Topological Hall effect in nonlinear optics
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We present an experimental evidence of topological Hall-effect in an all-optical third-order nonlinear optical process
via spatial symmetry-breaking in pseudo-spin textures created by a spatially-structured pump laser beam. The exper-
imental configuration consists of a moderately-focused pump laser beam undergoing a parametric interaction with an
organic solvent (toluene) and an off-resonant laser beam probes the non-trivial spatial magnetization textures created
by the pump beam. The phase-profile of the transmitted probe beam is extracted using phase-retrieval algorithms for
ascertaining the topological charge which is shown to be consistent with the estimation of Berry’s curvature that we
obtain via paraxial approximation-based modeling of third-order nonlinear interaction.

Particle spin dynamics provides one of the rich-
est frameworks for exploring quantum geometry and its
manifestations’. Fundamentally, the relativistic formalism
of quantum mechanics by Dirac necessitated the existence
of spin and its dynamical interaction in presence of mag-
netic field®. The unwitting first experimental evidence of spin
was revealed through the famous Stern-Gerlach experiment®
which is followed by innumerable tests on this degree of
freedom*™. In condensed-matter physics, spin-dynamics and
its geometrical interpretation forms the foundational princi-
ples of spintronic devices®. Such configurations are indis-
pensable ingredients of non-volatile magnetic random ac-
cess memory (MRAM)7, magnetometersg, automotive brak-
ing systems?, and racetrack memoryl?, with significant ap-
plications in perimeter defense systems™. By leveraging the
features of scattering-immune spin transport via the creation
of topologically non-trivial spin-polarized states, the next gen-
eration of spintronic devices is expected to exhibit a signif-
icant reduction in power consumption and improved device
functionalities'?. All-optical analogue of topological Hall-
effect (THE) and the existence of optical Skyrmions facilitate
greater control of the pseudo-spin transport mechanism via
tuning suitable optical degree of freedom!'3. Conventionally,
the geometric character in polarization optics is introduced via
adopting suitable gauge symmetries in the paraxial dynamics
in optically birefringent systems'*. By virtue of the fact that
nonlinear optical configurations exhibit perturbative dynam-
ics naturally, they provide a fertile ground for exploring ge-
ometrical manifestations and topological connections in pho-
tonics. In a seminal work by Karnieli et al., an equivalence
was drawn between a y(?)-based frequency conversion pro-
cess (in frequency-state basis) and the dynamics of a spin-1/2
particles in a magnetizing field". Such an equivalence paves
the route for developing analogous all-optical spintronic func-
tionalities such as the "Giant Magneto Resistance” (GMR)
effect as well as the creation of topologically non-trivial 3D
magnetization textures!©. It is worthwhile to mention that an
all-optical setting for topology-assisted pseudo-spin transport
exhibits an unique feature in terms of extremely broad oper-

ational bandwidth. An integrated photonics based approach
further facilitates preserving the state fidelity (low coupling
losses) and hence, high signal-to-noise ratio'Z. Amongst the
broad category of nonlinear optical processes, x(3)-led self-
action and four wave-mixing (FWM) effects, are the most
prevalent. In particular, the dynamics of self-action effects,
such as self-focusing and filamentation, tend to exhibit in-
tricate topologically non-trivial manifestations which are re-
vealed through complex spatial beam structures'®. In this let-
ter, we present an equivalent THE in a x(®-mediated non-
linear optical interaction. The pump-probe based experimen-
tal measurements reveal the existence of pseudo-spin basis
modes which exhibit a symmetric transverse separation in
presence of a ‘experimentally-controllable’ all-optical gauge-
field. Through an analytical formalism, we show that a spatial
asymmetry in the pump laser beam leads to topologically non-
trivial, gauge-dictated, synthetic magnetization textures which
is responsible for probe beam splitting thereby, mimicking
the THE. Interestingly, the dynamical interaction adheres to
a &7 -symmetric non-Hermitian system that exhibits a real-
valued eigenvalue spectrum 220 for ¥3) < 0. Overall, the
results derive their novelty via the demonstration for proof-
of-principle extension of THE-like dynamics to dynamically
non-Hermitian counterparts.

Let us consider the propagation of a strong light beam
at frequency ®, along z direction in a 2 nonlinear
medium. In a scalar approximation, we define |y,) =

3 [ap(?)ei(“’ﬁt_kl’z) —|—c.c} where k, is the wavevector of the

beam. The strong pump beam spontaneously generates two
co-propagating fields viz. |y ) and |w_) which are governed
by the linearized nonlinear Schrédinger’s equation (NLSE) in
the paraxial framework and is given by2!,
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where we have defined |y1) = % [ai(r) i(opt—kp2) 4 ¢, c} (=

2 [§[np +nol,(P,2))dZ and ny and I, represents nonlin-
ear refractive index of medium and on-axis peak intensity
of pump beam respectively. Using an unitary transforma-
tion that is carried out by the operator P = diag (¢'¢,e~i%),
z-independent dynamical Eqs. are expressed as>2%
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where |®) = Pf(a, a*)” defines the spinor in rotated frame.
Pr=—iVy = —i(ﬁ% + y%) is the equivalent momentum

operator, m = k,0; is equivalent mass operator and 6 =
[0y, 0y, 0] is the triad of Pauli spin matrices. o =-Vilo,
is gauge-dictated magnetic vector potentral M = Mo M =
Qsm(2(p) 2’"+1)”/2XA+QCOS(2([)) 2m+1)7r/2)3+(k —|—Q)
is the synthetic magnetrzatron created by the pump beam

, 3y
where Q = ~2myl, = W\AOP and a, = Age'®) (where

¢ isreal). It is worth pointing out that the dynamical evolution
of |yy.) states as depicted by H has a non-Hermitian charac-
ter with a preserved &7 -symmetry when ) < 022, From
an alternative perspective, the approach provides a platform
for realizing complex all-optical synthetic magnetization tex-
tures (//Z (x, y)) via altering the structural symmetry of the
pump beam. The propagation of pseudo-spin states (|y.))
through the created magnetization textures could be precisely
controlled in space that is reflected through restructuring of
probe beam. Eq. (3)), therefore, provides a broad framework
for exploring a quantum two-level dynamics in a purely clas-
sical x (3)_led self-action effect. In order to reveal the impact
of this approach, we use a transformation |®) = D|®') which
essentially aligns the local magnetization direction (M) along
Z where D is defined as

0 0, . .
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where 6 = arccos(.# - 2) is polar angle and ¢ =

tan~'(.ay) M) is azimuthal angle with [ defining the identity
operation. Consequent upon this, Eq. (3) transforms to

@) (5)

where, the transformed gauge-dictated vector and scalar po-
tentials are &7’ = iD'VyD +D'o7D and V = —iD? a%D —
Moo, respectively (see SI document). In this rotated frame,
we only consider terms proportional to o, and in the adiabatic

limit, the transformed potentials are o = {cos® Vr(¢/2—
{)}yo, — T¢ o, and V = —.#y0,2%3. Hence, we define the

synthetic magnetic field (53’) and synthetic electric field as (c?3 )
as below
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Since, a geometric interpretation of & is hinged on z-
dependence of o' (< Q), we focus on % which could lead
to geometric phases being acquired by the optical state |®').
It is apparent from Eq. (6) that a Gaussian pump beam
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manifests into Z = 0. On the other hand,
a spatial asymmetry in the pump beam structure gives rise
to the possibility of topological bands. We adopt a sim-
ple route for breaking radial symmetry in the pump beam
by considering an elliptic Gaussian (EG) pump beam given

(EG) _ 2 ) ; N
bya, ' =Ag exp(———w—%) exp(—lkp k,,R )
[wy, wy] and [Ry, Ry] are beam waists and radius of curvatures

where

along X and y directions respectively. 2, in such a situation,
takes a form,
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where Q is redefined as Q = Qe (”’)26 ”% with Qy =
3%
2kp c2
whrch represents a massive fermion dynamics. By virtue of
non-zero %, the Lorentz force (% = g.Vr X Z4) on probe pho-

tons will be,
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where Ky = (wyZ R TR ) Here g, = *1 is the emer-

gent charge corresponding to each pseudo-spin basis consti-
tuting the probe beam and bears a sign determined by pseudo-
spin orientation with respect to the local magnetization (.#)

axis. We consider elliptic Gaussian beam with ellipticity
ﬂ =0.90, 0.40, 0.12 as shown in Fig. 1(a)-(c). Correspond-

|A0|2 In writing Eq. (8), we have assumed &, >> |Qq|

ing to this, we present the force field distribution ( ) in Fig.

1(d)-(f). Tt is apparent that |.% \ exerts an azimuthally sym-
metric force on probe photons when pump has small elliptic-
ity (0.9). An increase in pump beam ellipticity results in |.% |
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FIG. 1. (a)-(c) represents elliptic pump beam profiles for w, =
1100 wm, 500 wm, 150 pm and wy = 1200 pwm corresponding to el-
lipticity of 0.90 (a), 0.40 (b), 0.12 (c) respectively. (d)-(f) represents
a force field (|.Z|) intensity map for pump beam with ellipticity of
0.90 (a), 0.40 (b), 0.12 (c) respectively.

localized close to y-axis and directed in +x-direction, thereby
depleting the probe photon density on the y-axis. Therefore,
it is expected that the probe beam would localize in the x —y
plane away from the y-axis as a consequence of increase in
pump beam ellipticity. Additionally, it is worth noting that
the magnitude of Z is stronger at higher pump powers and
therefore, the impact of pump beam ellipticity would be more
discernible. In order to gain a deeper insight, we solved Eq.
(3) numerically via beam propagation method and used ex-
perimental values of physical quantities which is described in
the next section. By considering two examples where w, =
500 pum, wy = 1200 pwm and w, = 150 um, w, = 1200 um
for the nonlinear medium of length 7', we simulated the probe
beam profile at the exit face (z = +§) at different values of
incident pump powers (P,) and shown in Fig. 2(a)-(d) and
Fig. 2(e)-(h) respectively. A comparison between Fig. 2(a)-
(d) and Fig. 2(e)-(h) shows that the probe beam distortion is
elucidated more when pump beam ellipticity is high. Also, the
probe beam distorts more at higher pump powers for a given
pump ellipticity. The conclusions drawn from the simulated
Z in Fig. 1(d)-(f) predicts a similar variation in the transmit-
ted probe beam. In fact, there is a distinct appearance of two
lobes in the simulated probe beam for the pump beam ellip-
ticity of 0.12 (for P, = 500 mW) and the centroids of the two
lobes are separated by ~ 0.16 mm at T = :&:%.

The analytical framework depicts that the transmitted probe
beam will acquire a geometric phase in presence of a non-
vanishing 2 field which is given by
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In order to simplify Eq. , we choose polar coordinates

i.e. x = pcos % and y = psin .- where n defines the number of

(10)

symmetry axis in @(x,y). In case of an elliptic pump beam,
n = 2 by virtue of an inherent two-fold spatial symmetry-axis.
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FIG. 2. (a)-(d) represents simulated probe beam profiles at the exit
face nonlinear medium (z = +%) for wy = 500 um and w), =
1200 pm at average pump beam power of (a) 30 mW, (b) 150 mW,
(c) 300 mW, (d) 500 mW respectively. (e)-(h) represents simulated
probe beam profiles at the exit face nonlinear medium (z = +g) for
wy = 150 um and wy = 1200 pm at average pump beam power of
(a) 30 mW, (b) 150 mW, (c) 300 mW, (d) 500 mW respectively.

Therefore, for p =0 — p = oo, Eq. simplifies to

(o 1 1 9 sin(¢)
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where o(¢) = —>—~ + ——>—2%. This has a non-zero contri-
wi w:

y
bution to the integration in Eq. (IT)) when ¢ goes from ¢; =
0 — ¢» = 27. Therefore, ®SLEG) =6ywhen ;=0 — ¢r=7m

and 59 = —60p when ¢y =7 — ¢ = 27 respectively. In
other words, the transmitted probe beam lobes (in Fig. 2(h))
have quantized geometric phase bearing opposite sign. There-
fore, the two lobes constitute two topologically non-trivial
spatial bands separated by a gap governed by intensity of the
pump beam. The manifestation is reminiscent of topologi-
cal Hall effect (THE) in an all-optical configuration where the
(synthetic) magnetization texture is created and controlled by
intensity and spatial structure of the pump beam.

The experimental configuration is a collinear pump-probe
setup realized using a frequency-doubled Nd : YV O, pulsed
laser delivering pulses of ~ 1 ns width at 532 nm central
wavelength acting as a pump beam. The pump pulses are lin-
early polarized TEMyy Gaussian profile. A combination of
half wave plate (HWP) and polarizing beam splitter (PBS) is
used for controlling the incident pump power. The pump beam
passes through a plano-convex cylindrical lens (CL) of appro-
priate focal length (/) which creates an elliptic beam profile at
the focus. The beam ellipticity and dimensions are estimated
using a knife-edge based scanning beam profiler (NanoScan,
Ophir, USA). We used an organic solvent toluene as a non-
linear medium which was housed in a 7 = 1 cm thick cuvette
and positioned at the pump beam focus (z = 0) such that the
laser beam entry and exit faces are given by z = i%. The
probe beam is the red beam at 633 nm from a He-Ne laser and
both the beams were made collinear using a dichroic mirror
before they are incident on toluene. Another dichroic mirror
was employed to separate the two beams. A CCD camera of
the pixel size of 4.4 um x 4.4 um (GRAS 2.0, Point Grey,
USA) was used for recording the probe beam structure and it
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FIG. 3. shows the collinear pump-probe based experimental con-
figuration for observing topological Hall effect (THE) in an asym-
metric synthetic magnetic field (3_3). B1: Polarizing beam-splitter;
B2: Non-polarizing beam-splitter; S: sample; D1-D3: Power meter;
H: Half-wave plate; P: Polarizer; M1-MS5: Steering mirror; M6 &
M7: Dichroic mirrors for realizing collinear arrangement; L: cylin-
drical lens;C: CCD camera. Inset: T = 1 cm thick cuvette filled with
toluene that exhibits y G <o (defocusing) for 700 ps pulsed laser
centered at 532 nm wavelength.
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FIG. 4. (a)-(d) represents experimentally measured probe beam
profiles at the far field (z = % + 30 c¢m) for wy = 500 wm and
wy = 1200 um at average pump beam power of (a) 30 mW, (b)
150 mW, (c) 300 mW, (d) 500 mW respectively. (e)-(h) experimen-
tally measured probe beam profiles at the far field (z = % +30 cm)
for wy = 150 um and wy = 1200 pum at average pump power of (e)
30 mW, (f) 150 mW, (g) 300 mW, (h) 500 mW respectively.

was positioned at a distance ~ 30 c¢m from the cuvette.

In order to carry out the experimental investigation, we used
CL of focal length f = 500 mm which resulted in pump beam
waist of w, ~ 500 um and w, ~ 1200 um. Figure 4(a)-(d)
shows the recorded probe beam structure at different pump
power (P,) levels. It is apparent that the transmitted probe
beam undergoes a nominal asymmetric distortion when av-
erage incident pump power changes from P, = 30 mW to
P, =500 mW. This could be qualitatively compared with the
simulated probe beam profiles in Fig. 2(a)-(d) where probe
beam distortion is apparent. Subsequently, we employed a CL
of focal length f = 100 mm which resulted in w, ~ 150 um
and wy ~ 1200 um at focus (ellipticity ~ 0.12) and the
recorded probe beams are shown in Fig. 4(e)-(h). At an av-
erage pump power P, > 300 mW, there is a discernible split-
ting of the probe beam into two crescent-shaped lobes and the
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FIG. 5. (a)-(d) represents the subtracted pattern of interfering beams
from the interference pattern (see supplementary) for w, = 150 um
and wy, = 1200 um at average pump power of (a) 30 mW, (b)
150 mW, (c) 300 mW, (d) 500 mW respectively. (e)-(h) represents
computationally retrieved unwrapped phase profile from the sub-
tracted fringe pattern, for wy = 150 wm and wy, = 1200 um at average
pump power of (e) 30 mW, (f) 150 mW, (g) 300 mW, (h) 500 mW
respectively.

separation between the lobes increase as a function of pump
power P,. When P, ~ 500 mW, the separation between lobes
were recorded to be ~ 1.6 mm on the CCD camera plane. The
distance between exit face of the cuvette and the CCD plane is
~2 30 cm. The diffraction limited tracing of the probe beam al-
lows us to ascertain the separation of lobes at the cuvette exit
plane which turns out to be ~ 0.15 mm. This closely resem-
bles the separation obtained from the simulated probe beam
profile shown in Fig. 2(h).

In order to investigate the topological features associated
with spatial beam structuring, we follow a two step proce-
dure, namely (i) setting up a balanced Mach-Zehnder inter-
ferometer (MZI) which is followed by (ii) an appropriate
phase retrieval algorithm for obtaining the acquired geomet-
ric phas. The MZI is slightly misaligned at the com-
bining non-polarizing beam splitter for obtaining straight line
fringes. The reference and the signal probe intensities are
subtracted from the recorded fringe pattern at different pump
powers that are shown in Figs. 5(a)-(d). When P, < 150 mW
(with ellipticity ~ 0.12), the phase distribution across the
wavefront remains uniform. The modification in fringe pat-
tern is discernible at high pump power and the lobes are dis-
tinguishable at P, ~ 500 mW. A Fourier Transform-based
phase retrieval algorithm is employed for extracting phase in-
formation from fringe patter: . In this method, we select
one of the non-zero localized spatial frequency components
for recreating the fringe pattern and the incumbent process of
computing the inverse Fourier transform allows the recovery
of phase distribution across the wavefront. Additionally, we
employ transport of intensity (TIE) based algorithm for un-
wrapping the retrieved phase from the previous phase (see SI
document for more detailsm. Figures 5(e)-(h) shows the
evolution of unwrapped phase at different pump powers where
the black dotted circle defines the computational domain. It is
apparent that there is a phase redistribution at P, ~ 500 mW
and the probe beam could be distinctly divided into two re-
gions whose phase bear opposite sign. With respect to Fig.
4(h), it could be observed that the two crescent shaped lobes
have opposite phases which epitomizes THE in an all-optical



NLO system.

In conclusion, we presented a framework for understand-
ing the dynamics of a x<3) nonlinear optical interaction from
a spin-transport perspective and consequently, we drew a
connection between probe beam restructuring with geomet-
ric manifestations of the dynamical interaction. In order to
realize non-trivial topological manifestation, a non-zero syn-
thetic magnetic field is constructed from an elliptic Gaussian
pump beam which strengthened for high pump power. This is
accompanied by a z-dominant synthetic magnetization which
leads to topologically non-trivial splitting of probe beam. The
crescent shaped lobes are equivalent to topologically distin-
guishable bands in space that appear due to THE. The exper-
imental investigation and the phase retrieval of the recorded
spatial bands elucidates the formation of topological bands.
A full quantum mechanical treatment of the ¥ based in-
teraction will provide a feasible scheme for utilizing the spa-
tial beam restructuring for quantum information transport and
processing. Since, ¥ is relatively small for liquids and
solids, a near-resonant self-action effect in a thermal vapor,
or preferably a cold-atom ensemble, would be a more viable
system for observing such effects at single-photon level.
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See supplementary document-I
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