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MARIAN FABIAN, JERZY KAKOL, AND ARKADY LEIDERMAN

ABSTRACT. This paper addresses the Asplund property for the
space of continuous functions Cj(X) equipped with the compact-
open topology, when X is an arbitrary Tychonoff space. Motivated
by inconsistent definitions in prior literature extending the Asplund
property beyond Banach spaces, we provide a unified and self-
contained treatment of core results in this context.

A characterization of the Asplund property for Ci(X) is es-
tablished, alongside a review of classical results, including the
Namioka—Phelps theorem and its implications. All proofs are pre-
sented in a self-contained manner and rely on standard techniques.

1. INTRODUCTION

In his seminal book [32], R.R. Phelps observed that the first infinite-
dimensional result concerning the differentiability properties of convex
functions was obtained in 1933 by S. Mazur [26]: A continuous convex
function f : D — R defined on an open convex subset D of a separable
Banach space F, is Gateaux differentiable at the points of a dense Gy
subset of D.

In 1968, E. Asplund [1] extended Mazur’s theorem in two ways.
Namely, he proved the same statement for a more general class of Ba-
nach spaces; and studied a more restricted class of Banach spaces (now
called Asplund spaces) in which a stronger conclusion holds: Fréchet
differentiability on a dense G5 subset of D.

Over the years, this area has attracted considerable attention of sev-
eral researchers. In our recent work [21], we noted that many contri-
butions, especially those extending beyond the framework of Banach
spaces, have not been consistently or adequately cited in the litera-
ture. This observation has motivated us to provide a more uniform
account of relevant results and to present a comprehensive extension
of the celebrated Namioka—Phelps theorem in the context of the spaces
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of continuous functions Cy(X ), now encompassing arbitrary Tychonoff
spaces X.
In this paper all topological spaces are assumed to be Tychonoff.
They can be can be described as subspaces of the compact cubes [0, 1]7.
For a Tychonoff topological space X, we denote by Cy(X) the vector
space of all continuous real-valued functions on X, equipped with the
compact-open topology, whose base consists of the sets

Vi ={f € Cu(X) : [IK] C(=¢,)}

where K’s run throughout all nonempty compact subsets of X and ¢’s
run throughout all positive numbers; thus Cj(X) becomes a locally
convex space.

We use the abbreviation lcs for locally convex spaces. Let us begin
by clarifying the notions of openness, continuity, and the Lipschitz
property of mappings in the setting of lcs.

Proposition 1.1. Let X be a lcs, D C X, 0 € V C X convex open
sets, and ¢ : X — R a convex function The following assertions are
equivalent:

(1) ¢ is V-bounded above, at some (every) x € D, i.e., there is a
real t > 0 such that sup p[(x + tV) N D] < co.

(2) ¢ is V-continuous at some(every) x € D, i.e. for every e > 0
there is at > 0 such that |p(z") —@(x)| < € whenever 2’ € (x+tV)ND.

(8) @ is locally V -Lipschitzian, i.e., for every x € D there are t > 0
and ¢ > 0 such that p(x1) — @(x2) < cpy(x; — x9) whenever xy,xy €
(x +tV) N D, where py is the Minkowski functional of V.

The proof is left to a reader as an exercise.

We will use some basic facts about scattered topological spaces, see
for example [35, Section 8.5]. A topological space X is said to be
scattered if every (closed) nonempty subset S of X has an isolated
point in S. Denote by A™" the set of all non-isolated (in A) points of
A C X. For ordinal numbers «, the a-th Cantor—Bendixson derivative
of a topological space X is defined by transfinite induction as follows.

o X0 — X;
o X = (XO=M if v > 0 is a non-limit ordinal;
o X = No<y X (@) if ~ is a limit ordinal.

Clearly, X is scattered if and only if X(® is empty for some ordinal a.
For a compact space X this implies the following easy assertion.

Lemma 1.2. A compact space X is scattered if and only if there is no
nonempty closed perfect subset of K.
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Next important results characterize scattered compact spaces in terms
of continuous images.

Theorem 1.3.

(1) [35, Proposition 8.5.3] Let m : X — Y be a continuous surjec-
tion, where Y is a Hausdorff space. If X is a scattered compact
space then so is'Y .

(2) [35, Theorem 8.5.4] A compact space X is scattered if and only if
there is no continuous surjection from X onto the closed interval

0, 1].

We will use also the following classical theorem of S. Mazurkiewicz
and W. Sierpinski.

Theorem 1.4. [35, Theorem 8.6.10] Every compact scattered first-
countable space (in particular, every metrizable compact space) is home-
omorphic to a countable compact ordinal.

In several places, we use the following applicable result, whose proof
follows from the classical Tietze-Urysohn extension theorem; see for
example [15, Extension Lemma, p. 29] or [7, Section 3.6].

Proposition 1.5. Let X be a Tychonoff space and let L C X be a
compact subset of X. Then every continuous function f : L — [0,1]
can be extended to a continuous function F': X — [0, 1] defined on the
whole space X .

Let Z be a topological linear space and let ¢ : Z — R be a function,
defined in a vicinity of a fixed point z € Z. We say that ¢ is Fréchet
differentiable at z if it is continuous at z and there exists a continuous
linear functional £ : Z — R such that

2;1]\13[ ((z +th) — o(z) — &(th)) = o(t) as R>t¢—0

for every bounded set M C Z (where o(-) is a suitable function, defined
around 0, such that @ — 0 ast — 0). This definition can be found in,
say [36], [38]. Let us temporarily call the function ¢ Yamamuro—F.d.
We say that ¢ is Fréchet differentiable at z if it is continuous at

z and there exist a continuous linear functional ¢ : Z — R and a
neighbourhood V' of 0 € Z such that

sup (p(z + th) — p(z) — £(th)) = o(t) as R3¢ — 0.

heV
This definition can be found in, say [34, p. 11]. Let us temporarily
call the function ¢ Schwartz—F.d. In both versions, the (unique) ¢ is
denoted as ¢'(z) and is called Fréchet derivative of ¢ at the point z.
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For a much detailed and profound account of the differentiability
in linear topological spaces we recommend the survey article by V.I.
Averbukh and O.G. Smolyanov [2].

Obviously, Schwartz—F.d. is stronger than Yamamuro—F.d. How-
ever, the notions are equivalent in some important cases. First, if
Z := C(X), where X is any Tychonoff space, see Proposition 1.6 be-
low; and, second, if Z := (F,w) or Z := (E*,w*), where F is any
Banach space, see [36]. Of course, the convexity of ¢ plays a crucial
role here.

Proposition 1.6. Let X be a Tychonoff topological space, let D C
Cr(X) be a conver open set, let ¢ : D — R be a conver continuous
function, and let f € D be given.

Then ¢ is Schwartz—Fréchet differentiable at the point f if and only if
@ 1s Yamamuro—Fréchet differentiable at f.

Proof. Put
(1) M :={h e CyX): h[X]C(-1,1)}.

Clearly, M is a bounded set. Using Proposition 1.1, we find a compact
set K C X and a vy > 0 such that

f+Vg D and supo[f+Vg] <o,

where
Vg i={h € Cu(X) : h[K] C (=77}
recall that this V}! is a convex open neighbourhood of 0 € Cy,(X). (This
V& will witness for the Schwartz—Fréchet differentiability of ¢ at f).
As ¢ is Yamamuro—Fréchet differentiable at f, we have that
sup (o(f +th) — o(f) — ¢'(f)(th)) =o(t) as t—0.

heM

Hence

sungp(f:I:th)—Qgp(f) =o(t) as t]0.

heM
Now, consider any h € V;;. Then h[K] C (—v,7). Sine X is a Ty-
chonoff space and K C X is compact, Proposition 1.5 yields a contin-
uous extension i : X — (—<,7) such that A|x = h|g. By the Claim
below, we get that ¢(f + th) = ¢(f + th), and therefore,

sup Zgo(fj:th)—ng(f) =o(t) as tl0.

heV;l

We also know that limy_o ¢(o(f + th) — o(f)) = ¢'(f)h for every
h € Ci(X). Thus, using the convexity of ¢, we can conclude that
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sup (p(f + th) —o(f) = (F)(th) = oft) as 10,

heVy

We proved that ¢ is Schwartz—Fréchet differentiable at the point f,
where the neighborhood V! is a witness for that.

It remains to formulate and prove the announced claim/observation,
going back to B. Sharp [36, p. 208, 209]:

Clain. I/ f.J € D and flic = i, then o(J) = ¢(f").
Proof of Claim. For all A > 1 we have f + A(f' — f) € D and

,_)\—1 1 , ‘
/ —Tf‘Fx(f‘i‘)\(f - )

hence, by the convexity of ¢, we have

o) < AHelf) 3o+ N - 1)
< 2 ho(7) + g supls + V7] — 6() a5 At oo
Hence (') < p(f). And, by symmetry, o(f) < o(f'). =

We remark that the Yamamuro-F.d. in the argument above could be
replaced by the (yet weaker) ‘M-Fréchet differentiability’ where M is
defined in (1) above.

Remark 1.7. In view of Proposition 1.6, since throughout the paper we
deal with the Cj(X)-spaces, we can and will use only the term Fréchet
differentiability without any extra adjectives.

Next, we follow the definitions proposed in [8] and [36].

Definition 1.8. A lcs E is called an Asplund (weak Asplund) space
if every continuous convex function f : D — R, where D C FE is
a nonempty open and convex set, is Fréchet (Gateaux, respectively)
differentiable at the points of a dense Gy subset of D. Asplund (weak
Asplund) spaces are abbreviated by ASP (WASP, respectively).

Definition 1.9. A lcs F is called a Fréchet (Gateaux) Differentiability
Space if every continuous convex function f : D — R, where D C E
is a nonempty open and convex set, is Fréchet (Gateaux, respectively)
differentiable at the points of a dense subset of D. Fréchet (Gateaux)
differentiable spaces are abbreviated by FDS (GDS, respectively).

For the next important statement, due to J. Rainwater, we refer to
(32, Proposition 1.25].
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Proposition 1.10. For any Banach space and any open set D C X,
the (possibly empty) set of points of Fréchet differentiability of any
continuous convex function from D into R is a Gs.

Consequently, the classes of Banach ASP and Banach FDS spaces co-
incide.

The classification of lcs according to the dense or generic differen-
tiability of convex continuous functions extends earlier research of E.
Asplund [1], D.G. Larman and R.R. Phelps [24] and I. Namioka and
R.R. Phelps [29] which dealt with just Banach spaces.

M. Talagrand [37] constructed a 1-Lipschitz function on a Banach
space C(K), with some compact space K, whose set of points of
Gateaux differentiability is dense but of the first category. Moreover,
M. Coban and P. Kenderov [4] provided examples showing that even
if the set of Gateaux differentiability points of the sup-norm of a Ba-
nach space C(K), with K a suitable compact space, is dense, it need
not contain a nonempty Gs set. For example, this situation occurs for
the double arrows compact space K. Note also that there is a delicate
example of a Banach space that is GDS but not weak Asplund [28].

One should mention that a systematic research of lcs that are ASP,
WASP, FDS, and GDS was started in 1990 by B. Sharp [36], and then
it was continued in joint papers [8], [9], [10]. Regrettably, it appears
that these important works have not received due attention in the later
publications by several authors. In our paper [21] we clarified this issue
and also considered the questions about the preservation of WASP and
ASP for arbitrary products of locally convex spaces.

2. NAMIOKA—PHELPS THEOREM AND ADDITIONAL SUPPLEMENTING
RESULTS

Assume first that we can find points of Fréchet differentiability of
convex continuous functions defined on separable Banach spaces, that
is, on those spaces E which possess a countable dense subset. Can we
deduce from this “separable” information that the whole f, defined on
E. is somewhere Fréchet differentiable? The answer is affirmative and
this is caused by availability of a suitable “separable reduction” of the
phenomenon of Fréchet differentiability.

Having in mind the fundamental property included in Proposition 1.10,
we propose also next Proposition 2.1. For the concepts mentioned in
the statement below we refer, for example, to [12, p. 317-321] and [13,
Chapter 11, p. 625-629]. In particular, once a function f is concave
and Jp(x) is nonempty, then f must be Fréchet differentiable at x, with

Op f(x) ={f"(x)}.



ASPLUND SPACES Cx(X) BEYOND BANACH SPACES 7

Proposition 2.1. Let (E,| - ||) be a (separable) Banach space whose
dual E* 1s separable, let D C E be an open set, and and let f : D —
(—00, 00| be a lower semi-continuous function.

Then the set of all x € D, where the Fréchet subdifferential Op f(x) is
nonempty, s dense in D.

Proof. We first realize that F admits an equivalent Fréchet smooth (off
the origin) norm. Indeed, let {z1,z,...} be a countable dense subset
of the unit ball Sg of E and {1, &, ...} be a countable dense subset of
the unit ball Sg+ of the dual E*. Then the assignment sending x* € E*
to

* * o0 —-n * o0 —n1: % 2
2] = I+ 30, 2 ) + o, 2ndist (o, sp{6a, - 60))

is an equivalent weak® lower semi-continuous norm on E*. For the
reader’s convenience we indicate why | - | is subadditive, i.e., the in-
equality |z* + y*| < |2*| + |y*| holds. It is not easy to find in the
literature how to prove this. A possible argument may profit from the
subadditivity of the famous (Euclidean) ¢5-norm.

A ‘small’ Kadec—Klee like effort, see [6, p. 113-117], reveals that the
norm | - | is locally uniformly rotund, i.e. if x* %, x3,... are elements
of E* such that 2|z*|* + 2|z}|* — |#* + z}|*> — 0 when ¢ — oo, then
|zf — 2*| — 0 when ¢ — oo. Assume this is not so. Find then an
e > 0 and an infinite set N C N such that ||z} — 2*|| > 3¢ for every
i € N. Find m € N so big that dist(x*,sp{fl,...,fm}) < e A
simple convexity argument provides an infinite set N; C N such that
dist(x}, sp{&1, - .- ,fm}) < ¢ for every i € N;. For every such i find
yr € sp{&,...,&n} such that ||zf — yf|| < e, and so,

lyi = 2" = a7 = 27| = [lo7 — gl > 3e —e = 2¢.

The sequence (y;)ien, is bounded because ||z}|| — |[|z*]| as i —
00, by convexity. Further, since it lies in a finite-dimensional space,
there are y* € sp{¢i,...,&n} and an infinite set Ny C N; such that
llyf —y*|] — 0 as Ny i — oo. Hence ||y* — 2*|| > 2¢. Find n € N
so that ||(y* — 2%, x,)|| > . Another simple convexity argument yields
that (z},x,) — (z*,x,) as i — co. Hence we have that

(e >) i — @il = (o' — a7, 20) > €

for all i« € Ny big enough, a contradiction. We proved that our norm
|- | on E* is LUR.

Now, having proved that our norm |- | on £* is LUR, the Smulyan
test guarantees that the predual norm |- | on E, defined by

Eszr—sup{(z*,z): 2" € £, |2*| <1} = |z],
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is Fréchet differentiable at every nonzero point of E. For more details,
see [5, p. 43].

Next, let x € D f and € > 0 be given. We will find a v € F such that
|lv —Z| < & and Opf(v) is nonempty. From the lower semi-continuity
of f find & € (0,¢) so small that B(Z,&") C D and that f is bounded
below on the open ball B(Z,¢’). Define

[ (tan(& |z —7))* ifz € BT, &)
plo) = {oo itz e E\B(T,¢).

Then ¢ : E — [0,00] is easily seen to be proper and lower semi-
continuous. Now, the Borwein—Preiss variational principle [32, Theo-
rem 4.20] provides a Fréchet differentiable function 6 : D — [0, 00)
such that the sum f + ¢ + @ attains infimum at some v € D; clearly,
v € B(T,€’). We thus have

flo+h)+ew+h)+0(v+h) > f(v)+e)+0(v) forevery heE,
and so

flo+h)—f(v)+{ (v)+0'(v),h) > —o(|h|]) as h € E and |h| — 0.
We proved that —¢'(v) — 0'(v) € dpf(v), and hence O f(v) # 0. O

Remark 2.2. Originally, when the Borwein—Preiss principle was not at
hand, the argument above could be performed also with just Ekeland’s
principle.

Now a main question arises: Is it possible to extend Proposition 2.1
to non-separable Asplund spaces? The answer is affirmative. The
arguments goes back to D.A. Gregory’s [32, Theorem 2.14]. (It should
be noted that an analogous statement for Gateaux differentiability is
hopelessly not valid —take the ‘limsup-norm’ on the space /).

Proposition 2.3. Let (E,|| - ||) be a non-separable Banach space, f :
D — R be a convex continuous function defined on an open convex set
D C E, and Z be a separable subspace of E.

Then there exists a separable subspaceY of E, containing Z, with DNY
nonempty, and such that, if the restriction fly of f toY is Fréchet
differentiable at some x € DNY, then [ is Fréchet differentiable at x.

Proof. First, we need a translation of Fréchet differentiability (of con-
vex functions) to the terms of the space E: f is Fréchet differentiable
at x € E if and only if

S(z,t) := sup (f(z+th)+ f(x—th)) =2f(z)+o(t) as Qi+ >t]0;

he€Bx
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this is easy to check. (Here and below, (). means the set of all positive
rational numbers). For any = € F and any ¢t > 0, if S(z,t) < oo, we
find a vector u(x,t) € Bg such that

(2) flz+tu(z,t) + f(z—tu(z,t) > S(z,t) — .

(This u(x,t) is almost “the worst possible” regarding the Fréchet dif-
ferentiability of f at x). Let Cy be a countable dense subset of Z. We
construct countable sets Cy C C; € Cy C --- C E as follows. Let
m € N be given and assume that C,, ; was already found. Find a
countable set C),, in E such that it is stable under making all finite lin-
ear combinations with rational coefficients, and that it contains C,,_;
as well as the set {u(x,t) : € Cpq, t € Q) clearly, €, is again
countable. Do so for every m € N, and put finally Y :=C; UCyU - --.
Clearly, Y D Z.

We claim that this Y has the desired property. So, assume that f|y
is Fréchet differentiable at some = € Y. We show that the whole f
is Fréchet differentiable at = as well. (If x € C; U Cy U -+ then it
is rather easy to proceed. So, we have to find an argument working
also for z € Y\ C; UCyU---). Let L denote a Lipschitz constant of
f in a vicinity of z; see [32, Proposition 1.6]. Pick any ¢ € @ small
enough (so that we can profit below from the L-Lipschitz property of
f around z). Find then ¢ € |J°_, Cy, such that |lc — z|| < t*. We can
now subsequently estimate for all sufficiently small ¢t € @ (so that we
can use the Lipschitz property of f)

2f(x) S(z,t) < S(c,t) + 2Lt
fle+tu(e,t)) + fle—tu(e,t)) + >+ 2Lt?
flz+tulet)) + f(z—tulc,t)) +t* + ALt

sup (f(z +tk)+ f(z — tk)) + > + 4Lt?
k€By

= o(t)+2f(x) as Qi2tl0

since f|y is Fréchet differentiable at x. Therefore, the “whole” f is
Fréchet differentiable at x. O

[VANRVANRVANR VAN

In order to prove our main Theorem 3.2 we will need (and prove)
several additional important results, especially, a remarkable theorem
due to I. Namioka and R.R. Phelps, [5, Lemma VI.8.3], or [13, Theorem
14.25], or [29, Theorem 18] for selected sources. Another recommended
comprehensive source of information is the book [11]. The proof of
Theorem 2.4 uses some arguments presented in [13, p. 626-627], see
also [30, Main Theorem], but it does not use any technology related to
differentiability.
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Theorem 2.4. For a compact space X the following assertions are
equivalent:

(1) X is scattered.

(2) Every separable subspace of C(X) has separable dual.

(3) The Banach space C(X) does not contain a copy of ¢y isomor-
phically.

Proof. (1)==(2) Let Y C C(X) be any separable subspace. Choose
a countable and linearly independent set N C By such that its linear
span is dense in Y.

Consider a correspondence

X3z {n(x): ne N} =) e [-1,1".

Thus ¢ : X — [~1,1]", and this is a continuous mapping. Denote
L :=¢(X); this is a metrizable compact space. And, as X is scattered,
L is scattered as well, by Theorem 1.3. Moreover, L is countable, by
Theorem 1.4.

Next, let us enumerate L as {z, : n € N}. It is known that every
linear continuous functional z* € C'(L)* has the form

2 () =) anf(z), feC(L),

and [|z*|| = >, cn lan| < oo, where (ay)nen is a suitable element of
(1(L), see [30, Main Theorem (11)] or [35, Corollary 19.7.7]. Conse-
quently, C(L)* is isometric to ¢1(L), and this implies that C(L)* is
separable.

We will show that the subspace Y C C'(X) is isometric to a subspace
of C(L). Forn € N and z € X we put

(¢ (x)) = n(z).

The 7 is a well defined function on L. Indeed, if ¢(x) = ¢(h) for some
z,h € X, then n(¢(x)) = n(z) = n(h) = n(Y(h)).

Fix any n € N. The function 7 belongs to C'(L). Indeed, consider
a net (¢(z,)) in L converging to some t(x) € L. This means that
m(zs) — m(z) for every m € N. Thus, in particular, n(z,) — n(h).
Therefore, n(1(xy)) = n(x,) — n(z) = n(YP(x)).

Now, for any element (a,)nen € coo(N) we have

H Z ann ’ = sup ‘ Z anﬁ(l)‘ = sup ‘ Z anﬁ(w(x))‘

leL zeX

= sup ‘ Z ann(m)‘ = Z ann
neN neN

zeX
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(In both C(L) and C(X), we considered the maximum norm || - ||).
Hence the mapping

spN 3> Zannr—> Zanﬁ e C(L)

neN neN

is well defined, and it is a linear isometry. Also, we know that the
linear span sp(/V) is dense in Y. Thus, we can uniquely extend this
mapping to the linear isometry defined on the whole Y into C(L), say
T:Y — C(L).

Finally, the operator T it injective, a simple consequence of the
Hahn-Banach theorem reveals that the adjoint operator 7% : C'(L)* —
Y* is surjective. And recalling that C'(L)* was separable, Y* must be
separable as well by Hahn-Banach Theorem.

(2)==-(3) Is clear since the dual of ¢; is isometric to the non-separable
space lo .

(3)==(1) Assume on the contrary that X is not scattered. By The-
orem 1.3, there is a continuous surjection p : X — [0,1]. Then the
adjoint mapping p* : C[0, 1] — C(X) is a linear isometry into. But the
Banach space C[0, 1] is universal for the class of all separable Banach
spaces by the Banach-Mazur theorem, see [3, Proposition 1.5]. There-
fore, C'(X) contains an isometric copy of ¢;. Obtained contradiction
completes the proof. O

The proof of our main Theorem 3.2 uses the following remarkable
fundamental result due to Namioka and Phelps [29] for Banach spaces
C(X).

Theorem 2.5 (Namioka—Phelps). For every compact space X, the Ba-
nach space C(X) is Asplund if and only if X is scattered.

Proof. The necessity will be proved in a more general Theorem 3.2.
Just replace there X by L in the proof of implication ‘(1)=(2)’.

Sufficiency. Assume that X is scattered. Take any open convex set
D c C(X) and any convex continuous function ¢ : D — R. We have to
show that ¢ is Fréchet differentiable at the points of a dense subset of D.
So fix any open set U C D. Pick some separable subspace Z C C'(X)
such that U N Z is a nonempty set. For this Z, we find a separable
over(sub)space Z C Y C C(X) as it is done in Proposition 2.3.

As X is scattered, Theorem 2.4 guarantees that the dual Y* is sep-
arable. Hence, Y is an Asplund space by Proposition 2.1. Thus, there
is a point f in the set U N'Y (open in Y') where the restriction ¢y is
Fréchet differentiable. Now, the conclusion of Proposition 2.3 says that
the whole function ¢ is Fréchet differentiable at f. We proved that the
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set of points where the function ¢ is Fréchet differentiable is dense in
D. Finally, Proposition 1.10 completes the proof. U

3. ASPLUND SPACES C%(X) OVER TYCHONOFF SPACES X

In the proof of our Theorem 3.2 of this section we will need also the
following fact, see also [20, Proposition 3.13] for a different approach.
For safety reasons, we make more accurate the following two synonyms.
Let X be a topological vector space, Y be a Banach space, and T :
Y — X be a linear mapping. We say that 7" is an embedding or
an isomorphism into X if it is injective, continuous, and the inverse

T-': T[Y] — Y is continuous The symbol éy means the open unit
ball in Y.

Lemma 3.1. Let X be a Tychonoff space and assume that there is a
Banach space Y which is isomorphic to a subspace of Ci(X).

Then there exists a compact set K C X such that 'Y s isomorphic to
a subspace of the (Banach) space C(K).

Proof. Let S :' Y < Cy(X) be the promised isomorphism into. Then
there must exist some ¢ > 0, a > 0, and a compact subset K C X
such that

(3) VENS[Y] C S[By] c V.
We show that the (Banach) space Y is isomorphic to a subspace of
the (Banach) space C(K). Define S : Y — C(K) by
S(y) = (Sy)lx, yev.
S is (linear and) injective. Indeed, take any y € Y such that Sy = 0.
This means that (Sy)|x = 0. Then, for every n € N we have
nSy € VEN S[Y] C S[By]

by (3), and so Sy € S[: éy], and hence y € 1 éy, as S is injective.
Therefore, y = 0.
Now, fix any y €By. By (3) Sy € Vf(/a, ie. SylK] C (—¢/a,e/a),
and hence ||Sy|| < ¢/a. We thus proved that
~ 0 g o

S[By] C > Box) -
[t remains to prove that e éC(K) NS[Y] S[éy] Fix any y € Y such
that Sy € ¢ LOB’C(K); thus ||Sy|| < e. Hence Sy € Vg N S[Y]. By (3),
thereis a g/ Eéy so that Sy = Sy’. But S is injective. Hence y = ¢’ and



ASPLUND SPACES Cx(X) BEYOND BANACH SPACES 13

SO Y EBy We proved that e BC &) NS[Y] C S[éy], and therefore, S is

an isomorphism of ¥ onto S[Y] (C C(K)). Summarizing, we obtained
that

~ © g o
€ Bc ﬂS[ | € S[By] C o Bok)y;
that is, analytically (using the injectivity of S),

~ 3
vy Y elylly < lISylloa < Zllylly-
O

M. Komisarchik and M. Megrelishvili [22] say that a lcs E has the
Namioka—Phelps property if every bounded set B C F is fragmented
on each weak*-compact equicontinuous subset K of the dual £* of F;
that is, for each nonempty subset A C K and each € > 0, there exists
a weak*-open subset U C E* such that U N A # () and diam{ (v, z) :
reUNA, ve B} <e.

The equivalence ‘(1)<=-(2)’ in the main Theorem 3.2 formulated
below has been proved in [8, Corollary 3.8] as a consequence of several
partial facts. We believe that our approach is mostly self-contained.
The equivalences ‘(2)<=(3)<=-(4)’ were proved in [14]. Finally, the
equivalencies ‘(2)<=(5)<=-(6)" were proved in [22].

Theorem 3.2. Let X be a Tychonoff space. The following assertions
are equivalent:

(1) Cr(X) is an Asplund space.

(2) Every compact set in X is scattered.

(3) The space Cy(X) does not contain any isomorphic copy of ¢;.

(4) Every separable Banach subspace of Cyx(X) has separable dual.

(5) Cr(X) satisfies the Namioka—Phelps property.

(6) Cr(X) is tame, i.e. every weak*-compact equicontinuous convex
subset K C Cy(X)* is the closed (in the strong topology) convex
hull of the extreme points of K.

Proof. (1)==(2) Assume that Cj(X) is an Asplund space and that
some compact subset set L. C X is not scattered. Find then a nonempty

closed perfect set P C L, by Lemma 1.2. Consider the function ¢ :
Cr(X) — R defined by

Cr(X) 3 f > max f(P) =: o(f).

Clearly, ¢ is convex. It is also continuous on Cx(X). Indeed, pick any
f € Cx(x) and any € > 0. Then for every h € V5 we have

o(f+h)—p(f) <max f(P) + max h(P) — max f(P) < ¢
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and, similarly,
o(f)—e(f+h) < max(f+h)(P)+max(—h)(P)—max(f+h)(P) <e;
thus [p(f +h) — o(f)] <e.
Put
M :={heCyX): h(X)C[-1,1]};
this is obviously a bounded set. As C(X) is Asplund and ¢ is contin-

uous convex, @ is Fréchet differentiable at some f € Cy(X). Thus, in
particular, there is a linear continuous & : C(X) — R such that

sup (o(f +th) — o(f)

—&(h)| — 0 as t—0;
heM t

and hence (getting rid of the almost redundant &)

0<) sup (o(f +th) + w(tf —th) —2p(f)

—0 as t—0;

Thus, in particular, (for e := %) there is a 0 > 0 such that

AT +0h) + o — 5h) —26(/) <

for every h € M.
Now, pick a p € P so that f(p) = ¢(f). As P is perfect, there is a
q € P\ {p} such that f(q) > ¢(f)— 2. We recall that X is a Tychonoff
space and L a compact set in it. Hence, there is a continuous function
h : X — [0,1] such that h(p) = 0 and h(q) = 1. Note that then
o(h) =1and h € M. Thus
)

= 0h(q) —oh(p) = (f +dh)(q) + (f —R)(p) — f(q) — f(p)
=5

§ o0 0
< @(f+0h) +o(f =0h) = 20(f) + 5 <5+
(Note that we used a Smulyan like argument, see [5]) and [13, p. 342-
344]; a contradiction. We proved that L must be scattered.

(2)=(1) Here we freely imitate arguments from [36] and [8]. Let
D C Ck(X) be any (nonempty) open convex set and consider any
convex function ¢ : D — R, everywhere continuous in the k-topology
of the space Cy(X). We want to show that the set of points where ¢
is Fréchet differentiable contains a dense G5 subset of D.

Pick some u € D. The continuity of ¢ at u yields an ¢ > 0 and a
compact subset L C X such that v 4+ V; C D and that ¢ is bounded
above on the set u + V. A simple picture, with [32, p. 4, 5], then
reveals that for every v € D there is a v > 0 such that v+ V] C D
and that ¢ is bounded above on v + V',
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Let C'(L) be the Banach space of all continuous functions on L, with
‘maximum’ norm. Its closed unit ball (around the origin) is denoted by
Be(ry. Consider the 'restriction” mapping 7" : Ci(X) — C(L) defined
by

Cr(X)3 fr— flo=TfeC(L).
Clearly, T is linear. It is also continuous since, for every v > 0, we have
TIV]] € ~ EC(L). (We have here even equality by Proposition 1.5).
Since T is continuous, T7(£2) is open or G5 whenever 2 C C(L) is,
respectively, open or Gs. Let us further check that T'[D] is an open
subset of C'(L). So, fix any f € D. Find a v > 0 so that f + V] C D.
Then i

T+ YBow)y= T[f + VB] C T[DJ;
the equality here comes from Proposition 1.5, as X is Tychonoff and L
is compact. We verified that T'[D] is open.

We further observe that, given any dense subset € in T'[D], then
T[] is dense in D. Indeed, pick any v € D, any 8 > 0, and any
compact set L' in X. We want to show that (v + V) N T~1[Q] # 0.
Take v € (0,5) so small that v + V' C D. As Q is dense in T[D], we
have that

(Tv+vBcw) NQ# 0;

hence, there is an h € véc(L) so that T'v + h € 2. By Proposition 1.5,
we find a continuous function A : X — R such that 2[X] C (—v,7) and
hlp=h. Thenv+hecv+ V), Co+ V) and T(v+h) =Tv+h (€ Q).
Thus
v+he(w+Vh)nT9.

We proved that T-1[Q] is dense in D; note that T~'[Q] N D is dense in
D, too.

Now, we define the function ¢ : T[D] — R as

U(g) ==»(9), ge€TD],
where ¢ is any element of D such that g|, = ¢g. This is a correct
definition because, if f, f' € D and f|;, = f'|. = g, then by the Claim
from the proof of Proposition 1.6, ¢(f) = ¢(f’).
The function ¢ is convex. Indeed, take any g1, g, € C(L) and any
a € (0,1) Find some g1, go € D, with ¢1|;, = g1 and ga|r, = go. Then
(ocg} + (1 - oz)g})|L =ag + (1 — a)gs,
and hence
Plagi+(1—-a)g) = plagi+ (1 —a)f) < ap(d) + (1 - a)p(g)
= a(g) + (1 —a)v(g).
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Let us check that our ¢ is continuous on T'[D]. Fix any f € D. We
know that there is an € > 0 so that f+ V} lies in D and that ¢[f + V}]
is bounded above. Thus the set

YITf + €§C(L)] = olf + Vi

is also bounded above (we needed Proposition 1.5). And having this,
then [32, p. 4, 5] (valid for Banach spaces) guarantees the continuity
of .

Now, since L is a scattered compact set by the assumption, Theorem
2.5 says that the Banach space C(L) is Asplund. Hence our 1) is Fréchet
differentiable at the points of a dense G subset, say €, of T[D]. Fix
any f in T71(Q2) N D (which is already known to be a dense G4 subset
of D). Find an € > 0 so small that f+V; C D (we already proved that
such an ¢ exists). As T'f € Q, the function v is Fréchet differentiable
at T'f, with derivative, £ : C(L) — R, say. Having this we get

sup [(f +th) = o(f) = £(¢hle)|
= sup (W(Tf +tz) —p(Tf) — £(tz)) = o(t) as (—e,e) 2 ¢ — 0;

z€eBo(L)

Here we again used Proposition 1.5. Therefore, our ¢ is Fréchet differ-
entiable at f, with derivative

Co(X) € hv— &(R|L) =: ¢'(f)h.

Actually we should in addition check that this ¢'(f) is linear and con-
tinuous. Indeed, we have that {[Vf] C (—¢,¢).

(3)==-(2) Assume that X contains a compact subset K which is not
scattered. By Theorem 1.3, there exists a continuous surjection p :
K — [0,1]. Using Proposition 1.5, p can be extended to a continuous
surjection, say p : X — [0,1]. The natural adjoint mapping to p, say
T :C[0,1] < Ck(X), is then an embedding (i.e. an isomorphism onto
its range). Indeed, a bit of routine calculation reveals that

Ve NT[C[0,1] =T §0[0,1] | (cV} for every compact L C X).

(We note that the above equality says that our 7" is a ‘bound-covering
mapping’, see [8]). Since C[0, 1] is universal in the class of all separable
Banach spaces, by [3, Proposition 1.5], the Banach space ¢; (isomet-
rically) embeds into C[0, 1]. Hence ¢; embeds into C%(X), which is a
negation of (3).

(2)==-(3) Let (2) hold. Assume that Cx(X) contains an isomorphic
copy of ¢;. By Lemma 3.1 there exists a compact (scattered) subset
K C X such that ¢, is isomorphic to a subspace of the Banach space
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C(K). But his contradicts Theorem 2.4. Hence C(X') does not contain
any isomorphic copy of /5.

(4)==(3) It is true since the dual of ¢; is isometric to f, which is
non-separable.

(2)=(4) It follows from Theorem 2.4 and Lemma 3.1. O

Remark 3.3. (a) Statement (1) in Theorem 3.2 can be strengthened to:
‘For every Asplund Banach space E the product Cy(X) x E is also
Asplund.’

Indeed, in the proof of ‘(2)==-(1)’, it is enough to replace, in suitable
places, ‘Ci(X)’ by ‘Cr(X)x E’. More specifically, the mapping Cj (X ) x
E> (f,9)— (flr,9) € C(L) x E is still “bound covering’ (as it was
the mapping 7"). And the latter product (of two Banach spaces) is
Asplund by [29]. Another way how to check this fact is by using the
paper [8];

(b) From another hand, if both spaces X and Y have all compact
subsets scattered, respectively, then Cy (X ) x Cy(Y) is Asplund. Indeed,
it is well known that Cy(X) x Ci(Y) is isomorphic to C(X & Y), and
then in the direct sum X@Y all compact subsets are scattered and
Theorem 3.2 applies.

Problem 3.4. Assume that C(X) is an Asplund space. Is the product
Cr(X) x E Asplund for every Asplund lcs E7

Analyzing the proof of ‘(2)==(1)" in Theorem 3.2, we can deduce
the following fact related with Theorem 1.10, see also [8, Theorem 3.2,
Example 3.6].

Theorem 3.5. If X is a Tychonoff space and v is a continuous convex
function on a nonempty convex open D C Cy(X), the (possibly empty)
set of points of Fréchet differentiability of ¢ is a Gs.

4. A;-SPACES X AND THE ASPLUND PROPERTY FOR SPACES Cy(X)

The aim of this section is to sketch briefly a proof of Theorem 4.1
which originally appeared in a bit stronger form as [19, Theorem 3.2].
The class of Aj-spaces introduced and explored in [19] plays here a key
role. For any Aj-space X, each compact subset of X is scattered, and
hence C(X) is an Asplund lcs. Similarly, we obtain another equivalent
topological description of a compact space X such that the Banach
space C'(X) is Asplund.

Let X be a topological space. The following well-known topological
notions generalize compactness.
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e X is called w-bounded if the closure of every countable subset
in X is compact.

e X is called countably compact if every countably infinite subset
of X has a limit point.

e X is called pseudocompact if every continuous real-valued func-
tion on X is bounded.

Clearly, X is w-bounded implies that X is countably compact, and
the latter implies pseudocompactness of X. For the various exam-
ples distinguishing these and some other classes of topological spaces
the reader is advised to look [19]. Here we mention only that a very
concrete example of a locally compact non-compact space which is w-
bounded and scattered, is the interval of countable ordinals [0, w;) with
the order topology. The Tychonoff plank X = [0, w;] x [0, w]\ {(w1,w)}
is a pseudocompact scattered space which is not w-bounded.

Theorem 4.1. [19] For a Tychonoff w-bounded space X the following
assertions are equivalent:

(1) X is scattered.

(2) Every compact subset of X is scattered.
(3) X is a Ay-space.

(4) Cr(X) is an Asplund space.

Definition 4.2. [18], [20] A topological space X is called a A-space
(Ap-space) if for every decreasing sequence (D,,),e. of (countable, re-
spectively) subsets of X with (,., Dn = 0, there is a decreasing se-
quence of open Sets (Vn)nEw such that D, c V, for each n € w, and
again with = 0.

The original definition of a A-set of the real line R is due to M. Reed
and E. van Douwen, see [33]. The A- and A;-properties turned out to
have nice applications in the theory of function spaces C'(X) endowed
with the topology of pointwise convergence, see [18], [20].

Another motivation for studying the A;-property is provided by the
fact that it extends the classical notion of A-sets. Recall that X C R
is called a A-set if every countable A C X is a Gg-subset of X and,
more generally, a topological space X is a A-space if every countable
subset A C X is a Gs. The study of \-sets dates back to 1933 when
K. Kuratowski proved in ZFC (see [23, Chapter 3, §40.111]) that there
exist uncountable A-sets. Since every A-space has the A-property, the
notion of a A;-space determines a wider class than the class of A-spaces.
It is also worth mentioning that a metrizable space has the A;-property
if and only if it is a A-space according to [18, Theorem 2.19].

TLEW
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First we present a proof of the equivalence (1) and (2) in Theorem
4.1.

Lemma 4.3. Let X be a Tychonoff w-bounded space. Then every com-
pact subset of X is scattered if and only if X is scattered.

Proof. Assume on the contrary that each compact subset in X is scat-
tered but X is not scattered. Since the space X is pseudocompact,
we can apply [25, Proposition 5.5] to get in X a closed subset F for
which there exists a continuous surjection h : F' — [0, 1]. Let @ be a
dense countable subset of [0, 1]. Choose a countable subset C' C F' such
that h(C) = Q. Let A := C be the closure in F. Note that F is also
w-bounded. Therefore, A is compact and obviously h(A) = [0,1]. By
assumption, the compact set A is scattered, this is a contradiction, in
view of Theorem 1.3. Hence X is scattered. The converse is clear. [J

We refer the reader to the following important results concerning
Aq-spaces.

Theorem 4.4.

(a) [18, Theorem 2.15] Every regular scattered space is a Aq-space.

(b) [18, Corollary 2.16] A compact space X is a A;-space if and
only if X is scattered.

(c) [18, Theorem 2.9] A pseudocompact space X is a A;-space if
and only if every countable subset of X 1is scattered.

(d) [18, Theorem 3.9] Let X be a countable union of closed subsets
X,. If each X,, is a Aq-space then X also is a Aq-space.

We are ready to prove our main theorem of this section.

Proof of Theorem 4.1. (1)<=>(2) This is Lemma 4.3.

(1)==(3) Trivially follows from Theorem 4.4(a).

(3)=(2) Assume that X is a A;-space. Then every compact subset
of X is a Aj-space. We apply Theorem 4.4(b). O

Remark 4.5. The statement of Theorem 4.1 is not true if we assume
only that X is countably compact. Indeed, there exists a countably
compact non-scattered dense subspace X in the reminder of the Stone-
Cech compactification Sw \ w such that all countable subsets of X are
scattered, hence X is a Aj-space. Moreover, every compact subset of
X is finite, see [18, Example 2.18].

Remark 4.6. There are various examples of Tychonoff spaces X such
that every compact subset of X is scattered but X is not a A-space.
A Bernstein set B is a subset of the real line such that both B and
R\ B intersect with every uncountable closed subset of the real line. It
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follows that every compact subset of B is countable. However, B is not
a Aj-space, see [18, Example 2.20].

Also, there is a pseudocompact space X such that every compact
subset of X is scattered, but X is not a Aj-space, see [18, Example
3.2].

We complete this section again with the Namioka—Phelps’s theorem
which is actually extended by an equivalent condition (2).

Theorem 4.7. For a compact space X the following assertions are
equivalent:

(1) X s scattered.
(2) X is a Ay-space.
(3) The Banach space C(X) is Asplund.

5. FINAL REMARKS AND ILLUSTRATING EXAMPLES

It is well known (but not so easy to prove) that every closed vec-
tor subspace of any Asplund Banach space is again Asplund, see for
example [32], [29, Proposition 2.33]. We show however that this prop-
erty fails in general lcs, see [16]. First recall that ¢ denotes an Rg-
dimensional vector space endowed with the finest locally convex topol-
ogy, say &, that is, the topology, where a base of the origin consists of
all absolutely convex absorbing sets. Then, clearly, every linear func-
tional on ¢ is continuous.

Every bounded set B in ¢ is finite-dimensional, i.e. the linear span of
B is finite-dimensional, because otherwise (applying the Hahn—Banach
theorem) one can construct a linear discontinuous functional on ¢.
On the other hand, ¢ is the strict countable inductive limit of finite-
dimensional Banach vector subspaces R". Indeed, consider on ¢ the lo-
cally convex inductive limit topology & generated by finite-dimensional
linear subspaces, see [17, Chapter 2.4] or [31, 0.3.1]. Then, since the
original topology &, of ¢ is the finest locally convex topology on ¢,
the both topologies £ and &, coincide. Moreover, the topology & = &
is complete, see [31, Proposition 8.4.16 (iv)], or [39, Proposition 1] for
a direct proof.

B. Sharp [36] observed that the space ¢ is not GDS. To show this,
consider the /; norm || - ||; on it. This is a convex function, continuous
with respect to the original topology &, on . And it is easy to check
that || - ||; is nowhere Gateaux differentiable on ¢ [32, Example 1.4.
(b)]. Indeed, given any = € ¢, there is an n € N such that the n-th
coordinate of x is 0. Let e, := (0,0,...,1,0,...) be the sequence whose
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only nonzero term is equal to 1 on the n-th place. Then

lim([lz +tealls — [lzfl)/t =1 and  lm({lz + ten ] — [lzfl1)/t = —1,

and hence, || - ||; is not Gateaux differentiable at the point .

Remark 5.1. Note that from the description ¢ as the the strict count-
able inductive limit of finite-dimensional linear subspaces R" it follows
that the lcs ¢ can be identified with the free locally convex space L(N).
It has been shown in [16] that the free les L(X) is not GDS for every
infinite Tychonoff space X.

We complete this section with the following interesting example men-
tioned in [16]. Below @ denotes the set of all rational numbers with
the topology induced from R. So, ) is a metric countable space.

Proposition 5.2. [36], [16] The space Cx(Q) over the rationals @Q is
an Asplund space but contains isomorphically a closed copy of the non-
Asplund space .

Proof. Every compact subset of () is countable, hence it is scattered.
By Theorem 3.2 we deduce that Ci(Q) is an Asplund space. Since
Q is a p-space, the space Ci(Q) is barrelled by the Nachbin—Shirota
theorem, see [17, Propostion 2.4.16], i.e., every closed absolutely convex
absorbing subset of Cy(Q) is a neighbourhood of zero.

On the other hand, the space Cy(Q) is not Baire-like, i.e., there exists
an increasing sequence of closed convex absorbing subsets Ap, Ao, ...
covering the space Cy(Q) such that no A, is a neighbourhood of the
origin in Ci(Q). Indeed, assume on the contrary that Cj(Q) is a Baire-
like space. Then we follow the argument contained in the proof of [17,
Proposition 2.4.20], or [27, Corollary 5.3.4]: For n € N we put

Uy :=(=1/n,1/n)NQ and H,:={feC(Q): flU,]C [-n,n]}.
Clearly, the U,’s form a basis of neighbourhoods of 0 in ) and the
(closed convex and absorbing) sets H,’s cover all of Ci(Q). Also,
clearly, Uy DU D -+ and Hi C Hy C ---.

Since we assumed that Cy(Q) is Baire-like, there exist a compact set
K C @, e>0,and n € N such that

{feCX): fIK]C(—¢¢)} C Hy.
Note that U,, C K. Indeed, if there is a z € U,, \ K, then putting
_ dist(z, K)
flw) = 2ndist(z, K)’ vEeQ,
we have that f € Cy(Q) and that f(z) = 2n. Also fjx = 0, and thus
f € U,, which is impossible. Therefore, we have that U, C K. This
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leads to a contradiction because K is a countable compact subset of R
and the closure of U,, in R is an uncountable closed interval. We have
proved that the space is Cj(Q) is not Baire-like. Finally, since Cy(Q)
is barrelled but not Baire-like, we apply the Saxon’s result (see [17,
Corollary 2.4.4]), and conclude that lcs Ck(Q) contains isomorphically
a (closed) copy of ¢. O

Remark 5.3. The locally convex space ¢ is nonmetrizable, and it is
complete as the strict countable inductive limit of finite-dimensional
spaces. From another hand, its strong dual ¢*, endowed with the
uniform convergence topology on bounded sets from ¢ is isomorphic
to the countable power R, hence the strong dual ¢* is separable.
However, ¢ is not an Asplund space.

This shows that the Asplund property for lcs differs dramatically
from the Asplund property in the class of Banach spaces.
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