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Abstract. Motivated by the stability problem for Ginzburg-Landau vortices on the hyperbolic
plane, we develop the distorted Fourier transform for a general class of radial non-self-adjoint
matrix Schrödinger operators on the hyperbolic plane. This applies in particular to the opera-
tor obtained by linearizing the equivariant Ginzburg-Landau equation on the hyperbolic plane
around the degree one vortex. We systematically construct the distorted Fourier transform by
writing the Stone formula for complex energies and taking the limit as the energy tends to the
spectrum of the operator on the real line. This approach entails a careful analysis of the resol-
vent for complex energies in a neighborhood of the real line. It is the analogue of the approaches
used in [22,40,50], where the limiting operator as r → ∞ is not self-adjoint and which we carry
out for all energies. Our analysis serves as the starting point for the study of the stability of
the Ginzburg-Landau vortex under equivariant perturbations.
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1. Introduction

In this paper, we consider the Gross-Pitaevskii equation on the real hyperbolic plane H2:

(1.1) i∂tΨ+∆H2Ψ+ (1− |Ψ|2)Ψ = 0.

It is well-known that the analogous problem on R2 admits stationary solutions, or vortices, of the
form Vn(r, θ) = ρn(r)e

inθ with ρn(0) = 0 and limr→∞ ρn(r) = 1. See for instance [13, 32]. The
integer n is called the degree of the vortex. Formally, Vn is a critical point of the Ginzburg-Landau
energy functional ∫ (1

2
|∇Ψ|2 + 1

4
(1− |Ψ|2)2

)
dx.

However, due to the asymptotic behavior of ρn at infinity, these stationary solution have loga-
rithmically divergent Ḣ1 norm, and in particular do not have finite energy. In contrast, in view
of the exponential growth of the volume of the ball of radius r in H2, the corresponding problem
on the hyperbolic plane admits finite energy solutions. See for instance Appendix A. We continue
to refer to these solutions as vortices. Our concern in this paper is to initiate the study of the
asymptotic stability of the degree one vortex on H2. As a first step we consider the problem
under the additional equivariance ansatz that the perturbations are of the form ϕ(t, r)einθ. An
important challenge, which is present for both R2 and H2, is that the linearized operator about
the vortex is not self-adjoint, even asymptotically as r → ∞. Despite this difficulty, the linear
analysis in the Euclidean case was recently taken up in [19,50]. In particular, these papers con-
structed a distorted Fourier transform for the linearized operator, which serves as a first natural
step in studying the asymptotic stability of vortices. The main result of the current work is a
complete construction of the corresponding distorted Fourier transform for the problem on H2.
As a corollary, we establish an L2-bound of the operator norm, in contrast to the Euclidean
case where a growth rate of the L2-norm was obtained. On the hyperbolic space, the spectrum
of the linearized operator is real but exhibits a spectral gap near 0, which makes the spectral
analysis delicate. Nevertheless, we are able to precisely determine the essential spectrum and
prove the absence of threshold or embedded eigenvalues. However, a complete classification of
the intermediate behavior of solutions at the edge of the spectrum remains an open problem. For
this reason, we consider a more general class of operators and, in particular, allow for different
intermediate behaviors of threshold solutions at the spectral edge. See Section 2.1 below for more
precise statements. Our motivation for this work is two-fold: On the one hand dispersive equa-
tions and soliton stability problems on hyperbolic spaces have received considerable attention in
recent years. See for instance [3, 4, 6, 34, 44]. On the other hand, the problem at hand provides
a natural context to generalize the methods developed in [50]. Specifically, in this instance the
main differences are the presence of a spectral gap and the different (hyperbolic rather than
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Euclidean) large r asymptotics of the operators.

Before proceeding with a more precise description of the results, we make a few remarks about
the geometry of the hyperbolic plane. First, in this work we choose to work with the hyperbolic
plane of constant curvature −1

2 . The motivation for this choice comes from the corresponding
gauged self-dual Ginzburg-Landau problem. In that context an SO(3) cylindrical symmetry
reduction of the four dimensional Yang-Mills equations on the Euclidean space gives rice to the
Ginzburg-Landau problem on the hyperbolic plane of curvature −1

2 . Moreover, for this choice
of the curvature the resulting elliptic equations can be integrated to give explicit formulas for
the vortices. We refer the reader to [52, Chapter 7], [35,42,62] for a more complete discussion of
the gauged-problem and these observations. Even though we are not aware of such remarkable
structures in the non-gauged, or global, problem, we have decided to work with this choice of
the curvature. Throughout the paper we will use polar coordinates (r, θ) ∈ (0,∞) × [0, 2π) to
describe the hyperbolic plane. Then the Riemannian metric in these coordinates takes the form

2dr2 + 2(sinh r)2 dθ2.

The corresponding Riemannian volume element is given by

dv = 2(sinh r) dr dθ,

and the Laplace–Beltrami operator in H2 with curvature −1
2 reads

∆H2 =
1

2
∂2r +

1

2
coth r ∂r +

1

2
(sinh r)−2 ∂2θ .

It is well-known that spec∆H2 = [18 ,∞). See for instance [31].

1.1. The linearized operator around the degree-one vortex. Consider the complex Ginzburg-
Landau equation in the hyperbolic space H2,

(1.2) ∆H2Ψ+ (1− |Ψ|2)Ψ = 0,

under the equivariance condition Ψn(r, θ) = einθρn(r), n ∈ Z\{0}. For Ψn to be a solution ρn
have to satisfy the following ordinary differential equation

1

2
∂2rρn +

1

2
coth(r)∂rρn − n2

2 sinh2(r)
ρn + ρn − ρ3n = 0.(1.3)

Theorem 1.1. For any real n > 0, the equation (1.3), admits a unique smooth solution satisfying

lim
r→0

ρn(r) = 0, lim
r→∞

ρn(r) = 1, ρn(r) ≥ 0, ∀r > 0.(1.4)

This solution satisfies

0 < ρn(r) < 1, ρ′n(r) > 0, ∀r > 0,(1.5)

ρn(r) = arn − arn+2

2n+ 2
+ o(r2n+2) as r → 0,(1.6)

ρn(r) = 1− 2n2e−2r + o(e−2r) as r → ∞.(1.7)

Remark 1.2. The proof of the existence and uniqueness is similar to one in the Euclidean
space, see [13, 32]. In particular, the asymptotics near the origin are the almost the same. For
completeness, we give a sketch of the proof in Appendix A.

The solutions of the form Ψn(r, θ) = einθρn(r), are time independent solution to the Gross-
Pitaevskii equation (1.1). They are prototypical examples of topological solitons and under-
standing their stability is a central question in the analysis of the equation’s dynamics. As a
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first step we study the Gross-Pitaevskii equation linearized around ρ1(r)e
iθ. Consider an equi-

variant solution Ψ of the nonlinear Gross-Pitaevskii equation (1.1) close to the degree-one vortex
ρ1(r)e

iθ. We decompose Ψ(t, x) as

Ψ(t, x) =
(
ρ1(r) + h(t, r)

)
eiθ,

Plugging this decomposition to the equation (1.1), we obtain the linearized evolution equation(
∂t − L

)
h(t, r) = N(h),

where N(h) contains the nonlinear terms on h, h(t, r) :=
(
Reh(t, r)
Imh(t, r)

)
and

L :=

(
0 −∆rad +

1
sinh2(r)

+ ρ21 − 1

−
(
−∆rad +

1
sinh2(r)

+ 3ρ21 − 1
)

0

)
.

Conjugating the corresponding linearized operator to the half-line by the weight sinh
1
2 gives rise

to the operator

LGP := sinh
1
2 r · L · sinh−

1
2 r =

(
0 L1

−L2 0

)
,

where

L1 := −1

2
∂2r +

3

8 sinh2(r)
+ ρ21(r)− 1 +

1

8
, L2 := −1

2
∂2r +

3

8 sinh2(r)
+ 3ρ21(r)− 1 +

1

8
.

Note that the scalar Schrödinger operators L1 and L2 can be written as

L1 = L0 + ρ21 − 1, L2 = L0 + 3ρ21 − 1, with L0 := −1

2
∂2r +

3

8 sinh2(r)
+

1

8
.(1.8)

It is standard that L0 is limit point at both r = 0 and r = ∞, and that it is essentially self-adjoint.
We denote the domain of L0 by D,

D := {f ∈ L2
r(0,∞) | L0f ∈ L2

r(R+)}.
The operator LGP can be decomposed as

LGP = L0 + VGP , L0 :=

(
0 L0

−(L0 + 2) 0

)
, VGP :=

(
0 ρ21 − 1

−3(ρ21 − 1) 0

)
.(1.9)

1.2. Main results. In this work, we study the time evolution generated by the semigroup etL

on the Hilbert space L2
r(R+) × L2

r(R+), where L is of the same form as LGP . Specifically, we
consider an operator of the form

L :=

(
0 L0

−(L0 + 2) 0

)
+ V, V :=

(
0 V1(r)

V2(r) 0

)
,(1.10)

where we assume that the potentials V1(r) and V2(r) satisfy the following conditions:

Assumption 1 (Decay and Regularity). The functions V1(r) and V2(r) are smooth, bounded
and decay exponentially at infinity. Specifically,

|Vj(r)| ≲ Ce−2r, for j = 1, 2.

Assumption 2 (Spectral Condition). The essential spectrum of iL is (−∞,−
√
17
8 ]∪ [

√
17
8 ,∞)

and its the spectrum is real, spec(iL) ⊆ R. Moreover, iL has an empty discrete spectrum, in
particular, no gap eigenvalues.

Assumption 3 (Absence of Embedded Eigenvalues). iL has no threshold or embedded
eigenvalues. Moreover, L1f = 0 and L2f = 0 have a positive solution that is L2(0, 1) but not in
L2(1,∞).
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Remark 1.3. In Section 2.4, we will prove that iLGP satisfies Assumptions 1, 2, 3, with the
exception that its discrete spectrum is empty. Although, we explicitly determine the essential
spectrum of iLGP , the precise location of its discrete spectrum is more delicate and remains
undetermined at this stage. Nevertheless, we can show that, if the discrete spectrum is non-
empty, then it is contained in

(
−

√
17
8 ,−η

]
∪
[
η,

√
17
8

)
, for some η > 0, see also Remark 1.4

for further discussion. Moreover, iL represents a general class of operators that may admit a
threshold resonance, in the sense that will be made precise later, see Definition 2.1.1 While the
precise status of a threshold resonance for iLGP cannot be conclusively determined at present, our
analysis is designed to accommodate both possibilities. In particular, we construct the distorted
Fourier transform for iL and establish the corresponding L2-bounds in both scenarios: when a
resonance is present and when it is absent.

Remark 1.4. The assumption that the discrete spectrum is empty is made simply for conve-
nience. Although gap eigenvalues within the interval

(
−

√
17
8 ,−η

]
∪
[
η,

√
17
8

)
, for η > 0 can play

an important role in the nonlinear dynamics, they can be handled relatively easily in the linear
analysis. In fact, in the presence of gap eigenvalues, the linear analysis of this paper still applies
to the essential spectrum; see, for example, [22], [40].
The assumption of the zero energy solution of L1 and L2, which is consistent with the linearized
operator LGP for the Gross-Pitaevskii equation, is made in order to obtain a classification of
the behavior of the solution to the threshold problem iLΦ = ±

√
17
8 Φ. Instead, it would suffice to

assume that this classification holds. See sections 2.1.1 and 2.1.2. In fact, the assumption on
L1 and L2 can be used to rule out threshold and embedded eigenvalues. Indeed, this is precisely
how we prove absence of threshold and embedded eigenvalues for LGP . This argument, which is
inspired by [19], uses only the existence of positive solutions of L1f = 0 and L2f = 0 that are
L2 near r = 0 but not globally. See Section 2.4.

The main achievement of this paper is the construction of the distorted Fourier transform for
the operator L. This construction is a key point in establishing decay estimates for the linearized
operator and for initiating the analysis of the nonlinear asymptotic stability problem, which is
our ultimate objective. In the present work, we restrict attention to the L2 estimates, leaving
the study of other related questions to future work.

Theorem 1.5. The operator L is closed on D×D ⊆ L2
r(R

+)×L2
r(R

+). The semi-group {etL}t∈R

is defined as a bounded operator on L2
r(R

+) × L2
r(R

+) via the Hille-Yosida theorem. For any
ψ ∈ L2, and for all t ∈ R, we have

(1.11)
∥∥etLψ∥∥

L2 ≲ ∥ψ∥L2 .

Moreover, there exists a function Θ(r, λ) =

(
θ1(r, λ)
θ2(r, λ)

)
such that for all t > 0 and for any

Φ,Ψ ∈ L2
r(0,∞) and with σ1 denoting the Pauli matrix

(
0 1
1 0

)
, we have

< etLΦ,Ψ >=
1

2πi

∫
(−∞,−

√
17
8

]∪[
√
17
8

,∞)
eitλ ⟨Θ(·, λ), σ1Φ(·)⟩L2

r
⟨Θ(·, λ),Ψ(·)⟩L2

r
dλ.

Here θ1 is an even function in λ, θ2 is an odd function in λ.

Remark 1.6. The main result in the theorem is the construction of the distorted Fourier trans-
form. The L2 bound is proved as a corollary of this construction. Note that using energy estimates
one can show that the H1 norm remains bounded in the evolution. In view of the spectral gap for
the hyperbolic Laplacian, this also proves that

∥∥etLψ∥∥
L2 ≲ 1 for all t, but with a constant that

may a priori depend on ∥ψ∥H1.

1Note that our use of the terminology threshold resonance is not necessarily standard, see Remark 2.2.
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Our construction follows the general strategy of [50], which in turn builds on [22, 40]. The
only difference arises in the proof of the absence of threshold and embedded eigenvalues for the
operator iLGP , where our approach is inspired by [19]. Let us note that in our hyperbolic setting
the construction of the distorted Fourier transform allows us to establish an L2-bound for the
evolution, in contrast with the Euclidean case, where a sharp growth rate of the L2 norm was
derived in [19, 50]. The main steps in the construction of the distorted Fourier transform as as
follows:

(1) Using the Laplace transform we represent etL as a sum of two integrals on Im z = ±b,
with b > 0 sufficiently large. The convergence of this integral relies on the Hille-Yosida
bound for the evolution. We then deform the contour to pass the region of integration to
the spectrum of iL which, by assumption (or inspection in the case of LGP ), is contained
in the real line. This will naturally lead us to study the jump of the resolvent across the
spectrum between positive and negative imaginary parts.

(2) To justify passing the limit above to the real line we need two ingredients. One is
limiting absorption principle. This is used to justify that the vertical lines Re z = ±R in
the deformed contour of integration do not contribute as R→ ∞. The second ingredient,
which requires the bulk of the work, is to analyze the resolvent and justify the exchange
of limits and integrals. The hardest part is the analysis for small energies, that is, near
the thresholds ±

√
17
8 . For intermediate frequencies we rely on the absence of embedded

eigenvalues to show that there can be no singularities that prevent us from passing to
the limit.

(3) After passing to the limit onto the spectrum, we can study the structure of the jump of the
resolvent. This, which goes hand in hand with the previous step, requires the construction
of the Green’s function for large and small energies. In both cases this is done using the
Lyapunov-Perron method separately for r near zero and r large. It is important to be
able to extend the constructions from r = 0 and r → ∞ to an overlapping region, where
the Wronskians between the solutions can be computed. This is the connection problem.
With the aid of the Wronskians we can then obtain our global Green’s function. The
following is a curious technical aspect of the construction for large r: The study of the
equation at large r naturally leads to an ansatz of the form eikj(z)r, j = 1, 2, 3, 4, where
z denotes the energy and kj(z) are the roots of a fourth order polynomial. It turns
out that the natural domain in the complex plane where the roots kj can be continued
analytically excludes the spectrum (−∞,−

√
17
8 ]∪[

√
17
8 ,∞), which is the region of interest.

Therefore, to understand the behavior of the Weyl-Titchmarsh solutions for large r, one
has to carefully compute the limits of these roots as z approaches the spectrum from the
upper and lower half planes to observe favorable cancellations.

1.3. References. The Ginzburg-Landau and Gross-Pitaevskii equations arise in the study of
superconductivity and superfluids respectively. See [11, 12, 18, 21, 24, 25, 46, 49]. These problems
on R2 have been studied extensively. Global existence for finite energy solutions of the Gross-
Piraevskii equation was proved in [23]. The asymptotic stability of small solutions (that is, close
to a constant) was studied in the works [28–30]. The existence of vortices was proved in [13,32].
Orbital stability using a renormalized energy is proved in [27], see also [20,60]. The construction
of the radial distorted Fourier transform for the linearized operator was carried out in [19, 50].
The work [19] also contains dispersive estimates for the linearized flow. For other related works
see [7, 8, 14–17, 36–38, 48, 55–58] and their references. Our construction of the distorted Fourier
transform builds on insights from [10, 22, 26, 39–41]. We also mention [12, 18, 40, 45, 46] as other
examples of works that involve distorted Fourier theory for non-self-adjoint matrix operators.
Finally we refer the reader to [1, 2, 5, 9, 33, 43, 47, 51, 53, 54, 61] and their references for related
works on dispersive equations on hyperbolic spaces.
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1.4. Organization of the paper. The paper is organized as follows: In section 2, we study
the spectral properties of iL and iLGP . First, we classify the behavior of the solutions at the
spectrum threshold for iL.We distinguish two possible behaviors that lead to the characterization
of the resonance and non resonance cases. Next, we define the evolution etL via the Hille–Yosida
theorem and establish a Stone-type formula. We also prove that the spectrum of iLGP is real
and its essential spectrum is (−∞,−

√
17
8 ]∪ [

√
17
8 ,∞). We also show that iLGP has no threshold or

embedded eigenvalues in its essential spectrum. In Sections 3 and 4, we construct the fundamental
matrix system of solutions to iLF = zF near r = 0, for small and large |z|, in the non-resonance
and resonance case respectively. In Sections 5 and 6, we construct the Weyl-Titchmarsh solutions
to iLΨ± = zΨ± near r = ∞, for small and large |z|, respectively. In Sections 7 and 8, we compute
the connection coefficients of solutions constructed near the origin and at ∞. Then, we study the
Green’s kernel of iL − z. Moreover, we derive an integral representation of the evolution etL in
terms of the resolvent. This representation relies on the Stone-type formula obtained on in §2.3,
the fact that the coefficients appearing in the resolvent kernel expressions are sufficiently regular
(by analysis obtained in §7-8) and the absence of embedded eigenvalues. Finally, we extract
the distorted Fourier transform representation of evolution etL for all energies. In Section 9,
we establish the L2-bound for the operator norm ∥etL∥ and conclude the proof of the main
Theorem 1.5. In Appendix A, we present the proof of Theorem 1.1. In Appendix B, we compute
the resolvent kernel for (iL0 − z)−1.

1.5. Notation and conventions. For simplicity, we write ρ in place of ρ1 in what follows. We
denote by C > 0 an absolute constant that may change from line to line. For non-negative f
and g we write f ≲ g, if f ≤ Cg, and if f ≪ g to indicate that the implicit constant is small.
We use the notation f = O(g) if |f | ≲ g. The notation J and J2 stands for the matrices

J :=

(
0 −1
−1 0

)
, J2 :=

(
1 1
1 1

)
and we denote by σ1, σ2, σ3 Pauli matrices

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
For real-valued scalar functions f and g we use the notation

⟨f, g⟩ :=
∫ ∞

0
f(r)g(r)dr.

For R2-valued functions f =

(
f1
f2

)
and g =

(
g1
g2

)
, we use the notation ⟨f ,g⟩ := ⟨f1, g1⟩ +

⟨f2, g2⟩ for real vector inner product. We denote the Wronskian between two vectors f and g by
W (f ,g) := ⟨f , σ3g′⟩, so that W (f , f) = 0. Next, we define the matrix Wronskian:

W (F,G) : = F tσ3G
′ − (F ′)tσ3G

=

(
W (F1, G1) W (F1, G2)
W (F2, G1) W (F2, G2)

)
,

where F =
[
F1 F2

]
and G =

[
G1 G2

]
are 2 × 2 matrices, with Fi and Gi denoting their

respective columns.
The norm ∥·∥L2

r
denotes the L2 norm on the half-line with respect to the measure dr. We also

denote by X0 := L2(R+), R+ = [0,∞), with respect to the measure dr and let X1 := X0 ×X0.
We also denote by D := {f ∈ L2

r(0,∞) | L0f ∈ L2
r(R+)}.

Throughout the paper, the expression “large |ξ|” (or “large |z|”) will refer to the regime where
the real part is large while the imaginary part remains bounded. We also use the expression
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“small |ξ|” (or “small |z|”) to refer to energies close to the spectral threshold ±
√
17
8 .

Note that, throughout the rest of the paper, we denote ρ1(r) by ρ(r) and ρ̃(r) = sinh
1
2 (r)ρ(r)

2. Spectral properties of the linearized operator

In this section, we establish basic spectral properties of iL at the spectrum threshold and show
that the linearized operator LGP associated with the Gross–Pitaevskii equation satisfies Assump-
tions 1–3, except for the emptiness of the discrete spectrum. In §2.1, we classify the behavior
of solutions to the threshold problem, iLΦ = ±

√
17
8 Φ. We distinguish two possible behaviors

of solutions, which lead to the characterization of the threshold resonance and non-resonance
cases. In §2.2, we define the evolution operator etL and derive an exponential bound via the
Hille–Yosida theorem. In §2.3, we obtain an integral representation of the evolution. Finally,
in §2.4, we study the spectrum of the linearized operator iLGP , proving that it is real, that
its essential spectrum is (−∞,−

√
17
8 ] ∪ [

√
17
8 ,∞), and that there are no threshold or embedded

eigenvalues in the essential spectrum.
Throughout the rest of the paper, we denote ρ1(r) by ρ(r) and ρ̃(r) = sinh

1
2 (r)ρ(r).

We first define the following operators in the Hilbert space L2(R+) relative to the Lebesgue
measure dr:

L1 := L0 + V1, L2 := L0 + 2 + V2

with domain C2
c (R+). We also define the matrix operator

L :=

(
0 L1

−L2 0

)
,

with domain C2
c (R+)×C2

c (R+). For the linearized operator LGP associated with the Gross–Pitaevskii
equation, we define

LGP :=

(
0 L1

−L2 0

)
,

where

L1 = L0 + ρ2 − 1, L2 = L1 + 2ρ2 = L0 + 3ρ2 − 1, with L0 := −1

2
∂2r +

3

8 sinh2(r)
+

1

8
.

2.1. Discrete spectrum of iL. In this section, we establish the basic discrete spectrum prop-

erties at the spectrum threshold using Assumptions 1, 2, 3. Let λ = ±
√
17
8 , and Φ :=

(
ϕ
ψ

)
.

Then a solution to iLΦ = λΦ, satisfies

(2.1)

{
iL1ψ = λϕ,

−iL2ϕ = λψ

Note that, for small r, the operator −1
2∂

2
r +

3
8r2

provides a good approximation for both L1 and
L2. Therefore, by a perturbative analysis, the possible asymptotics of the fundamental system
for the full system (2.1) near 0 are
(2.2){(

r
3
2 (1 +O(r2))

O(r
7
2 )

)
,

(
O(r

7
2 )

r
3
2 (1 +O(r2))

)
,

(
r−

1
2 (1 +O(r2 log r)

O(r
3
2 log r)

)
,

(
O(r

3
2 log r)

r−
1
2 (1 +O(r2 log r)

)}
.

For instance a solution with the first asymptotics can be obtained by writing ϕ = r
3
2 + ϕ̃ and

solving the Voltera integral fixed point for r ∈ [0, r0], r0 ≪ 1 (with suitable constant c1 and c2)

ϕ̃(r) = c1

∫ r

0
(r

3
2 s−

1
2 − r−

1
2 s

3
2 )(λψ(s) + iV2(s)(s

3
2 + ϕ̃(s)))ds,
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ψ(r) = c2

∫ r

0
(r

3
2 s−

1
2 − r−

1
2 s

3
2 )(λ(s

3
2 + ϕ̃(s))− iV1(s)ψ(s))ds.

Similarly the for the third displayed asymptotics we write ϕ = r−
1
2 + ϕ̃ and use

ϕ̃(r) = c1

∫ r0

r
r

3
2 s−

1
2 (λψ(s) + iV2(s)(s

− 1
2 + ϕ̃(s)))ds

+ c1

∫ r

0
r−

1
2 s

3
2 (λψ(s) + iV2(s)(s

− 1
2 + ϕ̃(s)))ds,

ψ(r) = c2

∫ r0

r
r

3
2 s−

1
2 (λ((s−

1
2 + ϕ̃(s)))− iV1(s)ψ(s))ds

+ c2

∫ r

0
r−

1
2 s

3
2 (λ((s−

1
2 + ϕ̃(s)))− iV1(s)ψ(s))ds.

For large r first observe that applying iL1 to the second equation in (2.1), we obtain a fourth-
order equation

(2.3) L1L2ϕ = λ2ϕ.

Here the operators L̃1 := (−1
2∂

2
r +

1
8) and L̃2 := (−1

2∂
2
r +

17
8 ) provide a good approximation for

L1 and L2, respectively. Therefore, the equation (2.3) is, near r = ∞, approximately equivalent
to

(−1

2
∂2r +

1

8
)(−1

2
∂2r +

17

8
)ϕ =

17

64
ϕ

Thus, the the possible asymptotics for the fourth-order equation near ∞ are given by

{e
3√
2
r
, e

− 3√
2
r
, 1, r}.

Therefore, the possible asymptotics of the fundamental system for the full system (2.1) for r ≫ 1
are{
f±1,∞ :=

(
1

∓i
√
17

)
, f±2,∞ :=

 e
− 3√

2
r

±i 1√
17
e
− 3√

2
r

 , f±3,∞ :=

(
r

∓i
√
17r

)
, f±4,∞ :=

 e
3√
2
r

±i 1√
17
e

3√
2
r

}.
Indeed this can be seen by setting up a fixed point problem for the integral representations as
before. The formula for the Green’s functions are a bit more complicated compared to r ≪ 1 due
to the coupling at the linear level. We will derive such matrix Green’s functions systematically
in Section 3 below. The final result here can be written as follows. Let V be defined by iL =(

0 iL̃1

−iL̃2 0

)
+ V. Let d1 = 1

18 and d2 = 17
√
2

108 . These are the nonzero Wronskians among

the f±j,∞. Then we define f±j , j = 1, 2, 3, 4, by solving the following fixed point problems for
r > r∞ ≫ 1 (with suitable constants cj):

f±1 (r) = c1

∫ r

r∞

(d1f
±
1,∞(r)f±3,∞(s)t + d2f

±
2,∞(r)f±4,∞(s)t)σ1V(s)f±1 (s)ds

+ c1

∫ ∞

r
(d1f

±
3,∞(r)f±1,∞(s)t + d2f

±
4,∞(r)f±2,∞(s)t)σ1V(s)f±1 (s)ds,

f±2 (r) = c2

∫ ∞

r
(d1f

±
1,∞(r)f±3,∞(s)t + d2f

±
2,∞(r)f±4,∞(s)t)σ1V(s)f±2 (s)ds

− c2

∫ ∞

r
(d1f

±
3,∞(r)f±1,∞(s)t + d2f

±
4,∞(r)f±2,∞(s)t)σ1V(s)f±2 (s)ds,

f±3 (r) = c3

∫ r

r∞

(d1f
±
1,∞(r)f±3,∞(s)t + d2f

±
2,∞(r)f±4,∞(s)t)σ1V(s)f±3 (s)ds
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+ c3

∫ ∞

r
(d1f

±
3,∞(r)f±1,∞(s)t + d2f

±
4,∞(r)f±2,∞(s)t)σ1V(s)f±3 (s)ds,

f±4 (r) = c4

∫ r

r∞

(d1f
±
1,∞(r)f±3,∞(s)t + d2f

±
2,∞(r)f±4,∞(s)t)σ1V(s)f±4 (s)ds

− c4

∫ r

r∞

(d1f
±
3,∞(r)f±1,∞(s)t + d2f

±
4,∞(r)f±2,∞(s)t)σ1V(s)f±4 (s)ds,

Under Assumption 2, we know that λ = ±
√
17
8 is not an eigenvalue. Therefore, any exponen-

tially decaying solution, i.e., L2(1,∞) must exhibit singular behavior near the origin, i.e., not
an L2(0, 1)-solution. For instance, any solution that behaves like e−

3√
2
r near infinity must grow

like r−
1
2 as r → 0. Moreover, any solution that behaves like r

3
2 near the origin can either grow

at infinity or be a constant. Next, observe that under Assumption 3, using an argument similar
to that in section 2.4, particularly Lemma 2.14, one can show that there exists a solution that
behaves like r

3
2 near zero and has exponential growth at infinity.

On the other hand, solutions that exhibit intermediate behavior at infinity (i.e., bounded like
1 or growing polynomially like r) may behave near the origin either like r

3
2 , which is L2(0, 1), or

like r−
1
2 , which is not square-integrable on (0, 1).

Definition 2.1. We distinguish two possible behaviors of bounded solutions near ∞.

• Case 1 (Non-resonance case): If the constant behavior at infinity connects to the
r−

1
2 behavior near the origin, the solution does not lie in L∞(0,∞).

• Case 2 (resonance case): If the constant behavior at infinity connects to the r
3
2 behav-

ior near the origin (i.e., square-integrable on (0, 1)), hence the solution lies in L∞(0,∞).

Remark 2.2. The terminology resonance and non-resonance is not standard here. In particu-
lar we make no claim about mapping properties of the resolvent on weighted spaces. For scalar
operators resonances can occur when there is a (non-L2) solution connecting the subordinate
behaviors near r = 0 and r = ∞. Here there are four possible behaviors for large r. A so-
lution connecting the subordinate behaviors would be in L2 due to the exponential decay. The
resonant/non-resonant terminology is simply used to distinguish between the two intermediate
behaviors at large r.

2.1.1. Case 1 :No Resonance. Based on the above observation, we conclude that, for λ =
√
17
8 :

There exist two solutions F+
1 (r) and F+

2 (r) solutions to iLF+
j (r) =

√
17
8 F+

j (r), for j = 1, 2,

such that F+
1 (r) ∈ L2(0, 1) and it is unique fundamental matrix solution of the spectral problem,

with this property, up to the transformation F1 7→ F1B, where B ∈ GL(2,C).

Moreover, F+
1 (r) =

[
φ+
1 (r) φ+

2 (r)
]

and F+
2 (r) =

[
φ+
3 (r) φ+

4 (r)
]
, where φ+

i satisfy the
following asymptotics

φ+
1 (r) =



(
0

c21r
3
2

)
+O(r

7
2 ), r → 0

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
(1 +O(r−1)), r → ∞

φ+
2 (r) =



(
c12r

3
2

c22r
3
2

)
(1 +O(r2)), r → 0

(
c̃12r

c̃22r

)
(1 +O(r−1)), r → ∞
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φ+
3 (r) =



(
c13r

− 1
2

c23r
− 1

2

)
(1 +O(r2 log(r)), r → 0

(
c̃13e

− 3√
2
r

c̃23e
− 3√

2
r

)
(1 +O(r−1)), r → ∞

φ+
4 (r) =



(
c14r

− 1
2

0

)
+O(r

3
2 log(r)), r → 0

(
c̃14
c̃24

)
(1 +O(r−1)), r → ∞

(2.4)

Remark 2.3. Note that the set {φ+
1 , φ

+
2 , φ

+
3 , φ

+
3 } forms a fundamental system for the equation

iLF+
j =

√
17
8 F+

j . Our choice of the behavior of φ+
1 and φ+

1 near the origin is made so that it
matches the one for LGP , see §2.4.

Next, we define F−
1 (r) =

[
φ−
1 (r) φ−

2 (r)
]
and F−

2 (r) =
[
φ−
3 (r) φ−

4 (r)
]
solutions to iLF−

j (r) =

−
√
17
8 F−

j (r), for j = 1, 2, such that

F−
1 (r) = −σ3F+

1 (r)σ3

F−
2 (r) = σ3F

+
2 (r)σ3

where F+
1 (r) and F+

2 (r) are solutions to the equation iLF+
j (r) =

√
17
8 F−

j (r). Moreover, φ−
j (r)

satisfy the same asymptotics as φ+
j (r) for r near 0 and infinity, i.e.,

φ−
1 (r) = −σ3φ+

1 (r), φ−
3 (r) = −σ3φ+

3 (r),

φ−
2 (r) = σ3φ

+
2 (r), φ−

4 (r) = σ3φ
+
4 (r).

2.1.2. Case 2: Resonance Case. In this case, we note that φ1 and φ3 exhibit the same behavior
as in the previous case. However, the asymptotic behavior of φ2 and φ4 at infinity is reversed.
Recall that, in this case the constant behavior at infinity corresponds to a smooth behavior near
the origin r

3
2 . Consequently, the solution φ2 must belong to L∞(0,∞). We adopt the notation

φR
j to indicate that the solution arises in the resonance case. This convention will be used con-

sistently throughout the paper. Based on the above observation, we conclude that, for λ =
√
17
8 :

There exist two solutions FR,+
1 (r) and FR,+

2 (r) solutions to iLFR,+
j (r) =

√
17
8 FR,+

j (r), for
j = 1, 2, such that FR,+

1 (r) ∈ L2(0, 1) and it is a unique fundamental matrix solution of the
spectral problem, with this property, up to the transformation F1 7→ F1B, where B ∈ GL(2,C).

Moreover, FR,+
1 (r) =

[
φR,+
1 (r) φR,+

2 (r)
]

and FR,+
2 (r) =

[
φR,+
3 (r) φR,+

4 (r)
]
, where φR,+

i

satisfy the following asymptotics

φR,+
1 (r) =



(
0

c21r
3
2

)
+O(r

7
2 ), r → 0

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
(1 +O(r−1)), r → ∞

φR,+
2 (r) =



(
c12r

3
2

c22r
3
2

)
(1 +O(r2)), r → 0

(
c̃12
c̃22

)
(1 +O(r−1)), r → ∞

φR,+
3 (r) =



(
c13r

− 1
2

c23r
− 1

2

)
(1 +O(r2 log(r)), r → 0

(
c̃13e

− 3√
2
r

c̃23e
− 3√

2
r

)
(1 +O(r−1)), r → ∞

φR,+
4 (r) =



(
c14r

− 1
2

0

)
+O(r

3
2 log(r), r → 0

(
c̃14r

c̃24r

)
(1 +O(r−1)), r → ∞
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Similarly to the non-resonance case, we define FR,−
1 (r) = [φR,−

1 (r) φR,−
2 (r)] and F−

2 (r) =

[φR,−
3 (r) φR,−

4 (r)] solutions to iLFR,−
j (r) = −

√
17
8 FR,−

j (r), for j = 1, 2, such that

FR,−
1 (r) = −σ3FR,+

1 (r)σ3

FR,−
2 (r) = σ3F

R,+
2 (r)σ3

where FR,+
1 (r) and FR,+

2 (r) are solutions to the equation iLFR,+
j (r) =

√
17
8 FR,−

j (r). Moreover,
φR,−
j (r) satisfy the same asymptotics as φR,+

j (r) for r near 0 and infinity, i.e.,

φR,−
1 (r) = −σ3φR,+

1 (r), φR,−
3 (r) = −σ3φR,+

3 (r),

φR,−
2 (r) = σ3φ

R,+
2 (r), φR,−

4 (r) = σ3φ
R,+
4 (r).

2.2. Hille-Yosida bound. The main goal of this section is to define the evolution etL via the
Hille-Yosida theorem.

Lemma 2.4. The matrix operator L is closed in D×D ⊂ X1 and it generates a group of bounded
operator on X1 satisfying

∥∥etL∥∥
X1

≤ eat for t ≥ 0, and for some a > 0.

Proof. The proof follows similar argument to that of Lemma 2.5 in [50] which is in turn based
on [22,40]. Since L1 and L2 are self-adjoint, and hence closed, it follows that L is closed on D×D.

Next, it is more convenient to consider a unitarily equivalent operator to L. Let U = 1√
2

(
1 i
1 −i

)
and define

iH = −ULU−1 = i

(
L V2(r)−V1(r)

2 + 1
V1(r)−V2(r)

2 − 1 −L

)
,

where L := L0 + 1 + V1(r)+V2(r)
2 . We have the following resolvent identity

(iH− λ)−1 = R(λ)(Id +VR(λ))−1,

where

R(λ) :=

(
(iL− λ)−1 0

0 (iL− λ)−1

)
, V := i

(
0 V2(r)−V1(r)

2 + 1
V1(r)−V2(r)

2 − 1 0

)
.

Using the fact L is positive and self-adjoint operator, we have for λ > a, for some a > 0∥∥(iH− λ)−1
∥∥ ≤ 1

λ

(
1−

∥V∥∞
λ

)−1

≤ 1

λ− a

Applying the Hille-Yosida theorem to iH, we obtain the existence of the group of bounded
operators eitH and the exponential bound

∥∥eitH∥∥ ≤ eat. Since iH and L are unitary equivalent,
we obtain

∥∥etL∥∥ ≤ eat. □

Remark 2.5. Note that, if L = LGP , we can take a = 1 by inspection of the L∞-norm of the
matrix V.

2.3. A Stone-type formula. The main goal of this section is to derive a Stone-type formula
for the evolution etL. For this purpose, we first study the resolvent of (iL0 − z)−1 of the free
operator

L0 :=

(
0 L0

−(L0 + 2) 0

)
,

where L0 = −1
2∂

2
r +

3
8 sh2(r)

+ 1
8 . Consider the following differential equation

−∂2rh+
3

4 sh(r)2
h = z2h.(2.5)
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Let φ0(r, z) be the elementary spherical functions in H4 satisfying (−∆H4−9
4)φ0(r, z) = z2φ0(r, z).

Then ϕ0(r, z) = sh
3
2 (r)φ0(r, z), is a solution to the equation (2.5). It well known that in view of

the asymptotics of φ0 that ϕ0(r, z) = c r
3
2 + O(r

5
2 ) for small r and ϕ0(r, z) ∼ c1 e

izr + c2 e
−izr

for large r. Let ψ0(r, z) be a solution to (2.5) such that (ϕ0, ψ0) forms a fundamental system of
solutions to (2.5). Notice that only possible behavior for large r are eizr and e−izr. We consider
ψ0(r, z) to be solution with asymptotic eizr for large r. Therefore, in view of the possible behav-
iors near the origin we must have ψ0(r, z) = c̃1r

− 1
2 + c̃2r

3
2 + o(1) for small r.

Next, suppose that Φ :=

(
u
v

)
solves the iL0Φ = zΦ. Then, u(r, z) and v(r, z) must satisfy{

iL0v = zu,

−i(L0 + 2)u = zv.
(2.6)

Therefore, u(r, z) must satisfy L0(L0+2)u = z2u and corresponding v(r, z) = − i
z (L0+2)u(r, z).

The ansatz u(r, z) = ψ0(r, k(z)) leads to the equation

P (k, z) : =
1

4
k4 +

9

8
k2 +

17

64
− z2 = 0, with k ≡ k(z)(2.7)

This equation admits four distinct roots, which we denote kj(z) for j = 1, 2, 3, 4. See section 5
and Lemma 5.1 for the derivation and behavior of these complex roots. In view of the behavior of
kj , we will only use k1(z) and k2(z). Then, in view of Lemma 5.1, we obtain the Weyl-Titchmarsh
matrix solutions of the operator iL0 :

Ψ±
(0)(r, z) :=

[
Ψ±

(0,1)(r, z) Ψ±
(0,2)(r, z)

]
=

(
ψ0(r, k1(z)) ψ0(r, k2(z))

c1(z)ψ0(r, k1(z)) c2(z)ψ0(r, k2(z))

)
and

Ψ̃±
(0)(r, z) :=

[
Ψ±

(0,3)(r, z) Ψ±
(0,4)(r, z)

]
=

(
ϕ0(r, k1(z)) ϕ0(r, k2(z))

c1(z)ϕ0(r, k1(z)) c2(z)ϕ0(r, k2(z))

)
where,

cj(z) = c(kj(z), z) := −i
(12kj(z)

2 + 17
8 )

z
for j = 1, 2.

Note that, cj(−z) = −cj(z) and Ψ±
(0) is L2 near ∞ and Ψ̃±

(0) is L2 near r = 0.

We define the Green’s function as

R±
ij(r, s, z) := i

(
Ψ±

(0,i)(r, z)Ψ
±
(0,j)(s, z)

t1{0≤s≤r} +Ψ±
(0,j)(r, z)Ψ

±
(0,i)(s, z)

t1{r≤s≤∞}

)
σ1

and we denote by

µ0,±ij (z) =W (Ψ±
(0,i)(·, z),Ψ

±
(0,j)(·, z))

Lemma 2.6. The kernel of the resolvent (iL0 − z)−1 is given by

R±
0 (r, s, z) :=

1

µ0,±13 (z)
R±

13(r, s, z) +
1

µ0,±24 (z)
R±

24(r, s, z),(2.8)

Moreover, for large |z| we have

|µ0,±13 (z)| ≃ |µ0,±24 (z)| ≃
√
|z|(2.9)

Proof. The proof of this lemma relies on details and techniques introduced in later sections, in
particular in sections 5-7. Since it is independent of the rest of the material in this section, we
postpone the proof to Appendix B. □
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Lemma 2.7. Let t ∈ R. For any ϕ, ψ ∈ D ×D, we have

⟨etLΦ,Ψ⟩ = lim
R→∞

lim
b→0+

1

2πi

∫ ib+R

ib−R
eitλ⟨

(
e−bt(iL − (λ+ ib))−1 − ebt(iL − (λ− ib))−1

)
,Φ,Ψ⟩dλ

(2.10)

Proof. The proof very similar to [40, Lemma 6.8], [22, Lemma 12], and [50, Lemma 2.7]. First no-
tice that, using the Laplace transform with the Hille-Yosida operator, we can write the resolvent
for Re(z) > a (a as in Lemma 2.4) as

(iL − z)−1ϕ = −
∫ ∞

0
e−szesLϕds.(2.11)

Then arguing as the works mentioned above, we can invert the Laplace transform to conclude
that for t ∈ R and for any ϕ, ψ ∈ D ×D and any b > a we have

⟨etLϕ, ψ⟩ = 1

2πi
lim

R→∞

[ ∫ ib+R

ib−R
e−itz⟨(iL − z)−1ϕ, ψ⟩dz −

∫ −ib+R

−ib−R
e−itz⟨(iL − z)−1ϕ, ψ⟩dz

]
.

(2.12)

Next, we consider the first integral in (2.12) over the closed curve Γ+
R, which is the rectangle with

vertices ±R+ib and ±R+iε, for some ε > 0. Similarly, the second integral in (2.12) is taken over
the closed curve Γ−

R, which is the reflection of Γ+
R below the real axis. Write Γ±

R =
⋃

1≤j≤4 γ
j,±
R ,

where γ1,±R and γ2,±R are the top and bottom horizontal curves, and γ3,±R and γ4,±R are the right and
left sides of the rectangles, respectively. Applying the residue theorem to the contour integrals
over the closed curves Γ+

R and Γ−
R, one can see the integral over γ1,±R in (2.12) is equal to contour

integral over γj,±R , for j = 2, 3, 4. Therefore, we obtain

⟨etLΦ,Ψ⟩ = lim
R→∞

lim
ε→0+

1

2πi

∫ ε+iR

ε−iR
eitλ⟨

(
e−εt(iL − (λ+ iε))−1 − eεt(iL − (λ− iε))−1

)
,Φ,Ψ⟩dλ

+ lim
R→∞

lim
ε→0+

J3
R,ε(Φ,Ψ) + lim

R→∞
lim
ε→0+

J4
R,ε(Φ,Ψ),

where J3
R,ε and J3

R,ε are the contour integral over the horizontal segments γ3,±R and γ4,±R .
Next, we will prove that the contribution of the horizontal segments γ3,±R and γ4,±R vanishes

as R → ∞. This is achieved via limiting absorption principle, which will be established in the
following Claim.

Claim 2.8. Let Λ0 ≫ 1, and σ > 1
2 , then we have

sup
|Im(z)|>0|,|Re(z)|>Λ0

|z|
1
2

∥∥⟨·⟩−σ(iL − z)−1f
∥∥
L2
r(0,∞)

≲ ∥⟨·⟩σf∥L2
r(0,∞) .(2.13)

Proof. We only give the proof for Im(z) > 0 and the case Im(z) < 0 follows similarly. We first
prove the limiting absorption estimate for iL0, i.e., we show that for σ > 1

2 ,

sup
Im(z)>0,|Re(z)|>a

|z|
1
2

∥∥⟨·⟩−σ(iL0 − z)−1f
∥∥
L2
r(0,∞)

≲ ∥⟨·⟩σf∥L2
r(0,∞) .(2.14)

In view of the kernel of the resolvent R+
0 (r, s, z) in (2.8) and (2.9), it suffices to show that

sup
Im(z)>0,|Re(z)|>a

∥∥∥⟨·⟩−σT (0)
ij f

∥∥∥
L2
r

≲ ∥⟨·⟩σf∥L2
r
, (i, j) ∈ {(1, 3), (2, 4)}

where

T (0)
ij f(r, z) :=

∫ ∞

0
R+

ij(r, s, z)f(s)ds.
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Recall that,

R±
ij(r, s, z) := i

(
Ψ±

(0,i)(r, z)Ψ
±
(0,j)(s, z)

t1{0≤s≤r} +Ψ±
(0,j)(r, z)Ψ

±
(0,i)(s, z)

t1{r≤s≤∞}

)
σ1

We only give the proof for (i, j) = (1, 3) and the other case follows similarly. Denote by

R+
13(r, s, z) = R1

13(r, s, z) +R2
13(r, s, z),

where

R1
13(r, s, z) := iΨ+

(0,1)(r, z)Ψ
+
(0,3)(s, z)

tσ11{0≤s≤r}

R2
13(r, s, z) := iΨ+

(0,3)(r, z)Ψ
+
(0,1)(s, z)

t1{r≤s≤∞}σ1

In view of the asymptotics of Ψ+
(0,j), we divide into 3 regions depending on r, s, |z|−

1
2 as follows

T j
l :=

∫ ∞

0

(
1{0≤s≤r}K

j
l (r, s, z) + 1{r≤s}K̃

j
l (r, s, z)

)
f(s)ds, l = 1, 2, 3, j = 1, 2,

where

Kj
1(r, s, z) = Rj

13(r, s, z)1{s≤r≤|z|−
1
2 }

K̃j
1(r, s, z) = Rj

13(r, s, z)1{r≤s≤|z|−
1
2 }

Kj
2(r, s, z) = Rj

13(r, s, z)1{s≤|z|−
1
2≤r}

K̃j
2(r, s, z) = Rj

13(r, s, z)1{r≤|z|−
1
2≤s}

,

Kj
3(r, s, z) = Rj

13(r, s, z)1{|z|−
1
2≤s≤r}

K̃j
3(r, s, z) = Rj

13(r, s, z)1{|z|−
1
2≤r≤s}

.

Therefore, it is suffices to prove that∥∥∥⟨·⟩−σT j
l f
∥∥∥
L2
r

≲ ∥⟨·⟩σf∥L2
r
, l = 1, 2, 3, j = 1, 2.

Using the asymptotic of ψ0(r, k(z)) and ϕ0(r, k(z)), i.e.,

ψ0(r, z) ∼ c eik(z)r, ψ0(r, z) ∼ (k(z)r)−
1
2 ,

ϕ0(r, z) ∼ c1e
ik(z)r + c2e

−ik(z)r, ϕ0(r, z) ∼ (k(z)r)
3
2 .

we obtain
2∑

j=1

|Kj
1(r, s, z)|+ |K̃j

1(r, s, z)| ≲ 1
{s≤r≤|z|−

1
2 }
(|z|

1
2 s)

3
2 r−

1
2 + 1

{r≤s≤|z|−
1
2 }
(|z|

1
2 r)

3
2 s−

1
2 ≲ 1

2∑
j=1

|Kj
2(r, s, z)|+ |K̃j

2(r, s, z)| ≲ 1
{s≤|z|−

1
2≤r}

(|z|
1
2 s)

3
2 e−Im(k1(z)r + 1

{r≤|z|−
1
2≤s}

(|z|
1
2 r)

3
2 e−Im(k1(z)s ≲ 1

2∑
j=1

|Kj
3(r, s, z)|+ |K̃j

3(r, s, z)| ≲ e−Im(k1(z)|r−s| ≲ 1

Thus, for σ > 1
2 we have∥∥∥⟨·⟩−σT j

l f
∥∥∥2
L2
r

≲
∫ ∞

0
⟨r⟩−2σ

(∫ ∞

0
|f(s)|ds

)2

dr ≲ ∥⟨·⟩σf∥2L2
r
.

To obtain (2.13), we write iL := iL0+V. Since |V (r)| ≲ e−2r then by (2.14) for Λ0 large we have

sup
Im(z)>0,Re(z)>Λ0

∥∥V (iL0 − z)−1
∥∥ ≤ 1

2
,

where ∥ · ∥ here denotes the operator nom for a map from ⟨·⟩−σL2 × ⟨·⟩−σL2 → ⟨·⟩σL2 × ⟨·⟩σL2.
This proves the existence of (Id + V (iL0 − z)−1) as bounded operator from ⟨·⟩σL2 × ⟨·⟩σL2 to
⟨·⟩−σL2 × ⟨·⟩−σL2. Finally, we obtain (2.13) as a consequence of the resolvent identity

(iL − z)−1 := (iL0 − z)−1(Id + V (iL0 − z)−1)−1,
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which holds as an identity between operators from ⟨·⟩σL2 × ⟨·⟩σL2 → ⟨·⟩−σL2 × ⟨·⟩−σL2, for
σ > 1

2 . This concludes the proof of Claim 2.8. □

This completes the proof of Lemma 2.7. □

2.4. Spectrum of iLGP . In this section, we study the spectrum of the linearized operator LGP

associated with the Gross–Pitaevskii equation. Firstm notice that from the definition of VGP in
(1.9) and the asymptotic behavior of ρ in (1.7), it follows that iLGP satisfies Assumption 1. We
further show that the spectrum of iLGP is real, in particular, spec(iLGP ) ⊂ (−∞,−η] ∪ [η,∞),

for some η > 0. In addition, we prove that its essential spectrum is (−∞,−
√
17
8 ]∪ [

√
17
8 ,∞), and

it contains no threshold or embedded eigenvalues. Hence, if the discrete spectrum is non-empty,
it must be contained in

(
−

√
17
8 ,−η

]
∪
[
η,

√
17
8

)
. Consequently, Assumptions 1–3 are verified for

iLGP , apart from the discrete spectrum condition.

Let Φ =

(
ϕ
ψ

)
be a solution to the equation iLGPΦ = λΦ. We decompose the components into

their real and imaginary parts by setting ϕ = ϕ1 + iϕ2 and ψ = ψ1 + iψ2, where ϕ1, ϕ2, ψ1, ψ2

are real-valued functions. Then, we have

iLGP

(
iϕ2
ψ1

)
= λ

(
iϕ2
ψ1

)
and iLGP

(
ϕ1
iψ2

)
= λ

(
ϕ1
iψ2

)
.

Thus, if ϕ is real then ψ is pure imaginary. Assume f = iψ, then{
L1f = λϕ

L2ϕ = λf,
(2.15)

where

L1 = −1

2
∂2r +

3

8 sh2(r)
+ (ρ2 − 1) +

1

8

L2 = −1

2
∂2r +

3

8 sh2(r)
+ 3(ρ2 − 1) +

17

8

Lemma 2.9. The two linearly independent solutions of L1f = 0, are ρ̃(r) := sinh
1
2 (r)ρ(r) and

g(r) = 2ρ̃(r)

∫ ∞

r

1

ρ̃(s)2
ds.

Moreover, they satisfy

ρ̃(r) = ar
3
2 (1 +O(r2)), g(r) = cr−

1
2 (1 +O(r2 log(r))),

when r → 0, for some a, c > 0, and

ρ̃(r) = e
1
2
r(1− 2e−2r +O(e−

5
2
r)), g(r) = e−

1
2
r(1 +O(e−2r)), as r → ∞

Proof. We have L1ρ̃ = sinh
1
2 (r)(12∆rad + 1

2 sinh2(r)
+ (ρ2 − 1))ρ = 0, where ∆rad := 1

2∂
2
r +

1
2 coth(r)∂r. Using the ordinary differential equation (1.3), we get L1ρ̃ = 0. Next, we seek another
linearly independent solution to the equation L1f = 0, of the form g = ρ̃ h, where h satisfies the
equation

−1

2
ρ̃∂2rh− ∂rρ̃∂rh = 0.

This yields, ∂r(−1
2 ρ̃

2∂rh) = 0, and therefore

g(r) = 2ρ̃(r)

∫ ∞

r

1

ρ̃(s)2
ds.
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The asymptotics of ρ̃ and g(r) follow from their definitions, along with the asymptotics of ρ̃
given in (1.6) near 0 and in (1.7) as r → ∞. Thus, in view of the asymptotic behavior of ρ̃(r)
and g(r) near the origin and at infinity, they form a linearly independent pair of solutions to the
second-order homogeneous equation L1f = 0.

□

Lemma 2.10. Consider two functions f and F solving the equation

L1f = F,

• If f and F are bounded near 0, then there exists C1 ∈ R such that

f(r) = C1ρ̃(r)− 2ρ̃(r)

∫ r

0

1

ρ̃2(t)

∫ t

0
ρ̃(s)F (s)dsdt

• If f converges to 0, and F decays exponentially when r → ∞ then

f(r) = −2ρ̃(r)

∫ ∞

r

1

ρ̃2(t)

∫ ∞

t
ρ̃(s)F (s)ds.

Proof. Consider the equation L1f = F, with f and F bounded near 0. Let f = ρ̃y, then y satisfies
ρ̃∂2ry + 2∂rρ̃∂ry = −2F, i.e., ∂r(ρ̃2∂ry) = −2F ρ̃. Since F is bounded near 0, and ρ̃(r) ∼ r

3
2 , we

have

∂ry(r) =
−2

ρ̃2(r)

∫ r

0
ρ̃(s)F (s)ds

which yields,

y(r) = −2

∫ r

0

1

ρ̃2(t)

∫ t

0
ρ̃(s)F (s)dsdt

Thus, if f and F are bounded near 0, then there exists C1 such that

f(r) = C1ρ̃(r)− 2ρ̃(r)

∫ r

0

1

ρ̃2(t)

∫ t

0
ρ̃(s)F (s)dsdt.

If f converges to 0, and F decays exponentially when r → ∞ then

f(r) = −2ρ̃(r)

∫ ∞

r

1

ρ̃2(t)

∫ ∞

t
ρ̃(s)F (s)ds.

□

Lemma 2.11. There exist two linear independent solutions u1 and u2 of

L2u = 0,

such that

u1(r) = r
3
2 (1 +O(r)), u2(r) = r−

1
2 (1 +O(r))

when r → 0 and

u1(r) = e
√
17
2

r(1 +O(r−1)), u2(r) = e−
√
17
2

r(1 +O(r−1))

when r → ∞. Moreover, both u1(r) and u2(r) are strictly positive functions.

Proof. Recall that L2 = −1
2∂

2
r + 3

8 sh2(r)
+ 3(ρ2 − 1) + 17

8 . Then the operators L0
2 = −1

2∂
2
r + 3

8r2

and L∞
2 = −1

2∂
2
r +

17
8 are a good approximation of L2 near r = 0 and r = ∞, respectively. The

fundamental system is given by {r
3
2 , r−

1
2 } near zero and {e

√
17
2

r, e−
√
17
2

r} at infinity. Note that
the spectrum of L2 is contained in [η2,∞), for some η2 > 0, see Lemma 2.16. In particular zero
is not an eigenvalue and hence

u1(r) ∼

{
r

3
2 , r −→ 0,

e
√
17
2

r, r −→ ∞,
and u2(r) ∼

{
r−

1
2 , r −→ 0,

e−
√
17
2

r, r −→ ∞.
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Next, we prove that these solutions are strictly positive. For that, we consider solution of the
form u1(r) = ρ̃(r)v(r), which lead to the equation ∂r(∂rv ρ̃) = 4ρ2ρ̃2v. Consider this equation
with the condition ∂rv(0) = 0 and v(r) = C > 0, for some constant C, leads to equation

∂rv(r) =
1

ρ̃2(r)

∫ r

0
4ρ2(s)ρ̃2(s)v(s)ds.

This implies that v and ∂rv is positive. Then u1(r) is strictly positive. Finally, consider solution of
the form u2(r) = u1(r)g(r), implies that u2(r) = u1(r)

∫∞
r

1
u1(s)2

ds, which is strictly positive. □

Lemma 2.12. Consider two functions u and U solving the equation

L2u = U,

• If u and U are bounded near 0, then there exists C2 ∈ R such that

u(r) = C2u1(r)− 2u1(r)

∫ r

0

1

u1(t)2

∫ t

0
u1(s)U(s)dsdt.

• If u and U decays exponentially, when r → ∞ then

u(r) = −2u1(r)

∫ ∞

r

1

u1(t)2

∫ ∞

t
u1(s)U(s)dsdt.

Proof. The proof follows by similar arguments as in Lemma 2.10, and we omit the details. □

Lemma 2.13. Let λ = ±
√
17
8 , then there exist f and ϕ solution to{

L1f = λϕ

L2ϕ = λf
(2.16)

satisfying

f(r) = c1r
3
2 (1 +O(r2)), ϕ(r) = c2r

7
2 (1 +O(r))

when r → 0, for some constants c1, c2 and

f(r) = c̃1e
3√
2
r
(1 +O(r−1)), ϕ(r) = c̃2e

3√
2
r
(1 +O(r−1))

when r → ∞, for some constants c̃1, c̃2.

Proof. We will only prove the case λ =
√
17
8 , and similarly one can obtain the same results for

λ = −
√
17
8 . By Lemma 2.10 and 2.12, we consider the solution with C1 = 0 and C2 = −1

f(r) = −ρ̃(r)− 2λρ̃(r)

∫ r

0

1

ρ̃2(s)

∫ t

0
ρ̃(s)ϕ(s)dsdt.(2.17)

ϕ(r) = −2λu1(r)

∫ r

0

1

u1(s)2

∫ t

0
u1(s)f(s)dsdt.(2.18)

One can prove that (f, ϕ) is a solution to the system (2.16). using the fixed point Theorem
on the space (X, ∥·∥X), where ∥(f, ϕ)∥X = sup

r<1
r−

3
2 (|f(r)| + |ϕ(r)|). Define T (f, ϕ) : X −→ X,

(f, ϕ) −→ (T1(f, ϕ), T2(f, ϕ)), where T1(f, ϕ) and T2(f, ϕ) are given by (2.17) and (2.18) respec-
tively. Using the fact that ρ̃(r) ∼ u1(r) ∼ r

3
2 for r small, one can check that T is a contraction

on X and therefore T (f, ϕ) = (f, ϕ) is a solution to (2.16).

Using the behavior of ϕ and ρ̃ for small r, we have f(r) < 0 near 0. Indeed,

f(r) = −r
3
2 − 2λr

3
2

∫ r

0
(t−3 +O(t−2))

∫ t

0
s

3
2 s

3
2dsdt = −r

3
2 − 2λ(r

3
2
+2 +O(r

9
2 ))

Similarly, we have ϕ(r) > 0 for small r, indeed,



THE DISTORTED FOURIER TRANSFORM FOR THE LINEARIZED GROSS-PITAEVSKII EQUATION 19

ϕ(r) = −2λr
3
2

∫ r

0
(t−3 +O(t−2))

∫ t

0
s

3
2 (−s)

3
2dsdt = 2λ(r

7
2 +O(r

9
2 ))

Thus, f(r) < 0 and ϕ(r) > 0 for r > 0 small. Assume by contradiction, there exists r0 such
that either f(r) or ϕ(r) changes sign for r > r0. Let r0 be the smallest such value, that is, r0 :=
inf{r > 0 : ϕ(r) = 0 or f(r) = 0}. Then f(r) < 0 and ϕ(r) > 0 for all r < r0. Since u1(r) > 0
and ρ̃(r) > 0 for all r, then by the definition (2.18) of f, we have f(r0) < 0, and by (2.18),
ϕ(r0) < 0, which is a contradiction. First, notice that, |f(r)| > |ρ̃(r)| ∼ e

1
2
r, and by (2.18) we

have |ϕ(r)| > e
√

17
2

r. Using (2.17), we also have |f(r)| > 2λe
1
2
r
∫ r
0 e

−t
∫ t
0 e

( 1
2
+

√
17
2

)sdsdt ∼ re
√
17
2

r

and this implies |f(r)| ∼ e
3√
2
r and |ϕ(r)| ∼ e

3√
2
r for large r. □

Lemma 2.14. Let λ = ±
√
17
8 , and let f and ϕ be two exponentially decaying functions near ∞

satisfying {
L1f = λϕ

L2ϕ = λf
(2.19)

then

f(r) = c1r
− 1

2 (1 +O(r)), ϕ(r) = c2r
− 1

2 (1 +O(r)),

when r → 0, for some constants c1, c2 and

f(r) = c̃1e
− 3√

2
r
(1 +O(r−1)), ϕ(r) = c̃2e

− 3√
2
r
(1 +O(r−1))

when r → ∞, for some constants c̃1, c̃2.

Proof. We will only prove the case λ =
√
17
8 , and similarly one can obtain the same results for

λ = −
√
17
8 . By Lemma 2.10 and 2.12, we have

f(r) = −2λρ̃(r)

∫ ∞

r

1

ρ̃2(t)

∫ ∞

t
ρ̃(s)ϕ(s)ds.(2.20)

ϕ(r) = −2λu1(r)

∫ ∞

r

1

u1(t)2

∫ ∞

t
u1(s)f(s)dsdt.(2.21)

One can prove that (f, ϕ) is a solution to the system (2.19). using the fixed point Theorem
on the space (X, ∥·∥X), where ∥(f, ϕ)∥X = sup

r>1
e

3√
2
r
(|f(r)| + |ϕ(r)|). Define T (f, ϕ) : X −→ X,

(f, ϕ) −→ (T1(f, ϕ), T2(f, ϕ)), where T1(f, ϕ) and T2(f, ϕ) are given by (2.20) and (2.21) respec-
tively. Using the fact that ρ̃(r) ∼ e

1
2
r and u1(r) ∼ e

√
17
2

r for r large. One can check that T is a
contraction on X and therefore T (f, ϕ) = (f, ϕ) is a solution to (2.19).

We have

f(r) = −2λe
1
2
r(1 +O(e−2r))

∫ ∞

r
e−t(1 +O(e−2t)

∫ ∞

t
e

1
2
s(1 +O(e−2s)e

− 3√
2
s
dsdt

= 2λ
1

1
2 + 3√

2

1
1
2 − 3√

2

e
− 3√

2
r
(1 +O(r−1)) = 2λ

−4

5
e
− 3√

2
r
(1 +O(r−1)).

Therefore,

ϕ(r) = −2λe
√
17
2

r(1 +O(r−1))

∫ ∞

r
e−

√
17t(1 +O(t−1))

∫ ∞

t
e

√
17
2

sλ
−8

5
e
− 3√

2
s
(1 +O(s−1))dsdt

=
16

5
λ24e

− 3√
2
r
(1 +O(r−1))
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Therefore, we have f(r) < 0 and ϕ(r) > 0 for large r. Assume by contradiction, there exists r0
such that either f(r) or ϕ(r) changes sign for r > r0. Let r0 be the smallest such value, that is,
r0 := supr>1{r > 0 : ϕ(r) = 0 or f(r) = 0}. Then ϕ(r) > 0 and f(r) < 0 for all r > r0. Since ρ̃
and u1 are positive for all r, then by (2.21) we have ϕ(r0) > 0, and by (2.20) we have f(r0) < 0,
which is a contraction.

For the behavior of ϕ and f near 0, we use (2.20) and (2.21) with the fact that ρ̃(r) =

ar
3
2 (1 +O(r2)) and u1(r) = r

3
2 (1 +O(r)) for small r. Then, as r → 0 we have

ϕ(r) = −2λr
3
2 (1 +O(r))

∫ 1

r
(t−3 +O(t−2))

∫ ∞

0
u1(s)f(s)dsdt+O(1) = c2r

− 1
2 (1 +O(r))

Similarly, we obtain f(r) = c1r
− 1

2 (1 +O(r)) for small r. □

Lemma 2.15. The matrix operator iLGP of the linearized equation associated with the Gross–Pitaevskii
equation has no eigenvalues in (−∞,−

√
17
8 ] ∪ [

√
17
8 ,∞).

Proof. Using Lemma 2.13, and 2.14, one can see that the operator LGP has no eigenvalue at

λ = ±
√
17
8 . Next, we prove that LGP has no eigenvalues for λ >

√
17
8 . Let Φ =

(
ϕ
ψ

)
be solution

to iLGPΦ = ±λΦ, where λ >
√
17
8 , i.e., satisfies (2.15). Similar computation as in Subsection

2.1, lead us to the fourth-order equation

L1L2ϕ = λ2ϕ.

Therefore, we obtain the same asymptotics near 0 as in (2.2). However, the possible behaviors
near ∞ are {eα1r, e−α1r, eiα2r, e−iα2r} where

α1 :=

√
2
√
λ2 + 1 +

9

4
, α2 :=

√
2
√
λ2 + 1− 9

4
.

Observe that near ∞, the possible behaviors are exponentially growing and decaying solutions, as
well as oscillating solutions. The only possibility to have an embedded eigenvalue is if an L2(0, 1)

behavior near 0, i.e., r
3
2 , connects to the exponentially decaying behavior near ∞. However, since

α1 >
3√
2
, using the same argument as in Lemma 2.14, we obtain that any exponentially decaying

solution near ∞ must connect to the r−
1
2 asymptotic near 0. Then, the operator iLGP has no

eigenvalues for λ >
√
17
8 . Similarly, we can prove that iLGP has no eigenvalues for λ < −

√
17
8 . □

Lemma 2.16. The operators L1 and L2 are self-adjoint, positive operators with domain D.
Moreover, the essential spectrum of L1 is specess(L1) = [18 ,∞) and spec(L1) ⊂ [η1,∞), for some
η1 > 0. The spectrum of L2 lies in [η2,∞) for some η2 > 0, and its essential spectrum satisfies
specess(L2) = [178 ,∞).

Proof. The assertions about the essential spectrum follow from the Weyl criterion. Next we show
that the spectrum of L2 is contained in [η2,∞), where η2 > 0. Indeed L2ρ̃ = 2ρ2ρ̃ > 0 and a
comparison argument can be used to show that zero is not an eigenvalue. Since the essential
spectrum of L2 is [178 ,∞) this proves the claim for L2. The argument for L1 is similar where we
use that L1ρ̃ = 0 to prove that zero is not an eigenvalue. □

Lemma 2.17. The spectrum of the operator iLGP is real and its essential spectrum is (−∞,−
√
17
8 ]∪

[
√
17
8 ,∞).

Proof. First, we show that the spectrum of iLGP is real, in particular, spec(iLGP ) ⊂ (−∞,−η]∪
[η,∞), for some η > 0. For that, we write

LGP − z =

(
1 zL−1

2
0 1

)(
0 T(z)

−L2 −z

)
,
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where T(z) := z2L−1
2 + L1, which closed on D ⊂ X0. Next, we prove that for any z ∈ X :=

C \
(
(−i∞,−iη] ∪ [iη, i∞)

)
, where η will be determined below, (LGP − z)−1 defines a bounded

operator on X0 ×X0. It suffices to show that for all z ∈ X, the operator T(z) admits a bounded
inverse T(z)−1 : X0 → X0. Indeed, if this is the case, then

(LGP − z)−1 =

(
−zL−1

2 T(z)−1 z2L−1
2 T(z)−1L−1

2 − L−1
2

T(z)−1 −zT(z)−1L−1
2

)
To see the invertibility of T, we write T(z) = L

− 1
2

2 (z2 + T0)L
− 1

2
2 , where T0 := L

1
2
2 L1L

1
2
2 = L2

2 −
2L

1
2
2 ρ

2L
1
2
2 . Note that T0 is symmetric. Recall that from Lemma 2.16, we have spec(L1) ⊆ [η1,∞)

and spec(L2) ⊆ [η2,∞) for some η1, η2 > 0. Then we have T0 − η > 0 for η = η1η2 > 0. Indeed,

⟨(T0 − η1η2)f, f⟩ = ⟨(L1 − η1)L
1
2
2 f,L

1
2
2 f⟩+ η1⟨(L2 − η2)f, f⟩ ≥ 0

Next, we show that T0 is self-adjoint with domain L−1
2 D = L−2

2 X0. Let g, h ∈ X0 satisfy

⟨T0f, g⟩ = ⟨f, h⟩, ∀f ∈ L−2
2 X0.

Our aim is to show that g ∈ L−2
2 X0. Therefore, we write f = L−2

2 f̃ with f̃ ∈ X0, which yields

⟨f̃ , g⟩ = ⟨f̃ ,L−2
2 h⟩+ 2⟨L

1
2
2 ρ

2L
− 1

2
2 L−1

2 f̃ , g⟩.(2.22)

Next, we show that B 1
2
:= L

1
2
2 ρ

2L
− 1

2
2 is bounded on X0. Using complex interpolation, it suffices

to show that Bα := Lα
2 ρ

2L−α
2 is bounded on the lines Re(α) = 1 and Re(α) = −1. By the

spectral theorem we have Liα
2 is unitary for α ∈ R. Therefore, it remains only to check that B1

and B−1 are bounded on X0. To see this, we write

B1 = ρ2 − 1

2
(∂2rρ

2 + 2∂rρ
2∂r)L

−1
2 .

By Lemma 2.11, we have

(L2f)
−1(r) := c1

∫ r

0
u2(r)u1(s)f(s)ds+ c2

∫ ∞

r
u1(r)u2(s)f(s)ds,(2.23)

for some suitable constants c1 and c2. Thus, we have

∂r(L2f)
−1(r) := c1

∫ r

0
∂ru2(r)u1(s)f(s)ds+ c2

∫ ∞

r
∂ru1(r)u2(s)f(s)ds.

Using Cauchy-Schwarz inequality and the asymptotics of u1(r) and u2(r) from Lemma 2.11, we
obtain ∥r∂r(L2f)

−1∥L2(0,1)+∥e−2r∂r(L2f)
−1∥L2(1,∞) ≲ ∥f∥L2 . Hence, B1 is bounded on X0. For

α = −1 one can see that B−1f = L−1
2 ρ2L2f = ρ2f − 1

2L
−1
2 (∂2rρ

2f +2∂rρ
2∂rf). Using (2.23) and

integration by parts together with Cauchy-Schwarz together we obtain that B−1 is bounded on
X0. Taking the adjoint in the first term in (2.22), and using the fact that B− 1

2
is bounded on

X0, we obtain

g = 2L
− 3

2
2 ρ2L

1
2
2 g + L−2

2 h = L−1
2

(
2B− 1

2
g + L−1

2 h
)
∈ L−1

2 X0.

Using the fact that B 1
2

is bounded on X0, we obtain

g = L−2
2

(
2B 1

2
L2g + h

)
∈ L−2

2 X0.

Thus, T0 is self-adjoint. Moreover, for all z2 ∈ (−∞,−η2), the bounded inverse operator (z2 +
T0)

−1 : X0 → X0 exists. In order to obtain that T(z)−1 is bounded on X0, we have to show that

(z2 + T0)
−1 : L

1
2
2X0 → L

− 1
2

2 X0.(2.24)

The proof of (2.24) is similar to that of Lemma 2.5 in [50] and we therefore omit the details.
Therefore, we have for all z ∈ X, we have (LGP − z)−1 is a bounded operator on X0 ×X0. We
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conclude that the spectrum of iLGP is real, and, spec(iLGP ) ⊂ (−∞,−η] ∪ [η,∞), for some
η > 0. Thus, it remains to prove that specess(iLGP ) = (−∞,−

√
17
8 ] ∪ [

√
17
8 ,∞).

Let iLGP = iL∞
GP + VGP (r), where

L∞
GP :=

(
0 −1

2∂
2
r +

3
8 sinh2(r)

+ 1
8

1
2∂

2
r − 3

8 sinh2(r)
− 17

8 0

)
, VGP (r) :=

(
0 (ρ2 − 1)

−3(ρ2 − 1) 0

)
Observe that, using similar arguments as above with η1 = 1

8 and η2 = 17
8 one can show that

spec(iL∞
GP ) = specess(iL∞

GP ) = (−∞,−
√
17
8 ] ∪ [

√
17
8 ,∞). Note that for z in the resolvent set

of iL∞
GP and iLGP , we have (iL∞

GP − z)−1 − (iLGP − z)−1 is compact. Since spec(iLGP ) ⊂
(−∞,−η] ∪ [η,∞) then 0 is in the resolvent set of iLGP and by the above observation 0 is
resolvent set of iL∞

GP . At this stage, we can invoke the argument from the proof of the Weyl
criterion in [59, Theorem XIII.14] to obtain that specess(iLGP ) = (−∞,−

√
17
8 ]∪[

√
17
8 ,∞). Indeed,

let A = L∞
GP , B = LGP , D = A−1, E = B−1. In view of [59, Lemma XIII.4.2], if we can show

that specess(E) = specess(D) then specess(A) = specess(B). But the equality specess(E) =
specess(D) follows from [59, Lemma XIII.4.3]. □

3. Solution to iL − z near 0 in the non-resonance case

In this section, we start the construction of the distorted Fourier transform associated with
the linearized operator L, in the absence of the resonance. The main goal is to construct the
fundamental matrix solutions F1(·, z) and F2(·, z) to

(3.1) iLF (·, z) = zF (·, z),

for small and large |z|. Here we denote by F1(·, z) a solution branch that is L2 near r = 0.

We define three Green’s functions as

G+
1 (r, s) := F+

1 (r)S+
1 (s)1{0≤s≤r} + F+

2 (r)T+
1 (s)1{0≤s≤r}

G+
2 (r, s) := F+

1 (r)S+
2 (s)1{r≤s≤r0} + F+

2 (r)T+
2 (s)1{0≤s≤r}

G+
3 (r, s) := F+

1 (r)S+
3 (s)1{r≤s≤r0} + F+

2 (r)T+
3 (s)1{r≤s≤r0}

(3.2)

where for i = 1, 2, 3 we require the matrices S+
i (r) and T+

i (r), for G+
i (r, s) to satisfy

(
F+
1 (r) F+

2 (r)
∂rF

+
1 (r) ∂rF

+
2 (r)

)(
S+
1 (r)
T+
1 (r)

)
=

(
0
σ2

)
,(3.3) (

F+
1 (r) F+

2 (r)
∂rF

+
1 (r) ∂rF

+
2 (r)

)(
−S+

2 (r)
T+
2 (r)

)
=

(
0
σ2

)
,(3.4) (

F+
1 (r) F+

2 (r)
∂rF

+
1 (r) ∂rF

+
2 (r)

)(
−S+

3 (r)
−T+

3 (r)

)
=

(
0
σ2

)
.(3.5)

Denote by

F1(r, z) =
[
φ1(r, z) φ2(r, z)

]
and F2(r, z) =

[
φ3(r, z) φ4(r, z)

]
and

Γ+
i (r, z,φ(r, z)) :=

∫ ∞

0
G+
i (r, s) zφ(s, z)ds for i = 1, 2, 3.

Then a solution to (3.1) for z near
√
17
8 and −

√
17
8 is given by the following two scenarios:
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Scenario I: z near
√
17
8 : Let z =

√
17
8 + ξ, Re(z) > 0, then we will define F1(r, z) and F2(r, z)

as a solution of the fixed point problem

F1(r, z) := C1F
+
1 (r) + T +

1 (r, z, F1(r, z))(3.6)

F2(r, z) := C2F
+
2 (r) + T +

2 (r, z, F2(r, z))(3.7)

where, F+
j (r) are the solutions to iLF+

j (r) =
√
17
8 F+

j (r) from Section 2.1.1, and

T +
1 (r, z, F1(r, z)) := Γ+

1 (r, z,φ1(r, z)) + Γ+
2 (r, z,φ2(r, z))

=

∫ ∞

0
G+
1 (r, s) ξφ1(s, z)ds+

∫ ∞

0
G+
2 (r, s) ξφ2(s, z)ds

T +
2 (r, z, F2(r, z)) := Γ+

3 (r, z,φ3(r, z)) + Γ+
2 (r, z,φ4(r, z))

=

∫ ∞

0
G+
3 (r, s) ξφ3(s, z)ds+

∫ ∞

0
G+
2 (r, s) ξφ4(s, z)ds

Scenario II: z near −
√
17

8 : Let z = −
√
17
8 + ξ, Re(z) < 0, then we define,

F1(r, z) := −σ3F1(r,−z)σ3
F2(r, z) := −σ3F2(r,−z)σ3

Therefore, φj(r, z) satisfy
φ1(r, z) = −σ3φ1(r,−z), φ3(r, z) = −σ3φ3(r,−z),
φ2(r, z) = σ3φ2(r,−z), φ4(r, z) = σ3φ4(r,−z).

(3.8)

We will apply a Lyapunov–Perron-type argument to construct a solution via the associated
integral equations defined below, and show that the integral operator is a contraction in a suit-
able space for small and large |ξ|.

First, we point out the following inversion identity from [50, Lemma 5.4].

Lemma 3.1 ( [50]). Let F (r) and G(r) be two (r-dependent) 2 × 2 matrices. Suppose that
W(F, F ) = W(G,G) = 0. Moreover, suppose that D := W(F,G) is invertible. Then, we have(

F G
F ′ G′

)−1

=

(
(Dt)−1 0

0 D−1

)(
0 −I
I 0

)(
F t (F ′)t

Gt (G′)t

)(
0 σ3

−σ3 0

)
.

Proof. Under the assumption that W[F, F ] = W[G,G] = 0, we have that(
0 −I
I 0

)(
F t F ′t

Gt G′t

)[
0 σ3

−σ3 0

](
F G
F ′ G′

)
=

(
−W[G,F ] 0

0 W[F,G]

)
.

Using the fact that Dt = −W[G,F ], and the above identity we obtain the desired result. □

In order to compute S+
i (r) and T+

i (r), we first need to invert the matrix defined above. To
do this, we begin by computing the Wronskians between F±

1 (r) and F±
2 (r).

Lemma 3.2. Let D+
0 = W(F+

1 (·), F+
2 (·)). Then, we have

D+
0 =

2c21c
2
3 0

0 −2c12c
1
4

 and (D+
0 )

−1 = (D+
0 )

−t =


1

2c21c
2
3

0

0 − 1
2c12c

1
4

 :=

d1 0

0 d2


Proof. Let D+ =

(
δ+ γ+

β+ α+

)
, then we have

δ+ =W (φ+
1 (·), φ

+
3 (·)) =W

((
0

c21r
3
2

)
+O(r

7
2 ),

(
c13r

− 1
2

c23r
− 1

2

)
(1 +O(r2 log(r)))

)
= 2c21c

2
3,
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γ+ =W (φ+
1 , φ

+
4 ) =W

((
0

c21r
3
2

)
+O(r

7
2 ),

(
c14r

− 1
2

0

)
+O(r

3
2 log(r))

)
= 0,

α+ =W (φ+
2 , φ

+
4 ) =W

((
c12r

3
2

c22r
3
2

)
(1 +O(r2)),

(
c14r

− 1
2

0

)
+O(r

3
2 log(r))

)
= −2c12c

1
4,

β+ =W (φ+
2 , φ

+
3 ) =W

((
c̃12r
c̃22r

)
(1 +O(r−2)),

(
c̃13e

− 3√
2
r

c̃23e
− 3√

2
r

)
(1 +O(r−1))

)
= 0.

Since, the Wronskians are independent of r and can be evaluated from the asymptotics be-
havior of φ+

j (r). Therefore, we computed the first three Wronskians for small r and last one for
large r. Thus

D+
0 =

2c21c
2
3 0

0 −2c12c
1
4

 and (D+
0 )

−t =
1

d

−2c12c
1
4 0

0 2c21c
2
3

 :=

d1 0

0 d2


where, d+ = det(D) = −4c21c

2
3c

1
2c

1
4 ̸= 0, d1 :=

1
2c21c

2
3

and d2 := − 1
2c12c

1
4

□

Next, we compute S+
i (r) and T+

i (r), using Lemma 3.1 and 3.2.

Lemma 3.3. We have{
S+
1 (r) = −(D+

0 )
−tF+

2 (r)tσ3σ2

T+
1 (r) = (D+

0 )
−1F+

1 (r)tσ3σ2

{
S+
2 (r) = (D+

0 )
−tF+

2 (r)tσ3σ2

T+
2 (r) = (D+

0 )
−1F+

1 (r)tσ3σ2{
S+
3 (r) = (D+

0 )
−tF+

2 (r)tσ3σ2

T+
3 (r) = −(D+

0 )
−1F+

1 (r)tσ3σ2

and

G+
1 (r, s) : =


iF+

1 (r)(D+
0 )

−tF+
2 (s)tσ1, 0 < s ≤ r,

−iF+
2 (r)(D+

0 )
−1F+

1 (s)tσ1, 0 < s ≤ r.

G+
2 (r, s) : =


−iF+

1 (r)(D+
0 )

−tF+
2 (s)tσ1, r ≤ s ≤ r0,

−iF+
2 (r)(D+

0 )
−1F+

1 (s)tσ1, 0 < s ≤ r.

G+
3 (r, s) : =


−iF+

1 (r)(D+
0 )

−tF+
2 (s)tσ1, r ≤ s ≤ r0,

iF+
2 (r)(D+

0 )
−1F+

1 (s)tσ1, r ≤ s ≤ r0.

Proof. Using (3.3) and Lemma 3.1, we obtain(
S+
1 (r)
T1(r)

)
=

(
F+
1 (r) F+

2 (r)
∂rF

+
1 (r) ∂rF

+
2 (r)

)−1(
0
σ2

)
=

(
(D+

0 )
−t 0

0 (D+
0 )

−1

)(
0 −I
I 0

)(
F+
1 (r)t (∂rF

+
1 (r))t

F+
2 (r)t (∂rF

+
2 (r))t

)(
0 σ3

−σ3 0

)(
0
σ2

)
=

(
−(D+

0 )
−tF+

2 (r)tσ3σ2
(D+

0 )
−1F+

1 (r)tσ3σ2

)
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Using the fact that S+
2 (r) = −S+

1 (r), T
+
2 (r) = T+

1 (r) and S+
3 (r) = −S+

1 (r), T
+
3 (r) = −T+

1 (r),
we get(

S+
2 (r)
T+
2 (r)

)
=

(
(D+

0 )
−tF+

2 (r)tσ3σ2
(D+

0 )
−1F+

1 (r)tσ3σ2

)
and

(
S+
3 (r)
T+
3 (r)

)
=

(
(D+

0 )
−tF+

2 (r)tσ3σ2
−(D+

0 )
−1F+

1 (r)tσ3σ2

)
Using the fact that σ3σ2 = −iσ1, we obtain the desired formula for G+

j (r, s). □

3.1. Small |ξ|. Using the Lyapunov–Perron method, we construct solutions to iLF = (
√
17
8 +

ξ)F, for small ξ, via fixed point argument. In particular, we show that the associated integral
operators, defined in (3.6) and (3.7), are contractions on the following function spaces.

Definition 3.4. Let r0 > 0, and F =
[
F (1) F (2)

]
, where F (i) denote the columns of a matrix

F. We define the following norms:

∥F∥X1
:= ∥F (1)∥X1 + ∥F (2)∥X2 and ∥F∥X ′

1
:= ∥F (1)∥X′

1
+ ∥F (2)∥X′

2
,

∥F∥X2
:= ∥F (1)∥X3 + ∥F (2)∥X4 and ∥F∥X ′

2
:= ∥F (1)∥X′

3
+ ∥F (2)∥X′

4
,

where

∥F (1)∥X1 := sup
0<r<1

|r−
3
2F (1)(r)|+ sup

1≤r≤r0

|e−
3√
2
r
F (1)(r)|,

∥F (2)∥X2 := sup
0<r<1

|r−
3
2F (2)(r)|+ sup

1≤r≤r0

|r−1F (2)(r)|,

∥F (1)∥X3 := sup
0<r<1

|r
1
2F (1)(r)|+ sup

1≤r≤r0

|e
3√
2
r
F (1)(r)|,

∥F (2)∥X4 := sup
0<r<1

|r
1
2F (2)(r)|+ sup

1≤r≤r0

|F (2)(r)|.

and

∥F (1)∥X′
1
:= sup

0<r<1
|r−

1
2F (1)(r)|+ sup

1≤r≤r0

|e−
3√
2
r
F (1)(r)|,

∥F (2)∥X′
2
:= sup

0<r<1
|r−

1
2F (2)(r)|+ sup

1≤r≤r0

|F (2)(r)|,

∥F (1)∥X′
3
:= sup

0<r<1
|r

3
2F (1)(r)|+ sup

1≤r≤r0

|e
3√
2
r
F (1)(r)|,

∥F (2)∥X′
4
:= sup

0<r<1
|r

3
2F (2)(r)|+ sup

1≤r≤r0

|r2F (2)(r)|.

Proposition 3.5. Let 0 < |ξ| ≤ δ0 < 1, and r0 := ε0√
|ξ|
, where 0 < δ0 ≪ ε0 ≪ 1. Then T +

j is a

contraction on Xj , for j = 1, 2, i.e.,

∥T +
j (F (·, z))∥Xj ≲ ε0 ∥F (·, z)∥Xj

.

Moreover, the fixed points Fj(·, z) of (3.6) and (3.7) satisfy

∥T +
j (Fj(·, z))∥Xj + ∥∂rT +

j (Fj(·, z))∥X ′
j
≲ ε0.

Proof. We will only proof that T +
j is a contraction on Xj , and the derivative bounds can be

obtained using similar estimates and required conditions (3.3),(3.4) and (3.5). Recall that

T +
1 (r, z, F (r, z)) := Γ+

1 (r, z,φ1(r, z)) + Γ+
2 (r, z,φ2(r, z))

=

∫ ∞

0
G+
1 (r, s) ξφ1(s, z)ds+

∫ ∞

0
G+
2 (r, s) ξφ2(s, z)ds

T +
2 (r, z, F (r, z)) := Γ+

3 (r, z,φ3(r, z)) + Γ+
2 (r, z,φ4(r, z))
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=

∫ ∞

0
G+
3 (r, s) ξφ3(s, z)ds+

∫ ∞

0
G+
2 (r, s) ξφ4(s, z)ds

where we have denoted the columns of F by φ1, φ2 in the case of T +
1 and by φ3, φ4 in the case of

T +
2 . Therefore, we will only provide the estimates for Γ+

j , from which the corresponding bounds
for T +

j can be deduced. In view of the asymptotic behavior of F+
1 (r) and F+

2 (r), we divide the
analysis into two regions: the small-r regime (r < 1) and the large-r regime (r ≥ 1).

Claim 3.6. For small r < 1, we have

sup
0<r<1

|r−
3
2Γ+

1 (r, z,φ1(r, z))| ≲ ξ sup
0<r<1

|r−
3
2φ1(r, z))|

sup
0<r<1

|r−
3
2Γ+

2 (r, z,φ2(r, z))| ≲ ξ sup
0<r<1

|r−
3
2φ2(r, z)|+ r20 ξ sup

1≤r≤r0

|r−1φ2(r, z)|

Proof. We have

Γ+
1 (r, z,φ1(r, z)) =

∫ ∞

0
G+
1 (r, s)ξφ1(s, z)ds

=

∫ r

0
iF+

1 (r)(D+
0 )

−tF+
2 (s)tσ1ξφ1(s, z)ds

−
∫ r

0
iF+

2 (r)(D+
0 )

−1F+
1 (s)tσ1ξφ1(s, z)ds

= i

∫ r

0

[
φ+
1 (r) φ+

2 (r)
](d1 0

0 d2

)[
(φ+

3 )
t(s)

(φ+
4 )

t(s)

]
σ1ξφ1(s, z)ds

− i

∫ r

0

[
φ+
3 (r) φ+

4 (r)
](d1 0

0 d2

)[
(φ+

1 )
t(s)

(φ+
2 )

t(s)

]
σ1ξφ1(s, z)ds

= i

∫ r

0

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ1(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ1(s, z)ds

Using the asymptotics of φ+
j (r) near 0, we obtain

Γ+
1 (r, z,φ1(r, z)) ≲ r

3
2

∣∣∣∣∫ r

0
s−

1
2 ξφ1(s, z)ds

∣∣∣∣+ r−
1
2

∣∣∣∣∫ r

0
s

3
2 ξφ1(s, z)ds

∣∣∣∣(3.9)

Thus,

sup
0<r<1

|r−
3
2Γ+

1 (r, z,φ1(r, z))| ≲ ξ sup
0<r<1

|r−
3
2φ1(r, z)|.(3.10)

Next, we estimate Γ+
2 (r, z,φ2(r, z)). Similarly, we obtain

Γ+
2 (r, z,φ2(r, z)) =

∫ ∞

0
G+
2 (r, s) ξφ2(s, z)ds

= −i
∫ r0

r
F+
1 (r)(D+

0 )
−tF+

2 (s)tσ1ξφ2(s, z)ds

− i

∫ r

0
F+
2 (r)(D+

0 )
−1F+

1 (s)tσ1ξφ2(s, z)ds

= −i
∫ 1

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ2(s, z)ds
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− i

∫ r0

1

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ2(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ2(s, z)ds

Using the asymptotics of φ+
j (r) near 0, and for r ≥ 1, we obtain

Γ+
2 (r, z,φ2(r, z)) ≲ r

3
2

∣∣∣∣∫ 1

r
s−

1
2 ξφ2(s, z)ds

∣∣∣∣+ r
3
2

∣∣∣∣∫ r0

1
(e

− 3√
2
s
+ 1)ξφ2(s, z)ds

∣∣∣∣
+ r−

1
2

∣∣∣∣∫ r

0
s

3
2σ1ξφ2(s, z)ds

∣∣∣∣
Thus,

sup
0<r<1

|r−
3
2Γ+

2 (r, z,φ2(r, z))| ≲ ξ sup
0<r<1

|r−
3
2φ2(r, z)|+ r20 ξ sup

1≤r≤r0

|r−1φ2(r, z)|

□

Claim 3.7. For small r ≤ 1, we have

sup
0<r≤1

|r
1
2Γ+

3 (r, z,φ3(r, z))| ≲ ξ sup
0<r<1

|r
1
2φ3(r, z)|+ ξr0 sup

1≤r≤r0

|e
3√
2
r
φ3(r, z)|

sup
0<r<1

|r
1
2Γ+

2 (r, z,φ4(r, z))| ≲ ξ sup
0<r<1

|r
1
2φ4(r, z)|+ r0 ξ sup

1≤r≤r0

|φ4(r, z)|.

Proof. We have

Γ+
3 (r, z,φ3(r, z)) =

∫ ∞

0
G+
3 (r, s) ξφ3(s, z)ds

= −i
∫ r0

r
F+
1 (r)(D+

0 )
−tF+

2 (s)tσ1ξφ3(s, z)ds

+ i

∫ r0

r
F+
2 (r)(D+

0 )
−1F+

1 (s)tσ1ξφ3(s, z)ds

= −i
∫ 1

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ3(s, z)ds

− i

∫ r0

1

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ3(s, z)ds

+ i

∫ 1

r

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ3(s, z)ds

+ i

∫ r0

1

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ3(s, z)ds

Using the asymptotics of φ+
j (r) near 0, and for r ≥ 1, we obtain

Γ+
3 (r, z,φ3(r, z)) ≲ r

3
2

∣∣∣∣∫ 1

r
s−

1
2 ξφ3(s, z)ds

∣∣∣∣+ r
3
2

∣∣∣∣∫ r0

1
(e

− 3√
2
s
+ 1)ξφ3(s, z)ds

∣∣∣∣
+ r−

1
2

∣∣∣∣∫ 1

r
s

3
2σ1ξφ3(s, z)ds

∣∣∣∣+ r−
1
2

∣∣∣∣∫ r0

1
(e

3√
2
s
+ s)ξφ3(s, z)ds

∣∣∣∣
≲ r

3
2 | log(r)|ξ sup

0<r<1
|r

1
2φ3(r, z)|+ r

3
2 ξ sup

1≤r≤r0

|e
3√
2
r
φ3(r, z)|

+ r−
1
2 ξ sup

0<r<1
|r

1
2φ3(r, z)|+ r−

1
2 r0ξ sup

1≤r≤r0

|e
3√
2
r
φ3(r, z)|
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Thus,

sup
0<r≤1

|r
1
2Γ+

3 (r, z,φ3(r, z))| ≲ ξ sup
0<r<1

|r
1
2φ3(r, z)|+ ξr0 sup

1≤r≤r0

|e
3√
2
r
φ3(r, z)|

Similarly, to the estimate for Γ+
2 (r, z,φ2(r, z)), we have

Γ+
2 (r, z,φ4(r, z)) =

∫ ∞

0
G2(r, s)ξφ4(s, z)ds

= −i
∫ 1

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ4(s, z)ds

− i

∫ r0

1

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ4(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ4(s, z)ds

≲ r
3
2

∣∣∣∣∫ 1

r
s−

1
2 ξφ4(s, z)ds

∣∣∣∣+ r
3
2

∣∣∣∣∫ r0

1
(e

− 3√
2
s
+ 1)ξφ4(s, z)ds

∣∣∣∣
+ r−

1
2

∣∣∣∣∫ r

0
s

3
2σ1ξφ4(s, z)ds

∣∣∣∣
≲ r

3
2 | log(r)|ξ sup

0<r<1
|r

1
2φ4(r, z)|+ r

3
2 r0ξ sup

1≤r≤r0

|φ4(r, z)|

+ r
3
2 ξ sup

0<r<1
|r

1
2φ4(r, z)|

Then

sup
0<r<1

|r
1
2Γ+

2 (r, z,φ4(r, z))| ≲ ξ sup
0<r<1

|r
1
2φ4(r, z)|+ r0 ξ sup

1≤r≤r0

|φ4(r, z)|.

□

Claim 3.8. For large r > 1, we have

sup
1≤r≤r0

|e−
3√
2
r
Γ+
1 (r, z,φ1(r, z))| ≲ r0ξ sup

0<r≤1
|r−

3
2φ1(r, z)|+ r0ξ sup

1≤r≤r0

|e−
3√
2
r
φ1(r, z)|(3.11)

sup
1≤r≤r0

|r−1Γ+
2 (r, z,φ2(r, z))| ≲ ξ sup

0<r<1
|r

3
2φ2(r, z)|+ r20ξ sup

1≤r≤r0

|r−1φ2(r, z)|(3.12)

Proof. We have

Γ+
1 (r, z,φ1(r, z)) =

∫ ∞

0
G+
1 (r, s)ξφ1(s, z)ds

= i

∫ r

0

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ1(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ1(s, z)ds

= i

∫ 1

0

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ1(s, z)ds

+ i

∫ r

1

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ1(s, z)ds

− i

∫ 1

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ1(s, z)ds

− i

∫ r

1

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ1(s, z)ds
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Using the asymptotics of φ+
j (r) near 0, and for r ≥ 1, we obtain

Γ+
1 (r, z,φ1(r, z)) ≲ e

3√
2
r
∣∣∣∣∫ 1

0
s−

1
2 ξφ1(s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ 1

0
s−

1
2 ξφ1(s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ 1

0
s

3
2 ξφ1(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ 1

0
s

3
2 ξφ1(s, z)ds

∣∣∣∣
+ e

3√
2
r
∣∣∣∣∫ r

1
e
− 3√

2
s
ξφ1(s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r

1
ξφ1(s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r

1
e

3√
2
s
ξφ1(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ r

1
s ξφ1(s, z)ds

∣∣∣∣
≲ e

3√
2
r
ξ sup
0<r≤1

|r−
3
2φ1(r, z)|+ rξ sup

0<r≤1
|r−

3
2φ1(r, z)|

+ e
3√
2
r
ξ sup
0<r≤1

|r−
3
2φ1(r, z)|+ ξ sup

0<r≤1
|r−

3
2φ1(r, z)|

+ e
3√
2
r
ξ sup
1≤r≤r0

|e−
3√
2
r
φ1(r, z)|+ re

3√
2
r
ξ sup
1≤r≤r0

|e−
3√
2
r
φ1(r, z)|

Therefore,

sup
1≤r≤r0

|e−
3√
2
r
Γ+
1 (r, z,φ1(r, z))| ≲ r0ξ sup

0<r≤1
|r−

3
2φ1(r, z)|+ r0ξ sup

1≤r≤r0

|e−
3√
2
r
φ1(r, z)|(3.13)

Next, we estimate Γ+
2 (r, z,φ2(r, z)). Similarly, we obtain

Γ+
2 (r, z,φ2(r, z)) =

∫ ∞

0
G+
2 (r, s)ξφ2(s, z)ds

= −i
∫ r0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ2(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ2(s, z)ds

= −i
∫ r0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ2(s, z)ds

− i

∫ 1

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ2(s, z)ds

− i

∫ r

1

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ2(s, z)ds

Using the asymptotics of φ+
j (r) near 0, and for r ≥ 1, we obtain

Γ+
2 (r, z,φ2(r, z)) ≲ e

− 3√
2
r
∣∣∣∣∫ 1

0
s

3
2 ξφ2(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ 1

0
s

3
2 ξφ2(s, z)ds

∣∣∣∣
+ e

3√
2
r
∣∣∣∣∫ r0

r
e
− 3√

2
s
ξφ2(s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r0

r
ξφ2(s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r

1
e

3√
2
s
ξφ2(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ r

1
s ξφ2(s, z)ds

∣∣∣∣
≲ e

− 3√
2
r
ξ sup
0<r<1

|r
3
2φ2(r, z)|+ ξ sup

0<r<1
|r

3
2φ2(r, z)|
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+ rξ sup
1≤r≤r0

|r−1φ2(r, z)|+ rr20ξ sup
1≤r≤r0

|r−1φ2(r, z)|

+ rξ sup
1≤r≤r0

|r−1φ2(r, z)|+ r3ξ sup
1≤r≤r0

|r−1φ2(r, z)|

sup
1≤r≤r0

|r−1Γ+
2 (r, z,φ2(r, z))| ≲ ξ sup

0<r<1
|r

3
2φ2(r, z)|+ r20ξ sup

1≤r≤r0

|r−1φ2(r, z)|(3.14)

□

Claim 3.9. For large r > 1, we have

sup
1≤r≤r0

|e
3√
2
r
Γ+
3 (r, z,φ3(r, z))| ≲ r0ξ sup

1≤r≤r0

|e
3√
2
r
φ3(r, z)|

sup
1≤r≤r0

|Γ+
2 (r, z,φ4(r, z))| ≲ ξ sup

0<r<1
|r

1
2φ4(r, z)|+ r20ξ sup

1≤r≤r0

|φ4(r, z)|

Proof. We have

Γ+
3 (r, z,φ3(r, z)) =

∫ ∞

0
G+
3 (r, s) ξφ3(s, z)ds

= −i
∫ r0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ3(s, z)ds

+ i

∫ r0

r

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ3(s, z)ds

≲ e
3√
2
r
∣∣∣∣∫ r0

r
e
− 3√

2
s
ξφ3(s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r0

r
ξφ3(s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r0

r
e

3√
2
s
ξφ3(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ r0

r
s ξφ3(s, z)ds

∣∣∣∣
Using the asymptotics of φ+

j (r) near 0, and for r ≥ 1, we obtain

Γ+
3 (r, z,φ3(r, z)) ≲ e

− 3√
2
r
ξ sup
1≤r≤r0

|e
3√
2
r
φ3(r, z)|+ re

− 3√
2
r
ξ sup
1≤r≤r0

|e
3√
2
r
φ3(r, z)|

+ r0e
− 3√

2
r
ξ sup
1≤r≤r0

|e
3√
2
r
φ3(r, z)|+ re

− 3√
2
r
ξ sup
1≤r≤r0

|e
3√
2
r
φ3(r, z)|

Therefore, we have

sup
1≤r≤r0

|e
3√
2
r
Γ+
3 (r, z,φ3(r, z))| ≲ r0ξ sup

1≤r≤r0

|e
3√
2
r
φ3(r, z)|

Next, we estimate Γ+
2 (r, z,φ4(r, z)). Similarly, we have

Γ+
2 (r, z,φ4(r, z)) =

∫ ∞

0
G2(r, s)ξφ4(s, z)ds

= −i
∫ r0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ4(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ4(s, z)ds

= −i
∫ r0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ4(s, z)ds

− i

∫ 1

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ4(s, z)ds
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− i

∫ r

1

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ4(s, z)ds

Using the asymptotics of φ+
j (r) near 0, and for r ≥ 1, we obtain

Γ+
2 (r, z,φ4(r, z)) ≲ e

− 3√
2
r
∣∣∣∣∫ 1

0
s

3
2 ξφ4(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ 1

0
s

3
2 ξφ4(s, z)ds

∣∣∣∣
+ e

3√
2
r
∣∣∣∣∫ r0

r
e
− 3√

2
s
ξφ4(s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r0

r
ξφ4(s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r

1
e

3√
2
s
ξφ4(s, z)ds

∣∣∣∣+ ∣∣∣∣∫ r

1
s ξφ4(s, z)ds

∣∣∣∣
≲ e

− 3√
2
r
ξ sup
0<r<1

|r
1
2φ4(r, z)|+ ξ sup

0<r<1
|r

1
2φ4(r, z)|

+ ξ sup
1≤r≤r0

|φ4(r, z)|+ r2ξ sup
1≤r≤r0

|φ4(r, z)|

Thus,

sup
1≤r≤r0

|Γ+
2 (r, z,φ4(r, z))| ≲ ξ sup

0<r<1
|r

1
2φ4(r, z)|+ r20ξ sup

1≤r≤r0

|φ4(r, z)|

□

Combining the estimates from Claim 3.6 and 3.8 one can be deduce the corresponding bounds
for T +

1 and similarly for T +
2 by using Claim 3.7 and 3.9. □

3.2. Large |ξ|. Similarly to the case of small |ξ|, we construct solutions to iLF = (
√
17
8 +ξ)F, for

large ξ, using the Banach fixed-point theorem. Specifically, we show that the integral equations
defined in (3.6) and (3.7) yield solutions as fixed points in the following function spaces. Note
that by large |ξ| (or equivalently large |z|), we mean the regime where the real part is large while
the imaginary part remains small.

Definition 3.10. Let r̃0 > 0, and F =
[
F (1) F (2)

]
, where F (i) denote the columns of a matrix

F. We define the following norms:

∥F∥Y1
:= ∥F (1)∥Y1 + ∥F (2)∥Y1 and ∥F∥Y ′

1
:= ∥F (1)∥Y ′

1
+ ∥F (2)∥Y ′

1
,

∥F∥Y2
:= ∥F (1)∥Y2 + ∥F (2)∥Y2 and ∥F∥Y ′

2
:= ∥F (1)∥Y ′

2
+ ∥F (2)∥Y ′

2
,

where

∥f∥Y1 := sup
0<r<r̃0

|r−
3
2 f(r)| and ∥f∥Y ′

1
:= sup

0<r<r̃0

|r−
1
2 f(r)|

∥f∥Y2 := sup
0<r<r̃0

|r
1
2 f(r)| and ∥f∥Y ′

2
:= sup

0<r<r̃0

|r
3
2 f(r)|.

Proposition 3.11. Let |ξ| > Λ0 > 1, and r̃0 := ε̃0√
|ξ|
, where 0 < ε̃0 ≪ 1 and Λ0 ≫ ε̃−1

0 . Then

T +
j is a contraction on Yj , for j = 1, 2, i.e.,

∥T +
j (F (·, z))∥Yj ≲ ε0 ∥F (·, z)∥Yj

.

Moreover, the fixed points Fj(·, z) of (3.6) and (3.7) satisfy

∥T +
j (Fj(·, z))∥Yj + ∥∂rT +

j (Fj(·, z))∥Y ′
j
≲ ε0.
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Proof. We will only proof that T +
j is a contraction on Yj , and the derivative bounds can be

obtained using similar estimates and required conditions (3.3),(3.4) and (3.5). In view of the
definitions of T +

j , we will only provide the estimates for Γ+
j , from which one can obtain the

corresponding bounds for T +
j .

Claim 3.12.

sup
0<r≤r̃0

|r−
3
2Γ+

1 (r, z,φ1(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r−
3
2φ1(r, z)|,(3.15)

sup
0<r≤r̃0

|r−
3
2Γ+

2 (r, z,φ2(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r−
3
2φ2(r, z)|,(3.16)

sup
0<r≤r̃0

|r
1
2Γ+

3 (r, z,φ3(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r
1
2φ3(r, z)|(3.17)

sup
0<r≤r̃0

|r
1
2Γ+

2 (r, z,φ4(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r
1
2φ4(r, z)|(3.18)

Proof. Recall that by (3.9), we have

Γ+
1 (r, z,φ1(r, z)) ≲ r

3
2

∣∣∣∣∫ r

0
s−

1
2 ξφ1(s, z)ds

∣∣∣∣+ r−
1
2

∣∣∣∣∫ r

0
s

3
2 ξφ1(s, z)ds

∣∣∣∣
Thus,

sup
0<r≤r̃0

|r−
3
2Γ+

1 (r, z,φ1(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r−
3
2φ1(r, z)|.

Next, we estimate Γ+
2 (r, z,φ2(r, z)). We have

Γ+
2 (r, z,φ2(r, z)) =

∫ ∞

0
G+
2 (r, s) ξφ2(s, z)ds

= −i
∫ r̃0

r
F+
1 (r)(D+

0 )
−tF+

2 (s)tσ1ξφ2(s, z)ds

− i

∫ r

0
F+
2 (r)(D+

0 )
−1F+

1 (s)tσ1ξφ2(s, z)ds

= −i
∫ r̃0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ2(s, z)ds

− i

∫ r

0

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ2(s, z)ds

Using the asymptotics of φ+
j (r) near 0, we obtain

Γ+
2 (r, z,φ2(r, z)) ≲ r

3
2

∣∣∣∣∫ r̃0

r
s−

1
2 ξφ2(s, z)ds

∣∣∣∣+ r−
1
2

∣∣∣∣∫ r

0
s

3
2σ1ξφ2(s, z)ds

∣∣∣∣(3.19)

Thus,

sup
0<r≤r̃0

|r−
3
2Γ+

2 (r, z,φ2(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r−
3
2φ2(r, z)|.

Next, we estimate Γ+
3 (r, z,φ3(r, z)). We have

Γ+
3 (r, z,φ3(r, z)) =

∫ ∞

0
G+
3 (r, s) ξφ3(s, z)ds

= −i
∫ r̃0

r
F+
1 (r)(D+

0 )
−tF+

2 (s)tσ1ξφ3(s, z)ds

+ i

∫ r̃0

r
F+
2 (r)(D+

0 )
−1F+

1 (s)tσ1ξφ3(s, z)ds
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= −i
∫ r̃0

r

(
d1φ

+
1 (r)(φ

+
3 (s))

t + d2φ
+
2 (r)(φ

+
4 (s))

t
)
σ1ξφ3(s, z)ds

+ i

∫ r̃0

r

(
d1φ

+
3 (r)(φ

+
1 (s))

t + d2φ
+
4 (r)(φ

+
2 (s))

t
)
σ1ξφ3(s, z)ds

Using the asymptotics of φ+
j (r) near 0, we obtain

Γ+
3 (r, z,φ3(r, z)) ≲ r

3
2

∣∣∣∣∫ r̃0

r
s−

1
2 ξφ3(s, z)ds

∣∣∣∣+ r−
1
2

∣∣∣∣∫ r̃0

r
s

3
2σ1ξφ3(s, z)ds

∣∣∣∣
≲ r

3
2 | log( r̃0

r
)|ξ sup

0<r≤r̃0

|r
1
2φ3(r, z)|+ r−

1
2 r̃20ξ sup

0<r≤r̃0

|r
1
2φ3(r, z)|

Thus,

sup
0<r≤r̃0

|r
1
2Γ+

3 (r, z,φ3(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r
1
2φ3(r, z)|

By (3.19), we have

Γ+
2 (r, z,φ4(r, z)) ≲ r

3
2

∣∣∣∣∫ r̃0

r
s−

1
2 ξφ4(s, z)ds

∣∣∣∣+ r−
1
2

∣∣∣∣∫ r

0
s

3
2σ1ξφ4(s, z)ds

∣∣∣∣
≲ r

3
2 | log( r̃0

r
)|ξ sup

0<r≤r̃0

|r
1
2φ4(r, z)|+ r−

1
2 r̃20ξ sup

0<r≤r̃0

|r
1
2φ4(r, z)|

Thus,

sup
0<r≤r̃0

|r
1
2Γ+

2 (r, z,φ4(r, z))| ≲ r̃20ξ sup
0<r≤r̃0

|r
1
2φ4(r, z)|

□

Using the estimates (3.15) and (3.16), we deduce that T +
1 is a contraction on Y1. Similarly,

using estimates (3.17) and (3.18), we deduce that T +
2 is a contraction on Y2. The estimates for

the derivatives can be obtained using the similar argument with conditions (3.3),(3.4) and (3.5).
This concludes the proof of Proposition 3.11. □

4. Solution to iL − z near 0 in the resonance case

In this section, we start the construction of the distorted Fourier transform associated with
the linearized operator L, in the presence of resonance. The main goal is to construct the
fundamental matrix solutions FR

1 (·, z) and FR
2 (·, z) to

(4.1) iLFR(·, z) = zFR(·, z),
for small and large |z|. We denote by FR

1 (·, z) a solution branch that is the L2 near r = 0.
k

We define the Green’s functions exactly as (3.2) using FR,±
1 (r) and FR,±

2 (r) :

GR,+
1 (r, s) := FR,+

1 (r)SR,+
1 (s)1{0≤s≤r} + FR,+

2 (r)TR,+
1 (s)1{0≤s≤r}

GR,+
2 (r, s) := FR,+

1 (r)SR,+
2 (s)1{r≤s≤R0} + FR,+

2 (r)TR,+
2 (s)1{0≤s≤r}

GR,+
3 (r, s) := FR,+

1 (r)SR,+
3 (s)1{r≤s≤R0} + FR,+

2 (r)TR,+
3 (s)1{r≤s≤R0}

(4.2)

where for i = 1, 2, 3 we require the matrices SR,+
i (r) and TR,+

i (r), for GR,+
i (r, s) to satisfy the

following conditions (
FR,+
1 (r) FR,+

2 (r)

∂rF
R,+
1 (r) ∂rF

R,+
2 (r)

)(
SR,+
1 (r)

TR,+
1 (r)

)
=

(
0
σ2

)
,(4.3)
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FR,+
1 (r) FR,+

2 (r)

∂rF
R,+
1 (r) ∂rF

R,+
2 (r)

)(
−SR,+

2 (r)

TR,+
2 (r)

)
=

(
0
σ2

)
,(4.4) (

FR,+
1 (r) FR,+

2 (r)

∂rF
R,+
1 (r) ∂rF

R,+
2 (r)

)(
−SR,+

3 (r)

−TR,+
3 (r)

)
=

(
0
σ2

)
.(4.5)

Denote by

FR
1 (r, z) =

[
φR

1 (r, z) φR
2 (r, z)

]
, and FR

2 (r, z) =
[
φR

3 (r, z) φR
4 (r, z)

]
and

ΓR,+
i (r, z,φR

j (r, z)) :=

∫ ∞

0
GR,+
i (r, s) zφR

j (s, z)ds for i = 1, 2, 3 and j = 1, 2.

where φR
j (r, z) is the j-th column of the matrix FR(r, z).

Then a solution to (4.1) for z near
√
17
8 and −

√
17
8 is given by the following two scenarios:

Scenario I: z near
√
17
8 : Let z =

√
17
8 + ξ, for small ξ we have

FR
1 (r, z) := C1F

R,+
1 (r) + T R,+

1 (r, z, FR
1 (r, z))

FR
2 (r, z) := C2F

R,+
2 (r) + T R,+

2 (r, z, FR
2 (r, z))

where, FR,+
j (r) are solutions to iLFR,+

j (r) =
√
17
8 FR,+

j (r) and

T R,+
1 (r, z, FR

1 (r, z)) := ΓR,+
1 (r, z,φR

1 (r, z)) + ΓR,+
2 (r, z,φR

2 (r, z))

=

∫ ∞

0
GR,+
1 (r, s) ξφR

1 (s, z)ds+

∫ ∞

0
GR,+
2 (r, s) ξφR

2 (s, z)ds
(4.6)

T R,+
2 (r, z, FR

2 (r, z)) := ΓR,+
3 (r, z,φ3(r, z)) + ΓR,+

2 (r, z,φR
4 (r, z))

=

∫ ∞

0
GR,+
3 (r, s) ξφR

3 (s, z)ds+

∫ ∞

0
GR,+
2 (r, s) ξφR

4 (s, z)ds
(4.7)

Scenario II: z near −
√
17

8 : Let z = −
√
17
8 + ξ, for small ξ we define,

FR
1 (r, z) := −σ3FR

1 (r,−z)σ3
FR
2 (r, z) := −σ3FR

2 (r,−z)σ3
Therefore, φR

j (r, z) satisfy

φR
1 (r, z) = −σ3φR

1 (r,−z), φR
3 (r, z) = −σ3φR

3 (r,−z),
φR

2 (r, z) = σ3φ
R
2 (r,−z), φR

4 (r) = σ3φ
R
4 (r,−z).

(4.8)

Lemma 4.1. Let D±
0 = W(FR,±

1 (·), FR,±
2 (·)). Then, we have where

D±
0 =

(
2c21c

2
3 0

0 2c12c
1
4

)
and (D±

0 )
−1 = (D±

0 )
−t =

(
1

2c21c
2
3

0

0 1
2c12c

1
4

)
:=

(
d1 0
0 d2

)
.

Moreover, we have

GR,+
1 (r, s) : =

{
iFR,+

1 (r)(D+
0 )

−tFR,+
2 (s)tσ1, 0 < s ≤ r,

−iFR,+
2 (r)(D+

0 )
−1FR,+

1 (s)tσ1, 0 < s ≤ r.

GR,+
2 (r, s) : =

{
−iFR,+

1 (r)(D+
0 )

−tFR,+
2 (s)tσ1, r ≤ s ≤ R0,

−iFR,+
2 (r)(D+

0 )
−1FR,+

1 (s)tσ1, 0 < s ≤ r.
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GR,+
3 (r, s) : =

{
−iFR,+

1 (r)(D+
0 )

−tFR,+
2 (s)tσ1, r ≤ s ≤ R0,

iFR,+
2 (r)(D+

0 )
−1FR,+

1 (s)tσ1, r ≤ s ≤ R0.

Proof. Let D± =

(
δ± γ±

β± α±

)
. Since the Wronskians are independent of r, they can be evaluated

using the asymptotic behavior of φR,±
j (r). In particular, the coefficients δ±, γ±, and α± can be

computed in exactly the same way as in Lemma 3.2 for the non-resonance case, based on the
asymptotic behavior near r = 0, which is similar for both φ±

j (r) and φR,±
j (r). Therefore, we will

only include the computation of Wronskians involving the asymptotic behavior as r → ∞.

β± =W (φ±
2 , φ

±
3 ) =W

((
c̃12
c̃22

)
(1 +O(r−1)),

(
c̃13e

− 3√
2
r

c̃23e
− 3√

2
r

)
(1 +O(r−1))

)
= 0.

Moreover, the expression for the Green’s function can be obtained in the same manner as in the
proof of Lemma 3.3. □

4.1. Small |ξ|. Similarly to the resonance case, we show that the integral equations, defined in
(3.6) and (3.6), are contractions on the following space XR

j

Definition 4.2. Let R0 > 0, and F =
[
F (1) F (2)

]
, where F (i) denote the columns of matrix F.

We define the following norms:

∥F∥XR
1
:= ∥F (1)∥XR

1
+ ∥F (2)∥XR

2
and ∥F∥X ′,R

1
:= ∥F (1)∥

X′,R
1

+ ∥F (2)∥
X′,R

2

∥F∥XR
2
:= ∥F (1)∥XR

3
+ ∥F (2)∥XR

4
and ∥F∥X ′,R

2
:= ∥F (1)∥

X′,R
3

+ ∥F (2)∥
X′,R

4

where

∥F (1)∥XR
1
:= sup

0<r<1
|r−

3
2F (1)(r)|+ sup

1≤r≤R0

|e−
3√
2
r
F (1)(r)|,

∥F (2)∥XR
2
:= sup

0<r<1
|r−

3
2F (2)(r)|+ sup

1≤r≤R0

|F (2)(r)|,

∥F (1)∥XR
3
:= sup

0<r<1
|r

1
2F (1)(r)|+ sup

1≤r≤R0

|e
3√
2
r
F (1)(r)|,

∥F (2)∥XR
4
:= sup

0<r<1
|r

1
2F (2)(r)|+ sup

1≤r≤R0

|r−1F (2)(r)|.

and

∥F (1)∥
X′,R

1
:= sup

0<r<1
|r−

1
2F (1)(r)|+ sup

1≤r≤R0

|e−
3√
2
r
F (1)(r)|,

∥F (2)∥
X′,R

2
:= sup

0<r<1
|r−

1
2F (2)(r)|+ sup

1≤r≤R0

|r2F (2)(r)|,

∥F (1)∥
X′,R

3
:= sup

0<r<1
|r

3
2F (1)(r)|+ sup

1≤r≤R0

|e
3√
2
r
F (1)(r)|,

∥F (2)∥
X′,R

4
:= sup

0<r<1
|r

3
2F (2)(r)|+ sup

1≤r≤R0

|F (2)(r)|.

Proposition 4.3. Let 0 < |ξ| ≤ δ0 < 1, and R0 := ε0√
|ξ|
, where 0 < δ0 ≪ ε0 ≪ 1. Then T R,+

j is

a contraction on XR
j , for j = 1, 2, i.e.,

∥T R,+
j (FR

j (·, z))∥XR
j
≲ ε0

∥∥FR
j (·, z)

∥∥
XR

j
.
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Moreover, we have
∥∂rT R,+

j (FR
j (·, z))∥X ′,R

j
≲ ε0

∥∥∂rFR
j (·, z)

∥∥
X ′,R

j
.

Proof. We will only prove that T R,+
j is a contraction on XR

j , and the derivative can be obtained
using similar estimates and required conditions (4.3),(4.4) and (4.5). In view of definition T R,+

1 in
(4.6) and T R,+

2 in (4.7), we only need to prove the estimates for ΓR,+
j . This is achieved using the

asymptotic behavior of FR,+
1 (r) and FR,+

2 (r), therefore we divide the analysis into two regions:
the small-r regime (r < 1) and the large-r regime (r ≥ 1).

Claim 4.4. For small r < 1, we have

sup
0<r<1

|r−
3
2ΓR,+

1 (r, z,φR
1 (r, z))| ≲ ξ sup

0<r<1
|r−

3
2φR

1 (r, z))|

sup
0<r<1

|r−
3
2ΓR,+

2 (r, z,φR
2 (r, z))| ≲ ξ sup

0<r<1
|r−

3
2φR

2 (r, z)|+R2
0 ξ sup

1≤r≤R0

|φR
2 (r, z)|

sup
0<r≤1

|r
1
2ΓR,+

3 (r, z,φR
3 (r, z))| ≲ ξ sup

0<r<1
|r

1
2φR

3 (r, z)|+ ξR0 sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|

sup
0<r<1

|r
1
2ΓR,+

2 (r, z,φR
4 (r, z))| ≲ ξ sup

0<r<1
|r

1
2φR

4 (r, z)|+R0 ξ sup
1≤r≤R0

|r−1φR
4 (r, z)|.

Proof. Note that for small r the behavior of φR,+
j is the same as φ+

j in the non-resonance case.
Therefore, the proof is exactly the same as the proof of Claim 3.6 and 3.7, and we omit the
details. □

Claim 4.5. For large r > 1, we have

sup
1≤r≤R0

|e−
3√
2
r
ΓR,+
1 (r, z,φR

1 (r, z))| ≲ R0ξ sup
0<r≤1

|r−
3
2φR

1 (r, z)|+R0ξ sup
1≤r≤R0

|e−
3√
2
r
φR

1 (r, z)|

sup
1≤r≤R0

|ΓR,+
2 (r, z,φR

2 (r, z))| ≲ ξ sup
0<r<1

|r
3
2φR

2 (r, z)|+R2
0ξ sup

1≤r≤R0

|φR
2 (r, z)|

Proof. We have

ΓR,+
1 (r, z,φR

1 (r, z)) =

∫ ∞

0
GR,+
1 (r, s)ξφR

1 (s, z)ds

= i

∫ r

0

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
1 (s, z)ds

− i

∫ r

0

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
1 (s, z)ds

= i

∫ 1

0

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
1 (s, z)ds

+ i

∫ r

1

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
1 (s, z)ds

− i

∫ 1

0

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
1 (s, z)ds

− i

∫ r

1

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
1 (s, z)ds

Using the asymptotics of φR,+
j (r) near 0, and for r ≥ 1, we obtain

Γ+
1 (r, z,φ

R
1 (r, z)) ≲ e

3√
2
r
∣∣∣∣∫ 1

0
s−

1
2 ξφR

1 (s, z)ds

∣∣∣∣+ ∣∣∣∣∫ 1

0
s−

1
2 ξφR

1 (s, z)ds

∣∣∣∣
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+ e
− 3√

2
r
∣∣∣∣∫ 1

0
s

3
2 ξφR

1 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ 1

0
s

3
2 ξφR

1 (s, z)ds

∣∣∣∣
+ e

3√
2
r
∣∣∣∣∫ r

1
e
− 3√

2
s
ξφR

1 (s, z)ds

∣∣∣∣+ ∣∣∣∣∫ r

1
s ξφR

1 (s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r

1
e

3√
2
s
ξφR

1 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r

1
ξφR

1 (s, z)ds

∣∣∣∣
≲ e

3√
2
r
ξ sup
0<r≤1

|r−
3
2φR

1 (r, z)|+ ξ sup
0<r≤1

|r−
3
2φR

1 (r, z)|

+ e
− 3√

2
r
ξ sup
0<r≤1

|r−
3
2φR

1 (r, z)|+ ξr sup
0<r≤1

|r−
3
2φR

1 (r, z)|

+ e
3√
2
r
ξ sup
1≤r≤R0

|e−
3√
2
r
φR

1 (r, z)|+ re
3√
2
r
ξ sup
1≤r≤R0

|e−
3√
2
r
φR

1 (r, z)|

Therefore,

sup
1≤r≤R0

|e−
3√
2
r
Γ+
1 (r, z,φ

R
1 (r, z))| ≲ R0ξ sup

0<r≤1
|r−

3
2φR

1 (r, z)|+R0ξ sup
1≤r≤R0

|e−
3√
2
r
φR

1 (r, z)|(4.9)

Next, we estimate ΓR,+
2 (r, z,φR

2 (r, z)). Similarly, we obtain

ΓR,+
2 (r, z,φR

2 (r, z)) =

∫ ∞

0
GR,+
2 (r, s)ξφR

2 (s, z)ds

= −i
∫ R0

r

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
2 (s, z)ds

− i

∫ r

0

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
2 (s, z)ds

= −i
∫ R0

r

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
2 (s, z)ds

− i

∫ 1

0

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
2 (s, z)ds

− i

∫ r

1

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
2 (s, z)ds

Using the asymptotics of φR,+
j (r) near 0, and for r ≥ 1, we obtain

ΓR,+
2 (r, z,φR

2 (r, z)) ≲ e
− 3√

2
r
∣∣∣∣∫ 1

0
s

3
2 ξφR

2 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ 1

0
s

3
2 ξφR

2 (s, z)ds

∣∣∣∣
+ e

3√
2
r
∣∣∣∣∫ R0

r
e
− 3√

2
s
ξφR

2 (s, z)ds

∣∣∣∣+ ∣∣∣∣∫ R0

r
s ξφR

2 (s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r

1
e

3√
2
s
ξφR

2 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r

1
ξφR

2 (s, z)ds

∣∣∣∣
≲ e

− 3√
2
r
ξ sup
0<r<1

|r
3
2φR

2 (r, z)|+ rξ sup
0<r<1

|r
3
2φR

2 (r, z)|

+ ξ sup
1≤r≤R0

|φR
2 (r, z)|+R2

0ξ sup
1≤r≤R0

|φR
2 (r, z)|

+ ξ sup
1≤r≤R0

|φR
2 (r, z)|+ r2ξ sup

1≤r≤R0

|φR
2 (r, z)|
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sup
1≤r≤R0

|ΓR,+
2 (r, z,φR

2 (r, z))| ≲ ξ sup
0<r<1

|r
3
2φR

2 (r, z)|+R2
0ξ sup

1≤r≤R0

|φR
2 (r, z)|(4.10)

□

Claim 4.6. For large r > 1, we have

sup
1≤r≤R0

|e
3√
2
r
ΓR,+
3 (r, z,φR

3 (r, z))| ≲ R0ξ sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|

sup
1≤r≤R0

|r−1ΓR,+
2 (r, z,φR

4 (r, z))| ≲ ξ sup
0<r<1

|r
1
2φR

4 (r, z)|+R2
0ξ sup

1≤r≤R0

|r−1φR
4 (r, z)|

Proof. We have

ΓR,+
3 (r, z,φR

3 (r, z)) =

∫ ∞

0
GR,+
3 (r, s) ξφR

3 (s, z)ds

= −i
∫ R0

r

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
3 (s, z)ds

+ i

∫ R0

r

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
3 (s, z)ds

≲ e
3√
2
r
∣∣∣∣∫ R0

r
e
− 3√

2
s
ξφR

3 (s, z)ds

∣∣∣∣+ ∣∣∣∣∫ R0

r
s ξφR

3 (s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ R0

r
e

3√
2
s
ξφR

3 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ R0

r
ξφR

3 (s, z)ds

∣∣∣∣
Using the asymptotics of φR,+

j (r) near 0, and for r ≥ 1, we obtain

ΓR,+
3 (r, z,φR

3 (r, z)) ≲ e
− 3√

2
r
ξ sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|+ re
− 3√

2
r
ξ sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|

+R0e
− 3√

2
r
ξ sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|+ re
− 3√

2
r
ξ sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|

Therefore, we have

sup
1≤r≤R0

|e
3√
2
r
ΓR,+
3 (r, z,φR

3 (r, z))| ≲ R0ξ sup
1≤r≤R0

|e
3√
2
r
φR

3 (r, z)|

Next, we estimate ΓR,+
2 (r, z,φR

4 (r, z)). Similarly, we have

ΓR,+
2 (r, z,φR

4 (r, z)) =

∫ ∞

0
G2(r, s)ξφ

R
4 (s, z)ds

= −i
∫ R0

r

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
4 (s, z)ds

− i

∫ r

0

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
4 (s, z)ds

= −i
∫ R0

r

(
d1φ

R,+
1 (r)(φR,+

3 (s))t + d2φ
R,+
2 (r)(φR,+

4 (s))t
)
σ1ξφ

R
4 (s, z)ds

− i

∫ 1

0

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
4 (s, z)ds

− i

∫ r

1

(
d1φ

R,+
3 (r)(φR,+

1 (s))t + d2φ
R,+
4 (r)(φR,+

2 (s))t
)
σ1ξφ

R
4 (s, z)ds
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Using the asymptotics of φR,+
j (r) near 0, and for r ≥ 1, we obtain

ΓR,+
2 (r, z,φR

4 (r, z)) ≲ e
− 3√

2
r
∣∣∣∣∫ 1

0
s

3
2 ξφR

4 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ 1

0
s

3
2 ξφR

4 (s, z)ds

∣∣∣∣
+ e

3√
2
r
∣∣∣∣∫ R0

r
e
− 3√

2
s
ξφR

4 (s, z)ds

∣∣∣∣+ ∣∣∣∣∫ R0

r
s ξφR

4 (s, z)ds

∣∣∣∣
+ e

− 3√
2
r
∣∣∣∣∫ r

1
e

3√
2
s
ξφR

4 (s, z)ds

∣∣∣∣+ r

∣∣∣∣∫ r

1
ξφR

4 (s, z)ds

∣∣∣∣
≲ e

− 3√
2
r
ξ sup
0<r<1

|r
1
2φR

4 (r, z)|+ rξ sup
0<r<1

|r
1
2φR

4 (r, z)|

+ rξ sup
1≤r≤R0

|r−1φR
4 (r, z)|+R3

0ξ sup
1≤r≤R0

|r−1φR
4 (r, z)|

+ rξ sup
1≤r≤R0

|r−1φR
4 (r, z)|+ r2ξ sup

1≤r≤R0

|r−1φR
4 (r, z)|

Thus,

sup
1≤r≤R0

|r−1ΓR,+
2 (r, z,φR

4 (r, z))| ≲ ξ sup
0<r<1

|r
1
2φR

4 (r, z)|+R2
0ξ sup

1≤r≤R0

|r−1φR
4 (r, z)|

□

Finally, using the estimates from Claim 4.4, 4.5 and 4.6, we deduce that both T R,+
j are a

contraction on XR
j , for j = 1, 2. Similarly, we obtain the estimates for the derivatives of T R,+

j

using the conditions (4.3),(4.4) and (3.5). This concludes the proof of Proposition 4.3. □

4.2. Large |ξ|. Recall that by large |ξ|, we refer to the regime in which the real part is large
and the imaginary part is small.

As in the non-resonance case, we demonstrate that the integral equations (4.6) and (4.7) admit
solutions via a fixed point argument, within the same function spaces Yj introduced in Defini-
tion 3.10 for the resonance case. Note that the construction of the solutions in the resonance
case relies only on the asymptotic behavior of φR

j near 0, which is analogous to the behavior of
φj in the non-resonance case near the origin.

Proposition 4.7. Let |ξ| > Λ0 > 1, and R̃0 := ε̃0√
|ξ|
, where 0 < δ0 ≪ ε̃0 ≪ 1. Then T R,+

j is a

contraction on Yj , for j = 1, 2, i.e.,

∥T R,+
j (FR

j (·, z))∥Yj ≲ ε0
∥∥FR

j (·, z)
∥∥
Yj
.

Moreover, we have
∥∂rT R,+

j (Fj(·, z))∥Y ′
j
≲ ε0

∥∥∂rFR
j (·, z)

∥∥
Y ′
j
.

Proof. In view of the definitions of T R,+
j , we provide only the estimates for ΓR,+

j , from which
one can obtain the corresponding bounds for T R,+

j .

Claim 4.8.

sup
0<r≤R̃0

|r−
3
2ΓR,+

1 (r, z,φR
1 (r, z))| ≲ R̃2

0ξ sup
0<r≤R̃0

|r−
3
2φR

1 (r, z)|,(4.11)

sup
0<r≤R̃0

|r−
3
2ΓR,+

2 (r, z,φR
2 (r, z))| ≲ R̃2

0ξ sup
0<r≤R̃0

|r−
3
2φR

2 (r, z)|,(4.12)

sup
0<r≤R̃0

|r
1
2ΓR,+

3 (r, z,φR
3 (r, z))| ≲ R̃2

0ξ sup
0<r≤R̃0

|r
1
2φR

3 (r, z)|(4.13)
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sup
0<r≤R̃0

|r
1
2ΓR,+

2 (r, z,φR
4 (r, z))| ≲ R̃2

0ξ sup
0<r≤R̃0

|r
1
2φR

4 (r, z)|(4.14)

Proof. The proof follows exactly as in Claim 3.12, since the behavior of φ
R,+
j near r = 0 is

identical to that of φ+
j in the non-resonance case. We omit the details.

□

Using the above claim, one can show that T +
j is a contraction on Yj . The derivative estimates

for T R,+
j can be obtained using similar arguments, together with the conditions (4.3), (4.4), and

(4.5). This concludes the proof of Proposition 4.7.
□

5. The L2 solution near ∞ for small |ξ|

In this section, we construct the Weyl-Titchmarsh matrix solutions to iLΨ±(r, z) = zΨ±(r, z)

for z = ±
√
17
8 + ξ ∈ Ω with |ξ| < δ0 ≪ 1. We denote Ψ+(r, z) ∈ L2((1,∞)), when Im(z) > 0,

and Ψ−(r, z) ∈ L2((1,∞)), when Im(z) < 0. Note that, whereas in Sections 3 and 4 the sym-
bol ± was used to distinguish the solutions corresponding to ±Re(z) > 0 in the construction
near r = 0, here the notation ± is instead employed to distinguish between the cases ±Im(z) > 0.

We seek to construct solutions Ψ±(r, z) so that as r → ∞ they have the same asymptotic
behavior as the solutions Ψ±

∞(r, z) ∈ L2((1,∞)) (up to normalizations) to

iL∞Ψ±
∞(r, z) = zΨ±

∞(r, z)

where

L∞ :=

(
0 L∞

1

−L∞
2 0

)
, L∞

1 = −1

2
∂2r +

1

8
, L∞

2 = (−1

2
∂2r +

17

8
)

5.1. Construction of Ψ±
∞(r, z) at infinity. Let Φ(r, z) =

(
ϕ(r, z)
ψ(r, z)

)
satisfying iL∞Φ(r, z) =

zΦ(r, z), that is, {
i L∞

1 ψ(r, z) = zϕ(r, z),

−i L∞
2 ϕ(r, z) = zψ(r, z).

Applying L∞
1 to −iL∞

2 ϕ(r, z) = z ψ(r, z), and using the first equation, we obtain the fourth-order
equation,

L∞
1 L

∞
2 ϕ(r, z) = z2ϕ(r, z)(5.1)

and the corresponding choice of ψ is determined by

ψ(r, z) =
−i
z
L∞
2 ϕ(r, z).

Plugging in the ansatz ϕ(r, z) = eik(z)r into equation (5.1), or equivalently into(
1

4
∂4r −

9

8
∂2r +

17

64
− z2

)
ϕ(r, z) = 0,

leads to the equation

P (k, z) : =
1

4
k4 +

9

8
k2 +

17

64
− z2 = 0, with k ≡ k(z)(5.2)

We now determine four analytic roots in a suitable domain in the complex plane. Observe that

∂kP (k, z) := k3 +
9

4
k = k(k2 +

9

4
).
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Therefore, P (k, z) = ∂kP (k, z) = 0 for

(z, k) ∈
{
(

√
17

8
, 0), (−

√
17

8
, 0), (i,

3

2
i), (i,−3

2
i), (−i, 3

2
i), (−i,−3

2
i)

}
It follows that by the implicit function theorem that for z /∈ (

√
17
8 ,−

√
17
8 , 32 i,−

3
2 i) the equation

(5.2), P (k, z) = 0, has four distinct roots, which we denote by kj(z), for j = 1, · · · , 4.

For all x ∈ (−
√
17
8 ,

√
17
8 ) define

f1(x) := i

√
9

4
− 2
√
1 + x2 ,

f2(x) := i

√
9

4
+ 2
√
1 + x2 ,

f3(x) := −i
√

9

4
− 2
√
1 + x2 ,

f4(x) := −i
√

9

4
+ 2
√
1 + x2 ,

where we use the convention that
√
x > 0, for x > 0. Then, we have P (fj(x), x) = 0, for all

x ∈ (−
√
17
8 ,

√
17
8 ), and j = 1, · · · , 4.

Define the simply-connected domain

Ω := C\

(
[i, i∞) ∪ (−i∞,−i] ∪ (−∞,−

√
17

8
) ∪ (

√
17

8
,∞)

)
For 1 ≤ j ≤ 4, we denote by kj(z) the analytic continuation of fj(x) to Ω, such that kj(x) =

fj(x) for x ∈ (−
√
17
8 ,

√
17
8 ).

Lemma 5.1. Let z = x+ iy ∈ Ω, then for x ∈ (−∞,−
√
17
8 ), we have

lim
y→0±

k1(x+ iy) = ∓
√
2

√√
x2 + 1− 9

8
, lim

y→0±
k3(x+ iy) = ±

√
2

√√
x2 + 1− 9

8
,

lim
y→0±

k2(x+ iy) = i
√
2

√√
x2 + 1 +

9

8
, lim

y→0±
k4(x+ iy) = −i

√
2

√√
x2 + 1 +

9

8

and for x ∈ (
√
17
8 ,∞), we have

lim
y→0±

k1(x+ iy) = ±
√
2

√√
x2 + 1− 9

8
, lim

y→0±
k3(x+ iy) = ∓

√
2

√√
x2 + 1− 9

8
,

lim
y→0±

k2(x+ iy) = i
√
2

√√
x2 + 1 +

9

8
, lim

y→0±
k4(x+ iy) = −i

√
2

√√
x2 + 1 +

9

8

Moreover, we have

Im(k1(z)) > 0 and Im(k2(z)) > 0 for all z ∈ Ω, with Im(z) > 0.(5.3)

Similarly, we have

Im(k1(z)) > 0 and Im(k2(z)) > 0 for all z ∈ Ω, with Im(z) < 0.(5.4)
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Proof. Let k1(z) : Ω −→ C be the analytic continuation of f1(x) to Ω, such that

k1(x) := f1(x) = i
√
2

√
9

8
−
√

1 + x2 = i
√
2

√(√
17
8 − x

)√(√
17
8 + x

)
√

9
8 +

√
1 + x2

, ∀x ∈ (−
√
17

8
,

√
17

8
).

Note that, there is no ambiguity in defining k1(x) for x ∈ (−
√
17
8 ,

√
17
8 ). We denote by g(z), h(z)

and m(z) the analytic continuation of g(x), h(x) and m(x) to Ω such that,

g(x) :=

√√
17

8
− x, h(x) :=

√√
17

8
+ x, m(x) :=

√
9

8
+
√

1 + x2, ∀x ∈ (−
√
17

8
,

√
17

8
).

For x ∈ (−∞,−
√
17
8 ), one can check that

lim
y→0±

g(x+ iy) =

√√
17

8
− x, lim

y→0±
h(x+ iy) = ±i

√
−
√
17

8
− x

Similarly, for x ∈ (
√
17
8 ,∞),

lim
y→0±

g(x+ iy) = ∓i

√
x−

√
17

8
, lim

y→0±
h(x+ iy) =

√√
17

8
+ x

Therefore, for x ∈ (−∞,−
√
17
8 ),

lim
y→0±

g(x+ iy)h(x+ iy) = ±i
√
x2 − 17

64

and for x ∈ (
√
17
8 ,∞), we have

lim
y→0±

g(x+ iy)h(x+ iy) = ∓i
√
x2 − 17

64

Next, observe that m(z) : Ω̃ → C, such that m(x) =
√

9
8 +

√
1 + x2 for x ∈ (−

√
17
8 ,

√
17
8 ) is

well defined, where

Ω̃ := C\ ([i, i∞) ∪ (−i∞,−i]) .

Indeed, if 9
8 +

√
1 + z2 /∈ (−∞, 0] then m(z) is well defined on Ω̃. If not, then

√
1 + z2 =

−(λ+ 9
8) < 0, for some λ > 0. Thus,

√
1 + z2 is real: Let z = x+ iy then

√
1 + z2 is real if and

only if xy = 0 and 1 + x2 − y2 > 0. If y = 0, then
√
1 + z2 =

√
1 + x2 > 0, and if x = 0 then√

1 + z2 =
√
1− y2 > 0, which is a contradiction in both cases. Therefore m(z) can be extended

analytically to Ω̃. One can also define m̃(z) : Ω̃ → C, such that m̃(x) =
√

9
8 +

√
1 + x2 for all

x ∈ R, which is well defined. Since m(z) and m̃(z) agree for x ∈ (−
√
17
8 ,

√
17
8 ), they must agree

on Ω̃. Therefore, for x ∈ (−∞,−
√
17
8 ), we have

lim
y→0±

k1(x+ iy) = i
√
2

±i
√
x2 − 17

64√√
x2 + 1 + 9

8

= ∓
√
2

√√
x2 + 1− 9

8
,

and for x ∈ (
√
17
8 ,∞), we have

lim
y→0±

k1(x+ iy) = i
√
2

∓i
√
x2 − 17

64√√
x2 + 1 + 9

8

= ±
√
2

√√
x2 + 1− 9

8
.
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Next, observe that f3(x) = −f1(x), then similarly to k1(z), one can obtain for x ∈ (−∞,−
√
17
8 )

lim
y→0±

k3(x+ iy) = ±
√
2

√√
x2 + 1− 9

8
,

and for x ∈ (
√
17
8 ,∞), we have

lim
y→0±

k3(x+ iy) = ∓
√
2

√√
x2 + 1− 9

8
.

Finally, notice that f2(x) = im(x), and f4(x) = −im(x). Therefore, for x ∈ (−∞,−
√
17
8 ) ∪

(
√
17
8 ,∞), k2(z) and k4(z) satisfy,

lim
y→0±

k2(x+ iy) = i

√√
x2 + 1 +

9

8

lim
y→0±

k4(x+ iy) = −i
√√

x2 + 1 +
9

8

It remains to prove (5.4) and (5.3). We begin with the case of positive imaginary part Im(z) > 0.
Let 0 < y < 1, then we have

k1(iy) = i

√
9

4
− 2
√
1− y2, k2(iy) = i

√
9

4
+ 2
√
1− y2.

Therefore, we obtain

Im(k1(iy)) > 0 and Im(k2(iy)) > 0.

Assume that there exists z0 ∈ Ω with Im(z0) > 0 such that say Im(k1(z0)) = 0. Then by (5.2),
we have

z20 =
1

2
k1(z0)

4 +
9

8
k1(z0)

2 +
17

64
> 0

which is impossible since Im(z0) > 0. Therefore Im(k1(z)) > 0 for all z ∈ Ω, with Im(z) > 0.
Similarly, we get Im(k2(z)) > 0 for all z ∈ Ω, with Im(z) > 0. The case of negative imaginary
part Im(z) < 0 can be handled in the same way. This concludes the proof of Lemma 5.1. □

Remark 5.2. Notice that f1(x) = f1(−x) = −f3(−x) = −f3(x) and f2(x) = f2(−x) =

−f4(x) = −f4(x) for x ∈ (−
√
17
8 ,

√
17
8 ). By analytic continuation, k1(z) = k1(−z) = −k3(−z) =

−k3(z) and k2(z) = k2(−z) = −k4(z) = −k4(z) for all z ∈ Ω. On the other hand, the
lemma shows that k±j (x) := limy→0± kj(x + iy), x ∈ R\(−

√
17
8 ,

√
17
8 ), j = 1, . . . , 4, satisfy

k±1 (x) = −k±1 (−x) = k±3 (−x) = −k±3 (x) and k±2 (x) = k±2 (−x) = −k±4 (x) = −k±4 (−x).
Note that once the distorted Fourier transform is constructed, after passing to the real line in

the spectral representation of the evolution etL from Lemma 2.7, the resulting integral is supported
over the region R \ (−

√
17
8 ,

√
17
8 ), which is excluded from Ω. For this reason, the limits k±j (x) will

play a central role in the later parts of this work.

Recall that, for ϕ(r, z) = eik(z)r to be square integrable near infinity we need Im(z) > 0. Then
in view of view of Lemma 5.1, we obtain the Weyl-Titchmarsh matrix solutions of the reference
operator L∞ :

Ψ+
∞(r, z) :=

(
Ψ+
(∞,1)(r, z) Ψ+

(∞,2)(r, z)
)
=

(
eik1(z)r eik2(z)r

c1(z)e
ik1(z)r c2(z)e

ik2(z)r

)
Im(z) > 0,

and

Ψ−
∞(r, z) :=

(
Ψ−
(∞,1)(r, z) Ψ−

(∞,2)(r, z)
)
=

(
eik1(z)r eik2(z)r

c1(z)e
ik1(z)r c2(z)e

ik2(z)r

)
Im(z) < 0,
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where,

cj(z) = c(kj(z), z) := −i
(12kj(z)

2 + 17
8 )

z
for j = 1, 2..

Note that, cj(−z) = −cj(z).

We also record the two other solutions,

Ψ̃+
∞(r, z) :=

(
Ψ+
(∞,3)(r, z) Ψ+

(∞,4)(r, z)
)
=

(
e−ik1(z)r e−ik2(z)r

c1(z)e
−ik1(z)r c2(z)e

−ik2(z)r

)
Im(z) > 0,

and

Ψ̃−
∞(r, z) :=

(
Ψ−
(∞,3)(r, z) Ψ−

(∞,4)(r, z)
)
=

(
e−ik1(z)r e−ik2(z)r

c1(z)e
−ik1(z)r c2(z)e

−ik2(z)r

)
Im(z) < 0.

5.2. Construction of Ψ+(r, z) for small |ξ|. We start with the construction of the fundamental
matrix solutions Ψ+(·, z) ∈ L2(1,∞) and Ψ̃+(·, z) /∈ L2(1,∞) to

(5.5) iLΨ+(·, z) = zΨ+(·, z), for z ∈ Ω and Im(z) > 0

equivalently,
i(L∞ − z)Ψ+(r, z) = V (r)Ψ+(r, z)

where

V (r) =

(
0 3

8 sh(r)2
+ V1(r)

−( 3
8 sh(r)2

+ V2(r)) 0

)
.

Remark 5.3. Recall that the potentials V1(r) and V2(r) decay exponentially. Consequently, for
large r, we have

(5.6) Vj(r) = O(e−2r), for j = 1, 2.

This specific choice of the exponential decay rate e−2r is made to align with the decay behavior
of the potential VGP , as seen in the asymptotic expansion of ρ(r) near infinity in (1.7).

We define the Green’s functions as

R+
1 (r, s, z) : = Ψ+

∞(r, z)S1(s, z)1{r∞≤s≤r} + Ψ̃+
∞(r, z)T1(s, z)1{r≤s≤∞}

R+
2 (r, s, z) : = Ψ+

∞(r, z)S2(s, z)1{r≤s≤∞} + Ψ̃+
∞(r, z)T2(s, z)1{r≤s≤∞}

R+
3 (r, s, z) : = Ψ+

∞(r, z)S3(s, z)1{r∞≤s≤r} + Ψ̃+
∞(r, z)T3(s, z)1{r∞≤s≤r}

where we require the matrices S1(r, z) and T1(r, z) for R+
1 to satisfy(

Ψ+
∞(r, z) Ψ̃+

∞(r, z)

∂rΨ
+
∞(r, z) ∂rΨ̃

+
∞(r, z)

)(
S1(r, z)
−T1(r, z)

)
=

(
0
σ2

)
(5.7)

and we require the matrices S2(r, z) and T2(r, z) for R+
2 to satisfy(

Ψ+
∞(r, z) Ψ̃+

∞(r, z)

∂rΨ
+
∞(r, z) ∂rΨ̃

+
∞(r, z)

)(
−S2(r, z)
−T2(r, z)

)
=

(
0
σ2

)
(5.8)

and we require the matrices S3(r, z) and T3(r, z) for R+
2 to satisfy(

Ψ+
∞(r, z) Ψ̃+

∞(r, z)

∂rΨ
+
∞(r, z) ∂rΨ̃

+
∞(r, z)

)(
S3(r, z)
T3(r, z)

)
=

(
0
σ2

)
(5.9)
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Denote by

Ψ±(r, z) =
[
Ψ±

1 (r, z) Ψ±
2 (r, z)

]
and Ψ̃±(r, z) =

[
Ψ±

3 (r, z) Ψ±
4 (r, z)

]
and

Υi(r, z,Ψj(r, z)) :=

∫ ∞

0
R+

i (r, s, z)V (s)Ψj(s, z)ds for i = 1, 2, 3 and j = 1, · · · , 4,

where Ψj(r, z) is the j-th column of the matrix Ψ(r, z).

Then the solutions to

iLΨ+(·, z) = zΨ+(·, z), for z ∈ Ω and Im(z) > 0

for both scenarios, z near
√
17
8 (i.e., z =

√
17
8 + ξ) and z near −

√
17
8 (i.e., z = −

√
17
8 + ξ) is given

by the fixed point problems

Ψ+(r, z) := Ψ+
∞(r, z) + T1(r, z,Ψ

+(r, z)),(5.10)

and

Ψ̃+(r, z) := Ψ̃+
∞(r, z) + T2(r, z, Ψ̃

+(r, z)),(5.11)

where,

T1(r, z,Ψ
+(r, z)) := Υ1(r, z,Ψ

+
1 (r, z)) + Υ2(r, z,Ψ

+
2 (r, z))

=

∫ ∞

0
R+

1 (r, s, z)V (s)Ψ+
1 (s, z)ds+

∫ ∞

0
R+

2 (r, s, z)V (s)Ψ+
2 (s, z)ds,

(5.12)

T2(r, z, Ψ̃
+(r, z)) := Υ1(r, z, Ψ̃

+
1 (r, z)) + Υ3(r, z, Ψ̃

+
2 (r, z))

=

∫ ∞

0
R+

1 (r, s, z)V (s)Ψ̃+
1 (s, z)ds+

∫ ∞

0
R+

3 (r, s, z)V (s)Ψ̃+
2 (s, z)ds.

(5.13)

In order to compute Si(r, z) and Ti(r, z), we first need to invert the matrix defined above. To
do this, we begin by computing the Wronskians between Ψ+

∞(·, z) and Ψ̃−
∞(·, z)).

Lemma 5.4. Let D±(z) :=W (Ψ±
∞(·, z), Ψ̃±

∞(·, z)). Then

D±(z) =

δ(z) 0

0 α(z)

 and (D±)−1 = (D±)−t =


1

δ(z) 0

0 1
α(z)

 :=

D1(z) 0

0 D2(z)


where

δ(z) := −2ik1(z)(1− c1(z)
2), α(z) := −2ik2(z)(1− c2(z)

2)

c1(z) = −i
(12k1(z)

2 + 17
8 )

z
, c2(z) = −i

(12k2(z)
2 + 17

8 )

z
.

Proof. We focus on computing D+(z); the expression for D−(z) then follows directly from the
definition of Ψ− and Ψ̃−. Let

D+(z) =

(
δ(z) γ(z)
β(z) α(z)

)
where

δ(z) =W (Ψ+
(∞,1)(·, z),Ψ

+
(∞,3)(·, z)) =W (

(
eik1(z)r

−i( 1
2
k1(z)2+

17
8
)

z eik1(z)r

)
,

(
e−ik1(z)r

−i( 1
2
k1(z)2+

17
8
)

z e−ik1(z)r

)
)
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=<

(
eik1(z)r

−i( 1
2
k1(z)2+

17
8
)

z eik1(z)r

)
,

(
−ik1(z)e−ik1(z)r

k1(z)(
1
2
k1(z)2+

17
8
)

z e−ik1(z)r

)
) >

− <

(
ik1(z)e

ik1(z)r

k1(z)(
1
2
k1(z)2+

17
8
)

z eik1(z)r

)
,

(
e−ik1(z)r

i( 1
2
k1(z)2+

17
8
)

z e−ik1(z)r

)
>

= −2ik1(z)

(
1 +

(12k1(z)
2 + 17

8 )
2

z2

)

γ(z) =W (Ψ+
(∞,1)(·, z),Ψ

+
(∞,4)(·, z)) =W (

(
eik1(z)r

−i( 1
2
k1(z)2+

17
8
)

z eik1(z)r

)
,

(
e−ik2(z)r

−i( 1
2
k2(z)2+

17
8
)

z e−ik2(z)r

)
)

= −i(k2(z) + k1(z))

(
1 +

(12k1(z)
2 + 17

8 )

z

(12k2(z)
2 + 17

8 )

z

)
ei(k1(z)−k2(z))r = 0,

which follows directly from the definitions of k1(z) and k2(z).

β(z) =W (Ψ+
(∞,2)(·, z),Ψ

+
(∞,3)(·, z)) =W (

(
eik2(z)r

−i( 1
2
k2(z)2+

17
8
)

z eik2(z)r

)
,

(
e−ik1(z)r

−i( 1
2
k1(z)2+

17
8
)

z e−ik1(z)r

)
)

= −i(k2(z) + k1(z))

(
1 +

(12k1(z)
2 + 17

8 )

z

(12k2(z)
2 + 17

8 )

z

)
ei(k2(z)−k1(z))r = 0

which follows by a straightforward computation from the definitions of k1(z) and k2(z).

α(z) =W (Ψ+
(∞,2)(·, z),Ψ

+
(∞,4)(·, z)) =W (

(
eik2(z)r

−i( 1
2
k2(z)2+

17
8
)

z eik2(z)r

)
,

(
e−ik2(z)r

−i( 1
2
k2(z)2+

17
8
)

z e−ik2(z)r

)
)

= −2ik2(z)

(
1 +

(12k2(z)
2 + 17

8 )
2

z2

)
.

(D+(z))−1 =
1

δ(z)α(z)

α(z) 0

0 δ(z)

 =


1

δ(z) 0

0 1
α(z)

 :=

D1(z) 0

0 D2(z)


□

Remark 5.5. In the following two scenarios we write the asymptotics for D±
1 and D±

2 :

• Let z =
√
17
8 + ξ, for small ξ. We have |k1(z)| ≃

√
|ξ|, and k2(z) = i 3√

2
+ O(|ξ|) This

implies, c1(z) = −i
√
17 + O(|ξ|) and c2(z) = i 1√

17
+ O(|ξ|). Therefore, |D±

1 (z)| ≃ 1√
|ξ|

and |D±
2 (z)| ≃ 1

• Let z = −
√
17
8 + ξ, for small ξ. We have |k1(z)| ≃

√
|ξ|, and k2(z) = i 3√

2
+ O(|ξ|) This

implies, c1(z) = −i
√
17 + O(|ξ|) and c2(z) = i 1√

17
+ O(|ξ|). Therefore, |D±

1 (z)| ≃ 1√
|ξ|

and |D±
2 (z)| ≃ 1

Next, we compute Si(r, z) and Ti(r, z), using Lemma 3.1 and Lemma 5.4.

Claim 5.6. We have,{
S1(r, z) = −(D+(z))−t Ψ̃+

∞(r, z)tσ3σ2

T1(r, z) = −(D+(z))−1 Ψ+
∞(r, z)tσ3σ2

{
S2(r, z) = (D+(z))−t Ψ̃+

∞(r, z)tσ3σ2

T2(r, z) = −(D+(z))−1 Ψ+
∞(r, z)tσ3σ2
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S3(r, z) = −(D+(z))−t Ψ̃+

∞(r, z)tσ3σ2

T3(r, z) = (D+(z))−1 Ψ+
∞(r, z)tσ3σ2

and

R+
1 (r, s, z) : =


iΨ+

∞(r, z)(D+(z))−t Ψ̃+
∞(s, z)tσ1, r∞ ≤ s ≤ r,

iΨ̃+
∞(r, z)(D+(z))−1 Ψ+

∞(s, z)tσ1, r ≤ s ≤ ∞.

R+
2 (r, s, z) : =


−iΨ+

∞(r, z)(D+(z))−t Ψ̃+
∞(s, z)tσ1, r ≤ s ≤ ∞,

iΨ̃+
∞(r, z)(D+(z))−1 Ψ+

∞(s, z)tσ1, r ≤ s ≤ ∞.

R+
3 (r, s, z) : =


iΨ+

∞(r, z)(D+(z))−t Ψ̃+
∞(s, z)tσ1, r∞ ≤ s ≤ r,

−iΨ̃+
∞(r, z)(D+(z))−1 Ψ+

∞(s, z)tσ1, r∞ ≤ s ≤ r.

Proof. Using (5.7) and Lemma 3.1, we obtain

(
S1(r, z)
−T1(r, z)

)
=

(
Ψ+
∞(r, z) Ψ̃+

∞(r, z)

∂rΨ
+
∞(r, z) ∂rΨ̃

+
∞(r, z)

)−1(
0
σ2

)
=

(
(D+(z))−t 0

0 (D+(z))−1

)(
0 −I
I 0

)(
Ψ+
∞(r, z)t ∂rΨ

+
∞(r, z)t

Ψ̃+
∞(r, z)t ∂rΨ̃

+
∞(r, z)t

)(
0 σ3

−σ3 0

)(
0
σ2

)

=

−(D+(z))−t Ψ̃+
∞(r, z)tσ3σ2

(D+(z))−1 Ψ+
∞(r, z)tσ3σ2


Similarly, using (5.8), (5.9) and Lemma 3.1, we obtain{

S2(r, z) = (D+(z))−t Ψ̃+
∞(r, z)tσ3σ2

T2(r, z) = −(D+(z))−1 Ψ+
∞(r, z)tσ3σ2

,

{
S3(r, z) = −(D+(z))−t Ψ̃+

∞(r, z)tσ3σ2

T3(r, z) = (D+(z))−1 Ψ+
∞(r, z)tσ3σ2

Using the fact that σ3σ2 = −iσ1, we obtain the desired formula for R+
j (r, s), for j = 1, 2, 3. □

Next, we prove the existence of the solutions to (5.5) as defined in (5.10) and (5.11). This is
achieved by showing that the associated integral operators, defined in (5.12) and (5.13) define a
contraction on the following suitable function spaces.

Definition 5.7. Let F =
[
F1 F2

]
, where Fi are the columns of F and let r∞ be a fixed number:

∥F∥B1
:= sup

r≥r∞

|e−ik1(z)rF1(r)|+ sup
r≥r∞

|e−ik2(z)rF2(r)|

∥F∥B2
:= sup

r≥r∞

|eik1(z)rF1(r)|+ sup
r≥r∞

|eik2(z)rF2(r)|

∥F∥B′
1
:= sup

r≥r∞

1

|k1(z)|
|e−ik1(z)rF1(r)|+ sup

r≥r∞

1

|k2(z)|
|e−ik2(z)rF2(r)|

∥F∥B′
2
:= sup

r≥r∞

1

|k1(z)|
|eik1(z)rF1(r)|+ sup

r≥r∞

1

|k2(z)|
|eik2(z)rF2(r)|

Note that throughout the rest of the paper, we fix small constants δ0 ≪ ε∞ ≪ 1 such that
1√
δ0
e

−2ε0√
δ0 ≪ ε∞.
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Proposition 5.8. Let 0 < |ξ| ≤ δ0 < 1, and r∞ := 1
2 log(

1

ε∞
√

|ξ|
).

Then Tj is a contraction on Bj , for j = 1, 2, i.e.,

∥Tj(Ψ(·, z))∥Bj ≲ ε∞ ∥Ψ(·, z)∥Bj
.

Moreover, with Ψ+(·, z) and Ψ̃+(·, z) denoting the solutions to the fixed point problems (5.10)
and (5.11), we have

∥T1(Ψ+(·, z))∥B1 + ∥T2(Ψ̃+(·, z))∥B2 + ∥∂rT1(Ψ+(·, z))∥B′
1
+ ∥∂rT2(Ψ̃+(·, z))∥B′

2
≲ ε∞.

Proof. We provide the proof that Tj is a contraction on Bj , and the corresponding estimate for
the derivative follows similarly by applying the same argument with the necessary conditions
(5.7),(5.8) and (5.9).

Recall that

T1(r, z,Ψ
+(r, z)) := Υ1(r, z,Ψ

+
1 (r, z)) + Υ2(r, z,Ψ

+
2 (r, z))

=

∫ ∞

0
R+

1 (r, s, z)V (s)Ψ+
1 (s, z)ds+

∫ ∞

0
R+

2 (r, s, z)V (s)Ψ+
2 (s, z)ds,

T2(r, z, Ψ̃
+(r, z)) := Υ1(r, z, Ψ̃

+
1 (r, z)) + Υ3(r, z, Ψ̃

+
2 (r, z))

=

∫ ∞

0
R+

1 (r, s, z)V (s)Ψ̃+
1 (s, z)ds+

∫ ∞

0
R+

3 (r, s, z)V (s)Ψ̃+
2 (s, z)ds.

Therefore, we limit our attention to deriving the estimates for Υ+
j , since the corresponding

bounds for Tj can be deduced directly from them.

Claim 5.9.

sup
r≥r∞

|e−ik1(z)rΥ1(r, z,Ψ
+
1 (r, z))| ≲

1√
ξ
e− 2r∞ sup

r≥r∞

|e−ik1(z)rΨ+
1 (r, z)|(5.14)

sup
r≥r∞

|e−ik2(z)rΥ2(r, z,Ψ
+
2 (r, z))| ≲

1√
ξ
e−2r∞ sup

r≥r∞

|e−ik2(z)rΨ+
2 (r, z)|(5.15)

Proof. First, we estimate Υ1(r, z,Ψ
+
1 (r, z)). We have

Υ1(r, z,Ψ
+
1 (r, z)) :=

∫ ∞

0
R+

1 (r, s, z)V (s)Ψ+
1 (s, z)ds

=

∫ r

r∞

iΨ+
∞(r, z)(D+(z))−t Ψ̃+

∞(s, z)tσ1V (s)Ψ+
1 (s, z)ds

+

∫ ∞

r
iΨ̃+

∞(r, z)(D+(z))−1 Ψ+
∞(s, z)tσ1V (s)Ψ+

1 (s, z)ds

= i

∫ r

r∞

(
D+

1 (z)Ψ
+
(∞,1)(r, z)Ψ

+
(∞,3)(s, z)

t +D+
2 (z)Ψ

+
(∞,2)(r, z)Ψ

+
(∞,4)(s, z)

t

)
× σ1V (s)Ψ+

1 (s, z)ds+ i

∫ ∞

r

(
D+

1 (z)Ψ
+
(∞,3)(r, z)Ψ

+
(∞,1)(s, z)

t

+D+
2 (z)Ψ

+
(∞,4)(r, z)Ψ

+
(∞,2)(s, z)

t

)
× σ1V (s)Ψ+

1 (s, z)ds

= iM+
1 (z)e

ik1(z)r

∫ r

r∞

e−ik1(z)sV (s)Ψ+
1 (s, z)ds

+ iM+
2 (z)e

ik2(z)r

∫ r

r∞

e−ik2(z)sV (s)Ψ+
1 (s, z)ds

+ iM+
1 (z)e

−ik1(z)r

∫ ∞

r
eik1(z)sV (s)Ψ+

1 (s, z)ds
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+ iM+
2 (z)e

−ik2(z)r

∫ ∞

r
eik2(z)sV (s)Ψ+

1 (s, z)ds

Where

M+
1 (z) : =

(
D+

1 (z)c1(z) D+
1 (z)

D+
1 (z)(c1(z))

2 D+
1 (z)c1(z)

)
and M+

2 (z) :=

(
D+

2 (z)c2(z) D+
2 (z)

D+
2 (z)(c2(z))

2 D+
2 (z)c2(z)

)
By remark 5.5, one can see that in both scenarios for small ξ we have |M+

1 (z)| = O( 1√
|ξ|
) and

|M+
2 (z)| = O(1). Recall that, V (s) = O(e−2s). Thus, we have

Υ1(r, z,Ψ
+
1 (r, z)) = iM+

1 (z)e
ik1(z)r

∫ r

r∞

e−ik1(z)sO(e−2s)Ψ+
1 (s, z)ds

+ iM+
1 (z)e

−ik1(z)r

∫ ∞

r
eik1(z)sO(e−2s)Ψ+

1 (s, z)ds

+ iM+
2 (z)e

ik2(z)r

∫ r

r∞

e−ik2(z)sO(e−2s)Ψ+
1 (s, z)ds

+ iM+
2 (z)e

−ik2(z)r

∫ ∞

r
eik2(z)sO(e−2s)Ψ+

1 (s, z)ds

(5.16)

Υ1(r, z,Ψ
+
1 (r, z)) ≲ M+

1 (z)e
ik1(z)re−2r∞ sup

r≥r∞

|e−ik1(z)rΨ+
1 (r, z)|

+M+
1 (z)e

ik1(z)re−2r sup
r≥r∞

|e−ik1(z)rΨ+
1 (r, z)|

+M+
2 (z)e

ik1(z)re−2r sup
r≥r∞

|e−ik1(z)rΨ+
1 (r, z)|

+M+
2 (z)e

ik1(z)re−2r sup
r≥r∞

|e−ik1(z)rΨ+
1 (r, z)|

which yields

sup
r≥r∞

|e−ik1(z)rΥ1(r, z,Ψ
+
1 (r, z))| ≲

1√
|ξ|
e− 2r∞ sup

r≥r∞

|e−ik1(z)rΨ+
1 (r, z)|

Next, we estimate Υ2(r, z,Ψ
+
2 (r, z)). Similarly, to the estimate for Υ1(r, z,Ψ

+
1 (r, z)) we have

Υ2(r, z,Ψ
+
2 (r, z)) :=

∫ ∞

0
R+

2 (r, s, z)V (s)Ψ+
2 (s, z)ds

=

∫ ∞

r
−iΨ+

∞(r, z)(D+(z))−t Ψ̃+
∞(s, z)tσ1V (s)Ψ+

2 (s, z)ds

+

∫ ∞

r
iΨ̃+

∞(r, z)(D+(z))−1 Ψ+
∞(s, z)tσ1V (s)Ψ+

2 (s, z)ds

= −iM+
1 (z)e

ik1(z)r

∫ ∞

r
e−ik1(z)sV (s)Ψ+

2 (s, z)ds

− iM+
2 (z)e

ik2(z)r

∫ ∞

r
e−ik2(z)sV (s)Ψ+

2 (s, z)ds

+ iM+
1 (z)e

−ik1(z)r

∫ ∞

r
eik1(z)sV (s)Ψ+

2 (s, z)ds

+ iM+
2 (z)e

−ik2(z)r

∫ ∞

r
eik2(z)sV (s)Ψ+

2 (s, z)ds

= −iM+
1 (z)e

ik1(z)r

∫ ∞

r
e−ik1(z)sO(e−2s)Ψ+

2 (s, z)ds
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+ iM+
1 (z)e

−ik1(z)r

∫ ∞

r
eik1(z)sO(e−2s)Ψ+

2 (s, z)ds

− iM+
2 (z)e

ik2(z)r

∫ ∞

r
e−ik2(z)sO(e−2s)Ψ+

2 (s, z)ds

+ iM+
2 (z)e

−ik2(z)r

∫ ∞

r
eik2(z)sO(e−2s)Ψ+

2 (s, z)ds

Thus,

|Υ2(r, z,Ψ
+
2 (r, z)) ≲ M+

1 (z)e
ik2(z)re−2r sup

r≥r∞

|e−ik2(z)rΨ+
2 (r, z)|

+M+
1 (z)e

ik2(z)re−2r sup
r≥r∞

|e−ik2(z)rΨ+
2 (r, z)|

+M+
2 (z)e

ik2(z)re−2r sup
r≥r∞

|e−ik2(z)rΨ+
2 (r, z)|

+M+
2 (z)e

ik2(z)re−2r sup
r≥r∞

|e−ik2(z)rΨ+
2 (r, z)|

(5.17)

which yields

sup
r≥r∞

|e−ik2(z)rΥ2(r, z,Ψ
+
2 (r, z))| ≲

1√
|ξ|
e−2r∞ sup

r≥r∞

|e−ik2(z)rΨ+
2 (r, z)|

□

Claim 5.10.

sup
r≥r∞

|eik1(z)rΥ1(r, z,Ψ
+
3 (r, z))| ≲

1√
|ξ|
e− 2r∞ sup

r≥r∞

|eik1(z)rΨ+
3 (r, z)|(5.18)

sup
r≥r∞

|eik2(z)rΥ3(r, z,Ψ
+
4 (r, z))| ≲

1√
|ξ|
e− 2r∞ sup

r≥r∞

|eik2(z)rΨ+
4 (r, z)|(5.19)

Proof. Next we estimate Υ1(r, z,Ψ
+
3 (r, z)) the first column of T2(r, z, Ψ̃+(r, z)). Similarly to the

estimate for Υ1(r, z, Ψ̃
+
1 (r, z)), we have

Υ1(r, z,Ψ
+
3 (r, z)) =

∫ ∞

0
R+

1 (r, s, z)V (s)Ψ+
3 (s, z)ds

= iM+
1 (z)e

ik1(z)r

∫ r

r∞

e−ik1(z)sO(e−2s)Ψ+
3 (s, z)ds

+ iM+
1 (z)e

−ik1(z)r

∫ ∞

r
eik1(z)sO(e−2s)Ψ+

3 (s, z)ds

+ iM+
2 (z)e

ik2(z)r

∫ r

r∞

e−ik2(z)sO(e−2s)Ψ+
3 (s, z)ds

+ iM+
2 (z)e

−ik2(z)r

∫ ∞

r
eik2(z)sO(e−2s)Ψ+

3 (s, z)ds

≲ M+
1 (z)e

ik1(z)re−2r∞e−2ik1(z)r∞ sup
r≥r∞

|eik1(z)rΨ+
3 (r, z)|

+M+
1 (z)e

−ik1(z)re−2r sup
r≥r∞

|eik1(z)rΨ+
3 (r, z)|

+M+
2 (z)e

−ik1(z)re−2r sup
r≥r∞

|eik1(z)rΨ+
3 (r, z)|

+M+
2 (z)e

−ik1(z)re−2r sup
r≥r∞

|eik1(z)rΨ+
3 (r, z)|
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which yields,

eik1(z)rΥ1(r, z,Ψ
+
3 (r, z)) ≲

1√
|ξ|
e2ik1(z)(r−r∞)e−2r∞ sup

r≥r∞

|eik1(z)rΨ+
3 (r, z)|

+
1√
|ξ|
e−2r∞ sup

r≥r∞

|eik1(z)rΨ+
3 (r, z)|

+ e−2r∞ sup
r≥r∞

|eik1(z)rΨ+
3 (r, z)|

+ e−2r∞ sup
r≥r∞

|eik1(z)rΨ+
3 (r, z)|

Recall that Im(k1(z)) > 0, for z ∈ Ω, with Im(z) > 0. Then

sup
r≥r∞

|eik1(z)rΥ1(r, z,Ψ
+
3 (r, z))| ≲

1√
|ξ|
e− 2r∞ sup

r≥r∞

|eik1(z)rΨ+
3 (r, z)|

Next, we estimate Υ3(r, z,Ψ
+
4 (r, z)), the second column of T2(r, z, Ψ̃+(r, z)). We have

Υ3(r, z,Ψ
+
4 (r, z)) :=

∫ ∞

0
R+

3 (r, s, z)V (s)Ψ+
4 (s, z)ds

=

∫ r

r∞

iΨ+
∞(r, z)(D+(z))−t Ψ̃+

∞(s, z)tσ1V (s)Ψ+
4 (s, z)ds

−
∫ r

r∞

iΨ̃+
∞(r, z)(D+(z))−1 Ψ+

∞(s, z)tσ1V (s)Ψ+
4 (s, z)ds

= iM+
1 (z)e

ik1(z)r

∫ r

r∞

e−ik1(z)sO(e−2s)Ψ+
4 (s, z)ds

− iM+
1 (z)e

−ik1(z)r

∫ r

r∞

eik1(z)sO(e−2s)Ψ+
4 (s, z)ds

+ iM+
2 (z)e

ik2(z)r

∫ r

r∞

e−ik2(z)sO(e−2s)Ψ+
4 (s, z)ds

− iM+
2 (z)e

−ik2(z)r

∫ r

r∞

eik2(z)sO(e−2s)Ψ+
4 (s, z)ds

≲ M+
1 (z)e

−ik2(z)re−2r sup
r≥r∞

|eik2(z)rΨ+
4 (r, z)|

+M+
1 (z)e

−ik2(z)re−2r sup
r≥r∞

|eik2(z)rΨ+
4 (r, z)|

+M+
2 (z)e

−ik2(z)re−2r sup
r≥r∞

|eik2(z)rΨ+
4 (r, z)|

+M+
2 (z)e

−ik2(z)re−2r sup
r≥r∞

|eik2(z)rΨ+
4 (r, z)|

which yields,

sup
r≥r∞

|eik2(z)rΥ3(r, z,Ψ
+
4 (r, z))| ≲

1√
|ξ|
e− 2r∞ sup

r≥r∞

|eik2(z)rΨ+
4 (r, z)|

□

Using Claim 5.9, we deduce that∥∥T1(·, z,Ψ+(·, z))
∥∥
B1

≲
1√
|ξ|
e−2r∞

∥∥Ψ+(·, z)
∥∥
B1
.
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Let ε∞ := 1√
|ξ|
e−2r∞ . Therefore, T1 is a contraction on B1. Similarly, by Claim 5.10, we deduce

that ∥∥∥T2(·, z, Ψ̃+(·, z))
∥∥∥
B2

≲ ε∞

∥∥∥Ψ̃+(·, z)
∥∥∥
B2

.

and T2 is a contraction on B2. The estimates for the derivatives can be obtained using the similar
argument with conditions (5.7),(5.8) and (5.9). This concludes the proof of Proposition 5.8. □

5.3. Construction of Ψ−(·, z) for small |ξ|. The construction of Ψ−(r, z) ∈ L2((1,∞)) when
Im(z) < 0, is very similar to one for Ψ+(r, z) and can be obtained directly from Ψ+(r, z) by
symmetry. Recall that, for z ∈ Ω with Im(z) < 0, we have

Ψ−
∞(r, z) =

 eik1(z)r eik2(z)r

c1(z)e
ik1(z)r c2(z)e

ik2(z)r

 , Ψ̃−
∞(r, z) =

 e−ik1(z)r e−ik2(z)r

c1(z)e
−ik1(z)r c2(z)e

−ik2(z)r


We seek to construct a fundamental matrix solutions Ψ−(·, z) ∈ L2(1,∞) and Ψ̃−(·, z) /∈

L2(1,∞) to

(5.20) iLΨ−(·, z) = zΨ−(·, z), for z ∈ Ω and Im(z) < 0

By Lemma 5.1 we have k1(z) = k1(−z), k2(z) = k2(−z), for Im(z) < 0, and c1(−z) = −c1(z).
Thus, we define

Ψ−
∞(r, z) = σ3Ψ

+
∞(r,−z) and Ψ̃−

∞(r, z) = σ3Ψ̃
+
∞(r,−z).(5.21)

Note that Ψ−
∞ and Ψ̃−

∞ satisfy the equation iL∞Ψ(r, z) = zΨ(r, z). Therefore, we define two
solutions to iLΨ(r, z) = zΨ(r, z) for z ∈ Ω with Im(z) < 0 by,

Ψ−(r, z) := σ3Ψ
+(r,−z) and Ψ̃−(r, z) := σ3Ψ̃

+(r,−z)(5.22)

Thus it follows from Proposition 5.8 that

∥T1(Ψ−(·, z))∥B1 + ∥T2(Ψ̃−(·, z))∥B2 + ∥∂rT1(Ψ−(·, z))∥B′
1
+ ∥∂rT2(Ψ̃−(·, z))∥B′

2
≲ ε∞.

6. The L2 solution near ∞ for large |ξ|

In this section, we establish the existence of the Weyl-Titchmarsh matrix solutions for large
|ξ|, (i.e., large real part and small imaginary part) to

iLΨ±(r, z) = zΨ±(r, z),

for z = ±
√
17
8 + ξ ∈ Ω with 1 < Λ0 < |ξ|, and Λ0 ≫ 1, equivalently,

(6.1) i(LE − z)Ψ(r, z) = VE(r)Ψ(r, z)

where Ψ+(r, z) ∈ L2((1,∞)), when Im(z) > 0, and Ψ−(r, z) ∈ L2((1,∞)), when Im(z) < 0,

LE :=

(
0 LE

1

−LE
2 0

)
, LE

1 :=
1

2
LE
0 +

1

8
, LE

2 :=
1

2
LE
0 +

17

8
, LE

0 := −∂2r +
3

4r2
,

and

VE(r) :=

(
0 3

8(
1
r2

− 1
sh(r)2

) + V1(r)

−(38(
1
r2

− 1
sh(r)2

) + V2(r)) 0

)
.(6.2)

The key observation is that our analysis relies on the fact that, in the large energy regime, the
Euclidean operator LE provides a good approximation to the operator L on H2.

We seek to construct solutions Ψ±(r, z) so that it behaves asymptotically as r → ∞ like the
solutions Ψ±

E(r, z) ∈ L2((1,∞)) to

iLEΨ
±
E(r, z) = zΨ±

E(r, z).
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6.1. Bessel functions and Stokes phenomenon. The aim of this subsection is to recall key
properties of the Jost solutions associated with the scalar Bessel operator LE

0 := −∂2r + 3
4r2
. We

consider the differential equation

−h′′(z) + 3

4z2
h(z) = h(z)(6.3)

whose fundamental system consists of the modified Hankel functions of the second kind:
{
√
zH

(1)
1 (z),

√
zH

(1)
2 (z)} as a fundamental system. Our objective is to establish uniform asymp-

totic estimates for these functions in the closed upper half-plane.

Lemma 6.1. The equation

(6.4) −h′′(z) + 3

4z2
h(z) = h(z)

admits a holomorphic fundamental system {h+(z), h−(z)} in the upper half-plane Im(z) > 0.
The recessive branch h+(z) satisfies

(6.5)
h+(z) ∼ eiz as |z| → ∞∣∣e−izh+(z)

∣∣ ≲ 1,
∣∣z2(e−izh+(z))

′∣∣ ≲ 1,
∣∣z3(e−izh+(z))

′′∣∣ ≲ 1,

uniformly in z ∈ Ω+ := {z ∈ C : Imz ≥ 0, |z| ≥ 1}. The dominant branch satisfies

(6.6)
h−(z) ∼ e−iz as |z| → ∞∣∣eizh−(z)∣∣ ≤ C, |eizh′−(z)| ≤ C,

∣∣z2(eizh−(z))′∣∣ ≤ Cδ

uniformly in
z ∈ Ω+,δ := {z ∈ C : Im(z) ≥ 0, |z| ≥ 1, Im(z) ≥ −δRe(z)}

where δ ∈ (0, 1) is arbitrary but fixed. Here C is an absolute constant, while Cδ → ∞ as δ → 0.
In fact,

(6.7) h−(x) ∼ e−ix + 2ieix as x→ −∞
An analogous statement holds in the lower half-plane.

Proof. First, we consider a solution in the form h−(z) := e−izz
3
2 g(z). Plugging this onto the

equation (6.3), we have

g′′(z) + (
3

z
− 2i)g′ − 3i

z
g = 0(6.8)

To solve this ODE in the right half-plane Re(z) > 0, we employ the Laplace transform

g(z) =

∫ ∞

0
F (p)e−pzdp.

Substituting this into (6.8) and using integration by parts, one can see that F satisfies

p(p+ 2i)F (p)− 3

∫ p

0
F (q)qdq − 3i

∫ p

0
F (q)dq = 0

Differentiating, we obtain a first-order ODE for F , whose solution is given by

F (p) = C0

√
p(p+ 2i),

for some complex C0 ̸= 0. Therefore, we obtain a dominant branch h−(z) in Re(z) > 0 of the
form

h−(z) = C0e
−izz

3
2

∫ ∞

0
e−pz

√
p(p+ 2i)dp.

The remainder of the proof is very similar to [50, Lemma 4.2] and we will be brief. Matching the
asymptotics of the integral above with the desired h−(z) ∼ e−iz we get C0 := e−iπ

4

√
2√
π
. Using the

Residue theorem, we can shift the p-contour to e−iθ(0,∞) for 0 ≤ θ < π
2 . Note that the circular
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arcs vanishes. Therefore, we analytically extend h−(z) to Re(e−iθz) > 0. Moreover, using change
of variables we obtain for z ∈ Ω+,δ

h−(z) = C0e
−iz

∫
eiβ(0,∞)

e−t

√
t(2i+

t

z
)dt,

provided 0 < β < π
2 is sufficiently close to π

2 . In order to compute limy→0+ h−(x+ iy) for x < −1,
we rotate the p-contour further to the negative half-axis in the clockwise orientation, i.e., to
γ := e−i(π−δ)(0,∞), with δ > 0 small. Since in this process we cross the branch cut [−2i,−i∞),
then we shift the contour around this branch cut. We denote by Γ the Hankel contour going
−i∞ circling around −2i counter-clockwise, and then returning to −i∞. See figure below for
contour. Note that, in view of the exponentially decaying factor the contribution of the arcs
contour vanishes as R→ ∞. Then by Cauchy’s theorem we have for all z ∈ Ω+,

h−(z) = C0e
−izz

3
2

∫
γ
e−pzf(p)dp− C0e

−izz
3
2

∫
Γ
e−pzf(p)dp.

The desired assertions now follow from the asymptotics of these integrals, which can be obtained
as in [50, Lemma 4.2]. The proof for h+ is similar. □

Note that we can identity h±(z) with the modified Hankel functions

h+(z) =

√
π

2
ei

π
4
√
z H

(1)
1 (z), h−(z) =

√
π

2
e−iπ

4
√
z H

(2)
1 (z) for all Im(z) > 0.(6.9)

6.2. Construction of solution at infinity. We aim to construct solutions Ψ±
E(r, z) to (iLE −

z)Ψ±
E(r, z) = 0 for ±Im(z) > 0, with Ψ±

E(·, z) ∈ L2(1,∞). Let Φ(r, z) =

(
ϕ(r, z)
ψ(r, z)

)
satisfying

iLEΦ(r, z) = zΦ(r, z), that is, {
i LE

1 ψ(r, z) = zϕ(r, z),

−i LE
2 ϕ(r, z) = zψ(r, z).

Thus ϕ(r, z) must satisfy the fourth-order equation,

LE
1 L

E
2 ϕ(r, z) = z2ϕ(r, z)(6.10)

and the corresponding choice of ψ(r, z) is determined by

ψ(r, z) =
−i
z
LE
2 ϕ(r, z).

Imposing the ansatz ϕ(r, z) = h+(k(z)r) for the solution to the equation (6.10), leads to same
the equation in (5.2), i.e,

P (k, z) : =
1

4
k4 +

9

8
k2 +

17

64
− z2 = 0, with k ≡ k(z).

Therefore, we obtain the existence of the four distinct roots kj(z) for j = 1, · · · , 4 whose proper-
ties are described in Lemma 5.1. Then, we obtain the Weyl-Titchmarsh matrix solutions of the
operator LE , for large ξ

Ψ+
E(r, z) :=

(
Ψ+
(E,1)(r, z) Ψ+

(E,2)(r, z)
)
=

 h+(k1(z)r) h+(k2(z)r)

c1(z)h+(k1(z)r) c2(z)h+(k2(z)r)

 Im(z) > 0,

and

Ψ−
E(r, z) :=

(
Ψ−
(E,1)(r, z) Ψ−

(E,2)(r, z)
)
=

 h+(k1(z)r) h+(k2(z)r)

c1(z)h+(k1(z)r) c2(z)h+(k2(z)r)

 Im(z) < 0,
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where,

cj(z) = c(kj(z), z) := −i
(12kj(z)

2 + 17
8 )

z
for j = 1, 2.

Recall that, cj(−z) = −cj(z). In addition, we provide expressions for the other two solutions

Ψ̃+
E(r, z) :=

(
Ψ+
(E,3)(r, z) Ψ+

(E,4)(r, z)
)
=

 h−(k1(z)r) h−(k2(z)r)

c1(z)h−(k1(z)r) c2(z)h−(k2(z)r)

 , Im(z) > 0

and

Ψ̃−
E(r, z) :=

(
Ψ−
(E,3)(r, z) Ψ−

(E,4)(r, z)
)
=

 h−(k1(z)r) h−(k2(z)r)

c1(z)h−(k1(z)r) c2(z)h−(k2(z)r)

 Im(z) < 0.

6.3. Construction of Ψ+(r, z) for large |ξ|. We start with the construction of the fundamental
matrix solutions Ψ+(·, z) ∈ L2(1,∞) and Ψ̃+(·, z) /∈ L2(1,∞) to the equation (6.1),

i(LE − z)Ψ(r, z) = VE(r)Ψ(r, z), for z ∈ Ω and Im(z) > 0,

where in view of the definition of VE(r) in (6.2) and the decay of V1(r) and V2(r), we have

|V (r)| ≲ ⟨r⟩−2(6.11)

We define the Green’s functions as

R+
E,1(r, s, z) : = Ψ+

E(r, z)S1(s, z)1{r̃∞≤s≤r} + Ψ̃+
E(r, z)T1(s, z)1{r≤s≤∞}

R+
E,2(r, s, z) : = Ψ+

E(r, z)S2(s, z)1{r≤s≤∞} + Ψ̃+
E(r, z)T2(s, z)1{r≤s≤∞}

R+
E,3(r, s, z) : = Ψ+

E(r, z)S3(s, z)1{r̃∞≤s≤r} + Ψ̃+
E(r, z)T3(s, z)1{r̃∞≤s≤r}

where we require the matrices S1(r, z) and T1(r, z) for R+
E,1 to satisfy(

Ψ+
E(r, z) Ψ̃+

E(r, z)

∂rΨ
+
E(r, z) ∂rΨ̃

+
E(r, z)

)(
S1(r, z)
−T1(r, z)

)
=

(
0
σ2

)
(6.12)

and we require the matrices S2(r, z) and T2(r, z) for R+
E,2 to satisfy(

Ψ+
E(r, z) Ψ̃+

E(r, z)

∂rΨ
+
E(r, z) ∂rΨ̃

+
E(r, z)

)(
−S2(r, z)
−T2(r, z)

)
=

(
0
σ2

)
(6.13)

and we require the matrices S3(r, z) and T3(r, z) for R+
E,3 to satisfy(

Ψ+
E(r, z) Ψ̃+

E(r, z)

∂rΨ
+
E(r, z) ∂rΨ̃

+
E(r, z)

)(
S3(r, z)
T3(r, z)

)
=

(
0
σ2

)
(6.14)

Denote by

Ψ±(r, z) =
[
Ψ±

1 (r, z) Ψ±
2 (r, z)

]
and Ψ̃±(r, z) =

[
Ψ±

3 (r, z) Ψ̃±
4 (r, z)

]
and

Υi,E(r, z,Ψj(r, z)) :=

∫ ∞

0
R+

E,i(r, s, z)V (s)Ψj(s, z)ds for i = 1, 2, 3 and j = 1, · · · , 4.

where Ψj(r, z) is the j-th column of the matrix Ψ(r, z).

In both scenarios, for large |ξ|, namely Re(z) > 0 (i.e., z =
√
17
8 + ξ) and Re(z) < 0 (i.e.,

z = −
√
17
8 + ξ), the solution is given as a solution to the fixed-point problem:
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Ψ+(r, z) := Ψ+
E(r, z) + TE,1(r, z,Ψ

+(r, z))(6.15)

and

Ψ̃+(r, z) := Ψ̃+
E(r, z) + TE,2(r, z, Ψ̃

+(r, z))(6.16)

TE,1(r, z,Ψ
+(r, z)) := ΥE,1(r, z,Ψ

+
1 (r, z)) + ΥE,2(r, z,Ψ

+
2 (r, z))

=

∫ ∞

0
R+

E,1(r, s, z)VE(s)Ψ
+
1 (s, z)ds+

∫ ∞

0
R+

E,2(r, s, z)VE(s)Ψ
+
2 (s, z)ds

(6.17)

TE,2(r, z, Ψ̃
+(r, z)) := ΥE,1(r, z,Ψ

+
3 (r, z)) + ΥE,3(r, z, Ψ̃

+
4 (r, z))

(6.18)

=

∫ ∞

0
R+

E,1(r, s, z)VE(s)Ψ
+
3 (s, z)ds+

∫ ∞

0
R+

E,3(r, s, z)VE(s)Ψ̃
+
4 (s, z)ds.

To compute Si(r, z) and Ti(r, z), we start by inverting the matrix introduced above. This requires
computing the Wronskians between Ψ±

E(·, z) and Ψ̃±
E(·, z).

Claim 6.2. Let D±
E(z) :=W (Ψ±

E(·, z), Ψ̃
±
E(·, z)). Then

D±
E(z) =

(
±δ(z) 0

0 α(z)

)
and (D±

E)
−1 = (D±

E)
−t =

(
±1
δ(z) 0

0 1
α(z)

)
:=

(
DE,1(z) 0

0 DE,2(z)

)
.

where

δ(z) : = −2ik1(z)(1− c1(z)
2), c1(z) = −i

(12k1(z)
2 + 17

8 )

z

α(z) : = −2ik2(z)(1− c2(z)
2), c2(z) = −i

(12k2(z)
2 + 17

8 )

z

Proof. We only compute D+
E(z), and to obtain D−

E(z) one can use the fact that k3(z) = −k1(z).
Let

D+
E(z) =

(
δ(z) γ(z)
β(z) α(z)

)
.

Recall that h±(kj(z)) are two linearly independent solutions to the following ODE

−u′′ + 3

4r2
u = kj(z)

2u.

Therefore, their Wronskians must be independent of r, and can be evaluated using their asymp-
totic behavior near 0, or infinity We have

δ(z) =W (Ψ+
(E,1)(·, z),Ψ

+
(E,3)(·, z)) =W (

(
h+(k1(z)r)

c1(z)h+(k1(z)r)

)
,

(
h−(k1(z)r)

c1(z)h−(k1(z)r)

)
)

= k1(z)h+(k1(z)r)h
′
−(k1(z)r)− k1(z)h

′
+(k1(z)r)h−(k1(z)r)

− k1(z)c1(z)
2h+(k1(z)r)h

′
−(k1(z)r) +−k1(z)c1(z)2h′+(k1(z)r)h−(k1(z)r)

= −2ik1(z)(1 + c1(z)
2).

γ(z) =W (Ψ+
(E,1)(·, z),Ψ

+
(E,4)(·, z)) =W (

(
h+(k1(z)r)

c1(z)h+(k1(z)r)

)
,

(
h−(k2(z)r)

c2(z)h−(k2(z)r)

)
)

= k2(z)h+(k1(z)r)h
′
−(k2(z)r)− k1(z)h

′
+(k1(z)r)h−(k2(z)r)
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− k2(z)c1(z)c2(z)h+(k1(z)r)h
′
−(k2(z)r) +−k1(z)c1(z)c2(z)h′+(k1(z)r)h−(k2(z)r)

= −i(k2(z) + k1(z))(1 + c1(z)c2(z)) = 0,

where we use the fact (1 + c1(z)c2(z)) = 0 by definitions of k1(z) and k2(z). Similarly, we have

β(z) =W (Ψ+
(E,2)(·, z),Ψ

+
(E,3)(·, z)) =W (

(
h+(k2(z)r)

c2(z)h+(k2(z)r)

)
,

(
h−(k1(z)r)

c1(z)h−(k1(z)r)

)
)

= −i(k2(z) + k1(z))(1 + c1(z)c2(z)) = 0

α(z) =W (Ψ+
(E,2)(·, z),Ψ

+
(E,4)(·, z)) =W (

(
h+(k2(z)r)

c2(z)h+(k2(z)r)

)
,

(
h−(k2(z)r)

c2(z)h−(k2(z)r)

)
)

= k2(z)h+(k2(z)r)h
′
−(k2(z)r)− k2(z)h

′
+(k2(z)r)h−(k2(z)r)

− k2(z)c2(z)
2h+(k2(z)r)h

′
−(k2(z)r) +−k1(z)c2(z)2h′+(k2(z)r)h−(k2(z)r)

= −2ik2(z)(1 + c2(z)
2)

Then

(D+
E(z))

−1 =
1

δ(z)α(z)

(
α(z) 0
0 δ(z)

)
=

(
1

δ(z) 0

0 1
α(z)

)
:=

(
DE,1(z) 0

0 DE,2(z)

)
□

Remark 6.3. Note that the Wronskians D±
E(z), defined for large ξ as the Wronskians between

Ψ±
E(·, z) and Ψ̃±

E(·, z), coincide with D±(z), the corresponding Wronskians for small ξ between
Ψ±
∞(·, z) and Ψ̃±

∞(·, z). This equivalence follows from the fact that Ψ±
E and Ψ±

∞ share the same
asymptotic behavior. Accordingly, we use the notation D±(z) throughout the paper to refer to
both cases.

Remark 6.4. Note that , in the following two scenarios:

• Let z =
√
17
8 + ξ, ξ = x + iy with x large and y small. Then we have k1(z)2 = 2|x|(1 +

O(|ξ|−1)) and k2(z)
2 = −2|x|(1 + O(|ξ|−1)) This implies, c1(z) = −i + O(|ξ|−1) and

c2(z) = i+O(|ξ|−1). Therefore, |D±
1 (z)| ≃ 1√

|ξ|
and |D±

2 (z)| ≃ 1√
|ξ|
.

• Let z = −
√
17
8 +ξ, ξ = x+iy with |x| large and y small. Then we also have |D±

1 (z)| ≃ 1√
|ξ|

and |D±
2 (z)| ≃ 1√

|ξ|
.

Next, we compute Si(r, z) and Ti(r, z), using Lemma 3.1 and Claim 6.2.

Claim 6.5. We have,{
S1(r, z) = −(D+(z))−t Ψ̃+

E(r, z)
tσ3σ2

T1(r, z) = −(D+(z))−1 Ψ+
E(r, z)

tσ3σ2

{
S2(r, z) = (D+(z))−t Ψ̃+

E(r, z)
tσ3σ2

T2(r, z) = −(D+(z))−1 Ψ+
E(r, z)

tσ3σ2{
S3(r, z) = −(D+(z))−t Ψ̃+

E(r, z)
tσ3σ2

T3(r, z) = (D+(z))−1 Ψ+
E(r, z)

tσ3σ2

and

R+
E,1(r, s, z) : =


iΨ+

E(r, z)(D
+(z))−t Ψ̃+

E(s, z)
tσ1, r̃∞ ≤ s ≤ r,

iΨ̃+
E(r, z)(D

+(z))−1 Ψ+
E(s, z)

tσ1, r ≤ s ≤ ∞.
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R+
E,2(r, s, z) : =


−iΨ+

E(r, z)(D
+(z))−t Ψ̃+

E(s, z)
tσ1, r ≤ s ≤ ∞,

iΨ̃+
E(r, z)(D

+(z))−1 Ψ+
E(s, z)

tσ1, r ≤ s ≤ ∞.

R+
E,3(r, s, z) : =


iΨ+

E(r, z)(D
+(z))−t Ψ̃+

E(s, z)
tσ1, r̃∞ ≤ s ≤ r,

−iΨ̃+
E(r, z)(D

+(z))−1 Ψ+
E(s, z)

tσ1, r̃∞ ≤ s ≤ r.

Proof. Since the proof is very similar to that of Claim 5.6 for the small ξ regime, we omit the
details. □

Definition 6.6. Let F =
[
F1 F2

]
, where Fi are the columns of F and let r̃∞ be a fixed number:

∥F∥B̃1
:= sup

r≥r̃∞

|e−ik1(z)rF1(r)|+ sup
r≥r̃∞

|e−ik2(z)rF2(r)|

∥F∥B̃2
:= sup

r≥r̃∞

|eik1(z)rF1(r)|+ sup
r≥r̃∞

|eik2(z)rF2(r)|

∥F∥B̃′
1
:= sup

r≥r̃∞

1

|k1(z)|
|e−ik1(z)rF1(r)|+ sup

r≥r̃∞

1

|k2(z)|
|e−ik2(z)rF2(r)|

∥F∥B̃′
2
:= sup

r≥r̃∞

1

|k1(z)|
|eik1(z)rF1(r)|+ sup

r≥r̃∞

1

|k2(z)|
|eik2(z)rF2(r)|

Proposition 6.7. Let 1 < Λ0 < |ξ|, and r̃∞ := ε̃∞√
|ξ|

where 0 < ε̃0 < ε̃∞ ≪ 1 and Λ0 ≫ ε̃−1
∞ .

Then TE,j is a contraction on B̃j for j = 1, 2, i.e.,

∥TE,j(Ψ(·, z))∥B̃j
≲ ε̃∞ ∥Ψ(·, z)∥B̃j

.

Moreover, with Ψ+(·, z) and Ψ̃+(·, z) denoting the solutions to the fixed point problems (6.15) and
(6.16), we have

∥TE,1(Ψ
+(·, z))∥B̃1

+ ∥TE,2(Ψ̃
+(·, z))∥B̃2

+ ∥∂rTE,1(Ψ
+(·, z))∥B̃′

1
+ ∥∂rTE,2(Ψ̃

+(·, z))∥B̃′
2
≲ ε∞.

Proof. We provide the proof that TE,j is a contraction on B̃j , and the corresponding estimate
for the derivative follows similarly by applying the same argument with the necessary conditions
(6.12),(6.13) and (6.14).

Claim 6.8. Let r̃∞ := ε̃∞√
|ξ|
, |ξ| > Λ0. Then we have

sup
r≥r̃∞

|e−ik1(z)rΥE,1(r, z,Ψ
+
1 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|e−ik1(z)rΨ+
1 (r, z)|

sup
r≥r̃∞

|e−ik2(z)rΥE,2(r, z,Ψ
+
2 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

sup
r≥r̃∞

|eik1(z)rΥE,1(r, z,Ψ
+
3 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|eik1(z)rΨ+
3 (r, z)|

sup
r≥r̃∞

|eik2(z)rΥE,3(r, z, Ψ̃
+
4 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|eik2(z)rΨ̃+
4 (r, z)|
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Proof. Recall that, we have

ΥE,1(r, z,Ψ
+
1 (r, z)) :=

∫ ∞

0
R+

E,1(r, s, z)VE(s)Ψ
+
1 (s, z)ds

=

∫ r

r̃∞

iΨ+
E(r, z)(D

+(z))−t Ψ̃+
E(s, z)

tσ1V (s)Ψ+
1 (s, z)ds

+

∫ ∞

r
iΨ̃+

E(r, z)(D
+(z))−1 Ψ+

E(s, z)
tσ1VE(s)Ψ

+
1 (s, z)ds

= iM+
1 (z)h+(k1(z)r)

∫ r

r̃∞

h−(k1(z)s)VE(s)Ψ
+
1 (s, z)ds

+ iM+
2 (z)h+(k2(z)r)

∫ r

r̃∞

h−(k2(z)s)VE(s)Ψ
+
1 (s, z)ds

+ iM+
1 (z)h−(k1(z)r)

∫ ∞

r
h+(k1(z)s)VE(s)Ψ

+
1 (s, z)ds

+ iM+
2 (z)h−(k2(z)r)

∫ ∞

r
h+(k2(z)s)VE(s)Ψ

+
1 (s, z)ds,

(6.19)

where

M+
1 (z) : =

(
D+

1 (z)c1(z) D+
1 (z)

D+
1 (z)(c1(z))

2 D+
1 (z)c1(z)

)
and M+

2 (z) :=

(
D+

2 (z)c2(z) D+
2 (z)

D+
2 (z)(c2(z))

2 D+
2 (z)c2(z)

)
By remark 6.4, one can see that in both scenarios for large |ξ| we have |M+

1 (z)| = O( 1√
|ξ|
)

and |M+
2 (z)| = O( 1√

|ξ|
). Combining this with the decay estimate (6.11), namely, VE(r) ≲ ⟨r⟩−2,

we have

ΥE,1(r, z,Ψ
+
1 (r, z)) ≲ε̃∞

1√
|ξ|

|eik1(z)r|
∫ r

r̃∞

|e−ik1(z)s|⟨s⟩−2|Ψ+
1 (s, z)|ds

+
1√
|ξ|

|eik2(z)r|
∫ r

r̃∞

|e−ik2(z)s|⟨s⟩−2|Ψ+
1 (s, z)|ds

+
1√
|ξ|

|e−ik1(z)r|
∫ ∞

r
|eik1(z)s|⟨s⟩−2|Ψ+

1 (s, z)|ds

+
1√
|ξ|

|e−ik2(z)r|
∫ ∞

r
|eik2(z)s|⟨s⟩−2|Ψ+

1 (s, z)|ds.

(6.20)

Therefore, we have

|e−ik1(z)rΥE,1(r, z,Ψ
+
1 (r, z))| ≲ε̃∞

1√
|ξ|

∫ r

r̃∞

⟨s⟩−2ds sup
r̃∞≥r

|e−ik1(z)rΨ+
1 (r, z)|

+
1√
|ξ|

∫ r

r̃∞

|ei(k2(z)−k1(z))(r−s)|⟨s⟩−2ds sup
r≥r̃∞

|e−ik1(z)rΨ+
1 (r, z)|

+
1√
|ξ|

∫ ∞

r
|e2ik1(s−r)|⟨s⟩−2ds sup

r≥r̃∞

|e−ik1(z)rΨ+
1 (r, z)|

+
1√
|ξ|

∫ ∞

r
|ei(k2(z)+k1(z))(s−r)|⟨s⟩−2ds sup

r≥r̃∞

|e−ik1(z)rΨ+
1 (r, z)|

using the behavior of k1(z) and k2(z) for large ξ, we obtain

sup
r≥r̃∞

|e−ik1(z)rΥE,1(r, z,Ψ
+
1 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|e−ik1(z)rΨ+
1 (r, z)|.
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Next, we estimate ΥE,2(r, z,Ψ
+
2 (r, z)). We have

ΥE,2(r, z,Ψ
+
2 (r, z)) :=

∫ ∞

0
R+

E,2(r, s, z)VE(s)Ψ
+
2 (s, z)ds

=

∫ ∞

r
iΨ+

E(r, z)(D
+(z))−t Ψ̃+

E(s, z)
tσ1V (s)Ψ+

2 (s, z)ds

+

∫ ∞

r
iΨ̃+

E(r, z)(D
+(z))−1 Ψ+

E(s, z)
tσ1VE(s)Ψ

+
2 (s, z)ds

= iM+
1 (z)h+(k1(z)r)

∫ ∞

r
h−(k1(z)s)VE(s)Ψ

+
2 (s, z)ds

+ iM+
2 (z)h+(k2(z)r)

∫ ∞

r
h−(k2(z)s)VE(s)Ψ

+
2 (s, z)ds

+ iM+
1 (z)h−(k1(z)r)

∫ ∞

r
h+(k1(z)s)VE(s)Ψ

+
2 (s, z)ds

+ iM+
2 (z)h−(k2(z)r)

∫ ∞

r
h+(k2(z)s)VE(s)Ψ

+
2 (s, z)ds,

Similarly, we have

ΥE,2(r, z,Ψ
+
2 (r, z)) ≲ε̃∞

1√
|ξ|

|eik1(z)r|
∫ ∞

r
|ei(k2(z)−k1(z))s|⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

+
1√
|ξ|

|eik2(z)r|
∫ ∞

r
⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

+
1√
|ξ|

|e−ik1(z)r|
∫ ∞

r
|ei(k2(z)+k1(z))s|⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

+
1√
|ξ|

|e−ik2(z)r|
∫ ∞

r
|e2ik2(z)s|⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

(6.21)

Thus, we get

|e−ik2(z)rΥE,2(r, z,Ψ
+
2 (r, z))| ≲ε̃∞

1√
|ξ|

∫ ∞

r
|ei(k1(z)−k2(z))(r−s)|⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

+
1√
|ξ|

∫ ∞

r
⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

+
1√
|ξ|

∫ ∞

r
|ei(k2(z)+k1(z))(s−r)|⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|

+
1√
|ξ|

∫ ∞

r
|e2ik2(z)(s−r)|⟨s⟩−2ds sup

r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|.

Using the behavior of k1(z) and k2(z) for large ξ, we obtain

sup
r≥r̃∞

|e−ik2(z)rΥE,2(r, z,Ψ
+
2 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|e−ik2(z)rΨ+
2 (r, z)|.

Similarly, to the estimate for ΥE,1(r, z,Ψ
+
1 (r, z)) and ΥE,2(r, z,Ψ

+
2 (r, z)), we obtain

sup
r≥r̃∞

|eik1(z)rΥE,1(r, z,Ψ
+
3 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|eik1(z)rΨ+
3 (r, z)|

sup
r≥r̃∞

|eik2(z)rΥE,2(r, z, Ψ̃
+
4 (r, z))| ≲ε̃∞

1√
|ξ|

sup
r≥r̃∞

|eik2(z)rΨ̃+
4 (r, z)|.

□
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Using claim 6.8, we obtain that TE,j is a contraction on Bj , for j = 1, 2. The derivative
estimates for TE,j can be obtained using similar arguments, together with the conditions (6.12),
(6.13), and (6.14). This concludes the proof of Proposition 6.7.

□

Throughout the rest of the paper (for the non-resonance case), we define Ψ+
4 (r, z), as a linear

combination of Ψ+
1 ,Ψ

+
2 , Ψ̃

+
4 , i.e.,

(6.22) Ψ+
4 (r, z) = Ψ̃+

4 (r, z) + βΨ+
3 (r, z) + γΨ+

1 (r, z),

where α = −W (Ψ+
1 (·,z),Ψ̃+

4 (·,z))
W (Ψ+

1 (·,z),Ψ+
3 (·,z)) and β = −W (Ψ+

3 (·,z),Ψ̃+
4 (·,z))

W (Ψ+
3 (·,z),Ψ+

1 (·,z)) . This renormalization is chosen such

that Ψ+
4 has vanishing Wronskians with Ψ+

1 and Ψ+
3 .

Note that Ψ+
4 satisfies the same asymptotics as Ψ̃+

4 and {Ψ+
1 ,Ψ

+
2 ,Ψ

+
3 ,Ψ

+
4 } are linearly inde-

pendent solutions to iLΨ+(r, z) = zΨ+(r, z) for large |z|. Therefore, we define

Ψ+(r, z) =
[
Ψ+

1 (r, z) Ψ+
2 (r, z)

]
and Ψ̃+(r, z) =

[
Ψ+

3 (r, z) Ψ+
4 (r, z)

]
6.4. Construction of Ψ−(·, z) for large |ξ|. Similarly to the case for small ξ, the construction
of Ψ−(r, z) ∈ L2((1,∞)) when Im(z) < 0, is obtained directly from Ψ+(r, z) by symmetry. Recall
that, for z ∈ Ω with Im(z) < 0, we have

Ψ−
E(r, z) =

 h+(k1(z)r) h+(k2(z)r)

c1(z)h+(k1(z)r) c2(z)h+(k2(z)r)

 , Ψ̃−
E(r, z) =

 h−(k1(z)r) h−(k2(z)r)

c1(z)h−(k1(z)r) c2(z)h−(k2(z)r)


We seek to construct the fundamental matrix solutions Ψ−(·, z) ∈ L2(1,∞) and Ψ̃−(·, z) /∈

L2(1,∞) to iLΨ−(·, z) = zΨ−(·, z). for z ∈ Ω with Im(z) < 0 and z = ±
√
17
8 + ξ, for large ξ.

Since by Lemma 5.1, we have k1(z) = k1(−z), k2(z) = k2(−z), for Im(z) < 0, and c1(−z) =
−c1(z). Thus, we define

Ψ−
E(r, z) = σ3Ψ

+
E(r,−z) and Ψ̃−

E(r, z) = σ3Ψ̃
+
E(r,−z).(6.23)

Note that Ψ−
E and Ψ̃−

E satisfy the equation iLEΨ(r, z) = zΨ(r, z). Therefore, we define Ψ−(r, z)
as

Ψ−(r, z) := σ3Ψ
+(r,−z) and Ψ̃−(r, z) := σ3Ψ̃

+(r,−z)(6.24)

Thus it follows from Proposition 6.7 that

∥TE,1(Ψ
+(·, z))∥B̃1

+ ∥TE,2(Ψ̃
+(·, z))∥B̃2

+ ∥∂rTE,1(Ψ
+(·, z))∥B̃′

1
+ ∥∂rTE,2(Ψ̃

+(·, z))∥B̃′
2
≲ ε∞.

7. Green’s kernel of iL − z for the non-resonance case

In this section, we compute the distorted Fourier transform for L. In §7.1, we first compute
the connection coefficients of the solutions constructed near 0 and near ∞. Then in §7.2 we study
the Green’s kernel of (iL− z). Next, we justify that the limit as b→ 0+ can be taken inside the
integral representation of the evolution in (2.10). This is proved in Subsection 7.3 and relies on
the analysis of the resolvent kernel (iL − z)−1 for ±Im(z) > 0.

7.1. Connecting the solutions from 0 and ∞. The purpose of this subsection is to link the
local and asymptotics behaviors of solutions to (iL− z)Ψ = 0 from r = 0 and at r = ∞ for small
and large |ξ|. To achieve this, we evaluate or estimate the Wronskians between the solutions con-
structed from r = 0 and those constructed at infinity. In addition, we evaluate the Wronskians
between the columns of solutions φj defined near the origin and the solutions Ψj defined near
infinity. These computations will later be used to express one set of solutions in terms of the other.
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Recall that throughout this paper (for non-resonance case), we choose ε0 and ε∞ such that
r∞ < r0. For 0 < |ξ| < δ0, we fix rε ≡ rε(z) ∈ (r∞, r0) such that ( rε20 , 6rε) ⊆ (r∞, r0), and
rε ≃ ε√

|ξ|
for some small constant ε.

Denote by:

Λij(z) :=W (φi(·, z),φj(·, z)),
µ±ij(z) :=W (Ψ±

i (·, z),Ψ
±
j (·, z)),

ω±
ij(z) :=W (Ψ±

i (·, z),φj(·, z)).

Lemma 7.1. Let z ∈ Ω, then we have

Λ12(z) = Λ14(z) = 0, Λ13(z) = 2c21c
2
3, Λ24(z) = 2c12c

1
4, |Λ23(z)| ≲ e

− 3√
2
rε , |Λ34(z)| ≲ e

− 3√
2
rε .

Proof. We evaluate the first four Wronskians at r = 0 and the remaining two at r = 2rε,
using the asymptotic behavior of φj(r, z) for both small and large values of r. The first four
Wronskians follow as in Lemma 3.2. For the last two, since φ3 decays exponentially while φ1

exhibits polynomial growth as r → ∞, the required bounds can be established by evaluating the
Wronskians at r = 2rε. □

Lemma 7.2. Let 0 < |ξ| < δ0, and for z = ±
√
17
8 + ξ ∈ Ω, with Im(z) > 0 we have

|ω+
11(z)| ≲ e

3√
2

rε
5 , |ω+

21(z)| ≃ 1, |ω+
31(z)| ≲ e

3√
2

rε
5 , |ω+

41(z)| ≲ e
6√
2

rε
10

|ω+
12(z)| ≃ 1, |ω+

22(z)| ≲ e
− 3√

2
rε , |ω+

32(z)| ≃ 1, |ω+
42(z)| ≲ e

3√
2

rε
5

|ω+
13(z)| ≲ e

− 3√
2
rε , |ω+

23(z)| ≲ e
− 6√

2
rε , |ω+

33(z)| ≲ e
− 3√

2
rε , |ω+

43(z)| ≃ 1

ω+
14(z) = c k1(z) +O(|ξ|

3
2 ), |ω+

24(z)| ≲ e
− 3√

2
rε , ω+

34(z) = c k1(z) +O(|ξ|
3
2 ), |ω+

44(z)| ≲ e
3√
2

rε
5 .

where c > 0 is constant. Moreover, d+(z) := ω+
22(z)ω

+
11(z)− ω+

21(z)ω
+
12(z) ̸= 0 and |d+(z)| ≃ 1.

Proof. Recall that for j = 1, 3 and l = 2, 4, the coefficients satisfy c̃2j = ± i√
17
c̃1j , and c̃2l =

∓i
√
17 c̃1l . In addition, for j = 1, 2, we have

cj(z) = −i
1
2kj(z)

2 + 17
8

ξ +
√
17
8

.

The asymptotic behavior of the functions kj(z) and cj(z) as z → ±
√
17
8 , with Im(z) > 0 is

given by:

k1(z) = ±
√

2
√
17

3

√
z +O(z), k2(z) = i

3√
2
+O(z),

c1(z) = −i
√
17 +O(z), c2(z) = i

1√
17

+O(z).

We begin by estimating ω+
l1 :=W

(
Ψ+

l (r, z),φ1(r, z)
)
. To achieve this, we use the observation

above, the definitions of Ψ+
l (r, z) from (5.10) and (5.11), together with the definition of φ1(r, z)

in (3.6) and (2.4). In addition, we use of the asymptotic estimates established in the proof of
Propositions 3.5 and 5.8, particularly Claim 5.9, 5.10, and 3.8. It follows that,

ω+
11(z) :=W (Ψ+

1 (r, z),φ1(r, z))

=W

((
eik1(z)r

c1(z)e
ik1(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
(1 +O(r−1))

)
evaluating at r = rε

5 , by a naive bound we get |ω+
11(z)| ≲ e

3√
2

rε
5 . Next, we consider l = 2,

ω+
21(z) :=W (Ψ+

2 (r, z),φ1(r, z))
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=W

((
eik2(z)r

c2(z)e
ik2(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
(1 +O(r−1))

)
≃ 1

Indeed, evaluating at r = rε,

W (

(
eik2(z)r

c2(z)e
ik2(z)r

)
,

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
) = eik2(z)re

3√
2
r
(
3√
2
− ik2(z))(c̃

1
1 − c2(z)c̃

2
1)

= eO(z)r(
6√
2
+O(z))(c̃11 − (

i√
17

+O(z))
i√
17
c̃11)

≲ eO(z)r(1 +O(z)) ≃ 1

By a similar argument as for ω+
11(z), we get |ω+

31(z)| ≲ e
3√
2

rε
5 . Next, for l = 4 we have

ω+
41(z) :=W (Ψ+

4 (r, z),φ1(r, z))

=W

((
e−ik2(z)r

c2(z)e
−ik2(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
(1 +O(r−1))

)
therefore, by evaluating at r = rε

10 , we obtain |ω+
41(z)| ≲ e

6√
2

rε
10 . Indeed,

W (

(
e−ik2(z)r

c2(z)e
−ik2(z)r

)
,

(
c̃11e

3√
2
r

c̃21e
3√
2
r

)
) = e−ik2(z)re

3√
2
r
(
3√
2
+ ik2(z))(c̃

1
1 − c2(z)c̃

2
1).

Next, we estimate ω+
l2 := W

(
Ψ+

l (r, z),φ2(r, z)
)
, using a similar argument with the definition

of φ2(r, z) in (3.6), (2.4) and Claim 3.8, we obtain

|ω+
12(z)| := |W (Ψ+

1 (r, z),φ2(r, z))|

=

∣∣∣∣∣W (

(
eik1(z)r

c1(z)e
ik1(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃12r
c̃22r

)
(1 +O(r−2)))

∣∣∣∣∣ ≃ 1

ω+
22(z) :=W (Ψ+

2 (r, z),φ2(r, z))

=W (

(
eik2(z)r

c2(z)e
ik2(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃12r
c̃22r

)
(1 +O(r−2))).

Thus, by evaluating at r = 2rε, we obtain the bound |ω+
22(z)| ≲ e

− 3√
2
rε . Similarly to ω+

12(z), we
find |ω+

32(z)| ≃ 1. Using the exponential growth in the asymptotics of Ψ+
4 and evaluating the

Wronskian at r = rε
5 , we obtain the rough estimate |ω+

42(z)| ≲ e
3√
2

rε
5 .

Next, we estimate ω+
l3(z) := W

(
Ψ+

l (r, z),φ3(r, z)
)
, using a similar argument with the defini-

tion of φ3(r, z) in (3.7), (2.4) and Claim 3.9. Using the exponential decay in the asymptotics of
φ+
3 and evaluating the Wronskian at r = rε, we obtain the rough estimate

|ω+
13(z)| ≲ e

− 3√
2
rε , |ω+

23(z)| ≲ e
− 6√

2
rε , |ω+

33(z)| ≲ e
− 3√

2
rε

Using a similar argument, and noting that Ψ+
4 exhibits exponential growth at the same rate as

φ+
3 , we get |ω+

43(z)| ≃ 1.
Using similar argument with the definition of φ4(r, z) in (3.7), (2.4) and Claim 3.9, we estimate

ω+
l4 :=W (Ψ+

l (r, z),φ4(r, z)).

ω+
14(z) :=W (Ψ+

1 (r, z),φ4(r, z))

=W (

(
eik1(z)r

c1(z)e
ik1(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃14
c̃24

)
(1 +O(r−1))) = c k1(z) + +O(|ξ|

3
2 )
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Indeed,

W (Ψ+
1 (r, z),φ4(r, z)) =W (

(
eik1(z)r

c1(z)e
ik1(z)r

)
,

(
c̃14
c̃24

)
) = eik1(z)rik1(z)(−c̃14 + c1(z)c̃

2
4)

= eik1(z)rik1(z)(−c̃14 + (−i
√
17 +O(z))(−i)

√
17c̃14)

= c k1(z) + +O(|ξ|
3
2 ).

Using the exponential decay of Ψ+
2 (r, z), and by evaluating the Wronskian at r = rε, we get

|ω+
24(z)| ≲ e

− 3√
2
rε . Similarly to the estimate for ω+

14(z) we have |ω+
34(z)| = c k1(z) + +O(|ξ|

3
2 ).

Finally, due to the exponential growth in the asymptotics of Ψ+
2 (r, z), and evaluating the atr = rε

5

we obtain |ω+
44(z)| ≲ e

3√
2

rε
5 . The last assertion of the lemma follows from the preceding estimate

on ωij , which concludes the proof of Lemma 7.2.
□

Next, we state the relation between the connection coefficients for Im(z) > 0 and Im(z) < 0,
that is, the identities relating ω−

ij(z) = ω+
ij(z). The following identities hold for both large and

small |ξ|.

Lemma 7.3. Let z ∈ Ω, then we have

ω−
i1(z) = −ω+

i1(−z), ω−
i2(z) = ω+

i2(−z), ω−
i3(z) = −ω+

i3(−z), ω−
i4(z) = ω+

i4(−z)
Moreover,

ω+
21(−z) = −ω+

21(z), ω+
22(−z) = ω+

22(z)(7.1)

Proof. The relations between ω−
ij(z) and ω+

ij(z) follow immediately from the identities (3.8),
(5.22) and (6.24)

Ψ−(r, z) = σ3Ψ
+(r,−z) φ1(r, z) = −σ3φ1(r,−z), φ3(r, z) = −σ3φ3(r,−z),

Ψ̃−(r, z) = σ3Ψ̃
+(r,−z) φ2(r, z) = σ3φ2(r,−z), φ4(r, z) = σ3φ4(r,−z).

For the parity claim (7.1) of ω+
21(z) and ω+

22(z), follows the fact that Ψ+
2 (r,−z) = σ3Ψ

+
2 (r, z). □

Next, we evaluate the Wronskians between the solutions constructed at infinity for small values
of |ξ|. Note that

(7.2) µ+ij(−z) =W
(
σ3Ψ

−
i (·, z), σ3Ψ

−
j (·, z)

)
= µ−ij(z).

Therefore, it suffices to evaluate the Wronskians µ+ij for Im(z) > 0 and the corresponding values
of µ−ij then follow by symmetry.

Lemma 7.4. Let z = ξ ±
√
17
8 ∈ Ω with ±Im(z) > 0 and 0 < |ξ| < δ0. Then for some non-zero

constant c we have

µ±11(z) = µ±12(z) = 0, µ±13(z) = c k1(z)±O(|ξ|
3
2 ), |µ±14(z)| ≲ e

3√
2

rϵ
5

µ±22(z) = µ±23(z) = 0, µ±24(z) ≃ 1, |µ±34(z)| ≲ e
3√
2

rϵ
5 .

Proof. Note that, in view of the large r asymptotics of Ψ+
j (r, z) for small |ξ| and using similar

computation to those in the proof of Lemma 7.2 for estimating ω+
ij we obtain the desired results.

□

Next, we evaluate the Wronskians between the solutions constructed from r = 0 and those con-
structed at infinity for large |ξ|. Recall that throughout this paper (for non-resonance case), we
choose ε̃0 and ε̃∞ such that r̃∞ = ε̃∞√

|ξ|
< r̃0 =

ε̃0√
|ξ|
. For 1 < Λ0 < |ξ|, we fix r̃ε ≡ r̃ε(z) ∈ (r̃∞, r̃0)

such that ( r̃ε10 , 4r̃ε) ⊆ (r̃∞, r̃0), and r̃ε ≃ ε√
|ξ|

for some small constant ε. We will evaluate the
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Wronskians for some r ∈ ( r̃ε10 , 4r̃ε).

Note that, in view of our choices of r̃∞ and r̃0, and for sufficiently large |ξ|, the evaluation of
the Wronskians relies on the small r behavior of Ψ+

l and φj .

Lemma 7.5. Let z = ξ ±
√
17
8 ∈ Ω, with Im(z) > 0 and 1 < Λ0 < |ξ|. Then we have

|ω+
11(z)| = −2c+k1(z)

− 1
2 c1(z)c

2
1 +O(|ξ|−1)

|ω+
21(z)| = −2c+k2(z)

− 1
2 c2(z)c

2
1 +O(|ξ|−1)

|ω+
12(z)| = 2c+k1(z)

− 1
2 (c12 − c1(z)c

2
2) +O(|ξ|−1)

|ω+
22(z)| = 2c+k2(z)

− 1
2 (c12 − c2(z)c

2
2) +O(|ξ|−1)

|ω+
31(z)| = −2c−k1(z)

− 1
2 c1(z)c

2
1 +O(|ξ|−1)

|ω+
32(z)| = 2c−k1(z)

− 1
2 (c12 − c1(z)c

2
2) +O(|ξ|−1)

|ω+
41(z)| = 2c−k2(z)

− 1
2 c2(z)c

2
1 +O(|ξ|−1)

|ω+
42(z)| = 2c−k2(z)

− 1
2 (c12 − c2(z)c

2
2) +O(|ξ|−1)

where c± ̸= 0 constants, cj(z) are complex, c21 ̸= 0 and c22 are real constants. Moreover,

d+(z) := ω+
22(z)ω

+
11(z)− ω+

12(z)ω
+
21(z) = c k1(z)

− 1
2k2(z)

− 1
2 +O(|ξ|−1) ̸= 0.

where c > 0 constant.

Proof. The proof closely follows the argument used in Lemma 7.2. For Ψ+
l , we employ its

definition in (6.15) and (6.16) for large ξ, together with the asymptotic behavior of h±(z) given
in (6.9) for small r, and the estimates derived in the proof of Proposition 6.7, particularly
Claim 6.8. For φj , we use the definitions in (3.6) and (3.7), along with the estimates from the
proof of Proposition 3.11, especially Claim 3.12. We omit the details. □

Next, we evaluate the Wronskians between the solutions constructed at infinity for large values
of |ξ| for Im(z) > 0. The corresponding values of µ−ij follow by symmetry see (7.2).

Lemma 7.6. Let z = ξ ±
√
17
8 ∈ Ω, with Im(z) > 0 and 1 < Λ0 < |ξ|, and Then for some

non-zero constant c we have

µ±11(z) = µ±12(z) = 0, µ±13(z) = c k1(z)±O(|ξ|
3
2 ), µ±14(z) = 0,

µ±22(z) = µ±23(z) = 0, |µ±24(z)| ≃
√
|ξ|, µ±34(z) = 0.

Proof. Using (6.22), the definition of Ψ+
4 (r, z) for large |ξ|, we obtain µ+41(z) = µ+43(z) = 0. All

the other terms can be obtained similarly to the proof of Lemma 7.5. □

7.2. Solving for the Green’s Kernel. The goal of this section is to compute the resolvent
kernel (iL − z)−1, for ±Im(z) > 0. Therefore, to solve

(7.3) (iL − z)Ψ = Φ, for z ∈ Ω, with ± Im(z) > 0,

we define the Green’s functions as

K±(r, s, z) := Ψ±(r, z)S(s, z)1{0<s≤r} + F1(r, z)T (s, z)1{r≤s<∞},

where we require the matrices S(r, z) and T (r, z) to satisfy(
Ψ±(r, z) F1(r, z)
∂rΨ

±(r, z) ∂rF1(r, z)

)(
S(r, z)
−T (r, z)

)
=

(
0
σ2

)
.
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Then a solution to (7.3) for z ∈ Ω, with ±Im(z) > 0, is given by

(7.4) Ψ(r) :=

∫ ∞

0
K±(r, s, z)Φ(s)ds.

The computation of S(r, z) and T (r, z) requires inverting the matrix defined above. We com-
pute the Wronskians between Ψ±(·, z) and F1(·, z) and therefore we obtain the Green’s kernel
functions.

Lemma 7.7. Let D±(z) :=W (Ψ±(·, z), F1(·, z)). Then we have

D±(z) =

(
ω±
11(z) ω±

12(z)
ω±
21(z) ω±

22(z)

)
, (D±)−1(z) :=

1

d±(z)

(
ω±
22(z) −ω±

12(z)
−ω±

21(z) ω±
11(z)

)
,

where d±(z) := ω±
22(z)ω

±
11(z)− ω±

12(z)ω
±
21(z) ̸= 0.

Moreover, for z ∈ Ω with ±Im(z) > 0, we have{
S(r, z) = −(D±(z))−tF1(r, z)

tσ3σ2,

T (r, z) = −(D±(z))−1Ψ±(r, z)tσ3σ2.

and

K±(r, s, z) :=

{
iΨ±(r, z)(D±(z))−tF1(s, z)

tσ1, 0 < s ≤ r,

iF1(r, z)(D±(z))−1Ψ±(s, z)tσ1, r ≤ s <∞,

Proof. Using Lemma 7.2 and 7.5, we have d±(z) ̸= 0, for small and large z. For the middle
frequencies, we will show later in Lemma 7.8 that d±(z) = 0 is equivalent to the existence of an
eigenvalue of iL at z. However, by Assumptions 2 and 3, the operator iL has a real spectrum
and no threshold or embedded eigenvalues (see also Lemma 2.15, 2.17 for iLGP ). Therefore,
D±(z) is invertible. Similarly to the proof of Lemma 3.3, we obtain the desired results and we
omit the details. □

Next, we seek to express the Green’s functions only in terms of Fj(·, z), i.e., in terms of φj .
Since {φ1,φ2,φ3,φ4} is a fundamental system for iLΨ(r, z) = zΨ(r, z), then we can express
Ψ±

l (r, z) in terms of φj(r, z), i.e., there is exist a±lj(z) such that

Ψ±
l (r, z) =

4∑
j=1

a±lj(z)φj(r, z), l = 1, · · · , 4.(7.5)

Therefore, by Lemma 7.7, we have

K+(r, s, z) =
i

d+

4∑
j=1

(ω+
22a

+
1j − ω+

12(z)a
+
2j)
(
φj(r, z)φ

t
1(s, z)σ11{0<s≤r} +φ1(r, z)φ

t
j(s, z)σ11{r≤s<∞}

)
+

i

d+

4∑
j=1

(−ω+
21a

+
1j + ω+

11a
+
2j)
(
φj(r, z)φ

t
2(s, z)σ11{0<s≤r} +φ2(r, z)φ

t
j(s, z)σ11{r≤s<∞}

)

(7.6)

K−(r, s, z) =
i

d−

4∑
j=1

(ω−
22a

−
1j − ω−

12(z)a
−
2j)
(
φj(r, z)φ

t
1(s, z)σ11{0<s≤r} +φ1(r, z)φ

t
j(s, z)σ11{r≤s<∞}

)
+

i

d−

4∑
j=1

(−ω−
21a

−
1j + ω−

11a
−
2j)
(
φj(r, z)φ

t
2(s, z)σ11{0<s≤r} +φ2(r, z)φ

t
j(s, z)σ11{r≤s<∞}

)

(7.7)
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Similarly, we will express the columns of F1 in terms of Ψj . Since {Ψ±
1 (·, z),Ψ

±
2 (·, z),Ψ

±
3 (·, z),Ψ

±
4 (·, z)}

form a fundamental system for iLF1(r, z) = zF1(r, z), then we can express φl(r, z) in terms of
Ψ±

j (r, z), i.e., there exist b±lj(z) such that

φl(r, z) =
4∑

j=1

b±ljΨ
±
j (r, z), l = 1, · · · , 4.(7.8)

Lemma 7.8. Let z ∈ Ω such that z = λ + iy, where λ = ξ ±
√
17
8 and δ0 < |ξ| < R. Then

d±(λ) = 0 if and only if iL has an eigenvalue at z.

Proof. We will prove only the case Im(z) ≥ 0 and the case Im(z) ≤ 0 can be treated similarly.
We first assume that, there exists an eigenvalue at z. Then there exist (α1, α2) ̸= 0 such that
α1φ1+α2φ2 = β1Ψ

+
1 +β2Ψ

+
2 , for some β1, β2. Notice that in view of (7.8), we must have α1b

+
13+

α2b
+
23 = 0 and α1b

+
14+α2b

+
24 = 0, i.e, det

(
b+13 b+23
b14 b+24

)
= 0. Recall that d+ = ω+

11ω
+
22−ω

+
12ω

+
21. Using

(7.8) and the fact that µ+12 = µ+24 = µ+23 = µ+21 = µ+14 = 0, we have ω+
11 = b+13µ

+
13, ω

+
22 = b+24µ

+
24,

ω+
12 = b+23µ

+
13 and ω+

21 = b+14µ
+
24. Therefore, d+ = µ+13µ

+
24 det

(
b+13 b+23
b+14 b+24

)
= 0. Next, we assume

that d+ = 0. For that, we express F1 in terms of Ψ+ and Ψ̃+, i.e., F1 = Ψ+A+Ψ̃+B, for some A
and B. Since W (Ψ+, F1) = W (Ψ+, Ψ̃+)B and µ14 = µ23 = 0, we have d+ = µ13µ24 det(B) = 0.

This implies that det(B) = det(B̄) = 0. Thus there exists v =

(
γ
δ

)
̸= 0 such that B̄v = 0. Let

Āv =

(
α
β

)
. Then, we have F 1v = Ψ

+
Āv+Ψ̃

+
B̄v = Ψ

+
Āv, which yields γφ̄1+δφ̄2 = αΨ

+
1 +βΨ

+
2 .

Recall that for Im(z) > 0, we have Im(k1(z)) > 0 and Im(k2(z)) > 0. Then the asymptotics of
φ1 and φ2 near the origin, together with those of Ψ1 and Ψ2 near infinity, show that the relation
γ̄φ1+δ̄φ2 = ᾱΨ+

1 +β̄Ψ
+
2 guarantees the existence of eigenvalues for large z, with Im(z) > 0. Next,

we consider the case where z = λ+i0. Notice that, in view of the relation γφ̄1+δφ̄2 = αΨ
+
1 +βΨ

+
2

and the behavior of k1(z) and k2(z) as Im(z) → 0 (see Lemma 5.1), if α = 0 then we have an
eigenfunction. Next, we show that α = 0. Note that for Im(z) = 0, if Φ satisfies iLΦ = zΦ, then
σ3Φ is a solution of iL(σ3Φ) = z(σ3Φ). This shows that the Wronskians below are independent
of r:

W (F1, σ3F1) = AtW (Ψ+, σ3Ψ
+
)Ā+AtW (Ψ+, σ3Ψ̃

+
)B̄

+BtW (Ψ̃+, σ3Ψ
+
)Ā+BtW (Ψ̃+, σ3Ψ̃

+
)B̄.

Evaluating at r = 0, the left-hand side is zero. Using the fact that B̄v = 0, we have 0 =

⟨W (F1, σ3F1)v, v⟩ = ⟨W (Ψ+, σ3Ψ
+
)Āv, Āv⟩. In view of the asymptotics of Ψ+, we haveW (Ψ+, σ3Ψ

+
) =(

k(λ) 0
0 0

)
. Therefore, we have 0 = ⟨W (Ψ+, σ3Ψ

+
)

(
α
β

)
,

(
α
β

)
⟩ = k(λ)|α|2, which yields α = 0.

This concludes the proof of Lemma 7.8. □

Next, in view of the explicit formula for the Green’s kernel and the behavior of the coefficients
ω±
ij established in Lemmas 7.2 and 7.5, all terms involved are sufficiently regular to justify

taking the limit b → 0+ under the integral in Lemma 2.7. We also observe below that the
coefficients of the terms φ3(r, z)φ

t
2(s, z) and φ2(r, z)φ

t
3(s, z) appearing in equations (7.6) and (7.7)

drop out. Moreover, as we will see later in Proposition 7.10, the coefficients of φl(r, z)φ1(s, z)
and φ1(r, z)φl(s, z) for l = 3, 4, as well as those of φ4(r, z)φ2(s, z) and φ2(r, z)φ4(s, z), are
independent of z, and their differences vanishes in the integral kernel of the resolvent jump.
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Corollary 7.9. Let z = ξ ±
√
17
8 ∈ Ω, where ±Im(z) > 0 and 0 < |ξ| < δ0. Then in both

scenarios, for some α±
j and β±j , we have

K±(r, s, z) =
i

d±

4∑
j=1

α±
j (z)

(
φj(r, z)φ

t
1(s, z)σ11{0<s≤r} +φ1(r, z)φ

t
j(s, z)σ11{r≤s<∞}

)
+

i

d±

4∑
j=1
j ̸=3

β±j (z)
(
φj(r, z)φ

t
2(s, z)σ11{0<s≤r} +φ2(r, z)φ

t
j(s, z)σ11{r≤s<∞}

)(7.9)

where

|α±
1 (z)| ≲ e

− 6√
2
rε , |α±

2 (z)| ≲ e
− 3√

2
rε , |α±

3 (z)| ≲ 1, |α±
4 (z)| ≲ 1,

|β±1 (z)| ≲ e
− 3√

2
rε , |β±2 (z)| ≲

√
|ξ|, |β±4 (z)| ≲ 1.

(7.10)

Proof. We first note that the coefficient of the φ3(r, z)φ
t
2(s, z)σ11{0<s≤r}+φ2(r, z)φ

t
3(s, z)σ11{r≤s<∞}

vanishes, i.e.,

−ω±
21(z)a

±
13 + ω±

11(z)a
±
23(z) = 0

Indeed, we have a±13 =
−1
Λ13

ω±
11 and a±23 =

−1
Λ13

ω±
21. Then

−ω±
21(z)a

±
13 + ω±

11(z)a
±
23(z) = −ω±

21(z)
−1

Λ13
ω±
11 + ω±

11(z)
−1

Λ13
ω±
21 = 0

By Lemma 7.1, it follows that

ω±
l1 = −Λ13a

±
l3, −→ |ω±

l1| ≃ |a±l3|
ω±
l2 = −Λ23a

±
l3 − Λ24a

±
l4 −→ |ω±

l2| ≃ |a±l4|
ω±
l3 = Λ13a

±
l1 + Λ23a

±
l2 − Λ34a

±
l4 −→ |ω±

l3| ≃ |a±l1|
ω±
l4 = Λ24a

±
l2 + Λ34a

±
l3 −→ |ω±

l4| ≃ |a±l2|

Then all other estimates follows from Lemma 7.2 and 7.3 together with the fact that for both
scenarios |k1(z)| ≃

√
|ξ|. □

7.3. Computing the jump of the resolvent. We are now in a position to derive a represen-
tation of the flow etL in terms of the resolvent. Recall that from Lemma 2.7 that we define etL
as limit in the weak sense, that is, for any compactly supported smooth functions Φ,Ψ ∈ L2

r , we
have

⟨etLΦ,Ψ⟩ = lim
R→∞

lim
b→0+

1

2πi

∫ b+iR

b−iR
eitλ⟨

(
e−bt(iL − (λ+ ib))−1 − ebt(iL − (λ− ib))−1

)
,Φ,Ψ⟩dλ.

For any compactly supported smooth functions Φ and Ψ in L2
r define

IR(Φ,Ψ) := lim
b→0+

1

2πi

∫ R+ib

−R+ib
eitλ⟨

(
e−bt(iL − (λ+ ib))−1 − ebt(iL − (λ− ib))−1

)
Φ,Ψ⟩dλ.

(7.11)

Note that limR→∞ IR(Φ,Ψ) is what we expect to be the main part of the contour integral
representing ⟨etLΦ,Ψ⟩. Below we will also use the notation

IR = [−R,R]\(−
√
17

8
,

√
17

8
), I = R\(−

√
17

8
,

√
17

8
).
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Proposition 7.10. Let IR = [−R,R]\(−
√
17
8 ,

√
17
8 ) and I = R\(−

√
17
8 ,

√
17
8 ). For any compactly

supported functions Φ,Ψ ∈ L2
r(0,∞), we have

⟨etLΦ,Ψ⟩ = lim
R→∞

IR(Φ,Ψ) =
1

2πi

∫
I
eitλ

〈∫ ∞

0
F1(·, λ)W(λ)F1(s, λ)

tσ1Φ(s)ds,Ψ(·)
〉

L2
r

dλ,

(7.12)

where

W(λ) := κ(λ)D−(λ)−1e11D+(λ)−t, e11 :=
(
1 0
0 0

)
, D±(λ) := D±(λ± i0),

and κ(λ) = W (σ3Ψ
+
1 (·,−λ),Ψ

+
1 (·, λ)) is an odd function in λ. Moreover, for λ = ξ ±

√
17
8 , we

have |κ(λ)| ≃
√
|ξ| for small and large |ξ|.

Proof. We first justify that the limit as b → 0+ can be taken inside the λ-integral in (7.11)
for IR(Φ,Ψ). For this, we will use the resolvent kernel expression given in Corollary 7.9. First,
notice that for z = ξ ±

√
17
8 ∈ Ω with 0 < |ξ| < δ0, we have F1(·, z) and F2(·, z) are continuous

function as z crosses the real line for r ≤ r0 = ε0√
|ξ|
. The same holds for all z as a consequence

of the theory of existence, uniqueness and continuous dependence on parameters for ordinary
differential equations. It follows from the bounds (7.10) from Corollary 7.9 that the integrand or
resolvent kernels in (7.11) are non-singular for 0 < |ξ| < δ0. Therefore, in view of Green’s kernel
expression in (7.9), we may pass the limit inside the integral in (7.11) provided d± ̸= 0. Since,
by Assumption 3 iL has no embedded eigenvalues (see also Lemma 2.15 for iLGP ), by Lemma
7.8 we have d± ̸= 0. Moreover, iL has no gap eigenvalues in (−

√
17
8 ,

√
17
8 ). Therefore the limit as

b→ 0+ can be taken inside the integral and we obtain

IR(Φ,Ψ) =
1

2πi

∫
IR

eitλ⟨
(
(iL − (λ+ i0))−1 − (iL − (λ− i0))−1

)
Φ,Ψ⟩dλ.

The rest of the proof is to use this expression to extract the distorted Fourier transform represen-
tation of the evolution in tensorial form as (7.12). We closely follow the argument in [50, Proposi-
tion 5.9]. We denote the integral kernel of the jump of the resolvent across the essential spectrum
by

Q(r, s, λ) := (iL − (λ+ i0))−1 (r, s)− (iL − (λ− i0))−1 (r, s)

= K+(r, s, λ+ i0)−K−(r, s, λ− i0)

By Lemma 7.7, we have

Q(r, s, λ) = i
(
Ψ+(r, λ)(D+(λ))−tF1(s, λ)

t −Ψ−(r, λ)(D−(λ))−tF1(s, λ)
t
)
σ11{0<s≤r}

+ i
(
F1(r, λ)(D+(λ))−1Ψ+(s, λ)t − F1(r, λ)(D−(λ))−1Ψ−(s, λ)t

)
σ11{r≤s≤∞}

(7.13)

where Ψ±(r, λ) := Ψ±(r, λ ± i0) and D±(λ) := D±(λ ± i0). Note that, from above the Green’s
kernel K satisfies

(7.14) Q(r, s, λ)t = σ1Q(r, s, λ)σ1

Next, we want to express the kernel K in terms of Fj(r, λ) only. Thus, one can write Ψ± in
terms of Fj , i.e., there exist two matrices N±(z) and M±(z) such that

(7.15) Ψ±(r, z) := F2(r, z)N
±(z) + F1(r, z)M

±(z),

where the entries of N± can be determined in terms of the coefficients alj from (7.5). Using the
behavior of F1(r, z) as r → 0, we have W(F1(·, z)M±(z), F1(·, z)) = 0. Therefore,

D±(z) =W (Ψ±(·, z), F1(·, z)) = N±(z)tW (F2(·, z), F1(·, z)).
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Let Λ(z) :=W (F2(·, z), F1(·, z))). Note that the entries of this matrix are precisely the coefficients
Λij given by Lemma 7.1 and therefore det(Λ(z)) ̸= 0. Since D±(z) and Λ(z) are invertible then
N±(z)t is invertible with

D±(z)−t = N±(z)−1Λ(z)−t

Inserting (7.15) into (7.13), we find that the terms with one factor F1 and one factor F2 cancel
out. Therefore, Q(r, s, λ) must be of the form

Q(r, s, λ) = iF1(r, λ)M+(s, λ)σ11{0<s≤r} + iF1(r, λ)M−(s, λ)σ11{0<r≤s}.

By continuity, we must F1(r, λ)(M+(r, λ) − M−(s, λ)) = 0. However, det(F1) ̸= 0 because
ifnot we can find a c = c(r, λ) such that cφ11 = φ21 and cφ12 = φ22, which impossible in view of
their asymptotics, see Proposition 3.5. Therefore, we must have M+(r, λ) = M−(s, λ), whence

Q(r, s, λ) = iF1(r, λ)M(s, λ)σ1.

Using (7.14), we have

iσ1M(s, λ)tF1(r, λ)
t = iσ1F1(s, λ)M(r, λ)σ21,

which yields

F1(s, λ)
−1M(s, λ)t = M(r, λ)F1(r, λ)

−t =: W(λ)

Therefore, we have

Q(r, s, λ) = iF1(r, λ)W(λ)F1(s, λ)
tσ1,

and by (7.14), we have

(7.16) W(λ)t = W(λ).

Next, we compute W(λ). Firs notice that in view of the asymptotics of the columns Ψ+, we have

W (Ψ+(·, λ)(D+(λ))−t,Ψ+(·, λ)) = (D+(λ))−1W (Ψ+(·, λ),Ψ+(·, λ)) = 0.(7.17)

From (7.13) we have for r ≥ s,

Q(r, s, λ) = i
(
Ψ+(r, λ)(D+(λ))−t −Ψ−(r, λ)(D−(λ))−t

)
F1(s, λ)σ1.

Hence

F1(r, λ)W(λ) = Ψ+(r, λ)(D+(λ))−t −Ψ−(r, λ)(D−(λ))−t

On the one hand, using (7.17), we obtain

W (F1(·, λ)W(λ),Ψ+(·, λ)) = −W (Ψ−(·, λ)(D−(λ))−t,Ψ+(·, λ))
= −(D−(λ))−tW (Ψ−(·, λ),Ψ+(·, λ)),

on the other hand, by the definition of D+(λ) together with (7.16) we have

W (F1(·, λ)W(λ),Ψ+(·, λ)) = −W(λ)tD+(λ)t = −W(λ)D+(λ)t.

This implies that

W(λ) = D−(λ)−1W (Ψ−(·, λ),Ψ+(·, λ))D+(λ)−t.

Finally, in view of the behavior of k±j (λ) := kj(λ± i0) from Lemma 5.1, we have

W (Ψ−(·, λ),Ψ+(·, λ)) =
(
κ(λ) 0
0 0

)
,

where

κ(λ) =W (Ψ−
1 (·, λ),Ψ

+
1 (·, λ)) =W (σ3Ψ

+
1 (·,−λ),Ψ

+
1 (·, λ)).

It is clear that κ(−λ) = −κ(λ). Recall that, by Lemma 5.1 and Remark 5.2, we have k±1 (λ) =
−k±1 (−λ), Therefore, using the asymptotic of Ψ+(r, λ) for small and large |ξ|, we have |κ(λ)| ≃√
|ξ|. □
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Next, we write a more concrete expression of the tensorial structure of F1(·, λ)W(λ)F1(s, λ)
tσ1.

Lemma 7.11. Let z = λ± i0 such that λ = ξ ±
√
17
8 . Then we have,

F1(·, λ)W(λ)F1(s, λ)
t =

κ(λ)

d+(λ)d−(λ)
Θ(r, λ)Θ(s, λ)t,(7.18)

where d±(λ) := det(D±(λ± i0)), ω±
ij(λ) = ω±

ij(λ± i0) and Θ(r, λ) :=

(
Θ1(r, λ)
Θ2(r, λ)

)
satisfies

Θ(r, λ) := ω+
22(λ)φ1(r, λ)− w+

21(λ)φ2(r, λ).(7.19)

Moreover, κ(λ)
d+(λ)d−(λ)

is an odd function, Θ1(r, λ) is an odd function in λ and Θ2(r, λ) is an even
function in λ.

Proof. Recall that W(λ) = κ(λ)D−(λ)−1e11D+(λ)−t, and (D±)−1(z) := 1
d±(z)

(
ω±
22(z) −ω±

12(z)
−ω±

21(z) ω±
11(z)

)
.

Using the relation between ω+
ij and ω−

ij from Lemma 7.3, we obtain

W(λ) =
κ(λ)

d+(λ)d−(λ)

(
(ω+

22(λ))
2 −ω+

21(λ)ω
+
22(λ)

−ω+
22(λ)ω

+
21(λ) (ω+

21(λ))
2

)
.

Next, writing F1 = φ1

[
1 0

]
+φ2

[
0 1

]
and F t

1 =

[
1
0

]
φt
1+

[
0
1

]
φt
2, and using the representation

of W(λ) above, we obtain (7.18) by direct computation. Next, we justify the parity of this
tensorial structure. By Lemma 7.3, we have d−(λ) = −d+(−λ). Therefore, d−(λ)d+(λ) =
−d+(−λ)d+(λ), i.e., even function in λ. From Proposition 7.10 we have κ(λ) is an odd function.

Thus κ(λ)
d+(λ)d−(λ)

is an odd function. Denote by φj =

(
φj1

φj1

)
. Using the identities (3.8), we

have φ11(r, λ) = −φ11(r,−λ), φ12(r, λ) = φ12(r,−λ) and φ21(r, λ) = φ21(r,−λ), φ22(r, λ) =
−φ22(r,−λ). Therefore, Θ1(r,−λ) = −Θ1(r, λ) and Θ2(r,−λ) = Θ2(r, λ). □

In the remainder of this section, we write the expression Θ(r, λ) as well as the tensorial
structure of F1(·, λ)W(λ)F1(s, λ)

tσ1, in terms Ψj . It turns out that Ψ4 does not contributions
to the final expression. Recall that from (7.8) we have

φl(r, z) =

4∑
j=1

b±ljΨ
±
j (r, z), l = 1, · · · , 4.(7.20)

In order, to write Θ(r, λ) in terms of Ψj(r, z) we only need l = 1, 2.

Lemma 7.12. Let z = λ± i0 such that λ = ξ ±
√
17
8 . We have

ω+
22b

±
14 = ω±

12b
±
24 =

ω±
12ω

±
22

µ±42
(7.21)

and for small |ξ|, we have

|ω+
22b

±
11| ≲

1√
|ξ|
e
− 3√

2
4
5
rε , |ω+

22b
±
12| ≲

1√
|ξ|
e
− 3√

2
4
5
rε ,

|ω+
22b

±
13| ≲

1√
|ξ|
e
− 3√

2
4
5
rε , |ω±

12b
±
21| ≲

1√
|ξ|
,

|ω±
12b

±
22| ≲

1√
|ξ|
e

3√
2

rε
5 , |ω±

12b
±
23| ≲

1√
|ξ|
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and for large |ξ|, we have

|ω+
22b

±
11| ≲

1

|ξ|
, |ω+

22b
±
12| ≲

1

|ξ|
, |ω+

22b
±
13| ≲

1

|ξ|
,

|ω±
12b

±
21| ≲

1

|ξ|
, |ω±

12b
±
22| ≲

1

|ξ|
, |ω±

12b
±
23| ≲

1

|ξ|
.

Proof. By Lemma 7.4, it follows that

ω±
1l = b±l3µ

±
13 + b±l4µ

±
14, ω±

2l = b±l4µ
±
24, ω±

3l = b±l1µ
±
31 + b±l4µ

±
34,

ω±
4l = b±l1µ

±
41 + b±l2µ

±
42 + b±l3µ

±
43

Therefore,

b±l4 =
ω±
2l

µ±24
, b±l3 =

1

µ±13

(
ω±
1l −

ω±
2l

µ±24
µ±14

)
, b±l1 =

1

µ±31

(
ω±
3l −

ω±
2l

µ±24
µ±34

)
,

b±l2 =
1

µ±42

(
ω±
4l − b±l1µ

±
41 − b±l3µ

±
43

)
.

For small |ξ|, by Lemma 7.2, 7.3 and 7.4 we have

b±14 =
ω±
21

µ±24
, |b±11| = | 1

µ±31

(
ω±
31 −

ω±
21µ

±
34

µ±24

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

rε
5 ,

|b±13| = | 1

µ±13

(
ω±
11 −

ω±
21

µ±24
µ±14

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

rε
5

|b±12| = | 1

µ±42

(
ω±
41 − b±11µ

±
41 − b±13µ

±
43

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

2rε
5

and

b±24 =
ω±
22

µ±24
, |b±21| = | 1

µ±31

(
ω±
32 −

ω±
22µ

±
34

µ±24

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )

|b±23| = | 1

µ±13

(
ω±
12 −

ω±
22

µ±24
µ±14

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
,

|b±22| = | 1

µ±42

(
ω±
42 − b±21µ

±
41 − b±23µ

±
43

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

rε
5

Similarly, for large |ξ|, using Lemma 7.5, 7.3, 7.6 we have

b±14 =
ω±
21

µ±24
, |b±11| = | 1

µ±31
ω±
31| ≲

1

|ξ|
3
4

, |b±13| = | 1

µ±13
ω±
11| ≲

1

|ξ|
3
4

, |b±12| = | 1

µ±42
ω±
41| ≲

1

|ξ|
3
4

and

b±24 =
ω±
22

µ±24
, |b±21| = | 1

µ±31
ω±
32| ≲

1

|ξ|
3
4

, |b±23| = | 1

µ±13
ω±
12| ≲

1

|ξ|
3
4

, |b±22| = | 1

µ±42
ω±
42| ≲

1

|ξ|
3
4

.

□

Lemma 7.13. Let z = λ± i0 such that λ = ξ ±
√
17
8 . Then we have

Θ(r, λ) =

3∑
j=1

θ+j (λ)Ψ
+
j (r, λ), where θ+j (λ) := ω+

22(λ)b
+
1j − ω+

21(λ)b
+
2j ,

where for small |ξ|, we have

θ+1 (λ) = O(
1√
|ξ|

) θ+2 (λ) = O(
1√
|ξ|
e

3√
2

rε
5 ), θ+3 (λ) = O(

1√
|ξ|

)
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and for large |ξ|, we have

θ+1 (λ) = O(
1

|ξ|
) θ+2 (λ) = O(

1

|ξ|
), θ+3 (λ) = O(

1

|ξ|
)

Proof. By definition of Θ(r, λ) in (7.19) with (7.8) and (7.21), we obtain

Θ(r, λ) =
3∑

j=1

θ+j (λ)Ψ
+
j (r, λ), where θ+j (λ) := ω+

22(λ)b
+
1j − ω+

21(λ)b
+
2j .

Therefore,

θ+1 : = ω+
22b

+
11 − ω+

21b
+
21

= ω+
22

1

µ+31

(
ω+
31 −

ω+
21

µ+24
µ+34

)
− ω+

21

1

µ+31

(
ω+
32 −

ω+
22

µ+24
µ+34

)
=

1

µ+31

(
ω+
22ω

+
31 − ω+

21ω
+
32

)
θ+2 : = ω+

22b
+
12 − ω+

21b
+
22

= ω+
22

1

µ+42

(
ω+
41 − b+11µ

+
41 − b+13µ

+
43

)
− ω+

21

1

µ+42

(
ω+
42 − b+21µ

+
41 − b+23µ

+
43

)
=

1

µ+42
(ω+

22ω
+
41 − ω+

21ω
+
42)− ω+

22

1

µ+42

(
b+11µ

+
41 + b+13µ

+
43

)
− ω+

21

1

µ+42

(
b+21µ

+
41 + b+23µ

+
43

)
Note that, for large λ, θ+2 = 1

µ+
42

(ω+
22ω

+
41 − ω+

21ω
+
42).

θ+3 : = ω+
22b

+
13 − ω+

21b
+
23

= ω+
22

1

µ+13

(
ω+
11 −

ω+
21

µ+24
µ+14

)
− ω+

21

1

µ+13

(
ω+
12 −

ω+
22

µ+24
µ+14

)
=

1

µ+13

(
ω+
22ω

+
11 − ω+

21ω
+
12

)
and by Lemma 7.12, we obtain the desired estimates for θj . □

Lemma 7.14. Let z = λ± i0 such that λ = ξ ±
√
17
8 . Then we have

Θ(r, λ) = γ1(λ)
(
ω+
11(λ)σ3Ψ

+
1 (r,−λ) + ω+

11(−λ)Ψ
+
1 (r, λ)

)
+ γ2(λ)(σ3)Ψ

+
1 (r,−λ) + γ3(λ)Ψ

+
1 (r, λ) + γ4(λ)Ψ

+
2 (r, λ)

(7.22)

where for small |ξ|, we have

γ1(λ) = O(
1√
|ξ|
e
− 3√

2
rε), γ2(λ) = O(

1√
|ξ|

), γ3(λ) = O(
1√
|ξ|

), |γ4(λ)| ≲ e
3√
2

2rϵ
5 .

and for large |ξ|, we have

γ1(λ) = O(
1

|ξ|
3
4

), γ2(λ) = O(
1

|ξ|
), γ3(ξ) = O(

1

|ξ|
), γ4(λ) = O(

1

|ξ|
).

Proof. Since µ+13 = −µ+31, we have

Θ(r, λ) = − 1

µ+13(λ)

(
ω+
22(λ)ω

+
31(λ)− ω+

21(λ)ω
+
32(λ)

)
Ψ+

1 (r, λ)

+
1

µ+13(λ)

(
ω+
22(λ)ω

+
11(λ)− ω+

21(λ)ω
+
12(λ)

)
Ψ+

3 (r, λ) + θ+2 (λ)Ψ
+
2 (r, λ)

=
1

µ+13(λ)
ω+
22(λ)

(
ω+
11(λ)Ψ

+
3 (r, λ)− ω+

31(λ)Ψ
+
1 (r, λ)

)
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− 1

µ+13(λ)
ω+
21(λ)

(
ω+
12(λ)Ψ

+
3 (r, λ)− ω+

32(λ)Ψ
+
1 (r, λ)

)
+ θ+2 (λ)Ψ

+
2 (r, λ)

Denote by:

P1(r, λ) : = ω+
11(λ)Ψ

+
3 (r, λ)− ω+

31(λ)Ψ
+
1 (r, λ),

P2(r, λ) : = ω+
12(λ)Ψ

+
3 (r, λ)− ω+

32(λ)Ψ
+
1 (r, λ).

Thus,

Θ(r, λ) =
1

µ+13(λ)
ω+
22(λ)P1(r, λ)−

1

µ+13(λ)
ω+
21(λ)P2(r, λ) + θ+2 (λ)Ψ

+
2 (r, λ)(7.23)

Since {Ψ+
1 (·, λ),−σ3Ψ

+
1 (·,−λ),Ψ

+
2 (·, λ),Ψ

+
4 (·, λ)} is a fundamental system for the equation

iLΨ = zΨ, then we can write Ψ+
3 (r, λ) as

Ψ+
3 (r, λ) = α1(λ)Ψ

+
1 (r, λ) + α2(λ)(−σ3)Ψ+

1 (r,−λ),+α3(λ)Ψ
+
2 (r, λ) + α4(λ)Ψ

+
4 (r, λ).

Taking the Wronskians on the left and right-hand side with Ψ2(r, λ), and using the asymptotics
of Ψj one can see that α4(λ)W (Ψ+

4 (r, λ),Ψ
+
2 (r, λ) = 0. Thus, α4(λ) = 0, and

Ψ+
3 (r, λ) = α1(λ)Ψ

+
1 (r, λ) + α2(λ)(−σ3)Ψ+

1 (r,−λ) + α3(λ)Ψ
+
2 (r, λ).(7.24)

Taking the Wronskians on the left and right-hand side with σ3Ψ1(r,−λ), and using the asymp-
totics of Ψj one can see that α1(λ)W (Ψ+

1 (r, λ), σ3Ψ
+
1 (r,−λ) = 0. Therefore, α1(λ) = 0 and now

we have

Ψ+
3 (r, λ) = α2(λ)(−σ3)Ψ+

1 (r,−λ) + α3(λ)Ψ
+
2 (r, λ).(7.25)

Using the fact φ1(r, λ) := −σ3φ1(r,−λ), we have W (−σ3Ψ+
1 (·,−λ),φ1(·, λ)) = ω11(−λ).

Now, taking the Wronskians on the left and right-hand side with φ1(r, λ) leads to

ω+
31(λ) = α2(λ)ω

+
11(−λ) + α3(λ)ω

+
21(λ).

Therefore,

P1(r, λ) = ω+
11(λ)

(
α2(λ)(−σ3)Ψ+

1 (r,−λ) + α3(λ)Ψ
+
2 (r, λ)

)
−
(
α2(λ)ω

+
11(−λ) + α3(λ)ω

+
21(λ)

)
Ψ+

1 (r, λ)

= α2(λ)
(
ω+
11(λ)(−σ3)Ψ

+
1 (r,−λ)− ω+

11(−λ)Ψ
+
1 (r, λ)

)
+ α3(λ)

(
ω+
11(λ)Ψ

+
2 (r, λ)− ω+

21(λ)Ψ
+
1 (r, λ)

)
P1(r, λ) = α2(λ)

(
ω+
11(λ)(−σ3)Ψ

+
1 (r,−λ)− ω+

11(−λ)Ψ
+
1 (r, λ)

)
+ α3(λ)

(
ω+
11(λ)Ψ

+
2 (r, λ)− ω+

21(λ)Ψ
+
1 (r, λ)

)(7.26)

Using the fact φ2(r, λ) := σ3φ2(r,−λ), we have W (−σ3Ψ+
1 (·,−λ),φ2(·, λ)) = −ω12(−λ).

Now, taking the Wronskians on the left and right-hand side of (7.25) with φ2(r, λ) leads to

ω+
32(λ) = −α2(λ)ω

+
12(−λ) + α3(λ)ω

+
22(λ).

Therefore,

P2(r, λ) : = ω+
12(λ)Ψ

+
3 (r, λ)− ω+

32(λ)Ψ
+
1 (r, λ)

= ω+
12(λ)

(
α2(λ)(−σ3)Ψ+

1 (r,−λ) + α3(λ)Ψ
+
2 (r, λ)

)
−
(
−α2(λ)ω

+
12(−λ) + α3(λ)ω

+
22(λ)

)
Ψ+

1 (r, λ)

= α2(λ)
(
ω+
12(λ)(−σ3)Ψ

+
1 (r,−λ) + ω+

12(−λ)Ψ
+
1 (r, λ)

)
+ α3(λ)

(
ω+
12(λ)Ψ

+
2 (r, λ)− ω+

22(λ)Ψ
+
1 (r, λ)

)
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P2(r, λ) = α2(λ)
(
ω+
12(λ)(−σ3)Ψ

+
1 (r,−λ) + ω+

12(−λ)Ψ
+
1 (r, λ)

)
+ α3(λ)

(
ω+
12(λ)Ψ

+
2 (r, λ)− ω+

22(λ)Ψ
+
1 (r, λ)

)(7.27)

Substitute (7.26) and (7.27) in the equation (7.23), we obtain

Θ(r, λ) = γ1(λ)
(
ω+
11(λ)σ3Ψ

+
1 (r,−λ) + ω+

11(−λ)Ψ
+
1 (r, λ)

)
+ γ2(λ)(σ3)Ψ

+
1 (r,−λ) + γ3(λ)Ψ

+
1 (r, λ) + γ4(λ)Ψ

+
2 (r, λ),

where

γ1(λ) := − 1

µ+13(λ)
ω+
22(λ)α2(λ)

γ2(λ) :=
1

µ+13(λ)
ω+
21(λ)α2(λ)ω

+
12(λ)

γ3(λ) := − 1

µ+13(λ)
ω+
21(λ)α2(λ)ω

+
12(−λ)

γ4(λ) := θ+2 (λ) +
1

µ+13(λ)
ω+
22(λ)α3(λ)ω

+
11(λ)−

1

µ+13(λ)
ω+
21(λ)α3(λ)ω

+
12(λ).

Taking the Wronskians on the left and right-hand sides of (7.25) with Ψ+
1 (·, λ), we obtain

µ+13(λ) = α2(λ)W (σ3Ψ
+
1 (·,−λ),Ψ

+
1 (·, λ)) = α2(λ)ck

+
1 (λ)(1− c1(λ)

2).

Thus, we have
α2(λ)

µ+13(λ)
=

1

ck+1 (λ)(1− c1(λ)2)

Therefore, by Lemma 7.2 for small |ξ| we have

γ1(λ) = O(
1√
|ξ|
e
− 3√

2
rε), γ2(λ) = O(

1√
|ξ|

), γ3(λ) = O(
1√
|ξ|

)

and by Lemma 7.5 for large |ξ| we have

γ1(λ) = O

(
1

|ξ|
3
4

)
, γ2(λ) = O(

1

|ξ|
), γ3(λ) = O(

1

|ξ|
).

Similarly, taking the Wronskians on the left and right-hand sides of (7.25) with Ψ+
4 (·, λ), we

obtain µ+34(λ) = α3(λ)W (Ψ+
2 (·, λ),Ψ

+
4 (·, λ)) = α3(λ)ck2(λ)(1− c2(λ)

2). Thus

α3(λ)

µ+13(λ)
=

µ+34(λ)

ck+2 (λ)(1− c2(λ)2)

Recall that for small |ξ| we have θ+2 (λ) = O( 1√
|ξ|
e

3√
2

rε
5 ), |ω+

11| ≲ e
3√
2

rε
5 and |µ±34| ≲ e

3√
2

rϵ
5 , then

|γ4(λ)| ≲ e
3√
2

2rϵ
5 . For large |ξ|, we have θ+2 (λ) = O( 1

|ξ|), ω11(λ) = c (k+1 (λ))
− 1

2 + O(|λ|−1) and
µ±34(z) = 0, then |γ4(λ)| ≲ 1

|ξ| .

□

8. Green’s kernel of iL − z for the resonance case

In this section, we compute the distorted Fourier transform of iL in the resonance case. The
argument is similar to the non-resonance case in Section 7. Hence, we only provide the necessary
details and proofs that differ from the non-resonance case. We refer the reader to section 7 for
more details, specially for justifying that the limit as b → 0+ can be taken inside the integral
representation of the evolution in (2.10).
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8.1. Connecting the solutions from 0 and ∞. The purpose of this subsection is to connect
the local behavior of solutions to (iL − z)Ψ = 0 near r = 0 with their asymptotic behavior
as r → ∞, for both small and large |ξ|. Our approach is based on analyzing the Wronskians
that connect the solutions obtained near r = 0 with those constructed at infinity. In particu-
lar, we examine the Wronskians between the solutions φR

j defined at the origin and the solutions
ΨR

j defined at infinity. This will allow us to represent one family of solutions in terms of the other.

Recall that throughout this paper (for the resonance case), we choose ε0 and ε∞ such that
r∞ < R0. For 0 < |ξ| < δ0, we fix rε ≡ rε(z) ∈ (r∞, R0) such that ( rε20 , 6rε) ⊆ (r∞, R0), and
rε ≃ ε√

|ξ|
for some small constant ε. We will evaluate the Wronskians for some r ∈ ( rε10 , 4rε).

Denote by:

ΛR
ij(z) :=W (φR

i (·, z),φR
j (·, z))

ωR,±
ij (z) :=W (ΨR,±

i (·, z),φR
j (·, z))

Lemma 8.1. Let z ∈ Ω, then we have

ΛR
12(z) = ΛR

14(z) = 0, ΛR
13(z) = 2c21c

2
3, ΛR

24(z) = 2c12c
1
4, |ΛR

23(z)| ≲ e
− 3√

2
rε , |ΛR

34(z)| ≲ rεe
− 3√

2
rε .

Proof. We determine the values of the first four Wronskians at r = 0, while the last two are
computed at r = 2rε. This choice is guided by the asymptotic properties of φj(r, z) in the
regimes of small and large r. The first four cases are obtained directly from Lemma 4.1. For the
remaining two, note that φ3 decays exponentially, φ2 stays bounded, and φR

4 grows polynomially
as r → ∞. These behaviors justify evaluating the Wronskians at r = 2rε to obtain the necessary
estimates. □

Lemma 8.2. Let z = ξ ±
√
17
8 ∈ Ω with Im(z) > 0 and 0 < |ξ| < δ0. Then, we have

|ωR,+
11 (z)| ≲ e

3√
2

rε
5 , |ωR,+

21 (z)| ≃ 1, |ωR,+
31 (z)| ≲ e

3√
2

rε
5 , |ωR,+

41 (z)| ≲ e
6√
2

rε
10

ωR,+
12 (z) = c k1(z) +O(|ξ|

3
2 ), |ωR,+

22 (z)| ≲ e
− 3√

2
rε , ωR,+

32 (z) = c k1(z) +O(|ξ|
3
2 ), |ωR,+

42 (z)| ≲ e
3√
2

rε
5

|ωR,+
13 (z)| ≲ e

− 3√
2
rε , |ωR,+

23 (z)| ≲ e
− 6√

2
rε , |ωR,+

33 (z)| ≲ e
− 3√

2
rε , |ωR,+

43 (z)| ≃ 1

|ωR,+
14 (z)| ≃ 1, |ωR,+

24 (z)| ≲ e
− 3√

2
rε , |ωR,+

34 (z)| ≃ 1, |ωR,+
44 (z)| ≲ e

3√
2

rε
5 .

where c > 0 is constant. Moreover, dR,+(z) := ωR,+
22 (z)ωR,+

11 (z) − ωR,+
21 (z)ωR,+

12 (z) ̸= 0 and
|dR,+(z)| ≃

√
|ξ|.

Proof. Recall that, the coefficients satisfy c̃2j = ± i√
17
c̃1j for j = 1, 3 and c̃2l = ∓i

√
17 c̃1l for l = 2, 4

and cj(z) = −i (
1
2
kj(z)

2+ 17
8
)

(ξ+
√
17
8

)
for j = 1, 2. Moreover, the asymptotic of the functions kj(z) and cj(z)

as z → ±
√
17
8 are given by k1(z) = ±

√
2
√
17

3

√
z+O(z), k2(z) = i 3√

2
+O(z), c1(z) = −i

√
17+O(z)

and c2(z) = i 1√
17

+O(z). Observe that φR
1 (r, z) and φR

3 (r, z) have the same asymptotic behavior

as φ1(r, z) and φ3(r, z), respectively. Consequently, the estimates for ωR,+
l1 and ωR,+

l3 can be
derived in the same way as in the proof of Lemma 7.2 for the non-resonance case. Therefore, it
remains to compute ωR,+

l2 and ωR,+
l4 . Using the asymptotic of ΨR,+

l (r, z) and φR
2 (r, z) for large

r, we obtain

ωR,+
12 (z) :=W (ΨR,+

1 (r, z),φR
2 (r, z))

=W (

(
eik1(z)r

c1(z)e
ik1(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃12
c̃22

)
(1 +O(r−1))) = ck1(z) +O(|ξ|

3
2 ).

Similarly, we get ωR,+
32 (z) = ck1(z) +O(|ξ|

3
2 ). Using the exponential decay of ΨR,+

2 (r, z), we get
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ωR,+
22 (z) :=W (ΨR,+

2 (r, z),φR
2 (r, z))

=W (

(
eik2(z)r

c2(z)e
ik2(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃12
c̃22

)
(1 +O(r−1))),

which yields, |ωR,+
22 (z)| ≲ e

− 3√
2
rε . Analogously, we get |ωR,+

42 (z)| ≲ e
3√
2

rε
5 . Next, we estimate

ωR,+
l4 :=W (ΨR,+

l (r, z),φR
4 (r, z)).

ωR,+
14 (z) :=W (ΨR,+

1 (r, z),φR
4 (r, z))

=W (

(
eik1(z)r

c1(z)e
ik1(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃14r
c̃24r

)
(1 +O(r−2))) ≃ 1

By the same argument, we have |ωR,+
34 (z)| ≃ 1.Using again the asymptotics behavior of ΨR,+

2 (r, z),
we get

ωR,+
24 (z) :=W (ΨR,+

2 (r, z),φR
4 (r, z))

=W (

(
eik2(z)r

c2(z)e
ik2(z)r

)
(1 +O(

1√
|ξ|
e−2r∞)),

(
c̃14r
c̃24r

)
(1 +O(r−2)))

which yields, |ωR,+
24 (z)| ≲ rεe

− 3√
2
rε . Similarly, we have |ωR,+

44 (z)| ≲ e
3√
2

rε
5 . □

Similarly to the non-resonance case, ωR,−
ij (z) satisfy the same parity and the following identities

hold for z ∈ Ω

Lemma 8.3. Let z ∈ Ω, then we have

ωR,−
i1 (z) = −ωR,+

i1 (−z), ωR,−
i2 (z) = ω+

i2(−z), ωR,−
i3 (z) = −ωR,+

i3 (−z), ωR,−
i4 (z) = ωR,+

i4 (−z)
Moreover,

ωR,+
21 (−z) = −ωR,+

21 (z), ωR,+
22 (−z) = ωR,+

22 (z).(8.1)

Proof. The proof is similar to that of Lemma 7.3 and follow immediately from the identities
(4.8), (5.22) and (6.24). We omit the details. □

Next, we evaluate the Wronskians ωij for large |ξ|. Recall that throughout this paper (for the
resonance case), we choose ε̃0 and ε̃∞ such that r̃∞ = ε̃∞√

|ξ|
< R̃0 = ε̃0√

|ξ|
. For 1 < Λ0 < |ξ|, we

fix r̃ε ≡ r̃ε(z) ∈ (r̃∞, R̃0) such that ( r̃ε10 , 4r̃ε) ⊆ (r̃∞, R̃0), and r̃ε ≃ ε√
|ξ|

for some small constant

ε. We will evaluate the Wronskians for some r ∈ ( r̃ε10 , 4r̃ε).

Note that, in view of our choices of r̃∞ and R̃0, and for sufficiently large |ξ|, the evaluation of
the Wronskians relies on the small r behavior of Ψ+

l and φj .

Lemma 8.4. Let z = ξ ±
√
17
8 ∈ Ω, with Im(z) > 0 and 1 < Λ0 < |ξ|. Then we have

|ωR,+
11 (z)| = −2c+k1(z)

− 1
2 c1(z)c

2
1 +O(|ξ|−1)

|ωR,+
21 (z)| = −2c+k2(z)

− 1
2 c2(z)c

2
1 +O(|ξ|−1)

|ωR,+
12 (z)| = 2c+k1(z)

− 1
2 (c12 − c1(z)c

2
2) +O(|ξ|−1)

|ωR,+
22 (z)| = 2c+k2(z)

− 1
2 (c12 − c2(z)c

2
2) +O(|ξ|−1)

|ωR,+
31 (z)| = −2c−k1(z)

− 1
2 c1(z)c

2
1 +O(|ξ|−1)

|ωR,+
32 (z)| = 2c−k1(z)

− 1
2 (c12 − c1(z)c

2
2) +O(|ξ|−1)
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|ωR,+
41 (z)| = 2c−k2(z)

− 1
2 c2(z)c

2
1 +O(|ξ|−1)

|ωR,+
42 (z)| = 2c−k2(z)

− 1
2 (c12 − c2(z)c

2
2) +O(|ξ|−1)

where c± ̸= 0 constants, cj(z) are complex, c21 ̸= 0 and c22 are real constants. Moreover,

dR,±(z) := ωR,+
22 (z)ωR,+

11 (z)− ωR,+
12 (z)ωR,+

21 (z) = ck1(z)
− 1

2k2(z)
− 1

2 +O(|ξ|−1) ̸= 0.

where c > 0 constant.

Proof. The proof is very similar to the one for Lemma 7.5 for the non-resonance case using the
behavior φR

j (r, z) for small r. □

8.2. Solving for the Green’s Kernel. Let z ∈ Ω, with ±Im(z) > 0, then we define the Green’s
kernel for the resonance case for iL − z as

KR,±(r, s, z) := ΨR,±(r, z)S(s, z)1{0<s≤r} + FR
1 (r, z)T (s, z)1{r≤s<∞},

where we require the matrices S(r, z) and T (r, z) to satisfy(
ΨR,±(r, z) FR

1 (r, z)
∂rΨ

R,±(r, z) ∂rF
R
1 (r, z)

)(
S(r, z)
−T (r, z)

)
=

(
0
σ2.

)
Then a solution to (iL − z)Ψ = Φ for z ∈ Ω, with ±Im(z) > 0, is given by

(8.2) Ψ(r) :=

∫ ∞

0
KR,±(r, s, z)Φ(s)ds.

Lemma 8.5. Let DR,±(z) :=W (ΨR,±(·, z), FR
1 (·, z)). Then we have

DR,±(z) =

(
ωR,±
11 (z) ωR,±

12 (z)

ωR,±
21 (z) ωR,±

22 (z)

)
, (DR,±)−1(z) :=

1

dR,±(z)

(
ωR,±
22 (z) −ωR,±

12 (z)

−ωR,±
21 (z) ωR,±

11 (z)

)
,

where dR,±(z) := ωR,±
22 (z)ωR,±

11 (z)− ωR,±
12 (z)ωR,±

21 (z) ̸= 0.

Moreover, for z ∈ Ω with ±Im(z) > 0, we have{
S(r, z) = −(DR,±(z))−t(FR

1 (r, z))tσ3σ2,

T (r, z) = −(DR,±(z))−1ΨR,±(r, z)tσ3σ2.

and

KR,±(r, s, z) :=

{
iΨR,±(r, z)(DR,±(z))−t(FR

1 (s, z))tσ1, 0 < s ≤ r,

iFR
1 (r, z)(DR,±(z))−1ΨR,±(s, z)tσ1, r ≤ s <∞,

Proof. Note that by Lemma 8.2, 8.3 and 8.4, we have dR,±(z) ̸= 0, for large and small ξ. Using
Lemma 7.8 and the fact that iL has a real spectrum and no threshold or embedded eigenvalues,
we obtain d± ̸= 0. Therefore, DR,±(z) is invertible. The remainder of the proof is analogous to
that of Lemma 7.7 in the non-resonant case, and we omit the details. □

Next, we express Ψ±
l (r, z) in terms of φR

j (r, z), i.e., there is exist aR,±
lj (z) such that

Ψ±
l (r, z) =

4∑
j=1

aR,±
lj (z)φR

j (r, z), l = 1, · · · , 4.

Therefore, by Lemma 8.5, we have

KR,±(r, s, z) =
i

dR,±

4∑
j=1

(ωR,±
22 aR,±

1j − ωR,R,±
12 (z)aR,±

2j )

(
φR

j (r, z)φ
R
1 (s, z)

tσ11{0<s≤r}
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+φR
1 (r, z)φ

R
j (s, z)

tσ11{r≤s<∞}

)
+

i

dR,±

4∑
j=1

(−ωR,±
21 (z)aR,±

1j + ωR,±
11 (z)aR,±

2j )

×
(
φR

j (r, z)φ
R
2 (s, z)

tσ11{0<s≤r} +φR
2 (r, z)φ

R
j (s, z)

tσ11{r≤s<∞}

)
Corollary 8.6. Let z = ξ ±

√
17
8 ∈ Ω, where ±Im(z) > 0 and 0 < |ξ| < δ0. Then in both

scenarios, we have

KR,±(r, s, z) =
i

dR,±

4∑
j=1

αR,±
j (z)

(
φR

j (r, z)φ
R
1 (s, z)

tσ11{0<s≤r} +φR
1 (r, z)φ

R
j (s, z)

tσ11{r≤s<∞}
)

+
i

dR,±

4∑
j=1
j ̸=3

βR,±
j (z)

(
φR

j (r, z)φ
R
2 (s, z)

tσ11{0<s≤r} +φR
2 (r, z)φ

R
j (s, z)

tσ11{r≤s<∞}
)

where

|αR,±
1 (z)| ≲ e

− 6√
2
rε , |αR,±

2 (z)| ≲ e
− 3√

2
rε , |αR,±

3 (z)| ≲
√
|ξ|+ e

− 3√
2

4
5
rε , |α±

4 (z)| ≲ 1,

|βR,±
1 (z)| ≲ e

− 3√
2
rε , |βR,±

2 (z)| ≲ 1, |βR,±
4 (z)| ≲ 1.

Proof. Similarly to the proof of Lemma 7.9 the coefficient of the φR
3 (r, z)φ

R
2 (s, z)

tσ11{0<s≤r} +

φR
2 (r, z)φ

R
3 (s, z)

tσ11{r≤s<∞} vanishes, i.e., −ωR,±
21 (z)aR,±

13 +ωR,±
11 (z)aR,±

23 (z) = 0. By Lemma 8.1,
it follows that

ωR,±
l1 = −ΛR

13a
R,±
l3 , −→ |ωR,±

l1 | ≃ |aR,±
l3 |

ωR,±
l2 = −ΛR

23a
R,±
l3 − ΛR

24a
R,±
l4 −→ |ωR,±

l2 | ≃ |aR,±
l4 |

ωR,±
l3 = ΛR

13a
R,±
l1 + ΛR

23a
R,±
l2 − ΛR

34a
R,±
l4 −→ |ωR,±

l3 | ≃ |aR,±
l1 |

ωR,±
l4 = ΛR

24a
R,±
l2 + ΛR

34a
R,±
l3 −→ |ωR,±

l4 | ≃ |aR,±
l2 |

Then all other estimates follows from Lemma 8.2, 8.3 and the fact that for both scenarios
|k1(z)| ≃

√
|ξ|. □

8.3. Computing the jump of the resolvent.

Proposition 8.7. Let I = R\(−
√
17
8 ,

√
17
8 ). Then for any compactly supported functions Φ,Ψ ∈

L2
r(0,∞), we have

< etLΦ,Ψ >=
1

2πi

∫
I
eitλ

〈∫ ∞

0
FR
1 (·, λ)WR(λ)FR

1 (s, λ)tσ1Φ(s)ds,Ψ(·)
〉

L2
r

dλ,

where

WR(λ) := κR(λ)DR,−(λ)−1e11DR,+(λ)−t, e11 :=
(
1 0
0 0

)
, DR,±(λ) := DR,±(λ± i0),

and κR(λ) = W (σ3Ψ
+
1 (·,−λ),Ψ

+
1 (·, λ)) is an odd function in λ. Moreover, for λ = ξ ±

√
17
8 we

have |κR(λ)| ≃
√

|ξ| for small and large |ξ|.

Proof. One can use the same argument as in the proof Proposition 7.10 to obtain the desired
results. □

Next, we write more concrete expression of the tensorial structure of FR
1 (·, λ)WR(λ)FR

1 (s, λ)tσ1.
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Lemma 8.8. Let z = λ± i0 such that λ = ξ ±
√
17
8 . Then we have

FR
1 (·, λ)WR(λ)FR

1 (s, λ)t =
κR(λ)

dR,+(λ)dR,−(λ)
ΘR(r, λ)ΘR(s, λ)t,

where dR,±(λ) := det(DR,±(λ ± i0)), ωR,±
ij (λ) = ωR,±

ij (λ ± i0) and ΘR(r, λ) :=

(
ΘR

1 (r, λ)
ΘR

2 (r, λ)

)
satisfies

ΘR(r, λ) := ωR,+
22 (λ)φR

1 (r, λ)− wR,+
21 (λ)φR

2 (r, λ).(8.3)

Moreover, κR(λ)
dR,+(λ)dR,−(λ)

is an odd function, ΘR
1 (r, λ) is an odd function in λ and ΘR

2 (r, λ) is an
even function in λ

Proof. The proof follows in the same way as for Lemma 7.11 and is therefore omitted. □

Next we express φR
l (r, z) in terms of Ψ±

j (r, z), i.e., there exist bR,±
lj (z) such that

φR
l (r, z) =

4∑
j=1

bR,±
lj Ψ±

j (r, z), l = 1, · · · , 4.(8.4)

In order to write ΘR(r, λ) in terms of Ψj(r, z) we only need l = 1, 2.

Lemma 8.9. Let z = λ± i0 such that λ = ξ ±
√
17
8 . Then we have

ωR,+
22 bR,±

14 = ωR,±
12 bR,±

24 =
ωR,±
12 ωR,±

22

µ±42
(8.5)

and for small |ξ|, we have

|ωR,+
22 bR,±

11 | ≲ 1√
|ξ|
e
− 3√

2
4
5
rε , |ωR,+

22 bR,±
12 | ≲ 1√

|ξ|
e
− 3√

2
3
5
rε , |ωR,+

22 bR,±
13 | ≲ 1√

|ξ|
e
− 3√

2
4
5
rε ,

|ωR,±
12 bR,±

21 | ≲
√

|ξ|+ e
− 3√

2
4
5
rε , |ωR,±

12 bR,±
22 | ≲

√
|ξ|e

3√
2

rε
5 , |ωR,±

12 bR,±
23 | ≲

√
|ξ|+ e

− 3√
2

4
5
rε ,

and for large |ξ|, we have

|ωR,+
22 bR,±

11 | ≲ 1

|ξ|
, |ωR,+

22 bR,±
12 | ≲ 1

|ξ|
, |ωR,+

22 bR,±
13 | ≲ 1

|ξ|
,

|ωR,±
12 bR,±

21 | ≲ 1

|ξ|
, |ωR,±

12 bR,±
22 | ≲ 1

|ξ|
, |ωR,±

12 bR,±
23 | ≲ 1

|ξ|
.

Proof. 7.12 By Lemma 7.4, it follows that

ωR,±
1l = bR,±

l3 µ±13 + bR,±
l4 µ±14, ωR,±

2l = bR,±
l4 µ±24, ωR,±

3l = bR,±
l1 µ±31 + bR,±

l4 µ±34

ωR,±
4l = bR,±

l1 µ±41 + bR,±
l2 µ±42 + bR,±

l3 µ±43.

Therefore,

bR,±
l4 =

ωR,±
2l

µ±24
, bR,±

l3 =
1

µ±13

(
ωR,±
1l −

ωR,±
2l

µ±24
µ±14

)
, bR,±

l1 =
1

µ±31

(
ωR,±
3l −

ωR,±
2l

µ±24
µ±34

)
,

bR,±
l2 =

1

µ±42

(
ωR,±
4l − bR,±

l1 µ±41 − bR,±
l3 µ±43

)
.

For small |ξ|, by Lemma 8.2 8.3 and 7.4, we have

bR,±
14 =

ωR,±
21

µ±24
, |bR,±

11 | = | 1

µ±31

(
ωR,±
31 − ωR,±

21 µ±34
µ±24

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

rε
5
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|bR,±
13 | = | 1

µ±13

(
ωR,±
11 − ωR,±

21

µ±24
µ±14

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

rε
5

|bR,±
12 | = | 1

µ±42

(
ωR,±
41 − bR,±

11 µ±41 − bR,±
13 µ±43

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e

3√
2

2rε
5

and

bR,±
24 =

ωR,±
22

µ±24
, |bR,±

21 | = | 1

µ±31

(
ωR,±
32 − ωR,±

22 µ±34
µ±24

)
| ≲ 1 +

1

c k1(z) +O(|ξ|
3
2 )
e
− 3√

2
4
5
rε

|bR,±
23 | = | 1

µ±13

(
ωR,±
12 − ωR,±

22

µ±24
µ±14

)
| ≲ 1 +

1

c k1(z) +O(|ξ|
3
2 )
e
− 3√

2
4
5
rε

|bR,±
22 | = | 1

µ±42

(
ωR,±
42 − bR,±

21 µ±41 − bR,±
23 µ±43

)
| ≲ 1

c k1(z) +O(|ξ|
3
2 )
e
− 3√

2
3
5
rε + e

3√
2

rε
5

Similarly, for large |ξ|, using Lemma 8.4, 8.3 and 7.4, we have

bR,±
14 =

ωR,±
21

µ±24
, |bR,±

11 | = | 1

µ±31
ωR,±
31 | ≲ 1

|ξ|
3
4

, |bR,±
13 | = | 1

µ±13
ωR,±
11 | ≲ 1

|ξ|
3
4

, |bR,±
12 | = | 1

µ±42
ωR,±
41 | ≲ 1

|ξ|
3
4

and

bR,±
24 =

ωR,±
22

µ±24
, |bR,±

21 | = | 1

µ±31
ωR,±
32 | ≲ 1

|ξ|
3
4

, |bR,±
23 | = | 1

µ±13
ωR,±
12 | ≲ 1

|ξ|
3
4

, |bR,±
22 | = | 1

µ±42
ωR,±
42 | ≲ 1

|ξ|
3
4

.

□

Lemma 8.10. Let z = λ± i0, such that λ = ξ ±
√
17
8 . Then we have

ΘR(r, λ) =
3∑

j=1

θR,+
j (λ)Ψ+

j (r, λ), where θR,+
j (λ) := ωR,+

22 (λ)bR,+
1j − ωR,+

21 (λ)bR,+
2j ,

where for small |ξ|, we have

θR,+
1 (λ) = O(

1√
|ξ|

) |θR,+
2 (λ)| ≲ e

3√
2

3
5
rε , |θR,+

3 (λ)| ≲ 1

and for large |ξ|, we have

θR,+
1 (λ) = O(

1

|ξ|
), θR,+

2 (λ) = O(
1

|ξ|
), θR,+

3 (λ) = O(
1

|ξ|
)

Proof. By definition of ΘR(r, λ) in (8.3) with (8.4) and (8.5), we have

ΘR(r, λ) =
3∑

j=1

θR,+
j (λ)ΨR,+

j (r, λ), where θR,+
j (λ) := ωR,+

22 (λ)bR,+
1j − ω+

21(λ)b
R,+
2j .

Therefore, we have

θR,+
1 =

1

µ+31

(
ωR,+
22 ωR,+

31 − ωR,+
21 ωR,+

32

)
,

θR,+
2 =

1

µ+42
(ωR,+

22 ωR,+
41 − ωR,+

21 ωR,+
42 )− ωR,+

22

1

µ+42

(
bR,+
11 µ+41 + bR,+

13 µ+43

)
− ωR,+

21

1

µ+42

(
bR,+
21 µ+41 + bR,+

23 µ+43

)
Note that, for large |ξ|, we have θR,+

2 = 1
µ+
42

(ωR,+
22 ωR,+

41 − ωR,+
21 ωR,+

42 ). Moreover,

θR,+
3 =

1

µ+13

(
ωR,+
22 ωR,+

11 − ωR,+
21 ωR,+

12

)
.

Using Lemma 8.9, we obtain the desired estimates for θR,+
j . □



82 O. LANDOULSI AND S. SHAHSHAHANI

Lemma 8.11. Let z = λ± i0, such that λ = ξ ±
√
17
8 . Then we have

ΘR(r, λ) = γR1 (λ)
(
ωR,+
11 (λ)σ3Ψ

R,+
1 (r,−λ) + ωR,+

11 (−λ)ΨR,+
1 (r, λ)

)
+ γR2 (λ)(σ3)Ψ

R,+
1 (r,−λ) + γR3 (λ)Ψ

R,+
1 (r, λ) + γ4(λ)Ψ

R,+
2 (r, λ)

(8.6)

where for small |ξ|, we have

γR1 (λ) = O(
1√
|ξ|
e
− 3√

2
rε), |γR2 (λ)| ≲ 1, |γR3 (λ)| ≲ 1, |γR4 (λ)| ≲ e

3√
2

2rϵ
5 .

and for large |ξ|, we have

γR1 (λ) = O(
1

|ξ|
3
4

), γR2 (λ) = O(
1

|ξ|
), γR3 (λ) = O(

1

|ξ|
), γR4 (ξ) = O(

1

|ξ|
).

Proof. Following computations analogous to one in the proof of Lemma 7.14 leads to

γR1 (λ) := − 1

µ+13(λ)
ωR,+
22 (λ)αR

2 (λ)

γR2 (λ) :=
1

µ+13(λ)
ωR,+
21 (λ)αR

2 (λ)ω
R,+
12 (λ)

γR3 (λ) := − 1

µ+13(λ)
ωR,+
21 (λ)αR

2 (λ)ω
R,+
12 (−λ)

γR4 (λ) := θR,+
2 (λ) +

1

µR,+
13 (λ)

ωR,+
22 (λ)αR

3 (λ)ω
R,+
11 (λ)− 1

µ+13(λ)
ωR,+
21 (λ)αR

3 (λ)ω
R,+
12 (λ)

where
αR
2 (λ)

µ+13(λ)
=

1

ck+1 (λ)(1− c1(λ)2)
,

αR
3 (λ)

µ+13(λ)
=
µ+34(λ)

µ+13(λ)

1

ck+2 (λ)(1− c2(λ)2)

Therefore, using Lemma 7.4 with Lemma 8.2 for small |ξ| and Lemma 8.4 for large |ξ|, we obtain
the desired estimate for γR1 , γR2 , γR3 . For γR4 , we use the same argument together with Lemma
8.10, which provides the estimate for θR2 . □

9. Proof of the L2 bounds for etL

In this proof, we establish the L2-boundedness of the operator L in both the resonance and non-
resonance cases. Recall that, throughout the paper in the non-resonance case, for λ = ξ±

√
17
8 with

0 < |ξ| < δ0, we choose ε0 and ε∞ such that r∞ < r0. Moreover, we fix rε ∈ (r∞, r0) such that
rε ≃ ε√

|ξ|
, for some ε > 0. For 1 < Λ0 < |ξ|, we choose ε̃0 and ε̃∞ so that r̃∞ = ε̃∞√

|ξ|
< r̃0 =

ε̃0√
|ξ|

and we fix r̃ε ∈ (r̃∞, r̃0) such that r̃ε ≃ ε√
|ξ|
, for some ε > 0. Note that, for simplicity we use the

same symbol ε in the small and large ξ-regimes, although they represent two different constants.
In the resonance case, we similarly fix R0 and R̃0 for small and large values of ξ.

In order to obtain L2-estimates in small and large ξ-regimes, we define a smooth, even cut-off
function χ0(x) such that χ0(x) = 1 for |x| ≤ 9ε̃

10 and χ0(x) = 0 for |x| ≥ ε̃, with ε∞ < 6ε̃ < ε,
for 0 < |ξ| < δ0 and ε̃∞ < 6ε̃ < ε, for |ξ| > Λ0 > 1, where ε is as defined above. We denote by
χ1(x) := 1− χ0(x).

Note that throughout this section we work with kj(λ) = k+j (λ) = limy→0+ kj(λ + iy) for
j = 1, 2. In addition, we have k1(−λ) = −k1(λ) and k2(−λ) = k2(λ). For the precise limiting
behavior of kj , see Lemma 5.1 and Remark 5.2.
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9.1. L2-estimate of the distorted Fourier basis. We start by establishing the L2-estimate
for the distorted Fourier basis. In particular, we decompose Ψ+

1 (r, λ) into a leading order term
and a remainder term in L2

r , and we also provide the L2-estimate for Ψ+
2 (r, λ) for both large and

small values of λ.

Lemma 9.1. Let λ = ξ +
√
17
8 , such that 0 < ξ < δ0, then we have∥∥∥Ψ+

2 (r, λ)χ1(
√
ξ·)
∥∥∥
L2
r(0,∞)

≲ e
− 3√

2
9ε̃

10
√

|ξ|

and the following decomposition for Ψ1(r, λ)

Ψ+
1 (r, λ) = Ψ+

(∞,1)(r, λ)(1 +O(
1√
|ξ|
e−2r∞)) + Υ1(r, λ,Ψ

+
1 (r, λ))

where, ∥∥∥Υ1(·, λ,Ψ+
1 (·, λ))χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲
1√
|ξ|
e
−2 9ε̃

10
√

|ξ| .(9.1)

Proof. First, we prove the estimate for Ψ1. Recall that,

Ψ+
1 (r, λ) = Ψ+

(∞,1)(r, λ) + Υ1(r, λ,Ψ
+
1 (r, λ))

= Ψ+
(∞,1)(r, λ) +

∫ ∞

0
R+

1 (r, s, λ)V (s)Ψ+
1 (s, λ)ds

where, Ψ+
(∞,1)(r, λ) =

(
eik1(λ)r

c1(λ)e
ik1(λ)r

)
and by (5.16), we have

Υ1(r, λ,Ψ
+
1 (r, λ)) = iM+

1 (λ)e
ik1(λ)r

∫ r

r∞

e−ik1(λ)sO(e−2s)Ψ+
1 (s, λ)ds

+ iM+
1 (λ)e

−ik1(λ)r

∫ ∞

r
eik1(λ)sO(e−2s)Ψ+

1 (s, λ)ds

+ iM+
2 (λ)e

ik2(λ)r

∫ r

r∞

e−ik2(λ)sO(e−2s)Ψ+
1 (s, λ)ds

+ iM+
2 (λ)e

−ik2(λ)r

∫ ∞

r
eik2(λ)sO(e−2s)Ψ+

1 (s, λ)ds

Recall that |M+
1 (λ)| = O( 1√

|ξ|
) and |M+

2 (λ)| = O(1). Then the first integral satisfies

eik1(λ)r
∣∣∣∣iM+

1 (λ)

∫ r

r∞

e−ik1(λ)sO(e−2s)Ψ+
1 (s, λ)ds

∣∣∣∣ ≲ eik1(λ)r
1√
|ξ|
e−2r∞ sup

r≥r∞

|e−ik1(λ)rΨ+
1 (r, λ)|

≲ eik1(λ)r
1√
|ξ|
e−2r∞

Denote by Υ1(r, λ,Ψ
+
1 (r, λ)) the remaining part of Υ1(r, λ,Ψ

+
1 (r, λ)), i.e.,

Υ1(r, λ,Ψ
+
1 (r, λ)) := iM+

1 (λ)e
−ik1(λ)r

∫ ∞

r
eik1(λ)sO(e−2s)Ψ+

1 (s, λ)ds

+ iM+
2 (λ)e

ik2(λ)r

∫ r

r∞

e−ik2(λ)sO(e−2s)Ψ+
1 (s, λ)ds

+ iM+
2 (λ)e

−ik2(λ)r

∫ ∞

r
eik2(λ)sO(e−2s)Ψ+

1 (s, λ)ds

Thus, we have

Ψ+
1 (r, λ) = Ψ+

(∞,1)(r, λ)(1 +O(
1√
|ξ|
e−2r∞)) + Υ1(r, λ,Ψ

+
1 (r, λ))
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where,

|Υ1(r, λ,Ψ
+
1 (r, λ))| ≲

1√
|ξ|
e−2r sup

r≥r∞

|e−ik1(λ)rΨ+
1 (r, λ)|+

1√
|ξ|
e−2r sup

r≥r∞

|e−ik1(λ)rΨ+
1 (r, λ)|

+
1√
|ξ|
e−2r sup

r≥r∞

|e−ik1(λ)rΨ+
1 (r, λ)|

≲
1√
|ξ|
e−2r,

which yields,∥∥∥Υ1(·, λ,Ψ+
1 (·, λ))χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲
∥∥Υ1(·, λ,Ψ+

1 (·, λ))
∥∥
L2
r(

9ε̃

10
√

|ξ|
,∞)

≲
1√
|ξ|
e
−2 9ε̃

10
√

|ξ|

Next, we estimate Ψ+
2 (·, λ). Recall that

Ψ+
2 (r, λ) = Ψ+

(∞,2)(r, λ) + Υ2(r, λ,Ψ
+
2 (r, λ))

= Ψ+
(∞,2)(r, λ) +

∫ ∞

0
R+

1 (r, s, λ)V (s)Ψ+
2 (s, λ)ds

where Ψ+
(∞,2)(r, λ) =

(
eik2(λ)r

c2(λ)e
ik2(λ)r

)
. Using Remark 5.2 and (5.17), we have

|Υ2(r, λ,Ψ
+
2 (r, λ))| ≲

1√
|ξ|

|eik2(λ)r|e−2r,

Then ∥∥∥Ψ2(r, λ)χ1(
√
ξ·)
∥∥∥
L2
r(0,∞)

≲ ∥Ψ2(r, λ)∥L2
r(

9ε̃

10
√

|ξ|
,∞) ≲ e

− 3√
2

9ε̃

10
√

|ξ| .

□

Lemma 9.2. Let λ = ξ +
√
17
8 such that ξ > Λ0 > 1, then we have∥∥∥Ψ+

2 (r, λ)χ1(
√
ξ·)
∥∥∥
L2
r(0,∞)

≲ε̃
1√
|ξ|

and the following decomposition for Ψ1(r, λ)

Ψ+
1 (r, λ) = Ψ+

(E,1)(r, λ)(1 +O(
1√
|ξ|

)) + Υ1(r, λ,Ψ
+
1 (r, λ)),

where, ∥∥∥Υ1(·, λ,Ψ+
1 (·, λ))χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲ε̃
1√
|ξ|
.

Proof. First, we prove the estimate for Ψ1. Recall that,

Ψ+
1 (r, λ) = Ψ+

(E,1)(r, λ) + ΥE,1(r, λ,Ψ
+
1 (r, λ))

= Ψ+
(E,1)(r, λ) +

∫ ∞

0
R+

E,1(r, s, λ)VE(s)Ψ
+
1 (s, λ)ds,

where, VE(r) = O(⟨r⟩−2) and Ψ+
(E,1)(r, λ) =

(
h+(k1(λ)r)

c1(λ)h+(k1(λ)r)

)
and by (6.19), we have

ΥE,1(r, λ,Ψ
+
1 (r, λ)) = iM+

1 (λ)h+(k1(λ)r)

∫ r

r̃∞

h−(k1(λ)s)VE(s)Ψ
+
1 (s, λ)ds

+ iM+
2 (λ)h+(k2(λ)r)

∫ r

r̃∞

h−(k2(λ)s)VE(s)Ψ
+
1 (s, λ)ds
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+ iM+
1 (λ)h−(k1(λ)r)

∫ ∞

r
h+(k1(λ)s)VE(s)Ψ

+
1 (s, λ)ds

+ iM+
2 (λ)h−(k2(λ)r)

∫ ∞

r
h+(k2(λ)s)VE(s)Ψ

+
1 (s, λ)ds,

Note that the first integral satisfies∣∣∣∣iM+
1 (λ)

∫ r

r̃∞

h−(k1(λ)s)VE(s)Ψ
+
1 (s, λ)ds

∣∣∣∣ ≲ε̃
1√
|ξ|

⟨r̃∞⟩−2 sup
r̃∞≥r

|e−ik1(λ)rΨ+
1 (r, λ)|

≲ε̃
1√
|ξ|

and denote by ΥE,1(r, λ,Ψ
+(r, λ) the remaining part of ΥE,1(r, λ,Ψ

+
1 (r, λ)). Therefore, by (6.20),

we have

ΥE,1(r, λ,Ψ
+(r, λ) ≲ε̃

1√
|ξ|

|eik2(λ)r|
∫ r

r̃∞

|e−ik2(λ)s|⟨s⟩−2|Ψ+
1 (s, λ)|ds

+
1√
|ξ|

|e−ik1(λ)r|
∫ ∞

r
|eik1(λ)s|⟨s⟩−2|Ψ+

1 (s, λ)|ds

+
1√
|ξ|

|e−ik2(λ)r|
∫ ∞

r
|eik2(λ)s|⟨s⟩−2|Ψ+

1 (s, λ)|ds.

which yields, |ΥE,1(r, λ,Ψ
+
1 (r, λ))| ≲ε̃

1√
|ξ|
⟨r⟩−1. Hence, we have

∥∥∥ΥE,1(·, λ,Ψ+
1 (·, λ))χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲
∥∥ΥE,1(·, λ,Ψ+

1 (·, λ))
∥∥
L2
r(

9ε̃
10

√
ξ
,∞)

≲ε̃
1√
|ξ|
.

Next, we estimate Ψ+
2 (·, λ). Recall that

Ψ+
2 (r, λ) = Ψ+

(E,2)(r, λ) + ΥE,2(r, λ,Ψ
+
2 (r, λ))

= Ψ+
(E,2)(r, λ) +

∫ ∞

0
R+

E,2(r, s, λ)V (s)Ψ+
2 (s, λ)ds

where, Ψ+
(E,2)(r, λ) =

(
h+(k2(λ)r)

c2(λ)h+(k2(λ)r)

)
. Therefore by (6.21), we have

ΥE,2(r, λ,Ψ
+
2 (r, λ)) ≲ε̃

1√
|ξ|

|eik1(λ)r|
∫ ∞

r
|ei(k2(λ)−k1(λ))s|⟨s⟩−2ds sup

r≥r∞

|e−ik2(λ)rΨ+
2 (r, λ)|

+
1√
|ξ|

|eik2(λ)r|
∫ ∞

r
⟨s⟩−2ds sup

r≥r∞

|e−ik2(λ)rΨ+
2 (r, λ)|

+
1√
|ξ|

|e−ik1(λ)r|
∫ ∞

r
|ei(k2(λ)+k1(λ))s|⟨s⟩−2ds sup

r≥r∞

|e−ik2(λ)rΨ+
2 (r, λ)|

+
1√
|ξ|

|e−ik2(λ)r|
∫ ∞

r
|e2ik2(λ)s|⟨s⟩−2ds sup

r≥r∞

|e−ik2(λ)rΨ+
2 (r, λ)|.

Hence, |ΥE,2(r, λ,Ψ
+
2 (r, λ))| ≲ε̃

1√
|ξ|
e−

√
2
√

|ξ|r. Then

∥∥∥Ψ+
2 (r, λ)χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲ ∥Ψ2(r, λ)∥L2
r(

9ε̃

10
√

|ξ|
,∞) ≲ε̃

1√
|ξ|
.

□
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Lemma 9.3. Let λ = ξ +
√
17
8 such that ξ ∈ (0, δ0), and Φ ∈ L2

r then we have(∫ δ0

0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+
(∞,1)(r,±λ)χ1(

√
ξr)Φ(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥Φ∥L2
r
.(9.2)

It follows that, (∫ δ0

0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+

1 (r,±λ)χ1(
√
ξr)Φ(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥Φ∥L2
r

(9.3)

Proof. We only prove the case Ψ+
(∞,1)(r,+λ), and the other case can be obtained using a similar

argument. Using change of variable τ =
√
ξ, we have∫ δ0

0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+
(∞,1)(r, λ)χ1(

√
ξr)Φ(r)dr

∣∣∣∣2 dξ = ∫
√
δ0

0

∣∣∣∣∫ ∞

0
Ψ+
(∞,1)(r, λ(τ

2))χ1(τr)Φ(r)dr

∣∣∣∣2 dτ.
Define the operator

(Tv)(τ) :=

∫ ∞

0
eik1(λ(τ

2))rχ1(τr)v(r)dr, 0 < τ <
√
δ0.

For the estimate (9.2) stated in the lemma we need to show that the operator T is bounded
from L2

r([0,∞)) into L2
τ ([0,

√
δ0)). To this end, we will apply the Cotlar-Stein lemma. Let

η(x) = χ0(
x
2 )− χ0(x), we decompose the operator T =

∑∞
j=1 Tj dyadically,

(Tjv)(τ) :=

∫ ∞

0
eik1(λ(τ

2))rχ1(τr)η(2
−jτr)v(r)dr,

and

(T ∗
ku)(r) :=

∫ √
δ0

0
e−ik1(λ(µ2))rχ1(µr)η(2

−jµr)u(µ)dµ.

Next, we prove the off-diagonal decay of the operator norms ∥TjT ∗
k ∥L2

τ→L2
τ

and ∥T ∗
j Tk∥L2

r→L2
r
,

for 1 ≤ j, k ≤ ∞. The integral kernels of these operators are given by(
TjT

∗
ku
)
(τ) =

∫ √
δ0

0
Hjk(τ, µ)u(µ)dµ,(

T ∗
j Tkv

)
(r) =

∫ ∞

0
Gjk(r, s)v(s)ds,

with

Hjk(τ, µ) :=

∫ ∞

0
eik1(λ(τ

2))−k1(λ(µ2))rη(2−jτr)η(2−kµr)dr,

Gjk(r, s) :=

∫ √
δ0

0
e−ik1(λ(τ2))(r−s)η(2−jτr)η(2−kτs)dτ.

Next, we derive operator norm estimates for TjT ∗
k with 1 ≤ j, k <∞. The support of the cutoff

functions implies that the kernel Hjk(τ, µ) vanishes unless

2−jτr ≃ 1 ≃ 2−kµr ⇒ τ

2j
≃ µ

2k
.

The following kernel estimates follow from two integrations by parts, or from a straightforward
estimate of the integral,

∣∣Hj,k(λ, µ)
∣∣ ≲ 2j

τ(
1 + 2j

τ

∣∣k1(λ2)− k1(µ2)
∣∣)2 ≃

2k

µ(
1 + 2k

µ

∣∣k1(λ2)− k1(µ2)
∣∣)2 .
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Using the fact that k1(λ(τ2)) − k1(λ(µ
2)) ≃ τ − µ for 0 ≤ τ, µ ≤

√
δ0, together with Schur’s

test we obtain ∥TjT ∗
k ∥L2

τ→L2
τ
≲ 2−|j−k|. Similarly, one obtain the off-diagonal decay estimates

∥T ∗
j Tk∥L2

r→L2
r
≲ 2−|j−k|. Applying the Cotlar-Stein lemma yields the L2 bound (9.2), which,

together with the decomposition of Ψ+
1 in Lemma 9.1, implies (9.3). □

Lemma 9.4. Let λ = ξ +
√
17
8 such that ξ ∈ (Λ0,∞), and Φ ∈ L2

r then we have(∫ ∞

Λ0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+
(E,1)(r,±λ)χ1(

√
ξr)Φ(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥Φ∥L2
r

(9.4)

It follows that, (∫ ∞

Λ0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+

1 (r,±λ)χ1(
√
ξr)Φ(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥Φ∥L2
r

(9.5)

Proof. The proof closely follows that of Lemma 9.3 and is therefore omitted. □

9.2. L2-bound of the operator L. Recall that by Proposition 7.10 and Lemma 7.11, for any

compactly supported functions Φ,Ψ ∈ L2
r(0,∞) such that Φ =

(
ϕ1
ϕ2

)
and Ψ =

(
ψ1

ψ2

)
, we have

< etLΦ,Ψ > =
1

2πi

∫
I
eitλ

κ(λ)

d+(λ)d−(λ)

〈∫ ∞

0
Θ(·, λ)Θ(s, λ)tσ1Φ(s)ds,Ψ(·)

〉
L2
r

dλ,

=
1

2πi

∫
I
eitλ

κ(λ)

d+(λ)d−(λ)
⟨Θ(·, λ), σ1Φ(·)⟩L2

r
⟨Θ(·, λ),Ψ(·)⟩L2

r
dλ

where κ(λ)
d+(λ)d−(λ)

is an odd function and Θ1(r, λ) is an odd function in λ and Θ2(r, λ) is an even
function. Therefore, we obtain

< etLΦ,Ψ >=
1

πi

∫ ∞
√

17
8

cos(tλ)
κ(λ)

d+(λ)d−(λ)

(
< Θ1(·, λ), ϕ2(·) >< Θ2(·, λ), ψ2(·) >

+ < Θ2(·, λ), ϕ1(·) >< Θ1(·, λ), ψ1(·) >
)
dλ

+
1

π

∫ ∞
√
17
8

sin(tλ)
κ(λ)

d+(λ)d−(λ)

(
< Θ1(·, λ), ϕ2(·) >< Θ1(·, λ), ψ1(·) >

+ < Θ2(·, λ), ϕ1(·) >< Θ2(·, λ), ψ2(·) >
)
dλ

We write λ = ξ +
√
17
8 with ξ ∈ (0,∞), and regard λ as a function of ξ and vice versa.

Therefore, we divide the above integrals into integration region r ≲ ε√
ξ

and r ≳ ε√
ξ
. For small

r, and depending on the value of λ, we use the representation in Lemma 7.11 with (7.19). For
large values of r, we use the representation (7.22) from Lemma 7.14.

We denote by:

I1
j (λ) :=< Θ1(·, λ)χj(

√
ξ·), ϕ2(·) >, J 1

k (λ) :=< Θ2(·, λ)χk(
√
ξ·), ψ2(·) >,

I2
j (λ) :=< Θ2(·, λ)χj(

√
ξ·), ϕ1(·) >, J 2

k (λ) :=< Θ1(·, λ)χk(
√
ξ·), ψ1(·) > .

Then we have

< etLΦ,Ψ > =
∑

0≤j,k≤1

1

πi

∫ ∞

0
cos(tλ)

κ(λ)

d+(λ)d−(λ)

(
I1
j (λ)J 1

k (λ) + I2
j (λ)J 2

k (λ)
)
dξ

+
∑

0≤j,k≤1

1

π

∫ ∞

0
sin(tλ)

κ(λ)

d+(λ)d−(λ)

(
I1
j (λ)J 2

k (λ) + I2
j (λ)J 1

k (λ)
)
dξ
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Next we estimate the contribution of I l
j(λ)J l

k(λ), for the non-resonance and resonance case, in
the Stone-type formula above, for 0 ≤ j, k ≤ 1 and l = 1, 2.

9.2.1. Proof of the non-resonance case. We divide the proof into two steps for small and large ξ.

Step 1: Small ξ ∈ (0, δ0).
Case 1: contribution of I0(λ)J0(λ).

Claim 9.5. We have∫ δ0

0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J k

0 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ δ0

0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I2
0 (λ)J k

0 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. We restrict our attention to proving the estimate for I1
0 (λ)J 1

0 (λ), since the remaining

cases follow by analogous arguments. We denote by φ1(r, λ) =

(
φ11(r, λ)
φ12(r, λ)

)
and φ2(r, λ) =(

φ21(r, λ)
φ22(r, λ)

)
. Recall that by (7.19), we have Θ(r, λ) := ω+

22(λ)φ1(r, λ) − ω+
21(λ)φ2(r, λ). Hence,

we have∫ δ0

0

κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J 1

0 (λ)dξ

=

∫ δ0

0

κ(λ)

d+(λ)d−(λ)

(
< (ω+

22(λ)φ11(·, λ)− w+
21(λ)φ21(·, λ))χ0(

√
ξ·), ϕ2(·) >

)
×
(
< (ω+

22(λ)φ12(·, λ)− w+
21(λ)φ22(·, λ))χ0(

√
ξ·), ψ2(·) >

)
dξ

=

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< ω+

22(λ)φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< ω+

22(λ)φ12(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

+

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< ω+

22(λ)φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< w+

21(λ)φ22(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

+

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< w+

21(λ)φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >< ω+

22(λ)φ12(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

+

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< w+

21(λ)φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >< w+

21(λ)φ22(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

:= I + II + III + IV.

By Lemma 7.2, 7.3 and the fact that |κ(λ)| ≃
√
|ξ| we have∣∣∣∣κ(λ)(ω+

22(λ))
2

d+(λ)d−(λ)

∣∣∣∣ ≲√|ξ|e−
6√
2
rε ,

∣∣∣∣κ(λ)ω+
22(λ)ω

+
21(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲√|ξ|e−
3√
2
rε ,

∣∣∣∣κ(λ)(ω+
21(λ))

2

d+(λ)d−(λ)

∣∣∣∣ ≲√|ξ|

Recall that φ1(r, λ) and φ1(r, λ) satisfies,

|φ1(r, λ)| ≲ r
3
2 , |φ2(r, λ)| ≲ r

3
2 for small r,

|φ1(r, λ)| ≲ e
3√
2
r
, |φ2(r, λ)| ≲ r for large r ≤ rε.

We first estimate the most delicate term which is the last one IV. We have

|IV| ≲
∫ δ0

0

√
ξ < φ21(·, λ)χ0(

√
ξ·), ϕ2(·) >< φ22(·, λ)χ0(

√
ξ·), ψ2(·) > dξ

≲
∫ δ0

0

√
ξ
∥∥∥φ21(·, λ)χ0(

√
ξ·)
∥∥∥
L2
r

∥∥∥φ22(·, λ)χ0(
√
ξ·)
∥∥∥
L2
r

dξ ∥ϕ2∥L2
r
∥ψ2∥L2

r
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≲
∥∥∥ξ 1

4 < φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥
L2
ξ(0,δ0)

∥∥∥ξ 1
4 < φ22(·, λ)χ0(

√
ξ·), ψ2(·) >

∥∥∥
L2
ξ(0,δ0)

Next, we estimate the first term separately
∥∥∥ξ 1

4 < φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥
L2
ξ(0,δ0)

. Using a

change of variable ζ =
√
ξ, we obtain∫ δ0

0

√
ξ

(∫ ∞

0
φ21(r, λ)χ0(

√
ξr)ϕ2(r)dr

)2

dξ = 2

∫ √
δ0

0
ζ2
(∫ ∞

0
φ21(r, λ(ζ

2))χ0(ζr)ϕ2(r)dr

)2

dζ

We denote by

Tv(ζ) :=

∫ ∞

0
ζφ21(r, λ(ζ

2))χ0(ζr)v(r)dr, T ∗w(r) :=

∫ √
δ0

0
σφ21(r, λ(σ

2))χ0(σr)w(σ)dσ.

Therefore

TT ∗w(ζ) =

∫ ∞

0
ζφ21(r, λ(ζ

2))χ0(ζr)

∫ √
δ0

0
σφ21(r, λ(σ

2))χ0(σr)w(σ)dσdr

=

∫ √
δ0

0

∫ ∞

0
ζσφ21(r, λ(ζ

2))φ21(r, λ(σ
2))χ0(ζr)χ0(σr)drw(σ)dσ

=

∫ √
δ0

0
K(ζ, σ)w(σ)dσ.

where,

K(ζ, σ) =

∫ ∞

0
ζσφ21(r, λ(ζ

2))φ21(r, λ(σ
2))χ0(ζr)χ0(σr)dr

Moreover, we have∫ √
δ0

0
|K(ζ, σ)|dσ ≲

∫ √
δ0

0

∫ 1

0
ζσr3χ0(ζr)χ0(σr)drdσ +

∫ √
δ0

0

∫ ∞

1
ζσr2χ0(ζr)χ0(σr)drdσ

≲ 1 +

∫ 1
ζ

1
ζr2

∫ 1
r

0
σdσdr ≲ 1.

By symmetry, one can obtain
∫ √

δ0
0 |K(ζ, σ)|dζ ≲ 1. Therefore, ∥K(ζ, σ)∥L1(dσ) and ∥K(ζ, σ)∥L1(dζ)

are bounded uniformly, then by Schur’s test we obtain ∥TT ∗ϕ2∥L2
r
≲ ∥ϕ2∥L2

r
. Thus, by duality

we obtain ∥∥∥ξ 1
4 < φ21(·, λ)χ0(

√
ξ·), ϕ2(·) >

∥∥∥
L2
ξ(0,δ0)

≲ ∥ϕ2∥L2
r

(9.6)

Similarly, one can check that∥∥∥ξ 1
4 < φ22(·, λ)χ0(

√
ξ·), ψ2(·) >

∥∥∥
L2
ξ(0,δ0)

≲ ∥ψ2∥L2
r

which yields,

|IV| ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
.

Next, we estimate I, and the other two terms II and III can be estimated analogously. Using the
Cauchy-Schwarz inequality and the asymptotics of φ1(r, λ) and φ1(r, λ) we obtain,

∣∣∣∣∫ δ0

0

κ(λ)(ω+
22(λ))

2

d+(λ)d−(λ)
< φ11(·, λ)χ0(

√
ξ·), ϕ2(·) >< φ12(·, λ)χ0(

√
ξ·), ψ2(·) > dξ

∣∣∣∣
≲
∫ δ0

0

√
ξe

− 3√
2
rε
∥∥∥φ11(·, λ)χ0(

√
ξ·)
∥∥∥
L2
r

∥ϕ2∥L2
r

∥∥∥φ12(·, λ)χ0(
√
ξ·)
∥∥∥
L2
r

∥ψ2∥L2
r
dξ
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≲
∫ δ0

0

√
ξe

− 3√
2
rε
∫ ε̃√

ξ

0
e
2 3√

2
r
drdξ ∥ϕ2∥L2

r
∥ψ2∥L2

r

≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r

where we have used the asymptotics of φ1 and the fact that rε = ε√
ξ
, with 6ε̃ < ε. Similarly, one

can estimate all the other terms for I2
0 (λ)J 2

0 (λ). □

Case 2: Contribution of I1(λ)J1(λ).

Claim 9.6. We have∫ δ0

0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I1
1 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ δ0

0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I2
1 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. It suffices to establish the estimate for I1
0 (λ)J 1

0 (λ), as the proof of the other cases can
be obtained in the same way. Recall that, by Lemma 7.14, we have

Θ(r, λ) = γ1(λ)
(
ω+
11(λ)σ3Ψ

+
1 (r,−λ) + ω+

11(−λ)Ψ
+
1 (r, λ)

)
+ γ2(λ)σ3Ψ

+
1 (r,−λ) + γ3(λ)Ψ

+
1 (r, λ) + γ4(λ)Ψ

+
2 (r, λ),

where for small |ξ|,

γ1(λ) = O(
1√
|ξ|
e
− 3√

2
rε), γ2(λ) = O(

1√
|ξ|

), γ3(λ) = O(
1√
|ξ|

), |γ4(λ)| ≲ e
3√
2

2rϵ
5 .(9.7)

Hence, we have∫ δ0

0

κ(λ)

d+(λ)d−(λ)
I1
1 (λ)J 1

1 (λ)dξ

=

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< Θ1(·, λ)χ1(

√
ξ·), ϕ2(·) >< Θ2(·, λ)χ1(

√
ξ·), ψ2(·) > dξ

=

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< γ1(λ)

(
ω+
11(λ)Ψ

+
11(r,−λ) + ω+

11(−λ)Ψ
+
11(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· < γ1(λ)
(
−ω+

11(λ)Ψ
+
12(r,−λ) + ω+

11(−λ)Ψ
+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

+

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< γ1(λ)

(
ω+
11(λ)Ψ

+
11(r,−λ) + ω+

11(−λ)Ψ
+
11(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· <
(
−γ2(λ)Ψ+

12(r,−λ) + γ3(λ)Ψ
+
12(r, λ) + γ4(λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

+

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
<
(
γ2(λ)Ψ

+
11(r,−λ) + γ3(λ)Ψ

+
11(r, λ) + γ4(λ)Ψ

+
21(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· < γ1(λ)
(
−ω+

11(λ)Ψ
+
12(r,−λ) + ω+

11(−λ)Ψ
+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

+

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
<
(
γ2(λ)Ψ

+
11(r,−λ) + γ3(λ)Ψ

+
11(r, λ) + γ4(λ)Ψ

+
21(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· <
(
−γ2(λ)Ψ+

12(r,−λ) + γ3(λ)Ψ
+
12(r, λ) + γ4(λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

:= I + II + III + IV.

By Lemma 7.2, Proposition 7.10 and (9.7), we have∣∣∣∣ κ(λ)γ1(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e
− 6√

2
rε ,

∣∣∣∣ κ(λ)γ2(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣ κ(λ)γ3(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,
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∣∣∣∣ ≲√|ξ|e
3√
2

4rϵ
5 ,

∣∣∣∣κ(λ)γ1(λ)γ2(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e
− 3√

2
rε ,

∣∣∣∣κ(λ)γ1(λ)γ3(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e
− 3√

2
rε ,∣∣∣∣κ(λ)γ1(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ e
− 3√

2
3
5
rε ,

∣∣∣∣κ(λ)γ2(λ)γ3(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣κ(λ)γ2(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ e
3√
2

2rε
5 ,∣∣∣∣κ(λ)γ3(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ e
3√
2

2rε
5 .

Notice that the main terms are the one that has
∣∣∣κ(λ)γi(λ)γj(λ)d+(λ)d−(λ)

∣∣∣ ≲ 1√
|ξ|
, and

∣∣∣κ(λ)γi(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣ ≲
e

3√
2

4rε
5 , for some i, j ∈ {1, 2, 3, 4}. The second term involves γ4, and therefore it includes an

exponential decay factor given by Ψ+
2 (r, λ). We will mainly focus on estimating the first term

with no decaying factor. However, we will first estimate I and we omit the proof for all similar
terms that include a decay factor.

First, we estimate for first term I. By Lemma 9.1, we have the following decomposition for
Ψ1(r, λ)

Ψ1(r, λ) = Ψ+
(∞,1)(r, λ)(1 +O(

1√
|ξ|
e−2r∞)) + Υ1(r, λ,Ψ

+
1 (r, λ))(9.8)

where, ∥∥∥Υ1(·, λ,Ψ+
1 (·, λ))χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲
1√
|ξ|
e
−2 9ε̃

10
√
ξ(9.9)

Thus, we only focus on the contribution of Ψ+
(∞,1)(r, λ) =

(
eik1(λ)r

c1(λ)e
ik1(λ)r

)
. By Lemma 7.2, we

have |ω+
11(±λ)| ≲ e

3√
2

rε
5 . Hence, by Cauchy-Schwarz inequality and by Lemma 9.3, we obtain∣∣∣∣ ∫ δ0

0

1√
|ξ|
e
− 6√

2
rε <

(
ω+
11(λ)e

−ik1(λ)r + ω+
11(−λ)e

ik1(λ)r
)
χ1(
√
ξ·), ϕ2(·) >

· <
(
−ω+

11(λ)c1(−λ)e
−ik1(λ)r + ω+

11(−λ)c1(λ)e
ik1(λ)r

)
χ1(
√
ξ·), ψ2(·) >

∣∣∣∣dξ
≲ ∥ϕ2∥L2

r
∥ψ2∥L2

r

The estimate for the Υ1 can be obtained similarly using Cauchy-Schwarz inequality and Lemma
9.1. Therefore, we obtain the desired estimate for I. Note that, II and III mainly contain an
exponential decaying factor similar I, and using the the exponential decay of Ψ+

2 for one that
contains γ1γ4, one can obtain the desired estimate and we omit the details.

Next, we estimate IV and will focus on the first term and all the other one can be estimate
similarly. Using Cauchy-Schwarz inequality and the fact that

∣∣∣ κ(λ)γ2(λ)2d+(λ)d−(λ)

∣∣∣ ≲ 1√
|ξ|

together with

Lemma 9.3, we have∣∣∣∣∫ δ0

0

κ(λ)γ2(λ)
2

d+(λ)d−(λ)
< Ψ+

11(r,−λ)χ1(
√
ξ·), ϕ2(·) >< Ψ+

12(r,−λ)χ1(
√
ξ·), ψ2(·) > dλ

∣∣∣∣
≲
∫ δ0

0

1√
|ξ|

∣∣∣< Ψ+
11(r,−λ)χ1(

√
ξ·), ϕ2(·) >< Ψ+

12(r,−λ)χ1(
√
ξ·), ψ2(·) >

∣∣∣ dξ
≲

(∫ δ0

0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+

11(r,−λ)χ1(
√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2
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×

(∫ δ0

0

1√
|ξ|

∣∣∣∣∫ ∞

0
Ψ+

12(r,−λ)χ1(
√
ξr)ψ2(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r

Using similar argument, one can estimate the other terms in IV, and this concludes the estimates
for I1

1 (λ)J 1
1 (λ) and similarly for I2

1 (λ)J 2
1 (λ). □

Case 3: Contribution of I0(λ)J1(λ).

Claim 9.7. We have∫ δ0

0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ δ0

0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I2
0 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. By Lemma 7.11 and 7.14, we have∫ δ0

0

κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J 1

1 (λ)dξ

=

∫ δ0

0

κ(λ)

d+(λ)d−(λ)
< Θ1(·, λ)χ0(

√
ξ·), ϕ2(·) >< Θ2(·, λ)χ1(

√
ξ·), ψ2(·) > dξ

=

∫ δ0

0

κ(λ)

d+(λ)d−(λ)

(
< (ω+

22(λ)φ11(·, λ)− ω+
21(λ)φ21(·, λ))χ0(

√
ξ·), ϕ2(·) >

)
×
(
< γ1(λ)

(
−ω+

11(λ)Ψ
+
12(r,−λ) + ω+

11(−λ)Ψ
+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) >

+ <
(
−γ2(λ)Ψ+

12(r,−λ) + γ3(λ)Ψ
+
12(r, λ) + γ4(λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) >

)
dξ

By Lemma 7.2,7.3, 7.14 and the fact that |κ(λ)| ≃
√
|ξ| (see Proposition 7.10), we have∣∣∣∣κ(λ)ω+

22(λ)ω
+
11(λ)γ1(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ e
− 3√

2
9
5
rε ,

∣∣∣∣κ(λ)ω+
21(λ)ω

+
11(λ)γ1(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ e
− 3√

2
4
5
rε ,∣∣∣∣κ(λ)ω+

22(λ)γk(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ e
− 3√

2
rε ,

∣∣∣∣κ(λ)ω+
21(λ)γk(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ 1, for k = 2, 3,∣∣∣∣κ(λ)ω+
22(λ)γ4(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲√|ξ|e−
3√
2

3
5
rε ,

∣∣∣∣κ(λ)ω+
21(λ)γ4(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲√|ξ|e
3√
2

2rϵ
5 .

Notice that the main terms are the one that has
∣∣∣κ(λ)ω+

21(λ)γk(λ)
d+(λ)d−(λ)

∣∣∣ ≲ 1, for k = 2, 3 and
∣∣∣κ(λ)ω+

21(λ)γ4(λ)
d+(λ)d−(λ)

∣∣∣ ≲√
|ξ|e

3√
2

2rϵ
5 . The second term involves γ4, and therefore it includes an exponential decay factor

given by Ψ+
2 (r, λ). We will mainly focus on estimating the first term with no decaying factor.

We only focus on the first term for k = 2, the remaining cases follow in the same way.∫ δ0

0

∣∣∣∣∣ξ 1
4 < φ21(·, λ)χ0(

√
ξ·), ϕ2(·) >

1

ξ
1
4

< Ψ+
12(·,−λ)χ1(

√
ξ·), ψ2(·) >

∣∣∣∣∣ dξ
≲

(∫ δ0

0

√
ξ

∣∣∣∣∫ ∞

0
φ21(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2 (∫ δ0

0

1√
ξ

∣∣∣Ψ+
12(r,−λ)χ1(

√
ξr)ψ2(r)dr

∣∣∣2 dξ) 1
2

By applying duality together with Schur’s test or using (9.6) from Case 1, we obtain(∫ δ0

0

√
ξ

∣∣∣∣∫ ∞

0
φ21(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥ϕ2∥L2
r
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Moreover, by Lemma 9.3 we have(∫ δ0

0

1√
ξ

∣∣∣Ψ+
12(r,−λ)χ1(

√
ξr)ψ2(r)dr

∣∣∣2 dξ) 1
2

≲ ∥ψ2∥L2
r
.

This concludes the proof of Claim 9.7.
□

Step 2: Large ξ ∈ (Λ0,∞).
Case 1: Contribution of I0(λ)J0(λ).

Claim 9.8. We have∫ ∞

Λ0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J k

0 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ ∞

Λ0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I2
0 (λ)J k

0 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. Similarly to step 1, we focus on proving the estimate for I1
0 (λ)J 1

0 (λ), while the bounds
for the other terms follow by analogous arguments. We have∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J 1

0 (λ)dξ

=

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< ω+

22(λ)φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< ω+

22(λ)φ12(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

+

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< ω+

22(λ)φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< w+

21(λ)φ22(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

+

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< w+

21(λ)φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >< ω+

22(λ)φ12(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

+

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< w+

21(λ)φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >< w+

21(λ)φ22(·, λ)χ0(
√
ξ·), ψ2(·) > dξ

:= I + II + III + IV

By Lemma 7.5, 7.3, and the fact that |κ(λ)| ≃
√
|ξ|, we have∣∣∣∣κ(λ)(ω+

22(λ))
2(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ |ξ|,
∣∣∣∣κ(λ)ω+

22(λ)ω
+
21(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ |ξ|,
∣∣∣∣κ(λ)(ω+

21(λ))
2

d+(λ)d−(λ)

∣∣∣∣ ≲ |ξ|.

Recall that φ1(r, λ) and φ2(r, λ) satisfies,

|φ1(r, λ)| ≲ r
3
2 , |φ2(r, λ)| ≲ r

3
2 for small r,

|φ1(r, λ)| ≲ e
3√
2
r
, |φ2(r, λ)| ≲ r for large r ≤ rε.

We will only estimate the first term I, and all other terms can estimated similarly. We have

|I| ≲
∫ ∞

Λ0

∣∣∣|ξ| < φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< φ12(·, λ)χ0(

√
ξ·), ψ2(·) >

∣∣∣ dξ
≲
∥∥∥ξ 1

2 < φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥
L2
ξ(0,δ0)

∥∥∥ξ 1
2 < φ12(·, λ)χ0(

√
ξ·), ψ2(·) >

∥∥∥
L2
ξ(0,δ0)

Next, we estimate the first term separately
∥∥∥ξ 1

2 < φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥
L2
ξ(0,δ0)

. Using a

change of variable ζ =
√
ξ, we obtain∫ ∞

Λ0

ξ

∣∣∣∣∫ ∞

0
φ11(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ = 2

∫ ∞

√
Λ0

ζ3
∣∣∣∣∫ ∞

0
φ11(r, λ(ζ

2))χ0(ζr)ϕ2(r)dr

∣∣∣∣2 dζ
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We denote by

Tv(ζ) :=

∫ ∞

0
ζ

3
2φ11(r, λ(ζ

2))χ0(ζr)v(r)dr, T ∗w(r) :=

∫ ∞

√
Λ0

σ
3
2φ11(r, λ(σ

2))χ0(σr)w(σ)dσ.

Thus, we have

TT ∗w(ζ) =

∫ ∞

0
ζ

3
2φ11(r, λ(ζ

2))χ0(ζr)

∫ ∞

√
Λ0

σ
3
2φ11(r, λ(σ

2))χ0(σr)w(σ)dσdr

=

∫ ∞

√
Λ0

∫ ∞

0
ζ

3
2σ

3
2φ11(r, λ(ζ

2))φ11(r, λ(σ
2))χ0(ζr)χ0(σr)drw(σ)dσ

=

∫ ∞

√
Λ0

K(ζ, σ)w(σ)dσ

where,

K(ζ, σ) =

∫ ∞

0
ζ

3
2σ

3
2φ11(r, λ(ζ

2))φ11(r, λ(σ
2))χ0(ζr)χ0(σr)dr.

Moreover, we have∫ ∞

√
Λ0

|K(ζ, σ)|dσ ≲
∫ ∞

√
Λ0

∫ min( 1
ζ
, 1
σ
)

0
ζ

3
2σ

3
2 r3χ0(ζr)χ0(σr)drdσ

≲
∫ ζ

√
Λ0

ζ
3
2σ

3
2

∫ 1
ζ

0
r3drdσ +

∫ ∞

ζ
ζ

3
2σ

3
2

∫ 1
σ

0
r3drdσ ≲ 1.

By symmetry, one can obtain
∫∞√

Λ0
|K(ζ, σ)|dζ ≲ 1. Therefore, ∥K(ζ, σ)∥L1(dσ) and ∥K(ζ, σ)∥L1(dζ)

are bounded uniformly, then by Schur’s test we obtain ∥TT ∗ϕ2∥L2
r
≲ ∥ϕ2∥L2

r
. Thus, by duality

we obtain ∥∥∥ξ 1
2 < φ11(·, λ)χ0(

√
ξ·), ϕ2(·) >

∥∥∥
L2
ξ(Λ0,∞)

≲ ∥ϕ2∥L2
r

(9.10)

Similarly, one can check that∥∥∥ξ 1
2 < φ12(·, λ)χ0(

√
ξ·), ψ2(·) >

∥∥∥
L2
ξ(Λ0,∞)

≲ ∥ψ2∥L2
r
.

which yields,

|I| ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r

The other three terms II, III and IV can be estimated analogously. Similarly, one can estimate
all the other terms for I2

0 (λ)J 2
0 (λ). □

Case 2: Contribution of I1(λ)J1(λ).

Claim 9.9. We have∫ ∞

Λ0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I1
1 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ ∞

Λ0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I2
1 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. We only focus on the estimate for I1
1 (λ)J 1

1 (λ), since the proofs of the other cases proceed
in the same way. By Lemma 7.14, we have∫ δ0

0

κ(λ)

d+(λ)d−(λ)
I1
1 (λ)J 1

1 (λ)dξ

=

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< γ1(λ)

(
ω+
11(λ)Ψ

+
11(r,−λ) + ω+

11(−λ)Ψ
+
11(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >
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· < γ1(λ)
(
−ω+

11(λ)Ψ
+
12(r,−λ) + ω+

11(−λ)Ψ
+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

+

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< γ1(λ)

(
ω+
11(λ)Ψ

+
11(r,−λ) + ω+

11(−λ)Ψ
+
11(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· <
(
−γ2(λ)Ψ+

12(r,−λ) + γ3(λ)Ψ
+
12(r, λ) + γ4(λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

+

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
<
(
γ2(λ)Ψ

+
11(r,−λ) + γ3(λ)Ψ

+
11(r, λ) + γ4(λ)Ψ

+
21(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· < γ1(λ)
(
−ω+

11(λ)Ψ
+
12(r,−λ) + ω+

11(−λ)Ψ
+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

+

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
<
(
γ2(λ)Ψ

+
11(r,−λ) + γ3(λ)Ψ

+
11(r, λ) + γ4(λ)Ψ

+
21(r, λ)

)
χ1(
√
ξ·), ϕ2(·) >

· <
(
−γ2(λ)Ψ+

12(r,−λ) + γ3(λ)Ψ
+
12(r, λ) + γ4(λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) > dξ

:= I + II + III + IV.

By Lemma 7.5, 7.3, 7.14 and the fact that |κ(λ)| ≃
√
|ξ|, we have∣∣∣∣ κ(λ)γ1(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1,

∣∣∣∣ κ(λ)γ2(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣ κ(λ)γ3(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣ κ(λ)γ4(λ)2d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|∣∣∣∣κ(λ)γ1(λ)γ2(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1

|ξ|
1
4

,

∣∣∣∣κ(λ)γ1(λ)γ3(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1

|ξ|
1
4

,

∣∣∣∣κ(λ)γ1(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1

|ξ|
1
4∣∣∣∣κ(λ)γ2(λ)γ3(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣κ(λ)γ2(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣κ(λ)γ3(λ)γ4(λ)d+(λ)d−(λ)

∣∣∣∣ ≲ 1√
|ξ|

Notice that the main terms are the one that has
∣∣∣ κ(λ)γ1(λ)2d+(λ)d−(λ)

∣∣∣ ≲ 1 and
∣∣∣κ(λ)γ1(λ)γj(λ)d+(λ)d−(λ)

∣∣∣ ≲ 1

|ξ|
1
4
,

for some j = 2, 3, 4. Notice that the first term carries an additional factor of |ω+
11(λ)|2, while

the second is multiplied by |ω+
11(λ)|. By Lemma 7.5, we have |ω+

11(±λ)| ≲ |λ|−1/4. Hence, all
coefficients are bounded by |ξ|−1/2. Therefore, it suffices to estimate the first term I involving
Ψ+

1 , as the remaining terms follow by a similar argument.

By Lemma 9.2, we have the following decomposition for Ψ1(r, λ)

Ψ1(r, λ) = Ψ+
(E,1)(r, λ)(1 +O(

1√
|ξ|

)) + Υ1(r, λ,Ψ
+
1 (r, λ)),

where, ∥∥∥Υ1(·, λ,Ψ+
1 (·, λ))χ1(

√
ξ·)
∥∥∥
L2
r(0,∞)

≲ε̃
1√
|ξ|
.(9.11)

We first focus on the contribution of Ψ+
(E,1)(r, λ) =

(
h+(k1(λ)r)

c1(λ)h+(k1(λ)r)

)
. Using Cauchy-Schwarz

inequality in ξ and the fact that |ω+
11(±λ)| ≲ |ξ|−

1
4 together with Lemma 9.4, we obtain

|I| ≲
∫ ∞

Λ0

∣∣∣∣ < (ω+
11(λ)h−(k1(λ)r) + ω+

11(−λ)h+(k1(λ)r)
)
χ1(
√
ξ·), ϕ2(·) >

<
(
ω+
11(λ)c1(−λ)h−(k1(λ)r) + ω+

11(−λ)c1(λ)h+(k1(λ)r)
)
χ1(
√
ξ·), ϕ2(·) >

∣∣∣∣dξ
≲ ∥ϕ2∥L2

r
∥ϕ2∥L2

r

The estimate for Υ1 can be obtained similarly, using the Cauchy–Schwarz inequality and either
(9.11) or the second assertion of Lemma 9.4. □
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Case 3: Contribution of I0(λ)J1(λ).

Claim 9.10. We have∫ ∞

Λ0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ ∞

Λ0

∣∣∣∣ κ(λ)

d+(λ)d−(λ)
I2
0 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. By Lemma 7.11 and 7.14, we have∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
I1
0 (λ)J 1

1 (λ)dξ

=

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)
< Θ1(·, λ)χ0(

√
ξ·), ϕ2(·) >< Θ2(·, λ)χ1(

√
ξ·), ψ2(·) > dξ

=

∫ ∞

Λ0

κ(λ)

d+(λ)d−(λ)

(
< (ω+

22(λ)φ11(·, λ)− ω+
21(λ)φ21(·, λ))χ0(

√
ξ·), ϕ2(·) >

)
×
(
< γ1(λ)

(
−ω+

11(λ)Ψ
+
12(r,−λ) + ω+

11(−λ)Ψ
+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) >

+ <
(
−γ2(λ)Ψ+

12(r,−λ) + γ3(λ)Ψ
+
12(r, λ) + γ4(λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) >

)
dξ

From Lemma 7.5, 7.14, and the fact that |κ(λ)| ≃
√
|ξ| for large |ξ|, we have∣∣∣∣κ(λ)ω+

22(λ)ω
+
11(λ)γ1(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ λ
1
4 ,

∣∣∣∣κ(λ)ω+
21(λ)ω

+
11(λ)γ1(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ λ
1
4 ,∣∣∣∣κ(λ)ω+

22(λ)γk(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ λ
1
4 ,

∣∣∣∣κ(λ)ω+
21(λ)γk(λ)

d+(λ)d−(λ)

∣∣∣∣ ≲ λ
1
4 , for k = 2, 3, 4.

Notice that all coefficients exhibit the same bounds. Therefore, we will focus on estimating
the first term without a decay factor, as all other terms, with or without decay, can be handled
in a similar manner.

∫ ∞

Λ0

∣∣∣∣∣ξ 1
2 < φ11(·, λ)χ0(

√
ξ·), ϕ2(·) >

1

ξ
1
4

< Ψ+
12(·,−λ)χ1(

√
ξ·), ψ2(·) >

∣∣∣∣∣ dξ
≲

(∫ ∞

Λ0

ξ

∣∣∣∣∫ ∞

0
φ11(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2 (∫ ∞

Λ0

1√
ξ

∣∣∣Ψ+
12(r,−λ)χ1(

√
ξr)ψ2(r)dr

∣∣∣2 dξ) 1
2

By applying duality together with Schur’s test or using (9.10) from Case 1, we obtain(∫ ∞

Λ0

√
ξ

∣∣∣∣∫ ∞

0
φ11(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥ϕ2∥L2
r

Moreover, by Lemma 9.4 we have(∫ ∞

Λ0

1√
ξ

∣∣∣Ψ+
12(r,−λ)χ1(

√
ξr)ψ2(r)dr

∣∣∣2 dξ) 1
2

≲ ∥ψ2∥L2
r
.

This concludes the proof of Claim 9.10.
□
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9.2.2. Proof of the resonance case. As in the non-resonant case, the proof is split into two parts,
we treat separately the regimes of small and large ξ.

Step 1: Small ξ ∈ (0, δ0).
Case 1: Contribution of I0(λ)J0(λ).

Claim 9.11. We have∫ δ0

0

∣∣∣∣ κR(λ)

dR,+(λ)dR,−(λ)
I1
0 (λ)J 1

0 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r∫ δ0

0

∣∣∣∣ κR(λ)

dR,+(λ)dR,−(λ)
I2
0 (λ)J 2

0 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r

Proof. As in the proof of Claim 9.5, it suffices to establish the estimate for I1
0 (λ)J 1

0 (λ) and the

corresponding bound for I2
0 (λ)J 2

0 (λ) follows in the same way. We denote φR
1 (r, λ) =

(
φ11(r, λ)
φ12(r, λ)

)
and φR

2 (r, λ) =

(
φ21(r, λ)
φ22(r, λ)

)
. By Lemma 8.8, we have ΘR(r, λ) := ωR,+

22 (λ)φR
1 (r, λ)−w

R,+
21 (λ)φR

2 (r, λ).

Thus, we have∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
I1
0 (λ)J 1

0 (λ)dλ

=

∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
< ωR,+

22 (λ)φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< ωR,+

22 (λ)φ12(·, λ)χ0(
√
ξ·), ψ2(·) > dλ

+

∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
< ωR,+

22 (λ)φ11(·, λ)χ0(
√
ξ·), ϕ2(·) >< ωR,+

21 (λ)φ22(·, λ)χ0(
√
ξ·), ψ2(·) > dλ

+

∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
< ωR,+

21 (λ)φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >< ωR,+

22 (λ)φ12(·, λ)χ0(
√
ξ·), ψ2(·) > dλ

+

∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
< ωR,+

21 (λ)φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >< ωR,+

21 (λ)φ22(·, λ)χ0(
√
ξ·), ψ2(·) > dλ

:= I + II + III + IV

By Lemma 8.2, 8.3, Proposition 8.7, we have∣∣∣∣∣κR(λ)(ωR,+
22 (λ))2(ξ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
e
− 6√

2
rε ,

∣∣∣∣∣κR(λ)ωR,+
22 (λ)ωR,+

21 (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
e
− 3√

2
rε ,∣∣∣∣∣κR(λ)(ωR,+

21 (λ))2

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
.

Recall that φR
1 (r, λ) and φR

1 (r, λ) satisfies,

|φR
1 (r, λ)| ≲ r

3
2 , |φR

2 (r, λ)| ≲ r
3
2 for small r,

|φR
1 (r, λ)| ≲ e

3√
2
r
, |φR

2 (r, λ)| ≲ 1 for large r ≤ rε.

We will only estimate the most delicate term IV. We have

|IV| ≲
∫ δ0

0

1√
ξ
< φ21(·, λ)χ0(

√
ξ·), ϕ2(·) >< φ22(·, λ)χ0(

√
ξ·), ψ2(·) > dξ

≲

∥∥∥∥∥ 1

ξ
1
4

< φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥∥∥
L2
ξ(0,δ0)

∥∥∥∥∥ 1

ξ
1
4

< φ22(·, λ)χ0(
√
ξ·), ψ2(·) >

∥∥∥∥∥
L2
ξ(0,δ0)
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Next, we estimate the first term separately
∥∥∥∥ 1

ξ
1
4
< φ21(·, λ)χ0(

√
ξ·), ϕ2(·) >

∥∥∥∥
L2
ξ(0,δ0)

. Using a

change of variable ζ =
√
ξ, we obtain∫ δ0

0

1√
ξ

(∫ ∞

0
φ21(r, λ)χ0(

√
ξr)ϕ2(r)dr

)2

dξ = 2

∫ √
δ0

0

(∫ ∞

0
φ21(r, λ(ζ

2))χ0(ζr)ϕ2(r)dr

)2

dζ.

We define the operator

Tv(ζ) :=

∫ ∞

0
φ21(r, λ(ζ

2))χ0(ζr)v(r)dr.

Setting χ0(x) =
∞∑
j=0

ηj(x), where supp(ηj) ⊆ [2−(j+1), 2−j ], we decompose the operator T =∑∞
j=0 Tj where

Tjv(ζ) : =

∫ ∞

0
φ21(r, λ(ζ

2))ηj(ζr)v(r)dr, 0 ≤ ζ ≤
√
δ0,

T ∗
j w(r) : =

∫ √
δ0

0
φ21(r, λ(σ

2))ηj(σr)w(σ)dσ.

Next, we estimate the operator norms ||T ∗
j Tk||L2

λ→L2
λ
. Indeed, we have

T ∗
j Tkv(r) =

∫ √
δ0

0

∫ ∞

0
φ21(r, λ(σ

2))ηj(σr)φ21(s, λ(ζ
2))ηk(σs)v(s)dsdσ

=

∫ ∞

0
K(r, s)v(s)ds,

where K(r, s) :=

∫ √
δ0

0
φ21(r, λ(σ

2))φ21(s, λ(ζ
2))ηj(σr)ηk(σs)dσ. Using the asymptotic behavior

φ21 for small and large r, we obtain∫ ∞

0
|K(r, s)|ds ≲

∫ √
δ0

0
ηj(σr)

∫ ∞

0
ηk(σs)dsdσ

≲
∫ 2−j

r

2−(j+1)

r

∫ 2−k

σ

2−(k+1)

σ

dsdσ

≲ 2−k

∫ 2−j

r

2−(j+1)

r

1

σ
dσ ≲ 2−k.

By symmetry, we obtain
∫∞
0 |K(r, s)|dr ≲ 2−j . Therefore the norms ∥K(r, ·)|L2(ds) and ∥K(·, s)|L2(dr)

are uniformly bounded by 2−k and 2−j , respectively. Then by by Shur’s test, we obtain∥∥T ∗
j Tk

∥∥
L2
λ→L2

λ

≲ 2−
k
2 2−

j
2 .

Then by duality we obtain,

< Tϕ2, Tϕ2 >=
∞∑

j,k=0

< ϕ2, T
∗
j Tkϕ2 >≲

∞∑
j,k=0

2−
k
2 2−

j
2 ∥ϕ2∥2L2 ≲ ∥ϕ2∥2L2

Therefore, we get ∥∥∥∥∥ 1

ξ
1
4

< φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥∥∥
L2
ξ(0,δ0)

≲ ∥ϕ2∥L2(9.12)
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Similarly, we obtain ∥∥∥∥∥ 1

ξ
1
4

< φ22(·, λ)χ0(
√
ξ·), ϕ2(·) >

∥∥∥∥∥
L2
ξ(0,δ0)

≲ ∥ϕ2∥L2 .

This concludes the estimates for IV. All the other terms come with an additional decaying factor
and can be estimated similarly, we omit the details. □

Case 2: Contribution of I1(λ)J1(λ).

Claim 9.12. We have∫ δ0

0

∣∣∣∣ κR(λ)

dR,+(λ)dR,−(λ)
I1
1 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ δ0

0

∣∣∣∣ κR(λ)

dR,+(λ)dR,−(λ)
I2
1 (λ)J k

1 (λ)

∣∣∣∣ dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.

Proof. We only need to establish the estimate for I1
1 (λ)J 1

1 (λ), the other cases can be treated
analogously. Recall that from Lemma 8.11, we have

ΘR(r, λ) = γR1 (λ)
(
ωR,+
11 (λ)σ3Ψ

R,+
1 (r,−λ) + ωR,+

11 (−λ)ΨR,+
1 (r, λ)

)
+ γR2 (λ)(σ3)Ψ

R,+
1 (r,−λ) + γR3 (λ)Ψ

R,+
1 (r, λ) + γR4 (λ)Ψ

R,+
2 (r, λ).

By a direct computation, similar to that in the proof of Claim 9.6, we obtain the following
decomposition ∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
I1
1 (λ)J 1

1 (λ)dξ =:= IR + IIR + IIIR + IVR.

Note that by Lemma 8.2 and 8.11 together with the fact that |κR(λ)| ≃
√

|ξ| we have∣∣∣∣ κR(λ)γR1 (λ)2dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1

|ξ|
3
2

e
− 6√

2
rε ,

∣∣∣∣ κR(λ)γR2 (λ)2dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣ κR(λ)γR3 (λ)2dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,∣∣∣∣ κR(λ)γR4 (λ)2dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e

3√
2

4rϵ
5

∣∣∣∣κR(λ)γR1 (λ)γR2 (λ)dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1

|ξ|
e
− 3√

2
rε ,

∣∣∣∣κR(λ)γR1 (λ)γR3 (λ)dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1

|ξ|
e
− 3√

2
rε ,∣∣∣∣κR(λ)γR1 (λ)γR4 (λ)dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1

|ξ|
e
− 3√

2
3
5
rε

∣∣∣∣κR(λ)γR2 (λ)γR3 (λ)dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
,

∣∣∣∣κR(λ)γR2 (λ)γR4 (λ)dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e

3√
2

2rε
5 ,∣∣∣∣κR(λ)γR3 (λ)γR4 (λ)dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e

3√
2

2rε
5

Notice that the main terms are the one that has
∣∣∣∣κR(λ)γR

i (λ)γR
j (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
, and

∣∣∣κR(λ)γR
i (λ)γR

4 (λ)

dR,+(λ)dR,−(λ)

∣∣∣ ≲
1√
|ξ|
e

3√
2

4rε
5 , for some i, j ∈ {1, 2, 3, 4}. Theses terms can be estimates exactly as in Claim 9.6

using Lemma 8.2 together with Lemma 9.1and 9.3. □

Case 3: Contribution of I0(λ)J1(λ).

Claim 9.13. We have∫ δ0

0

∣∣∣∣ κR(λ)

dR,+(λ)dR,−(λ)
I1
0 (λ)J k

1 (λ)

∣∣∣∣dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.∫ δ0

0

∣∣∣∣ κR(λ)

dR,+(λ)dR,−(λ)
I2
0 (λ)J k

1 (λ)

∣∣∣∣dξ ≲ ∥ϕ2∥L2
r
∥ψ2∥L2

r
, for k = 1, 2.
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Proof. It is enough to prove the estimate for I1
0 (λ)J 1

1 (λ), since the remaining cases follow by
the same reasoning. By Lemma 8.8 and 8.11, we have∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
I1
0 (λ)J 1

1 (λ)dξ

=

∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)
< ΘR

1 (·, λ)χ0(
√
ξ·), ϕ2(·) >< ΘR

2 (·, λ)χ1(
√
ξ·), ψ2(·) > dξ

=

∫ δ0

0

κR(λ)

dR,+(λ)dR,−(λ)

(
< (ωR,+

22 (λ)φ11(·, λ)− ωR,+
21 (λ)φ21(·, λ))χ0(

√
ξ·), ϕ2(·) >

)
×
(
< γR1 (λ)

(
−ωR,+

11 (λ)Ψ+
12(r,−λ) + ωR,+

11 (−λ)Ψ+
12(r, λ)

)
χ1(
√
ξ·), ψ2(·) >

+ <
(
−γR2 (λ)Ψ+

12(r,−λ) + γR3 (λ)Ψ
+
12(r, λ) + γR4 (λ)Ψ

+
22(r, λ)

)
χ1(
√
ξ·), ψ2(·) >

)
dξ

Using Lemma 8.2, 8.3 and 8.11 with the fact that κR(λ) Note that, using Lemma 8.2, 8.3 and
8.11 with the fact that |κR(λ)| ≃

√
|ξ|∣∣∣∣∣κR(λ)ωR,+

22 (λ)ωR,+
11 (λ)γR1 (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1

|ξ|
e
− 3√

2
9
5
rε ,

∣∣∣∣∣κR(λ)ωR,+
21 (λ)ωR,+

11 (λ)γR1 (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1

|ξ|
e
− 3√

2
4
5
rε ,∣∣∣∣∣κR(λ)ωR,+

22 (λ)γRk (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
e
− 3√

2
rε ,

∣∣∣∣∣κR(λ)ωR,+
21 (λ)γk(λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
, for k = 2, 3∣∣∣∣∣κR(λ)ωR,+

22 (λ)γR4 (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
e
− 3√

2
3
5
rε ,

∣∣∣∣∣κR(λ)ωR,+
21 (λ)γR4 (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣∣ ≲ 1√
|ξ|
e

3√
2

2rϵ
5 .

Notice that the main terms are the one that has
∣∣∣∣κR(λ)ωR,+

21 (λ)γR
k (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
, for k = 2, 3

and
∣∣∣∣κR(λ)ωR,+

21 (λ)γR
4 (λ)

dR,+(λ)dR,−(λ)

∣∣∣∣ ≲ 1√
|ξ|
e

3√
2

2rϵ
5 . The second term involves γR4 , and therefore it includes an

exponential decay factor given by Ψ+
2 (r, λ). We will mainly focus on estimating the first term

with no decaying factor. We only focus on the first term for k = 2, the remaining cases follow in
the same way.∫ δ0

0

∣∣∣∣∣ 1ξ 1
4

< φ21(·, λ)χ0(
√
ξ·), ϕ2(·) >

1

ξ
1
4

< Ψ+
12(·,−λ)χ1(

√
ξ·), ψ2(·) >

∣∣∣∣∣ dξ
≲

(∫ δ0

0

1√
ξ

∣∣∣∣∫ ∞

0
φ21(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2 (∫ δ0

0

1√
ξ

∣∣∣Ψ+
12(r,−λ)χ1(

√
ξr)ψ2(r)dr

∣∣∣2 dξ) 1
2

By applying duality together with Schur’s test or using (9.12) from Case 1, we obtain(∫ δ0

0

1√
ξ

∣∣∣∣∫ ∞

0
φ21(r, λ)χ0(

√
ξr)ϕ2(r)dr

∣∣∣∣2 dξ
) 1

2

≲ ∥ϕ2∥L2
r

Moreover, by Lemma 9.3 we have(∫ δ0

0

1√
ξ

∣∣∣Ψ+
12(r,−λ)χ1(

√
ξr)ψ2(r)dr

∣∣∣2 dξ) 1
2

≲ ∥ψ2∥L2
r
.

This concludes the proof of Claim 9.13.
□
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Step 2: Large ξ ∈ (Λ0,∞). This case is analogous to Step 2 for non-resonance case and we
omit the details.

Appendix A. Proof of Theorem 1

In this section, we present the proof of Theorem 1.1. The argument is essentially the same as
in the Euclidean case, and we follow the approach in [13]. We prove the existence and uniqueness
of the solution to the equation (1.3) and (1.4), that is,

∂2ru+ coth(r)∂ru− n2

sinh2(r)
u+ u− u3 = 0,(A.1)

lim
r→0

u(r) = 0, lim
r→∞

u(r) = 1, u(r) ≥ 0, ∀r > 0.(A.2)

Notice that a solution to equation (A.1),(A.2) defined on (0, R) can be written near 0 as power
series u(r) =

∑∞
k=1 akr

k. Plugging this into the equation for small r, i.e,

(∂2ru+ (
1

r
+O(r))∂ru− n2

r2 +O(r4)
)u+ u− u3 = 0

One can see that ak = 0, for all k < n, and we have u(r) = arn + O(r(n+2)), where a = an.
Therefore, any bounded solution of (A.1) near r = 0 is a solution to the following problem

1

2
∂2rv(α, r) +

1

2
coth(r)∂rv(α, r)−

n2

2 sinh2(r)
v(α, r) + v(α, r)− v3(α, r) = 0, r > 0(A.3)

v(α, r) ∼ αrn as r → 0.(A.4)

To prove Theorem 1.1, we use a shooting argument with respect to the parameter α. As by
product, we have the following results:

Theorem A.1. Let v(α, r) be a solution of (A.3)-(A.4) in the maximal existence interval (0, Rα)
and let a be constant of Theorem 1.1. Then, we have

• if α ∈ (0, a), then Rα = ∞ and |u| < 1 and oscillating.
• if α = a then Rα = ∞ and lim

r→∞
u(r) = 1.

• if α ∈ (a,∞), then Rα <∞ and lim
r→Rα

v(α, r) = ∞.

First, we prove that the system (A.1)-(A.2) admits at least one solution. Our strategy is to
employ a shooting argument. To this end, for each α > 0 we consider the auxiliary problem
(A.3)-(A.4).

Lemma A.2. For any α ≥ 0 there exists a unique solution near r = 0 for the problem (A.3)-
(A.4) such that

v(α, r) = αrn − α

2n+ 2
rn+2 +O(rn+4), as r → 0.

The unique extension of this solution to the maximal interval [0, Rα) satisfy either Rα = ∞
or lim

r→Rα

v(α, r) = ∞.

Proof. The result follows directly from a power series expansion combined with standard theory
for ordinary differential equations. For brevity, we omit the details. □

Remark A.3. Note that the dominant term in the asymptotic expansion of v or u as r → 0 is
the same as in the Euclidean setting. The difference appears in the coefficient of rn+2, which is
slightly altered due to working in the hyperbolic space with curvature −1

2 . More generally, in a
hyperbolic space of curvature κ, we have

v(α, r) = αrn +
α

κ

rn+2

4n+ 4
+O(rn+4), as r → 0.
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Next, we introduce the following three disjoint sets:

A := {α > 0 | ∃y ∈ (0, Rα) such that vr(α, y) = 0}
B := {α > 0 | ∀r ∈ (0, Rα) and max

r∈(0,Rα)
v(α, r) > 1}

C := {α > 0 | vr(α, r) > 0, v(α, r) ≤ 1 ∀r > 0}.
Notice that the three sets are disjoints and that

(A.5) A ∪ B ∪ C = (0,∞).

Lemma A.4. If α ∈ C, then v(α, r) is a solution to (A.1), (A.2).

Proof. Since for α ∈ C we have that v(α, r) is strictly increasing and bounded by 1, it follows
that the limit exists

lim
r→∞

v(α, r) =: l ∈ (0, 1]

It remains to prove that l = 1. Assume by contradiction, that l < 1. Then, from (A.3), we
obtain 1

2(sinh(r)vr)r := sinh(r)(l3 − l + + n2

2 sinh2(r)
v + (v3 − l3) − (v − l)), which implies that

1
2vr =

cosh(r)−1
sinh(r) (l3 − l)+ o(1). Since vr > 0 for all r > 0, this leads to a contradiction. Therefore,

l = 1 and v(α, r) is a solution to (A.1), (A.2). □

Note that, by Lemma A.4, in order to prove Theorem A.1 it suffices to show that C is non-
empty. From (A.5), it is sufficient to prove that the sets A and B are both open and non-empty.
First, we study the set A.
Lemma A.5. The set A is not empty and there exists a positive constant m such that (0,m) ⊂ A.

Proof. For any α > 0, define w(α, r) = v(α,r)
α , for r ∈ (0, Rα). Then w satisfies

1

2
∂2rw +

1

2
coth(r)∂rw − n2

2 sinh(r)
w + w = α2w3, r ∈ (0, Rα),

w(α, r) = rn − 1

2n+ 2
rn+2 +O(rn+4), as r → ∞.

It follows that as α→ 0, w(α, r) → w(0, r), where w(0, r) is the solution of

1

2
∂2rw +

1

2
coth(r)∂rw − n2

2 sinh(r)
w + w = 0, r ∈ (0,∞),(A.6)

w(α, r) = rn − 1

2n+ 2
rn+2 +O(rn+4), as r → 0.(A.7)

Notice that the solution (A.6) are the spherical functions. Also, one can see that for large r, the
equation (A.6) is approximates by (12∂

2
r + ∂r + 1)w = 0, whose solutions are oscillating. Thus

the solution (A.6) must exhibit oscillatory behavior. Consequently, for small values of α, the
function w(α, r) oscillates, and hence so does v(α, r) = αw(α, r). As a result, there exists some
m > 0 such that for all α ∈ (0,m), we have α ∈ A. □

For any α ∈ A, we define

(A.8) y0(α) := inf{r ∈ (0, Rα)|vr(α, r) = 0}.
Lemma A.6. If α ∈ A, then

sinh−1(
n√
2
) < y0(α)(A.9)

v(α, y0(α)) <

(
1− n2

2 sinh2(y0(α))

) 1
2

(A.10)

vrr(α, y0(α)) < 0.(A.11)

In addition, A is open and y0(·) ∈ C∞(A).
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Proof. Since α ∈ A, and by definition of y0(α) we have vr(α, y0(α)) = 0 and vrr(α, y0(α)) ≤ 0,
because v ∼ αrn near 0. By the equation (A.3), we have

(A.12)
1

2
vrr(α, y0(α)) = v(α, y0(α))

(
n2

2 sinh2(y0(α))
+ v2(α, y0(α))− 1

)
≤ 0.

which yields, 0 ≤ v2(α, y0(α)) ≤ 1 − n2

2 sinh2(y0(α))
. Therefore, sinh−1( n√

2
) < y0(α) and 0 ≤

v(α, y0(α)) ≤
(
1− n2

2 sinh2(y0(α))

) 1
2
. To obtain (A.10), we need to show that the inequality is

strict. Assume v2(α, y0(α)) + n2

2 sinh2(y0(α))
− 1 = 0. Then

d

dr

(
v2(α, r) +

n2

2 sinh2(r)
− 1

) ∣∣
r=y0(α)

= −n
2 cosh(y0(α))

sinh3(y0(α))
< 0,

which implies that v2 + n2

sinh(r) − 1 > 0 in (y0(α) − δ, y0(a)), for some δ > 0. It follows that
1
2(sinh(r)vr)r = sinh(r)(v2 + n2

sinh2(r)
− 1) > 0 for r ∈ (y0(α) − δ, y0(a)). Integrating between

y0(α) − δ and y0(a), we obtain y0(α)vr(α, y0(α)) − (y0(α) − δ)vr(α, y0(α) − δ) > 0. Using the
fact that vr(α, y0(α)) = 0, we get vr(α, y0(α)− δ) = 0, which contradict the definition of y0(α).
This concludes the proof of (A.10). Finally, using the equation (A.12) with (A.10), we obtain
(A.11). The last assertion of the lemma is obtain by Implicit Function Theorem and (A.11). Let
α0 ∈ A, then we have vr(α0, y0(α0)) = 0 and vrr(α0, y0(α0)) < 0. By Implicit Function Theorem,
there exists a smooth function defined in neighborhood of α0 to a neighborhood of y0(α0), i.e.,
f : N (α0) −→ N (y0(α0)), α 7→ f(α), such that f(α0) = y0(α0) and vr(α, f(α)) = 0. Hence, A
is open and y0 is smooth. □

Next, we prove that the set B is open and nonempty. First, we show that if a solution reaches
the value 1 at some finite r, then it must blow up.

Lemma A.7. Assume that for some y1 ∈ (0, Rα), we have v(α, y1) = 1 and v(α, r) < 1 for all
r ∈ (0, y1). Then, vr(α, r) > 0 for all r ∈ [y1, Rα).

Proof. First, we show that vr(α, y1) > 0.Assume vr(α, y1) = 0, then by (A.3) we have 1
2vrr

∣∣
r=y1

>

0. Using Taylor expansion at y1 and y1 − h, we obtain

vrr(α, y1) = 2 lim
h→0+

vr(α, y1)h− (v(α, y1)− v(α, y1 − h)

h2
≤ 0,

which is a contraction. Then vr(α, y1) > 0. Assume vr(α, r) > 0 for all r ∈ (y1, Rα) is not true.
Then, there exist y2 ∈ (y1, Rα) such that v(α, y2) = 0 and vr(α, r) > 0, for all r ∈ [y1, y2). It
then follows that vrr(α, y2) ≤ 0, which contradict the equation (A.3). Therefore, the assertion
of the lemma follows. □

Lemma A.8. The set B is nonempty, there exists M > 0, such that (M,∞) ⊂ B.

Proof. By Lemma A.6,we have for any α ∈ (0,∞)

(A.13) vr(α, r) > 0, ∀r ∈ (0,min(sinh−1(
n√
2
), Rα))

It follows that v(α, r) > 0 for all α > 0 and r ∈ (0,min(sinh−1( n√
2
), Rα)). For any α > 0, define

w(α, r) = v(α,r)
α , and set wα := d

dαw(α, r), it satisfies

1

2
wα
rr +

1

2
coth(r)wα

r − wα

(
3α2w2 +

n2

2 sinh2(r)
− 1

)
= 2αw3 > 0, r ∈ (0,min(sinh−1(

n√
2
), Rα)),

(A.14)

wα(α, r) = rn +O(rn+2), as r → 0.

(A.15)
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By series expansion for small r, we have

wα(α, r) =
α

2n2 + 3n+ 1
r3n+2 +O(r3n+3).

Since, wα > 0 near 0, then wα can not attain a positive local maximum in (0,min(sinh−1( n√
2
), Rα)).

If not then there exists a critical point r0 < sinh−1( n√
2
), (i.e., 1 < 1

2 sinh2(r0)
) such that wα

r (α, r0) =

0 and wα
rr(α, r0) ≤ 0. Using the equation (A.14), we obtain 1

2w
α
r r(α, r0) > 0, which is a contrac-

tion. Therefore, we have wα(α, r) > 0, for all r ∈ (0,min(sinh−1( n√
2
), Rα)). Hence w(α, r) is

strictly increasing in α, for fixed r ∈ (0,min(sinh−1( n√
2
), Rα)). Since v = αw, there exists M > 0

such that if a > M we have v(a, r) > 1. If Rα < n, then by (A.13) we have a ∈ B. If Rα > n,
then v(a, n) > 1 and by (A.13) we have vr(a, r) > 0 for all r ∈ (0, n). Thus, there exists r1 such
that v(α, r1) = 1 and v(α, r) < 1 for r ∈ (0, r1). Then, by Lemma A.7 we have vr(α, r) > 0 for
all r ∈ [r1, Rα). Therefore, if a > M then a ∈ B. □

For any α ∈ B, define

y1(α) := inf{r ∈ (0, Rα) | v(α, r) = 1}.(A.16)

Lemma A.9. The set B is open and y1(·) ∈ C∞(B).

Proof. By continuous dependence of v on α, we have for every α0

∃δ > 0, such that vr(α, r) > 0, ∀α ∈ (α0 − δ0, α0 + δ0), and ∀r ∈ (0, y1(α0) + δ1).

Thus, by Lemma A.7 for some δ2 ∈ (0, δ1) we have (α0 − δ1, α0 + δ1) ⊂ B. Moreover, using
Implicit Function Theorem for v(a, y1)− 1 = 0, for y1 = y1(α), we obtain that y1(α) is smooth
and this concludes the proof of the Lemma. □

Proof of Theorem A.1. Recall that A∪B∪C = (0,∞) and A and B are open sets then C is
not empty. Hence by Lemma A.4 we obtain the existence of solution to the problem A.1,(A.2).

Next, we proof properties of the solution to the problem A.1,(A.2).

Lemma A.10. Let u be a solution to the problem A.1,(A.2), then

0 < u(r) < 1, u′(r) > 0 for all r > 0.

Proof. The assertion of this lemma is consequence of the following claim

Claim A.11. u be a solution to the problem A.1,(A.2) if and only if there is α ∈ C such that
u(r) = v(α, r).

Proof. Notice that, by Lemma A.4, we have if a ∈ C then u(·) = v(α, ·) is a solution to the
equation (A.1),(A.2). Let u be a solution of (A.1) and (A.2). Then u is bounded, and there
exists α ∈ (0,∞) such that u(r) = v(α, r). Since u is bounded, we have a /∈ B, and it suffices to
show that a /∈ A. We argue by contradiction, assume a ∈ A. Recall that by Lemma A.6 we have

sinh−1( n√
2
) < y0(α), v(α, y0(α)) <

(
1− n2

2 sinh2(y0(α))

) 1
2 and vrr(α, y0(α)) < 0. Since v(α, r) ≥ 0,

and limr→∞ v(α, r) = 1, then v must attains local minimum at some point r0 > y0(α), such that

0 ≤ v2(α, r0) < v2(α, y0(α)) < 1− n2

2 sinh2(y0(α))
< 1− n2

2 sinh2(r0)
.(A.17)

As v attains local minimum at r = r0, we have vr(α, r0) = 0 and vrr(α, r0) ≥ 0. Then using
(A.17) and the equation (A.1), vrr(α, r0) = v(α, r0)(v(α, r0)

2 + n2

2 sinh2(r0)
− 1) ≥ 0, one can see

that the only possibility is v(α, r0) = 0. Howoever, the only solution to second order equation
with v(α, r0) = vr(α, r0) = 0 is v ≡ 0, which can not be a solution as u → 1, as r → ∞. Thus
a /∈ A. and this concludes the proof of the claim. □

The proof of the lemma follows from the claim above. □
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Lemma A.12. If u solves (A.1) and (A.2), then u(r) = 1− 2n2e−2r + o(e−2r) as r → ∞.

Proof. Since the asymptotics of u as r → ∞ follow from standard ODE arguments, we omit the
proof. □

Next, we show that the solution is unique. For that, it suffices to prove that C consists of a
single point. We first show that both A and B are connected, therefore, C consists of an interval
[a,A]. We then prove that a = A.

We first start by proving a monotonicity lemma, whcih will play a key role in the uniqueness
proof.

Lemma A.13. Assume that v(α, r) > 0 in (0, R1) for some R1 ≤ Rα. Then

vα :=
d

dα
v(α, r) >

1

α
v(α, r), ∀r ∈ (0, R1).

If in addition we assume that vr(α, r) > 0 for r ∈ (0, R1) then

vαr (α, r) :=
d

dr
vα(α, r) > 0, ∀r ∈ (0, R1).(A.18)

Proof. Notice that vα satisifies
1

2
vαrr +

1

2
coth(r)vαr − vα(3v2 +

n2

2 sinh2(r)
− 1) = 0, ∀r ∈ (0, R1),(A.19)

vα(α, r) = rn − 1

2n+ 2
rn+2 +O(rn+4), as r → 0.(A.20)

and w(α, r) = v(α,r)
α satisfies

1

2
wrr +

1

2
coth(r)wr − w(3v2 +

n2

sinh2(r)
− 1) = −2αw3 < 0, ∀r ∈ (0, R1),(A.21)

w(α, r) = rn − 1

2n+ 2
rn+2 +O(rn+4), as r → 0.(A.22)

First, we show that vα > w for small r. Recall that wα(α, r) ∼ α
2n2+3n+1

r3n+2. Note that

wα(α, r) = vα(α,r)−w(α,r)
α > 0, for small r. Thus, vα(α, r) > w(α, r) for small r. Next, we argue

by contradiction. Assume that vα(α, r) > w(a, r) = w(α,r)
α for all r ∈ (0, R1) is not true. Then

there exist R2 ∈ (0, R1) such that vα(α,R2) = w(α,R2). Define

(A.23) κ := sup{c > 0 | cvα(α, r) ≤ w(α, r), for r ∈ (0, R2)}.
Note that for small r, we have cvα − w ∼ (κ − 1)rn < 0, for small r. We conclude that, ∃R3 ∈
(0, R2) such that

0 = cvα(α,R3)− w(α,R3) = max
r∈[0,R2]

{κvα(α, r)− w(α, r)}.

Then it follows that

κvα = w, κvαr = wr, κvαrr ≤ wrr, for r = R3.(A.24)

However, this is impossible otherwise we have

0 = κ

(
1

2
vαrr +

1

2
coth(r)vαr − vα(3v2 +

n2

2 sinh2(r)
− 1)

) ∣∣∣∣
r=R3

≤ 1

2
wrr +

1

2
wr − w

(
3v2 +

n2

2 sinh2(r)
− 1

) ∣∣∣∣
r=R3

= −2α2w2(α,R3) < 0,

which is a contradiction. Therefore, we have d
dαv(α, r) >

1
αv(α, r), for all r ∈ (0, R1).

Next, we prove (A.18). Note that vαr > 0 when r is small. Similarly, we argue by contradiction.
Suppose that (A.18) is not true, then there exists R2 ∈ (0, R1) such that vαr (α,R2) = 0. Define
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κ as in (A.23). Since κvαr −wr

∣∣
r=R2

< 0, we can deduce that there exists R3 ∈ (0, R2) satisfying
(A.24), which by the same arguments leads to a contradiction.

□

Lemma A.14. B is connected and there exists a constant A > 0 such that B = (A,∞).

Proof. Since B is open, we need only to show that if (α1, α2) ∈ B, then α2 ∈ B. Define y1(α) as
in (A.16), then we have v(α, y1(α)) = 1 and v(α, r) < 1 for all r ∈ (0, y1(α)). Thus, by Lemma
A.7 we have vr(α, r) > 0 for all r ∈ [y1(α), Rα) and by Lemma A.13 we have vα(α, y1(α)) > 0.
Using Implicit Function Theorem for v(α, y1(α)) = 1, we have

d

dα
y1(α) = −v

α(α, y1(α))

vr(α, y1(α))
< 0.

It follows that limα→α2 y1(a) = l0 > 0 exists. Using continuous dependence of v on α, we have
v(α2, l0) = 1 and vr(α2, r) ≥ 0 for all r ∈ (0, Rα2). Then by Lemma A.6 and (A.7), we conclude
that α2 ∈ B. □

Lemma A.15. A is connected and there is a constant a > 0, such that A = (0, a).

Proof. Let y0(α) defined as (A.8), then by (A.18) we have vαr (α, y0(α)) ≥ 0. By Lemma A.6 and
Implicit Function Theorem, we have

d

dα
y0(α) = − vαr (α, y0(α))

vrr(α, y0(α))
≥ 0.

By an argument analogous to the one in the proof of the previous lemma, we obtain the desired
result. □

Finally, we prove the uniqueness of the solution of (A.1),(A.2).

Theorem A.16. The problem (A.1),(A.2) admits a unique solution.

Proof. In view of (A.5) and Lemma A.14, A.15, we have C = [a,A]. Thus, it suffices to prove
that a = A. Note that for any r > 0, we have

v(A, r) = v(a, r) +

∫ A

a
vα(α, r)dα

By definition of the set C and Lemma A.13, we have

v(A, r) = v(a, r) +

∫ A

a

1

α
v(α, r)dα

Since for every α ∈ C, v(α, r) → 1, as r → ∞, taking the limit r → ∞, yields 1 ≥ 1 + ln( a
A),

which implies a = A. This completes the proof of the theorem. □

Appendix B. Green’s kernel for iL0 − z

In this section we present the proof of Lemma 2.6. We seek to compute the resolvent kernel
of (iL0 − z)−1, for ±Im(z) > 0. Therefore, we define the resolvent kernel as

R±
0 (r, s, z) := Ψ±

(0)(r, z)S(s, z)10≤s≤r + Ψ̃±
(0)(r, z)T (s, z)1r≤s≤∞.(B.1)

Let D±(z) = W (Ψ±
(0)(·, z), Ψ̃

±
(0)(·, z)). Using similar argument as in previous sections in par-

ticular §7.2 and 8.2, we obtain

R±
0 (r, s, z) := iΨ±

(0)(r, z)(D
±(z))−tΨ̃±

(0)(s, z)
tσ110≤s≤r

+ iΨ̃±
(0)(r, z)(D

±(z))−1Ψ±
(0)(s, z)

tσ11r≤s≤∞.
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Denote by µ0,±ij (z) =W (Ψ±
(0,i)(·, z),Ψ

±
(0,j)(·, z)). Then we get

D±(z) =

(
µ0,±13 (z) µ0,±14 (z)

µ0,±23 (z) µ0,±24 (z)

)
, d±(z) := det(D±(z))

Note that by definition of kj , we have 1− c1(z)c2(z) = 0, see Section 5. Then we have µ0,±14 (z) =

µ0,±23 (z) = 0. Therefore, d±(z) = µ0,±13 (z)µ0,±24 (z). Denote by

R±
ij(r, s, z) := i

(
Ψ±

(0,i)(r, z)Ψ
±
(0,j)(s, z)

t1{0≤s≤r} +Ψ±
(0,j)(r, z)Ψ

±
(0,i)(s, z)

t1{r≤s≤∞}

)
σ1.

Hence, by direct computation, we obtain

R±
0 (r, s, z) :=

1

d±

(
µ0,±24 (z)R±

13(r, s, z) + µ0,±13 (z)R±
24(r, s, z)

)
(B.2)

=
1

µ0,±13 (z)
R±

13(r, s, z) +
1

µ0,±24 (z)
R±

24(r, s, z).(B.3)

Finally, we estimate µ0,±13 (z) and µ0,±24 (z) :

µ0,±13 (z) := −(1− c21(z))W (ψ0(r, k1(z)), ϕ0(r, k1(z)))

µ0,±24 (z) := −(1− c22(z))W (ψ0(r, k2(z)), ϕ0(r, k2(z)))

Using the asymptotics near 0 for ϕ0(r) = cr
3
2 + O(r

5
2 ) and ψ0(r) = c̃1r

− 1
2 + c̃2r

3
2 + O(1), we

have W (ψ0(r, ki(z)), ϕ0(r, kj(z))) = 2ck
− 1

2
i k

3
2
j , for i, j = 1, 2. Recall that for large |z|, we have

|k1(z)| ≃
√

|z|, |k2(z)| ≃
√
|z|, c1(z) = −i + O(|z|−1) and c2(z) = i + O(|z|−1), (see Remark

6.4). Thus, we have

|µ0,±13 (z)| ≃ |µ0,±24 (z)| ≃
√

|z|
This concludes the proof of Lemma 2.6.
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