ON RAPID MIXING FOR RANDOM WALKS ON NILMANIFOLDS.
DMITRY DOLGOPYAT, SPENCER DURHAM, AND MINSUNG KIM

ABSTRACT. We prove rapid mixing for almost all random walks generated by m trans-
lations on an arbitrary nilmanifold under mild assumptions on the size of m. For sev-
eral classical classes of nilmanifolds, we show m = 2 suffices. This provides a partial
answer to the question raised in [6] about the prevalence of rapid mixing for random
walks on homogeneous spaces.

1. INTRODUCTION

Let G be a simply connected nilpotent Lie group and I' be a co-compact lattice so
that M = G/I" is a nilmanifold equipped with the Haar measure p. A translation on
M by g € G is the map «I' — gaI'. In this paper, we study random walks by a finite
set of translations on M. These random walks will be defined by an m € N, x € M,
aset F:={g1,...,9m} C G, and an associated probability vector p= (p1,pa,---,Pm),

ie. p; > 0and Z p; = 1. The random walk is then a Markov chain where x, = grx,,_1

with the probability py. We will let (F') denote the semigroup generated by the set F.
Associated to the set F, we have an operator £ : C"(M) — C"(M) defined by

L(A)(x) == E(A(21)|zo = 2) Zp] L AeC"(M).

It follows that for any N > 1,
(LN A)(x) = Eo(Azn)) = Y pn(W)A(Wa),

|W|=N

where || is the length of the word W and px (W) = py(Guy - - - Guy ) = [ Loy P, i the
probability of having walked by W at time N. Since a random walk is exactly defined
by its generators, we can view the product p™ as a measure on the space of all random
walks generated by m translations. When we speak of the measure of a set of walks,
we mean it with respect to this measure.

Given observables A, B € C"(M), the correlation of A and B after time N is given
by

pasV) = (€)@ B@dn(o) ~ [ Alw)duta) [ B)dn(z).

Definition 1.1. A random walk is said to be rapid mizing if given ¢ € N, there are
constants C,r > 0 such that for any A, B € C"(M) and N € N,

245N < Cll Al oy 1 Blleran N™

Below, in order to simplify the formulas, we only consider correlations of zero mean
functions. This is sufficient since every function can be decomposed as a sum of a zero
mean function and a constant (the mean).

Mixing plays a key role in the study of statistical properties of dynamical systems.
Many classical systems are exponentially mixing (see e.g. [7, Appendix A]). The random

walks we consider do not exhibit exponential mixing, so the best estimate we can hope
1
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for is that the mixing of C" observables occurs at a O(N ") rate with ¢(r) — oo as
r — o0o. This is exactly the definition of rapid mixing that we have provided. Our main
result shows that most sufficiently rich walks are indeed rapid mixing. Rapid mixing is
also sufficient to establish several key statistical properties, including the Central Limit
Theorem, see Appendix [B]

Nilmanifolds support a rich and well-studied variety of homogeneous dynamical sys-
tems. These systems, in addition to being of purely dynamical interest, are also of
interest to the broader mathematical community as their dynamical properties can
have important consequences in other fields, particularly number theory [10,/13] and
combinatorics [14]. In part due to the complexity of their algebraic structures, dy-
namics on higher-dimensional nilmanifolds are not yet completely understood. In this
paper, we prove the rapid mixing of almost all random walks on nilmanifolds generated
by a sufficiently large (finite) number of group elements. In particular, we will define
a technical algebraic condition called m-greatness and show that almost any random
walk on an m-great nilmanifold supported on m translations is rapid mixing. We then
show that every step-s nilmanifold is s-great. This leads to the following theorem which
applies to all nilmanifolds.

Theorem A. For any step-s nilmanifold M = G/I', there is a constant Ng < s such
that for m > Ng, almost every random walk generated by m translations is rapid
mixing.

The primary weakness of this theorem is that it sometimes requires more than two
generators to guarantee that rapid mixing random walks are of full measure. Within
certain special classes of nilmanifolds, we can overcome this deficiency. Among these
are the quasi-abelian nilmanifolds, which have previously been studied in the context
of parabolic flow dynamics [12,[19]. We also give special attention to triangular nilman-
ifolds and step-3 nilmanifolds, and ultimately show the following theorem.

Theorem B. If G is quasi-abelian, triangular, or step-3 or lower, then Ng = 2.

It is a classical theorem that for single translations on a nilmanifold, ergodicity, unique
ergodicity, and minimality are equivalent and in fact only depend on the irrationality
of the abelian projection of the translation. Our result is similar in that we only need
an arithmetic property on the restriction of the action in the maximal torus factor.
On the other hand, unlike other cases, the arithmetic property we require takes into
account how higher-order commutators of the generators will act on M. In particular,
the argument requires certain polynomials arising from the Lie algebra structure to be
linearly independent. In fact, the relevant polynomials only depend on the coordinates
of the generators in the abelianization of GG, and the full measure set of rapid mixing
walks we find corresponds to a full measure set of abelian parts that act Diophantinely
in some sense (see Definition [3.3)). It follows that Theorem [A] could be strengthened
to say that any m-tuples in G that project into the aforementioned full measure set of
abelian parts generate rapid mixing walks.

A rapid mixing random walk on M also satisfies the Central Limit Theorem (see
Appendix. Several results on central and local limit theorems on nilpotent Lie groups
were recently obtained in [2,3,[5,/15].

We now describe the structure of the paper. Section [2| contains preliminaries on
nilpotent Lie groups, Lie algebras, and nilmanifolds. In Section 3, we define m-greatness
as well as a relevant Diophantine property. We show that the Diophantine property
implies rapid mixing (Proposition[3.7). Then, modulo a claim that connects m-greatness
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to the Diophantine property (Proposition , we show that a full measure set of m-
tuples on an m-great nilmanifold generate rapidly mixing walks. In Section [4, we show
Proposition by constructing words that act Diophantinely on appropriate tori. In
Section [J] we establish that the groups listed in Theorem [B] are 2—great implying
Theorem [Bl We also show Proposition [5.5 which states that any step s-nilmanifold is
s-great, proving Theorem [A] Finally, we provide an example of a Lie algebra that is
not 2-great, showing that our technique is not sufficient to show the suspected optimal
result that Ng=2 for all nilpotent groups.
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2. PRELIMINARIES ON NILMANIFOLDS

We provide a background of nilpotent Lie groups, Lie algebras and nilmanifolds. The
material of this subsection is taken from [4}/18], and we also refer to [1] for additional
information about general nilmanifolds.

2.1. Nilpotent Lie groups and Lie algebras. A real Lie algebra g is called nilpotent
if the lower (descending) central series of g terminates i.e. the sequence defined by

(2.1) g=0" 29" =[gg D> - DgP=[g" VgD,

where [h,g] = {[X,Y]: X €h,Y € g}, eventually has g®) = 0 for some s. The step of
g is the minimal number s that satisfies g(® = 0.

The lower central series of a Lie group G is defined by G(©) = G and GVt = [GW) @]
where [+, -] is the commutator bracket. A connected and simply connected Lie group
G is called nilpotent if G is equal to the trivial group for some s. A Lie group G
is nilpotent if and only if its associated Lie algebra g is nilpotent. In fact, the lower
central series of G and g are connected, as GV) = exp(g").

Proposition 2.1. [j] If G is a connected and simply connected nilpotent Lie group,
then the exponential map exp : g — G is a diffeomorphism.

The product operation on G satisfies the Baker-Campbell-Haussdorff (BCH) formula

1

(2.2) exp(X)exp(Y) = exp (X +Y + §[X, Y]+ Z caXa) ,

where « is a finite (for nilpotent groups) set of labels, ¢, are real constants, and X, are
iterated Lie brackets of X and Y (see [9]).

It will be convenient to denote n; = dim(g\))—dim(g¥*") so that n; is the dimension
of the quotient algebra g)/gv*!) (or corresponding quotient group G /GUD).  If
X,Y € gsatisfy X —Y € g% we write that X =Y mod g\¥.
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Definition 2.2 (Malcev basis). A Malcev basis for g through the descending central
series g is a basis X, - X0 ..o xETY 0 XETY of g satisfying the following:
(1) if we set B = {X) ... X'}, the elements of the set £ U B+ U- ..U E* form
a basis of g\¥);
(2) if we drop the first [ elements, the remaining elements span an ideal (of codimen-
sion [) of g.

Ifr= {exp (Z mjka](k)> } , then we say that the basis is strongly based at
Jok m; LEZL

['. The Lie algebra g of any nilmanifold G/T" can be equipped with a Malcev basis

strongly based at I". Moving forward, we will always use this basis when writing Lie

algebra elements in coordinates. For convenience, we will denote by X; = XZ-(O). We

observe that if A C R™, then

/L({Oé()le + ... aOnoXno + O(gl) : (Oé()l, Ce ,Oé()no) S A} = ,u(A),

i.e. for a set defined by the coefficients of the X, the measure of the set is exactly the
Lebesgue measure of the permitted coefficients.

2.2. Nilmanifolds and Fibration. A compact nilmanifold is a quotient M := G/T
where G is a nilpotent group and I" is a (co-compact) lattice of G. The lattice T’
exists if and only if G admits rational structural constants. We will consider the left
action of G by translations on M. More precisely, for g,h € G, set g(hI') = (gh)T.
Every nilmanifold is a fiber bundle over a torus. The abelianization G* = G/|G, G]
is abelian, connected and simply connected, hence isomorphic to R™. Thus, there is a
natural projection

(2.3) p:G/T — G®/T% ~ T
For all k € Ny, the group G**V is a closed normal subgroup of G, we have natural

epimorphisms 7% : G — G /G**V. Then, the group G**) NT is a lattice of G*+1.
Moreover, Ty := 7®)(T') is a lattice in N, := G/G**V and

is a nilmanifold. It follows that 7®) : M = G/T' — M™ is a fibration whose fibers are

the orbits of G+ on G//T", homeomorphic to the nilmanifolds G*+V /(G*+)NT). We
can also define M, := G® /GPHIT, ~ Tm.

2.3. Harmonic Analysis on Nilmanifolds. In this section, we wish to describe the
structure of L?(M) for a nilmanifold M. To do this, we will need to describe the
characters of M, denoted by M. For any Lie algebra a, let a* represent its dual as a
vector space. Since we have a basis for g (the Malcev basis), the coordinate functionals
Xl(l)*, X5 are well-defined and form a basis for g*. Define 7, 1 g — R™ by
(V) = (X (V), .., X3P (V). Also, let EX = {X{”",..., X"}, and define A, to
be the set of integer linear combinations of elements of .

Now, we will describe the structure of M. We say that x is a character of level p if
p is the largest integer such that  is nontrivial on G /(I' N G)). Note that if y is of
level p, then y is invariant under the action of G"*1) so y is naturally associated with
a character on M®. We will let M®) denote the set of characters of level pon M. Note
that M — {lyin} = Uz;é M () where 14, here refers to the trivial character. We now
wish to describe how characters of level p transform under translation by an element of
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G®. For any y € M (P) x has an associated nonzero functional A € A, such that for
g € GP x(gx) = 2198y (z). As a slight abuse of notation, in this case, we will
write x = x, even though there are multiple distinct characters with this property. We
define a a norm on M by lIxall = [|A*|| where A* is the element of g dual to A. Finally,
for any characters y € M , we let

Hy, ={p e L*(M) : ¢(gz) = x(g)e(x)}.
We have that

L*(M) = B H,.

xX€EM
Moreover, when ¢ € C"(G/T'), if we write ¢ = Z ¢, with ¢, € H,, then the weight
xeM
. . [eller
functions ¢, satisty ||¢y|co < TS
X T

2.4. Main examples. In this article, we will pay special attention to two classes of
Lie groups. The first class was first in [20], (see also [10] for general introduction).

Definition 2.3. A Lie algebra g is called quasi-abelian if it is not abelian and has an
abelian subalgebra of codimension 1.

It follows from Definition[2.3|that any quasi-ableian Lie algebra g has a basis (X, Y; ;) j)e.,
satisfying the commutation relations

[X’Y;’j] = }/;—i-l,j) <Z7j) € J7

and all other commutation relations are trivial (see [11]). We also remark that the class
of quasi-abelian Lie algebra contains the class of filiform Lie algebras (see [20]), so our
results also hold in the filiform case.

The next example is not quasi-abelian, but it has a tractable structure.

Definition 2.4. A Lie algebra is triangular if it isomorphic to ts—the Lie algebra of
strictly upper triangular (s+ 1)x(s+ 1) matrices with the standard bracket for some s.

It follows from the definition that t; is %3(3 + 1)-dimensional. Letting E;; represent
the (s+1) x (s4 1) matrix with a 1 in position (7, j) and zeroes elsewhere, we see that
{E;; : j > i} forms a basis for t;. The relationship among these basis elements are given
by

[Eijs Evyr] = 8ju Eiyr — 851 E;.

We refer to [4,16] for additional information on triangular algebras.

2.5. Diophantine Conditions. Given a vector v € R%, we say that v € DC(v, 1) if
for all n € Z% and m € Z

In [17], Kleinbock and Margulis show that within submanifolds of R™ satisfying a lin-
ear independence condition almost every point is in DC(y,7) for some v and 7. In
particular, they show the following which is listed as Conjecture H; in their paper.

Theorem 2.5. [17] Let fi,..., [, along with the constant function 1 form a linearly
independent set of analytic functions from R™ to R. For almost every x € R™, there
exist v, 7 > 0 such that (fi(x),..., fu(x)) € DC(v,T).
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This result will provide the bridge from the Lie algebra structure to the Diophantine
estimates needed to show mixing. Since the functions we will consider will always be
homogeneous polynomials with positive degree, linear independence of fi,..., f, is the
only condition we will need to check in order to apply this theorem in practice.

3. M-GREATNESS AND MIXING

In this section, we will first define what it means for a nilmanifold to be m-great
and then show that on these manifolds, almost any m-tuple generates a rapidly mixing
walk.

3.1. Linear independence of polynomials. Let H(t,a) = (Hi(t,a), ..., Ho(t,@))
be a polynomial map of R* x R® — R, Let

DH) ={t e R*: Hy(t,x), ..., He(t, ) are linearly dependent}.

Expanding H;(t, o) = Z ¢jm(t)a™ we see that the above conditions amounts to van-

ishing of certain minors of the matrix ¢;,, whence D(H) is an algebraic subvariety of

R®. We say that H is non-degenerate if D(H) # R°.
Now we describe a special polynomial mapping associated to a Lie algebra. Fix

integers m and p. Consider m vectors V; = Z a; X; with @ € {1,...,m}. These will
j=1

correspond to the exponential coordinates of m generators of a random walk g1, ..., g

mod g, Thus, each variable a;; corresponds to the X; coordinate of g;. The idea is

to see in coordinates what group elements will arise as we take iterated brackets. To

that effect, let

Hop(k, @) =[...[koV, k1 V],.. ], kpy V] + g®*V) € gP) /gP+D).

where k = (Ko, ..., k;), kg = (kg1 ... ko) and k,V = kg V.
=1

The image of H,,, is exactly the g?) coordinates of the elements p-fold brackets of
vectors in the span of the V;. As we shall see, this will bear relation to the elements
G achievable as p-fold brackets of elements of the group generated by the g;. We use
k instead of t for the first parameter of this map because, while it still makes sense
to evaluate this map at any real time, we will be particularly interested in H,, ,(k, o)
that occurs as differences between two different words in the walk. These differences
correspond to special values of k, where k counts how many times each generator
was used at each step of the construction of the words used to obtain the difference
Hmp(k, ), and thus will always be integral. Note that we have

(3.1) Hopkoo) = Y Koig - - kipi, Migiy...., + 877
i;€{1,...,m}

where M, i, = [.- - [Vig» Vi, - - ], Vi,). In coordinates, we see that

Honp(k, o) = > Pyk,a) X + g® )

(=1

where each Py(k, «) is a polynomial in the coordinates of k and «; (in particular the
apj). We will care about when the map H,,, is degenerate, so in context we have that
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D(Hmp) represents the variety
{k e R™ V. Pi(k,a),... , Pn,(k, ) are linearly dependent polynomials in a}.

From now on we will suppress the +g»*1 that ought to appear whenever we discuss
Hs,p, but we agree that Hs,, is always defined modulo g»*V). We now provide a brief
illustrative example.

Example 3.1. Let g be the step-3 Lie algebra of dimension 5 with the following com-
mutation relations
[XlaXQ} = Y7 [Y7 Xl] = Zla D/a XQ] = ZQ-
with all other brackets being 0. Let ‘/1 = Oéqu +Oé12X2—|—. cey ‘/2 = OéQle +Oé22X2—|—. Ce
Then [[V1, Va], Vi] = (02 aipa — 10090001 ) 21+ (110091 — 3991 ) Z; mod gs. Therefore
oF) Qg — Q1109
My = 2
Q10120021 — Qo1
Suppose now we wish to compute the Hy o for this g. To do so, we can proceed in
two different ways. We could compute each M;,;,;, and then write the sum as in (3.1]).
Alternatively, we can explicitly compute [[koV,k; V], ko V] and we shall see how the
M;,i,i, appear. We will take this second approach.
(ko1 V1 4 ko2 Va, kin Vi + k12 Va), ka1 Vi + ko Vo)
= [(Forki2(ar1ar — apaor) — kooki (a1 — a12021))Y, ko Vi + ko Vo)
= k01/€12]€21((04110422 - 041104120421)21 + (041104120422 - 04120421 2)
+ k01k12k22((a11a21a22 — 1205)) Z1 + (01105 — Q2001029 ZQ)
- k02k11k21((a11a22 - 041104120421)21 + (041104120422 - 04120421 Z2)
(a

— kogk1kaa (

We see that M;,;,:, is exactly the coefficient of ko, k14,k2i,, and our mapping can be
written as

Q11021090 — 203, ) Z1 + (10, — 041204210422)22)

ko1kiaka1 Mior + ko1 kiokao Mo + kooki1kar Mai1 + kooki1kao Mays.

In vector form, Hs o takes form

2 2
Q1099 — (U111 QY 110919y — Lo QY
11022 1100120021 11021022 120051
ko1ki2ko 2 + koi1kiaka 2
Q1102021 — (21 Q11059 — (V120021 (022

2 2
% gy — Q1 (o 11091 (g — (V1o(X
bk k 110022 Q0| g 11021022 1209 |
o2 [041161120421 —04%20@1 o2 04110432 — (12021022
We clearly see that H, 2 is non-degenerate since even just setting ko; = k1o = ko1 =1
and koo = k11 = koo = 0, we get that at that value of k, Hy 5 evaluates to Mgy, which
has linearly independent rows. Thus, our selected value of k is not in D(Hs32), and thus
Ho 2 is non-degenerate.

3.2. m~great Lie algebras and mixing. Now, we will define the key technical prop-
erty which guarantees that the set of rapid mixing m-tuples is of full measure.

Definition 3.2. A Lie algebra g is m-great if H,,; is non-degenerate for every i €
0,s —1].

When a Lie algebra is not m-great, we say it is m-bad. We will call a Lie group
or a nilmanifold m-great if its associated Lie algebra is m-great. We will show that
m-greatness implies that the walk generated almost every m-tuple has a Diophantine
property in the following sense.
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Definition 3.3. Let M = G/I' be a step-s nilmanifold and F' = (g1,...,gm,) be an
m-tuple.

e A pair of words Wi, W, € (F) is said to be nice on G if they have equal length
and their difference h := W,W, * satisfies h € G® | and there exist v, 7 > 0 such
that m,(log(h)) € DC(v, ).

e An m-tuple is said to act Diophantinely on M, if there exists a pair of words
that is nice on G®.

e We say that an m-tuple acts Diophantinely at all levels if it acts Diophantinely
on M, for all 0 <p < s.

Let FE,, denote the set of m-tuples which act Diophantinely at all levels on a nilman-
ifold M, and recall that ;™ is the measure on the space of m-tuples of elements of GG
given by the m-fold product of the Haar measure on G with itself.

Proposition 3.4. If M = G/T is m-great, then E,, is of full measure with respect to

m

T

We postpone the proof to Section 4. We now show that the random walk generated
by any m-tuple that act Diophantinely on all levels is rapid mixing. The key estimate
to show appears in the following theorem:

Proposition 3.5. If a random walk is generated by an m-tuple that acts Diophantinely
at all levels, then there exist constants C,a,b > 0 such that for A € C"(M) with zero
mean,

K[ Allor
82) €Y Alleo <
Whenever (3.2) holds, it implies rapid mixing of the associated random walk since
(33) Pas ()] < YAl ol Blen < € |Aller [|1Bllgo N7,

To prove Proposition 3.5 we will show that for any nontrivial character y, £ has
spectral gap on H,, and, moreover, that the size of the spectral gap has a polynomial
lower bound in the norm of xy. We will also use the fact that the size of a C” function’s
projection into H,, is polynomially bounded in the norm of x. Together, these estimates
will allow us to prove Theorem [3.5, We now show the spectral gap.

Lemma 3.6. Assume that F' acts Diophantinely at all levels. There exist constants
Cy,Cy, 0,7 > 0 such that if x is a nontrivial character on M and A € H,, then

o\ N/t
1LY Allco < Cy (1= Callx ™)™ 1Al co.

Proof. Let A € H,, where x € M®. We will now fix words and constants that depend
only on i and not on the particular character x as follows. Let W{ and Wi be the nice
words on G guaranteed by the assumption that the g; act Diophantinely at all levels.
Let /; be the common length of W} and W3, and let v;, 7; be the associated Diophantine
constants.

Recall that py, (W) denotes the probability that the walk has moved by W at time ¢;.
Suppressing the dependence on ¢;, let p = min(p(W7), p(Ws)). Suppose without loss
of generality that p = p(W;). Then set h = WoW, ', and let Ws, ..., W, ., denote the
remaining words with positive probability at step ¢; of the walk. With this notation,
we have

L (A) (@) = p [AWz) + AWr2)]+ | (p(Wa) — p(W1)A(Waz) + ) p(W;)A(Wz)

Jj=3
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Since A € H,,, we have that
p[AWiz) + A(hWhz)] = p [A(Wiz) + x(h) A(Whz)] = (1 + x(h)) A(Wiz).
Letting A € A, to be the nonzero functional such that x = x\, we get that
14 X(R)] = L+ @m0
Since by niceness of W} and W3, log(h) € DC(v,T), we can apply Lemma[A.2] from the

appendix, to say that, for some constant C; depending only on ~;, we have that
1+ x(h)] <2 = Cilx| 7™
Putting this all together, we find that
plA(Wiz) + A(hWiz)| = p[1 + x(h)[|AW1z)| < 2p(1 — CilIx|I ™) [| Al|co.
Turning our attention to the second term in the expression for £%(A)(x), we see that

(p(Wa) — p(W1)) A(Waz) + Y p(W;)A(W;z) < (1 - 2p)||A] co.

Jj=3

Combining these estimates, we see that on H,,
1£5Alloo < 2p(1 = Gillx|I*™) | Alleo + (1 = 2p) || Allco < (1= Cillx[|77)

where C; = 2pC;. We have now shown the desired result except for an unwanted
dependence on the level ¢ in the constants /;, C’i, and 7;. Since there are only s different
levels, we only used s different word pairs with associated constants. Thus, we can
simply fix C' = min{C;}, £ = max{/;}, and 7 = max{r;}. We then see that

1£°Allco<(1=C Xl ) 1 Al oo

holds independently of the value of i. Iterating this estimate [N/{] times gives the
result. g

Al| o,

Now we put together the estimates on the behavior of £ on each H, and estimate
how L acts on C".

Proof of Proposition|3.5. First, we decompose A as erﬂ A, where A, € H,. Since A
has mean 0, A, = 0 when x is the trivial character. Thus,

IL¥Afleo < D LY Alleo + Y 1Y Aleo.
Il <v/N x>V

For the first term, we will use the spectral gap of £ from Lemma (3.6, This gives us
that when |x||>” < v/N,

. o, \ M
LYA o< Ci[1—-—/2% Allro.
e Ader < (1= 22) Al
Thus, since there are only NUm(M)/47 characters satisfying ||x||*” < V/N,

| o\ N
S LN Ao < O NEmOD/AT (1 - —2> 1 Allcs.
IxI27<vN \/N

Setting Cy = Cy/¢ and a = dim(M) /47, this term is O(No%e CsVN) « N(r—dim(D)/dr
so up to changing the constant K, we have dealt with the first term. Finally, we observe
that since A € C", the projection A, satisfies

[Axllco < [IAfler Il
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Therefore, since M corresponds to a lattice in R¥™M) we can use the classical bounds
on tails of higher dimensional p-series to see that for some constant Cy > 0,

Aller |
> I Ao < > % < N (r=dmO)/a7| 4|,
XISV l>Nar X

Thus, for the appropriate choice of K, a, and b, the estimate holds. Il

Theorem 3.7. Let G/T" be an m-great nilmanifold. The set of m-tuples in G™ which
are rapid mizing has full measure with respect to ™.

Proof. Whenever an m-tuple acts Diophantinely on every level, Proposition |3.5 applies.
By (3.3)), this is enough to conclude rapid mixing for the random walk they generate.
Proposition [3.4] implies that the set of such tuples has full measure with respect to
ur. U

4. NICE WORDS

In this section, we prove Proposition [3.4l Our approach is to construct words in the
semigroup (F) that differ by a nonzero element of G®) for each p. In particular, we will
find words that differ by a term that can be expressed as a p-fold bracket of elements
of (F)). Then, we will observe that a formula for this difference may be given as a
polynomial in the exponential coordinates of the g;. As long as the polynomials arising
in this manner are linearly independent, we can apply Theorem[2.5to conclude that, for
a full measure set of walks, the words we construct act Diophantinely on the appropriate
level, and thus we have nice words. This need for linear independence was the direct
motivation for Definition [3.2l Once we have linear independence, Theorem will
guarantee the existence of a full measure of the set of m-tuples that act Diophanitnely
and thus rapidly mix.

To begin, given p > 1, let K, C (Z™)®*Y be the set of all indices ko, ..., k, such
that [...[koV,kiV],...],k, V] can be written of the form log(W;W, ') mod g®+" for
two words W; and Ws of equal length in (F"). This is the set of p-nested commutators
that arise as the logarithm of the difference between two elements of our walk at some
time. Thus K, can heuristically be seen as the set of elements of g, available to us in
trying to get a self-cancellation between a character on level p pushed forward by two
words in our random walk. In constructing elements of K, the element £;; will count
how many times g; appears in the i*" step of the construction of the words differing by
H,(k, o). For instance, in the setting of two generators g; and gs, since

log(g192(9291) ") = log([g1, g2]) = [koV, k1 V]

for kg = (1,0) and k; = (0,1), we have that ((1,0),(0,1)) € Ks. In terms of this set,
our goal is to find an intersection between K, and the complement of D(H,,,) i.e. a
difference between two words in our walk with linearly independent polynomials. The
following lemmas will demonstrate a method for finding elements of K, that will be
rich enough that as long as D(H,,,) # R, K, will not be contained in D(H,,,) as we
desire.

Lemma 4.1. For any given w_y,...w, € (F) with |w_,| = |wy|, there exist words of
equal length W1 and Wy such that

WoW, ™t € g,



RANDOM WALKS ON NILMANIFOLDS 11
Proof. Our idea is to inductively build words a; and b; in (F') such that h; := a;b; Le gt
and to do so with as much flexibility as possible. To begin with, we set
ag =w-1 by = wy,
and
a; = a;qw;biy and by = bi_qw;a; .
Since we took |w_i| = |wy|, this construction will always give us words a; and b;
satisfying |a;| = |b;|. Observe that
hy = apwiboag "wy tby ' = [aghyt, bow:],
and
h; = ai—lwibi—l(bi—lwiai—l)_l = ai—l(b;llbi—l)wibi—1ai_,llwi_lbi:ll = [ai—lbi_,ll, bi—w]
Since a;_1b;', = h;_1, we can rewrite this as
h; = [hi—la bi—lwi]-
Thus, h; can be expressed as a single bracket, and h; can be expressed as a bracket

between h;_; and another group element, so inductively h; can always be expressed as
an i-fold bracket. In particular, we get the formula

(41) hp = [ .. Hagbal, bowl], bl’wg], N ,bp_lwp],
so h, € gP) as desired. O
Lemma 4.2. For any k satisfying 3k;; < kiy1;, there exist words of equal length W1, W,

such that
log(WoW ) =[...[koV,k1V],.. ], kp V] mod gP).

Proof. By the previous Lemma, for any w_i,...w, with |w_1| = |wp|, we can build
words that differ by h, € g®). Moreover, hy, can be written as a,b, ! for two words of
equal length in (F'). If we can find ko, ky, . .., kp such that

logh, =1...koV,k1V],.. ], kp V],
then (ko,k1,...,kp) € K,. Motivated by this, we take the logarithm of both sides of

to get

log(hy,) = log([. .. [[aoby ", bown], brws], . . ., by_1w,)).
The BCH formula allows us to move the logarithm within the brackets modulo some
error that belongs to g®*Y . so

(4.2) log(hy) = [...[[log(aeby '), log(bowy)], log(byws)], . . ., log(b,_1w,)] mod g?*V.

Now, define a function ¢ : (F, F~') — Z™ such that c;(WW) is the number of times g;
appears in the word W with inverses counted as negatives. Define ko = c(apby') and
k; = c(b;_yw;). Applying BCH again, we have that log(b;_1w;) = > 1", k;V; mod g
Applying this fact to and using the fact that the p-fold bracket of a g) error is
in gPtt, we get

log(h kav;,Zkh ; kal i =1[..[koV,kiV],.. ],k V] mod g®*.
Now, we have (ko, e ,kp) € K, Wthh depends on our initial choice of w_y,..., wy.
We wish to understand which sequences ko, ..., k, are possible to get as a result of

that choice. Note that ko and k; can be taken to be any vector of nonnegative integers
simply by making an appropriate choice of w_;,wp, and w;. Meanwhile, for ¢ > 2, we
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have k; = ¢(b;_1) + c(w;). Since by our choice of w; we can make c(w;) any nonnegative
integer vector we like, this means we can choose any k;, subject to k; > ¢(b;_1). Since
C(bi_l) = 2C(bi_2) + c(wi_l) S Skz’_l, if ki Z ki—la then (kg, c. ,kp> c Kp. O

Lemma 4.3. K, is Zariski dense.

Proof. By the previous lemma, {k € (Z™)P*! : 3k;; < k;y1;} is contained in K,. It is
clear that this set, when interpreted as a subset of R™?, is Zariski dense. It follows that
K, is a Zariski dense set. u

Proof of Proposition 3.4 We claim that there are words Wi and Wy of equal length
such that the coordinates of m,(log(W, Wy ')) are linearly independent polynomials in
a. Assume by contradiction that for all words Wy, Wa, these polynomials are linearly
dependent. That implies that any words that differ by p-nested commutators have
those commutators’ polynomials linearly dependent. Since K, consists of the set of such
realized commutators, this means that K, C D(H,,,). Since D(H,,,) is an algebraic
variety and by Lemma K, is Zariski dense, this implies that D(H,,,) = R". Thus,
H.n,p is degenerate, contradicting the assumption that g is m-great. The claim follows.

Next, by Theorem [2.5 since the coordinate polynomials of m,(W;W; ') are linearly
independent, for almost every value of the ay;, m,(W Wy ') € DC(v,7). That means
that for almost every m-tuple of g;’s m,(W W5 ') € DC(v, 7). This implies the Propo-
sition. U

5. GREAT GROUPS

Now that we have established that m-greatness implies rapid mixing of almost all
random walks on m elements, we wish to show that this condition is not overly restric-
tive. To that effect, we show that many special Lie algebras are 2-great, and that every
step-s Lie algebra is s-great. This will prove Theorems [A] and [B] Finally, we present an
example of a group that is not 2-great.

We now briefly discuss how we will approach the task of proving that a Lie algebra
is m-great. Given a Lie algebra g, we will pick some concrete k, for which we will show
that #,,,(kp, a) has linearly independent polynomials i.e. k, ¢ D(H,p). To show
this linear independence, we let {P,..., P, } be the set of n, coordinate polynomials

associated to the X i(p ) If there is a monomial M; = ayj, - - - @, 5, With nonzero coefficient
in P; but zero coefficient in each P; when j # ¢, we call M; a unique monomial of P;. If
each P; has a unique monomial, this is sufficient to conclude that the P; form a linearly
independent set. By finding a unique monomial of each of the P;, we can show that
the P, form a linearly independent set. Thus, k, ¢ D(Ha,) and Hs,, is non-degenerate.
From there, we will conclude 2-greatness.

5.1. 2-great algebras. Here we prove that all quasi-abelian, triangular and step-3
or lower Lie algebras are 2-great. Throughout this section, we shall denote k, =

((1,0), (0, 1)7).

Proposition 5.1. All quasi-abelian groups are 2-great

Proof. To show this, we must show that H,, is nondegenerate for all 0 < p < s — 1.
We recall that we defined a basis {X, Y] ;}(j)es in Section 2.4, We will let

Vi=aoX +) ag;Yp; modg! and Vo=pFX+ > By,;Y; modg?

J J
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and let Pp,..., P, be the coordinate polynomials in o of Ha,(kp, ). We will show
that if P, is the polynomial corresponding to the Y;, coordinate then ag;/5) is a unique
monomial of P;. This is because the coefficient of ag ;50 in [...[Vi, V3], ... V5] is exactly
... [[You, X], X],..., X] =Y, ,. This means that each P, has a unique monomial, so
they form a linearly independent set of polynomials. Thus k ¢ D(Hs,), so Ha, is
non-degenerate. Since p is arbitrary, any quasi-abelian Lie algebra is 2-great. U

Proposition 5.2. For any s € N, t, is 2-great.
Proof. We recall that we defined a basis {E;;} in Section [2.4] Let

n—1 n—1
Vi= Z apiFiip1 mod 9(1) and Vp = ZBOiEi,i+1 mod 9(1)-
i=1 =1
Let P,..., P, be the coordinate polynomials in a of HZP(E}Z), a). We will show that
if P; is the polynomial corresponding to the F; ;1,41 coordinate, then a; 341, . .. Bitp is a
unique monomial of ;. This is because the coefficient of o;8;41, ... Bippin ... [V4, Vo], ... V5]
is exactly [ .. [Ei,i+17 Ei+l,i+2]; . 7Ei+p,i+p+1] = Ei,i+p+l- This means that each B has

a unique monomial, so they form a linearly independent set of polynomials. Thus,
k ¢ D(Hap) and so Ha, is non-degenerate. Since p is arbitrary, any triangular Lie
algebra is 2-great. U

We now turn out attention to lower step algebras. We treat first the case of step 1
and step 2 algebras as they may be dealt with quite simply.

Lemma 5.3. Any abelian or step 2 Lie algebra is 2-great

Proof. We compute Hs o and Ho for arbitrary groups. If V; = Z o; X;, Vo = Z 5: X,

we have that Ha((1,0),«) = V; which clearly has linearly independent polynomials
for coordinates. Thus Hs( is always non-degenerate. Now, if g is non-abelian, let

XJ@) = [X;, Xy]. In Hs,, the monomial «;f; only appears as a coefficient of Xj@).
Thus, for any non-abelian Lie algebra H,; is non-degenerate. From this we conclude
the Lemma. O

Now, we show that step-3 Lie algebras are also necessarily 2-great. This is the best
we can do in terms of step as there exist step-4 Lie algebras that are not 2-great as we
shall see. Our proof technique will be similar to the proofs of 2-greatness that we have
already presented in that we begin by fixing some choice of k which we show to be in
the complement of D(Hy2). It will differ in that we will show that the existence of a
linear dependence between the polynomials of Hy o contradicts the fact that g is step
3 rather than directly showing linear independence by identifying unique monomials of
each polynomial.

Proposition 5.4. Any nilpotent Lie algebra is of step 3 or less is 2-great.
Proof. We set Vi = Z%‘Xi, Vo = ZﬁiXi and show that My consists of linearly
independent polynomials. By way of contradiction, assume that the polynomials of
M9, are not independent, i.e.
0 = A([[V1, Vo], V1]) for some 0 # \ € g;.
Expanding out, we see that this would imply that
0= Z ailﬁbaia)‘([[Xiu Xi2]7Xi3D'

i1,i2,i3€1
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From this we deduce that if a given monomial o, 5;,c;, has coefficient I/V“m3 € gin
the expression [[V4, V5], V4], then W, ;,;, € Ker(X). Since terms of the form o 3;, occur
with coefficient [[X;,, X,,], Xi,], we get

(5.1) A([[XG,, Xo, ], Xa]) = 0.
Next expanding the equation \([[X;, + X, Xi,], Xiy + X,
and using we get
(5.2) A([[XG s Xio], Xig] + [[ Xy, Xi ], Xiy]) = 0.
Combining (5.2)) with Jacobi identity
[[XH’X ] X; ] [[XlzﬂX ] Xi ] [[X137X ] Xi ]:O,

) = 0 as sum of monomials

so we get

(5.3) AQ2[[XG,, Xy, X)) + [[Xy, Xiy ], X3,]) = 0.
Swapping i, and i3 we obtain

(5.4) AQ2[[XG,, Xy, X)) + [[Xay, Xy, Xi]) = 0.

Since the matrix defining (/5.3] 7- is non-degenerate, we conclude that
A([[XG s Xio], Xig]) = A([[Xiy, Xi], Xip]) = 0.

Since the equation above holds for arbitrary iq,i9,73 € I, this implies that A=0, a
contradiction. Thus, Hso is non-degenerate. The fact that H,o and Hs; are non-
degenerate follows from Lemma , so any step-3 (or lower) Lie algebra is 2-great. [

Combining Propositions [5.1] 5.2, and [5.5] with Theorem [3.7] gives us Theorem [B]

5.2. General Lie algebras. We will now show that every nilpotent Lie algebra is m—
great for sufficiently large m. Our approach will largely mirror that of the proofs of
Propositions [5.1] and [5.2] but taking advantage of the larger value of m.

Proposition 5.5. A step—s Lie algebra is s—great.

)
Proof. We prove that Hs,—1 is non-degenerate. Let V; = Zaini mod g(l), and

_ 7=1
consider [...[koV,k1V],.. .|, ks_1V]. Let k denote the conveniently selected param-
eters: ko = (1,0,...,0), ky = (0,1,...,0),...,ke—1 = (0,0,...,1). We compute that
the coefficient of o, - - - @s—14, , In Hss—1(k, @) is exactly |.. [[XZO,X ..., Xi,_], so

Qg+ Qs—14,_, Will be a unique monomial for the corresponding coordlnate polyno-
mial of H; 1. Since each element of the basis for g~ can be written of the form
[ [[Xios Xiy]s - -, Xi._,], we get that each coordinate polynomial of H, . ;(k, ) has a
unique monomlal. Thus, the polynomials at k are linearly independent, so Hss—1 18
non-degenerate. Since every g/g(*t1) is step—s or lower, the same argument will show

that H,,; is non degenerate for all i < s. We conclude that g is s—great. U

Combining Proposition 5.5 with Theorem [3.7] gives us Theorem [A] We also show that
m-greatness is preserved by taking products and factors.

Proposition 5.6. The property of m-greatness is closed under taking direct products
or factors in the following sense:

e If g, and go are m-great, then g, X go s m-great.

e If g is m-great and b is a factor of g, then by is m-great.
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Proof. For clarity, in this proof we will let ‘H§, , be the map H,,, associated to the Lie
group g. Similarly, let a - be the Malcev coordlnates of the projection into g of the V;.
For the first part, observe that Ho1 ¥ (k,a®>92) = (H3 (k,a®), HE2 (k,a)). Since
both of the g;’s are m-great, D(HS: ) is a positive codimension variety. Thus, there
exists a ko in D(HE,)° N D(HE ). It follows that k € D(Hyp). Thus, HIX92 is
non-degenerate. Since p was arbitrary, we conclude that g; x go is m-great.

For the second part, let m : g — h be the factor map. It is straightforward to compute
that Hh = mo M}, ,. Thus, the coordinates of Hh , are the image of the coordinates
of H, under an eplmorphlsm We conclude that smce M5, , Was non-degenerate, so Is

HY, Therefore b is m-great. O

5.3. Counter Example. Although m-greatness is a useful property, it has some weak-
nesses. In particular, although it is expected that on any nilmanifold almost any random
walk generated by two translations will be rapid mixing, not all Lie algebras are 2—great.
We provide an explicit example of such a Lie algebra.

Example 5.7. Let g be a step-4, 15-dimensional Lie algebra with a basis
{X1, X, X3, Y1,Y5,Y3, 7y, ..., Zs, W} and the following commutation relations:
(X1, Xo] =Y1, [Xy,X5] =Y, [Xy, X3] =1Y3,
Y1, X0] =21, V1, Xo] =2y, [V1,X3] = Z3,
Yo, Xu] = Zs, [Yo, Xo] = Z5, [Yo, X3| = Zs,
Y3, Xa] = Zs — Z3, [V3,Xo] = Z7, [V3, X3] = Zs,
(5.5) (21, Xa] = 3W,  [Zy, X3] = =3W, [Z3, Xi] = W,
[Z3, Xo| =W,  [Z3, X3] = =2W, [Z4, X5] = —3W,
[Zs, X1) =W, [Zs, Xo] =2W, [Z5, X3] = -W,
[Zs, Xo) = 3W, [Z7, X1] = =3W, [Zs, X1] =—3W,
[Y1,Yo] =4W,  [V1,Y3] = —4W,  [Y3,Y3] = —4W,
while other commutation relations are zero. That these relations actually define a Lie
algebra can be verified computationally, but we do not reproduce the calculations here.

Proposition 5.8. g is 2-bad.

Proof. We compute that Hs 3 = 0 even though g is step 4. By symmetry, it suffices to
check that

(5-6) Mgy = [[‘/17‘/2]7‘/1]7‘/1] =0, Map= [[thz],‘/l],vﬂ = 0.
This may be verified via a computer program, and we present the detailed calculation
in Appendix [C] O

This implies that for any nilmanifold which is a quotient of the Lie group associated
with g, our techniques fail to show rapid mixing of any walk generated by 2 elements.
The question of whether such walks are rapid mixing remains open.

APPENDIX A. LEMMA FOR APPLICATION OF DIOPHANTINE ESTIMATE

The following inequality is useful in estimating the norm of L.

Lemma A.1. There exists a C > 0 such that for all € [—-1/2,1/2],
(A1) 11+ ¥ <2 — CH2
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Proof. Rearranging, we rewrite (A.1]) as

2_11 2mif
C<  inf (2—1+e™)
0e[-1/2,1/2] 62

Applying law of cosines and the double angle identity, the inequality becomes

C< it 2 — 2 cos(ml)
0e[—1/2,1/2] 62

Note that the singularity of the RHS is removable since it can be rewritten as g(f) :=

0 f)2n
2 ; % Since g is positive and continuous on [—1/2,1/2] its achieves its mini-

mum value C. O

We comment that, in fact, the Lemma holds with C' = 8 but we will not use this in
our arguments.

Lemma A.2. Ifv € DC(v,7) and X is a nonzero linear functional with integer coeffi-
cients, then there exists C' > 0 depending only on v such that

’1 + 6271-1‘)\(1))| <2-— Cl’)\|2T.
Proof. Based on the Diophantine property of v, A(v) is congruent mod 1 to a number
0 in [—1/2,1/2] satisfying |f] > v|A|~". It follows by Lemma [A.1] that
‘1 + eZm‘A(v)’ _ ‘1 + 627ri9’ <2-— 0,72')\’727-.

Setting C" = C+?, we have completed the proof. O

APPENDIX B. CENTRAL LIMIT THEOREM

We say that z,, satisfies CLT if there is 7 > 0 such that for any function A € C"(M)
N-1

1 e . .
\/_N Z A(x,,) converges in distribution to a Gaussian random variable
n=0

with zero expectations.

Corollary B.1. If L satisfies (3.2)) then x,, satisfies the CLT.

with zero mean,

While this result is standard we include the proof for completeness.

Proof. Let B= (1 — L) 'A = Z L"A. By (3.2) this series converges in C° for r large

n=0
enough. Thus B(z,) = A(z,) + E(B(z41|F,) where F, is the o-algebra generated by
N

N-1
(2o, ..., Ty). Summing up, we get Z A(l‘n)zz AAB(xo)-B(zn) where A,=B(z,)—
n=0 n=1

E(B(xy)|Fn-1) is a martingale difference sequence. Now by the CLT for martingales

(see e.g. [8, §8.2]), to prove the CLT, it is sufficient to show that the limit o* :=
N-1

lim — Z ¢, exists (in probability) where ¢, = E(A2|F,_;). Note that in our case

N—oco N —

qn = Q(x,_1) for a continuous function @) so the existence of the limit follows from the
ergodicity of our Markov chain. O
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APPENDIX C. LIE ALGEBRA CALCULATION

Here we provide the computations relevant to Proposition [5.8 It suffices to check
that [[[V1, V], Vi], Vi] = [[[V1, V2], V4], V2] = O since all other triply nested brackets are

either necessarily equal to one of these (up to a sign) or forced to be 0. Assume

3 3
Vi= Z o; X, Vo= Z 5;X; and we compute the following.
i=1

=1

[V1, Vo], Vi] =(a3 B2 — a1aaf31) Zy + (cnaaBa — a381) Za + (anas By — anaizB1) Zs+
(afBs — arasBr) Zy + (raafs — anazBr) Zs + (cnasBs — a3 B1) Zs+
(a1aofs — arasfs)(Zs — Zs) + (04353 — apai3f2) Z7 + (apai3fs — 04%52)28-

[[V1, V2], V1], Vo] = ((a%@ﬁ% — a1 83) — 3(a12Bafs — a3 B1Bs) — (arasBifBa — gz By)

+ (0410é3522 - 062%5152) - 3(0410635253 - 0426Y35153) - 3@%5253 - a10435152)
+ (0410425153 - 042043512) + 2(0é10425253 - Oéz%&ﬁz) - (04161253% - 0420435153)
+ 3(a13Ba 83 — A3 B1B2) — 3(a3 185 — azazBiBa) — 3(anasBifBs — a1 5s)

+ 2(oq 28183 — arasfi B2) + (araafafls — arasfy) + (arass — 0610635253)>W =0.

[[V1,Va], V], Vi = (3(04?04352 — arasa3f) — 3(araeasf — ajasf) — (Qiasfs — aranasfr)
+ (04104206352 - 04304351) - 3(04104%52 - Oéﬁéﬁl) - 3(04%042@% - 04106206351)
+ (afanBs — aragasBy) + 2(a1as B3 — asasBy) — (apasasBs — asasB)

(
+ 3(aranasfs — a3 1) — (10383 — aranasfe) — 3(aiasazfs — arasBs)
+ Q(Q%OQB:S - a%a?ﬁﬁ + (alagﬁg — aq00302) + (o3B3 — 04104352)>W = 0.

In other words M211 = Mj212 = 0, so Hy3 = 0 even though g is step-4.
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