)
z,k) = d*xd*y d“ue'*7Y Flly—ul|’,|x—u
fq“\ (@, k) x(27)6 Y ly — u|2|x — u|2 y % |

T (Vo[ y] + Ve Bxoy] = Ve, boy] = ViVe,_[yl)

A
(5.19)
We can now compare to the quark GTMD (3.35), expecting:
+ +
ml=wila - o) (5.20)

when z > 0. Noting that F(az,bz) = 2F(a,b), we see that this is true if we can show
that we can replace Vo__[x,y] = 1 and Vg, [x,y] — 1 in Eq. (5.19). This is easiest to
see starting from Eq. (5.15), as for these terms there is no dependence on u in the Wilson
lines. We can then integrate over u, setting q = q’, which gives us the following integral:

d*x d%y qu h di~ e/ xy)ketia (y—=x) —qQ Tr (Volx, y])
@2 J 22ptl- + @2 R

1 d2q i(x—y)-k+iq:-(y—x
~ 2upt /d2Xd2Y/(27r)2€( VIRHEE) T (Vo [x, y]) (5.21)

1 i(x—y)-
s [ @y 580V (Vo)

Because of the delta function, this expression only depends on Vi[x,x] = 1. In the end,
we can then rewrite the quark TMD as

0 k) = 8 /2 2. 12 i(x—y)-k(y_u)'(x_u)F 2 e 2
I = [ Exdy due S E w— (Iy = uf, jx— )

x Tr <2 Ve, [x,y] - ViVe, [x, y}>M
(5.22)

which verifies the connection to the quark GTMD.
For specific gauge links, we get

D k) = 8Ne /dz d2v 2 i(x—y)~k(y_u)'(x_u>F 2 e a2
fin (ki) =555 [ dixdly ot T P (fy — uft - uff)

X [Naa(y;u) + Nax(u, x)].
(5.23)

D k- __8N. /dz d2v 42 i(x—y)-k(y_u)'(x_u)F 2 e a2
ke = o5 [ dixdly due T aP—a Pyl ul?)

X [N)V\(X, u) + N)\A(ua Y)]
(5.24)

The result for the future-pointing gauge link agrees with the quark TMD computed in
Ref. [38]. We see that these expressions only differ in the Wilson-line structures that are
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Figure 8: Feynman diagrams for computing the antiquark TMD.

related to each other by complex conjugation. For this reason, the imaginary parts of
the corresponding distributions in position space differ by a minus sign, which is a direct
verification of the Sivers asymmetry between the TMDs that appear in Drell-Yan and
SIDIS [8, 9, 65].

For antiquarks, the TMD is defined as [7]:

g =} [ s s (5t 5.5

(5 E /dx_ A?x dy~ d2y e~ t@p" (@7 —y 7 )ik (x—y) (5.25)
T

X Tr (YU @Wh ylw) -

+

The relevant diagrams are shown in Fig. 8 | giving us:

+ L )
@0 =g [ dxda” Py ay” e e ooy )

(2m)12 q’2—i€7 7 q? +ic

x 2m8(12)0(17) x (2m)26(p~ —q7)S(p~ —¢'7) / A2u 42y ¢~i0-a)v+i(l-q)u

x Tr <V(];zy [x,y] (—ch [X]VT(u) + Ves (X)) <—V(V)VCTYE [yl + Vcth [Y]> >>\/\ )
(5.26)

Switching the integration variables ¢ — —q and ¢ — —¢/, we can compare this to the
quark case (5.23) and note that only the Wilson-line structure is changed to its complex
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Figure 9: Feynman diagrams for computing the quark PDF.

conjugate:

[v*] __ 8 2. 120 12 ix—y)k (Y — ) (x—u) 2 e g2
w10~ [ xatydue P (SRR

x Tr <2 ViV xyl -V, [ y]>

AN
(5.27)
This allows us to verify the connection to the quark TMD:
+ +
I @) = —f (e, k), (5.28)
which is expected from the operator-level definition [7].
5.3 Quark PDF
The quark PDF is defined as [7]:
f() =1/dr_6”p+rlz <p|¢<—f)7+W[—f C]?ﬂ(f)Ip)c
2/ on 24 2 221" \2 o
(5.29)

+
b — — _—izpT(x—y~ 1 A ¢
=5 [ da” dxdy” e TSN () Wyl (v))],

A

y=x

As in the GPD case, this needs to be computed in D dimensions to regulate an infrared
singularity that is related to the evolution of the distribution. We again note that the
PDF does not depend on the choice of the path for the gauge link, and therefore for the
computation we will choose the future-pointing staple as shown in Fig. 9. This choice is
slightly simpler than the past-pointing staple in Fig. 7 as now we only have one Feynman
diagram at the amplitude level instead of two. Computing this diagram, along with its
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complex conjugate, yields:

p* (& —y~ Jop*
f(z) —2/dD2xdx dy~ e M@ =¥ g(—27)0(—y7)
™
X / Cady d*Dl Tr |yt 4 7_17_7_“/ o0y Fi(a—q')x+ig e~
(2m)3P q? + i q? —ic

x 26 (12)0(17) x (2m)20(1~ 4+ ¢~ )01~ 4+ ¢"7) / dP—2y4 g0 2y ¢~ il+a)v+i(l+d)-u

x % XA: T { (Vv + 1) (VI Ve) +1))

AN
(5.30)
We can follow similar steps to those in the TMD calculation. This leads to:
+ D-2 D—-2_1 37—
_p D2, 1D—2 d”7*qd" 7 q Al g al)- (e
fi(zx) —%/d xd u/ (2n )P0 (17 )el(aa)-(x—u)
4q-q 1
- Tr{2 — vt _ vyt )
% [21}})4’[7 —|—q2”21’p+l* _|_q/2] x 2 ; I'< V (X)V(u) V (U)V(X)>)\>\
(5.31)

Noting that the terms VT(x)V (u) and VT (u)V (x) give the same contribution, we can com-
pare to the quark GPD calculation, Eq. (4.6), and note that the quark PDF is proportional
to the GPD in the limit A =0, A = ). Using

QFl(O[’B;’Y;O) =1, (532)
we can read the final expression from the GPD case (4.13):

2PN, T(D/2)* D2 p_a. 1 Na(x,u)
q _ _ _ AT T
(@) x(2m)P D -1 /d xd™ Z |x — u|2(D72)

2
X
AN.T(D/2)%T(-25%) / by 1 _ 1\ —(D-9)2
= - N _ R '

or D—1 I(D—3) " d qQEA: w(—a,q) -~

(5.33)

As in the GPD case, we can see the divergence I‘(—%) = % + ... that needs to be

renormalized. This is achieved with the following counterterm:
1/ 2\ as [~dy x

Pram) = £ = (5 ) 52 [T U (%) 200 534

@) =10 = (5 ) 52 |5 Pu(5) 2 nn) (534)

which corresponds to the case £ = 0 of the quark GPD renormalization (4.18). We have
only included the splitting function for the gluon-to-quark case:

Pag(2) = Pyy(2,0) = Tp[2* + (1 — 2)?], (5.35)

which is relevant at the leading order due to the 1/« enhancement of the gluon PDF (5.5).
We also note that we extend the y-integral in Eq. (5.34) to the unphysical region y > 1
due to the shockwave approximation, similarly to the GPD case (4.18).
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Figure 10: Feynman diagrams for computing the antiquark PDF.

Noting the z-dependence of the gluon PDF is given by f9(x) ~ 1/z, the integral over
splitting function evaluates to

< dy x L dz z 1

The counterterm then cancels exactly the e-pole in Eq. (5.33), and we can write the renor-
malized quark PDF as

fq(l‘,,U,R) =

AN, 5 1 ~ I 1
3o < /d q2;NM( q,9) [log(q2 3| (5.37)

Asin the quark GPD case, this is the first time the quark PDF has been computed including
the finite piece.
Similarly, the antiquark PDF is given by:

71 = [ G 5 ST (W[5 15 ()
A

r=0
4 1 (5.38)
_p = P2y o= p—izpT (@ =y ) L + t 7\
o [ 4 d*xdy e ;2T (Ho@Whlealdw),, |
This can be computed from the diagrams in Fig. 10:
—_ p+ . — — +
f4(x) =2—/dD_2de_ dy~ e @ =¥ g(—27)0(—y7)
s
D, 4D 4D ; i
% / d”¢d”q'd lTr +_id v g el Yy —i(a—q’)x—igTa
(2m)3P q? —ie q? +ie

x 2m6(12)0(17) x (2m)25(1" — ¢ )5(1" —¢'7) / AP—2y 4P 2y ¢~ill-@)v+i(l-q)u

A T(Voov 1) (Vi )

(5.39)
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Changing ¢ — —q and ¢’ — —¢’, we note that the only difference to the quark case is in
the Wilson-line structure, which is now the complex conjugate of the quark case. However,
it turns out that the PDF only depends on the real part of the dipole amplitude, as can
be verified explicitly from Eq. (5.33). We therefore arrive at

fi(z) = f(x) (5.40)

for both bare and renormalized PDFs. They also satisfy the expected relation fI(z) =
—f9(—x) between the quark and antiquark PDFs [7]. We can also explicitly verify the
relation to the GPDs:

1 1 _ f4(x) if x >0,
B ;FQ(A —0) = 3 E)\:Hq(l‘, 0,0) = {—fq(—m) 2 <0, (5.41)

which is as expected [6].

6 Diffractive distributions

Finally, we wish to consider parton distributions that are relevant for describing diffractive
processes. Diffractive processes are characterized by a rapidity gap between the target
remnants and the produced particles, which indicates a color-neutral interaction between
the projectile and the target. This includes both exclusive and inclusive processes, with
exclusive processes being described in terms of GPDs and inclusive processes by diffractive
parton distributions. We can further divide diffractive processes into coherent and inco-
herent processes, where in the coherent case the target stays intact while in the incoherent
production it dissociates further. Diffractive parton distributions are then also divided into
two classes: the total diffractive distributions summing over all diffractive states, which
includes both coherent and incoherent production, and coherent distributions that only
include the coherent production.

For inclusive diffraction, it is more convenient to work in the asymmetric frame where
the incoming target has no transverse momentum. This means that we define the momenta
for the incoming target and the outgoing target remnants Y as:

M2
P = (p+72p+70>7 (61)
L ME+ A?
py = ([l — xp]p "ok A, (6.2)
Py

where My is the invariant mass of the target remnants. For coherent production, the state
Y is the same as the incoming target, and we will denote p’ = py. We have also defined
the momentum fraction of the target carried by the “pomeron” P as

+ +

b — Dy
This terminology comes from the Regge theory, where diffraction can be interpreted as
an exchange of a color-neutral quasi-particle called pomeron. Additionally, we define the
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variable 8 to represent the plus-momentum fraction of the pomeron carried by the parton,
which is related to the standard momentum fraction x by

x = xpp. (6.4)

There are several different definitions for diffractive distributions that differ by constant
factors. We will choose to follow the definition of Refs. [40, 66-69]; this differs from Ref. [70]
by a factor of 1/(1672xp), from Ref. [41] by a factor of 1/22, and from Ref. [71] by a factor
of 4/m. Then, the coherent diffractive TMD distribution is defined as

_er") IZ /dr Pr o v
< ol (5 5] x5

Here, we have an extra factor of 1/(1672) compared to the TMDs and PDFs, which
comes from the outgoing target nucleon phase space that we do not integrate over (see

fCOh(k AJ_>':U]Pa Ba

(6.5)

e.g. Ref. [66]). The final-state particles X are separated from the outgoing target p’ by a
rapidity gap and they have to be integrated over in the same way as for TMDs and PDFs.

Due to the large rapidity gap between p’ and X, we can ignore the final state X when
using the eikonal approximation (2.13). This allows us to write the diffractive distribution
as

fz(jD) (k AJJ .’E]PJ, /87 )\)

1—
:(?6’ g o) (2 IZ/dr d’r /db de/db’ d’b’
™ ™

X N
izr~pt —ir-k—izp(b” —b'")pt —i(b—b’)-A

X e

A2 5] X OV [3]2 (5), (66)
:(?{;r) 12;‘”?’ iz / dr~ d’r / db~ d’b / dv'~ dv’

« eiarTpT—irkti(b™—b'") (—zppt+p%)—i(b—b')-(A  +pPx)
(@' (o5 g o)) e (0[5l (5 -0),

where we have again shifted the target to the origin. By changing the integration variables

b and ¥ to

z= —g — Y, (6.7)

y=——0b, (6.8)

r
2
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we can integrate over v~ and r:

COh(k AJ_7 TP, 67 )

1—
:(ﬁfé) T2 iZ/dr dr /d:v d?x /dy d2y
71_ 7T

« et pt—irkti(eT —y T+ )(—zppT +pL ) —i(x—y+r)-(AL+pPx)

< (@ @Wila]) | XX WA (), (6.9)

_(16; 1—ap)(2p7) IZ/dx d?x /dy d?y

X N
x e ity G (L — pp[l - Bpt)0? (AL + px + k)

< (@ @Wilal) | XNXT V=120 (), -

This is the result that we will use to compute the coherent diffractive distributions.

While most studies focus on coherent production, we can also consider the total diffrac-
tive production where the target does not necessarily stay intact. Instead, we have a general
outgoing state Y that is separated from X by a rapidity gap. The corresponding distribu-
tion is defined as

f,(f’ k, AL,xP,ﬂ,

) ; [ S b et — L= arlp )6 ey — AL) (g10)

.-

To write this in the shockwave approximation, we wish to get rid of the final state Y. This
is achieved by first rewriting the momenta py in terms of a general momentum operator
P acting on the state |Y):

2py (2m)°8(py — [1 = aplp™)6) (py — A L) Y)Y

=2[1 — l'[p]p+/db_ 42b eib’(P+—[1—$P]P+)—ib.(P—AL) Y)Y (6.11)

Noting that X R
) =[] 0 3, 612
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we then get
fZ(JD) (k7 AL; xPa ﬁ7 >\)

+\n - 32
:($p ) [1 _IE]P’]QPJ'_;/ d:2 C)i3reix7’p+—ir~k/db— d2be—ib7(p}+[1—xp]p+)+ib'(pX+AL)
T
Y

1672

r

R e A A

+\n - 42
:(l‘p ) [1 $[p>]2p+¥/ dZQ ()]‘3reirr_p+—ir-k/db— d2b e—ib_(p;—rpp"'—)-i-ib'(PX"rAl)
™
Y

1672

o (5 o[- - rxom [ G

(6.13)

We would then like to use the completeness relation

z: YYY] =1 (6.14)

to cancel the dependence on Y. However, when defining the diffractive distribution, we
require the final states X and Y to be separated by a rapidity gap, which introduces a
nontrivial dependence between the two states. This can be remedied by noting that in
the high-energy limit the requirement of the rapidity gap is equivalent to a color-neutral
exchange with the target, and hence the rapidity gap can be achieved by projecting the
state X into a color singlet. We can thus write

YXNYX| = Cs | XXX|Ch o Y)Y (6.15)

where Cg is the color-singlet projection operator. We can then apply the completeness
relation, yielding:

Ik, AL zp, B; N)

+\n —d2
_(’11:2 3 [1 _ xP]2p+I/ dEnQ (;SreiprJrir-k/db d2b e*ib7(p;*xpp+)+ib'(pX+AJ_)
m i
X

% (plot(—2 — o)W1 — | Cs1x) (xX1CIW- [ D] (1 )1n). .
6.16

Writing the proton states in position space and using the eikonal approximation, this
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becomes
£k, AL wp, 55 0)

+\n o
:(xp ) [1_mp](2p+)2i/d€2 (;Sreixrp+ir'k/db d2befib*(p}fa:pp+)+ib-(px+AJ_)
s
X

1672
x /db’ a%b’ <‘I>i (‘% - b) Wi, [_g - b] Cs |XXX| CEW- [g} ¥ (%) >b' M

+\n d —d2
:(”ifégu_m]@ﬁﬁz :/ 22 )3r/db dzb/db’ d*p’
™ ™
X

« ei:pr‘p"’ —ir-k—ib™ (p}t. —xppt)+ib-(px+AL)

x<q>‘( Lb- b’)WT[—f b b’}CS\X)<X|CTW[ b’}@j(g—b’)>M.

(6.17)
Finally, we will define the variables
x:—g—b—b’, (6.18)
r
EE—— 6.19
y=5-0, (6.19)

so that we can integrate over r:

f( )(k AL7I']P’75a
dr—d?r S
_(16 2 1 — zp](2p™) Z:/ T /dx_ d?x dy~ d%y " pr—irk

x el# Y~ Hr )X —wep )iy +r)-(px + A1) <<I>i(a:)Wi[x]C*s | X)XX| CLW- [y @7 (y)>

AA

—(162 L) I/dx dxdy” A%y o(pk — [1 - plp*)0@ (px + k+ A L)

x iy O (@ @)W [a]Cs X)X CEW-e () -

(6.20)

This result can be used for computing the total diffractive distribution which also includes

incoherent production. In practice, this only affects the target-averaging procedure, mean-

ing that we can read off the result from coherent distributions by simply taking the target
average (...) at the level of the cross section instead of the amplitude.

Diffractive PDFs can be obtained from diffractive TMDs by integrating over the trans-

verse momentum k and averaging over the helicity of the incoming target nucleon. For
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example, the coherent diffractive PDF is given as

1P(A L 2w, 8) Z [ sk AL g0

dr™ dr G
327r iz/ ”

AN

x<p\@i(—§)w[—g,oo‘}\p’X><pX|W[ 2% (3)

(32) (1—ap)(2pT) IZ/dx d’x /dy d’y

X AN
« e—tapt (@ —y7)—i(x—y)- (Alﬂ)X)(s(p;r( — ap[l = B]p")

(B @Wi]) XK VP (),

MNA

(6.21)
and the total diffractive PDF can be computed similarly.

6.1 Gluon
The gluon diffractive TMD is defined as
fgCOh(k7 AJJ zp, 51 )\)

- 42 . _ .
:!1;161#2% ;/ d22ﬂ(;3resz Pk
< T (o [ g]a (g )WL [=E ]I x) (x s [ ()i 5] )

+
) 1_xpi / _2/ &
= g dz™ d*x [ dy~ d°y
2
s X N

X efiacp'*‘(x_fy_)+i(xfy)-k6(p+ _ x[p[l _ ﬂ] +)(5(2)(AJ_ +px + k)
T (WalelG T @Wi]) | 100 (WA G )W)

(6.22)

AN
For gluons, the diffractive case is quite different from the other distributions we have
considered so far. This is because now contributions from “gluons inside the shockwave”
vanish: following as in the TMD case for a future-pointing gauge link, these would give a
contribution like

T ([0°V (x)]VI ) (V) 10V (6.23)
Due to the color neutrality of the target, the expectation values project out the color-singlet
contribution from the operators:
5
Dr
where Dpg is the dimension of the representation: Dr = N, for fundamental and D =
N2 — 1 for adjoint. For Eq. (6.23), this means that we get

<{[8kV(x)]VT(X)}ij> - f\; Tr ([0°V (x)]VH(x) ) = 0 (6.25)

C

<Ol]> = Tr <O> (6.24)
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Figure 11: Feynman diagrams for computing the diffractive gluon distributions.

which vanishes due to the cyclicity of the trace and Eq. 3.16.

For this reason, our treatment of the gluon case is now similar to what we have done
for quarks, in the sense that we need to compute the Feynman diagrams in Fig. 11. We
also note that the gluon field G§” = 9" AY — 0V Al — gfac A} AY contains derivatives that
will need to be taken into account. We then get:

pt 1—ap

f;Oh — /dZX do— d2y dyi efi(a:_fy_)xp*”ri(xfy)-k

272
/d4qd4q’d4l (—207)210,,,, (1)

(2m)2 [g? + de][q? — ie]

x [0 + 114 ()0} (B(-y )tV 1Y)

x [T (q)07 + 117 (¢)65] (0(—a)e 0 T o)

51 — well — Bl )6 (AL +1+K)
(6.26)

x 218(1)0(17) x (2m)%6(1 — ¢ )0(1" —¢'7) / A2u d2v e~ i0-a)-v+il-a)-u

T <—Ua V(x)ttvt ta> <—V <V (y)Une t“> :
< ST (UnV PV +), (VO 0arl) +£7),
where II,, is the numerator of the gluon propagator (2.20). The theta functions 0(—y~)
and 0(—x~) should be understood to come from the gluon propagator, and for this reason

the derivatives from the gluon field G*” also act on them. Taking the derivatives of these
theta functions then gives us additional delta function contributions that set y~ = 0 or
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2~ = 0. With this in mind, we can integrate over x—, ¥y, [, ¢~ and ¢'~:

+ —\2 20 20 At do/+
coh P l1—ap (I7) / 2. 12 / 2. 12 /d qdq'dg"dq"" _y)k
=— d“xd d“ud y
g w2 x  IT(27)3 *ay v (2m)6 ¢

~1
X

207q" — q® +ie][2l7¢'T — q”? —ie][zpt + gt —ie][—apt — ¢'T —ie]
> [Hji(q)prr + Hj+(q)qi] [Hji(q/)prr 4 Hj+(q/)q/i] efiq-y+iq/.x

. . / 1
X e*l(lfq)-v+z(lfq )eu Z 5 <—Uab(u)Udb(X) + 1ad>>\/>\ <—Ucd(y)Uca(v) + 1ad>)\>\/ s
A/

(6.27)

where [T = zp[l — B]pt,1= —~k— A, and [~ =12/(2]T). We have also used the light-cone
gauge condition II7#* = II*~ = 0 to write

I (q)T1*7 (¢ )L, (1) = TP (q)T1%7 (¢/)IIP¥ (1) = TP (q) 1177 (¢'), (6.28)
and the identity
V)V (x) = Upa(x)° (6.29)

connecting the fundamental and adjoint Wilson lines. Noting that the dependence on ¢™
and ¢'* is only in the denominators and not in the functions 11" (g) and II**(q’), we can
integrate over these variables:

4+ —\2 2 2/
coh _ PT 1—xp (I7) / 9 120 12.. 12 /d A4°q" j(x—y) kil (u—v)
P d2xd?y d2udv [ SAC D ity
0" =0 s | Cxdydudy [ o e

» iqd 1T .. ligl e—tar(y—v)+iq'-(x—u)
51 ot aq 59 et a4 6.30
8 [ R Pt [2=apt + @?][20"2pT + q?] (6.30)

X ;Tr <_U(u)UT(X) + 1>,\',\ <_U(y>UT(V) * 1>,\,\

The Fourier transforms over q and ' can be done analytically:

2 ire ;s 2 i 9 ..
/ d°q W[_éij+2ngj} 1 / d“q eir'q{dij+ —0%q +2qij}
m

(27)2 g% + m?2 T m2? ) (2n)2 q® +m?
sii 1 .y 5 1 [y rrd
:W5(2)(r) S~ (692 — 20000 Ko(mr|) = W&”(r) + oo [5? - zﬂ} Ky(mlr|),
(6.31)
where we have used [52]

d?>q eira 1

— = —K : .32

/(gw)2 C+m?  2n o(m]r|) (6.32)
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The delta function contribution can be neglected when combined with the Wilson lines,
allowing us to write:

coh :ﬂ L —p (l_)2
g 22z IT(27)°

s _ oV = V)i(y - V) sii (X u) (x - u)J

< ] | .
XK2<!3’—VH1W >K2(|X—UHIW )
% ZTK< > M < Uly > AN

We can now use the color neutrality (6.24) to write this in terms of the adjoint dipole
amplitude

($p+)2 / d2X d2y d2ud2v ei(x—y)-k+i1-(u—v)

Now(.y) = 1= 7 T (VU ) (6:39)

giving us:

N2 -1 (1—ap)p . ,
coh _ 4 2. 12« 12 2., —i(x—y) A —i(u—x+y—v)-(k+A,)
< )T 220 B S(k+AY) /dxdyd ud?ve

<\y_VHHMF>K2<\X_UHHAL,\/7>

x c08(2[py v — Pxul) X D Naw (¥, V)Naa (1, x)

A/

(6.35)

where we have substituted the value of the momentum [, and ¢, denotes the azimuthal
angle of the transverse vector r.

This expression can be compared to that found in Ref. [40]. We find exact matching
when A; = 0, but for a general transverse momentum exchange A we find that the
results in Ref. [40] need to be slightly modified?.

*We thank Feng Yuan for discussions about the validity of the results in Ref. [40] beyond A = 0.
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6.2 Quark
The quark diffractive TMD is defined as [40]:

COh(k Aly Ip, ﬂa )

dr—d%r .+ .
— ixr~pT —ir-k
1672IZ/ (2r)3 ¢

‘ <p!w(—*)WT =507 T - [5]e(5) )

(6.36)
dz” d*x [ dy~ d%y
L oo
x e~iapt (@7 —yT)HiGx—y)- k5( zp[l — BlpT)6P (AL +px +k)
(i) 1% T X OV b

This can be computed from the same diagram as the quark PDF, Fig. 9. This yields:

+12 Lo .
;C’h :(ZS)W; (1 —zp) /d2x Ao~ d%y dy~ e @~y )ep by ko 0(—z7)0(—y ")
/ d4q d4q’ d4 ’7+ 151 '7_1'7_ _i(/ e—iq+y*+iq~y+iq’+x’—iq'-x
(2m)12 q? +ic q? —ie
x 617 — ap[l — BlpT)6P (AL +1+k) (6.37)

x 2m8(12)0(17) x (2m)25(1" + ¢ )6(I~ +4¢7) / A2ud2y e—i0+a)-v+il+d)-u

_ T _ T
x %:Tr< V(u)Vi(x) + 1>,\/,\ < Vy)Viv) + 1>M .
Evaluating the trace and integrating over [, ¢—, ¢, 2, and y~ this becomes
+1\2 — + 4+ 32 2./
coh _ (PT)* 1 —apl / 2, 12 2.0 12 /dq dq'" d*qd“q
= — [ d*xd“y d“ud
¢ T8 (2m)3 1+ ) S FEYERAY (27)0
" 4q-q -1
[—20=qT — q2 +ie][-2l~ ¢t — q? —ig] [zpT — ¢t —ie][—xpT + ¢ —ig]

X ei(x—y)-k—i—iq-y—iq’-x—i(l+q)-v+i(l+q’)-u X NC Z ]\]’/\/)\(L’[7 X)N}\)\/ (y, V) .
>\l

(6.38)

We have also used Eq. (6.24) to write the trace in terms of dipole amplitudes, and we have
used the delta function to set the components of the momentum [ as I = xp[l — S]pT,
l1=—-k— A/, and [~ =12/(2I"). Integrating now over ¢* and ¢'* we get

con (7)1~ /d2x d*y d2ud2V/ s i
a 82 (2m)3 It (2m)*  [207xpt + @?][2l"xpT + @]

« ei(xfy)-kJr'L'q-yfiq’-xfz'(1+q)-eri(lJrq/)-u x N, Z N>\/>\(11, X)N)\X (y7 V).
)\/

(6.39)
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Finally, the Fourier transforms over q and q' can be done using Eq. (3.28):

N, (1—=xp)B
(2m)7a3(1 - B)3

(y—v)-(x—u) / | B
X ’y_VHX | <y V||k+AL| > (X_u||k+AL| 1_B>

X Y Nya(u, x) Nay (v, V).
)\/

fcoh

(k + AJ_)4 / d2X d2y d2u d2V efi(xfy)-AJ_7i(u7X+Y7V)-(k+AJ_)

(6.40)

We again find exact matching with Ref. [40] when A = 0, but in the general case our ex-
pressions are different. This difference is similar to that in the diffractive gluon distribution
case.

Compared to the quark GPD and PDF, the diffractive PDF will now be finite at
leading order without renormalization. This is because the diffractive gluon distribution is
not enhanced by a factor 1/ag, unlike in the gluon GPD and PDF cases. For this reason,
we can work at D = 4 also for the quark diffractive PDF, and therefore the result can be
obtained from the diffractive TMD using Eq. (6.21) by integrating over k.

Similarly to standard TMDs, we can define the antiquark diffractive TMD as

COh(k Al) Tp, Ba

dr™ d r z:m‘ +—ir-k
L2 [ e

XTr*<p!w(—*)W =5 l) XL ]o(3) )

Z:Z/dm d’x /dy d%y

x e7iap " (@ v HE kgt ap[1 — Blpt)6@ (AL + px + k)
+

x Tr 1 5 (G@W-[a]) |1 X) (X] <Wi[y]z/7(y)>

(6.41)

AN

This can be computed using the same diagram as the antiquark PDF, Fig. 10. We end up
with the expression:

coh _(p+)2 1 d2 d 7d2 du~ —i(xz™—y)zpt+i(x—y)-k 0 Y —
7 = g2 (1—ap) xdz” d%ydy~ e x0(—z7)0(-y")

4, 34,1 g4 : ;
x / e = S I P
(2m)12 q? —ie q? +ic

x 617 — ap[l — BlpT)6P (AL +1+k) (6.42)

x 2m6(12)0(17) x (2m)25(1" —q7)5(1” —¢'7) / A2u d2y e i0-a)-v+il-a)u

x %:Tr (V) Vi) + 1>m (~v)Vi(y) + 1>M .
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Similarly to the antiquark TMD and PDF, we can notice that the difference to the quark
case corresponds to changing the Wilson-line structure to its complex conjugate. Therefore,
we can read the antiquark diffractive TMD from the quark case as:

Nc (1 — :L'P)ﬁ
(2m)7 2§ (1 - B)*

X (}|fy——v‘)f|-|)((x_—u‘|1) K (y — vk + AL|\/E> Ky <x —ullk + AL'\/E)

X Z N/\’)\(Xv U)N)\)\/ (V, Y)
A/

fgoh — (k + AJ_)4 / d2X d2y d2u d2v e—i(x—y)-AL—i(u—x—&—y—v)-(k—l—AL)

(6.43)

7 Conclusions

In this work, we have shown how to calculate parton distributions in the shockwave limit
starting from the operator-level definition. This is done by following the set of Feyn-
man rules outlined in Sec. 2. Our results match those found in the literature, except for
diffractive distributions with nonzero transverse momentum exchange A ;. We have also
calculated, for the first time, the GTMDs and TMDs with general gauge links, and the
quark GPD and PDF including their finite pieces. The quark GPD and PDF are espe-
cially interesting, as we already need to renormalize these results at leading order. This
perhaps surprising result follows from the fact that in the shockwave approximation gluon
distributions are enhanced by a factor of 1/as compared to the quark ones.

When deriving these results, we did not assume the relevant z-variable to be small.
Instead, we only employed the shockwave approximation, such that the interaction with the
target is instantaneous in the light-cone time, treating the power counting in the width of
the shockwave separately from small . However, as discussed in Sec. 2, for the shockwave
approximation to be valid we will in practice need to be in the small-x limit. This limit
can easily be taken from our results, as it only affects the overall coefficients in the GTMDs
and GPDs where we can set /1 — £2 — 1; we note that this is the only place where further
approximations from the small-z limit can be taken.

Our result for the quark GPD also clarifies the role of non-zero skewness £ for exclusive
processes. In many phenomenological studies at small z, the non-zero skewness has been
taken into account by adding an additional multiplicative factor [72] corresponding to a
maximally skewed gluon distribution [73]. We do not see the need for this factor in our
results. This skewness correction essentially arises from running the GPD evolution to
large momentum scales and, as such, it is possible that a similar effect could be achieved
by using our result for the quark GPD as an initial condition for the GPD evolution and
evolving it to the relevant scale in the process of interest.

For the diffractive TMDs, we find that our results differ from those found in the
literature [40] when A # 0. For diffractive PDFs, corresponding to the diffractive TMDs
integrated over the momentum k, we find agreement with the results found in Ref. [41].
However, we note that factorization for diffractive TMDs is currently poorly known, as the
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factorization theorems have been properly established only for diffractive PDFs [70, 71],
and the form of our results for quark and gluon diffractive TMDs suggests that it might be
more natural to use variables (k+ A, A ) instead of (k, A} ) for defining the diffractive
TMDs. Whereas k is the transverse momentum of the outgoing particle relative to the
initial proton, k + A is the momentum of the outgoing particle relative to the outgoing
diffractive state X instead. Future work on factorization for diffractive TMDs, along
with their evolution, will give us insight into the proper choice of the relative transverse
momentum.

The combined framework presented in this work serves as a starting point for future
calculations of parton distributions in the shockwave approximation or, more precisely, in
the high-energy limit where the CGC approach is valid. As the next step, it will be natural
to consider this matching of parton distributions to the CGC at NLO, where we expect
to see directly the interplay between the high-energy evolution and the collinear or TMD
evolution. Such studies will serve as important cross-checks for a consistent framework
including both high-energy factorization and collinear or TMD factorization. Additionally,
we note that we have restricted ourselves to the eikonal limit in this work, and the inclusion
of sub-eikonal corrections will be an important direction for a future study, which will allows
us to consider e.g. helicity distributions that capture spin-dependent effects [25, 27, 74-89].
Furthermore, the matching developed here can be used directly to calculate higher-twist
distributions in a similar manner [90, 91]. We expect that these future directions will
improve our understanding of the interplay between partonic and CGC descriptions of the
hadron structure.
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