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Abstract. This paper presents a novel algorithm for constructing a
sum-of-squares (SOS) decomposition for positive semi-definite polyno-
mials with rational coefficients. Unlike previous methods that typically
yield SOS decompositions with floating-point coefficients, our approach
ensures that all coefficients in the decomposition remain rational. This
is particularly useful in formal verification and symbolic computation,
where exact arithmetic is required. We introduce a stepwise reduction
technique that transforms a given polynomial into a sum of ladder-
like squares while preserving rationality. Experimental results demon-
strate the effectiveness of our method compared to existing numerical
approaches.

Keywords: Positive semi-definite polynomial - Sum of squares of poly-
nomials - Rational SOS.

1 Motivation and Background

In 1888, Hilbert [1] showed that every non-negative homogeneous polynomial
in n variables and degree 2d can be represented as sum of squares of other
polynomials if and only if either (a) n =2 or (b) 2d = 2 or (¢) n = 3 and 2d = 4.
(See also [2—4]). In particularly, Any univariate polynomial p(x) of degree 2d
that satisfies p(x) > 0 for all z € R can be represented as sum of squares. If we
already know all the roots of p(z) = 0, for example,

i+ BivV—=1, o —Biv—1, i=12....4d,
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then we have the following SOS representation:

d
H z—a;)?+B7).
i=1

Thus, applying the transformation rule
(A24+B*-(C*+D*)=(A-C+B-D)*+(A-D—-B-C)? (1)

inductively, we can express p(x) as a sum of squares of one polynomial of degree
d and another one polynomial of degree < d — 1. For example, when 2d = 4,6,
we have:

((x —a1)® +B7) - ((z — a2)* + )
= (@-a)e-a)+ 88" + (@)= Bilz o)), ()
and
(—a)*+87) ((x—2)*+53) - ((x—a3)* + B3) .
= (((z — a1)(z — a2) + B1Ba) (x — a3) + (& — a1) B2 — Bu(x — a2)) Bs)?

(3)
where the express with under-wave are the square of lower degree polynomial.
Obviously, they are also semi-positive-definite polynomials, thus, performing the
transformation for the under-waved part, we can write them as a sum of two
squares, one is of a polynomial of degree < d—1, and other one is of a polynomial

of degree < d — 2. Do this recursively, we can express f(z) finally as a sum of at
most d + 1 squares in the following form:

p(@) = qa(2)* + qa-1(2)* + ... + 1(2)* + 45,

where ¢;(z) (j =d,d—1,...,1) are zero polynomials or univariate polynomials
of degree 7, and gy € R. This observation inspired the following general theorem.

Theorem 1. Any semi-positive definite polynomial p(x) od degree 2d can be
expressed as the sum of squares of as follows:

p(z) = qa(@)? + qa-1(2)* + ...+ a1(2)* + &, (4)

where qi(z) (1 < k < d) is a zero polynomial or a polynomial of degree k, and
qo(x) = qo 1s a real number.

Proof. Without loss of generality we can assume that the leading coeflicient of
p(x) is 1. We shall use mathematics induction to d to prove the theorem.
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When 2d = 2, the polynomial is in the form of 22 + ax + b, which can be
factored as:
2> +ax+b=(z—a/2)’+ (b—a?/4),

which is a sum of squares, in view p(x) wither has no real roots or has two equal
real roots, which means that A(p) = a? — 4b < 0.

Assume that the theorem is proved for degree 2d case, i.e., any semi-positive-
definite polynomial which degree is 2d can be expressed as a sum of squares of
some degree-descending polynomials. We aim to prove that given a polynomial
p(z) of degree 2d + 2, p(x) can also be written as the sum of squares of some
degree-descending polynomials. For this, we can assume that the roots of p(z) =
0 are as follows:

ag + Bov—1, ag — fov—1; oy + V-1, oy —iv—1;
o5 ag+ Bav—1, ag — Bav -1,
where a;, 3; (0 < i < n) are real numbers. If
Bo=B1=-=p=0,

then p(z) is a square of a degree d + 1 polynomial, so the conclusion is true for
p(z). Otherwise, we have

p(x) = ((J: — ) + ,63) X ((a: —o)? + ﬁf) X oo X ((x —ag) + ,85)
= (2 —ap)’(x—a1)? - (z — ag)?® +r(z), (5)
where r(z) is the sum of other products of (z — a;)* and 87, namely
r@y= Y LB x (@ —a)f (@ —a)i (6)
1<k<n+1{I,J}

where {I, J} stands for

{il,...,ik,jl,...,jn+1_k}:{1,2,...,d+1}.

Clearly, the degree of r(z) is 2(d — 1), since its leading coefficient is
Bo+ B+ 4B #0.

According to the inductive assumption, r(z) can be represented as a sum of
squares of degree ascending polynomials, which implies immediately that p(x)
can also be represented as a sum of squares of degree-descending polynomials as
we claimed. This completes the proof of Theorem 1. a

Notice that the SOS generated by Theorem 1 and the SOS constructed by
expressions (2) and (3)—although both are sum-of-squares representations of
degree-descending polynomials (for shorter, DDP sum of squares or DDP-SOS in
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forthcoming discussion)—do not necessarily consist of the same specific polyno-
mials. This indicates that the DDP-SOS representation of a positive semidefinite
polynomial is not unique. For example, for 2d = 6, from (1) we have

@3(z) = 2% — (a1 + o + a3)z? + (a1as + a1a3 + asas)r — ajasas,
while (3) yields
@(x) = ((z— )@ —a2) + B1f2) (z — az) + ((x — 1) B2 — fi(x — a2)) B3

=2 — (a1 +az+a3)2? + (mae+araz+asas + B182—B1Ba+B2B3)x
—ajagaz — a1 fB283 + a1 83 — azffo.

In general, for given seimi-positive polynomial
p(z) = 2?4 cog 1777 cog02®T -+ 1T+ oo,
we have
d
) =t <Z ai) T Z aiaj | 2?2 4 (D) arag - ag.
i=1 1<i<j<d

According to Vieta’s theorem, we have the following equalities:

d d
1 1
Sai= 5 > (a1 + BivV=1) + (a1 — f1V/-1)) = —5C2d-1,
i=1 i=1
d 2 4 1
2 x Z o = (ZO“) —Za? = chd_l — (i +a3+-+ay),
1<i<j<d i=1 i=1
and
1 1
(0f +o3+- o +ad) = B+ +81) =5 D2k = 5Ba1 — 22,
k=1
here z1, 22, ..., 224 are 2d roots of the equation p(z) = 0. It leads the following
identity:
a1 a-1 L[ 1, _B d—2
qa() = %+ Seoa1a™ + 5 | = yGao1 T e2a2 = Bz a4 (7)
qa-1(z) = By - (l“d_l +), (8)
where By = 87 + 5 + ...+ (3. Apparently, if there is polynomials or rational
functions A, As, ..., Agq in terms of cg,c1,...,coq_1,Coq that can express the

k-power sums
2 : d
Pk(a17a27~"7ad): xp,

1<k<d
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then applying the inverse of Newtons-Girard formulas (see [5]) we can express the
elementary symmetric functions of oy, as, . .., ag in terms of ¢y, ¢y, . . ., Cag_1, C24,
and therefore, compute the polynomial

pa(r) = (z —a1)(z —az) - (z — aq)

in an explicit way, and hence establish a method to express semi-positive-definite
polynomial in DDP sum of squares without solving complicated equations. As
far as we know, there were no such considerations in previous research on SOS.
Through computer-assisted research on several specific examples, we believe that
the initially determined search scope for functions such as As,..., A; may be
too narrow. Substituting (7) and (8) into (4), we have

e e S S
1 _ 1, 1 _ _
= (2 + iczdfw?d '+ 5(—103(1,1 +cog2 — Ba)x® %+ ag szt 4 0)?

2

+ By (2t ag_1g0r )2+ qaa(@)? + -+ 4B,

Expanding the squares and compare the coefficients of 2%, z2d—1 g2d=2 22d=3

we obtain the following equations:

for x4 1 : Cog—1 =2 X 56255_1,
_ 1 1, 1
for x%2772 ;. Cod—o = (502(1_1)2 +2x 5(—103(1_1 + ¢co4—2 — B2) + By, (9)
_ 1 1
for 22773 . C2d—3 =2 X Qg 4—3 + 2 X §C2d_1 X 5(—chd_l + coq—2 — B3)
+ 2B2 X Od—1,d—2, (10)

from the equations we observed that Bs can be any real number, not necessarily
taking the value 87 + 33 + ...+ (3. Even more, we can choose any special value
of o 4—3, then solve ay_1 4—2 from the equation (10). Considering that if we
put all

1
(d+1)+d+..+2+1=3(d+1)(d+2)

coefficients of gq(z),q4—1(x),..., q1(x),qo as undetermined parameters, then
from (4) we will get 2d + 1 equations, which is much less than the number of
variables. This additional finding motivates us to further explore the structural
characteristics of the system of coefficient equations to find more fine properties
of SOS.

2 SOS representation of degree-strictly-descending
polynomials

In this section we prove that any positive definite univariate polynomial always
can be represented as an SOS of degree-strictly-descending polynomials. We have
the following result.
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Theorem 2. If p(x) is positive definite, and deg(p,x) = 2d, then p(x) can be
expressed as the sum of squares of d + 1 polynomials with decreasing degrees. If
p(x) is semi-positive definite, deg(p,x) = 2d,

ko

p(x) = p1(z) x H(x—rj)Q, Tl,.. s Th € R,
j=1

and p1(x) is positive definite, then p(x) can be expressed as the sum of squares
of d — ko + 1 polynomials with decreasing degrees from d to d — k.

Proof. First consider the case that p(z) is positive definite. Without loss of
generality, assume that the leading coefficient of p(x) is 1. Since p(z) is positive
definite, p(x) has d pairs of complex conjugate roots

Oéi:tﬂi\/f]., i:1,2,...,d,

where «;, 8; are real numbers, ; > 0 for 1 < i < d. Thus, p(x) can be rewritten

as
d

p(x) =[] [(@ — a)* + 82 = (a(@))” + ra-1(2), (11)

i=1

where g4(x) = H'.i:l(x — «;) is a polynomial of degree d, and

raaa) = Z (2w

k

BrBi 2 ¢ ’
i Z gl <<w—ak><w — ) Qd(“’”> T (5 ) '

Clearly, deg(rq—1,z) =2(d — 1), and the leading coefficient of rq_1(z) is by =

2221 B2 > 0. Since r4—1(z) is a sum of squares of polynomials, and f31, ..., B4 >

0, its constant term is positive, making r4_1(x) strictly positive definite.
Applying the same argument we can write r(x) in the following form:

ra-1(@) = by x ((ga-1(2))° +ra2(2)) (12)

where

d—1 -1 8 2 d
gi1() = [[@—a), ras(e)= ( k,qd_mx)) —
-1 j=1

) _ T —a
j—1 j k

and o}, 85 > 0(j = 1,...,d — 1) are real numbers, such that 81,...,5; ; >0,
and

o +BiV-1, o = BiV-1, j=1,2,...,d—1
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are the 2(d — 1) complex roots of r4_1(x) = 0. Apparently, r4_o is a positive
definite of degree d — 2 with leading coefficient by = Zj;ll 6;-2 > 0. Therefore,
we can perform this computation for r4_o(z) and get

raa(e) = be x (((@a-2(2))” +ra-s(x)) (13)

where ¢g4_o(x) is a polynomial of degree d — 2 with leading coefficient 1, and
rq—3(x) is a positive definite polynomial of degree 2(d—3) with leading coefficient
bz > 0. Inductively, we have

ra-s(@) = by x (((@a-s(@))? +ra-a(a)) (14)

ra(@) = baz x ((@@) + (@), (15)

where ¢; (j =d —3,...,2) are polynomial of degree j with leading coefficient 1,
ri(j =d—4,...,1) are positive definite polynomial of degree 2j with leading
coefficient bq—; > 0. In particular,

2 2
r1(x) = ba_1 % (2% + az + b)by (x) = ba_y x ((x + g) +(b— Z)) (16)
is a positive definite quadratic polynomial. Let ¢;(z) = = + a/2, bg = b — a®/4.
Then from (11) to (16) we have

p() = qa(2)* + b1 - qa—1(z)? + biby - qa—o(z)?
+ oo+ bibg - bg_1qi (@) + bibo - - by, (17)

which shows that p(x) can be expressed as a sum of square of d 4+ 1 polynomials
of degree from d to zero, as claimed in the Theorem 2.
Now, consider the case that

2 2

p(x) =pi(x) xr(z), r(@)=(x—r)" - (T—r),
where p; () is a positive definite polynomial of degree 2(d — ko), r1,..., 7%, are

real numbers. Let

P1(@) = (Ga—ro (2)) + (Ga—ro—1(2))* + ... + (Go(2))*,

be the SOS of pi(z) into d — kg 4+ 1 degree-descending-polynomials, where g (x)
(for 1 < k < d— ko) is a real-coefficient polynomial of degree k with a nonzero
leading coefficient, and §o(z) is a nonzero real number. Let

qj = Gj—k, -7r(), j=d,d—1,... k.
Then
p(@) = qa(@)? + qa—1(2)> + ... + g (2)°
which means that p(z) can be written as the sum of squares of d — kg + 1
polynomials with decreasing degrees, where the highest and lowest degrees are

d and kg, respectively.
Theorem 2 is proved. a
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3 An algorithm for constructing DDP-SOS representation
Assume that

p(z) = 22 4 coq 12?4+ e+ o,

is a positive definite polynomial of degree 2d, and g (z) (k =d,d—1,...,1,0) is
a sequence of polynomials satisfying deg(qx(z), ) = k and

p(@) = qa(x)? + qa-1(2)* + ... + q1(2)* + g5 (18)
Let
qr(z) = akﬁkxk + akyk,lwkfl +---+agix+aro, k=d,d—1,...,1,0. (19)
Then the DDP SOS representation (18) can be written as follows:
p(z) = (ch,md_l,~-- ,z,1) Lt (wd, z4 1)T,
here L is the following lower-triangle matrix:

Qad,d
ad.d—1 Ad—1,d—1

N
ad,d—2 ‘adf\l\,df\‘z ad—2,d—2

L= \ ~ (20)
[ ~ .
| TN
| ~
ad,1 | Gd—1,1 ad—2,1 TN a1l
L
ad,o  ad—1,0 ad—2,0 @00 @00/ (gg1)x(d+1)

Here for convenience, we divide the the entries a; ; into three categories:

1. B={a;;,t =n or j =0}, contains 2d + 1 border entries in the first column
and the last row;

2. C ={a;;,1 <j<i<d-—1}, the core entries (printed in red) inside the
triangle area enclosed by the dashed lines;

3. D ={a;;,0 <i=j<d}, includes the diagonal entries (printed in blue) in
the diagonal, except a4 q and ag .

Substituting qx(x) in (19) into (4) and comparing the coefficients of z2¢,
x24=1 . 2,1 of left and right sides, we obtain the following equations:
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2
cad =1=uayy,

A~

C2d—1 = 204,40d,d—1,

C2d—2 = 2a4.404,d—2 + G24—2(C, D;ag,4-1),

Ca+1 = 204,d0d,1 + Ga+1(C, Dsaqq-1,---,a4,2),
Cq = 2‘1‘17‘12@;9 + Gd(C, D; Ad,d—1s---50d,2, adyl);
Cd—1 = Zad—l,d—lw + G4-1(C,D5aq,4-1,- - ﬂd,ﬁ@),
Cd—2 = 2a4-2,d-20d—2,0 + Ga—2(C,D;agd—1,--.,a4,1;0d,0,Gd—1,0),
c1 = 20,1’16\1/1\,/9 + Gl(C, D; Ad,d—1s-++,0d,150d,0y -+ - 7(7,2’(]),
co = ”’370 + aio +... 4+ afw, (21)
where Gag—2,...,G4y1,Gq,...,G1 are polynomials. Consider the border vari-

ables, i.e., a; ; € B, as main variables and a;, j € C'U D as free parameters, and
define the following order of main variables:

ad.d = Gd,d—1 = Ad,d—2 =< ... < aq,0 < Ad—1,0 = Ad—20 =< ... <0a1,0 < Qp,0-

Them, we can observe that equation (21) is exactly a triangular system with
respect to the main variables. In other words, the main variables that appear in
the equations form the following structure:

ad,d
ad,d—1, Ad,d

ad.d—2, Ad,d—1, Ad,d

ad,05, Ad1y -+, Ad,d—2, Ad,d—1, Ad,d

ad—1,0,ad,0, Ad,15 «--5 Qd,d—2, Ad,d—1, Ad,d

ad—2,0, @d—1,0,ad,05 Ad,1y -5 Ad,d—2, Gd,d—1, Ad,d

a1,05 -y @d—2,0, @d—1,0,ad,0, Ad,1y ---5 Ad.d—2, Ad,d—1, Ad,d

a0, @1,05 ---5 Ad—2,0, @d—1,0,2d,0;, Ad,15 ---; Ad,d—2, Ad,d—1, Ad.d
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We can also see that, in fact, among the 2d 4+ 1 equations, the first one and
the last one are quadratic equations, and all other 2d — 1 can be viewed as
a linear equations about their leading variables (i.e., those are printed with
underwaves). Therefore, we can solve the equation system (21) successively, and
get the following solutions:

Qd.d = ].,
1

adi = 5 (cati — Gari(C, Diagg—1,--.,ad,i+1)),
(i=d—-1,...,1,0);
1

ajo = 5 — (¢; —G5(C,Dsaqq—1,---,0d,1580d,05--->0j4+1,0)) s
7.3
(j=d-1,d—2,...,1);

2 _ 2 2 2
aO’O — CO - ad 0 - ad7110 T e e T al’o.

Notice that aqq = 1, and og,q—1 is a polynomial of variables in C, D, thus,
substituting aq,q, aq4,q—1 into aqq—> we can see that aqq—2 is also a polynomial
of variables in C, D. Performing this substitution successively for a4, for i = d—
3,...,1,0 we can obtain the polynomial solution of ag; (i =d—1,d—2,...,1,0:

aq; = P(C,D), i=d—1,d—2,...,1,0. (22)

Let Qq(C, D) = Py(C, D). Then, a4 = Qq4(C,D). Substitute the above solu-
tion (22) into aq—1,0, we get a rational solution of ag_1,0:

ag-1,0 = Qa—1(C, D),
and substitute this and (22) into ag—2,0, we get the rational solution of a4_2.9

ag—2,0 = Qa—2(C, D),
perform this substitution successive, finally we

aro = Q1(C, D).
Finally, we get the rational solution of ag o:
2 2 2 2
Apo =C — Qg0 —Ag—10 —---— Q10
d
= Co — ZQ](CvD)za
j=1

=: A(C, D).

where

C= {ai,ja |]- S ] <] S d}7 D= {d1,17d2,27"'7ad—l,d—1}a

as defined in previous.
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The above analysis shows that if a semi-positive polynomial p(x) of degree
2d can be written as a DDP-SOS in form

p(z) = (ao,o33d + ad7d—1$d_1 St ad,0)2
+(arpz® 4 ag10)? o+ (a1 + a0)’ + g, (23)
such that all a; ; in D are positive, then we can construct an instance of this

special kind DDP-SOS by at first solving a; ; in C'UD from the following system
of inequalities

>0, - ,aq0-14-1 >0,
{ a1,1 Agq—1,d—1 (24)

Alar,, - @d—1,d-1; Gijli<j<i<d) > 0,

and then solving a; ; in the set L from the triangular equation system (21).

To conclude this section we use the above method to seek the SOS represen-
tation of degree-strictly-descending polynomials of the following polynomial:

flx)=2a%—2® — 22" + 23 + 22 + 1.

Applying the Sturm theorem it can be easily check that the given polynomial
is positive definite. Using software YAMILP we can find an approximate SOS
representation

f=R+B+5B+7

where
f1 = —0.1398202913 + 1.4092z + 0.48432% — 0.97652°,
fo = —0.9584996211 + 0.2613z + 0.5896x% — 0.05262>,
f3 = —0.2470324237 4 0.2202z — 0.3213z2 4 0.1938z3,
f1 = 0.02652817796 + 0.03862 + 0.05322% + 0.0782z3.

Our target is to find 4 polynomials which degrees are 3,2, 1,0, respectively so
that f(x) is the sum of squares of these polynomials. We don’t know whether or
not the given f(x) has a such DDP-SOS representation.

In our method, we first assume that

-t %41

w

as 3 asz 3 as,2 a3;1 a3,0 T

2

_ (1;3 22 1) as,2 az2 a2 G211 42,0 T
A a1 az;1 aii ai,1 aio €

as,n 42,0 61,0 40,0 a0,0 1

3 2 2
= (a3,39€ + agex” +az1r + 63,0)

2
+ (a272x2 + a1z + az,o) + (a2 + 0L1,0)2 + (Clo,o)2 .
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In this problem the undeterminate a; ; can be decomposed into B,C, D as fol-
lows:

B = (as,3,03,2,a3,1,0a3,0;02,0,01,0,00,0), C= (a21), D= (as2,a11).
Then we can construct the following triangular equations:

(L;;_’;;Q —1=0,
2a32a33+1=0,
2a31a33 +az2” +aze”+2=0,
2a30a33+2a31a32+2a1a22—1=0,
2a00a22 +a11” +as1? +2azgazs +az,’ —1=0,
2a10a11 +2az20a21 +2a300a3,1 =0,
(lo,()2 + 611,02 + a2,02 + a3702 —1 =0.
(25)
The variables printed in red belong to B. Taking them as the main variables.

The first 6 equations can be viewed as linear equations with respect to the main
variables, therefore, we have the following solutions:

az3 =1,
1 1
432 = _2a373 Ty
24 a3, +a3, 9 +4a3,
%31 == 2a3,3 - 8 ’
2a31a3,2 + 2a21a22 — 1 1+ 4a§,2 + 16az,1a2,2
23,0 =~ 2033 - 16 ’
ail + a%l + 2a3,0a3,2 + a§71 —1
20 =~ 2a2 2
16 a2,24 + 64 a1,12 + 64 a2712 +64az,1 a2 + 88 a2722 + 21
T 12843, ’
aio = 020021 F 03,0031 _ Ajo(agz,a1,15a2,1), (26)

ai1

where A1 is the following rational function:

Ao = (—48az; azo® —16az2° +64ay1%az 1 + 64as1% + 64 az,1%as

— 56 az1 a2’22 —40 a2’23 + 21 as1 — 9 ag,g) / (128 a2,2 (11’1) .
Substitute the solution in (26) into the last equation of the system (25), we get

2 2 2 2 P42(a2,2,al,17az,1)
(a00)” =1—ajg—a39—azg= 2 2 )
’ : ' 16384af ;a3 5

(27)
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here the polynomial P,s is the following polynomial with 42 monomials:

Pyy = — 256 a1 1%a22® — 2304 as 1%a2,2® — 1536 a1 az2” — 256 ag 2™
— 2048 ay 1 ago* — 12288 ay 1%az 1% a2 2" — 81924y 1%as 1 az”
— 3840 a1 1%a2,25 + 6144 ag 1 ag o + 8192 a2 1% az,2° — 3328 a1 %ag 2°
—5632a21 aza’ — 1280 as2® — 4096 a; 1® — 12288 a; 1*as 12
— 819201 1 ag1 ags — 11264 a1 1 ag 2? — 12288 ay 1%az,*
— 16384 a; 1%az 1°as 2 — 8192 ay 1%az 1%as 2* — 8192 a1 1%as 1 as 2®
— 8928 ay 12ag 2* — 4096 az 1% — 8192 as1%az 9 + 3072 as,1%az o?
+ 12288 ag 1% ag 2® 4 4000 ag 1%az 0* — 4672 as1 as »” — 1888 a o°
—2688ay 1" — 5376 a1 1%a21% — 1536 ay 1%as,1 az o + 12624 as 2%a;s 1>
— 2688 az1* — 1536 az,1as2 + 3504 as,12az 2® + 672 az,1 az2”
— 720 ag2* —441ay 1% — 441 az1? + 378 az 1 as s — 8l ag 5>

In the final step, we need to solve the inequality system formed by
az2 >0, a1 >0, Pulagz,a1,1,a21) >0, (28)

In general, this kind of inequalities can be solved by the cylindrical algebraic
decomposition (CAD) method or PCAD (Partial CAD) method, the algorithms
have been implemented in various numerical computation software and computer
algebra software, see for example [5-9]. We will not explain the details here. Here
we just use a practical method to solve the specific system (28). Namely, we set
the core variables in the set C' to be zero, i.e., az;; = 0, and try to find solution
of the following simpler inequality

Py =—441a;,% — 8lags® + 12624 a95%a; 1% — 720 azo* — 2688 a; 1 *
— 4096 a; 15 — 11264 a1 1%as2? — 8928 ay 1%as 2" — 1888 az 2% — 1280 azo®
— 2048 0,1)140,2724 — 3840 a1712a2726 — 256 a1,12a2728 — 256 a2)210 > 0.
Notice that Py, is a degree-10 bi-variate polynomial with 14 monomials, and

only one among them has positive coefficient. So we set a1,1 = a2 = t, where ¢
is a positive real number. Then inequality P4 > 0 becomes the following one:

g(t) :== =512t — 7168t% — 2617615 + 9216t + 522t* > 0.

Now it is easy to see g(1/2) = 8 > 0. Thus, we have found a solution of (28) as
follows:
C* =(ag1 =0), D*=(a5,=1/2,a],=1/2).

Substitute this to (26) and (27), we obtain

B>’< = (a3,3 = 1, CL372 = 71/2, (1371 = 75/4, CL370 = 71/8,
az.o = —15/16, aio = —5/16, ap,0 = 1/128).
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This yields the following DDP-SOS of given f(x):

(@) s 1o 5 1 2+ 1, 15 2+ 15 2+ 1
)= (2" — 2" — -1 — = —xt - — Zr— — —.

P 2" T 1738 2" T 16 2" 7 16) T 128
The algorithm can be used to reconstruct the DDP SOS of semi-definite

polynomial. For example, following this method, we obtain the following DDP-
SOS:

2% 4 2? = xs—lz 2—|—x4—|—§x2
2 477

The Algorithm can also used to polynomials which coefficients contain pa-
rameters. For example, for the polynomial p(x) = 72 — ax + 3, we can get

728 —ax+3="7 (m3—£)2+ xQ—l 2+3(m_a)2 +
N 2 2 2 21

which implies that 105 — 4a? > 0, the polynomial is positive definite.

105 — 4a?
84

4 SOS of Rational Coefficients and the Cholesky

Factorization

In this section, we first prove a theorem concerning the SOS (Sum of Squares) of
rational coefficients, and then discuss the potential applications of the Cholesky
factorization for finding such representations. The theorem is stated as follows.

Theorem 3. Every positive definite polynomial p(z) of degree 2d with rational
coefficients can be expressed as the sum of one positive rational number and
d squares of polynomials with rational coefficients, where the degrees of these
polynomials strictly decrease from d to 1.

Proof. According to the algorithm presented in the previous section, given any
solution (C*, D*) of the diagonal and core variables in the inequality system (24),
we can compute the border variables B*, thereby constructing an SOS of degree-
strictly-descending polynomials. By Theorem 2, the set of (C, D) solutions is
non-empty. Therefore, the solution set of the inequality system (24) forms a
non-empty open set in the space ]Rif)l x R(@=1)(d=2)/2 By the density of rational
numbers, we can always find a rational solution (D*, V*) within this set. Since
in the algorithm the variables a§ o and a;; in B* \ {ag,0} are determined by
rational functions of C*, D*, and the coefficients of p(z), we ultimately obtain
a rational lower triangular matrix L, which leads to an SOS representation in
form (23) where af, € Q and a;; € Q for all (i,5) # (0,0). Theorem 3 is
therefore proved. a

It is worth noting that, given any polynomial p(x) of degree 2d:

2d—1
+

p(x) = 2% 4 cog_1 <o+ oo,
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the symmetric matrix B of order (d + 1):

bia bi—1,a -+ bia  dod
bg,a—1 ba—1,a—1 - b1,a—1 do,a—1
B_ ) ) o )
ba1  ba—11 - dig boa
bio bi-10 -+ dipo  boo

satisfies the equality
p(z) = (24,297, ... 2, 1)B(a?, 247, .. 2, 1)T = XBXT,

and forms an algebraic surface in RU41/2 of co-dimension 2d + 1. Clearly, the
positive definiteness of p(x) does not necessarily imply that X BY' T > 0 for all

X = (md,xd_l,...,x,l), Y = (yd,yd_17...,y7l).

However, if a symmetric matrix B satisfying p(r) = XBX?T happens to be
positive semidefinite, then the Cholesky factorization algorithm (see [5,10]) can
be used to construct a unique lower-triangular matrix L with positive diagonal
entries. Therefore, we can obtain an SOS of p(x) with degree-strictly-descending
polynomials.

5 Examples of DDP SOS of rational coefficients

Example 1. The following SOS representation was given in [29].

2+ 223 — 1822 — 122 + 117

(2 217046 > 29107 - 89156\° 6597622612523
N 21315 21315 29107 13224160752075

(29)

We apply our method to reconstruct SOS of degree descending polynomials.
Assume that

2422 — 1822 — 1224+ 117 = (ac2 +ag1x + (12’0)2 + (@112 + a1,0)2 + (a0,0)2 ,
Then we have:
—2+2az:1 =0,
a11° +as 1?4+ 2az0+ 18 =0,
2a10a11 +2azp0a2,1 +12 =0,

a0,02 + a1,o2 + a2702 —117=0.

Solve the above equations, we obtain the following solution:

a%}l +7

1
a1 =1, aso= —5(61%,1 +19), aio= 2
1,1
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substitute to A(C, D) we get the following inequality system:

_a‘f’l + 39a‘11’1 — 93a%71 + 49

2
4a171

apo = > 0, apy > 0.

Obviously, we can take aj ; = 1. “and therefore,

This leads to the following SOS representation:
w4227 —182% — 120+ 117 = (2% + 2 — 10)° + (2 +4)° + 1. (30)
Using YAMILP we can obtain the following result:
ot +22° 1827 — 120 + 117 = f2 + f3 + f3,
where

f1 = —10.81617267 + 0.5677x + 0.938422,
fa = —0.1019059252 — 1.3809x — 0.339222,
f3 = 0.004888292138 — 0.0167x + 0.06642:>.

Example 2. This problem is from [23]:
28— 225 142t —62° +62% —4x 42
Using our method, we set
D = (azz2,a11), C=(az1).

Then A(C, D) is a rational function of ag 2, a1,1, az,1, for saving place we omit
here. We search the solution of the inequalities

S ={az2 >0,a11 >0,A(az2,a1,1,a21) > 0}
from the following grids:
{1,2,3,4} x {1,2,3,4} x {0,1,-1,2,—-2,3,-3,4,—4} .
We obtain the following solution:
azo =1, aj; =1 a3;=-1,

and therefore,

=
o
|

* _ * _ * _ * _
ag o = -1, azq = 1, as o = -1, ay o = ok a
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This immediately leads to the following SOS representation:

28— 225 +42* — 623+ 622 —4x+2

2 1)* 1\ 1

Using YAMILP we can represent the given polynomial as f? + f2 + f3 + f2,
where

f1 = —0.8432833022 + 2.1732x — 1.5698z2 + 0.290522,
f2 = —0.8665507045 4 0.54562 + 1.12222% — 0.532723,
fa = —0.7043361998 — 0.3787x — 0.0093z2 + 0.738223,
f1 = 0.2046305611 4 0.1889z + 0.2061x2 + 0.29472>.

Example 3. Find SOS representation of the following polynomial:

20 —62° +142* — 1823 + 172 — 122 + 4.

This is a semi-positive definite polynomial. In fact, we have
28 —62° + 142t —182° + 1722 — 1220+ 4= (2 + 1) (@ — 1)* (z — 2)°.
Applying our method, we can obtain the following solution:

2% — 62° + 142* — 1823 + 1722 — 122 + 4
— (¢® =322+ 22)" + («* =32 +2)°. (32)

YAMILP expresses the polynomials into the sum of squares of the following
four polynomials:

f1 = —1.414253975+3.53552 — 2.82832% 4-0.707223,

fo = —1.41417313540.70702+1.41422% —0.707023,

fs = —0.000247577789—1.8127x 1042 —4.8614 x 10 °22 +2.1669 x 10~ *z3,

fa =3.717033734 x 107°4+4.5315x 10 °z+6.1611 x 10~ %22 +9.4200 x 10~ °z3.

Example 4. Find the DDP SOS of

(2 + 1)z —1)* (2 —-2)2+1=2%—62° + 142" — 1823 +172% — 122 + 5.
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Applying our method, we obtain the following solutions:
(22 + D)z —1)%(x—2)% +1,
=% — 62° + 142 — 1823 + 1722 — 122 + 5,

— (2® =327 +22)° + (2 =32 +2)° + 1, (33)
2
s 2 (5 9 1, 47
= - -3 - - 4
(z° — x) +(x 8) +4a: +64’ (34)
3\ 3\* 1
:(1‘3—3$2+2x)2+<x2—3x+2> +<x—2) + 5 (35)
2 2
19 7 1 119
3 2 2
= — _— _ = —_ —2 —_—
<x 3m+8x 8>+<2x x+64)
2
1 13 2507
o2} 20 36
+<2m 32) * 3096 (36)
Example 5. Find DDP-SOS of 25 + 1. In this example, we have obtained
1
P RV . 3807
-8 0 12 > 9007 40967

0 —17/64 0 0,0
which leads to:

2 2
1 1 17 1 3807
6 _(.3_ 1 12 11 1 o 9007
£E+1—(CL' 896) +(2x 64) —|—4x +4096' (37)

Using YAMILP we can get 25 + 1 = f2 + f2 + f2 + 7, where:
f1 = —0.7486x + 0.8923z3,
fa = —0.892288357 + 0.748622,
f3 = 0.4514659322 + 0.5382x2,
4 = 0.5382x + 0.45152°.

Example 6: A sparse polynomial 2! — 2 4+ 1. We search following lower-
triangular matrix such that p(z) = XLLT X1 for X = (25,...,2,1):

a
a

Ut

9,0

4 Q4.4

I = 5,3 @4,3 433
as5.2 Q4,2 32 422
(5.1 4,1 A3,1 A2,1 G1,1
as o @4,0 @3,0 @2,0 1,0 @0,0

ot

1

We divide the parameters into following three groups:

B = (a575, as 4, 53, @52, A51, 50, A44,0, 43,0, @2,0, 41,0, ao,o),

D = (as4, a3, az2, a1,1), C = (a3, aa2, as1, a32, a1, a2,1) -
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The inequality A(C, D) > 0 involves 10 variables, therefore, it’s difficult to
find solutions with the cylindrical algebraic decomposition. We set variables in
C to zero:

* L * . * _ * . * . * _ * .
c* = (a4,3 =049 =0q1 =032 = A3 = Qg1 = O) )

and seck solutions for variables in D = (a4,4,a33, a2,2,01,1) in the following grid

Finally, we found the following solution of A(C*, D) > 0,D > 0:
* * * 1 * *
D* = <a474 =1, as s = > as o = 1, aj, = 1) ,

Substitute the solutions to p(x) = X LLT XT | we solve border variables a; ; € B
and obtain the following sum of squares representation:

20—z 41
2 2
1 1 5 1
_ 5 + 3 L 4 9 L 6
= (x 21‘ 41‘) —l—(x 8) +4a?
17\? 1\* 179
_ 2_ __ _
= <x 32> +<x 2> +1024. (38)

Without pre-assume C' = C*, we cam also search solution of A(C,D) > 0
directly from the following grid:

1 * 11 ¢
7717§72a§737zv4 X Oa75_771a_17§7_§a25_2 )
2 2 2 2 2" 2 2" 2

by testing A(C, D) > 0 for the 8* x 9% = 2,176, 782,336 points in this grid.
Following is a sample of solutions:

11 11 1
*=(1,1, =, = Vi=(-1,0,5,5,0,5).
b (”2’2)’ ( ’0’2’2’0’2)

which leads to the following SOS representation:

20—z 41
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Using YAMILP to compute the SOS for 2'© — x4 1, we can obtain the following
result:
2 — 1= R4+ £

where
f1 = —0.9055741018 + 0.7080x + 0.5391z2 — 0.08402> + 0.1377z* — 0.25052°,
fo = —0.0396579101 — 0.0059z + 0.22702% — 0.76872> — 0.0653z* + 0.83702,
f3 = 0.01254393117 — 0.3718z + 0.6945z% + 0.244123 — 0.5994z* — 0.01302°,
f1 = —0.3443097162 — 0.4303x + 0.0828z2 + 0.38872° + 0.5062z* + 0.3547x°,
f5 = 0.1529814933 — 0.2219z + 0.266622 — 0.30592> + 0.3321z* — 0.321625,
fe = —0.190402017 — 0.16512 — 0.13442% — 0.11292> — 0.1014z* — 0.08532°.

Example 7. The polynomial p(z) = 26 —22° 4512 —4 x+1 can be expressed
by the following SOS forms:

28— 225 +52%2 —4x+1

2 2 2
1 1 1
:<x3—x2—x+2> +<m2—2x+4> +<Zm—i> +§ (40)

37 92 172 26992
:(Jc3—x2— x+)—|—(7/5x2— o )

25 ' 10 10 " 7000
877 \? 128856407
4/52 — . 41
+< /b 56000> 3136000000 (41)

Below we show that p(x) has no SOS representation with C' = 0 in its lower-
triangular matrix. Assume that p(z) = XLLT X7 where

1
a s
I = 3,2

a3 1 0 t

as,o a2,0 a1,0 @0,0
Let

L= (a3,3, as3;2,0a3.1,43,0,02,0, 1,0, ao,o) ,

and

D =(azs=s,a11=t), V ={az1 =0}
Then, we can construct the following inequality:
A(s,t) = (45" + (* +16) s® + (284 +88) s + (8¢! + 387 + 144) s*
+ (48" — 228¢% 4 324) s* 4 (161° — 120t* + 225¢%)) /(—645°t>) > 0.
Notice that for for all s,t € R,

AB1 — 2282+ 324 >0, 16¢° — 1204 +225¢% = ¢* (442 — 15)° > 0,
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and therefore A(s,t) > 0 has no solution. which means that p(z) has no SOS
representation in form

(x4 + a372x2 +asiz+ a3,0)2 + (s S22+ CL270)2 +(t-x+ al,o)Q + aao
with s, ¢, ap0 > 0. Following is the SOS representation obtained by YAMILP:
25— 225 4527 —dx+1=f2+ 24+ 24 f3
where

f1 = —-0.9043450932 + 2.26662 — 0.0891z% — 0.55462°,
f2 = 0.07883288347 4 0.1529z — 1.508122 + 0.7385z3,
13 =0.3969217596 + 0.06442 — 0.14902% — 0.3600z°,
f4 = 0.1356408701 + 0.0896x + 0.0809z% + 0.13213.

Example 8. Consider the following problem:

p(r) =22 — 42" 4 62 — 4213 4 2212
—a® + 72" —132° + 172> — 11z +5

Notice that
p(z) = (22" —2+5) (2? —sr:+1)2,
and for 2z'? — x + 5, the lower triangle L contains 2 x 6 4+ 1 border variables in

B, 1+ 24 3+ 4 = 10 core variables in C, and 5 diagonal variables in D, the
inequality system

D >0, A(C,D)>0,

involves 10 + 5 = 15 variables. First we set C' = 0 and search D in the following

grids:
1.3 °
=J-,1,2, 2% .
61 {2’ ) 27 }

Since there are only 4° = 1,024 points in this grid, it is easy to check the
inequality A(C = 0, D) > 0 over all points. We found the following two solutions

in this grid:
1 1 1 1 1 1 1
Dl - (2u 57 17 57 2) ) D2 - (13 57 17 57 2) )

which yield the following two DDP SOS representations:
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22 —x/2+5/2

1722 529 \° 6501 \ 2
= (% —1/82" - — ) 4 1/420 4 (1/220 - o
(m /82" = o ~ 1021 ) VATV - igas
25377 2 7197247535
64 (1/22% - 22— 9 _1/9)% 4 L2TI£%999 49
e +</ * 65536) @2 =127+ poreerae (42
2 15) 2
= (2% —1/22* — 1/42% — 5/8) +x10+<1/2;,;4_16)
2
9 85
6 2 7 o 2
+x +<1/2x 16) + (z/2-1/2) +7128' (43)

The expression (43) corresponds to the following lower-triangular matrix with
zero core variables:

1

0 1

~1/20 1/2
L=| 0 0 0 1

~1/40 0 0 1/2
00 0 0 0 1/2
~5/80—15/16 0 —9/16 —1/2 85/128

Without assuming that C' = 0, we further seek solutions of A(C, D) > 0 from
the larger grid &, C R>+10:

13 ° 11 10
=351, 2,2 S T |
62 {23 727 } X{Ov 2» 27 ) } 3

This grid contains 4° x 519 = 10'° points. We have used the Monte Carlo method
to test A(C, D) > 0 and obtained the following two solutions:

11
0, -1, -1,1,0, -1, 1, ——, =
) ) 9 9 ) ) ) ) 2) 2) )

N | =

11
Ds;Va)y=1(1,1, 1, =, —;
( 3 3) < s Ly b 2a 21

1 1 1 1 1
DyVy)=11, -, =, 1,1;0,0, -, -1, =1, 0, =, 0, 0, =
( 4, 4) ( ) 27 27 y 4y Uy Uy 27 3 y YUy sy Yy )u
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and finally got the following two SOS representations:

1
mlz—fx—l—f (x6—1/2x4—1/2x3—3/4m2—x/4)2

(«° +1/22* —$2—$)2+ (x4—|—a:3—x—1/32)2

2
29
m3+x2—a:/2—32> +(1/22% +2/2 1)
2
469
(‘E/Q_) 1024

+
2 2
1 1 1 1
_ 6 ~+.4 - 2 5, +,.2 1
—(x 2 m+4)+<x —|—2m x 4>
1

+
N

From (44) we have the following SOS representation of p(z):

plz) =2 (2% — 2" +1/22° — 3/42" — 1/22? —x/4)2
+2 (2T —1/225 +1/22° —1/22* — 2)°

3122 31z 2

6
T 1732
+2<33 + D 3 / )

1922 1 29\°
+2<x51/2x3+ 9 Mg)

322 T 32 32
+2 (1/22* —2? +3/22 — 1)
3122 31z 15\°
2 (1/22% - —_— =
</ YT Ty 32)
469
+m(l’2—x+1)2

Example 9. Consider the following polynomial:

p(x) = 2210 — 4215 — 221 4 4213 4 2412
In general, if x = zy is a minimum point of p(z) and p(z), then
g

(z — x0)| ged(p(x), p' (),

and

p(x) = (ged(p(), 7 (@))” q(x) + p(0).

For p(z) given in this example, we have

ged(p'(x), p(z) = 2 —x — 1,

— 2+ 72* — 923 — 7% + 92 + 6.

23

(45)

(46)
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therefore
p(z) = (22 —z - 1)%(22"2 —2 4+ 5) + 1,

Recall that we have constructed 4 different SOS representations of 2212 —z +5
in previous example. Using the result (45), we have

2010 — 4215 — 2™ 4 4B 42012 — 2P 4 72 — 922 — T2+ 92+ 6

2

3 1 1 1 1 1 1

_ 8§ _7_°26,+ 5, + 4, t 3, + 2 1 2
—2(35 T 233+2:v +4m+4x—|—2x 433 4)

1, 3, 1, 5 1)
—|—2(Z‘7—$6—J}5+2$4—2.1‘3—|—4.132—|—4l‘—|—4>

3 1 3 9 7 1)?
6 5 -4 + 3 _ <.2
S R R T 16I+16)

. 15 17 1\? 313
3 2 )+

6% T 6% 16 (22 —2—1)" +1. (47)

[Using YAMILP, we obtained the following SOS representation:

p)=fi+fs++1f5,

where

f1 = —2.282003164 — 1.85152 + 2.9548z2 + 0.37302> — 0.16312"
+0.45382° — 0.318625 + 0.118027 — 0.12302%,

f2 = 0.3504639324 + 0.2600z + 0.1273z2 4 0.5308z> + 0.3520z*

+0.8840x° — 2 : 122025 — 1.3088z" + 1.2890z°,

—0.01057227405 — 0.27742 — 0.14712% + 1.56112> + 0.70242*

— 1.59022° — 0.37202° + 0.353427 + 0.075625,

IE
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fa = 0.392835776 + 0.3929x + 0.46462% + 0.8757x> — 1.8251z*
—0.26742° + 0.46922° — 0.51022" + 0.34362°5,

fs = —0.2120484475 — 0.9874x — 0.92812% + 0.9047z> + 0.1473z*
+0.8984z° + 0.72692° — 0.624227 — 0.11762%,

s = 0.1701900667 — 0.5797z — 0.3835x2 — 0.03362°> — 0.6067x*

+0.13712° — 0.63042° + 0.72162" — 0.11102°,

fr = —0.4560569811 — 0.2364z — 0.46102° — 0.2038z* — 0.40602>
—0.3606z2 — 0.00812° — 0.32102" + 0.40702%,

fs = —0.4829986477 + 0.3978x — 0.190922% + 0.17272% — 0.08562*
+0.13392° — 0.09902° 4 0.14272" — 0.08772%,

fo = 8.341098855 x 1077 + 3.8276 x 10~z + 4.8301 x 10~ z?
+8.8392 x 10~%23 4 0.00142* + 0.0023z° + 0.00372°
+0.0061z" + 0.00995.

Example 10. Express the following polynomial in SOS form:

p(a) =22 + 22T + 226 4 2% 4 o 4 B 4 g2 4 g2 4 P 4 10
+ 2 47 4 10 415 gt 13 212 gt 10
+2? "+ttt 2 L

For this problem. we observe the following SOS representations:

1 3 2 2
4 3 2 2 2

1= — - - -
ittt et l= (T4 o)+ (e 3) +3
S raS 4+ et l=2?@t 2+ D)+ 2t 1

1 3 2 2 3 )

— 3 T 2)\2 (2 “ .02 “ 32 e

= (z +2x)+4(a: +3x)+3(x+4)+8,
B4’ e +1=22@ e+ ) F 2t 41
3 2 2 3 5 4 3

1 .
4 332 3 2\2 2 2

25

Therefore, for this polynomial, we try to search lower triangular matrix L in the

following form

ap

bn Gp—1

0 bp—1 @n-2

L = 0 0 bn—2 An—3

0 0 0 0 b1 ap
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to make

So we get 2n + 1 equations,

(aiili )= 1\/?\/1\/3‘/6”71/8 ,/E

1,111=28,...,2,1) — ) 47 67 87 107 12’ 147 ) 307 )

(a,, ) )_ \/T\/T\/T‘/lﬂlﬂl 1/i
i,i—1|1=28,...,2) — 1’ 6’ ]’ 10° 12° 147 30 |-

Thus,

1
I3 12 5\T T (s 13 )T
a4 \" T 13” B\" T”
15 14\% 8
e = iy 4
+28<+15)+15 (49)

6 Rational SOS for multi-variate polynomials

A “project and lifting” technique used in factorization of a multivariate poly-
nomial F(z1,2,...,2,) is as follows: in the project step we take a sequence of
sufficiently large natural numbers
k1 <ko<...<ky,
substitute the following transformation rule
=t xe =tF2, L x, = th, (50)

into F(z1,2a,...,2,), and factorize the obtained univariate polynomial

G(t) = F(th th2 ) — g1 (t) X ... X gm(t).
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In the lifting step, we transform each polynomial g;(¢) to a multi-variate polyno-
mial f;(z1,xa,...,x,) through the following successive remainder computation:
gi(t) = ro —11(zn;t) = rem(ro, t — zkn 1),
r1 —ro(Tp_1,Tn; t) = rem(ry, t — xff_’f ,t),

Fne
ro —1r3(Tp_2, Tn_1, Tn;t) :=rem(ry,t — z," 5, 1),

Tne1 —Tn(Z1, ..., Tp_1,Zp) :=rem(r,_1,t — x}fl,t).
fi=ra(z1, 22, ... 2y). (51)

Finally, we get the factorization of F:

F(x1,22,...,2n) = Hfi(xl,xg,...,xn).

i=1

This technique can also be applied to reconstruct the SOS representation
of multivariate positive definite polynomials, provide we know already that this
polynomial can be expressed in SOS forms. The main process is as follows:

Let p(x1,22,...,2,) be a multivariate, k1 < ka < ... < k,, be the sequence
of natural numbers generated by the following procedure:

by =1,
ko =1+ deg(p(ar = t*),1)
ks =1+ deg(p(xy = th gy = tkz),t),

kn =1+ deg(p(z1 = Ry =R e, = tk"*l),t),

and
G(t) =p(z1 = th gy =th2, g =t 2, = tk").

Clearly, the projected polynomial G(¢) is positive definite if p(z1, z2, ..., 2n)
is positive definite. and therefore we can write G(¢) as a sum of square of certain
polynomials:

Gt) =gnt)* + gv—1(t)* + ...+ g1(t)* + 0.
Let qo = go, and ¢1,¢2,-..,qn € Rz, o, ..., z,] be multivariate polynomials
obtained by the previously mentioned successive remainder computation from
g1(t), g2(t),. .., gn(t), respectively. Then,

p=qn(x1,T2,...,2) 2 +an_1(x1, T2, ..., 20) 2+ (@, 20, T0) G
(52)
In general, N is much larger than the degree of p(x1, xo, ..., x,), which brings

a very high computational complexity for solving the equation:

Gt) = (N, N1 N2 2, )LLT (N N N2 2 )T
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To solve this difficulty, we can try to find integers s; (7 = 1,2,...,1) so that
0<s51 <8< <81 ><N
and try to find a lower-triangular matrix L so that
G(t) = (N, o 50 2 e LLET (N o e s )T

Clearly, if this equation has a solution, then we can reconstruct an SOS of G(t)
with less computation, and therefore finally construct an SOS representation of
p(x1,xa,...,x,) using the successive remainder computation.

The following power selection procedure can be used to construct a such
sequence (tN, 51, #50-1 52 ¢51):

Input: a multivariate polynomial p(z1,2,...,zp).

Initialize step: Let

N =0, M:{(dl,d%...,dn):coeff(p,xflxg"‘---xfl");AO},
for (dy,ds,...,d,) € M do: if mod (d;,2) =0 fori=1,2,...,n then
N(— (d1/2,d2/2,...,dn/2), M :M\{(dl,dg,...,dn)}.

end if, end do.
Loop: while M # () for m = (dy,ds,...,d,) € M do: for j from 1 to #N
do
m; := (e1,ea,...,¢€), the j-th element of NV,

aif
d; >e; foralli=1,2,...,nanddy +do+...+d, >e;1 +eas+...+e,,

then
N(— (dl —Gl,dg—eg,...,dn —en),

end if, end do,

M =M\ {m}.

end do.
output:

SZ: {k111+k212++knln, (11,l2,...,ln) EN}

Without loss of generality, we may assume that S contains [ + 1 integers and
they are arranged as follows:

81<82<~~-<81<N:Sl+1.

Let
T = (N, ¢, ... 152, %),
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Then we can apply the algorithm we have presented in Section 3 to construct
the SOS in the following form:

2

+1 J
qt) = (Nt e HHET (N e )T = Z (Z aj,itsi> . (53)

j=1 \i=1

and finally, reconstruct q(x1, 2, ..., z,) by performing the successive remainder
computation on the univariate polynomial

J
i=1
The proof of the existence of the SOS in (53) is rather complicated. Here we just
show a few examples.
Example 11. The following polynomial came from Find [18].
flz,y,2) = z* + 232 + 222y + 24
Using YAMILP, this polynomial can be expressed in the following SOS form:

fly,2)=ff+H+HE+ R+
where

f1=1.4142zxy,

fo = 0.923822% — 0.647322 4 0.6329z z,
f3 = —0.04062% — 0.71822% — 0.6752z 2,
f1 = 0.38072% + 0.255422 — 0.2945x 2,
f5 = 8.9800 x 10~ "yz.

According to this result, we guess that f(z,y,z) can be expressed as
f(-f, Y, Z) = 2‘1:23/2 =+ qQ(J"a Z)2 + Q3($, 2)2 + Q4(.13, 2)2'

Below we show the main procedures to reconstruct an SOS representation of
f(z,y, z) with rational coefficients.
In the univariate polynomial projection step we decide

ki=1, ko =4, k3 =13

and
G(t) = p(t, £, ') = (£, 4%, ') = 7 4 10 4 2412 + ¢
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In the power selection procedure we have

M =1{(4,0,0),(3,0,1),(2,2,0),(0,0,4)},
N +{(2,0,0),(1,1,0),(0,0,2)},
M={(3,0,1)},

N+ {(1,0,1)},

M =,

N ={(2,0,0),(1,1,0),(0,0,2),(1,0,1)},

and therefore

T =subst({x =t,y =1°, 2 = t'3}, {a? yx, 2, 2%}) = {t*,5,t'* 1?0},
Thus we search DDP SOS form of the following form:
= (a3t26 + a2t14 =+ a1t6 + a0t2)2
(bot™ + byt® + bot?)

+
+ CltG + Cot2)2
+ (dot?)?.
The result of this step is
as = 1, a2 :07 a; = 0, apg = —1/27
bo=1, b1 =0, bg =1/2,

c1=v2,¢=0,dy= \/5/2,

which leads to the following SOS form:

52 4 416 4 9412 | 44 <t26 -~ ;t2>2 4 <t14 + ;t2>2 Lop2 %t4. (54)
Finally, by performing the following successive remainder computing:

rem( - ,t'3 — 2,t), rem( - ,t° —y,t), rem( - ,t — ,1).

we get obtain the desired SOS representation.
st a4 222 2t = <22 - ;x2>2 + (a:er ;x2>2 +22%y? + %9:4. (55)

Example 12. Consider the following bi-variate polynomial:

p(z,y) = 2° + 22y + 50y + day® +¢°.
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Since it is a homogeneous polynomial and can be easily transformed to a uni-
variate polynomial, which guarantees the existence of SOS form expression of
p(z,y). Using YAMILP we have the following result:

f1 = —0.9043y> — 2.2666xy> — 0.08912%y + 0.55462°,
5 = 0.0788y% — 0.1529zy% — 1.50812%y — 0.738523,

[ Yy Yy Yy

fa = —0.3969y> + 0.0644xy> + 0.14902%y — 0.360023,

f1 = —0.1356y> + 0.08962y> — 0.08092%y + 0.13212>.

In our method, we take z = ¢,y = ¢, and
G(t) = p(t, t7) = t*2 4+ 4¢3 + 5130 4 2412 45,

In the power selection procedure we have

M= {(670)7 (5,1),(2,4),(1,6), (0, 6)}»
N +{(3,0),(1,2),(0,3)},
M={(51),(1,5)},

N+ {(2,1),(0,3),(1,2)},

M =0,

N = {(37 O)v (15 2)7 (07 3)a (17 2)}7
and consequently,
T =subst({z =t,y =7}, {23, 22y, xy?,y3}) = {£3,¢°,¢15, 21},
Therefore, we search SOS form of G(¢) in the following form:
9(t) = (ast® + ast™® + a1t® + apt®)?
+ (bat'® + byt + bot?)?
+ (1t + cot?)?
+ (dot®)?,
and obtain the following solution:
(13:]., (1,2:27 a1:0, G,():—:[/Q7
by =1, by =1/2, bo=—1/4,
(6] :3/27 6023/47
dg = 1/8.
This leads the following SOS representation of G(t) as

42 4 4436 4 530 4 2412 46

2 2 2
1 1 1 3 3 1
(421 op15 _ 143 15 4 249 143 294 23 246
( + ;) + +3t =7t H 5P+ T3
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Performing the successive remainder computing:
rem(-,t” —y,t), rem(-,t—x,t),
finally we get:
25 + 225y + 5a®yt + dxy® + o/

1 2 1 1 2 3 3 S|
3 2 3 2 2 3 2 3 6
- 2 - - - = - - - .
<y+xy 2x>+(xy +2xy x>+<2xy+ x>+8x

Example 13. Find an SOS representation of
fx,y,2) = 25 + day?2 + 45 + 2y*2% + 922" + 425,
In the project step we use the following substitution:
proj:x =t y=1t, z=t.
It maps p(z,y, z) to the following univariate polynomial
G(t) = f(t,£7,433) = 44258 4 186 4 94114 4 4460 4 442 | 46
In the power selection procedure, we have
M ={(3,0,,0),(0,3,0),(0,2,1),(0,1,2),(0,0,3)}, K =1{(0,2,1)}.

and
(25,93, 122, y22, 28 B T = {43,422, 457,493 1291,

Further, we search the SOS representation of G(t) in the following form:
g(t) = (ast'® + agt® + ast® + ayt®* + agt®)? + (bst? + bot™ + byt>" + bot?)”

=+ (62t57 —+ Cltzl —+ Cot3)2 —+ (dltzl + d0t3)2 =+ (eot3)2.
Use our algorithm presented in Section 3 we obtain the following solution:
a4:2, (13:0, GQZO, Cll:O, a0:O,
bs =1, b2=0, by=-1, by=0,
02:2a 01:07 00:1,
dle, dOZO, 6020.
This solution derives the following SOS representation of G(t):
4258 | 4186 | o114 | 460 | 442 4 46 _ (94129)2 | (493 _ 421y2 | (45T 4 432

and consequently, by performing the following successive remainder computa-
tion,
rem( -t — 2,t), rem(-,t" —y,t), rem(-,t—ax,t),



Sum of Squares with Rational Coefficients 33

we finally obtain the SOS representation of p(x,y, 2):
20+ 42PyPz + o8 4 20027 + 22t + 420 = (22%) + (%Y — o) + (2% + 24%2)2

Example 14. (Motzkin’s counterexample [11]) Show the following polyno-
mial
flz,y) = a'y? +a?y' = 32%y% + 1
does not admit a sum of squares (SOS) representation, and construct an SOS
form of

(@ + 9% + 1) f(2,y).
Assume that f(z,y) > 0 admits a sum of squares decomposition. Let
proj:x =t, y=t*
Then f(z,y) is projected to
Gt) = f(t,t°) =2+t —3t12 +1
In power selection procedure, we have
N ={(2,1),(1,2),(1,1),(0,0)},

and
T = {1,157 '},

So if G(t) has any SOS representation, it must be the following form:

G(t) = (ast' + ast” +art® + ao)2 + (bot” + b1t + bo)2 + (ert® + 00)2 + d2.

By comparing the coefficient of t'2

, we have the following equation
a? +b3+ci+3=0,

which has no real solution, therefore, G(t) does not admit a sum of squares, and
therefore, f(z,y) does not have a sum of squares representation.
Let

filz,y) = (@ + 92+ 1) f(z,y)
— 2592 + 2yt + 2y — 20hy? — 202yt — 30%y® + 2% + 2 + 1.

We aim to construct an SOS for this polynomial. For this problem, we have
r=1t, y= t7,

and
Gi(t) = t* + 2632 — 230 1420 9418 3416 141 142 11,

In the power selection procedure we have

N ={(3,1),(2,2),(1,3),(2,1),(1,2),(1,1),(1,0),(0,1),(0,0)},
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and
T {1,t,t77t87t97t10,t15,t167t22}.

Let
V= (t22 £16 415 410 49 48 4T 4 1)

Consider the following following equation
Gi(t) = (VL)(VL)",

where L is a lower triangular matrix of order 9:

ag9
agg asgs
Gg7 agr ary
L=
ag1 agi arr - a1l
Ggp ago aro -+ Ao Goo

It derives a system with 9 polynomial equations, involving 45 variables. Among
the variables, 17 are in the border B, 7 are diagonal variables, and 21 are in the
core C'. Following is one solution we found:

1
0 1
0 0 1
/2 0 0 +/3/2
L=l o o0 0 0 1
-3/2 0 0 —V3/2 0 0
0O 0 0 0 1 00
0 0 -1 0 0 0 0 0
0 -1 0 0 0 0 0 0 0
which leads to the SOS expressions:
1 3.4\° 2 2
Gl(t):<t22+2t10—2t8> + (0 —1)"+ (£ —1)
2
193 18/3
+( - ;[> (1)

and .
2
hlzy) = (2zy® + 2%y — 3ay)” + (2®y® — 1)

3
Hay® =)+ L@y — )’ + (@ - ).
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The following sum of squares is can seen in Parrilo [19]:

(22 + 92+ 1) f(x,y) = (a:Qy — y)2 + (xy2 — x)2 + (a:2y2 — 1)2

1
4 (ot =a') 4 ] (a4 oty —2m)

this form corresponds to the following univariate polynomial under the project
Gl (t) — (tS _ t6)2 + (t15 _ t)2 4 (t16 _ 1)2

+i( 22 t10)2 + Z(t22 o th o 2t8)2.

7 Conclusion

The SOS decomposition problem for (semi)-positive semidefinite polynomials is
well-known and has been extensively studied by many researchers (see [11-17]).
Numerical implementations (such as YAMILP, SeDuMi, and SOSTOOLS) are
available in various mathematical software packages (see [18-21]). Typically, the
focus has been on efficiently solving the factorization problem B = HH” in the
space of (d+ 1) x (d + 1) symmetric matrices.

A few years ago, while the authors were discussing how to construct the
exact SOS representation for several relatively simple univariate polynomials
came from in [22,23] by hand, we luckily found that it is always possible to
generate an SOS of degree-descending polynomials. In most cases, when solving
the equations and inequalities generated by these problems, a solution exists even
when the core variables (i.e., a; ; with 1 < j < i < d) are set to zero. In the past,
research on SOS with rational coefficients (see [24-29] ) either focused on finding
rational points in the semialgebraic set or on recovering the accurate solution
from results with errors. As a result, people generally did not pay attention to
the fine structure of the solutions to this problem.

Our method relies on extensive computation in the subprogram for construct-
ing the inequality A(C,D) > 0, so it is efficient mainly when the input poly-
nomials are lower degrees. We have also applied our method to solve the SOS
problem for multivariate polynomials [30,31], but it is still unable to handle
more complicated cases, such as

4.2 2 4.2 2 2,4,2 2,22 2 8
delzell(xy, xa, k3, x4) = x7252] + Toxsxs + xiT30; — 3rir3050] + 5.
Nevertheless, our method is at least helpful for situations where a rigorous proof
of positive definiteness is required.

Finally, the authors suggest referring to our method as the "L-SOS Algo-
rithm" in any future citations, to reflect that in this algorithm, the indetermi-
nates of the lower-triangular matrix are divided into three groups. The indeter-
minates in the first column and last row, which form the L-shape, are treated as
the main variables and represented as rational functions of the other variables
(i.e., diagonal variables and core variables).
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