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Abstract

The rare decays mediated by flavor-changing neutral current processes, such as b — s¢T¢~, provide powerful probes of
the Standard Model and potential windows into new physics. Particularly, the angular observables in these exclusive decays
are valuable because of their sensitivity to short-distance dynamics and their reduced dependence on hadronic uncertainties,
which mainly arise from form factors. In this work, we analyze the Ay, — A(— Nn)¢T¢~ (with N7 = {pr~,nn°}) decay
with polarized final-state lepton and derive the corresponding four-fold differential decay distributions. For the longitudinal,
normal, and transverse polarization states, we systematically identify the additional angular coefficients that emerge relative
to the unpolarized case. We find that the longitudinal polarization preserves the structure of the unpolarized distribution,
while the normal and transverse polarizations introduce some new additional angular coefficients. The analytical expressions
of all polarized and unpolarized angular coefficients are explicitly derived in terms of the helicity and transversity amplitudes.
To compare the variation in the polarized and unpolarized angular observables, we have plotted them against the square of the
momentum transfer ¢?. Additionally, the Standard Model predictions of the polarization asymmetry observables are provided
and their sensitivity to new physics is explored under different new physics scenarios. The obtained results, in the current
study, for longitudinal and transverse polarization cases, provide a baseline for the lepton polarization dependent observables,

which may serve as sensitive probes to test the Standard Model in these decays.
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I. INTRODUCTION

The Standard Model (SM) of electroweak interactions provides an excellent framework for fundamental interactions.
Despite all its successes, it cannot be regarded as a complete theory because of numerous reasons, e.g., it lacks in
explaining the observed matter-antimatter asymmetry of the universe. Further, the particle spectrum of the SM
does not have any candidate of dark matter, and there are a number of unpredicted parameters in the SM inserted
by hand or predicted from the experimental data. To overcome these challenges, one needs to look for the signatures
of possible physics beyond the SM (BSM), also known as the new physics (NP). Experimental searches for BSM
physics are broadly categorized into two approaches: direct searches, which attempt to detect new particles produced
in high-energy collisions at the Large Hadron Collider (LHC) [1-3]. The LHC has yet to observe new particles, and
their absence may be attributed to the possibility that they are massive enough to be produced at the current LHC
energies. In this situation, the ongoing experiments such as the LHCb and Belle II gain importance because of their
ability to explore the NP through precision measurements of the decay properties involving the transitions of the b
quark [4-7]. These are known as indirect searches, where the flavor-changing-neutral-current transitions (FCNC),
b — slT¢~ [8-13], are at the forefront to probe the NP contributions through precise theoretical predictions and
measurements of decay rates and angular observables.

Several observables in these FCNC transitions deviate from their SM predictions, e.g., the branching ratio of
B — ¢utp~ differs by 3.50 [14, 15], and the measured value of angular observable P! in B — K*ptp™ in the
intermediate ¢ € [4.0,6.0] GeV? bin discrepant by 3¢ [16, 17]. These anomalies are attributed to possible BSM in
these b — spu™p™ processes. Leaving aside the old measurements of the Lepton-flavor-universality (LFU) ratio, Rx
and Rg~ the LHCb has updated their results [6, 8], which are now aligned with the SM predictions, indicating the
universality of lepton couplings. To accommodate the various anomalies observed in these decays, different theoretical
frameworks have been proposed as extensions of the SM. Among them, the pertinent ones include supersymmetric
models [18-20], the Z’' model [21, 22], the Higgs doublet model [23, 24] and the lepto-quark model [25]. By using the
effective field theory approach, these measurements were also analyzed in a model-independent way, where the NP
can be accommodated in the form of new vector and axial-vector operators, see e.g., [26-52]. Although NP in the
form of scalar/pseudoscalar (S/P) or tensor (T) operators is not ruled out, they can not accommodate the current
anomalies at their own. However, through a specific combination of V/A, the S/P or T operators can provide a
moderate fit to the data [53, 54].

If there is any NP in b — sfT¢~ transitions, it should also be evident in other decay modes induced by the
same quark-level transition. There are several such decay modes, and A, — AfT¢~ is one of them. The first
investigation of CP violation in baryonic decays was carried out by the LHCb collaboration through the observation
of decay A) — pK~utp~ [55]. In addition, the LHCb Collaboration has performed a test of LFU in the decay
AY) — pK =0T ¢~, reporting results that are consistent with the SM predictions [56]. The A, baryon decays have been
studied, see e.g., [57-65]. One of the advantages of A, — A (— pm) €74~ decay is that even with the initial-state
baryon (Ap) unpolarized, the A baryon spin can not only be used to understand the helicity structure of weak effective
Hamiltonian [66-73], but it can also reveal new angular coefficients in the cascade decay which provide more insight
about the helicity structure of the decay. Additionally, the full angular distribution of the initial-state polarized
Ay — A (— pr) €10~ decay has also been investigated [74, 75].

With this motivation, one of the key objective of this study is to systematically analyze the impact of final-
state lepton polarization on the four-fold differential decay distribution in the Ay — A (— N7)£T¢~ decay, with
unpolarized initial-state A,. Previously, lepton polarization effects and the polarization asymmetry observables, such
as the single and double lepton polarization asymmetries and the corresponding polarized lepton forward-backward
asymmetries in the A, — AT/~ decay have been studied [76-80], but to our knowledge, a complete analysis of
the four-fold decay A, — A (— Nw){T¢~, with lepton polarization effects, is missing. In this context, we derive
the three four-fold angular decay distributions which appear when one of the final state leptons is longitudinally,
normally or transversely polarized. To achieve this goal, for the three polarizations of the final state lepton, we

systematically identify the additional angular coefficients that emerge relative to the unpolarized leptons case. We



find that for the longitudinal polarization case, the structure of the four-fold angular distribution remains the same
as in the unpolarized distribution case. However, the helicity amplitudes contributions that appear when the lepton
is longitudinally polarized are encapsulated in the different angular coefficients of the distribution. In contrast to
the longitudinal polarization case, the contributions of normal and transverse polarization of the lepton modify the
structure of the four-fold angular decay distributions along with the introduction of some new additional angular
coefficients. The analytical expressions of all these polarized and unpolarized angular coefficients, including the
lepton mass effects, are obtained in terms of both the helicity and transversity amplitudes.

In addition, for a given polarization, we also examine the separate contributions from the lepton spin +1/2 and
—1/2 states on various angular observables in the four-body decay process A, — A(— N7)uTp~. Furthermore, to
compare the variation in the polarized and unpolarized angular observables, we have plotted them together against

the square of the momentum transfer ¢2. For this purpose, we adopted the following strategy in this work:

e In the first step of our analysis, we polarized the final-state lepton along the longitudinal (L), normal (N),
and transverse (T) directions. For each polarization scenario, we derived the corresponding four-fold angular
distribution and examined the contributions from the lepton spin states +1 and —3 (see Eqs. (42), (44), and
(45) for the L, N, and T cases, respectively). Notably, the analysis of the normal and transverse polarizations
reveals the emergence of additional angular structures that are absent in both the unpolarized and longitudinal

cases.

e For the longitudinal polarization (L), the spin-dependent terms naturally appear within the already established
angular observables given in Egs. (50)—(53). The polarized predictions for these observables, including the
individual contributions from the lepton spin states, are compared with their unpolarized counterparts within
the SM. Based on these results, we construct the corresponding polarization asymmetries for each observable
shown in FIG. 3.

e For the normal polarization (N), six additional spin—dependent coefficients emerge. Among them, two are real,
while four are imaginary. Importantly, two of the imaginary terms do contribute to physical observables, i.e.,
differential branching ratio and hadron forward backward asymmetry, although their impact remains small
within the SM. The other two imaginary contributions do not directly appear. Thus, the overall effect of N

polarization is expected to be suppressed in the SM.

e For the transverse (T) polarized scenario, we find twelve new angular coefficients. Among them, eight are
real and four are imaginary. We further analyze angular observables, i.e., the differential branching ratios,
forward-backward asymmetry of leptons, hadron and that of combined lepton-hadron modifications with new

angular coefficients. We also plot the remaining new real angular coefficient within the SM.

e To investigate the impact of the vector and axial-vector NP Wilson coefficients (WCs), we employ the global
fit results of Ref. [35], and focus on the NP scenarios that modify the polarization asymmetries arising from L

and T lepton polarizations, while comparing them with the SM predictions.

e In contrast to the longitudinal L case, the polarization asymmetries of the additional spin-dependent individual
angular coefficients associated with N and T polarization cases are suppressed within the SM, and the potential
NP contributions are indistinguishable from the SM expectations. Consequently, for the N and T polarization,

only the SM polarized asymmetry results for the additional real angular coefficients are presented.

The remainder of this paper is organized as follows. In Section II A, we present the weak effective Hamiltonian
(WEH) governing the decay A, — A¢T¢~ in and beyond the SM. The decay amplitude in the helicity formalism
and the helicity amplitudes are discussed in Section IIB. The cascade decay A — N, is presented in Section 11 C,
followed by the full four-fold decay amplitude in Section IID. In Sections III A and III B, we derive the four-fold
differential decay distributions for the cases of unpolarized and polarized final-state lepton, respectively. From these
distributions, a comprehensive set of physical observables is extracted, with their analytical expressions expressed in

terms of the angular coefficients, as summarized in Section I'V. Section V is devoted to a detailed numerical analysis



of the angular observables and their associated asymmetries, both within the SM and in representative NP scenarios.

Finally, the conclusions of this work are presented in Section VI.

II. THEORETICAL FRAMEWORK

A. Effective Hamiltonian

The baryonic decay A, — A¢lT¢~ occurs through the FCNC transitions in the SM, and the corresponding WEH is

HY = 455 ViV | CS () O2 (1) + C5 (1) Oo (1) + Cro(1)Oro ()| (1)

where the effective operators (O;=7, 9, 10) are defined as:

2 2

O7(p) = my (50, Prb) F*Y,  Og(p) = 12 5 (57, PLb) ("), O10(p) = 1672

Tor? POt (@)
Where / is the electron, muon or tauon and e, Gp, Ay = Vi Vi, em = % are the electric charge, Fermi coupling
constant, CKM matrix elements and the fine structure constant respectively. P r = % are the chiral projection
operators, and p is the renormalization scale. In the operator O7, my is treated as the running quark mass in the
modified minimal-subtraction (MS)-scheme. The contributions of the factorizable quark-loop corrections to current-
current and penguin operators are absorbed in the effective WCs C?fg(q2) [81-85]. The explicit expressions of these
Wilson coefficients are presented in appendix B. The numerical values of the WCs, (1, ..., Cig, used in our numerical

analysis are written in TABLE 1.

TABLE I: The SM values of the WCs with next-to-next-leading logarithmic accuracy, evaluated at the renormalization scale

Ho~ My,

C1=-0294, Cy=1017, Cs=—0.0059, Cy = —0.087, Cs = 0.0004
Cs =0.0011, Cr=-0.324, Cs = —0.176, Co =4.114, Cyo = —4.193

In the above Hamiltonian, the NP can be induced in two different ways:

e The first is the modification of the short-distance WCs C$f, C§® and €y, which govern the leading-order
contributions to the FCNC decay processes.

e The second is to introduce contributions from additional operators that are typically suppressed or absent
in the SM. These include chirality-flipped counterparts of O7, Og and O;p, denoted by O?I(P), OQI;I(P) and (’)ﬁ]( -
Moreover, the operator basis can be enlarged to accommodate scalar, pseudoscalar, and tensor operators, which

often arise in different NP models.

In our analysis, we employ both approaches. The new-physics contributions are parameterized by the WCs C'F,
CNF, and their chirality-flipped counterparts Cg, , 010' . In the second approach, we restrict ourselves to the vector
and axial-vector operators, together with their chirality-flipped counterparts, which are motivated in several NP
scenarios. Furthermore, the WCs can be categorized according to their lepton-flavor structure. In particular, one
distinguishes between LFU NP contributions and lepton-flavor-Universality-violating (LFUV) contributions. Since
short-distance effects are independent of the initial hadronic state and its kinematics, they can be treated within

this model-independent framework. After incorporating these modifications, the effective Hamiltonian H.g takes the

form:
G em v eff (— 7 — 7
Hegt = 2?% thVté{ c (S%y(l +75)0) F* + G5 (3b)v—a () + Coy' (8b)v-a(0)y
+ Cyp (5b)via(ll)y + Cro(5b)v_a(Cl) 4 + Clo, (5b)v—a(ll)a + C%I/De(sb)wAW)A} ~ (3)



By separating the vector and axial-vector leptonic currents, the decay amplitude for A, — A¢T¢™ is given as

GFaem

2V/21

ME2 (3 5p) = Vi Vi g* M{Tﬁ (SA,s5A) Lf/l,/)j’z + Ti (A, SA) Li\l,izz} (4)

where

szl,’;fz = <l+ (Pe+,52) 17 (e 51) ‘Zm'f 0> = ﬂ(mn&)%ﬂ v (pe+, 82) (5)
Loz = (17 (per, 52) 1 (o=, 51) | Pypry5L] 0) = @ (pg-, $1) Y ¥5 0 (De, 52) (6)
with s1(s2) and py- (pe+) specify the spin and momentum of lepton (anti-lepton), respectively. The hadronic terms
Ty, (sa,,sa) and T (s, , sa) are defined explicitly as
T, (says 50) = (C5T + Co") [(A (K, sa) [57,(1 = 75)b Ao(p, 54,))] + Cory’ [(A(k, 54) [57(1 + 75)0] Au(p, 5a,)]
2m _. v
= =7 CF Ak, 5a) [5ipa” (14 75)b] Ao (p: 5n,))] (7)
T3 (sys50) = (Cro + Clog ) [(A(K, sa) [57:(1 = 75)b] Ay(p, 58,))] + Chiye [(A (K, sa) [57(L + 75) Ao (p, sa,))] 5 (8)
where p and k are the four momentum of A, and A, respectively. As an exclusive process, the matrix elements for
Ay — A transition for different quark currents can be parameterized in terms of the ten helicity form factors (FFs).

In the case of vector, axial vector, tensor, and pseudo-tensor currents, the corresponding matrix elements for A, — A

are reported in [63, 86], and collected in Appendix C.

B. Helicity formalism and helicity amplitudes for A, — A¢T¢~ decay

To write the decay amplitude for A, — A¢T¢~ decay using the helicity formalism, we use the completeness property

of helicity basis e*(m),

oo e m)et (m ) g = g, 9)

m,m’=t,+,—,0

where € represents the polarization vector of the virtual j%; (see FIG. 7) and m = t,+,—,0 corresponds to the

time-like, transverse, and longitudinal components of it with g, = diag(+, —, —, —). Using Eq. (9) in Eq. (4), we
can write the decay amplitude as
Mil,SQ (SAb’ SA) =N Z gmm{Hvln (SAb’ SA) L?/l,;fz? + Hrzn (SAb’ 51\) Lixl,}ff }7 (1())
m=t,+,—,0

where, N1 = GF\}IJ”” Vi Vi% and sy, (sp) corresponds to the spin of decaying (daughter) baryon. Also; HY, (sa,,sA) =
e (m)T} (sa,, s4), with ¢ = 1,2 and Lyidym =¢ Y (m m)Ly (%) . are the hadronic and leptonic helicity amplitudes,
respectively. Using Egs. (7) and (8), with the definitions of hadronic matrix elements in Appendix C, the helicity

amplitudes are gievn as

H{ (sn,50) = (G5 + Cg/” + Oy ) Hy (sa,5n) — (C§ — Gy ) Hi'(sn,50), (11)
H{ (sa,,50) = (Cro + Clog + Clove) Hi (sa,» 51) (C 10+ Cme Clove) Hi'(sa,» 5a), (12)
Hg(sa,,50) = (Ce + Gy +Cyy ) Hy (56,5 58) ( - Cyy ) Hé(sAb’sA)

— SR [HE (snyv )+ HEP (s, 50)]. (13)
Hg(sa,,50) = (Cro + Clog + CIO’E) He (56,5 58) (010 + Cwe Clo'e) Hi' (sa,s51), (14)
Hi(sn,,50) = (Ce + Gy +Cyy ) HY (sa,558) ( Coy ) H:I:(SAb’ sa)

- % T [HE (sa,,50) + HI (sa,.54)] (15)
HZ(sa,50) = (Cro + Clog + Ciove) HL (sa,51) — (Cro + Clog — Clye) Hi (sa,: 1), (16)



where the helicity amplitudes with different polarizations of the virtual j';, and the vector quark current are

HY (sn,050) = €7(8) (A, 1) 570l Ay (p51,)) = ftV(qQ)L\/;»gm [, 50) i, (54, (17)
HY (sa,050) = €(0) (A(k,5) [57,b] An(p,50,)) = 2 <q2>”“bs—jm“<k -€(0)) [aa(k.sa) ua, (p,sa,)] . (18)
HY (sn,,50) = () (Alk,50) 1570 Ao(psa,)) = £1 (%) [3a (R, 5a) ¢ (£) ua, (pr5a,)] - (19)
The analogous expressions for the axial-vector quark current are
H (5,0 50) = € (1) (A(k, 51) [57,755] Ao (B, 50,)) = —F4(02) T2 [y (k, 50) 75 1w, (95w (20)

\/q72

)= (0)) an (k,50) 35w 5] (21)

HL(sn,50) = €H(E) (MK, 52) [57,750] Ao (50, ) = F1(0) [@a (k. s2) ¢ (£) 15 ua, (0,54, )] - (22)

Hi' (sa,,50) = €(0) (A(k, 50) |57,750] Ao (p,sa,)) = —2f5H(q°

The other helicity amplitudes with ¢ projections of the tensor and pseudo-tensor currents are given as,

2
M5 (585, 50) = €7(0) (A(k,30) [5i00"b] Ab(p,5a,)) = *2f<§r(q2)§:(k -€°(0)) [ua(k,sa)un, (p; s, )], (23)

Hi(sl\b’ SA) = G*H(i) <A(kv SA) |§i0’uyqyb‘ Ab(p’ SAb)> = *fI(QQ)(mAb + mA) [ﬂl\(k7 SA)¢*(:t)uAb (p7 SAb)] ’ (24)

and

2
M5 (58,5 50) = €7(0) (A(k,30) [5i00q" 50| Ab(p,5a,)) = —2f35(q2)8q*(k -€7(0)) [aa(k,s0) ¥5 ua, (psa,)] (25)

HL" (58,0 50) = €7 (F) (A(k,30) [5i00q" 50| Ao (p,sa, ) = f1°(a%) (ma, —ma) [ua(k, sn)¢" (£)75 ua, (s 5a,)], (26)

where si are defined as s+ = (my, £ mp)? — ¢® and ¢ = (p — k)? is square of the momentum transfer while

fgg/éAi?’T5)(q2) are the different FFs.

We compute the helicity amplitudes defined in Egs. (11)-(16) for all possible spin configurations. By performing
this calculation, together with the relevant kinematic conventions, we identify all non-vanishing contributions arising

from both the SM and potential NP operators. These non-zero terms are summarized below !

1 1 ma, —m
H} (j:27 :F2) - :F% V51 (Cro + Oty + Croo) 1 (6°)
LR LN
(Cro + Choy — Crone) f1 (@), (27)
T
1 1 _
1} (25,75 ) =% (57 + G + O3 ma, + ) ) + 2T ()]
S
[ (G574 OO = T ma, —ma) f§1(a) + 2ma S (0P)]. (28)

1 1
H? (:t27 $2) = $\,/(]7(010 + Clog + Clove) (ma, +ma) fo (¢%)

S
4/ q+ (Cro + Clog — Clove) (ma, —ma) f3(¢?), (29)
11 . 2
L (gt ) = £v/3[(C5 4 CFF + CYE)IY () + 25205, + mon) ST(6P)]
off NP NP\ A 2my, Ts
28+{<09 +ONF = ONDIFR @) + —5 05 ma, —ma) T (a7)], (30)
1 1
23 (4545 ) = VB (Cuo+ O + OV ()~ VB (Co+ O - NI @). (

1 The H; 1 (:|:2,¥ ) helicity amplitudes do not contribute as the corresponding vector lepton current is conserved for the time-like
polarization of the virtual jgﬂ.



C. A — N7 decay amplitude

The A(k,s5) — N(p3, sy )m(ps) decay, where Nm = {pn~,nn’}, p3 is the momentum of proton (or neutron) with
spin sy and p4 is the momentum of pion. This transition is described, within the SM, by the AS = 1 effective
Hamiltonian [62]:

4G
HAS 1= \/;

The corresponding decay amplitude is given as

VriVus [JVMPLu] [Tw“PL s] . (32)

MQ(SAasN) = N2H2(SA78N)» (33)

where, Ny = 4\6/;5 Vi Vus, and

Ha(sa,sn) = (N(ps, sn)m(pa)|[dvy, Prul[un® Prs]|A(k, sa)),
N(p3; sn)(w + &ys)un(k, sa). (34)

Here, w and & represent the two independent hadronic parameters, which can be extracted from the decay width and

polarization measurements of A — pn~ decay. Using the spinors according to the kinematics defined in Appendix

1 1
m(+1+2)

Hg(i;,:F;) - (iﬁw\/ﬁg)sino;, (36)

B, we obtain,

(v vime) cos 2. (35)

where ry = (ma £ my)? — m2.

D. Four-fold Ay — A(— N7)¢T¢~ decay

The four-fold Ay, — A(— N7 )T ¢~ decay can be described by the full four-fold decay amplitude as 2

MZ152 (sp,,8N) = ZM51’52 (sAb,sA ) Moy (sA SN ),

s(@)
SA

=N Z Z gmm{H}n (sAb,sg\a)) Ly + H? (SAb,SS\a)) Liﬁ}]\fg HQ(SXI),SN). (37)
(a) m=t,+,—,0
Sa

For the unpolarized four-fold A, — A(— Nm)fT¢~ decay, we get the squared amplitude, by averaging over the initial

state spin and summing over the final states spins, as

2

)

‘M

‘ 2

28A +1 Z Z ’M51 " (3, 58)

SAL SN 81,52

S0 31D DI DD DI Ty

SAp 55\@735&17) s1,82 m,n=t,+,—,0

b LR, (sn o) HE (s ol®) 4 B () B (s o)

Ly ni i (s ) HE (sa,,50)

+ L2 Ly HY, (SAh,SA)) Hl*( b,sA) Z|NQ|2H2 (sA 7sN) H; (sf\b),sN> (38)

2 We have only considered the spin structure of the intermediate spin 1/2 A state, in the full amplitude, and omitted its propagator as
it is treated on-shell.



III. FOUR-FOLD ANGULAR DISTRIBUTIONS

A. Unpolarized lepton case

Considering four-body phase space with the squared amplitude, and combining all the elements, the final unpo-

larized four-fold differential decay distribution is obtained as [59, 62]

d*T 3
— 2 B(A— N [(Kgq”e Koo cos? 0 + K. 0)
dq?d cosBydcosOpdp 8w (A= Nr) les SIN U + H1co COS™ g + Hic COS Oy

+ (KQSS sin? 0y + Koee cos? 0 + Ko cos 94) cos O,

n (K3 sin By cos Oy + Ksq sin 95) sin ¢ sin 6
+ (K4SC sin @, cos 0y + Ky, sin Hg) cos ¢ sin HA} , (39)

where the angular coefficients, including the lepton mass effects, are given in both helicity and transversity basis in

Appendix E and Appendix F, respectively.

B. Polarized lepton case

We define the spin four-vector of the lepton ¢~ in its rest frame, by using the three orthogonal unit vectors, &;,
where ¢ = L, N, and T correspond to the longitudinal, normal, and transverse polarizations of the lepton, respectively.

7 A~ Hf L A ];:x = L A ~ ~
si, = (0, ér) = (O,@) , siy =(0,én) = O,% , ship =(0,ér) = (0,én x ér).  (40)
[P~ | |k % pi-|

Here, py-, and k denote the three-momentum vectors of ¢—, and A, respectively. When boosted to £/ center of mass

frame, the longitudinal polarization four vector gets transformed, while the other two remain unchanged.

u _ (1P| _Eepi- 41

To get the four-fold differential decay distribution, with L, N and T polarized lepton, we employ the spin projector
2(1+ 7594) in the leptonic tensors. In particular, we make the replacement (P, +me) = (P, + me) (1 +v58,).

1. Longitudinal four-fold angular distribution

For the case of longitudinal lepton polarization, L polarized four-fold angular decay distribution is obtained as

d*Ty, (5,- = +ér) 3 9 9
=—BA—= N KissL sin® 0 + Kice 0o + K1c 0
dg?d cosOpdcosOpdp 8w ( ) [( TsL, SIN" O + Xdcol, COS™ Op o+ Roter, €08 Z)

+ (KQSSL sin? 6y + Koeer, cos? 0 + Kaer, cos 95) cos O
+ (ngSCL sin 0, cos 0y + Ksgp, sin 94) sin ¢ sin 6
+ <IC4SCL sin 6y cos 0y + K41, sin 6‘2) cos ¢ sin F)A} . (42)

To keep track of the spin orientation of the L polarized lepton, we use the parameter £;, and decompose each angular
coefficient as follows

Kiyn= % +& K (43)

where {- - - } corresponds to the suffixes 1ss, lec, 1¢, 2ss, 2cc, 2¢, 3sc, 3s, 4sc, 4s. The two terms of Ky... 11, correspond to
spin orientation independent (unpolarized) and dependent (polarized) parts of each angular coefficient, respectively.
The parameter {;, = +1 for 5,- = =+&, respectively. With longitudinally polarized lepton, the ¢? dependent
analytical expressions of ICf{ } in terms of helicity and transversity amplitudes are given in Appendix E and Appendix
F, respectively.



2. Normal four-fold angular distribution

In contrast to the case of longitudinal polarization, for the case of a normally polarized lepton, all polarization-
dependent terms appear as new angular structures with additional angular coefficients, identified with parameter
&nv = £1, and they do not merge with the previously known unpolarized angular structures. The corresponding

differential decay distribution becomes

d*T'x (5 = +én) 3 . 9 9 .
d2d cos 0,d cos O dd —8—71_8([\ — Nm) [(KlSSN sin® 0y 4+ Kicen cos” 0y + Kien cos 0y + En Kisn sin 04)

+ (’CQSSN sin? 0y 4 Kacen €052 0y + Kaen cos 0 + En Kagn sin 9@) cos O
+ (ICgSCN sin @y cos 0y + Kssn sinfy + En (ICgCN cos B, + ICgN)) sin ¢ sin 6
+ (IC4SCN sin @y cos 0y + Kysn sinfy + En (IC4CN cos bty + IC4N)) cos ¢ sin OA} . (44)

The angular coefficient Ky...yn with suffixes 1ss, lcc, 1¢, 258, 2cc, 2¢, 3sc, 35, 4sc, 4s are related to the corresponding

unpolarized angular coefficients by Ky...yn = K{é” L. The additional six polarization dependent angular coefficients,

are Kisn, Kasn, Ksen, Ksn, Kaen, and Kyn. Among these six coefficients, two of them are real, i.e., K3.n and Kan,

while the remaining are imaginary. Their analytical expressions in terms of helicity and transversity amplitudes are

given in Appendix E and Appendix F, respectively.

3. Transverse four-fold angular distribution

For the transversely polarized lepton case, twelve additional angular coefficients, identified with parameter {7 = +1,

are contributing to the T polarized four-fold differential decay distribution, which is obtained as

d*T'r (5,- = +ér) 3 . 9 9
= —B(A N ss 0 cc 0 c 0
dq?d cos 0yd cos Opd¢ 8778( = Nm) {(Kl T 8in” 6 + Kcer cos™ 0 + Kaer cos 0y

+&p (IClSCT sin 6y cos 8y + Ky sin 05))

+ (ICQSST sin? 6y + Koo €082 0y + Koo cos 0,

+ &7 (ICQSCT cos 0y sin 0y + Kaog sin 0@)) cos 0

+ sin ¢ sin G4 (ngSCT sin 6y cos 0y + Ksg sin 0,

+ & (Kassr sin® 0 + Kaeer cos? 0y + Kot cos b + ICgT))

+ cos ¢ sin 6, (IC4SCT sin 0, cos 0y + Kaer sin 6y

+ &p (IC4SST sin? 0o + Kacer cos> 0p + Ky cos 0y + ’C4T))] . (45)
The angular coefficient Ky...yp with suffixes 1ss, lec, 1c, 2ss, 2cc, 2¢, 3sc, 35, 4sc, 4s are related to the corresponding
unpolarized angular coefficients by Ky...yp = K{z'"} . We found twelve new angular coefficients in this case. Among

them, the four coefficients Kig, KosT, KiseT, and Kogser appear in the expressions of the well-known angular ob-
servables, namely the differential branching ratio, hadron forward backward asymmetry, lepton forward—backward
asymmetry, and lepton hadron forward backward asymmetry, as provided in Egs. (56) and (57). In addition, four
of the newly obtained coefficients are purely imaginary, i.e., KsssT, KsceT, K3cT, K3, while the remaining four are
real: KyssT, Kacer, Kacr, Kar. The polarization asymmetries of these real angular coefficients within the SM are
illustrated in FIG. 6. The analytical expressions of all the angular coefficients are provided in terms of helicity and

transversity amplitudes in Appendix E and Appendix F, respectively.



IV. PHYSICAL OBSERVABLES

In this section, we present the extraction of various unpolarized and polarized physical observables from the
corresponding four-fold differential decay distributions. In addition, we construct several polarization asymmetries

from the polarized angular distributions, which constitute one of the main objectives of this study.

A. TUnpolarized lepton case

Starting from the unpolarized four-fold angular decay distribution given in Eq. (39), various decay observables can
be extracted using the appropriate weight functions, as described in Ref. [62]. For completeness, we present below

the expressions for the relevant physical observables and the other possible normalized angular coefficients.

e Integrating over angles, the differential decay rate in terms of the angular coefficient becomes

dl' (Ay — A(— Nm)t+i)
dq?

= B(A—>N7T)(2K153+chc) . (46)

where B(A — N) is the contribution from the cascade decay A — Nw. If we set aside the cascade decay, the
decay rate for A, — A¢T¢~ will then take the form
dl' (A — ALTE7)

dq2 = 2Klss + chc . (47)

e The forward-backward asymmetry of leptons, hadron and that of combined lepton-hadron can be calculated

as:
3 ch 1 (2K2ss + K2cc) 3 K2c
Abp =S — ¢ Ab = TEss T el pA D ke 48
FB 2 (2Klss + chc) FB 2 (2Klss + chc) FB 4 (QKlss + chc) ( )
e The other possible normalized angular coefficients are
> Kst > K2cc > K3sc
Ksszi, ch:77 Ksczi,
2 2Klss + chc ? 2I(lss + chc ° 2Klss + chc
. K, A Kyse - Kys
K3S = 5 K4sc 4 4s 2 (49)

2Klss+chc’ B 2Klss+chc’ B 2Klss+chc.

B. Polarized longitudinal lepton case

For the Longitudinally (L) polarized lepton, the spin-dependent observables can be extracted from Eq. (42) by
using similar weight functions as used for the unpolarized lepton case. The expressions are given as:
e The differential decay rate of A, — A(— N7)¢*¢~ decay, with longitudinally polarized lepton becomes

dFL (SZ— = :|:eL) _ B(A N N'/T)(QIClssL +IClch)a

dq?
_ chc / /
- B(A — Nﬂ-) Kiss + + §L (2 ICISSL + ]Clch) ’ (50)
e The unpolarized differential decay rate can be obtained as
dar’ (Ab — A(*) N7T)6+£7) . dI'y, (gg— = +éL) i dl'y, (,§'e, = 7@[1) (51>
dq2 B dq2 dq2 :

e The different forward-backward asymmetries for the longitudinally polarized lepton case become

3 K 1 (2Kass1, + KaceL)
; . R 1el, A N R 2ssL 2ccL
. - - — = - = :l: - =
AFBL (S@ eL) ) (2K155 + chc)7 AFBL (Sf eL) 2 (2Klss + chc) ’
3 K
A o R 2cL

=4+ = —— 2

Apgr, (8¢ ér) 4 (2K 145 + Kiee) %)
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e The other normalized angular coefficients as:

> A ]CQSSL > ~ ICchL > N ,C3scL
Kosst, (- = 8r) = ———2L Ry 1 (5 =46,) = ———2  Koip (5o = +éy) = ———ok
2ssL (SZ eL) 2Klss + chc 2ol (85 eL) 2KISS + chc Bocl (SZ EL) 2Klss + KlCC
P o R KssL P o R KascL p o . KasL
Kast, (51 = +687) = ——L  Kyon (5 = +8;) = ——Ascb g (G = +8p) = L
gsl. (56 eL) 2Klss + chc dscl. (54 eL) 2Klss + chc Ask (Sf eL) 2[(lss + chc

(53)

C. Polarized normal lepton case

Starting from four-fold angular decay distribution, with the Normal (N) polarized lepton, given in Eq. (44),
different decay observables are constructed as
e The differential decay rate will read as:

Ty (3, = +éy)
dg?

3
= B(A = Nm)(2K1son + Kieon + -€x Kron). (54)

e For normally polarized lepton, the different forward-backward asymmetries become

3 K (8K + 4K + 3mEN Kasn)
YA 1cN A - ~ 2ssN 2ceN N N2sN
- 2 MmN = -
AFBN 2 (2Klss + chc) ’ AFBN (Sf eN) 8 (2Klss + chc) ’
3 K
LA 2¢N
- 2 N 95
AFBN 4 (2Klss + chc) ( )
D. Polarized transverse lepton case
Similarly, for transversely polarized lepton, the expressions of observables are given as follows:
dlr (8- = +é 3
T ( qug T) = B(A — N’IT) (QIClssT + IClccT + ZgT ’ClsT)7 (56)
R 1 (3K1er + 267 Kiser) A . (82551 + 4Kaccr + 37E7 Kasr)
Appr (5~ = +@r) = - , Abgr (5, = +ér) = 7
FBT ( ¢ T) 2 (2Klss + chc) e ( ¢ T) 8 (2Klss + chc)
R 1 (3Kzer + 267 Kaser)
AN (5, — + - = . 57
FeT (50 er) 1 (2K1as + Kice) (57)
E. Polarization asymmetries observables
e The longitudinal, normal and transverse single lepton polarization asymmetry can be defined as
dUi(5,-=+&)  dI'i(5,-=-8&)
Py(q?) = dq> dg® 7 58
(a°) dr;(5,_=+8&;) | dIy(3,_=—&) (58)
dq? dq?

where the polarization ¢ = L, N, and T, dependent decay widths are given in Eqgs. (50), (54), and (56),
respectively. Further, unit vector é;, with plus and minus designate the spin of the lepton along and opposite
to the corresponding polarized unit vector, respectively. The corresponding expressions are given as

_ 2 (2 IC,lssL —+ /Cllch) 3 Kisn 3 KisT

P, = L Py=of SBN o op 0T DT 59
v (2K135+chc) N 2 (2K135+chc) T 2 (2K158+chc> ( )

e The singly polarized forward-backward asymmetry of leptons, hadron and that of the combined lepton-hadron

are defined as
ZJFBi(QQ) = A%‘Bi (5p- = +€;) — JfBi (5p- = —&), (60)
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where, j belongs to the type of forward-backward asymmetry, i.e., j = £, A, and /A, while s = L, N, and T.

The expressions of different forward-backward asymmetries for the L, N and T polarized lepton case become

A= g e T e e kO
Zﬁ‘BN =0, XQBN = ?);r(szj_l\IKlw)v ji*jlxaN =0. (62)
RN s I LRt ey il e s L
e The other polarization asymmetries in the normalized individual angular coefficients are defined as
O(¢?) = O (5- =+&;) — O (8- = —&;). (64)

V. PHENOMENOLOGICAL ANALYSIS

In this section, we analyze the various physical observables discussed above in the SM and also in different NP

scenarios. To do so, the input parameters that we used are given in TABLE II.

TABLE II: Values of the used input parameters.

Constant Values Constant Values
Gr 1.166378 x 107° GeV~™2  |VapVii|  0.039715:5008
myp 4187003 GeV Qem (M) 1/133.28
as(mp) 0.2233 Me 0.0005 GeV
my 0.106 GeV Mpote  4.91 +0.12 GeV
B(A—pr) 0.64 % b 5 GeV
B (A — nn°) 0.36 % ma 1.116 GeV
T, (1.471 4 0.009) x 107"% s

Within our simplified factorization approach, the essential hadronic input functions are the A, — A FFs [86]. To
this end, we have used high precision Lattice QCD calculation of the relevant form factors. The FFs used in [86] are
related to our notation of the FFs as ft‘,/O,J_ = fo,+,1, f{?o@_ = §0,4,1, fg:J_ =hg 1, and f&i = B+7L. To obtain the
¢* dependence and to estimate the uncertainties, the lattice calculations are fitted to two z—parameterizations. In

the so-called “nominal” fit, the parametrization read

1
fa®) = 1 7 [ag +af2(a®,t4)] (65)
(M 1)
where z(q?,t) are defined as
Vis — @ — Vis =t
2(o? ty) = = - (66)

Vi 2+ Vi =T

with t. = (ma,_m,)? and to = (mp + mk)?. The statistical uncertainties of the observable are calculated from the
“nominal” fit, while, to estimate the systematic uncertainties a “higher-order” fit is used for which the fit function is
1

1- —F
(m

fla*) = [ag + a12(a” t4) + ag(z(a?, £4))%] . (67)

pote)”

The values of the fit parameters and all the masses are used from [86]. To see the impact of the vector and axial
vector NP WCs given in Eq. (3), we use the global fit data from Ref. [35], and the best-fit values with 1o intervals

are summarized in Table III. Here, we have selected only those NP scenarios that show relatively greater pull and

12



TABLE III: Best-fit values of the WCs and the 1o ranges of the different NP scenarios, as presented in [35].

Scenario Best-fit value lo
St Co, —1.02 [—1.43, —-0.61]
Clou ~0.35  [~0.75,—0.00]
cy =t +0.19  [-0.16,40.58]
s2  Cy, —0.21 [—0.39, —0.02]
cy -0.97  [-1.21,-0.72]
S3  Cy,=-0%, —0.08  [-0.14,-0.02]
cy -1.10  [-1.27,-0.91]
sS4 Cy, —0.68  [-0.84,-0.52]
Cy —0.03  [-0.15,-+0.09]

are differentiable in the observables we have considered. For simplicity, we have renamed them as scenarios S1, S2,

S3 and S4 in Table III. In the next step, with these input parameters, the task is to perform the phenomenological

analysis of the above mentioned physical observables which correspond to the L, N and T polarization of a single

lepton in the decay process Ay, — A(— Nm)uTp~. For all results, lepton is taken as the muon.

0.7 0.7 0.4
'T— 0.6 W dp/dq® ,T'_‘ 0.6 W dp/dq* W Ay
2 -
Ig osh W dp,/dq S B dp,/dq? 02 B Ay
X
+55 0. \-ﬁ;:_
1 0.0 7 ==
20 VR
T == f
? 0. -0.2 ! X
1S
0, B
- D -0.4 =
0. s 10 15 20 0 5 : 10 i 15 20
qz[GeVZ] q°|GeV?*]
0.0
N & s [P
B %o -0.1 B K
‘
A\
-02 \\\
-0.3 ——
—-0.4
-04
5 10 15 20 10 15 20 0 5 10 15 20
7'[GeV?] 7'[GeV?] 7'[GeV?]
0.20 0.3 0.10
0.15 u A 02 [ on B R
mAp == o Wm o
0.00
—02 —0.05}
-0.3 010 ‘ ‘ ‘
10 15 20 0 5 10 (] 5 10 15 20
7'[GeV?] ¢*IGeV?] ¢'[GeV?]

FIG. 1: Differential branching ratios and various observables vs. ¢ for SM unpolarized and longitudinally polarized final state

lepton. Dotted region represent the spin —1—% contributions, while the dashed region represent the spin —% contributions. For

all results £ = p.
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A. Lepton polarization effects in various angular observables within SM

1.

Longitudinal polarization

In FIG. 1, we present the differential branching ratios and other angular observables as functions of ¢2, comparing

the unpolarized case with the scenario where the final-state lepton is longitudinally polarized. For predicting the

differential branching ratios, we consider the values of the branching ratios of the cascade decays A — (p7r_, mro),
from the particle data group (PDG) [87], which are also reported in TABLE II. The bands in these plots originate from

the errors in the input parameters, mainly the form factors. From the plots, we can read that for the longitudinally

polarized lepton case in the SM:

2.

e The differential branching ratios for the polarized and unpolarized lepton cases nearly coincide in the low- to

intermediate-g2 region. However, in the high-¢? range, the polarized case yields a smaller value compared to
the unpolarized one. Moreover, the contribution from the spin —l—% component remains negligibly small across
almost the entire ¢> domain. Consequently, the high-¢g? region offers a promising opportunity to probe the

effects of lepton polarization and the different spin possibilities.

The zero-crossing point of the lepton forward-backward asymmetry, A%B, is a key observable for probing
the SM. As illustrated in FIG. 1, the polarized case allows for a clear separation of the contributions from
different helicity states. Notably, there is no zero-crossing observed for either spin configuration. The spin —%
contribution remains positive throughout the entire ¢2 range. At high ¢2, the total contribution arises solely

from the spin +% state, whereas in the low ¢2 region, both spin components contributed.

Just like A%, the unpolarized and polarized cases in Agy are clearly distinguishable, with the contributions

from the spin —% and +% helicity states reversed in high ¢? region. As in the previous case, no zero-crossing

is observed for the polarized lepton, nor for either helicity component.

In the case of the forward-backward asymmetry associated with the final-state A, i.e., A8y, the distribution
in the polarized lepton scenario differs significantly from the unpolarized case across the entire ¢? range. The

trend for the polarized lepton with spin —|—% approaches zero from the negative side, in contrast to both the

unpolarized case and the polarized case with spin —%.

In FIG. 1, we observe that, except for Koo, and Kossr,, the results for polarized leptons and individual lepton
helicity states are largely masked by the theoretical uncertainties within the SM. In the case of ’€2ch, the
contribution from the polarized lepton with spin —|—% increases in the low to intermediate ¢? region, which is
in clear contrast to both the spin —% and unpolarized cases. On the other hand, for Kass 1., despite the value
slightly higher than the unpolarized case, the behavior of the polarized lepton with spin —% closely follows that
of the unpolarized distribution, while the contribution from spin —&—% remains nearly zero across the entire g2
range. These contrasting behaviors of KQCCL and ’6253 1, also stand out relative to the other angular observables,

where such helicity-dependent distinctions are not pronounced.

Transverse polarization

In FIG. 2, we present the differential branching ratios and the forward-backward asymmetries as functions of ¢2,

comparing the unpolarized case with the scenario where the final-state lepton is transversely polarized. For clarity,

the contributions from the two lepton spin states are also shown separately in order to examine their relative impact

across different ¢2 regions. The main observations can be summarized as follows:

e The transversely polarized branching ratio is decreased compared to the unpolarized case in the high ¢ region,

where both spin states contribute almost the same.
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FIG. 2: Differential branching ratios and various observables vs. ¢* for SM unpolarized and transversely polarized final state
lepton. Dotted region represent the spin —|—% contributions, while the dashed region represent the spin —% contributions. For
all results £ = p.

e In contrast to the longitudinal polarization lepton case, the forward-backward asymmetries Abpp and Ay r
for the transversely polarized lepton also crosses zero, similar to the unpolarized case. However, the position
of the zero is slightly shifted when the spin of the final-state polarized lepton is taken to be f% and +% for
A%BT and Af}ABT, respectively. In the high-¢? region, the magnitude of these asymmetries decreases compared
to the unpolarized scenario. Moreover, the uncertainties arising from the FF's are relatively small in this region,
which makes them a particularly sensitive observable to study the impact of lepton polarization.

e In the case of transversely polarized lepton and with spin —&—% and —% the magnitude of Afg 1 remains higher
in the whole ¢? range from the corresponding unpolarized A%B, while the two contributions remain distinct

from each other in the low to intermediate ¢? region.

B. Polarization asymmetry observables

In this section, we show the asymmetry, the difference between the spin +% and —%, for the observables defined
in Egs. (59) - (64). The techniques for the extraction of these asymmetries are discussed in section (IVE). We
also analyze NP impact in these and compare the results with their corresponding SM predictions. Specifically,
we consider four representative NP scenarios, selected to be consistent with current experimental observations of
the anomalies observed in rare b-hadron decays. The values of the associated WCs for each scenario are listed in
TABLE III. For the NP predictions of these observables, we take the lower limit of the 1o range. As in the SM case,
the uncertainty bands shown in the plots reflect the propagation of uncertainties from hadronic FFs and other input

parameters.

1. Longitudinal polarization case
e The longitudinal lepton polarization Py, as a function of ¢ is shown in FIG. 3 for the SM and various NP

scenarios. It is evident that the NP effects deviate significantly from the SM predictions, lying well outside

the SM uncertainty band. Moreover, the different NP scenarios are clearly distinguishable from both the SM
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FIG. 3: Predictions for NP sensitivity in asymmetry of the longitudinal polarized observables as a function of ¢°. Red curves

represent the SM, while gray, orange, blue and green curves correspond to NP-scenario 1, 2, 3 and 4, respectively. For all

results £ = p.

and from each other. The largest deviation from the SM occurs in scenario S1, where the magnitude of Pr
decreases noticeably. This behavior arises due to the negative contributions to the effective WCs C’gf 7 and
C1o, with C1g becoming more negative relative to the SM. A similar trend is observed in scenarios S2 and S3.
In contrast, scenario S4 does not modify the Cy coefficient, resulting in relatively minor deviations from the
SM prediction.

Another set of interesting observables are the spin-dependent asymmetries related to the lepton and the lepton-
hadron forward-backward asymmetries, denoted by ZéBL and 71?]\%, respectively, as shown in FIG. 3. As
discussed in Eq. (60), these observables correspond to the difference between the two lepton spin configurations
for a given polarization state. In the case of ZéBL, there is no zero-crossing in either the SM or any of the NP
scenarios. This is consistent with the SM result shown in FIG. 1, where the zero-crossing in A% 5 arises from the
sum of the spin —|—% and —% contributions. Therefore, taking their difference—i.e., forming Xiﬂ p—eliminates
the possibility of a zero-crossing. A similar behavior is observed for j%AB. These spin-dependent observables
are particularly important, as they allow for a clean separation of the two helicity configurations in the SM for
polarized leptons. Among the NP scenarios considered, scenario S1 shows the most pronounced deviation from

the SM, making its effects more readily observable in these asymmetries compared to the other scenarios.

In contrast to IQCCL, as shown in FIG. 1, the observable Kacer, exhibits a zero-crossing. This occurs because,
in this case, the contributions from both spin helicity states enter with the same sign, leading to a cancellation
at a specific value of ¢? within the SM. The position of this zero is particularly sensitive to NP contributions

that modify the effective WCs C§™ and Cjo. Consequently, a precise measurement of the zero-crossing point
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FIG. 4: Predictions for NP sensitivity in asymmetry of the transverse polarized observables as a function of ¢>. Red curves
represent the SM, while gray, orange, blue and green curves correspond to NP-scenario 1, 2, 3 and 4, respectively. For all

results ¢ = p.

in Kocer, can serve as a powerful probe to distinguish between different NP scenarios.

e Significant NP effects are also observed in the angular coefficient KCossr, and the hadron forward-backward
asymmetry ZQBL within the low-¢? region (0.045 < ¢®> < 8 GeV?). Once again, the largest deviation from
the SM prediction occurs in scenario S1, where the observable decreases substantially when evaluated as the
difference between spin helicity states for polarized leptons.

e In contrast to the aforementioned spin asymmetries, although NP effects are present in the angular coefficients
Kasr and Kuser, their magnitudes are suppressed by roughly an order compared to the leading observables.
As a result, observing these effects experimentally would require significantly larger datasets, making their

detection more challenging.

2. Transverse polarization case

For the case of transverse lepton polarization, the analytical expressions for the various angular coefficients, depen-
dent on &r parameter, are provided in Egs. (E28)—(E39). It follows from these expressions that all angular coefficients
are proportional to the lepton mass m, and are therefore suppressed relative to their counterparts in the longitudinal
polarization case. This behavior is clearly visible in the plots shown in FIG. 4 for Pr, ZEFBT, ZQBT, and Zﬁié\T,
where the magnitudes are approximately an order of magnitude smaller than those obtained for the longitudinally
polarized case. Furthermore, the effects of NP are significant only in Scenario S1, and predominantly in jf;BT and
Z?QT, within the low- to intermediate-g* region.
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FIG. 5: SM predictions for polarization asymmetries of the new real angular coefficients, Ksex and Ksn, for the normally

polarized muon.
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FIG. 6: SM predictions for polarization asymmetries of the new real angular coefficients, ICass, KaceT, KacT, and Kar, for

the transversely polarized muon.

C. Polarization asymmetries for new angular coefficients in N and T cases

In FIG. 5 and 6, we present the SM predictions of the polarization asymmetries of the additional individual real
angular coefficients with N and T polarized lepton case, respectively. The bands in the polarization asymmetries vs
¢° plots originate mainly from the form-factors uncertainties. In contrast to the longitudinal L case, the polarization

asymmetries of the presented angular coefficients associated with N and T polarization cases are suppressed within
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the SM, and the potential NP contributions are indistinguishable from the SM expectations. Consequently, for the

N and T polarization cases, only the SM results are shown.

VI. CONCLUSIONS

In this work, we have presented a detailed analysis of the polarization-dependent angular observables in the decay
Ay = A(—= N7)utp~. By considering the final-state lepton polarized along the longitudinal (L), normal (N), and
transverse (T) directions, we derived the corresponding four-fold angular distributions and identified the additional
angular structures that arise beyond the unpolarized case.

For the longitudinal polarization, the spin-dependent terms appear naturally within the already established angular
framework, leading to polarized counterparts of the well-known observables. In the case of normal polarization, we
identified six additional angular coefficients, of which two are real and four are purely imaginary. Among the
imaginary contributions, only two contribute directly to the physical observables such as the differential branching
ratio and hadron forward—backward asymmetry, while the remaining ones do not enter explicitly, resulting in a
suppressed overall effect within the SM. For the transverse polarization, twelve new angular coefficients are obtained,
consisting of eight real and four imaginary terms. Some of these angular coefficients modify different observables,
including the differential branching ratio, and forward—backward asymmetries. The polarization asymmetries in the
remaining real angular coefficients are analyzed within the SM framework.

We further investigated the sensitivity of these polarization-dependent observables to potential NP by employing
global fit results for vector and axial-vector WCs. Our findings show that while the asymmetries associated with
longitudinal and transverse polarizations exhibit some sensitivity to such modifications, the additional spin-dependent
structures in the normal and transverse cases remain indistinguishable from SM predictions.

In conclusion, our study demonstrates that incorporating lepton polarization significantly enriches the angular
analysis, yielding new observables that can serve as potential probes of physics beyond the SM. Although the
present results indicate moderate deviations from SM expectations, the framework developed here provides a basis
for future precision measurements. In particular, improved determinations of hadronic FFs and high-statistics data
from experiments such as LHCb and Belle IT may enhance the discovery potential of polarization-dependent angular

observables in Ay, decays.
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Appendix A: Kinematics of the decay

We consider the momenta and spins assignments of the particles using the cascade nature of the decay as follows

Ap(p,sn,) — Ak, sa) (Jet(q) = €7 (pe+,52) € (o 51)) 5
A(k,sn) = N(ps,sn)m(ps),  Nm={pr ,na’}. (A1)

We consider the decay in the rest frame of the A, baryon, where the final-state A baryon and the virtual vector
boson—denoted as j/;—are assumed to move back-to-back, with the A traveling along the —z-axis. In their respective
rest frames, the A subsequently decays to N, while the virtual boson decays to the lepton pair £7£~. The relevant
kinematic configuration is illustrated in FIG. 7. We follow the same conventions for the definitions of the four

independent variables, dilepton invariant mass squared g2, the polar angles 8, 6, and the azimuthal angle ¢, as
described in [70, 88].

g—&-

FIG. 7: Kinematics of Ay — A(— N7)€t¢~ decays, where N7 = {pn~,nn°}.

1. Kinematics in A, rest frame

The four momentum in the rest frame of A are defined as follows [70, 88|

p“ = (mAb,Ovovo)a kF = (EA,0,0, _|E|)a qll« = (qO,O,O,—f—\ED, (A2)
where
o Mi, —mi+q° m3, +mi — ¢ . A(m3,,m3, q?)
P ik AN Tl S SR 7 (A3
ma, 2my, 2my,

with A(m3,,m3, ¢*) being the Kéllén function. The polarization four-vectors of ji, in A, rest frame, are given as

1

Y

Vi

e (t) °,0,0,|k]), (%) (0,F1,—4,0), €*(0) = (|£],0,0,¢°). (A4)

R
Ve
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2. Kinematics in ¢/ rest frame

The four momenta in the £/-CM frame are

¢ = (J?, 0, 0, 0), (A5)

Py = (Eq, |pt| sin g cos ¢, |py| sin 6 sin ¢, |py| cos ), (A6)
Py = (Ee, —|pi|sin 0, cos ¢, —|pi|sin by sin ¢, —[py|cos ;) , (A7)
2 —
with E, = @, |pz| = @ﬁg, and By = /1 — 4;#. In the di-lepton pair rest frame (£-CM), the transverse

polarizations of j.g remain same, while the other two polarizations read

g’”‘(t) - (1707070)v EH(O) - (anaoa 1) (A8)

3. Kinematics in A rest frame

The N7 system is characterized by its invariant mass k* = m3. The four momenta in the rest frame of A are

taken as
k" = (ma, 0, 0, 0), (A9)
P = (En, [p3|sinfa, 0, —|p3| cos ), (A10)
Py = (Ex, —|p3|sinby, 0, |p3|cosbn), (A11)

where, |p3] = /A(m%, m3%, m2)/2m.

Appendix B: The expressions of WCs in the SM

The explicit expressions used for the WCs are given as follows:

1 4 80 «
Cf(g?) = Cr — 3 (03 +5Cs+20Cs + 306> = [(01 —6C2) F{7(g%) + 08F8(7)(q2)} ,

47

4 16 16 7 2 32
C5™(¢%) = Co + 3 (03 + 305 + 906> — h(m2*', ¢*) (203 + 504 +38C5 + 306)

ole 4 S
+ h(mP*, ¢?) <301 + Oy + 605 + 6005> - %T [chff’,j (¢®) + CoFY (¢%) + Cs F (qz)} :
: . pole 2 : _ (7)9) 2 : s (7’9) 2 (7:9) 2
where the functions h(mbp°, ¢*) with ¢ = ¢,b and F;"""(¢*) are defined in [83], while F| ["(¢*) and F, )" (¢”) are
given for low ¢% in [84] and for high ¢* in [85]. The quark masses in all of these functions are defined in the pole

scheme.

Appendix C: Transition matrix elements

The matrix elements for the A, — A transition can be written in the helicity basis [63]

(A(k, sA) 57,0 Ap(p, sa,)) = un(k, 54) [ftv(ql))(mz\b —mp)

q2
mp, +ma q
+ fo () = {pu + b — q%(mi,, —m})}
Qm/\ Qm/\
+ fY(QQ){'V;L - ?pu - S4 : ku}} UAy (p7 SAb)' (Cl)
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(A, 51) [59958] Ao (p: 5n,)) = —iia (k,52)75 | £ (4%) (ma, + m)j"

LN T ot b = R, =)
A o 22— 20 o, (9, 5,) (C2)
Additionally,
(A, 50) 51,7 blAs (D, 51,)) = —a (b, 50) [ £ () {pﬂ = L 0mR, )}
1T @) ma, + ) {0 - 2;”—%” = I Y, (0 5n,), (3)
+ 5+
(MK, 30) 507 1518 9. 58,) = — (k5075 [ 7 (62) =y + b ~ 25 0m3, —m)}
FE ) ma, —ma) (o + 2’”—% - 2’;””_“ b} s, (0,50, (c4)

Appendix D: A -+ N« decay

Considering Eq. (33), and using Egs. (35)—(36), the corresponding amplitude squared for A — N7 decay, with

the unpolarized A can be obtained as

M ! No|?|H: g No|? 2 2 D1
2| =3 > NP Hy (saysn) | = N2 (rylwl® + - [€]%). (D1)
SAs SN
The decay rate is given by
VI+r- 2 2 2
F(A%Nw):wﬂmi\Nﬂ rolw|*+r_[€]7 ). (D2)

From Eq. (38), the computation of the four-fold angular distributions will require the interference terms between

matrix elements with different A spins, which can be defined as 3

P (s, ) = H Z|N2| Hy (5§, sx) H (1), 5x) (D3)

The explicit expression of I'y is written as

(D4)

1 0y, —asing
r, — B(A—)Nw)FA< tacosfy —asinba )

—asinfly 1 — acosfy

where the rows and columns correspond to the values of sgfb), sf\b) =1/2,—-1/2, respectively, and the parity violating

parameter « is the same as given in [59, 62]. The factor B(A — N) is the same as obtained in Eqgs. (39), (42), (44),

and (45), with its form given as

1y 9 9 9
B(A— V) = - Y (NP (ol + ¢ (D5)
The decay rate of A — N is also written as
Iy (SA, SA) 1
FA—Nm) =Y ——ZL - [FQ (+1/2, +1/2) + T3 (~1/2, —1/2) } (D6)
= 2 2

3 Note that the normalization factor for Fg(sg ), sA ) is taken as the phase space part which is common in both A — N7 and Ay, —

A (— N7)¢te~ decays. With this choice, our definition of the Fg(s&a), SS\)) is slightly different from the one given in [62], and is such
that the decay rate of A — N reads as in Eq. (D6).
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Appendix E: Analytical expressions of the angular coefficients in terms of helicity amplitudes with unpo-

larized and polarized lepton

The expressions of the unpolarized angular coefficients, in terms of the helicity amplitudes, read as

P Al B AT R R R N e R L o B R L P S S RN LR - S G
1ss = | N3] e —( 27 2) + +(+2’+2) 0( 2’+2) 0(+2’ 2) —( 2 2)
2 1 1 2 2 1 1 2 2 1 1 2 1 1 1 1 2 1 1 1 2
- [HE (+3:+3) +2‘Ht (—§>+§)‘ +2‘Ht (+§7—§)‘ +3 2‘Ho (—§,+§)’ +2‘Ho (+§7—§)‘
2 2 2 2 2
HEL -0+ [ 34 [+ 288 (4 [ +2fm8 (44D |+ [B2 (<5.-)|
2
|2 (41,41 ) , (E1)
2@ HY (-1 l2 HY (41 1 2_H2_l_l 2—H2 ll2 H2—l12
Kice = |Ns| P> o (=3:%3)| +|Ho (+3.—3) (-3.-3) Y (+3:+3) | +|H (—3.+3)
H? 1_12 Hl_l_lz H! llz H2_l_12 H?2 1 12
+|H (43 =3) | )+ (JHE (m2=3) |+ [HE (b +3) |+ HE (=5,—-3) | +|HE (+5.43) | )|
(E2)
Koo = 2 28 e L (<43 HE (3,-) L (+h e (4,4 ) (©3)
KfNQ,Lm%HlflflnglllggHZ,l,QH c1 o
265 = | Na[“ax e —( 27 2) +(+2’+2) + 0( 27 2 0 +3 2)
2 1 1 2 2 1 1 1 2 1 1 2 1 1 1 1 2
—‘H— (-3.—3) ’ +‘H+ (+3,+3) (=3, +3) ‘ +2‘H 3 5)‘ t3 2‘Ho (—2=+§)‘
2 2 2
ol (+h B | = Ch D[ b [ o m b | - 2fm (- |
2
Sl chen [ m e[ (®1)
NQ%Hl_l 12_H1 l_l H2 ll —H2 H2 ll2
Kaee = [ N3] —3 o (=3:+3) o (+3,-3) 3 =3) (+3:+3) + 3 +3)
2 2 2 2
g )+ (| crad [ - G [ e eaed [ - |2 ca-n )|
(E5)
Ka. —2|N32aﬁeR€<Hl( 3 =3) H2 (=3, =3) + Hi (45, +3) HY (+§’+§)>’ (E6)
2
Kssc\@%l?alirzlffm(fﬁ (=3 =3) Ho" (=3, +3) + Hy (+3,+3) Ho™ (+3,-3)
B2 () B (b)) B (+8) )+ T () (b -3 ()
+H (+3,43) Ho" (+5,—3) + H2 (=5, =3) Ho" (=5, +3) + HE (+5,43) HY” (+§,—;)>], (ET)
Ky \[N3|2045ﬂm<H2 (+3+3) Ho" (+3.—3) — H2 (=3, —3) Ho" (=3, +3)
=B} () B (+h—d) — L (5 ) B (443) ) (59)
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- HL (D) HE (o) + B2 (LD E () - B () B (D) )| @)
Koo = —VBINa i Re (12 (+h) B (+h—3) + 12 (~h =3 HE (4+b)
+HE (H 3 B () + B (b -d) (4 4) ), (E10
where 8, = /1 —4m2/q2, and Nj , is defined as,
1/2
Ny = ViV, gcﬁ%ﬂ 2\f521 . (E11)

Here, we abbreviate A = A(m3,, m3, ¢%), with the Kéllén function A(a,b,c) = a® + b* + ¢* — 2(ab + ac + bc).
The expressions of £, dependent angular coefficients present in the L polarized four-fold angular decay distribution
are given, in terms of the helicity amplitudes, as

1 * *
ot = 3Nl B Re(2HY (- +5) HE (4+D) + 2HCHL — D) HE ()

FH(hod) B (o) S (b)) B (b)), (B12)

Klew = NP8 Re(HY (<3,=3) B2 (4, -3) + HL (+3,48) B (+5.43) ) (E13)
/ 2@ H2 (=1 2 _ g2 (+L 112 HL (1 ylyg2(_1 41
KieL =[N3 e |2 (=5, —3)|" = [HE (+3.+3)[ +2Re(Hy (=3, +3) H (-3.+3)

-3 —5)}2)]7 (E14)

Khaut, = 51N aﬁzRe<2Hé( +HHP (44D -2 B+ -D HE (+1 - D)
—H (-1 - H*> (-3, -+ HL(+3,+3) HY (+3,+3 )) (E15)
s = NP Re(HE (45 +3) HE (4 43) = 1 (-3-) 22 (-3,-3) ) (E16)

2mj .
fc'chws?a[—jf(rm (=5 =9) + |HE (ho +3) [+ 2Re (B (45, -5) B (+5,-3)

. 1 2 2 2
~ i (-3 b (rd) ) ) g (1 G D+ 1 (L= + |2 (43,4

a2 4-Dr)| 1)
1 " *
Kiue, = slNaPP 5T — HY (~h+3) H2* (-3-) — 3 (+3,-3) BY (4} +3)
+HY (-4 -3) Y (<hoHd) + HL (1) B (+5,-8) ) (E19)
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KLL—¢ﬂMﬁa[Zﬂm{—ﬂiv;—afﬁw—Q 1)+ HY (45, 48) B (+5.-3)
1
H (b -3) HE (<hobd) B2 (1) B (+3-8) ) - g Re(BY (<h-1) B (34)
el (bt A (D) 2 (L) Gl () ) )|

The expressions of 5 dependent angular coefficients present in the N polarized four-fold angular decay distribution

are given, in terms of the helicity amplitudes, as
Mg * *
Koo = Nl e T (1} () 2 () — 2 (=) 2 (<)

-2} (~4+3) B (-h+]) -2 (4 ) B2 (+) ). (622)

Kaan = |N3|2a/5’eWIm(Hi (+3:+3) HY (45,43) + HL (-3, —3) HZ (=5, —3)

~2083 (-4 B (hr) + 283 (4 ) B (4 -D) ) (=29)
Ko = VEIN? 0 7 Re () (—444) 12 (<h.=4) = ) (+h. =) H2 (+5.+))
# 17 (hh) B (o) + () B (+5.4) ). (B21)

+Hie;—9H?@@+9—Hiu;+aﬂﬁua—9)7 (625)
—HEF;—QH?G&+Q+H1H;+9H?H&—b) (e26)

#HY (~4,-8) HE (<hod) + B (o) B (+h) ). (e21)

The expressions of & dependent angular coefficients present in the T polarized four-fold angular decay distribution

are given, in terms of the helicity amplitudes, as

Kuuer = ~INaf? o 7% Re (20 (4. +4) HE (<4 +3) + 28 (+1,-8) B (+4,-3)

\/q72

—HL (=5, =3) HZ (=5, —3) — Hi (+3.+3) HY (+3.+3) (E28)

N—
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Kawer = V2N B T (B (= =3) H* (3+) + B (+o+d) B (+1,-D) )

vod

Kauer = VAN B2 T (B (=3, +8) B2 (4 =3) + 3 (+h ) HE (+4,48) ),

vl

Kacr = VEIN @ 7 T (L (<3,-8) B (-3, 43) — B (+h+3) B (+5.-)

Vi
R (<4-8) HE (-hoH) + B (o) B2 (+h) ).
Ko = VRN o T (2 (-4, —4) HE (<4 +4) = HE (], 40) B (+1,-) ).

Ko = VEIN @ o7 Re (Y (<4, —4) B3 (4 +3) 1L (+4.48) B (+5.-3) )

ol

Rucer = ~VEIN P Re( 1 (<.+3) 12 (<5, —4) — 1} (+1-D) B (+4.4)) )

N

Kuer = VEINA @ e Re( B (—3,-8) Y (-3,+8) + B (+h+3) B (+-3)

vl

# Y (~4-8) B (<hod) - B (o) B (1h) ).

Kir = —V2INs[ a5 R(H (—3, =) HZ (=4, +3) + HE (+4,+8) B (+5,-1) )

Vi

unpolarized and polarized lepton

the helicity amplitudes

1 1 1 1 1 1

1 1 1 1 1 1
np " (p7y) = [ (ap7g) 728 (23.75) |

time-like transversity amplitudes are obtained as

1 1 1 1
ALt - \/§|:Ht2 <—2,+2> —th <+2,—2>:|,
1
2

1
Ay, = \/§[H3 (—2,+> + HY <+ -3
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(E30)

(E31)
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(E36)

(E37)

(E38)

(E39)

Appendix F: Analytical expressions of the angular coefficients in terms of transversity amplitudes with

The transversity amplitudes can be obtained from the helicity amplitudes given in Egs. (27)—(31). we first define

(F1)

(F2)

where L and R correspond to left and right-handed chiralities of the dilepton system, respectively. As there are no

H} (:I:%7 :F%) contributions, therefore we do not have separate left and right-handed parts for H;. Hence, the two

(F3)

(F4)



The other transversity amplitudes are obtained as

L(R)

Aim:% HE® (+;+;> ( % ;) (F5)
A= Gl (g o (55) ] .
AR _ \% HEW ( ;74_;) HE® (+;7 ;) :7 (F7)
Aﬁ(R) _ % - HE® (_; +;> + HE® (+;—;) (F8)

The expressions of the unpolarized angular coefficients, in terms of the transversity amplitudes are obtained as

m2

T (|,4|t|2 + {||m}>} <2|A 2 2l abyf? + AR P+ AR P + L o R}> , (F9)
Kiee = N3 | 2 {(|A|O| + AL — AR - AL P+ L R}) + (|A|t|2 +{||<—>J_}>

+ 2Re (AlOA”O + A AT+ {<—>J_}) } (|A|1| + |Aﬁ1|2 +{L + R}> (F10)
Ki. = —|N3| 5@726(,4,1 H-{L R}), (F11)
Kjss = [Ns|* 2(}"?7@( Al AT + A AT + A A +{L & R} + A,tAL)

+ 5 Re (2A|0A + AL AT+ {L o R}) , (F12)
Kace = |N3|* 2—”2“%736 <A|0A + AL AT+ AR AT - AL AL +{Le R} + AHAL)

+ Re <Af1A*f1 +{L « R}> : (F13)
Ko, = —|N3|2aﬁg<]A|1\ +]AL P - {L & R}), (F14)
Ksge = L\Ng|2 l —4m fzm<A VATE — AL ANE (L R})

o) P o —

+Im(A”1AHO AL AL (Lo R}) , (F15)
K3 = \}iN3|2OéﬂeIm<A 1Ajs + AR A i%{LHR})v (F16)
Kise = %\Ngﬁ 4”"‘2373@<A VA — AR A +{L R})

+ Re< — AL ANG + AR AT+ {L & R}) : (F17)
Ky = f\N3| a B Re (A|1A|O AL Ak L R}). (F18)

The expressions of £, dependent angular coefficients present in the L polarized four-fold angular decay distribution
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are given, in terms of the transversity amplitudes, as
2
Lot =~ 5 VP00 (214E 7 + 21A% 4 AR + AL - 2 o B} (F19)
2
few. = =3 VP80 (J AR + AL~ (L RY). (F20)

e = |N3[? [(];Re <A|tA|5 +ALAT - A||1A + A|\1 H+{L e R}> + 5736 <A|1 H+{Le R}) )

(F21)
DssL = —*|N3| afeRe <2A||0A1L0 + AR AT —{L & R}), (F22)
bt =~ 1P Re( A5 ATE — (L 0 B)), (F23)
Kh = |Ns?a [Z?{Re (AHA|1 AL AE (AltAHO + Ap AL + (L R}))
(\A,,1| AL P Lo R}) } (|A|1] AL P Lo R}) | (F21)
s, = 5Nl 5T (= Af AT + AT~ (D RY). (F25)
Kby = \f|N3\2 Mg Im( — AL AT+ Al AT+ A ATE — AL AT + AT ARE — AR AT+ {L & R}>
+ %Im (A VAT — Al AT+ {L o R}) , (F26)
Kl = 55 VP i Re (b A7k - af 4k — (L o 1)), (F21)
Ko = %|N3\2a [T;E Re <A|0A|1 AT AT — AL AT + A AT — A AT + AL AT+ {L R}>
+ % ( AR ASE + AL A +{L R}) (F28)
Similarly, {5 dependent angular coefficients, in terms of the transversity amplitudes, take the form
Kisn = —7|N3| Be \Fl'm <A|tA|O +ALAG - ARAT —{L & R}>7 (F29)
Koo = ;N3|2aﬁé\/> (A|1A,1 + b At - (ApAth + AL A3k - {Lo R})), (F30)

/cch:quvg\?aﬁef e<A§1A75— A ATG — AR AT + AL AT — A AT + AT AT — {L<—>R}>,

(F31)
1 * *
(F32)
1 my * "
Kaen = 2\7@|Ns\2 abi—= \/q— (A|1A|o Al AT — ALAST + A AT+ AR AT - AL A - {L & R}>7
(F33)
2 my *L *L *
IC4N = 2\/7|N3| mlm(/l AHO A|‘1Al0 + AHtAHl — AitALl AHOA + A Hl =+ {L < R})

(F34)
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Also, &7 dependent angular coefficients, in terms of the transversity amplitudes, are obtained as
L L |2
Kiser = |N3\ B —= \/q— <2|A|o| +2 A"~ [4fi [~ AL [ - {L o R})v

1 my
Kist = §|N3\2

ﬁne(

ApAle + AL AT+ AL AT+ AR AT+ {L R})a

1 my *R
Kast = §|N3\2 \/q— Re <A|1A|1 + AL AT+ (AHtAm + AltAHo +{L < R})>

v (|A|1| AP L e R}> ,

1 My *
KassT = 27\1\73|2 a&ﬁ ( A Al + A A + A AT — A A —{L & R}),

KseeT = Ns|? AL Al — AL AL AL ATR AL ARE L<—>R),
3ccT 2\[\ 3] 04/32\/— ( 1440 — oA — “Lo4tl { }

,C3CT == — A AHO AHlAlO + A”tAHl ALtA* AHOA + A Hl + {L <> R}>

my
—|N3|20¢ —7Im
24/2 v/ q?

K = 2fN3|2Oéﬁz\FIm<A|tAl1 AL AT - {L<—>R})7

e * *
KassT = —27\/5|N3|2 aﬂeﬁ <A|1AJ_L0 A Ay — AR AT + AL AT — {L & R})»
1 m
Kacer = \[N3|204/3£\/;»2R€( 114y + A ATy + AR AT — AL AT — {LHR}>
,C4CT = f‘N3|2 \/% Re (AllAlo AilAio A”tA + AltA”l + AHOA‘ll AioAi}f + {L A R})’
IC4T = 2\/§N3|2aﬁf\/7R€(A”tA|1 AJ_tAj_li - {L <~ R})
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