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ABSTRACT. Motivated by the stability problem for Ginzburg-Landau vortices on the hyperbolic
plane, we develop the distorted Fourier transform for a general class of radial non-self-adjoint
matrix Schrodinger operators on the hyperbolic plane. This applies in particular to the opera-
tor obtained by linearizing the equivariant Ginzburg-Landau equation on the hyperbolic plane
around the degree one vortex. We systematically construct the distorted Fourier transform by
writing the Stone formula for complex energies and taking the limit as the energy tends to the
spectrum of the operator on the real line. This approach entails a careful analysis of the resol-
vent for complex energies in a neighborhood of the real line. It is the analogue of the approaches
used in [22,40,50], where the limiting operator as r — oo is not self-adjoint and which we carry
out for all energies. Our analysis serves as the starting point for the study of the stability of
the Ginzburg-Landau vortex under equivariant perturbations.
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1. INTRODUCTION

In this paper, we consider the Gross-Pitaevskii equation on the real hyperbolic plane H?:
(1.1) 10 4+ AU 4 (1 — |T]?)T = 0.

It is well-known that the analogous problem on R? admits stationary solutions, or vortices, of the
form V,(r,0) = pn(r)e™® with p,(0) = 0 and lim, « pn(r) = 1. See for instance [13,32]. The
integer n is called the degree of the vortex. Formally, V;, is a critical point of the Ginzburg-Landau
energy functional

/ (%IWF + 3(1 0P da.

However, due to the asymptotic behavior of p, at infinity, these stationary solution have loga-
rithmically divergent H* norm, and in particular do not have finite energy. In contrast, in view
of the exponential growth of the volume of the ball of radius r in H2, the corresponding problem
on the hyperbolic plane admits finite energy solutions. See for instance Appendix A. We continue
to refer to these solutions as vortices. Our concern in this paper is to initiate the study of the
asymptotic stability of the degree one vortex on H2. As a first step we consider the problem
under the additional equivariance ansatz that the perturbations are of the form ¢(t,)e™?. An
important challenge, which is present for both R? and H?, is that the linearized operator about
the vortex is not self-adjoint, even asymptotically as » — oo. Despite this difficulty, the linear
analysis in the Euclidean case was recently taken up in [19,50]. In particular, these papers con-
structed a distorted Fourier transform for the linearized operator, which serves as a first natural
step in studying the asymptotic stability of vortices. The main result of the current work is a
complete construction of the corresponding distorted Fourier transform for the problem on H2.
As a corollary, we establish an L?-bound of the operator norm, in contrast to the Euclidean
case where a growth rate of the L?-norm was obtained. On the hyperbolic space, the spectrum
of the linearized operator is real but exhibits a spectral gap near 0, which makes the spectral
analysis delicate. Nevertheless, we are able to precisely determine the essential spectrum and
prove the absence of threshold or embedded eigenvalues. However, a complete classification of
the intermediate behavior of solutions at the edge of the spectrum remains an open problem. For
this reason, we consider a more general class of operators and, in particular, allow for different
intermediate behaviors of threshold solutions at the spectral edge. See Section 2.1 below for more
precise statements. Our motivation for this work is two-fold: On the one hand dispersive equa-
tions and soliton stability problems on hyperbolic spaces have received considerable attention in
recent years. See for instance [3,4,6,34,44]. On the other hand, the problem at hand provides
a natural context to generalize the methods developed in [50]. Specifically, in this instance the
main differences are the presence of a spectral gap and the different (hyperbolic rather than
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Euclidean) large r asymptotics of the operators.

Before proceeding with a more precise description of the results, we make a few remarks about
the geometry of the hyperbolic plane. First, in this work we choose to work with the hyperbolic
plane of constant curvature —%. The motivation for this choice comes from the corresponding
gauged self-dual Ginzburg-Landau problem. In that context an SO(3) cylindrical symmetry
reduction of the four dimensional Yang-Mills equations on the Euclidean space gives rice to the
Ginzburg-Landau problem on the hyperbolic plane of curvature —%. Moreover, for this choice
of the curvature the resulting elliptic equations can be integrated to give explicit formulas for
the vortices. We refer the reader to [52, Chapter 7], [35,42,62| for a more complete discussion of
the gauged-problem and these observations. Even though we are not aware of such remarkable
structures in the non-gauged, or global, problem, we have decided to work with this choice of
the curvature. Throughout the paper we will use polar coordinates (r,60) € (0,00) X [0,27) to

describe the hyperbolic plane. Then the Riemannian metric in these coordinates takes the form
2dr? + 2(sinh )2 d6*.
The corresponding Riemannian volume element is given by
dv = 2(sinhr) dr df,
1

and the Laplace-Beltrami operator in H? with curvature —5 reads

1 1 1
Az = —0? + = cothr 9, + = (sinhr) ™2 93.
2 2 2
It is well-known that spec Apz = [§,00). See for instance [31].

1.1. The linearized operator around the degree-one vortex. Consider the complex Ginzburg-
Landau equation in the hyperbolic space H?,

(1.2) AV + (1 — [T =0,

under the equivariance condition W, (r,0) = ™ p, (r), n € Z\{0}. For ¥, to be a solution p,
have to satisfy the following ordinary differential equation

2

1, 1 n 3
Theorem 1.1. For any real n > 0, the equation (1.3), admits a unique smooth solution satisfying
(1.4) lim p,(r) =0, lim p,(r) =1, pp(r)>0, Vr>0.

r—0 T—00
This solution satisfies
(1.5) 0<pn(r)<1, pl(r)>0, Vr>0,

ar™t?

(1.6) pn(r) =ar™ — Sy +o(r*™?) as r—0,
(1.7) pn(r) =1—2n%¢"2 4 0(e™®) as r— oo.

Remark 1.2. The proof of the existence and uniqueness is similar to one in the Fuclidean
space, see [13,32]. In particular, the asymptotics near the origin are the almost the same. For
completeness, we give a sketch of the proof in Appendiz A.

The solutions of the form W, (r,0) = € p,(r), are time independent solution to the Gross-
Pitaevskii equation (1.1). They are prototypical examples of topological solitons and under-
standing their stability is a central question in the analysis of the equation’s dynamics. As a
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first step we study the Gross-Pitaevskii equation linearized around py(r)e?. Consider an equi-
variant solution ¥ of the nonlinear Gross-Pitaevskii equation (1.1) close to the degree-one vortex
p1(r)e. We decompose ¥(t, ) as

U(t,x) = (p1(r) + h(t,r))e”,
Plugging this decomposition to the equation (1.1), we obtain the linearized evolution equation

(0 — L)h(t,r) = N(h),

where N(h) contains the nonlinear terms on h, h(t,r) := (Reh(t, T)> and

Im h(t,r)
Lo 0 —Arad"i‘m‘i‘p%—l
T\ Avaa gy 308 1) 0 '

Conjugating the corresponding linearized operator to the half-line by the weight sinh? gives rise
to the operator

Lap = Sinh%T'L'Sinh_%r: < 0 21) ’

—£9 0
where
1 3 1 1 3 1
L= 2P+ ——— 4 p3r) — 1+, Loi= 0P+ ——— +3p3(r) — 1+ <.
! 27" 8sinh?(r) pi(r) 8 ? 27" 8sinh?(r) Ae) 8
Note that the scalar Schrodinger operators £1 and £9 can be written as
1 3 1
1.8 Si=Co+pi—1, Lo=2Lo+3p7—1, with £y :=—?+——"7—+—.

It is standard that £y is limit point at both 7 = 0 and r = oo, and that it is essentially self-adjoint.
We denote the domain of £y by D,

D:={f € L}(0,00)| £of € L}(R+)}.

The operator Lgp can be decomposed as

0 £o 0 p?—1
1.9 Lap = Lo+ V Loy = Vip = 1 .
(1.9) GP o+ Vap, 0 ((£0+2) 0), GP (—3(p%—1) 0
1.2. Main results. In this work, we study the time evolution generated by the semigroup et
on the Hilbert space L2(Ry) x L2(R;), where L is of the same form as Lgp. Specifically, we
consider an operator of the form

(1.10) L= <_(£(?+ 2) %0) v, V= (Vz%“) V1(§?”>> ’

where we assume that the potentials Vi (r) and Va(r) satisfy the following conditions:

Assumption 1 (Decay and Regularity). The functions Vi(r) and Va(r) are smooth, bounded
and decay exponentially at infinity. Specifically,

Vi(r)] S Ce™, forj=1,2.
Assumption 2 (Spectral Condition). The essential spectrum of iL is (—oo, —g] U [@, 00)
and its the spectrum is real, spec(iL) C R. Moreover, iL has an empty discrete spectrum, in
particular, no gap eigenvalues.

Assumption 3 (Absence of Embedded Eigenvalues). iL has no threshold or embedded
eigenvalues. Moreover, L1f = 0 and Laf = 0 have a positive solution that is L*(0,1) but not in
L?(1,00).
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Remark 1.3. In Section 2.4, we will prove that iLgp satisfies Assumptions 1, 2, 3, with the
exception that its discrete spectrum is empty. Although, we explicitly determine the essential
spectrum of iLgp, the precise location of its discrete spectrum is more delicate and remains
undetermined at this stage. Nevertheless, we can show that, if the discrete spectrum is non-

empty, then it is contained in (—@, —77] U [77, g) , for some n > 0, see also Remark 1.4
for further discussion. Moreover, iL represents a general class of operators that may admit a
threshold resonance, in the sense that will be made precise later, see Definition 2.1.1 While the
precise status of a threshold resonance for iLgp cannot be conclusively determined at present, our
analysis is designed to accommodate both possibilities. In particular, we construct the distorted
Fourier transform for il and establish the corresponding L?-bounds in both scenarios: when a

resonance is present and when it is absent.

Remark 1.4. The assumption that the discrete spectrum is empty is made simply for conve-

VIT7 V17
8

nience. Although gap eigenvalues within the interval (_T’ —17] U [n, ) , for n >0 can play

an tmportant role in the nonlinear dynamics, they can be handled relatively easily in the linear
analysis. In fact, in the presence of gap eigenvalues, the linear analysis of this paper still applies
to the essential spectrum; see, for example, [22], [40].

The assumption of the zero energy solution of L1 and Lo, which is consistent with the linearized
operator Lap for the Gross-Pitaevskii equation, is made in order to obtain o classification of

the behavior of the solution to the threshold problem iLP = :l:gq). Instead, it would suffice to
assume that this classification holds. See sections 2.1.1 and 2.1.2. In fact, the assumption on
L' and L? can be used to rule out threshold and embedded eigenvalues. Indeed, this is precisely
how we prove absence of threshold and embedded eigenvalues for Lop. This argument, which is
inspired by [19], uses only the existence of positive solutions of L1f = 0 and Lof = 0 that are
L? near r = 0 but not globally. See Section 2./.

The main achievement of this paper is the construction of the distorted Fourier transform for
the operator £. This construction is a key point in establishing decay estimates for the linearized
operator and for initiating the analysis of the nonlinear asymptotic stability problem, which is
our ultimate objective. In the present work, we restrict attention to the L? estimates, leaving
the study of other related questions to future work.

Theorem 1.5. The operator L is closed on D x D C L2(RT) x L2(RT). The semi-group {e'*}icr
is defined as a bounded operator on L?(R*) x L2(R") wvia the Hille-Yosida theorem. For any
W € L2, and for all t € R, we have

(1.11) el 2 S 1l e -

91 (T‘, /\)
92(7', /\)

®, U € L2(0,00) and with o1 denoting the Pauli matriz <(i [1)), we have

Moreover, there exists a function O(r,\) = ( ) such that for oll t > 0 and for any

1 .
tL _ it O P(- O (-
<em P, U >= o (—oor 8T7}U[‘/8T7, )6 (O, ), 019( )>L% (O, ), ¥( )>L% dA.

Here 01 is an even function in X\, 05 is an odd function in .

Remark 1.6. The main result in the theorem is the construction of the distorted Fourier trans-
form. The L? bound is proved as a corollary of this construction. Note that using energy estimates
one can show that the H' norm remains bounded in the evolution. In view of the spectral gap for

the hyperbolic Laplacian, this also proves that Hewz/JHL2 < 1 for all t, but with a constant that
may a priori depend on ||| g1

INote that our use of the terminology threshold resonance is not necessarily standard, see Remark 2.2.
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Our construction follows the general strategy of [50|, which in turn builds on [22,40]. The
only difference arises in the proof of the absence of threshold and embedded eigenvalues for the
operator iLgp, where our approach is inspired by [19]. Let us note that in our hyperbolic setting
the construction of the distorted Fourier transform allows us to establish an L?-bound for the
evolution, in contrast with the Euclidean case, where a sharp growth rate of the L? norm was
derived in [19,50]. The main steps in the construction of the distorted Fourier transform as as
follows:

(1) Using the Laplace transform we represent etf as a sum of two integrals on Imz = +b,
with b > 0 sufficiently large. The convergence of this integral relies on the Hille-Yosida
bound for the evolution. We then deform the contour to pass the region of integration to
the spectrum of 7£ which, by assumption (or inspection in the case of Lgp), is contained
in the real line. This will naturally lead us to study the jump of the resolvent across the
spectrum between positive and negative imaginary parts.

(2) To justify passing the limit above to the real line we need two ingredients. One is
limiting absorption principle. This is used to justify that the vertical lines Re z = +R in
the deformed contour of integration do not contribute as R — co. The second ingredient,
which requires the bulk of the work, is to analyze the resolvent and justify the exchange
of limits and integrals. The hardest part is the analysis for small energies, that is, near

the thresholds ig. For intermediate frequencies we rely on the absence of embedded
eigenvalues to show that there can be no singularities that prevent us from passing to
the limit.

(3) After passing to the limit onto the spectrum, we can study the structure of the jump of the
resolvent. This, which goes hand in hand with the previous step, requires the construction
of the Green’s function for large and small energies. In both cases this is done using the
Lyapunov-Perron method separately for r near zero and r large. It is important to be
able to extend the constructions from r = 0 and r — oo to an overlapping region, where
the Wronskians between the solutions can be computed. This is the connection problem.
With the aid of the Wronskians we can then obtain our global Green’s function. The
following is a curious technical aspect of the construction for large r: The study of the
equation at large r naturally leads to an ansatz of the form ethi (2T j =1,2,3,4, where
z denotes the energy and k;(z) are the roots of a fourth order polynomial. It turns
out that the natural domain in the complex plane where the roots k; can be continued

\/j]u[\/ﬁ

analytically excludes the spectrum (—oo, —¥g ¥+, 00), which is the region of interest.
Therefore, to understand the behavior of the Weyl-Titchmarsh solutions for large r, one
has to carefully compute the limits of these roots as z approaches the spectrum from the
upper and lower half planes to observe favorable cancellations.

1.3. References. The Ginzburg-Landau and Gross-Pitaevskii equations arise in the study of
superconductivity and superfluids respectively. See [11,12,18,21,24,25,46,49]. These problems
on R? have been studied extensively. Global existence for finite energy solutions of the Gross-
Piraevskii equation was proved in [23|. The asymptotic stability of small solutions (that is, close
to a constant) was studied in the works [28-30]. The existence of vortices was proved in |13, 32].
Orbital stability using a renormalized energy is proved in [27], see also [20,60]. The construction
of the radial distorted Fourier transform for the linearized operator was carried out in [19,50].
The work [19] also contains dispersive estimates for the linearized flow. For other related works
see [7,8,14-17,36-38,48,55-58] and their references. Our construction of the distorted Fourier
transform builds on insights from [10,22,26,39-41]. We also mention [12,18,40,45, 46| as other
examples of works that involve distorted Fourier theory for non-self-adjoint matrix operators.
Finally we refer the reader to [1,2,5,9,33,43,47,51,53,54,61] and their references for related
works on dispersive equations on hyperbolic spaces.
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1.4. Organization of the paper. The paper is organized as follows: In section 2, we study
the spectral properties of i£ and iLgp. First, we classify the behavior of the solutions at the
spectrum threshold for ¢£. We distinguish two possible behaviors that lead to the characterization
of the resonance and non resonance cases. Next, we define the evolution e£ via the Hille-Yosida
theorem and establish a Stone-type formula. We also prove that the spectrum of i{Lgp is real

and its essential spectrum is (—oo, —@] U [@,

3 o0). We also show that iLgp has no threshold or
embedded eigenvalues in its essential spectrum. In Sections 3 and 4, we construct the fundamental
matrix system of solutions to iLF = zF near r = 0, for small and large |z|, in the non-resonance
and resonance case respectively. In Sections 5 and 6, we construct the Weyl-Titchmarsh solutions
to iLUT = 2UT near r = oo, for small and large |z|, respectively. In Sections 7 and 8, we compute
the connection coefficients of solutions constructed near the origin and at co. Then, we study the
Green’s kernel of i£ — z. Moreover, we derive an integral representation of the evolution e** in
terms of the resolvent. This representation relies on the Stone-type formula obtained on in §2.3,
the fact that the coefficients appearing in the resolvent kernel expressions are sufficiently regular
(by analysis obtained in §7-8) and the absence of embedded eigenvalues. Finally, we extract
the distorted Fourier transform representation of evolution e* for all energies. In Section 9,
we establish the L?-bound for the operator norm ||e**|| and conclude the proof of the main
Theorem 1.5. In Appendix A, we present the proof of Theorem 1.1. In Appendix B, we compute
the resolvent kernel for (iLy — 2)7 1.

1.5. Notation and conventions. For simplicity, we write p in place of p; in what follows. We
denote by C' > 0 an absolute constant that may change from line to line. For non-negative f
and g we write f < g, if f < Cg, and if f < g to indicate that the implicit constant is small.
We use the notation f = O(g) if |f| < ¢g. The notation J and J; stands for the matrices

0 -1 11
= (4 ) e=(1 1)

and we denote by o1, 09, 03 Pauli matrices

(01 (0 —i (1 0
1=\10) 27\ o) 7 \o -1

For real-valued scalar functions f and g we use the notation

(f.g) = /0 " ()g(rdr.

For R2-valued functions f = <f1> and g = (il) , we use the notation (f,g) = (f1,91) +
2 2

(f2,g2) for real vector inner product. We denote the Wronskian between two vectors f and g by
W (f,g) := (f,03g), so that W (f,f) = 0. Next, we define the matrix Wronskian:

W(F,G): = FlosG' — (F')!o3G

_<W(F1,G1) W(Fl,G2)>
- \W(Fy,Gy) W(Fy,Ga))”’

where F = [Fl FQ] and G = [Gl GQ] are 2 X 2 matrices, with F; and G; denoting their
respective columns.

The norm ||| ;> denotes the L? norm on the half-line with respect to the measure dr. We also
denote by Xy := L*(RT), Rt = [0, 00), with respect to the measure dr and let X; := Xy x Xj.
We also denote by D := {f € L2(0,00) | £of € L2(R+)}.

Throughout the paper, the expression “large |£|” (or “large |z|”) will refer to the regime where
the real part is large while the imaginary part remains bounded. We also use the expression
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“small [£]” (or “small |z]”) to refer to energies close to the spectral threshold :l:g.
Note that, throughout the rest of the paper, we denote p1(r) by p(r) and p(r) = sinh%(r)p(r)

2. SPECTRAL PROPERTIES OF THE LINEARIZED OPERATOR

In this section, we establish basic spectral properties of iL at the spectrum threshold and show
that the linearized operator Lgp associated with the Gross—Pitaevskii equation satisfies Assump-
tions 1-3, except for the emptiness of the discrete spectrum. In §2.1, we classify the behavior
of solutions to the threshold problem, iL® = ig@. We distinguish two possible behaviors
of solutions, which lead to the characterization of the threshold resonance and non-resonance
cases. In §2.2, we define the evolution operator e* and derive an exponential bound via the
Hille-Yosida theorem. In §2.3, we obtain an integral representation of the evolution. Finally,
in §2.4, we study the spectrum of the linearized operator iLgp, proving that it is real, that

Vi7 V17

its essential spectrum is (—oo, —¥g*] U [¥g+,00), and that there are no threshold or embedded

eigenvalues in the essential spectrum.
1
Throughout the rest of the paper, we denote p1(r) by p(r) and p(r) = sinh2 (r)p(r).

We first define the following operators in the Hilbert space L?(R.) relative to the Lebesgue
measure dr:

L1 =L0+ V1, Ly:=8L0+2+V,

with domain C2(R;). We also define the matrix operator

(0 I
E"(-LQ o)’

with domain C2(Ry)xC2(R.). For the linearized operator Lgp associated with the Gross-Pitaevskii
equation, we define
(0 £
LGP = (_22 0 > )
where

1 3 1
Li=Lo+p2—1, L=L4+20°=8+3p>—1, with £y:=—=0?+ ——— + .
1 0T p 2 1 P 0 P w 0 5 0r 8sinh2(r) 3

2.1. Discrete spectrum of i£. In this section, we establish the basic discrete spectrum prop-

erties at the spectrum threshold using Assumptions 1, 2, 3. Let A = :t‘/Tﬁ, and ¢ := <i> .

Then a solution to iLP = \®, satisfies

. —ilagp =Y

Note that, for small r, the operator —%83 + 8% provides a good approximation for both L; and
Ls. Therefore, by a perturbative analysis, the possible asymptotics of the fundamental system
for the full system (2.1) near 0 are
(2.2)

{<r3(1+9(r2))) ( o) ) (”(HSO(T“OM) (P“”gbg” )}
ows) ) \rta+o@?)) O(rzlogr) )" \r2(1+0(r*logr)

For instance a solution with the first asymptotics can be obtained by writing ¢ = rs + ¢ and
solving the Voltera integral fixed point for r € [0, rg], 1o < 1 (with suitable constant ¢; and c2)

() = /0 3575 = s Owh(s) + iVa(s) (s + 8(s)))ds,
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3

Y(r) = co /Dr(ms_% —r

+0(s)) — iVi(s)y(s))ds.

(NI
(SIS

I

S

)(A(s

Similarly the for the third displayed asymptotics we write ¢ = rUz ¢ and use

¢(r) =1 /7"0 r2sT2(AG(s) + iVa(s)(s 72 + 6(s)))ds

'
+Cl/ r-
0
T0 3
z/J(r)ZCQ/ r2s”
T

wer [ O 4 360 - ()09,

For large r first observe that applying iL; to the second equation in (2.1), we obtain a fourth-
order equation

(2.3) LiLyd = N2

53 (Mp(s) + iVa(s) (572 + (s)))ds,

=

1 ~

(A((s72 +¢(s))) — iVi(s)t(s))ds

[N

Here the operators L; := (—30%2 + é) and Ly := (—302 + %) provide a good approximation for
Ly and Lo, respectively. Therefore, the equation (2.3) is, near r = oo, approximately equivalent
to
1 1 1 17 17
—— P+ (=P —)p=—

Thus, the the possible asymptotics for the fourth-order equation near co are given by
3 3
{evz", e V2" 1,7},

Therefore, the possible asymptotics of the fundamental system for the full system (2.1) for r > 1
are

st i) ) ) I o
100 * 7 :FZ\/ﬁ »J 200 T ii\/%e—%r »J 3,00 T :FZ\/ﬁT »J 4,00 T ii\/%e%r :

Indeed this can be seen by setting up a fixed point problem for the integral representations as
before. The formula for the Green’s functions are a bit more complicated compared to r < 1 due
to the coupling at the linear level. We will derive such matrix Green’s functions systematically
in Section 3 below. The final result here can be written as follows. Let V be defined by i£ =

<—i0[~/2 Z€1> + V. Let d1 = % and dy = %. These are the nonzero Wronskians among

the fjioo. Then we define fji, J = 1,2,3,4, by solving the following fixed point problems for
T > oo > 1 (with suitable constants c;):

FE0) = o1 [ (@) e 9) + oS (1) ()N V(s i s)ds
vo A (M) e () + da i (1) fia (5))0nV(3) Fi (5)ds,
) =2 [0 (9 + oS (D (5) ) V() s)ds

e / A (M) e () + dafns (1) fa (5))0n V(3) £ (5)ds,

B0 = s [ @) 9) + oS (1) (5 ) V(s i s)ds
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+ c3 /Oo(dlf:foo(r)ffoo(s)t + dofi o (1) 3o ()1 V(5) £ (s)ds,

fi(r) = e /T (1 Fio (1) £3.00(8)" + dafioe (1) Firso ()) 01 V(5) £ (5)ds

e / (D SE () FE () + dafiE (7) [ () )or V(s) FE(s)ds,

Under Assumption 2, we know that A = :I:—Vg17 is not an eigenvalue. Therefore, any exponen-

tially decaying solution, i.e., L?(1,00) must exhibit singular behavior near the origin, i.e., not
_3

an L%(0, 1)-solution. For instance, any solution that behaves like e~ v2" near infinity must grow

like 7~ 2 as 7 — 0. Moreover, any solution that behaves like 72 near the origin can either grow
at infinity or be a constant. Next, observe that under Assumption 3, using an argument similar
to that in section 2.4, particularly Lemma 2.14, one can show that there exists a solution that

behaves like 72 near zero and has exponential growth at infinity.

On the other hand, solutions that exhibit intermediate behavior at infinity (i.e., bounded like
1 or growing polynomially like r) may behave near the origin either like r%, which is L?(0,1), or
like r_%, which is not square-integrable on (0, 1).

Definition 2.1. We distinguish two possible behaviors of bounded solutions near co.

e Case 1 (Non-resonance case): If the constant behavior at infinity connects to the
r=3 behavior near the origin, the solution does not lie in L*°(0, c0).

e Case 2 (resonance case): If the constant behavior at infinity connects to the r3 behav-
ior near the origin (i.e., square-integrable on (0,1)), hence the solution lies in L>°(0, c0).

Remark 2.2. The terminology resonance and non-resonance s not standard here. In particu-
lar we make no claim about mapping properties of the resolvent on weighted spaces. For scalar
operators resonances can occur when there is a (non-L?) solution connecting the subordinate
behaviors near v = 0 and r = oo. Here there are four possible behaviors for large r. A so-
lution connecting the subordinate behaviors would be in L? due to the exponential decay. The
resonant/non-resonant terminology is simply used to distinguish between the two intermediate
behaviors at large 1.

2.1.1. Case 1 :No Resonance. Based on the above observation, we conclude that, for A = @ :

There exist two solutions Fj"(r) and F, (r) solutions to iEFjJr(r) = @Ff(r), for j = 1,2,
such that F;"(r) € L?(0,1) and it is unique fundamental matrix solution of the spectral problem,
with this property, up to the transformation F; — F; B, where B € GL(2,C).

Moreover, F; (r) = [p](r) @3 (r)] and Fyf (r) = [¢3(r) ¢4 (r)], where ¢ satisfy the

following asymptotics
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(2.4)
clr_% ( clr_% 3
3 1 (1 +0O(r?1og(r)), =0 ( 4 ) + O(r2log(r)), r — 0
c3rT2 0
Py (r) = 3 #ilr) =
=1~ 5" ol
SV )l a+o6h), ro o), r— oo
e V2" &

Remark 2.3. Note that the set {gof, 90;, go?{, go?f} forms a fundamental system for the equation
iEFj+ = gFf. QOur choice of the behavior of <p1+ and gpf near the origin is made so that it

matches the one for Lap, see §2.4.
Next, we define Fi (1) = [p7 (1) 5 (r)] and Fy (1) = [p5 (1) ¢y ()] solutions to iLF; (1) =
—@Ff(r), for j = 1,2, such that
Fy (r) = —osF{"(r)os
Fy (r) = o3Fy ()03
where Fj"(r) and F; (r) are solutions to the equation Z'EF;r (r) = gFj_ (7). Moreover, ¢ (r)
satisfy the same asymptotics as gp;r (r) for r near 0 and infinity, i.e.,
w1 (r) = —o3p7 (r), 3 (r) = —0o30§ (),
py (r) = o303 (7), i (r) = o301 (7).

2.1.2. Case 2: Resonance Case. In this case, we note that ¢ and @3 exhibit the same behavior
as in the previous case. However, the asymptotic behavior of s and ¢4 at infinity is reversed.
Recall that, in this case the constant behavior at infinity corresponds to a smooth behavior near

the origin re. Consequently, the solution 9 must belong to L*°(0,00). We adopt the notation
(pf to indicate that the solution arises in the resonance case. This convention will be used con-

sistently throughout the paper. Based on the above observation, we conclude that, for A = @ :

There exist two solutions F{"F(r) and Fi*"(r) solutions to iﬁFjR’Jr(r) = @F}R’Jr(r), for

J = 1,2, such that FlR ’+(r) € L%(0,1) and it is a unique fundamental matrix solution of the
spectral problem, with this property, up to the transformation Fy — F)B, where B € GL(2,C).

Moreover, F{"*(r) = [ (r) @ (r)] and B (r) = [ (r) @ ()], where o'
satisfy the following asymptotics

0 ([l
L2 | +00%), 1 =0 ) 1+ 00?), r—0
arz csre
o1t (r) = 3 ey (r) =
~1 ﬁ’l" ~1
<f263T> (1+0(r™1)), r— (fg) 1+0(r1)), r— o
\ cievz &)
C%,T_% 2 611"_% 3
CQT‘_% (1+O(T IOg(T)), r—0 40 +O(T§ log(r), r—0
3
05 (r) = 3 et () =
=1,— 5" ~1
S Ja+oe), o e )1+ 0rY), r—
cze V2 L\ C4T
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Similarly to the non-resonance case, we define FlR’_(’I”) = [cpf”’_(r) @5’_(7“)] and F, (r) =
[go?’_(r) gpf’_(r)] solutions to iL’FJR’_(r) = —gFjR’_(T), for j = 1,2, such that
F*™(r) = —o3F{* (r)o
' (r) = 033" (r)o
where FlR’Jr(r) and F2R’+(r) are solutions to the equation iEFJR’+(r) = @F]-R’*(r). Moreover,

npf’f(r) satisfy the same asymptotics as gpf’+(r) for r near 0 and infinity, i.e.,

R,— R, R,— R,

1 (1) = —o3¢) +(7“)= @3 (1) = —03¢3 +(7“)7
R,— R, R—/ N _ R,

@y’ (r) = o3, +(7”): oy (r) = o3¢ +(7“)-

tL

2.2. Hille-Yosida bound. The main goal of this section is to define the evolution e*~ via the

Hille-Yosida theorem.

Lemma 2.4. The matrixz operator L is closed in D xD C X1 and it generates a group of bounded
operator on X1 satisfying HeMHX1 < e fort >0, and for some a > 0.

Proof. The proof follows similar argument to that of Lemma 2.5 in [50] which is in turn based
on [22,40]. Since L; and Ly are self-adjoint, and hence closed, it follows that £ is closed on D x D.

Next, it is more convenient to consider a unitarily equivalent operator to £. Let U = % ( ‘ >

1 —
and define

L Va)—Va(r) 4 4

. -1 .

TH = —-ULU =1 Vi (r)=Va(r) 1 2_L y
2

where L := £9+ 1+ W We have the following resolvent identity
(iH — A" = RO\)(Id +BR(N) ™,

(LX) 0 . 0 VO 4
R“”‘( 0 L-nt) TTHuowe 7 :

where

Using the fact L is positive and self-adjoint operator, we have for A > a, for some a > 0

; -1 1 ||§‘BH00 - 1
Jar-nt <5 (1- ) e 2

Applying the Hille-Yosida theorem to ¢H, we obtain the existence of the group of bounded
operators e and the exponential bound He”HH < e, Since iH and £ are unitary equivalent,
we obtain HetLH < ef, O

Remark 2.5. Note that, if L = Lgp, we can take a = 1 by inspection of the L>-norm of the
matriz 0.

2.3. A Stone-type formula. The main goal of this section is to derive a Stone-type formula
for the evolution e**. For this purpose, we first study the resolvent of (iLy — z)~! of the free

operator
. 0 £o
5“_<—wﬂ+m 0)’
where £9 = —%83 + 85h32 o) + %. Consider the following differential equation
(2.5) —£h+—§i—h:£h

4sh(r)?
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Let o (r, z) be the elementary spherical functions in H* satisfying (—Apa—2)po(r, 2) = 22p0(r, 2).
Then ¢g(r, z) = sh%(r)goo(r, z), is a solution to the equation (2.5). It well known that in view of
the asymptotics of ¢g that ¢o(r,z) = crs 4+ O(r%) for small  and ¢g(r, z) ~ c1 €™ + cg e ™"
for large 7. Let to(r, 2) be a solution to (2.5) such that (¢, o) forms a fundamental system of
solutions to (2.5). Notice that only possible behavior for large r are ¢**” and e~ **". We consider

Yo(r, 2) to be solution with asymptotic e?*” for large 7. Therefore, in view of the possible behav-

iors near the origin we must have ¥y (r, z) = GrT2 + Gore + o(1) for small r.

Next, suppose that ® := (Z) solves the iLo® = z®. Then, u(r, z) and v(r, z) must satisfy

(2.6) . 1£ov = 2u,
—i(Lo + 2)u = zv.

Therefore, u(r, z) must satisfy £9(£o+2)u = z%u and corresponding v(r, 2) = —£(Ly +2)u(r, 2).
The ansatz u(r, z) = ¥o(r, k(z)) leads to the equation

1 9 17
(2.7) P(k,z): = 11# + ng i 22 =0, with k= k(z)
This equation admits four distinct roots, which we denote k;(z) for j = 1,2, 3,4. See section 5
and Lemma 5.1 for the derivation and behavior of these complex roots. In view of the behavior of
k;j, we will only use k1(2) and ka(2). Then, in view of Lemma 5.1, we obtain the Weyl-Titchmarsh

matrix solutions of the operator iLg :

et e 0 ] L Bolki(z) ol ka(:)
\If?([))(r, z) == [‘1'(0,1)( , 2) \If(o,z)( , )} <61(Z())1b0(7”1, k1(2)) CQ(Z(;%(:? k:g(z))>

and
T2 = [V r:2) W] = (, B0 BEEE)
where,
cj(z) = c(kj(z), 2) := —i(%kj(z)z i %7 forj=1,2.
Note that, ¢j(—z) = —¢;(z) and W is L? near oo and ¥ is L? near r = 0,

We define the Green’s function as
SR;; (T’, S, Z) =1 <\Il(i0ﬂ) (Ta Z)‘lj(i()d‘) (57 Z)tl{OSSST} + \IJ?E)J') (T, Z)\Il(ioﬂ') (Sa Z)tl{rgsgoo}> g1
and we denote by
+

Lemma 2.6. The kernel of the resolvent (iLy — z)~! is given by

1 1
9‘%?%(7‘, s, 2) + Tffii(r, 8, 2),

2.8 RE rS8,2) = ——/——
25 o) = i (2)

Moreover, for large |z| we have

(2.9) 15 (2)] = |9y (2)] ~ /2]

Proof. The proof of this lemma relies on details and techniques introduced in later sections, in
particular in sections 5-7. Since it is independent of the rest of the material in this section, we
postpone the proof to Appendix B. O
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Lemma 2.7. Lett € R. For any ¢,v € D x D, we have
(2.10)

1 ib+R )
('@, ¥) = lim_ lim - /b i e’t’\<<e_bt(i£ — (A +ib)) " — L — (A — ib))_l) , @, W)dA

Proof. The proof very similar to [40, Lemma 6.8|, [22, Lemma 12|, and [50, Lemma 2.7|. First no-
tice that, using the Laplace transform with the Hille-Yosida operator, we can write the resolvent
for Re(z) > a (a as in Lemma 2.4) as

(2.11) (L —2)"tp=— /OO e~ e L pds.
0

Then arguing as the works mentioned above, we can invert the Laplace transform to conclude
that for t € R and for any ¢,9% € D x D and any b > a we have

(2.12)
b+R —ib+R
(€ o,9) = 5— lim [/ e (L — 2) "\, )z —/ e H((iL — 2) T g, )z

27t R—oo ib—R —ib—R
Next, we consider the first integral in (2.12) over the closed curve FE, which is the rectangle with

vertices =R +1b and =R+ e, for some € > 0. Similarly, the second integral in (2 12) is taken over
the Closed curve F Pu which is the reflection of I‘+ below the real axis. erte IE R =< <j<4 7 ,

where 7R and 'y 5 * are the top and bottom horizontal curves, and fyR and 7 R are the right and
left sides of the rectangles, respectively. Applying the residue theorem to the contour integrals
over the closed curves F and I', one can see the integral over fyll%’i in (2.12) is equal to contour

integral over 'yR , for j = 2,3, 4. Therefore, we obtain

1 e+iR .
(e*®,¥) = lim lim / EMM(eT (L — (N +ie)) T — e (il — (N —ig))h) , @, U)dA
E—

R—00e—01 21 iR

+ lim hm J}o(®,¥) + lim hm JRE(<I> ),

R—00e— R—ooe—

where J3 e and J3 R, are the contour integral over the horizontal segments 7R and 714%’#

Next, we will prove that the contribution of the horizontal segments fyR and fy;l%’i vanishes
as R — oo. This is achieved via limiting absorption principle, which will be established in the
following Claim.

Claim 2.8. Let Ag > 1, and o > %, then we have

1
(2.13) sup 2|2 [|() 7 GL— =) f ooy ST Fll L2 (0,00) -
IIm(2)] 0], Re(2)]> Ao | 2000 L (0.00)

Proof. We only give the proof for Im(z) > 0 and the case Im(z) < 0 follows similarly. We first
prove the limiting absorption estimate for iLg, i.e., we show that for o > %,

1
(2.14) sup 1212 [0 — 2) 7 || ooy S IV Fll 200,001 -
Im(2)>0,|Re(z)|>a H HL%(& ) L2(0,00)

In view of the kernel of the resolvent R (r, s, z) in (2.8) and (2.9), it suffices to show that

TS| SO ) € {(13).(2,9)

sup

N
Im(z)>0,|Re(2)|>a L?

where

(O)frz / ER (rys,z)f(s)ds.
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Recall that,
%fj(r, 8,2) 1= i<\ll?([)ﬂ.) (r, Z)‘Ij(i[),j)(sa Z)tl{ogsgr} + \IJ(iOJ) (r, Z)\II?([),i)(Sa z)tl{rgsgoo}>01
We only give the proof for (i,5) = (1,3) and the other case follows similarly. Denote by
%T?’(T’, S, Z) = R%?;(ra S, Z) + R%S(Tv S, Z)a
where
R%ZS (’f‘, S, Z) = Z\II?E]J) (T‘, Z)\I,?E],:g) (Sv Z)tal 1{0§s§r}

R%B (Ta S5, Z) = qu?{)yg) (’l“, Z)\If?é’l) (87 Z)tl{rgsgoo}gl

+
(0.5)

. oo . ~ .
T‘lj = / (1{0§8§T}K27 (T‘, S, Z) + 1{T‘SS}K; (Ta S, Z)) f(S)dS, L= 1’ 2’37 ] = 17 27
0

where

In view of the asymptotics of W we divide into 3 regions depending on 7, s, \z|7% as follows

K{ (r,s,z) = R{g(r, S, %) IN({(T, 8, 2) = R{3(r, 8, 2)

Yozrea by <oy

Kg(r, $,2) = R{é(r, s,2)1 I?g(r, 8,2) = R{S(r, s,2)1

1 1
{s<|z|72<r} {r<lzlm2<s)

Kg(r, $,2) = R{g(r, S, %) I?g(r, $,2) = R{3(r, 8, 2)

1 1 1 )
{lz|72<s<r} {lzI72<r<s}

Therefore, it is suffices to prove that

|oms| S 107 e, t=123 j=12
Using the asymptotic of g (r, k(z)) and ¢o(r, k(2)), i.e.,
Yo(r,2) ~ e, Yo(r,2) ~ (k(z)r) 2,

bo(r, 2) ~ c1e® T 4 coe™RET o, 2) ~ (K(2)r)2.

we obtain

2

. ~ . 1 _1 1 .3 _1
Z;|Kf(7’,8,z)|+|K{(7’,S,Z)‘ S./ 1{SST‘S|Z|7%}(’Z‘2S) oz +1{TSSS| |7%}(’Z‘2T)28 2 S./ ]‘
J=

2

) . L 03 (ks (2)r L N2 —Im(ki(2)s
;|K%(r,s,z)| + |K)(r,s,2)| S N (CEDEE (ki (2)r N (CEDLE (k1(2)s < 1
2 ‘ o
Z ’Ké(ra S,Z)| + ‘Kg(?“,s,z)‘ S eilm(kl(z)‘rf-ﬂ 5 1

j=1

Thus, for o > % we have

2 o0 00 2
Jreml), < [T ([ i) ar s 1071,
r 0 0
To obtain (2.13), we write iL := iLo+ V. Since |V (r)| < e~2" then by (2.14) for Ag large we have
1
sup |V (iLo — z)_lH < -,
Im(z)>0,Re(z)>A¢ 2

where || - || here denotes the operator nom for a map from (-)7L% x (:)77L? — ()9 L% x (:)9 L2.
This proves the existence of (Id + V (iLg — 2)~!) as bounded operator from (-)7L? x (-)°L? to
(Y77 L? x (-Y~°L2. Finally, we obtain (2.13) as a consequence of the resolvent identity

(iL — =) o= (iLo — =) M1 + V(iLo — 2) 1),
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which holds as an identity between operators from (-)°L? x (-)°L? — (-Y79L? x (-)=7L2, for
o> % This concludes the proof of Claim 2.8. O

This completes the proof of Lemma 2.7. U

2.4. Spectrum of iLaop. In this section, we study the spectrum of the linearized operator Laop
associated with the Gross—Pitaevskii equation. Firstm notice that from the definition of Vgp in
(1.9) and the asymptotic behavior of p in (1.7), it follows that iLgp satisfies Assumption 1. We
further show that the spectrum of iLgp is real, in particular, spec(iLgp) C (—o0, —n] U [n, 00),

for some 1 > 0. In addition, we prove that its essential spectrum is (—oo, —g] U [g, 00), and
it contains no threshold or embedded eigenvalues. Hence, if the discrete spectrum is non-empty,

it must be contained in (—g, —17] U {n, g) . Consequently, Assumptions 1-3 are verified for

iLgp, apart from the discrete spectrum condition.

Let & = <i> be a solution to the equation iLgp® = A®. We decompose the components into

their real and imaginary parts by setting ¢ = ¢1 + i¢o and ¢ = 1 + )9, where ¢1, o, 11, Vo
are real-valued functions. Then, we have

. ida) _  [i¢ . (@
iLap <w12) =) <w12) and  iLap <w12) = A (i¢12> .

Thus, if ¢ is real then 1 is pure imaginary. Assume f = i1, then

=\
(2.15) L1f = A0
£o¢ = Af,
where
1 3 1
=R+ —5—+ -1+
1= g0 e T g
1 3 17
Lo=—202+—— 430" 1)+ —
2= =50 R TR U

Lemma 2.9. The two linearly independent solutions of £1f =0, are p(r) := sinh%(r)p(r) and

< 1
g r)= 2ﬁ T / v dS.
=20 S
Moreover, they satisfy
pr) = ari(14+0(”)),  g(r) = er 2 (1+ 00 log(r))),
when r — 0, for some a,c > 0, and
p(r) = eér(l —2e % 4 O(efgr)), g(r) = eiér(l +0(e™™)), as r —
. L1

Proof. We have £1p = sinh?(r)(3Anq + m + (p®2 = 1))p = 0, where Aq = 392 +
3 coth(r)d,. Using the ordinary differential equation (1.3), we get £15 = 0. Next, we seek another
linearly independent solution to the equation £1f = 0, of the form g = ph, where h satisfies the
equation

1
—55@% — 9,p0rh = 0.
This yields, Or(—%ﬁz&nh) = 0, and therefore
1

am=2mm/mﬁwyw
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The asymptotics of p and g(r) follow from their definitions, along with the asymptotics of p
given in (1.6) near 0 and in (1.7) as r — oo. Thus, in view of the asymptotic behavior of p(r)
and ¢(r) near the origin and at infinity, they form a linearly independent pair of solutions to the
second-order homogeneous equation £ f = 0.

O
Lemma 2.10. Consider two functions f and F solving the equation
L1f =F,
o If f and F are bounded near 0, then there exists C1 € R such that

f(r) = Cip(r) —2p(r) /0 [)21(75) /O p(s)F(s)dsdt

o If f converges to 0, and F decays exponentially when r — oo then
oo 1 oo
f(r :—2/37’/ ~/ p(s)F(s)ds.
(r) ()TPQ(t)t (s)F(s)
Proof. Consider the equation £, f = F, with f and F bounded near 0. Let f = py, then y satisfies
pO?y + 20,p0,y = —2F, i.e., 0.(p*0,y) = —2Fp. Since F is bounded near 0, and j(r) ~ r%, we
have

-2

O(r) = = / A(5)F(s)ds

y(r) = -2 /O’” /321(0/0 p(s)F(s)dsdt

Thus, if f and F' are bounded near 0, then there exists C7 such that

£r) = Crjp(r) — 25(r) /O pj(t) /0 3(5) F(s)dsdt.

If f converges to 0, and F' decays exponentially when r — oo then

which yields,

o0 1 o0
1) ==20) [ s [ AP
T p2(t) t
O
Lemma 2.11. There exist two linear independent solutions uy and ug of
Sgu = 0,
such that
ui(r) =r2(1+0(r),  us(r) =r"2(1+O(r))
when r — 0 and
_ VT, -1
w(r) =2 1+00™Y),  wa(r)=e 21+ 00
when r — 0o0. Moreover, both ui(r) and ua(r) are strictly positive functions.
Proof. Recall that £9 = 62 Sshg ol 3(p? — 1) + 1@7. Then the operators £ = 82 STQ
and £5° = —%83 + % are a good approximation of £9 near r = 0 and r = oo, respectively. The

L 3 1 Vi7,. V1T . .
fundamental system is given by {rg,r 5} near zero and {e 2T e 2 7T} at infinity. Note that
the spectrum of £9 is contained in [r2, 00), for some 7y > 0, see Lemma 2.16. In particular zero
is not an eigenvalue and hence

r%, r — 0, T
ui(r) ~ < = and  wug(r) ~

r— 0,

=
EE
3

e2", r— 00,

— Y=

e 2" r— o0.
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Next, we prove that these solutions are strictly positive. For that, we consider solution of the
form wuy(r) = p(r)v(r), which lead to the equation 8,(9,v ) = 4p?p?v. Consider this equation
with the condition 9,v(0) = 0 and v(r) = C > 0, for some constant C, leads to equation

_ ! ' 2(5)p%(s)v(s)ds
00(r) = 3= [ 4P ()l

This implies that v and 9,v is positive. Then w1 (r) is strictly positive. Finally, consider solution of
the form us(r) = u1(r)g(r), implies that ug(r) = uy(r) [ Wls)st, which is strictly positive. [

r

Lemma 2.12. Consider two functions u and U solving the equation
Lou =U,
o Ifu and U are bounded near 0, then there exists Co € R such that

u(r) = Cauy (1) — 2un (1) /0" u1(1t)2/0 u1(s)U(s)dsdt.

o Ifu and U decays exponentially, when r — oo then

u(r) = —2uy(r) /OO u1(1t)2 /tOO ui(s)U(s)dsdt.

Proof. The proof follows by similar arguments as in Lemma 2.10, and we omit the details. [
Lemma 2.13. Let A = :I:@, then there exist f and ¢ solution to

{slf Sy

(2.16) ot — Af

satisfying
[r)=ar:(1+06%),  o(r) = cor
when r — 0, for some constants c1,co and
) =ae s (1+067Y),  6r) = &e B (1+067Y)

when r — 00, for some constants ¢1, Ca.

(1+0(r))

V17

Proof. We will only prove the case A = ¥+, and similarly one can obtain the same results for
A= —\/Tﬁ. By Lemma 2.10 and 2.12, we consider the solution with C; = 0 and Cy = —

(2.17) 1) = =ptr) = 250) [ s [ s)ots)asa.
(2.18) () = —2xur(r) /O ul(ls)2 /0 s () £ (s)dsdt.

One can prove that (f,¢) is a solution to the System (2.16). using the fixed point Theorem
on the space (X, 1), where (7.6l = supr (£(r)] +1(r)). Define T(7,6) : X — X.

(f,¢) — (T1(f, ¢), Ta(f, 8)), where Ty (f, <Z>) and T5(f, ¢) are given by (2.17) and (2.18) respec-
tively. Using the fact that p(r) ~ ui(r) ~ r2 for r small, one can check that T is a contraction
on X and therefore T'(f,¢) = (f, ¢) is a solution to (2.16).

Using the behavior of ¢ and p for small r, we have f(r) < 0 near 0. Indeed,

3

t
f(r)=—r2 = 2ir2 / t>+0(t 2))/ s2s2dsdt = —r2 —2\(r2*2 4+ O(r?))
0 0

Similarly, we have ¢(r) > 0 for small r, indeed,
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r t
¢(r):—2)\r3/ (t3+0(t2))/ s3(—s)2dsdt = 2\(r2 + O(r?))
0 0
Thus, f(r) < 0 and ¢(r) > 0 for » > 0 small. Assume by contradiction, there exists rg such
that either f(r) or ¢(r) changes sign for r > ro. Let r¢ be the smallest such value, that is, r¢ :=
inf{r > 0: ¢(r) =0or f(r) = 0}. Then f(r) < 0 and ¢(r) > 0 for all < 9. Since uy(r) >0
and p(r) > 0 for all r, then by the definition (2.18) of f, we have f(ryp) < 0, and by (2.18),

@(rp) < 0, which is a contradiction. First, notice that, |f(r)| > |p(r)]| ~ e2", and by (2.18) we

have |¢(r)| > 30, Using (2.17), we also have |f(r)| > 2\e2" Joet fg G35 dsdt ~ re 3T

3 3
and this implies |f(r)| ~ ev2" and |¢(r)| ~ eV2" for large r. O

Lemma 2.14. Let A\ = i@, and let f and ¢ be two exponentially decaying functions near oo
satisfying

(2.19) Sif = A¢
' Lo = Af
then
fir)=cr 21+ 0(r),  é(r) = cor3(1+ O(r)),

when r — 0, for some constants c1,co and

3 3
fr)y=ae V2" (14+007h),  ¢r)=ce V2 (1+0(r™ )
when r — 00, for some constants ¢1, Ca.

Proof. We will only prove the case A = @, and similarly one can obtain the same results for

A= —@. By Lemma 2.10 and 2.12, we have
(2.20) 10 ==2050) [ s [ as)os)ds.
r Y (t) t

1

(2.21) o(r) = =2 uq(r) /OO OE /too ui(s)f(s)dsdt.

One can prove that (f,¢) is a solution to the system (2.19). using the fixed point Theorem
3
on the space (X, ||-||x), where ||(f,9)|x = sull)e\/ir(|f(r)| + |¢(r)]). Define T(f,¢) : X — X,
>

(f.¢) — (T1(f, 9), Ta(f, ¢)), where T1(f, ¢) and T5(f, ¢) are given by (2.20) and (2.21) respec-

tively. Using the fact that p(r) ~ 2" and (r) ~ 3" for large. Omne can check that T is a
contraction on X and therefore T'(f, ¢) = (f, ¢) is a solution to (2.19).

We have

1) =~ 1+ o) [ Y e+ 0@ / (1 1 O S dsdt
r t

1 1 711” -1 _4 7i’l" —1
=D e (1400 ) =2A—e (1400 ).
2T R2T A
Therefore,
¢(7~)——2Ae“fr(1+0(r1))/ emt(l—l—O(tl))/ e@a?e‘%S(HO(s*l))dsdt
r t
16

- g/\24e_%r(1 + oY)
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Therefore, we have f(r) < 0 and ¢(r) > 0 for large r. Assume by contradiction, there exists 7
such that either f(r) or ¢(r) changes sign for r > 9. Let ro be the smallest such value, that is,
ro == sup,s{r > 0:¢(r) =0 or f(r) = 0}. Then ¢(r) > 0 and f(r) < 0 for all » > rq. Since p
and u; are positive for all r, then by (2.21) we have ¢(rg) > 0, and by (2.20) we have f(rg) < 0,
which is a contraction.

For the behavior of ¢ and f near 0, we use (2.20) and (2.21) with the fact that p(r) =
arg(l +O(r?)) and uy (r) = r%(l + O(r)) for small r. Then, as  — 0 we have

3 1 o0 1
6(r) :—2)\r2(1+0(r))/ (t_3+0(t_2))/0 wr(3)f(8)dsdt + O(1) = cor—3 (1 4+ O(r))

Similarly, we obtain f(r) = 617“_%(1 + O(r)) for small r. O
Lemma 2.15. The matriz operator iLap of the linearized equation associated with the Gross—Pitaevskii
equation has no eigenvalues in (—oo, —g] U [‘/Tﬁ, 00).

Proof. Using Lemma 2.13, and 2.14, one can see that the operator Lsp has no eigenvalue at

A= :l:g. Next, we prove that Lop has no eigenvalues for A > g. Let & = ¢> be solution

(G
to iLgp® = AP, where A > @, i.e., satisfies (2.15). Similar computation as in Subsection
2.1, lead us to the fourth-order equation

£1890 = N0,

Therefore, we obtain the same asymptotics near 0 as in (2.2). However, the possible behaviors
near oo are {e®" e” M7 ! T2} where

/ 9 / 9
a1 = 2\/)\24‘1—1—1, Q9 = 2\/)\2+ —1

Observe that near oo, the possible behaviors are exponentially growing and decaying solutions, as
well as oscillating solutions. The only possibility to have an embedded eigenvalue is if an L?(0, 1)

3
behavior near 0, i.e., 72, connects to the exponentially decaying behavior near co. However, since
ap > %, using the same argument as in Lemma 2.14, we obtain that any exponentially decaying

solution near co must connect to the r~2 asymptotic near 0. Then, the operator iLgp has no

eigenvalues for A > g. Similarly, we can prove that iLgp has no eigenvalues for A < —@. [l

Lemma 2.16. The operators £1 and £o are self-adjoint, positive operators with domain D.
Moreover, the essential spectrum of £y is spec,,,(£1) = [&,00) and spec(£y) C [n1,00), for some

m > 0. The spectrum of £o lies in [n2,00) for some ng > 0, and its essential spectrum satisfies
17

Specess(’gz) = [@7 OO)

Proof. The assertions about the essential spectrum follow from the Weyl criterion. Next we show
that the spectrum of £5 is contained in [12,00), where 72 > 0. Indeed £95 = 2p?5 > 0 and a
comparison argument can be used to show that zero is not an eigenvalue. Since the essential

spectrum of £y is [1@7, 00) this proves the claim for £5. The argument for £ is similar where we
use that £1p = 0 to prove that zero is not an eigenvalue. (Il
Lemma 2.17. The spectrum of the operator iLgp is real and its essential spectrum is (—oo, —@]u
V17

[ 3 700)'

Proof. First, we show that the spectrum of iLgp is real, in particular, spec(iLgp) C (—o0, —n]U
[, 00), for some n > 0. For that, we write

(1 27t 0 %(2)
EGP_Z_(O 1 ><—£2 —z )
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where T(z) = 22351 + £1, which closed on D C Xj. Next, we prove that for any z € X :=
C\ ((—ioo, —in] U [in, icc)), where n will be determined below, (Lgp — 2) ! defines a bounded
operator on Xy x Xo. It suffices to show that for all z € X, the operator ¥(z) admits a bounded
inverse T(z)~! : Xo — Xo. Indeed, if this is the case, then

o (287 2 (e) eyt — gt
Lep =27 = < T(z2) ! —2T(2) gy
1 1
, where T := £2£,£2 = £3 —

FN
282 p?£2. Note that T is symmetric. Recall that from Lemma 2.16, we have spec(£1) C [n1, 00)
and spec(£2) C [ng,00) for some 71,72 > 0. Then we have Ty —n > 0 for n = n1m2 > 0. Indeed,

(Zo—mm)f, [) = (&1 — 771)22%f722%f> +m((L2—m2)f, f) =0
Next, we show that Ty is self-adjoint with domain £5 Ip= £y 2X,. Let g, h € X satisfy
(Sof.9) = (f.h), Vfe L3 Xo.
Our aim is to show that g € £ 2X,. Therefore, we write f = Lo 2f with f € X, which yields

(2.22) (Frg) = (F,£52h) + 283 02,85 F. g).

[N

1 _
To see the invertibility of T, we write T(2) = £, 2 (22 + Tp)L,

1 1
Next, we show that B1 := £3 p2£2 2 is bounded on Xj. Using complex interpolation, it suffices
2

to show that B, := £5p%£;* is bounded on the lines Re(a) = 1 and Re(a) = —1. By the
spectral theorem we have £i* is unitary for a € R. Therefore, it remains only to check that By
and B_; are bounded on X. To see this, we write

1
By =p? — 5(83/)2 +20,p%0,) L5

By Lemma 2.11, we have

(2.23) (£2)7(r) = 1 / us(r)us (5) £ (s)ds + c2 / " wa(r)ua(s) f(s)ds,

for some suitable constants ¢; and co. Thus, we have

87«(22]‘)_1(7“) = /Or Orua(r)ui(s) f(s)ds + co /OO Oru (r)ua(s) f(s)ds.

Using Cauchy-Schwarz inequality and the asymptotics of ui(r) and ug(r) from Lemma 2.11, we
obtain [|70,(L2f) " 2201y + €72 0r(L2f) "l 12(1,00) S 1]l 12 Hence, By is bounded on Xg. For
o = —1 one can see that B_1 f = 22_1,02,82]‘ =p’f — %22_1(83p2f + 20,020, f). Using (2.23) and
integration by parts together with Cauchy-Schwarz together we obtain that B_; is bounded on
Xj. Taking the adjoint in the first term in (2.22), and using the fact that B_1 is bounded on

Xy, we obtain

r

1
2

23 1
9=22,"p"3g+£3%h = 25" (2B_19+ £5'h) € £77 X,
Using the fact that B1 is bounded on Xg, we obtain
2
g=£"? (235229 + h> € £, X,.

Thus, Ty is self-adjoint. Moreover, for all 22 € (—oo, —n?), the bounded inverse operator (22 +
To)~!: Xo — Xo exists. In order to obtain that T(z)~! is bounded on Xy, we have to show that

1 _1
(2.24) (22 + %)t L3 X0 — £, 2 Xo.

The proof of (2.24) is similar to that of Lemma 2.5 in [50] and we therefore omit the details.
Therefore, we have for all z € X, we have (Lgp — z)~! is a bounded operator on Xg x Xg. We
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conclude that the spectrum of iLgp is real, and, spec(iLgp) C (—o0,—n] U [n,00), for some

n > 0. Thus, it remains to prove that spec,.,(iLgp) = (—o0, —%] U [‘/57, 00).
Let iLgp = iLZp + Vap(r), where

0 19?4 3,41 0 2_1)
L0 — 2>r 8sinh?(r) 8 7 VGP("') — ( (,0 )
“r (éa? o SSiniQ(r) o % 0 _3(p2 B 1) 0

Observe that, using similar arguments as above with m = ¢ and N = H one can show that

spec(iLgp) = spec.s(iLEp) = (—oo,—@] U [@,oo). Note that for z in the resolvent set

of iL¥p and iLgp, we have (iLXp — 2)~ ! — (iLgp — 2)! is compact. Since spec(ilgp) C
(—o0, —n] U [n,00) then 0 is in the resolvent set of iLgp and by the above observation 0 is

resolvent set of iLp. At this stage, we can invoke the argument from the proof of the Weyl
criterion in [59, Theorem XIII.14| to obtain that spec, ., (iLap) = (—o0, —*/Tﬁ]u[\/; 00). Indeed,
let A= L¥p, B=Lgp, D=A"', E= B! In view of [59, Lemma XIIL.4.2], if we can show
that Specess(E) = Specess(D) then Specess(A) = Specess(B)' But the equality Specess(E) =
specC,qs (D) follows from |59, Lemma XIII.4.3]. O

3. SOLUTION TO £ — z NEAR 0 IN THE NON-RESONANCE CASE

In this section, we start the construction of the distorted Fourier transform associated with
the linearized operator £, in the absence of the resonance. The main goal is to construct the
fundamental matrix solutions Fi(+, z) and Fy(-, z) to

(3.1) iLF(-,z) = 2F (-, 2),

for small and large |z|. Here we denote by Fj (-, z) a solution branch that is L? near r = 0.

We define three Green’s functions as

Gy (r,s) := F{"(r)Sy (s)li0<s<ry + F5 (r) T (5)1j0<s<r)
(32) g;_ (’I", S) = F;(T)S;(S)l{rgsgro} + F ( )T2+( )1{O§s§r}
g;-(r, 8) = F1+( )S;_(S)l{rﬁsgro} + F ( >T3+( )1{T§5§T0}

where for i = 1,2, 3 we require the matrices S;(r) and T, (r), for G (r, s) to satisfy

(33) (o) aF; ) @) = (=)
(3.4) <8F;+ aF+ )(T?(E" ):( )
55 (ki) atsn) (250) = ()

Denote by
Fi(r,z) = [(pl(r,z) (pg(r,z)] and  Fy(r,z) = [(pg(r,z) @4(r, z)]

and

LH(r, z, @(r, 2) / G (r,s)z@(s,2)ds fori=1,2,3.

Then a solution to (3.1) for z near ‘/Tﬁ and —\/Tﬁ is given by the following two scenarios:
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Scenario I: z near @: Let z = @ +¢&, Re(z) > 0, then we will define Fi(r, z) and Fy(r, z)
as a solution of the fixed point problem

(3.6) Fi(r,z) = C1F; (r) + T, (r, 2, Fi(r, 2))
(3.7) By(r, 2) i= CoFy (r) + T (r, 2, Fa(r, 2))
where, Fj+('r) are the solutions to Z'EF]-JF(T) = QF;'_(T) from Section 2.1.1, and
T (ry 2, Fi(r, 2) :=TF (1,2, 01(r, 2)) + T3 (1, 2, @2(r, 2))
= [ ot ot s+ [ 05 ents, s
Tt (r, 2, Fa(r, 2)) :==TF (r, 2, @3(r, 2)) + T5 (r, 2, @4(r, 2))
= [ ot gonts, s+ [ G5 0) €l

Scenario II: z near _\éﬁ: Let z = —g + &, Re(z) < 0, then we define,

Fi(r,z) := —osFi(r,—z)o3
Fy(r,z) := —o3Fs(r, —z)o3
Therefore, @;(r, z) satisfy
@1(r,z) = —o391(r, —2), @3(r, 2) = —o393(r, —2),
®2(r, 2) = o392(r, —2), @a(r, 2) = o3004(7, —2).
We will apply a Lyapunov—Perron-type argument to construct a solution via the associated

integral equations defined below, and show that the integral operator is a contraction in a suit-
able space for small and large |¢].

(3.8)

First, we point out the following inversion identity from [50, Lemma 5.4].

Lemma 3.1 ( [50]). Let F(r) and G(r) be two (r-dependent) 2 x 2 matrices. Suppose that
W(F,F) =WI(G,G) = 0. Moreover, suppose that D := W(F, Q) is invertible. Then, we have

F G\ ' (DYt 0\ [0 I\ [(F (F)\[ 0 o3
F ) - 0 D~Y)\1 o0 )\G" (G"N)\-035 0)°
Proof. Under the assumption that W[F, F| = W[G, G| = 0, we have that
0 —I\ (Ft F'\NT 0 o3](F G\ _[-WIG.F] 0
1 o)\at ) |-o5 o|\F &)~ 0 WIF,G])
Using the fact that D' = —W[G, F], and the above identity we obtain the desired result. ]

In order to compute S; (r) and T;"(r), we first need to invert the matrix defined above. To
do this, we begin by computing the Wronskians between Fli (r) and in (r).

Lemma 3.2. Let D = W(F[(-), F5F(+)). Then, we have

20%0% 0 @ 0 d 0
Di = and  (DJ) ' = (D)t = =
0 —2ci! 0 —@ 0 do

+ At
Proof. Let Dt = 0" , then we have
gt ot
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v ((a%?« > +0(r3), (C}*%§> +O(r310g(r))> —0,
W ((2: ) (1+0(r?)), (c}ﬂ(*)§> +O(r? 10g(r))) — 2kl

B = Wt 0f) = W ((2) 1+ 0(2)), <S”> 1+ 0<r—1>>> _

T cge_ﬁr

vt =W(el, ef)

[SI[%8)

at =W(ed, o)

W Njw

Since, the Wronskians are independent of r and can be evaluated from the asymptotics be-
havior of ga;r(r). Therefore, we computed the first three Wronskians for small r and last one for
large r. Thus

2c2c3 0 1 —2c3¢; 0 di 0
D} = and (Dj)" = p =
0 —2ckek 0 2¢c 0 d
where, dt = det( ) = —401030204 #£0,d; := % 2 2 and dg := 20204 O

Next, we compute S;" (r) and T;"(r), using Lemma 3.1 and 3.2.

Lemma 3.3. We have

and

gf“(r, s):=
—iFy (r)(Dg) ' Fi(s)lor,  0<s<r
_iFl—i_(T)(D(_)‘—)itF;(s)ta—b r S S S To,
g;(r, s):=
—iFy (r) (D) FY (s)!o, 0<s<r.
—iFy (r)(Dg) ' Fy () o, r<s<rg,
gz}f(r, s):=
LB D) R, r<s<re

Proof. Using (3.3) and Lemma 3.1, we obtain
(Lg((:))) B (afifr% a%%)_l <£) )
+\—t + (2t t
(0 o) (00 G i) (5 ©) ()
—(Dg ) 'Fy (r) oo
N ( (DSLO)*IFF%(?”)tU?)Uz )
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Using the fact that S5 (r) = =Sy (r), Ty (r) = Ty (r) and S5 (r) = =S{ (r), T3 (r) = =T} (1),

we get
(52+(’f’)> _ ((DJ)_tFJ(T)t%@) and (55“(7’)) _ ( (Dg)~'Fy" (r) o309 >
T, (r) (Dg)~'Fy (r)'o302 T3 (r) —(Dg) ' FY (1) osoy
Using the fact that o309 = —ioq, we obtain the desired formula for Qj(r, s). O
3.1. Small [¢|]. Using the Lyapunov—Perron method, we construct solutions to iLF = (@ +

§)F, for small &, via fixed point argument. In particular, we show that the associated integral
operators, defined in (3.6) and (3.7), are contractions on the following function spaces.

Definition 3.4. Let rg > 0, and F' = [F(l) F(z)] , where FD denote the columns of a matriz
F. We define the following norms:

1)y, = 1FVlx, + 1FPx, and | Fllyy = 1FOlxq +I1FP | xy,
1E ]y, = IFWlx, + 1FPx,  and  [[Fllyy = [FOlxg + 1,

where
3
|FD |, == sup [r3FO(@)|+ sup |e” V2 FO(r)],
0<r<1 1<r<ro
IF®|lx, = sup [r3F () + sup [ FA(r)],
0<r<1 1<r<rg
3
1FOlx = sup [r2FO()|+ sup |ev2" FO(r)],
0<r<1 1<r<ro
IF®x, == sup [r2FO ()| + sup [FO(r).
0<r<1 l<r<ro
and

IOy o= sup 3 FO@)| + sup e A FO(),
|F@ ] = sup r 2 FO(r)| + sup [FO(r)]
POl = sup [r PO+ sup [V FO ()],
HF(2)||X;1 .— sup \T%F(Q)(T)H sup [r2F®(r)].

Proposition 3.5. Let 0 < |[¢| < &g < 1, and ¢ := ﬁ, where 0 < §g K g9 < 1. Then ’7?’ s a

contraction on Xj, for j =1,2, i.e.,
1T (F 2Dl S eollF (5 2)llx, -
Moreover, the fized points Fj(-,z) of (3.6) and (3.7) satisfy
1757 (E5 )y + 10 T3 (F5 (-, 2) s < o

Proof. We will only proof that 7}+ is a contraction on &}, and the derivative bounds can be
obtained using similar estimates and required conditions (3.3),(3.4) and (3.5). Recall that

7'1+(r, z, F(r,z)) := Ff(r, z,01(r,2)) + F;“(r, z, @2(r, 2))

— [ ot conls s+ [T 050 €oats, s
0 0

7;+(T, z, F(r,z)) := F;(’F, z, @3(r,z)) + F;(r, z, @4(r, 2))
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= [T gitrosts s+ [ G500 €ouls, 2)ds
0 0

where we have denoted the columns of F by ¢1, ¢ in the case of 7, and by 3, ¢4 in the case of
7,". Therefore, we will only provide the estimates for T jﬁ from which the corresponding bounds

for 7;-+ can be deduced. In view of the asymptotic behavior of F;"(r) and F,(r), we divide the
analysis into two regions: the small-r regime (r < 1) and the large-r regime (r > 1).

Claim 3.6. For small v < 1, we have

_3 _3
sup 7720 (r 2, 91(r,2))| S€ sup [r72@1(r, 2))|
0<r<1 0<r<1

_3 _
sup [r72T5 (r, 2, 02(r,2))| S ¢ S I 2@(r,2)| +13€ sup [rta(r, 2)]
0<r<1 1<r<rg

Proof. We have
Mz r(r2) = [ 67 ()60 (s.2)ds
= [ D) @) s (s 2)ds
P (s, 21
ngi] 01691 (s, 2)ds
=i [ (et ()5 (o) + e <goz<s>>t) 01€01 (s, 2)ds

—1 /0 T (dvps (7) (o7 () + doof (1) (05 (5))!) 71 @1 (s, 2)ds

Using the asymptotics of goj(r) near 0, we obtain

(3.9) O nzon(ne) St | [ s oo, 2pis| <t | [ shegn(s,20ds
0 0

Thus,

(3.10) sup |r*%I‘ (ryz,@1(r,2))| S & sup |r~ 2(p1(7' z)].

0<r<1 o<r<1

Next, we estimate I'j (7, 2, @a(r, 2)). Similarly, we obtain
U5 (2 0a(r2)) = [ 5 (ro) als.2)ds
_— / Y B (D) ES (5) 1€ @als, 2)ds
—i [ B0 R @ migea(s, )i

1
= —i/ (dioy (r) (3 ()" + das (r)(] (5))") 016 @2(s, 2)ds
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T0
- 1/1 (digy (r) (7 (s))" + das () (0 (5))") o1€@a(s, 2)ds

i [ g O + e () 6)) it )i

Using the asymptotics of goj(r) near 0, and for » > 1, we obtain

[S]Y)

3
2

+r

1 70 3
/ s e a(s, 2)ds / (V5 + 1)épa(s, 2)ds

F;(ﬁ 2, (PQ(’I”, Z)) 5 r

_1
+r2

/ sgalécpg(s, z)ds
0

Thus,

_3 _3 _
sup [ 205 (1, 2, @2(r,2))] S € sup |r™2@a(r,2)| +15€ sup [ oa(r, 2)]
o<r<1 o<r<1 1<r<rg

Claim 3.7. For small v < 1, we have

1 1 3
sup |r2Ty (r, 2, @3(r, 2))| S € sup [r2@3(r,2)| +Ero sup [ev2' @3(r, 2)|
0<r<i1 0<r<i1 1<r<ro

1 1
sup [r205 (1,2, @a(r,2))] S & sup |r2@u(r,z)|+70& sup [@a(r, 2)|.
0<r<1 0<r<1 1<r<rg

Proof. We have
D (2 ar2) = [ F () oals.2)ds

=i [ F 005 (9 gt s
i [ 0O 6 o1 ea(s,2)ds
= i [ (e e () + g ()T ) orconts, 2
—i [ (@ O 6 + g ()T (9)1) oals 2)ds
+i /rl (digy (1)1 ()" + doy (r)(3 (5))") 016 @3(s, 2)ds
i [ (Dol 06T () + o (0165 (5))) noals s

Using the asymptotics of ga;r(r) near 0, and for » > 1, we obtain

3 3
2 2

0 3
Ty (r, 2, @3(r,2)) S +r / (e V2" + 1)E@a(s, 2)ds
1

1
1
[\ Leonte

[N

+r

1
2

_l’_
<

1 T0
/ s%alg(pg(s,z)ds / (e%S + 5)E@3(s, z)ds
r 1

3
< r2|log(r)|é sup [r2@a(r,z)|+ 726 sup |V @3(r, 2)]
0<r<1 1<r<ro

_1 1 _1 Sy
+7r72& sup |rzes(r,z)|+r 2re€ sup |ev? @3(r, 2)|
o<r<1 1<r<rg

27
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Thus,

1 1 3
sup 213 (r, 2, @3(r,2))| S € sup [r2@3(r,2)[ +&rg sup [eV2 @3(r, 2)]
0<r<1 0<r<1 1<r<rg

Similarly, to the estimate for T'J (7, z, @2(r, 2)), we have

T3 (r, 2, @a(r, 2)) = /OOO Go(r. $)Ea(s, 2)ds
- _z'[ (dipy (r) (3 (8))" + day () (21 (5))') T1€@a(s, 2)ds
_y /1 (dip (r) (0 () + dad (r)(0F (5))F) 1€ a(s, 2)ds
—i [ (s () O + a5 6))) a2

w

2

ol

<r

1 1
/ sT28@y(s, z)ds| +

/’“0(6_355 + 1)§@a(s, 2)ds
1

1

+ro2

/ 5%015([)4(8, z)ds
0

3
S rz|log(r)|€ S 72 Qa(r, )| + r3ro€ sup |ga(r, 2)|
1<r<rg

3 1
+r2€ sup |r2(p4(1",z)|
0<r<1

Then

1 1
sup [r205 (1,2, @a(r,2))] S € sup [r2@a(r,2)[+70& sup [@a(r, 2)|.
0<r<1 0<r<1 1<r<rg

Claim 3.8. For large r > 1, we have

_3
(3.11) sup |e \/ETF (ryz,@1(r, 2))| S ro€ sup |r— 2(p1('r 2)| + 1o sup e Vs "o1(r, 2)|

1<r<ro 0<r< 1<r<rg
(3.12) sup |r 05 (r, 2, @a(r, 2))| S € sup |12 @a(r,2)| + 3¢ sup |r ga(r,2)|
1<r<rg o<r<1 1<r<rg

Proof. We have

I (r,z, @1(r, 2)) = /Ooo Gi (1, 9)€@1(s, 2)ds
=1 /0 (dipf (r) (05 () + daod () (0d (5))") G191 (s, 2)ds
i [ OO + g (e 6)) e, 2
(dipf () (035 (5))" + doed (1) (97 (3))") T1€ @1 (s, 2)ds

J
i [ (ot e () + e )67 6))) or€en(s,2)ds
[ (@ 006 9) + o () 0 (s, s

i [ O ) + g 0O orgnlo, 2
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Using the asymptotics of go;r(r) near 0, and for r > 1, we obtain

1 1
+r / sT28@1(s, z)ds
0

1
+ ‘/0 53 £pi(s, z)ds
[ sons

[ ssose e

1 1
[ ot
0

3
FT(T, Z, (Pl(T', z)) S./ eﬁr

1

+e V2" sgf(pl(s,z)ds
0

3

+€$T +7r

r 3
[« oo
1

_3
+e V3"

[ o]
1

<e N ¢ sup |r~ 2(p1(r 2)| +rg sup |r~ 2(p1( 2)|
o<r< 0<r<

+eﬁ7"§ sup |7“7§(p1(7",2’)‘+§ sup ’rfi(pl(ﬁz)‘
0<r<1 0<r<1

3, _3., 3, _3,
+evZ'§ sup le V2 @i(r,z)|+revz & sup le V2 @q(r, z)]
1<r<rog 1<r<rg
Therefore,

_3
(3.13) sup |e ﬁTI‘ (ryz,@1(r, 2))| S ro€ sup |7" 2(p1(7” 2)| + 7€ sup le Vs "1 (r, 2)|
1<r<rg o<r 1<r<rg

Next, we estimate I'y (7, 2, @a(r, 2)). Similarly, we obtain

S (2 0a(r2)) = [ 5 (rs)€wa(s.2)ds
- / (ot (r)(25 ()" + dapf (1) (0] (5))") 1€ @a (s, 2)ds
—i [ (e () O + o ()5 5))) a2
= —j /:0 (dipf (1) (03 ()" + dapg (r) (o1 (5))') T1€@a(s, 2)ds
_i/ol (dred (M) (97 ()" + dae] () (93 (5))") o186 @2(s, 2)ds
iy /1 (dipd (r) (07 ()" + daof () (03 ())!) T1€@a(s, 2)ds

Using the asymptotics of @j(r) near 0, and for r > 1, we obtain

3

1
F;(T,Z, (92(7", Z)) 5 eiﬁr / Sgé(pQ(S,Z)dS
0

1
4
0

3 T0 3 T0
+eﬂr/ e_ﬁsfq)g(s,z)ds —i—r/ Epa(s, z)ds
3. [T B T
+e V2 / ev2 E@a(s, z)ds +’/ s Epa(s, z)ds
1

<e fﬁ sup \r2(p2(r 2)|+ & sup |r2(p2(7" 2)|
o<r<1 o<r<1
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+r€ sup |7‘_1(p2(7‘,z)|+7‘r(2]§ sup |r_1(p2(r,z)|

1<r<ro 1<r<ro
+ré sup \ril(pg(r,z)|+r3§ sup \ril(pg(r,z)\
1<r<rg 1<r<rg
_ 3 _
(3.14) sup |r 1F§r(r,z, @2(r,2))| S & sup |7’2(p2(7“,2)|+r%§ sup |r 1(p2(r,z)\
1<r<rg 0<r<1 1<r<rg

Claim 3.9. For large r > 1, we have

3 3
sup |ev2'T5 (1, 2, @3(r, 2))| S 7€ sup |ev2 @3(r, 2)]

1<r<ro 1<r<rg
1
sup T3 (r,2,04(r,2))| S € sup [r2@a(r,2)| + 7156 sup [@a(r, 2)]
1<r<rg 0<r<1 1<r<ro

Proof. We have

U5 0a(r2) = [ G0 a1
=i [ (@t (eF () + e (1) (5))) r60sls, s

+i [ (digd (1) (1 ()" + dap] (1)(03 (5))") 016 @3(s, 2)ds

ﬁ\
3
IS

ir T0 —is T0
se| [T e Fepu(s s 4| [ oals s
T T
B3| [0 B4 7o
+e V2 / ev2 €@s(s, z)ds| + / s £@s(s, z)ds
T T

Using the asymptotics of goj(r) near 0, and for r > 1, we obtain

N U 3, _3., 3,
I3 (rz,@3(r,2)) Se V2§ sup |ev? @3(r,z)|+re V2 € sup |evZ @3(r,2)]
1<r<ro 1<r<rg

_3., 3., _3., 3.,
+roe V2 & sup |ev2 @3(r,z)|+re v2E sup |ev2 @3(r, z)|
1<r<rg 1<r<ro

Therefore, we have

3 3
sup [eV2'TF (r, 2, @3(r,2))| S o€ sup |eVE @3(r, 2)|
1<r<rg 1<r<rg

Next, we estimate I'y (7, 2, @4(r, 2)). Similarly, we have

T (r, 2 @alr, 2)) = /0 " Ga(r, 5)ea(s, 2)ds
=i [ (ol O (6 + o (1) (0))) ol )
—i [ (@ T 6+ daof () nepals, s
=i [ (T ) ) + T )T 6))) npas, s

1
—i [ (@ T ) + o () nepals, s
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i [ O O+ ot OO or6euts, )i

Using the asymptotics of goj(r) near 0, and for r > 1, we obtain

_3
F;(T,Z, (P4(7’, z)) rg e V2

T

1 3
/ s3€qu(s, 2)ds
0

1
+ ’/ s% Epa(s,z)ds
0

l?‘
+ev2 +r

0 3
[ ot

[ ot

+e V3

[ o]
1

[[seoutomus

<e fﬁ sup \r2(p4(r 2)|+¢& sup ]r2cp4(r z)|
o<r<

+& sup \(p4(r z)\—i—rzﬁ sup |(p4(r 2)|

1<r<rg 1<r<rog

Thus,

sup T3 (r, 2, @a(r,2))| S € sup. |72 @a(r, 2)| + 3¢ sup |pa(r, 2)]
1<r<ro o<r 1<r<rg

O

Combining the estimates from Claim 3.6 and 3.8 one can be deduce the corresponding bounds
for 7;% and similarly for 7" by using Claim 3.7 and 3.9. O

3.2. Large |£|. Similarly to the case of small ||, we construct solutions to iLF = (\/Tﬁ +&)F, for
large £, using the Banach fixed-point theorem. Specifically, we show that the integral equations
defined in (3.6) and (3.7) yield solutions as fixed points in the following function spaces. Note
that by large |¢| (or equivalently large |z|), we mean the regime where the real part is large while
the imaginary part remains small.

Definition 3.10. Let 79 > 0, and F' = [F(l) F(Q)] , where FW denote the columns of a matrix
F. We define the following norms:

IE]ly, = IFDly, + |IF®|ly, and [y, == IFD |y + 1 F®lyy,
IF|ly, == FDly, + |FPly, and 1y, == IFD |y + 1 E®lyy,
where

Ifllv == sup [F=2f(r)| and | flly; == sup |73 f(r)]

0<r<rog 0<r<rg

1
Ifly, == sup [r2f(r)] and | fllyg == sup |r2f(r)].
0<r<rog 0<r<rog

Proposition 3.11. Let [£] > Ay > 1, and 7y := <&, where 0 < & < 1 and Ay > 581. Then

\/@a

7}+ is a contraction on Y, for j = 1,2, i.e.,
1T (F )y, S eollFC,2)ly, -
Moreover, the fized points F;(-,z) of (3.6) and (3.7) satisfy
1T (F (5 2Dy + 100 T (F5 (5 2)lyr < eo-
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Proof. We will only proof that 7}+ is a contraction on )j, and the derivative bounds can be
obtained using similar estimates and required conditions (3.3),(3.4) and (3.5). In view of the
definitions of 7;*, we will only provide the estimates for Fj, from which one can obtain the

corresponding bounds for 7}+.

Claim 3.12.

_3 - _3
(3.15) sup [r 72T (r, 2, 01(r, 2))| S 7€ sup |2 @a(r, 2),
0<r<7o 0<r<ro
_3 - _3
(3.16) sup |1 20F (r, 2, @2(r,2))| S 726 sup [ Ea(r, 2)],
0<r<ro 0<r<ro
1 - 1
(3.17) sup 1305 (r, 2, 3(r, 2))| S70E sup |r2@s(r, )|
0<r<ro 0<r<ro
1 - 1
(3.18) sup [r303(r, 2, @a(r, 2))| S 7€ sup [r2@a(r, 2)|
0<r<ro 0<r<ro

Proof. Recall that by (3.9), we have

1

3
2 2

r 1
/ s 28@1(s,z)ds| + 1~
0

[ ot
0

FT(T’, 2y (91(7“, Z)) S r

Thus,

_3 - _3
sup [r~ 207 (1,2, 01(r,2))| S 7€ sup |r™2@u(r, ).
0<r<ro 0<r<rgy

Next, we estimate I'y (7, 2, @a(r, 2)). We have

T (r, 2, @a(r, 2)) = /0 G (r,5) £a(s, 2)ds
= / " B () (D)t F () 1€ pals, 2)ds

-if " FS (D) FY (3) 1€ @als, 2)ds

— / " (it () () + dad (007 (5))') 1€ @als, 2)ds
~i [ (@0 6 + o ()55 ()" roalis s
)

Using the asymptotics of ©; *(r) near 0, we obtain

70
(3.19) I’;(r,z, @2(r, 2)) < r3 / s_%fcpg(s,z)ds + o

T
/ 53015@2(5, z)ds
0
Thus,

_3 ~ _3
sup |17 213 (r, 2, @a(r, 2))| S 7€ sup |r™ 2 @a(r, 2).
0<r<rg 0<r<rg

Next, we estimate '3 (r, z, @3(r, 2)). We have

D3 (r, 2, @a(r, 2)) = /0 " G (r.5) E@a(s, 2)ds

= 4 /TO F1+(r)(Dar)_tF;(s)talg(pg(s, z)ds

4 / Y B )(DE) F (s) o1€ s (s, 2)ds
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. / " (gt () (@ (9))! + dapd (M)} (5))) 1€ @3(s, 2)ds

vi [ (e O ) + oot ) (0))) reps(s, s

Using the asymptotics of goj(r) near 0, we obtain

1

) 70
I3 (r,z,@3(r,2) < ra / sT2E@3(s, 2)ds| + 172 / s201£Q3(s, 2)ds
T T

ST 2Ilog( D¢ sup [r2es(r,2)| + 17273 sup |r2ps(r, 2)]
0<r<ro 0<r<ro

Thus,

1 N 1
sup |30 (r, 2, @3(r, 2))| S70¢ sup [r2@s(r, 2)|
0<r<o 0<r<ro

By (3.19), we have

1

T (r,2, @a(r, 2)) S 2 :

fo
/s‘%qu(s,z)ds +r”

/ 33015@4(3, z)ds
0

S rElog("O)E sup [rE@a(r,2)| +rEEE sup |rE@u(r, 2)|
r 0<r<ro 0<r<ro

Thus,

1 - 1
sup [r2T3 (r, 2, @a(r,2)| S 7€ sup |12 a(r,2)]
0<r<7o 0<r<io

O

Using the estimates (3.15) and (3.16), we deduce that 7, is a contraction on Y;. Similarly,
using estimates (3.17) and (3.18), we deduce that 7" is a contraction on )s. The estimates for
the derivatives can be obtained using the similar argument with conditions (3.3),(3.4) and (3.5).
This concludes the proof of Proposition 3.11. O

4. SOLUTION TO i£ — z NEAR 0 IN THE RESONANCE CASE

In this section, we start the construction of the distorted Fourier transform associated with
the linearized operator L, in the presence of resonance. The main goal is to construct the
fundamental matrix solutions F{¥(-, ) and F{(-,2) to

(4.1) iLFR( 2) = 2FB(. 2),

for small and large |z|. We denote by F{¥(-, z) a solution branch that is the L? near r = 0.
k
We define the Green’s functions exactly as (3.2) using FlR’i(r) and FZR’i(T) :

G (ry5) == F{ (1) ST (8)Liocasry + Far T (MTT(8) Lo<acn)
(4.2) Gt (r,s) == LT (1) S5 (8) L ppascrey + Fo o T (1) Tyt (5)Lj0<ser)
Gt (rys) o= FEF () S8 ()L ppcacro) + Fav T (NTS ()L pr<as ry)

where for ¢ = 1,2, 3 we require the matrices SZR’JF(T) and TiR’+(T), for gf’+(r, s) to satisfy the
following conditions

FPY ey B\ (SETe)) _ (o
(43) <3rf171R’+(7“) a}fﬂm Ti’“(r) _<az>’
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FEY oy ERYe) \ (=sETe)) [0
. (@?f’*(r) s ) (2t ) = ()
FEY oy EYe) \ (=sETe)\ (o
- (aiﬂﬁ*(vﬂ) i) i) = ()
Denote by
FlR(r7 Z) = [@?(73 Z) (pg(T, Z)] ) and FZR(r? Z) - [(931?(7’, Z) (Pf(rﬂ Z)]
and

FR+(rz(pj (r,z) / QR+rs)z(p](s z)ds fori=1,2,3 and j =1,2.
where (pf('r, z) is the j-th column of the matrix F®(r, 2).

\ﬁand \ﬁ

Then a solution to (4.1) for z near is given by the following two scenarios:

Scenario I: z near g: Let z = @ + &, for small £ we have
PR, 2) o= O (r) + T (r, 2, FE(r, 2))
Ffi(r,2) i= CoFy " (r) + T, (1,2, B (r, 2)
where, F]-R’Jr(r) are solutions to z'EFJR’+(7“) = gf’jR’+(r) and
T (2 (. 2) = rR*(r 2 @ (r2) + 157 (2, <p§<r 2))

(4.6) "
g (rys f(pl (s,2)ds + g (r,s)E@y'(s, z)ds
7'2R’+(7', z, FQR(T, 2)) = F3R’+(7’, z,@3(r, z)) + F§’+(r, 2, (pf(r, 2))
= [ ot ol s + [T o s olits s
Scenario II: z near 7T\/ﬁ: Let z = —@ + &, for small £ we define,
FlR(r, z) = —O'3F1R(T, —2z)o3
F2R(1", z) = —UgFQR(r, —z)o3
Therefore, (pf(r, z) satisfy
(4 8) (P{%(T’, Z) = _03(9{%(r7 _Z)v (I)BR(nz) = _03@?{%(r7 —Z),
05 (r,2) = o395 (r, —2), @5 (r) = o305 (r, —2).

Lemma 4.1. Let DF = W(Ff’i(-)ij”’i(-)). Then, we have where

1
+ 232 0 V-1 _ (pE\-t _ [ 263 0 _(d O
DO - < 0 20264 and (DO) _(DO) - (1)3 1 T 0 dg .

Moreover, we have

g - FR+(T)(D )~ FR+()01, 0<s<r
75 = iR o) (DY) R ()1, 0<s<r
Gt (r,s) : = _Z‘F1R7+(7”)(D6F) tFR+(8)t01, r <s < Ry,

’ —iF T () (D) T (s)tor,  0<s <
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GRH (o) - = LT ODO) T (9)on, v <s< Ry,

’ iR () (D) VR (s) o, r < s < Ry.
5i
Bi
using the asymptotic behavior of gpf’i(r). In particular, the coefficients 6%, 4+, and a* can be
computed in exactly the same way as in Lemma 3.2 for the non-resonance case, based on the

+
Proof. Let D* = ( Zzi> . Since the Wronskians are independent of r, they can be evaluated

asymptotic behavior near r = 0, which is similar for both goét(r) and (pf’i(r). Therefore, we will
only include the computation of Wronskians involving the asymptotic behavior as r — oc.

BE = W(ok ) = W (() (1+067)), (”) (1+ o<r—1>>> o,
€3

2 e V2

Moreover, the expression for the Green’s function can be obtained in the same manner as in the
proof of Lemma 3.3. U

4.1. Small |£|. Similarly to the resonance case, we show that the integral equations, defined in
(3.6) and (3.6), are contractions on the following space X JR

Definition 4.2. Let Ry > 0, and F = [F(l) F(Q)] , where FD denote the columns of matriz F.
We define the following norms:

IFlap o= IFOlp + IFOlgp and |1l yn = [FO o + [P
IFllap = IFOlg + 1FOlxn and |1l yyn = [FOfgon + [1FP g

where
—3
IFOllxp = sup [r2FO@)]+ sup [e v FO(r),
0<r<1 lsr<Ro
IF@ g = sup [ 3FO)| + sup [FO(r)],
0<r<1 1<r<Ro
3
IFOllxp = sup [r2FO@)|+ sup [eva PO ()],
0<r<1 l1sr<Ro
IF@llxp = sup [rAFO @)+ sup [~ FO(r).
0<r<1 l=r<Ro
and

IFO) o = sup. P FO@) 4+ sup e v FO ()],
0< 1<r<Rg

1@ pri= Sup r=2FA()|+ sup [rPFO ()],
<r<1 1<r<Ro

3
HF(l)HX/,R = sup ‘7'§F (1) (7’)| + sup |€ﬁTF(1)(T)’?
3 o<r<1 1<r<Ro

IF®|| n = sup [r2FO(r)|+ sup |[FO(r)].
4 0<r<1 1<r<Ro

Proposition 4.3. Let 0 < || < dp < 1, and Ry := where 0 < 6y K g9 K 1. Then 7}R’+ 18

€0
€|’
a contraction on XJR, forj =12, i.e.,

H7}R’+(F}R('»2’))HXJR Seo||FC, Z)HX]R :
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Moreover, we have

|0, T (L S <ol F (<))

Dl

LR -
Xj

Proof. We will only prove that ’T * is a contraction on X; £ and the derivative can be obtalned

using similar estimates and requlred conditions (4.3),(4.4) and (4.5). In view of definition ’7'1 in
(4.6) and ’7'2R’Jr in (4.7), we only need to prove the estimates for I' f’+. This is achieved using the

asymptotic behavior of FlR (r) and F2R (), therefore we divide the analysis into two regions:
the small-r regime (r < 1) and the large-r regime (r > 1).

Claim 4.4. For small v < 1, we have

_3.R _3
sup [ 207 (1,2, 3 (r, 2)| S € sup [rm2@f(r,2))]

o<r<1 0<r<1
sup |r 205 (r, 2, 08 (r, 2))| S € sup. P2 @R(r,2)| + R3¢ sup |@F(r,2)|
o<r<1 o<r 1<r<Rg

sup [r20y " (r, 2, 98 (r,2))| S € sup. P2 @fi(r.2)| +ERy sup [evE ofi(r.2)

0<r<1 0<r< 1<r<Rp

sup |r205 " (r, 2, 08 (r,2)| S € S r2@f(r,2)| + Ro& sup |~ ok (r,2)]

0<r<1 1<r<Rg

Proof. Note that for small r the behavior of (pf’Jr is the same as (pj in the non-resonance case.
Therefore, the proof is exactly the same as the proof of Claim 3.6 and 3.7, and we omit the
details. 0

Claim 4.5. For large r > 1, we have

_3 _3
sup e~ VAT (r, 2, 0f(r, 2))] S Ro€ sup [r=2@f(r,2)| + Ro& sup e~ V2 ol (r, 2)|

1<r<Rg 0<r<1 1<r<Ro
R7
sup (D577 (r, 2, 0F (r,2))| S € sup |r2@f(r,2)| + R3 sup |@f(r,2)|
1<r<Ryp o<r<1 1<r<Ry

Proof. We have

T (r, 2, @ (r, 2)) = T (r, 5)E@f (s, 2)ds

F ) (ot (5))t + dogs T (r) (0T

()

Using the asymptotics of gof’

3

LY (r,z, 07(r,2) S

1
sTE@f (s, 2)ds
0

+(5))t + dzﬁﬁf’Jr
+(3))t + d280§"+
B () + dogn™

B (s))t + dogpit

)P () + dogl T

near 0, and for r > 1, we obtain

(r) (w5
(") ey
() (s
() ey
(r) (5™

1
i ‘ | 5ol s
0
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3

+e V2 +r

1 .
/ 5% £f(s, 2)ds

0

1 .
' / stepR(s, 2)ds

0

3 T

+eve' s{(pl (s,2)ds

[ ot

3 P
<SeVi'g sup |2 (r )|+ € sup |2 (r,2)]
0<r<1 0<r<1

T _ s,
/ VL@l (s, 2)ds| +
1

_3
+e V3"

/e\f&pl (s,2)ds| +
1

_3 : :
e VEE sup [ 2ol (r,2)| 4+ & sup [r2ef(r,2)]
0<r<1 0<r<1

3 - 5 Vs
+eva’e sup e V2l (r2)| +revE'E sup e VR ii(r, 2)]
J<r<Ro 1<r<Ryp

Therefore,

_ 3 _ 3
(4.9) sup |e” VE'T(r, 2, 01'(r, 2))| S Roé sup. 12 @l (r,2)| + Rof sup [~ V2 @f(r, 2)]
1<r<Ro 0<r< 1<r<Rpg

Next, we estimate F§’+(r, 2, @F(r, 2)). Similarly, we obtain

F§’+(7’ z, ¥ (r, 2) / Q (r, )€l (s, z)ds

= i / (gl () (e (5))" + ol (1) (4 ())1) oné @ s, 2)ds

r

i / (O @)+ el ()@ (9))) i @f (s, 2)ds

0
Ro
=i / (el ()5 () + ol () (P (5))") rnof(s, 2)ds
1
- i/o <d1903R7+(7“)(<P?’+(3))t + d2@f’+(r)(¢§’+(s))t) c1EQF (s, z)ds
—i /17“ (d190§’+(7")(@?’+(5))t + dzwf’Jr(r)(gog’Jr(s))t) 016 (s, 2)ds

Using the asymptotics of @f’Jr (r) near 0, and for r > 1, we obtain

_ 3
TRt (r, 2, 5 (r,2)) S e V2"

1 1
/ sheo(s,2)ds| + 1| [ 5% col(s, 2)ds
0 0

—=r Ho ] Ro
/ Ve QR (s, 2)ds| + / s€ok(s, 2)ds

—+7r

[ cotts s

T is R
| e colits, s

1

SeVEE sup |12 of(r,2)| + 16 sup. 2 ok (r, 2)]
0<r<1 o<r

+¢& sup |@F(r,2)|+ R3¢ sup |(P2 (r,2)]
1<r<Rp 1<r<Ro

+€& sup |oii(r,2)[ +1%€ sup |@3(r,2)]
1<r<Ro 1<r<Ry
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R, 3
(4.10) sup [Ty (r,2,05°(r,2))| S € sup [r2@5(r,2)| + R3¢ sup |5'(r, 2)]
1<r<Rg 0<r<1 1<r<Ry

Claim 4.6. For large r > 1, we have

3, R 3
sup [eVE'Ty"" (1,2, @5 (r, 2))| S Ro& sup |eV2" oF(r, 2)|
1<r<Ryp 1<r<Ryg

_1pR, 1 _
sup [r Ty (r 2, 0F (r,2))| S € sup |2 (r2)| + R3E sup [rt el (r,2)|
1<r<Ry 0<r<1 1<r<Ry

Proof. We have

PR (7,2, (1, 2)) = /O T GRH (1) €0 (5, 2)ds
Ro R R R R
— i / (dlcpl F )BT () + dat T (1) (OF ’+(s))t> 1€l (s, 2)ds

Ro
ti / (el (T (5) + dagl ™ (1) (5 ()" ) rr0fi(s, 2)ds
%

. Ry _3 Ro
S| [ eI eplits, s +| [ seolis, s
T T
_s | (R s Ro
+e V2 / eVa'eQi (s, 2)ds| +r Eof(s,2)ds
T T

Using the asymptotics of gof’Jr (r) near 0, and for r > 1, we obtain

_3 3 _ 3 3
Ty (rz, 08 (r,2)) Se V"¢ sup [V @i (r,2)| +re V3¢ sup [ev2 of(r,2)|
1<r<Ry 1<r<Ro

_s, 3, p _ 3, 3, 5
+ Roe V2'¢ sup |ev2 @yi(r,z)[ +re” V2T sup [evE @f(r, 2)|
1<r<Ro 1<r< Ry

Therefore, we have
3. R 3
sup [eV2 Ty (r, 2, 0§ (r, 2))| S Ro& sup  [evE @f(r, 2)|
1<r<Rg 1<r<Rg

Next, we estimate F§’+(r, z, @F(r, 2)). Similarly, we have

PP ol ) = [ Galrs)gof (s, 2)ds
— —i / (e ) + e (1) (9)) orol. )
=i [ (@ O + O 0)) ol 2)ds
=i [ (BTN + OO el s, 2)ds
- /0 (g™ (™ (5))' + o (r) (5 ()" ) €@ (5, 2)ds

i / (B () + da (O (5))) 16 0f (s, 2)ds
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Using the asymptotics of gof’Jr(r) near 0, and for r > 1, we obtain

3

1 1
PR (r, 2, (r,2)) S € Ve / S3e@h(s, 2)ds| + r / 53 @R (s, 2)ds
0 0

3, Ro _3 .4 Ro
+ev? / e ViitR(s, 2)ds| + / sEpli(s, 2)ds
_3 ' L r’”
e | [ e eolis, s + v | [ €olis, s
1 1

— 5T 1 R 1 R
Se VEE sup [r2ey(r,z)| + 1€ sup 2y (r, 2)]
0<r<1 0<r<1

+r€ sup |rtefi(r2)| + RiE sup |rT ol (r, 2)]
1<r<Ro 1<r<Ro

+r& sup |l (r2)| + %€ sup [rlof(r,2)]
1<r<Rg 1<r<Rg
Thus,
_1~R 1 _
sup [r Ty (r, 2, @8 (r,2))| S € sup [r2ef(r,2)| + R3¢ sup [r @i (r, 2)]
1<r<Rp 0<r<1 1<r<Rgp

O
Finally, using the estimates from Claim 4.4, 4.5 and 4.6, we deduce that both 7}R’+ are a

contraction on X]-R, for 5 = 1,2. Similarly, we obtain the estimates for the derivatives of 7}R’+
using the conditions (4.3),(4.4) and (3.5). This concludes the proof of Proposition 4.3. O

4.2. Large [£|. Recall that by large |£|, we refer to the regime in which the real part is large
and the imaginary part is small.

As in the non-resonance case, we demonstrate that the integral equations (4.6) and (4.7) admit
solutions via a fixed point argument, within the same function spaces Y; introduced in Defini-
tion 3.10 for the resonance case. Note that the construction of the solutions in the resonance
case relies only on the asymptotic behavior of gof near 0, which is analogous to the behavior of
¢; in the non-resonance case near the origin.

Proposition 4.7. Let || > Ag > 1, and Ry := %, where 0 < 6p < €9 < 1. Then 7}R’+ is a
contraction on Yj, for j = 1,2, i.e.,
R+ R R
175 (F G2y S o [5G 2],

Moreover, we have

HGTER’JF(FJ'(" )y < <o 10, (-, 2)] v

Proof. In view of the definitions of 7;-R’+, we provide only the estimates for Ff’Jr, from which

one can obtain the corresponding bounds for 7;R’+.

Claim 4.8.
_3 R ~ _3
(4.11) sup [r 20 (2, 01 (r,2))| S REE sup [r 2t (r, 2)],
0<r<Ro 0<r<Ro
_3 R ~ _3
(4.12) sup |7 205" (r, 2, 05 (r,2))| S R3¢ sup [r 25 (r, 2)],
0<r<Rp 0<r<Rp
1R ~ 1
(4.13) sup |r2lg "t (r, 2, @3 (r, 2))| S ReE sup [r2@f(r, 2))|

0<r<Ro 0<r<Ro
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1R+ 52 1
(4.14) sup |r20y" " (r 2, 0 (r,2))| S RGE sup [r2 @4 (r, 2)|
0<r<Ro 0<r<Ro
Proof. The proof follows exactly as in Claim 3.12, since the behavior of (pf’Jr near r = 0 is
identical to that of (pj in the non-resonance case. We omit the details.
O
Using the above claim, one can show that 7}+ is a contraction on Y;. The derivative estimates

for 7}R’+ can be obtained using similar arguments, together with the conditions (4.3), (4.4), and

(4.5). This concludes the proof of Proposition 4.7.
O

5. THE L? SOLUTION NEAR oo FOR SMALL [¢|

In this section, we construct the Weyl-Titchmarsh matrix solutions to iLU*(r, z) = 2U*(r, 2)
for z = :l:g + & € Q with |¢] < 8y < 1. We denote U (r,2) € L?((1,00)), when Im(z) > 0,
and U~ (r,2) € L?((1,00)), when Im(z) < 0. Note that, whereas in Sections 3 and 4 the sym-
bol + was used to distinguish the solutions corresponding to +Re(z) > 0 in the construction
near r = 0, here the notation =+ is instead employed to distinguish between the cases +Im(z) > 0.

We seek to construct solutions ¥*(r, z) so that as r — oo they have the same asymptotic
behavior as the solutions WL (r, z) € L?((1,00)) (up to normalizations) to
iLoWE (1, 2) = 2¥E (1, 2)

where
o 0 L§° o Lo 1 o, Lo 17
Lo 1= <_L<2>o 0 >’ Ly ——58r+§7 2 —(—§3r+§)
5.1. Construction of WL (r,2) at infinity. Let ®(r,z) = <¢(::’ ?) satisfying iLoo®(r, z) =
2®(r, z), that is,
ZLCIXJTZ)(T’ Z) = qu)(’l“, Z)a
-1 LP¢(r,z) = z(r, 2).

Applying L3 to —iL3¢(r, z) = z1(r, z), and using the first equation, we obtain the fourth-order
equation,

(51) L?OLgo¢(T7 Z) = 22¢(T, Z)

and the corresponding choice of 9 is determined by

w(Tv Z) - %ZLgO¢(T7 Z)

Plugging in the ansatz ¢(r, z) = e**(*)" into equation (5.1), or equivalently into
1 9 17
(48;1 — gaz + 674 — 22> ¢(T, Z) = 0,
leads to the equation
1 9 17
(5.2) P(k,z):= Zk4 + ng + i 22 =0, with k= k(2)
We now determine four analytic roots in a suitable domain in the complex plane. Observe that
9 9
OP(k,2) = k> + Tk= k(k? + -



THE DISTORTED FOURIER TRANSFORM FOR THE LINEARIZED GROSS-PITAEVSKII EQUATION 41

Therefore, P(k,z) = 0pP(k,z) = 0 for

For all z € (— \ﬁ ‘ﬁ) define

where we use the convention that \/z > 0, for z > 0. Then, we have P(fj(x),z) = 0, for all
xe(r‘ﬁ) and j =1,--- 4.

Define the simply-connected domain

Q:zC\([i,ioo)U(—ioo,—i]U( oo—\/?) (‘/57 ))

For 1 < j <4, we denote by k;(z) the analytic continuation of f;j(x) to £, such that k;(z) =
fy(a) for & € (~ VAT, VA7)

Lemma 5.1. Let z = x + iy € Q, then for x € (—oo, —@), we have

lim ki(z +iy) = FV24/V 1—97 lim k3(z +iy) = V2 \/x2+1—g,
y—0+ 8 y—0%E 8
hm ko(x +iy) = ivV2y/Vx +1+§, lir(r)li ka(z +iy) = —iv/2 \/a;Q—i—l—i—g
Y—>

and for x € (@,oo), we have
lim ki(z +iy) = £V24/Vz 1—97 lim ks(z +iy) = V2 \/x2+1—g,
y—0+ 8 y—0%E 8
lim ko(z 4 iy) = ivV2y [V +1+§, lim ka(x 4 iy) = —iv2 \/a;Q—i—l—i—g
y—0% y—0%

Moreover, we have

(5.3) Im(ki(2)) >0 and Im(ke(z)) >0 forall z € Q, with Im(z) > 0.

Similarly, we have

(5.4) Im(ki(2)) >0 and Im(ke(z)) >0 forall z € Q, withIm(z) <O0.
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Proof. Let ki(z) : @ — C be the analytic continuation of fi(x) to €2, such that

ki(x) = f1 _zxﬂ/ Z\[\/gj\/\gH)’ Ve e (-

Note that there is no ambiguity in deﬁning kzl( ) for x € (— VIT, L) We denote by g(z), h(2)

V1T

s )

ok
\]

8
and m(z) the analytic continuation of g(x), h(z) and m(zx) to §2 such that,
(V17 [V17 /9 S \/ \/
For z € (—o0, — V1T , one can check that
V17 —V17
lim, g(z + iy) =1\ — — =, lim, h(z + iy) =+i\| —— —x
y—0+% 8 y—0+ 8
Similarly, for x € (g, 00),
V17 V17
lim gz +iy) = Fi\| v — —, lim, hz+iy) =\ — +=
y—0% 8 y—0E 8
Therefore, for 2 € (—oo, —g),
lim g(z + iy)h(x + iy) = iy /2?2 — -
i, g y y) = o
and for z € (@, 00), we have
. . 17
lim g(x +iy)h(x + iy) = Fiy/ 22 — —
y—0% 64
Next, observe that m(z) : Q — C, such that m(z) = \/ 5+ V1+a?forze (—@, @) is

well defined, where
Q := C\ ([i,i00) U (—ioc, —i]) .

Indeed, if 24+ V1+22 ¢ (—00,0] then m(z) is well defined on Q. If not, then 1+ 22 =

—(A+2) <0, for some A > 0. Thus, V1 + 22 is real: Let z = z + iy then v/1 + 22 is real if and
only 1f:ry—0and 14+22—9y?>0.If y =0, then V1 +22 = V1422 > 0, and if z = 0 then
V1+ 22 = /1 —y2 > 0, which is a contradiction in both cases. Therefore m(z) can be extended

analytically to Q. One can also define 7m(z) : Q — C, such that m(z) = \/ 2+ V1+ 22 for all
VIT V1T

z € R, which is well defined. Since m(z) and m(z) agree for x € (—— —) they must agree

on 2. Therefore, for z € (—o0, —@), we have

~ 17
Fiy /2?2 — & - 9
hm k(x4 iy) = ivV2———————— = T2 x +1_§7

yo0* 2 +1+3

and for x € (g, 00), we have

Fi R 9
lim_ k1($—|—zy)—2\[2—64::t\[2 x2—|—1—§.

y0= 22+ 1+ 3
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Next, observe that fs(x) = — f1(x), then similarly to k1 (z), one can obtain for x € (—oo, —g)

lim k3(x +iy) = £V24/ Va2 +1— %,

y—07T
and for z € (g, o0), we have
lim ks(z +iy) = FV2 Va2 + 1 - S
y—0* 8
Finally, notice that fo(z) = im(z), and fs(x) = —im(z). Therefore, for x € (—oo,—g) U
(M7, 50), ky(2) and ka(z) satisfy,
hm ko(x +iy) =i x2_|_1_|_g
y—0T 8
9
lim_ ky(w + iy) = —iy/Va? + 1+ 3
’y—)

It remains to prove (5.4) and (5.3). We begin with the case of positive imaginary part Im(z) > 0.
Let 0 < y < 1, then we have

—2v1—y?,  ko(iy) =

+2¢/1 — 2.

NN
N

k1 (iy) =
Therefore, we obtain
Im(ki(iy)) >0 and Im(ka(iy)) > 0.

Assume that there exists zo € Q with Im(zg) > 0 such that say Im(k;(z0)) = 0. Then by (5.2),
we have

1 9 17
2 _ = 4, 7 .
2H = le(ZO) + 8]€1(Zo) + o1 >0
which is impossible since Im(zg) > 0. Therefore Im(k;(z)) > 0 for all z € Q, with Im(z) > 0.

Similarly, we get Im(k2(2)) > 0 for all z € Q, with Im(z) > 0. The case of negative imaginary

part Im(z) < 0 can be handled in the same way. This concludes the proof of Lemma 5.1. O
Remark 5.2. Notice that fi(x) = fi(—z) = —f3(—x) = —f3(x) and fa(z) = fo(—2x) =
—fa(x) = —fa(z) for z € (— L \/;) By analytic continuation, ki(z) = k1(—z) = —ks(—2) =

—k3(z) and ka(z) = ko(— z) = —ky(z) = —ka(2) for all z € Q. On the other hand, the
lemma shows that ki( ) = yﬁoik‘ (x +1iy), v € R\(— ‘ﬁ \ﬁ) j = 1,...,4, satisfy
K (2) = —ki (—2) = k3 (—2) = —ks (x) and ky (z) = k3 (—x) = —k4 () = —ky (—).

Note that once the distorted Fourier transform is constructed, after passing to the real line in
the spectral representation of the evolution e from Lemma 2.7, the resulting integral is supported

VIT V17

over the region R\ (—— —), which is excluded from Q. For this reason, the limits kji(x) will
play a central role in the later parts of this work.

Recall that, for ¢(r, z) = e®*(*)" to be square integrable near infinity we need Im(z) > 0. Then
in view of view of Lemma 5.1, we obtain the Weyl-Titchmarsh matrix solutions of the reference
operator Lo :

etk (z)r eikg(z)r

. + + _
Wl 2) = (Yo () “’(oow“"’”)‘<C1<z>eml<z>r 02<z>eik2<z>r> tm(z) >0,

and

_ _ _ etk (z)r etk (2)r
qjoo(r7 Z) = (\y(oo,l) (7“7 Z) W(oo,?) (r7 Z)) == <Cl (Z)eikl(z)T CQ(Z)GHCQ(Z)T> Im(z) < 0,
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where,

(3ki(2)* + §)

cj(z) = c(kj(z),2) == —1 . for j =1, 2.
Note that, ¢;(—z) = —c¢;(2).
We also record the two other solutions,
~ —ik1(2)r —ika(2)r
+ — (yt + — € €
Woo(ra Z) = (W(oo,?)) (Ty Z) Iy(oo,4) (7"; Z)) = (cl(z)e_ikl(z)r 02(2)6_%2(2)7"> Im(z) > 0,

and

_ _ _ e~ k1 (2)r e—tka(2)r
W (r, z) == <‘1’(OO73)(T, 2) Yo z)) = (cl(z)e—““l(z)’” cQ(z)e‘““?(z)’") Im(z) < 0.

5.2. Construction of ¥*(r, 2) for small |€]- We start with the construction of the fundamental
matrix solutions WF (-, z) € L?(1,00) and ¥ (-, 2) ¢ L?(1,00) to

(5.5) iLUT (-, 2) = 20T (-, 2), for z€ Q and Im(z) >0

equivalently,
i1(Loo — z)\11+(r, z) = V(T)\I/+(T, 2)

.= 0 W—J—VKT‘)
V()—<_(8Sh3zr)2+‘/2(r)> 0 >

where

Remark 5.3. Recall that the potentials Vi(r) and Va(r) decay exponentially. Consequently, for
large r, we have

(5.6) Vi(r) = O(e™?), forj=1,2.

This specific choice of the exponential decay rate e=?" is made to align with the decay behavior

of the potential Vgp, as seen in the asymptotic expansion of p(r) near infinity in (1.7).
We define the Green’s functions as
Ry (r,s,2) 1 =YL (r,2)S1(s, 2) 1 <s<ry W (r,2)Th (s, 2)Lfr<s<oo}
Ry (r,s,2) 1 =YL (r,2)Sa(s, 2)Lfr<s<oo) +\T’jo(r, 2)T2(8, 2)Lir<s<oo}
R;(ﬁ 8,2) 1= ‘yio(rv 2)S3(s, Z)l{roogsgr} +q';ro(7"7 z)T3(s, Z)l{roogsgr}

where we require the matrices S1(r, z) and Ty (r, 2) for R to satisfy

(5.7) Yt (r,z) q’go(r, 2) < Si(r, 2) > B <0>
' OV (r,2) O,WL(r,2)) \-Ti(r,2))  \o2
and we require the matrices So(r, z) and Ty(r, 2) for R to satisfy
(5.8) Yt (r,z) q’go(r, 2) —Sa(r,z)\ _ (0
' OV (r,2) 0, YL (r,2)) \—Ta(r,2) 02

and we require the matrices Ss(r, z) and Tj(r, 2) for R to satisfy

o (sl S () - ()
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Denote by
\I/i(r, z) = [\I/f(r, 2) \IJQi(r, z)] and \T/i(r, z) = [\Ilgf(r, z) \I!ff(r, z)]

and

Yi(r, 2, V,(r / R (r,s,2)V(s)V;(s,2)ds fori=1,2,3and j=1,--- ,4,

where W;(r, z) is the j-th column of the matrix ¥(r, 2).

Then the solutions to
iLUT (-, 2) = 20T (-, 2), for z€ Q and Im(z) >0

for both scenarios, z near @ (ie, z= g +¢) and z near _ V1T (ie., z= _VIT €) is given

by the fixed point problems

(5.10) Ut (r,2) =YL (r, 2) + T1(r, 2, 0T (1, 2)),
and

(5.11) Ut (r, 2) =Y (r,2) + To(r, 2, Ut (r, 2)),
where,

Ti(r, 2, ¥t (r, 2)) := Y1(r, 2, \IJ (r,z)) + Yao(r, z, \I’ (r,2))

5.12
(5:12) / R (r,s,2)V(s)¥ f(s,z)ds—l—/o Ry (r,5,2)V(s)VF (s,2)ds,

To(r,z, W (r, 2)) i= Ta(r, 2, W] (r,2)) + Ta(r, 2,95 (1, 2))
5.13 ~ ~
(5.13) / Ry (r,s,2)V(s )\Iff(s,z)ds—l—/o R (r,8,2)V(s)V5 (s, 2)ds.

In order to compute S;(r, z) and T;(r, z), we first need to invert the matrix defined above. To
do this, we begin by computing the Wronskians between W1 (-, z) and Y_(, 2)).
Lemma 5.4. Let D¥(z) := W (Y (-, 2),YE (-, 2)). Then

. 5(z) 0 N (O Di(z) 0
D=(z) = and (DF)~! = (D*)! = =

§(2) := —2ik1(2)(1 — c1(2)?), az) == —2iky(2)(1 — c2(2)?)

( ko(2)? + @7)

arz) = —i-2 B oy(2) = -

I

Proof. We focus on computing DT (z); the expression for D™ (z) then follows directly from the
definition of ¥~ and W~. Let

ik1(z) —ik1(z)
6(2) = W(‘y?_oo’l)('a Z)vlyzi—oqg)('v Z)) = W( (i(%kl(z)%rlg)eikl(z)r) ) (i(;k1(z)2+lg)6_ik1(z)r>)

z
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etk (z)r —ikl(Z)e_ikl(z)T
=< | S+ e | | MOGREHD) o |) >

z z

ikl(z)eilq(z)r e—ikl(z)r
— < kl(z><§klz<z>2+%>eikl(z>r ) i(%kmzz)%%)e_ikl(zy >

@wﬁ+$7

22

= *22']431(2’) <1 +

N N eilﬁ(z)r e—ikg(z)r
PY(Z) = W(\lj(oo,l)(’ z)’w(oo,4)(" Z)) = W( 7i(%k1(z)2+1§7)eikl(z)r 3 71'(%]62(2)24»%7)6_“62(2)7. )

(3ki(2)2 + 1) (ka(2)? + 187)) () =ka()r

z z

= —i(ka(z) + k1(2)) (1 +

which follows directly from the definitions of k1(z) and ka(z).

iko(2)r —ik1(z
5) = Wy (o) = W g s )
(00,2)\7 %) F(o0,3)\ " —i(5k2(2) +§)eik2(z)r | —iGk() +§)67ik1(z)r

(%kl(Z)z + %) (%k2(2)2 + {5)) eilk2(2)=k1(2))r _ )

z z

=ﬁ%@+mmﬁ+

which follows by a straightforward computation from the definitions of ki (z) and ka(z).

N . eikz(z)r e—ikg(z)r
Oé(z) = W(W(OOQ)(’ Z)’\y(oo,ll)(" Z)) = W( _i(%k2(2)2+1§7)67§k2(z)7“ ) _i(%kQ(z)2+%)e—ik‘2(Z’)T )

z z

= —Qik‘Q(Z) (1 +

a(z)

O

Remark 5.5. In the following two scenarios we write the asymptotics for DljE and D2i :
o Let z = g + &, for small &. We have |k1(2)| ~ /[€|, and ka(z) = z% + O(|¢]) This
implies, c1(z) = —ivV17 4+ O(|€]) and c2(z) = z\/% + O(|¢]). Therefore, |DE(z)| ~
and | D5 (z)| ~ 1
o Let z = —@ + &, for small §&. We have |k1(z)] ~ /||, and ka(z) = z% + O(|¢]) This
implies, ¢1(z) = —ivV17 4+ O(€]) and c2(z) = z\/% + O(I¢]). Therefore, |DE(2)| =~ ﬁ
and | D5 (2)| ~ 1

5

Next, we compute S;(r, z) and T;(r, z), using Lemma 3.1 and Lemma 5.4.
Claim 5.6. We have,

Si(r,z) = —(DH(2))"t VL (r, 2) 030, Sy(r,z) = (DT (2)) WL (r, 2)tos00
Ti(r,z) = —(D%(2)) ' WL (r, 2)lo309 To(r,z) = —(DH(2))"t WL (r,2)lo309
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S3(r,z) = —(DF(2)) W (r, 2)lo300
Ty(r,z) = (D (2)"' WL (r, 2)lo309
and
W (r, 2) (DT (2) TV (s, 2)l01, T <8<
Ry (r,s,2): =
WL (r,2)(DH(2)) T WE (s, 2)l01, 1< s < oo
—iYL (r, 2) (DY (2)) " WL (s, 2)lo1, 7 <5< oo,
R;(r, 8,2) 1=
iV (r,2)(DF(2)) " Wh (s, 2) o1, 1 <s< oo
W (r2) (DY (2) T (s, 2) 01, T <s<T
R;{(r,s,z) s =
—iWE (1, 2)(DF(2)) "L WL (s, 2) oy, Too <8< T

Proof. Using (5.7) and Lemma 3.1, we obtain
- -1
< Si(r,z) > Yi(r,2)  Wi(r2) <0>
—T(r, 2) oYL (r,2) 0VL(r,2) p)

(79wl ) 6 ) G SR B
)=t UL (7, 2)t o0

(DF(2))" WL (7, 2) o309

Similarly, using (5.8), (5.9) and Lemma 3.1, we obtain

Sy(r,z) = (DT (2)) WL (r, 2)to309 Ss(r,z) = —(D*(2))"t WL (r, 2)tos0s
To(r,z) = —(DH(2)"* WL (r, 2)lo302 T3(r,z) = (DT (2))" WL (r, 2)lo309

(=
Using the fact that o309 = —io1, we obtain the desired formula for R (rys),forj=1,2,3. O

Next, we prove the existence of the solutions to (5.5) as defined in (5.10) and (5.11). This is
achieved by showing that the associated integral operators, defined in (5.12) and (5.13) define a
contraction on the following suitable function spaces.

Definition 5.7. Let F = [Fl FQ] , where F; are the columns of F' and let o, be a fized number:
IFl|g, = sup le"® " Fi(r)| + sup |e” ™ Fy(r)|

T>Too r>Too
1P, := sup [e®1 TP (r)| + sup |e#2C) Fy(r)]
r>Too r>Too
[l = sup e MO B ()] 4+ sup e R By(r)
L e [Ri(2)] r>re [K2(2)]
1 A
Fl|lz = sup e*1 T By + sup k22T By (r
H ||B2 > |]€1(Z)’| ( )| oo, ‘kQ(Z)H ( )|
Note that throughout the rest of the paper, we fix small constants §y < £ < 1 such that
—2¢eg
eV L e

7
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Proposition 5.8. Let 0 < [£| < 6 < 1, and 7 = 3 log(g \F)

Then Tj is a contraction on Bj, for j = 1,2, i.e.,
1T5(¥ (-, 2)lB; S eoo V(- 2)I, -

Moreover, with Ut(-,z) and U (-, 2) denoting the solutions to the fized point problems (5.10)
and (5.11), we have

T2 C2))lsy + I T2(TF (5 2) s, + 10T (T 2)) sy + [0 T2 (B 2)) sy S oo

Proof. We provide the proof that T} is a contraction on B;, and the corresponding estimate for
the derivative follows similarly by applying the same argument with the necessary conditions

(5.7),(5.8) and (5.9).
Recall that

Ti(r, 2,97 (r,2)) = Y1(r, 2, 0 (r,2)) + Ta(r, 2, V5 (1, 2))
/ R (r,8,2)V(s )\Ilf(s,z)ds—k/ R (r,8,2)V(s)V5 (s, 2)ds,

To(r, 2, UH(r, 2)) := Ti(r, 2, W (r, 2)) + T3(r, 2, VT (1, 2))

/ RT(r,5,2)V(s)¥ f(s,z)ds—k/o Ry (r,5,2)V(s)¥5 (s, 2)ds.

Therefore, we limit our attention to deriving the estimates for Tj, since the corresponding
bounds for T} can be deduced directly from them.

Claim 5.9.
, 1 .
(5.14) sup [ (2,0 ()] S e sup e (1, 2)
T2Too T2Too
. 1 )
(5.15) sup ]eilk?(z)rTg(r,z,‘Il;(r, 2))| < ——=e ~2res gup ]eilk?(z)r\llg(r, 2)|
r>To0 f r>Too

Proof. First, we estimate Y1(r, z, U] (r, 2)). We have
Yi(r, 2, ¥ / R (r,5,2)V(s)¥] (s,2)ds

_/ WL (r,2) (DT (2)) T WL (s, 2) o V (s) 0T (s, 2)ds

Too

+ / VL (r,2) (DT (2)) T WL (s, 2) !0V (8) U] (s, 2)ds
= Z/r (Df‘(z)‘if?ooyl)(r, z)‘ifao’:,))(s, z)t + D;(z)‘l’?'ooz) (r, z)‘l’?;o,él)(s, z)t>

1)(saz)t

)

x o1V (s)¥] (s, 2)ds + z/ (Dfr (z)‘PZLOO 3) (7, z)‘l’?roo
+ D;(z)‘i’(*oo 2 (r, z)‘i’(to 2)(8, z)t> x o1V (s)¥{ (s, 2)ds

:iMf(z)eikl(z)T/ e k@Y ()W (s, 2)ds

Too

—|—iM§“(2)eik2(z)T/ e~k @y ()W (s, 2)ds

Too

+iMf(z)e_ik1(z)T/ P @Y ()W (s, 2)ds

T
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—i—i./\/l;(z)e_ib(z)r/ eF2 )8y ()W (s, 2)ds

T

Where

( Dial) D) . o ( Dial) DI
MT(Z)“(DTE J(er(2))? Dié»cl(z)) 4 M) = <D;2<z><cz<z>>2 D;é>c2<z>>

By remark 5.5, one can see that in both scenarios for small ¢ we have |M{ (2)] = O(ﬁ) and

IMF (2)] = O(1). Recall that, V(s) = O(e~2%). Thus, we have

Ti(r, 2, U (r, 2)) = iMT ()P e (230 (e725) U (s, 2)ds
1 1 1

Too

+ ij\/lf(z)e_ikl(z)r/ e*1E50(e729) W (s, 2)ds
(5.16) M
+ i./\/l;(z)ei’”(z)r/ e~ k250 (e72) W (s, 2)ds

Too

—I—i./\/l;(z)e_il’”(z)r/ e*2Z)50(e725) W (s, 2)ds

T

Yi(r, 2z, ¥ (r,2)) < M (z)ethr(2)rg=2re sup e~k (2)r gt T,z
1 1 1

r>Too

—i—/\/lf(z)eikl(z)re*% sup |e*ik1(z)T\Pf(r, 2)|

T>Too

+ M;(z)eikl(z)refw sup |e*ik1(z)rlllf(r, 2)]

T>Too

+ M;(z)eikl(z)%_% sup |e‘ik1(z)rlllf(r, 2)]

T>Too

which yields

sup |e” Zkl(z)r'fl(r z, \I/ (r,z) ~ 2 gup |e_ik1(Z)T\I/f(r, 2)|

T>Too | ~ \/ T>Too

Next, we estimate Yo(r, z, U3 (r, 2)). Similarly, to the estimate for Y1(r, z, ¥ (r, 2)) we have

= / h —iWE (r, 2) (DT (2)) T VL (s, 2) 00 V (s) 0T (s, 2)ds
—1—/00 iq’jo(r, 2:)(D+(z))*1 lJn’otj(s,z)taﬂ/(s)\I';r(s,z:)ds
= M ()R [T ROy ()T (s, 2)ds
M (2)eik2 /OO k2D ()05 (s, 2)ds

M (2 Ye~ik1()r oik1(2) ()W (s, 2)ds

+ 2M+ —zkg(z)’l‘ Zk2 Z \I/+(S Z)ds

A
.

= —iM{ (2 )tk () /OO —iki(z O(e™ %)V (s, 2)ds
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—i—i./\/li“(z)e_ikl(z)r/ e®1Z50(e729) WS (s, 2)ds

r

—iM;(z)eikQ(z)r/ e~ *2()50(e72) W] (s, 2)ds

r

—I-Z'M;(z)e_ikz(z)r/ e*2Z)50(e725) WS (s, 2)ds

r

Thus,
Ta(r, 2, U5 (r, 2)) S M (2)e"2E7e™ sup e 205 (1, 2))|

r>Too

£ M () sup e O (1, 2)
T>Too

(5.17) , A
+ M;(z)emz(z)”e_% sup |e_’k2(z)r\11§'“(7“, 2)]

r>Too

+ M;(z)ei’”(z)re_zr sup \e_“”(z)’"\lfg(r, z)|

T2>Too

which yields

sup ‘6 ZkQ(Z)TTQ(T z, \I/ 7, z —2reo sup ‘e_ikQ(Z)T\I/;(T, Z)‘

N
r>Too \/ r>reo

Claim 5.10.

(5.18) sup |eF1 Y (r, 2, U (1, 2))| < ~ 2 gup |etht Z)T\Il{,f(r, z)|
T>Too \/ r>Too
(5.19) sup [e*2E)r Ty (r, 2, U ~ 2 gup |2 Tk (r, 2))|

’ ~Y
T>Too \/ T>Too

Proof. Next we estimate Y1 (r, z, U5 (r, 2)) the first column of T3(r, z, U+t (r, z)). Similarly to the
estimate for Y1 (r, 2, U] (r, 2)), we have

Ty(r 2, U (r,2)) = / RY (15, 2)V ()W (s, 2)ds
0
:i/\/lf(z)eikl(z)r/ e_ikl(z)SO(e_Qs)\Ifgr(s,z)ds

—i—iMf(z)e_ikl(z)r/ eikl(z)SO(e_Qs)\Ifgr(s,z)ds
+i/\/l§“(z)eik2(z)r/ e_ik2(z)50(e_2s)\llgr(s,z)ds

+Z'M§“(z)e_ik2(z)T/ eik“’(z)SO(e_Qs)\Ifgr(s,z)ds

T

,S Mil—(z)eilq(z)r672rm672ik1( Z)Too sup ‘elkl Z)T\I/;(T’, Z)’

>

—i—Mf(z)eiikl(Z)Te*% sup et Z)T\I’;_(T, 2)|

r>Too

+M;(z)67ik1(z)re%r sup et Z)T\I’;(T, 2)|

T>Too

+ M;(z)e_ikl(z)re_% sup |eF1 Z)’"\Il;r(r, 2)|

r>Too
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which yields,

A 1 A
elkl(z)TTl(’I‘, z, \Ilz—))i-(,n Z)) < 621161(z)(r—roo)e—%"OO sup ‘ezkl Z)T\I/;_(T, Z)|
~ \/ ‘5 r>Too

1
+ ——e7 2" gup \e“ﬂ Z)T\I/;(r, 2)|
‘£| r>roo
+e —2rs0 sup |ezk1 Z)T‘IJJF( )|
r>Too

+ e 2 sup |eik1(Z)T\IJ§r(r, 2)|

r>Too

Recall that Im(k1(z)) > 0, for z € Q, with Im(z) > 0. Then

sup |eZk1(Z)TT1(r 2, U (r,2) ~ 2 gup |elk1 Z)T\IJ;(T, 2)|

T>Too | ~ \/ T>Too

Next, we estimate Y3(r, z, U] (r, 2)), the second column of Ty(r, 2, Ut (r, z)). We have

3

= [ iV (r2)(DF(2) Y (s, 2) oV (8) WS (s, 2)ds
_ / " (r, 2) (D () W (s, 2) o V(s) U (s, 2)ds

:i/\/lf(z)eikl(z)r/ e_ikl(z)SO(e_QS)\Ifi(s,z)ds

—i/\/lf(z)e_ikl(z)r/ eF1E30(e72) W (s, 2)ds

Too

FIME () [ 0 (5,2)ds

—z'./\/l;(z)e_“”(z)r/ e*2Z30(e72) W (s, 2)ds
S M (2)e 2 sup |2 (r, 2))|

r>Too

+ M;r(z)e—ikg(z)re—% sup |ezk2 Z)T\I’I(T, Z)|

r>Too

+ M;-(Z)e—z‘kg(z)re—% sup ‘eZkQ z)T\PZ(T, Z)|

r>Troo

+ /\/l;(z)e_ikQ(Z)re_zr sup \elk? Z)T\I/;f(r, 2)|

r>Troo

which yields,

sup |et*? Z)TTg(r 2, Uf ~2reo qup |e'h? Z)T\III(T, 2)|

| ~Y
r>Too \/ r>Too

Using Claim 5.9, we deduce that

|71 (, 2, @ e 2 ||

’Z)HBl '

1
z <
M, = VIEl

51
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1
VIEl

Let eoo := e~ 2" Therefore, T} is a contraction on Bj. Similarly, by Claim 5.10, we deduce
that

“Tg(-,z,@+(-,z))’ 5

ST

By
and T is a contraction on Ba. The estimates for the derivatives can be obtained using the similar
argument with conditions (5.7),(5.8) and (5.9). This concludes the proof of Proposition 5.8. O

2

5.3. Construction of U~ (-,2) for small [£|. The construction of ¥~ (r,2) € L?((1,00)) when
Im(z) < 0, is very similar to one for ¥*(r,z) and can be obtained directly from ¥ (r,2) by
symmetry. Recall that, for z € Q with Im(z) < 0, we have

etk (2)r etk (z)r e—ik1(2)r e—tk2(2)r

WO_O(T', Z) = ) ‘ygo(rv Z) =
Cl(z)eikl(z)r 02(z)€ik2(z)r Cl<z)efik1(z)r CQ(Z)eiik2(Z)r
We seek to construct a fundamental matrix solutions ¥~ (-, 2) € L2(1,00) and ¥~ (-, z) ¢
L?(1,00) to
(5.20) LU (-, 2) =29 (-, 2), for z€Q and Im(z) <0

By Lemma 5.1 we have k;(2) = k1(—2), ka(z) = ka(—2), for Im(z) < 0, and ¢;(—2) = —c1(2).
Thus, we define

(5.21) Y (r,2) = o3¥E (r, —2) and Y (r,2) = o3¥E (1, —2).

Note that W2, and W5, satisfy the equation iLs¥(r, z) = 2¥(r, z). Therefore, we define two
solutions to iLY(r, z) = 2¥(r, z) for z € Q with Im(z) < 0 by,
(5.22) U (r,2) := 030" (r, —2) and U (r, 2) i= o0t (r, —2)

Thus it follows from Proposition 5.8 that
T (@ (2D s+ ITo(F (5 2))ls, + 10T (T (-, 2))|sy + 10 T2(T (- 2)) 13y S oo

6. THE L? SOLUTION NEAR 0o FOR LARGE |¢|

In this section, we establish the existence of the Weyl-Titchmarsh matrix solutions for large
€], (i.e., large real part and small imaginary part) to

iLUE(r, 2) = 20E(r, 2),
for z = :I:g + &€ Qwith 1 < Ap <[], and Ag > 1, equivalently,

(6.1) i(Lp —2)¥(r,z) = Ve(r)¥(r,z2)
where U (r, 2) € L?((1,00)), when Im(z) > 0, and U~ (r, z) € L?((1,00)), when Im(z) < 0,
_( 0 Lf E . g o loyp L 1T ym 3
ﬁE - — <—L2E| 0 > 5 L L 8 L2 — iLO + g, LO = —87. + @7

and

. 0 s — @) +VA)
(6.2) Ve(r) == (_(g(# — ) + V() |

The key observation is that our analysis relies on the fact that, in the large energy regime, the
Euclidean operator £Lg provides a good approximation to the operator £ on H?.

We seek to construct solutions W*(r, z) so that it behaves asymptotically as r — oo like the
solutions WE(r, 2) € L?((1,00)) to

iLEYE(r, 2) = 2WE(r, 2).
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6.1. Bessel functions and Stokes phenomenon. The aim of this subsection is to recall key
properties of the Jost solutions associated with the scalar Bessel operator LOE =02+ %. We
consider the differential equation

ah() = h(2)

whose fundamental system consists of the modified Hankel functions of the second kind:

{VzH 51)(,2), \/EHél)(z)} as a fundamental system. Our objective is to establish uniform asymp-
totic estimates for these functions in the closed upper half-plane.

(6.3) —h"(z) +

Lemma 6.1. The equation
3
21) = hz)
admits a holomorphic fundamental system {hy(z),h_(2)} in the upper half-plane Im(z) > 0.
The recessive branch hy(z) satisfies

(6.4) —h"(z) +

hy(z) ~€* as|z| = oo
lehi(2)] S1, |22(e he(2))] S 1, |22 he(2)| S 1,

uniformly in z € Qp :={z € C : Imz >0, |z| > 1}. The dominant branch satisfies

(6.5)

(6.:6) h_(z) ~e % as |z| = oo
' le*h_(2)| < C, |e”h_(2)| <C, |*("h_(2))| <Cs

uniformly in

z€Qy5:={2€C :Im(z) >0, |z| > 1, Im(z) > —0Re(2)}
where 6 € (0,1) is arbitrary but fized. Here C is an absolute constant, while Cs — oo as § — 0.
In fact,

(6.7) h_(z) ~ e +2ie™ as x— —o0

An analogous statement holds in the lower half-plane.

Proof. First, we consider a solution in the form h_(z) := e_izz%g(z). Plugging this onto the
equation (6.3), we have

3 3i
(6.8) g'(2)+ (= 20)g — g =0

To solve this ODE in the right half-plane Re(z) > 0, we employ the Laplace transform

9(2) = /OOO F(p)e™P*dp.

Substituting this into (6.8) and using integration by parts, one can see that F' satisfies

P D
po+20F () ~3 [ Flaada =3 [ Flaydg =0
0 0
Differentiating, we obtain a first-order ODE for F', whose solution is given by

F(p) = Co/p(p + 29),

for some complex Cy # 0. Therefore, we obtain a dominant branch hA_(z) in Re(z) > 0 of the
form

h_(z) = Coe™ "z

o

o0
/ e P*\/p(p + 2i)dp.
0
The remainder of the proof is very similar to [50, Lemma 4.2] and we will be brief. Matching the
asymptotics of the integral above with the desired h_(z) ~ e~ we get Cj := e 1 % Using the

Residue theorem, we can shift the p-contour to e~%(0, 00) for 0 < 6 < 5. Note that the circular
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arcs vanishes. Therefore, we analytically extend h_(2) to Re(e™%2) > 0. Moreover, using change
of variables we obtain for z € {1, 5

h_(z) = Coe™** /iﬁ(o )e_t\/t(% + z)dt,

provided 0 < 8 < 7 is sufficiently close to 5. In order to compute lim,_,o+ h_(z+iy) for x < —1,
we rotate the p-contour further to the negative half-axis in the clockwise orientation, i.e., to
v = e*"(”*‘s)(o, 00), with 6 > 0 small. Since in this process we cross the branch cut [—2i, —i00),
then we shift the contour around this branch cut. We denote by I' the Hankel contour going
—ioo circling around —2i counter-clockwise, and then returning to —ioco. See figure below for
contour. Note that, in view of the exponentially decaying factor the contribution of the arcs
contour vanishes as R — co. Then by Cauchy’s theorem we have for all z € 4,

he() = Coe %2 [ &P (p)dp — Coe 7% /F e f(p)dp.
Y

The desired assertions now follow from the asymptotics of these integrals, which can be obtained
as in |50, Lemma 4.2]. The proof for hy is similar. O

o

Note that we can identity h4(z) with the modified Hankel functions
(6.9)  hy(z)= gei%ﬁ HY(z),  h_(z)= \/geizﬁﬂf)(z) for all Tm(z) > 0.

6.2. Construction of solution at infinity. We aim to construct solutions £ (r, z) to (iLg —
2)WE(r,2) = 0 for £Im(2) > 0, with WE(-,2) € L*(1,00). Let ®(r,2) = (Z((:”'Zi) satisfying
iLE®(r,z) = 2®(r, 2), that is,
{z’L{Ew, 2) = 29(r,2),
—i LE@(r,2) = z1(r, 2).
Thus ¢(r, z) must satisfy the fourth-order equation,
(6.10) LELE o(r,2) = 220(r, 2)

and the corresponding choice of 9 (r, z) is determined by

0(r,2) = 1560, 2).

Imposing the ansatz ¢(r, z) = hy(k(z)r) for the solution to the equation (6.10), leads to same
the equation in (5.2), i.e,

1 9 17
P(k,z):= Zk4 + §k2 + 61 22 =0, with k= k(z).
Therefore, we obtain the existence of the four distinct roots k;(z) for j = 1,--- ,4 whose proper-

ties are described in Lemma 5.1. Then, we obtain the Weyl-Titchmarsh matrix solutions of the
operator Lg, for large &

.\ s h (k1 (2)r) h (k2 (2)r)
WE(r,2) = (W(E,I)(r’ 2) Yipa(n Z)) = Im(z) >0,
c1(2)hi (ki(z)r)  ca(2)hy (ka2 (2)r)
and
) ) k() (o))
Wp(r z) == (W(EJ)(T’ z) W(EQ) (r, Z)) = Im(z) <0,

c1(2)hs (k1(2)r)  ca(2)h (k2 (2)r)
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where,
L ()2 4 17
¢j(z) = c(kj(2), 2) == —i(”(z)zw for j =1,2.
Recall that, ¢;(—z) = —¢;j(z). In addition, we provide expressions for the other two solutions
_ . . () e (a(z))
YE(r,2) = (‘P(E 3)(r z) Vi 4)(r z)) = 7 Im(z) > 0
c1(2)h—(k1(2)r) co(2)h—(ka(2)r)
and
_ _ B h(k1(2)r) h(ka(2)r)
WE(ﬁ Z) = (‘y(ﬂg)(rv Z) ‘P(EA)(T, Z)) = Im(z) < 0.

ci(z)h—(ki(2)r)  ca(2)h-(ka(2)r)

6.3. Construction of U (r, z) for large |¢|. We start with the construction of the fundamental
matrix solutions W+ (-, z) € L?(1,00) and W(-, 2) ¢ L?(1,00) to the equation (6.1),

(L — 2)V(r,z) = Vg(r)¥(r,z), for z€ Q and Im(z) > 0,
where in view of the definition of Vg(r) in (6.2) and the decay of Vi(r) and Va(r), we have
(6.11) V()| S ()2
We define the Green’s functions as
REJ(T, s,2) 1 =YE(r,2)51(s, 2)lip <s<ry + ‘T’E(r, 2)T1(8,2)Lfr<s<oo}
REQ(T‘, $,2) = WE(T‘, 2)52(8, 2)L{r<s<oo} + ‘T’E(r, 2)Ta(s, 2)Lir<s<oo}
Rips(rys,2) 1 =WE(r,2)S3(s, 2) Lir <ocr} + WE(r, 2)Ts(s, 2) L <s<r)

where we require the matrices Si(r, 2) and Ty(r, z) for R}, | to satisfy

(6.12) Yi(rz)  Wh(r2) ( Si(r,2) ) _ <0>
VE(r,z) 8,.¥5(r,2) ) \~T1(r,2) o
and we require the matrices Sa(r, z) and Ty(r, z) for RE,Z to satisfy
(6.13) Wi z)  WE(rz) | (=Sa(r2)\ _ (0
OVYE(r,z) OYL(r,z) —Ts(r, 2) o9
and we require the matrices S3(r, z) and T3(r, z) for RE,:} to satisfy
(6.14) Wh(r2)  Wh(rz) ) (Ss(rz)) _ (0
OTWE(T, Z) ar\ng (T, Z) T3 (T'7 Z) 09
Denote by
U*(r,z) = [\I/li(T, z) WE(r, z)] and \fli(n z) = [\I/;’t(r7 z) \T’ff(r, 2)]
and
Tip(r,z,V,(r / REzrsz V(s)¥;(s, z)ds fori=1,2,3and j=1,---,4.

where W;(r, z) is the j-th column of the matrix ¥(r, z).

In both scenarios, for large |¢|, namely Re(z) > 0 (i.e., z = @ + &) and Re(z) < 0 (i.e.,
z = —@ + &), the solution is given as a solution to the fixed-point problem:
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(6.15) Ut(r,z) = \PJEF(T‘, 2)+Tga(r,z, Ut (r,2))
and

(6.16) Ut (r,2) = ‘T’E(r, 2)+ Tga(r, 2, Ut (r, 2))
(6.17)

Tpa(r, 2,9 (r,2)) = Tpa(r,z, U (r,2)) + Tpa(r, 2,93 (r, 2))
/ R (1, 5, 2)Vi(s)UH (5, 2 ds+/ R 5,5, 2)Vis(s) U5 (s, 2)ds
(6.18)
Tpa(r,z, U (r,2)) = TEa(r, 2, U5 (r, 2)) + Tes(r, z, U (r, 2))
= /OOO Ral(r,s,z)VE(s)\Ifgr(s,z)ds+/OOO R.3(r: 5, 2)Vi(s) W (s, 2)ds.

To compute S;(r, z) and T;(r, z), we start by inverting the matrix introduced above. This requires
computing the Wronskians between W& (-, 2) and W£ (-, 2).

Claim 6.2. Let Di(z) := W(VYE (-, 2), YL (-, 2)). Then

1 0 P
DEe) = (77 o) e (Dg)lz(@t:@) 1>:: ("7 bie)

where

8(2) : = =2ik1(2)(1 — c1(2)?), ca1(z) = —i

az) 1 = —2ika(2)(1 — c2(2)?), c2(2) = —i-2

Proof. We only compute D},(z), and to obtain D (z) one can use the fact that k3(z) = —k1(2).

Let
5(2) (2)
() —
o= (53 13):
Recall that hi(k;(2)) are two linearly independent solutions to the following ODE

3
—U”‘i‘ﬁu— kj< )

Therefore, their Wronskians must be independent of r, and can be evaluated using their asymp-
totic behavior near 0, or infinity We have

0(2) = W(¥ig ) (H2), ¥p 3)( 2) = W( <c1 (gf(lil((lsi)(g))?“)) ’ <61 (nggljl((/;)(?)r)>)
= k1 (2)hy (R (2)r) P (R (2)r) = ka(2) ] (R (2)r)he (k1 (2)r)
— k1(2)er(2) o (ka ( ) WA (k1 (2)r) + =k (2)er(2)*Hy (ka (2)r)h— (k1 (2)r)
= 2k (2)(1 + c1(2)?).

hy(ki(2)r h_ zZ)r
7(2) W(W?E 1)( ) W?E 4)( )) = W( (Cl(z_s_}(L_;_l((kl)('Z))T)) ’ <CQ(2)f(L—2((k‘2)(z))r)>)
= ka(2)hy (k1 (2)r)h_ (k2 (2)r) — k1 ()R (k1 (2)7)h— (k2 (2)r)



THE DISTORTED FOURIER TRANSFORM FOR THE LINEARIZED GROSS-PITAEVSKII EQUATION 57

— ka(2)er(2)ea(2)hy (R (2)r) P (ko (2)r) + =k (2)er(2)ea(2) by (k1 (2)r)h— (Ko (2)r)
= —i(k2(2) + k1(2))(1 + c1(2)ea(2)) = 0,

where we use the fact (1 + ¢1(z)ca(z)) = 0 by definitions of k1(z) and k2(z). Similarly, we have

hy(ko(2)r h_(ki(z2)r
6(2) = W(\P?_EQ)( ) W?_E 3)( )) = W( <02(z—§_}§+2((]€2)(2’))r)) ’ (cl(z)lg_l((kl)(z))r)>)
—i(k2(2) + k1(2))(1 + c1(2)e2(2)) =0

_ _ +(k2(2)r) (
a(z) _W(‘{’TEQ)(-,z),‘i’erA)(-,z)) = W(( 2(2)hoy (ko (2)r )> ) <62(z h kg(z)r)))

= ka(2)h (ko (2)r) D (ka(2)r) — ko (2) by (ko (2)r)h—(k2(2)r)
— ka(2)e2(2)h (ko (2)r) W (ka(2)r) + —k1(2)e2(2) 2R (ko (2)r) b (ka(2)r)
= —2iky(2)(1 + c2(2)?)

L (o) 0N _(sm O\ _(Deix 0
(D5 (=) _5(z)a(z)< 0 5(z)>_<0 a@) '_< 0 DE,2(Z)>

Remark 6.3. Note that the Wronskians Dg(z), defined for large & as the Wronskians between
\l’f(-,z) and ‘Pf(,z), coincide with D¥(2), the corresponding Wronskians for small & between

YE (-, 2) and q’fo(,z) This equivalence follows from the fact that \1% and YL, share the same
asymptotic behavior. Accordingly, we use the notation D*(z) throughout the paper to refer to
both cases.

Then

O

Remark 6.4. Note that , in the following two scenarios:

o Let z = @ + &, € = o+ iy with x large and y small. Then we have k1(2)? = 2|z|(1 +
O(J¢|™Y)) and ko(2)? = —=2|z|(1 + O(|¢|7Y)) This implies, c1(z) = —i + O(|¢|7Y) and

ca(2) =i+ O(J€|7Y). Therefore, |DE(2)| ~ ﬁ and | D5 (2)| ~ ﬁ

o Letz= —\/j—i—ﬁ ¢ = x+iy with |z| large and y small. Then we also have | D5 (2)| ~ ﬁ
and | D5 (2)] ~ T
Next, we compute S;(r, z) and T;(r, z), using Lemma 3.1 and Claim 6.2.

Claim 6.5. We have,

Si(r,2) = —(D*(2)) Tt WE(r, 2) o0 Sa(r,2) = (D (2)) "' Wi(r, 2)lo300
Ti(r,z) =—(DT(2)) 1 WE(r, 2)lo309 To(r,z) = —(DF(2)) 1 WL(r, 2)lo309
S3(r,z) = —(Dt(2))7" WE(T, 2)lo309
Ts(r,z) = (DT (2)) P WL(r, 2)lo302
and
W, 2)(D () Th(s, 2o, P S s <,
REI(T,S,Z) =
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—iWE(r, 2)(DF(2) W (s, 2) o1, 1< s < oo,
7?,;572(7“,8,2) =9

WE(r, 2)(D(2)) Wi (s, 2)'o1,  r<s < oo

WE(r, 2)(DF(2) "t WE (s, 2)lor, T <5<
RJErjs(r,s,z) D=

—iWE(r, 2) (DT (2)) T Wh(s, 2)lo1,  Foo < s <

Proof. Since the proof is very similar to that of Claim 5.6 for the small ¢ regime, we omit the
details. O

Definition 6.6. Let F' = [Fl Fg] , where F; are the columns of F' and let T, be a fized number:

1Fllg, := sup [e” ™1 F (r)] 4 sup [e*2 " By (r)|

r>Too r>Too

HFng = sup ‘elkl z)rFl( ’+ sup ‘ezkz ZTFQ(T')‘

T>Too r>Too

1 ) 1 '
Fllz = s _zkl(z)TF + s —zkg(z)'rF
I1Fllg = sup pergple™™ RO+ sup ol R )
Fllg = su etk (2)r + su 22 By (y
1Pl = sup gyl RO+ s e R)

Proposition 6.7. Let 1 < Ag < |€], and Too := 2= where 0 < &g < Eoo < 1 and Ag > L.

Vil

Then Tg ; is a contraction on l’;’j forj=1,2, i.e.,
1T, (¥ (- 2)llg, S oo 1W(- 2)l5, -

Moreover, with W (-, 2) and V* (-, 2) denoting the solutions to the fized point problems (6.15) and
(6.16), we have

ITea (Y o2, + 128t 2))lg, + 10 Tea (Y Co2)llg + 10 Te2(Y (-, 2))llg, S exc.

Proof. We provide the proof that T ; is a contraction on Bj, and the corresponding estimate
for the derivative follows similarly by applying the same argument with the necessary conditions
(6.12),(6.13) and (6.14).

Claim 6.8. Let 7o := =

Vil

|€| > Ag. Then we have

. 1 A
sup |e_lk1(z)TTE,1(r,z,\Ill+(r, 2))| <e.. sup |e_Zk1(z)r\I!f(r, 2)|
>Foo €] r>fo

. 1 A
sup |e_lk2(z)TTE,2(r,z,\112+(r, 2))| Ze.. sup |e_’k2(z)r\I/§r(r, 2)|
r>Foo €] r>fo

1
sup |elk1 Z)TTEJ(’I“,Z,\I/;_(T, 2))| Ze.. sup |e’k1 Z)T‘I/;(r, 2)|
r>Too |£’ T>Too

~ 1 ~
sup |e“€2 Z)TTEyg(T,Z,\I/I(T, 2))| Seo sup |e“€2 Z)T‘I/Zf(r, 2)|
r>Too |§’ r>Too
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Proof. Recall that, we have
oo
+ — + +
YTpi(r,z, V] (r,z2)) = / Rp1(r:s,2)VE(s)U] (s, 2)ds
0

_ / W 2) (DT (2) W (s, 2) oy V(s) U (s, 2)ds

Too

+ / T, 2) (D (2) " W (s, 2) o Vig() U (s, 2)ds
(6.19) M (2 (R (2)7) / m B (b (2)8) Vi () (s, 2)ds

LM () (ko)1) / Oo B (ks (2)8) Vi () U (s, 2)ds

LM ()b (k1 (2)r) / "l (ka (2)$) Vi ()T (s, 2)ds

+ My (2)h— (ko (2)r) /OO hy(k2(2)s)VE(s)¥T (s, 2)ds,

where

(Da(z) D) N L ( DiGek) D)
Mi(z):= (D*( J(e1(2)? Dié)cl(z)) 4 M) "< H(2)(e2(2)? Df ()ealz)

By remark 6.4, one can see that in both scenarios for large |¢| we have |M{ (2)| = O(ﬁ)
and (M7 (2)| = O(ﬁ) Combining this with the decay estimate (6.11), namely, Vg(r) < (r)~2,
we have

1 roo.
T (r, 5 W 7)) S T|e“ﬂ<z>r| [l (s
e 1w s
(6.20)

| —ik1(z |/ ‘ ik1(z 2|\IJ+($ z)]ds
’ —ika(z |/ ‘ ika(z 2|\Il+(8 z)]ds

Therefore, we have

le= G g (1, 2, U (1, 2)) s)"%ds sup [e” UL (7, 2)]

1 r
| Seee / ( )
\/ r Too T

/ i(ko(2)—k1(2))(r— s)’<s>72d8 sup |67ik1(z)r\111|—(7,7 Z)|

T>Too

T Il s RO )

T>Too

/ i(ko(2)+k1(2))(s— r)’<8>72d8 sup |67ik1(z)r\:[/1i-(7,7 Z)|

T>Too

using the behavior of k1(z) and kg(z) for large &, we obtain

sup e P EY L (1,2, U (r, 2)) sup |e”F GG (7 2)).

1
> V€| r>fe
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Next, we estimate Y g o(r, z, U5 (1, 2)). We have
Ypo(r, 2, ¥y / 2(r,8,2)VE(s)¥ 3 (s,2)ds
/ Wi (r,2)(D1(2))” t‘?g(s,z)th(s)‘I/;(s,z)ds

/ z‘i’+ (r, 2)(DT(2)) WL (s, 2) 01 VR(s) Vg (s, 2)ds
M (2)hy (k (2 / he (kv (2)8) Vi (s) U5 (s, 2)ds
HME R a()r) [ (o)) Vi(s) U5 (5, 2)ds

+ M (2)h—(k1(2)r) /OO hy(k1(2)8)VE(s)¥5 (s, 2)ds

+ Mg (2)h— (ko (2)r) /OO hy(k2(2)8)VE(s)PS (s, 2)ds,

Similarly, we have

(6.21)
Tralr, 2, U5 (r,2) Seay ——=e™1E] / 2GR ED0) (5)"2ds sup e 2T (r, 2)|
\/> T 2>Too
+ |€zk2(z)7"/ <3>72d8 su~p |671Lk2(z)7"\113-(7.7 Z)|
r>Too
1 ; % '
" |ezk1(z)r|/ k2 (2)+k1(2))s| ()25 sup IG%kQ(z)T‘I’;(T, z)|
\/ﬂ T>Too
o |€—zk2 z r|/ 21k2 2d5 sup |e” Zk2(z)r\1’;(r, z)|
r>Too
Thus, we get

ilk1(2)=k2(2))(r=9) | (5)~2ds sup |e * WS (r, 2)]

‘ ~NEoco / -
\/ r>Too

s)"2ds sup |e" 2w (r, 2)|

+\F/ (s)7"ds sup

/ k’z Z)+k1 )(s_r)’<5>_2d8 sup |€—ik2(z)1”\j[/;'(,r.7 Z)’

T>Too

\e_ikQ(z)TTE,g (r, 2, \113'(

/ |e%kz z)(s_’”)Ks)_st sup ]e_“”(z)r\ll;(r, z)|.

r>Too
Using the behavior of k1(z) and ka2(z) for large £, we obtain

sup e PG Y Lo (r, 2, U (r, 2)) sup le" R Gt () 2)).

5 el 2 ) |N€oo
r>Foo \/ T2Too

Similarly, to the estimate for Yg 1 (r, 2, U] (r, 2)) and TEQ(’F, 2, W (r,2)), we obtain

sup ]eikl(z)rTE 1(ry 2z \Il+(7" z)) sup ]eikl(z)r‘l/;(r, 2)|

1
<
rZrFoo ) )y~ 3 ) | ~oE€ oo /T | T>foo

sup ]e’kQ(Z)r\I/Jr(r z)].

r>Too

. . 1
ika(2)r + -
sup |e Yea(r,z, ¥, (r,2)] See
’ VIl

r>Too



THE DISTORTED FOURIER TRANSFORM FOR THE LINEARIZED GROSS-PITAEVSKII EQUATION 61

Using claim 6.8, we obtain that Tk ; is a contraction on Bj, for j = 1,2. The derivative
estimates for Tg j can be obtained using similar arguments, together with the conditions (6.12),
(6.13), and (6.14). This concludes the proof of Proposition 6.7.

O

Throughout the rest of the paper (for the non-resonance case), we define \I/I(r, z), as a linear
combination of \IJ;F, \If;, ‘III, ie.,

(6.22) Ul (r,z) = Ui (r,2) + BUF (r,2) + U] (r,2),
_ W (2), 9 (2) W (2), 9 (2)
where a = W (n). \Iﬁ ) and § = WO T ()" This renormalization is chosen such

&
G
that \IJI has vanishing Wronskians with \Ilf and \II+

Note that \III satisfies the same asymptotics as \TII and {\Ilf, \I/;, \IJ;, \I’I} are linearly inde-
pendent solutions to iLY T (r, z) = 2U T (r, 2) for large |z|. Therefore, we define

Ut (r,z) = [¥f(r,2) ¥(r,2)] and Ut(r,2) = (U5 (r,2) Ui(r,2)]
6.4. Construction of U~ (-, z) for large |£|. Similarly to the case for small £, the construction

of U~ (r,z) € L?((1, 00)) when Im(2) < 0, is obtained directly from ¥*(r, z) by symmetry. Recall
that, for z €  with Im(z) < 0, we have

hy (k1(2)r) hey (ka(2)r) _ h—(k1(2)r) h(ka(2)r)
Yo(r,z) = , Wi(rz) =

c1(2)hy (k1(2)r)  ca(2)hy (ka(2)r) c1(z)h—(k1(2)r)  ca(2)h—(k2(2)r)
We seek to construct the fundamental matrix solutions U~ (-, z) € L2(1,00) and ¥~ (-, 2) ¢
L?(1,00) to iLY~ (-, 2) = 2U~ (-, 2). for z € Q with Im(2) < 0 and z = :t@ + ¢, for large &.

Since by Lemma 5.1, we have k1(2) = ki1(—2), ka(z) = ka(—2), for Im(z) < 0, and ¢1(—2) =
—c1(2). Thus, we deﬁne

(6.23) Yo(r,z) = 03‘1/2(7“, —Z) and ‘I’E(r, z) = agq’g(r, —2).

Note that ¥, and ‘-T’;J satisfy the equation iLgV¥(r, z) = 2¥(r, z). Therefore, we define U (r, 2)
as

(6.24) U (r,2) =030t (r,—2)  and W (r,2) := 03WT (1, —2)
Thus it follows from Proposition 6.7 that
1Te1 (TF (. 2) g, + 1 Tm2(¥ ) g, + 10 Tea (W52l + 10 Tr2 (P (2l S oo

7. GREEN’S KERNEL OF 7L — z FOR THE NON-RESONANCE CASE

In this section, we compute the distorted Fourier transform for £. In §7.1, we first compute
the connection coefficients of the solutions constructed near 0 and near co. Then in §7.2 we study
the Green’s kernel of (i£ — z). Next, we justify that the limit as b — 0 can be taken inside the
integral representation of the evolution in (2.10). This is proved in Subsection 7.3 and relies on
the analysis of the resolvent kernel (i£ — 2)~! for £Im(z) > 0.

7.1. Connecting the solutions from 0 and co. The purpose of this subsection is to link the
local and asymptotics behaviors of solutions to (i£ — 2z)¥ = 0 from r = 0 and at » = oo for small
and large |£]. To achieve this, we evaluate or estimate the Wronskians between the solutions con-
structed from r = 0 and those constructed at infinity. In addition, we evaluate the Wronskians
between the columns of solutions ¢; defined near the origin and the solutions ¥; defined near
infinity. These computations will later be used to express one set of solutions in terms of the other.
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Recall that throughout this paper (for non-resonance case), we choose g9 and £, such that
Too < 70. For 0 < [§] < do, we fix 7. = 7:(2) € (reo,70) such that (55,67:) C (7o0,70), and
re >~ —— for some small constant e.
© Vi

Denote by:
Aij(2z) =W (@il 2), @4(-
ps (2) 1= W (U (-, 2), U (-
wis(2) == W(¥F(,2), @

Lemma 7.1. Let z € ), then we have

Aia(2) = Aa(2) = 0, Apz(2) = 232, Aoa(2) = 2chel,  [Aos(2)] Se VA",  [Aga(z)] Se Vo',

Proof. We evaluate the first four Wronskians at » = 0 and the remaining two at r = 2r.,
using the asymptotic behavior of @;(r, z) for both small and large values of . The first four
Wronskians follow as in Lemma 3.2. For the last two, since @3 decays exponentially while @4
exhibits polynomial growth as r — oo, the required bounds can be established by evaluating the
Wronskians at r = 2r,. OJ

Lemma 7.2. Let 0 < |£| < &g, and for z = :I:@ + & € Q, with Im(z) > 0 we have

Te

re 3 re 6
T =1, wh(z)] Sevit,  jwhi(z)] Seval

o

S

wii(2)] Se
_3 3 re
wir() =1, Jwn()] Se V2, |wh(x) =1, |wh(z)| Seve®
_3 _ 6 _ 3
wiz(2)] Se V2, Juf(z)] SV, Jwh() Sem VR, fwi(2) > 1

3
wh(z) = chi(2) + O(IE]?), |wiy(2)] S e V™, wihi(2) = chi(2) + O(€]?),  |wh(z)

|
where ¢ > 0 is constant. Moreover, d¥(2) := wiy(2)wi](2) — wy; (2)wi5(2) # 0 and |d+(2)| ~ 1.

Proof. Recall that for 7 = 1,3 and [ = 2,4, the coefficients satisfy 6? = i\/iﬁ é}, and &lQ =
Fiv/17¢ . In addition, for j = 1,2, we have
1 2, 17
cj(z) = —i ghi) +y
5

The asymptotic behavior of the functions k;(z) and ¢;j(z) as z — :I:@, with Im(z) > 0 is

given by:
V2V17

Y Z40(:), ka(z) = i 4+ 0(z),

NG
e1(2) = —iVIT+0(2), ealz) = z\/lﬁ +0(2).

We begin by estimating wfl = W(\Il;r(r, z), @1(r, z)) To achieve this, we use the observation
above, the definitions of U} (r, z) from (5.10) and (5.11), together with the definition of ¢@1(r, z)
in (3.6) and (2.4). In addition, we use of the asymptotic estimates established in the proof of
Propositions 3.5 and 5.8, particularly Claim 5.9, 5.10, and 3.8. It follows that,

wf_l (z) = W(\Ijii—(n Z)? (Pl(?", Z))

3
etk (=) ) 1, eeva” _
=W : 1+0 e ), | 1+0(™!
(oo ) 00z, (A% J 0oty
3 re
evaluating at 7 = %=, by a naive bound we get |wi;(2)| < ev2® . Next, we consider [ = 2,

w3y (2) =W (T3 (r,2), @1(r, 2))

kl(Z) =4
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(i) o (1) o) =

Indeed, evaluating at r = r.,

eikQ(Z)T éle%T ik (2)r =T 3 ~
W(<62(2)eik2(z)r) , 1 e ):ek2( ) ev?2 (E —lkg( ))( ~1 _62( ) %)

Feva

= D 0@ - (= + O(2) =)
< OGN (1 4 0(2) ~ 1

3 re
< ev2 5, Next, for [ = 4 we have

| ~

By a similar argument as for w;(2), we get w3 (2)
wii (2) = W(¥] (r,2), @1(r, 2))

(i) sodge (3 0sonn)

75

6
2)| < ev210. Indeed,

therefore, by evaluating at r = we obtain |w};

10’

e tha(e)r elev" ha(2)r 257 O ! )
) — otk (2)r 5T 2 . ~1 .
W(<02(Z)6—zk2(z)r> ; 6%6%7" )=e€ eV (\@ + tho(2)) (€1 — c2(2)ET).
Next, we estimate wl'g = W(\Il;r(r, z), @2(r, z)), using a similar argument with the definition
of @a(r,2) in (3.6), (2.4) and Claim 3.8, we obtain
wis(2)] = [W (T (r, 2), @2(r, 2))]

- |W(<Cl(je(ki()) (1+0( 1 2, <%r> 1406 =1

\/@ cyT

wiy(2) =W (T3 (r,2), @a(r, 2))

(e ) 0+ 0 vl (37) a+or2.

Thus, by evaluating at 7 = 2r., we obtain the bound |wg,(2)| < e VAT, Similarly to wi,(2), we
find |wiy(2)| ~ 1. Using the exponential growth in the asymptotics of ¥} and evaluating the

3 re
Wronskian at 7 = £, we obtain the rough estimate |wj5(2)] Seva2 s .

5 )

Next, we estimate wjj(z) :== W (¥, (r, 2), @3(r, 2)), using a similar argument with the defini-
tion of @3(r,2) in (3.7), (2.4) and Claim 3.9. Using the exponential decay in the asymptotics of
ap; and evaluating the Wronskian at r = r., we obtain the rough estimate

_irs _irs _ire
wis(2) Se V", Jwi(2)] Se VBT, wis(z)] Se V2
Using a similar argument, and noting that \Ifj{ exhibits exponential growth at the same rate as

o1, we get [wi(2)| ~ 1.
Using similar argument with the definition of @4(r, z) in (3.7), (2.4) and Claim 3.9, we estimate

OJIJZ = W(\ijr(r’ Z)7 (94(7" Z))

wiy(2) = W(¥] (r,2), @a(r, 2))

_ eik1(2)r L oy (G IV — o (s 5
— W((Cl(z)eikl(z)r> (1 +O(\/m ), (52> (1+0@r™Y) = cki(z) + +0(J€]2)
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Indeed,
W2 01020 = W o, )+ (3)) = e rima e +a )
1~ )s ) Cl(z)ezk‘l(z)r ) 6421 4 4
= MOk (2)(—E + (—iV1T + O(2))(—i)V1TE)
= cki(2) + +O(I€]?).
Using the exponential decay of \Il;(r, z), and by evaluating the Wronskian at r = r., we get
lwi ()] < e Vi, Similarly to the estimate for wi,(z) we have |w3,(2)| = cki(z) + —i—O(]f\%).

Te

Finally, due to the exponential growth in the asymptotics of ¥J (, z), and evaluating the atr = =

B3 ore
we obtain |wj;(2)| < ev2 . The last assertion of the lemma follows from the preceding estimate

on w;j, which concludes the proof of Lemma 7.2.
O

Next, we state the relation between the connection coefficients for Im(z) > 0 and Im(z) < 0,
that is, the identities relating w;;(z) = w:;(z) The following identities hold for both large and
small |¢].

Lemma 7.3. Let z € (), then we have
wi(2) = —wi(=2), wip(2) =wh(—2), wz(z)=-wh(—2), wy(z)=wh(-2)

Moreover,
(7.1) wai(—2) = ~w31(2), wy(—2) = wh(2)
Proof. The relations between w;;(z) and w;;(z) follow immediately from the identities (3.8),
(5.22) and (6.24)

U (r,2) = 039" (r,—2)  @i(r,2) = —o301(r, —2), @3(r,z) = —o393(r, —2),

U (r,2) = 030 (r,—2)  @a(r,2) = 03@a(r, —2), @4(r, ) = o3pa(r, —2).
For the parity claim (7.1) of w3 (2) and wy,(2), follows the fact that W5 (r, —2) = o3¥5 (r,2). O

Next, we evaluate the Wronskians between the solutions constructed at infinity for small values
of [£]. Note that

(72) H:;(_Z) :W<U3\I’;(7Z)703\I’;(7Z)> :,U,;](Z)
Therefore, it suffices to evaluate the Wronskians u;; for Im(z) > 0 and the corresponding values

of p;; then follow by symmetry.

Lemma 7.4. Let z =&+ @ € Q with £Im(z) > 0 and 0 < [£| < d9. Then for some non-zero
constant ¢ we have

3
pi(2) = pip(2) = 0, piz(2) = cki(z) £ O(I¢]2),  |up(2) Se
3
pp(2) = ag(2) = 0, pig(2) =1, ugy(2)] S eV

Proof. Note that, in view of the large r asymptotics of \Il;(r, z) for small |¢| and using similar

Te
5

Sl

Te
5

computation to those in the proof of Lemma 7.2 for estimating w;; we obtain the desired results.
O

Next, we evaluate the Wronskians between the solutions constructed from r = 0 and those con-
structed at infinity for large |£|. Recall that throughout this paper (for non-resonance case), we
choose £y and £, such that oo = 2= < 79 = <=. For 1 < Ag < [£], we fix 7 = 7(2) € (oo, T0)

l€] Vel

such that (%,4@) C (fo0,T0), and 7. ~ ——= for some small constant €. We will evaluate the

3
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Wronskians for some r € (’1%, 4re).

Note that, in view of our choices of 7o, and 7y, and for sufficiently large |£|, the evaluation of
the Wronskians relies on the small r behavior of \I/l‘*' and ¢;.

Lemma 7.5. Let z =&+ g € Q, with Im(z) > 0 and 1 < Ay < |£|. Then we have

2e1(2) + 0(IE| ™)

Wi (2)] = —2c1 k1 (2)

w3 (2)] = —2e4ka(2) " Zea(2)ed + O] )
wi(2)] = 2e4 k1 (2) 72 (ch — e1(2)e3) + O(l€] ™)
w3 (2)] = 24 ka(2) "2 (ch — ea2)c3) + O(I€] ™)
w3 ()] = —2¢_k1(2)"Zer(2)ed + O(I€] )
Wi (2)] = 2c_k1(2) 72 (ch — e1(2)e3) + O(l] ™)
Wi (2)] = 2c_ka(2) "2 ea(2)} + O(I€] )

) )72 (ch

4
where cx+ # 0 constants, cj(z) are complex, cf #0 and c% are real constants. Moreover,
1 _1 _
d*(2) 1= wh(2)wi (2) = wih(2)wd; (2) = cki(2) " Zka(2) 2 + O([€] 1) # 0.
where ¢ > 0 constant.

Proof. The proof closely follows the argument used in Lemma 7.2. For ¥, we employ its
definition in (6.15) and (6.16) for large £, together with the asymptotic behavior of hy(z) given
n (6.9) for small r, and the estimates derived in the proof of Proposition 6.7, particularly
Claim 6.8. For ¢;, we use the definitions in (3.6) and (3.7), along with the estimates from the
proof of Proposition 3.11, especially Claim 3.12. We omit the details. Il

Next, we evaluate the Wronskians between the solutions constructed at infinity for large values
of |¢| for Im(z) > 0. The corresponding values of y;; follow by symmetry see (7.2).

Lemma 7.6. Let z = £ + @ € Q, with Im(z) > 0 and 1 < Ag < |{], and Then for some
non-zero constant ¢ we have

3
pi(2) = pia(2) = 0, piz(2) = chi(z) £ O([E2),  puiy(2) =0,
pap(2) = pig(2) = 0, gy (2)] =~ VIEl,  pi(z) =0.

Proof. Using (6.22), the definition of U} (r, 2) for large |¢|, we obtain uj;(2) = uj3(z) = 0. All
the other terms can be obtained similarly to the proof of Lemma 7.5. U

7.2. Solving for the Green’s Kernel. The goal of this section is to compute the resolvent
kernel (i£ — z)~1, for £Im(z) > 0. Therefore, to solve

(7.3) (iL—2)¥ =&, forzeQ, with +Im(z)> 0,
we define the Green’s functions as
Kzi(r? S, Z) = \Iji(rv 2)5(87 Z)1{0<5§7“} + F1 (Ta Z)T(S, Z)l{?“§5<oo}7

where we require the matrices S(r, z) and T'(r, z) to satisty

(002 o) (62) - ()
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Then a solution to (7.3) for z € Q, with £Im(z) > 0, is given by

(7.4) U(r):= /000 K*(r, s, 2)®(s)ds.

The computation of S(r,z) and T'(r, z) requires inverting the matrix defined above. We com-
pute the Wronskians between ¥¥ (-, z) and Fj(-,2) and therefore we obtain the Green’s kernel
functions.

Z>>, )6 = o (B0) ),

—wy(2)  wii(2)

where d*(z) := wi (2)wi (2) — wh (2)wi (2) # 0.

Moreover, for z € Q with £Im(z) > 0, we have

S(r,z) = —(DF(2)) " Fi(r, 2)t o309,
T(r,z) = —(D*(2)) ' 0E(r, 2)lo309.

and

KE(r, 5, 2) = iUE(r, 2)(DF(2)) " Py (s, 2) o, 0<s<r,
T iFy (r, z)(Di(z))*lllli(s, 2)oy, r<s< oo,

Proof. Using Lemma 7.2 and 7.5, we have d*(z) # 0, for small and large z. For the middle
frequencies, we will show later in Lemma 7.8 that d*(z) = 0 is equivalent to the existence of an
eigenvalue of i£ at z. However, by Assumptions 2 and 3, the operator i£ has a real spectrum
and no threshold or embedded eigenvalues (see also Lemma 2.15, 2.17 for iLgp). Therefore,
D*(2) is invertible. Similarly to the proof of Lemma 3.3, we obtain the desired results and we
omit the details. ]

Next, we seek to express the Green’s functions only in terms of Fj(-,2), i.e., in terms of @;.
Since {@1, @2, P3, P4} is a fundamental system for iL¥U(r,z) = 2¥(r, z), then we can express
\Illi(r, z) in terms of @;(r, z), i.e., there is exist af(z) such that

(7.5) Zalj 2ei(r,z), 1=1,--- 4

Therefore, by Lemma 7.7, we have

(7.6)
i 4
IC+ (T, S, Z) = dj Z(WSEG’T] - WE(Z)CL;]‘) ((pj (Tv Z)(pﬁ(sv Z)Ul 1{0<s§r} + (pl(rv Z)(P;-(S, Z)Ull{r§s<oo})
j=1
. 4
+ dj (w30l + wiiag;) (0(r, 2)@5(s, 2)a1110cs<r) + @2(7, 2)@%(s5, 2) 011 (r<scoc})
7=1
(7.7)

4
_ { N —_ _
K= (r,s,2) = i Z(szau - wlZ(Z)a2j) ((Pj(r, Z)(pﬁ(s, 2)011{0<s§r} + @1 (r, Z)(P;(Sv Z)Ull{r§s<oo})

.4
1 _ -
+ i Z( woray; + W11a2j) ((Pj(ra 2)@5(s, 2)o1l{0<s<r) + @2(r, Z)(PE'(& Z)Ull{r§s<oo})
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Similarly, we will express the columns of Fy in terms of ¥;. Since {WF (-, 2), U5 (-, 2), UF (-, 2), U (.,

form a fundamental system for iLF)(r, z) = zFi(r, z), then we can express @;(r, z) in terms of
\Il;-t(r, z), i.e., there exist bf;(z) such that

+ :i: _
(7.8) Zbquf] =1, ,4.

Lemma 7.8. Let z € Q such that z = X + iy, where A = £ £ g and &y < |¢| < R. Then
d*(\) = 0 if and only if iL has an eigenvalue at z.

Proof. We will prove only the case Im(z) > 0 and the case Im(z) < 0 can be treated similarly.
We first assume that, there exists an eigenvalue at z. Then there exist (a1, a2) # 0 such that
Q11+ aaps = 61\111r —1—52\11; for some (31, B2. Notice that in view of (7.8), we must have Ozlbf3+
bl b
bia b3,
(7.8) and the fact that uf, = pd; = pgs = pg; = piy = 0, we have w| = blyuls, wiy, = b3,13,,
+ b+

wih = bizpfy and wy; = b ud,. Therefore, dt = pfyug, det (Zf’ b+> = 0. Next, we assume

asbly = 0 and ay by +asgby, = 0, i.e, det ( > = 0. Recall that d* = w]jwy, —wihwy;. Using

that d* = 0. For that, we express Fy in terms of Ut and ‘11+, ie, F1 =UTA4+ \II+B, for some A
and B. Since W (U™, Fy) = W (T, U)B and p14 = peg = 0, we have dt = py3p94 det(B) = 0.

This implies that det(B) = det(B) = 0. Thus there exists v = (g) # 0 such that Bv = 0. Let

B
Recall that for Im(z) > 0, we have Im(k;(z)) > 0 and Im(kz(2)) > 0. Then the asymptotics of

¢1 and ¢y near the origin, together with those of ¥ and Wy near infinity, show that the relation
Fp1+0pa = aW + BV guarantees the existence of eigenvalues for large 2, with Im(z) > 0. Next,

< a = Ttanicta stz o e T+, awt
Av = . Then, we have F'iv =V Av+V¥ Bv =WV Av, which yields y¢1+dp2 = a¥; +8V, .

we consider the case where z = A+140. Notice that, in view of the relation y@1+dps = a@f—i—ﬂ@;
and the behavior of k1(z) and ko(2) as Im(z) — 0 (see Lemma 5.1), if & = 0 then we have an
eigenfunction. Next, we show that o = 0. Note that for Im(z) = 0, if ® satisfies iL® = 2P, then
o3P is a solution of iL(03®) = z(03P). This shows that the Wronskians below are independent
of r:

e ¢ + 20 TVA 4 At SN

W(F1,0'3F1) =A W(\I’ ,o3V )A + A W(\I’ ,o3V )B

~ _ _ ~ =+ _

+ BW (U, 030 ) A+ BW (U, 030 )B.

Evaluating at » = 0, the left-hand side is zero. Using the fact that Bv = 0, we have 0 =

2)}

(W (Fy, 03F1)v,v) = (W(T+, 030 ") Av, Av). In view of the asymptotics of U+, we have W(UF, 030 ) =

E(A) 0
0 0
This concludes the proof of Lemma 7.8.

«

> . Therefore, we have 0 = <W(\IJ+703@+) <g> ’ <B

>> = k()\)|a|?, which yields a = 0.

Next in view of the explicit formula for the Green’s kernel and the behavior of the coefficients
w;; estabhshed in Lemmas 7.2 and 7.5, all terms involved are sufficiently regular to justify
taking the limit & — 0% under the integral in Lemma 2.7. We also observe below that the
coefficients of the terms ¢3(r, 2)p5 (s, 2) and pa(r, 2)} (s, z) appearing in equations (7.6) and (7.7)
drop out. Moreover, as we will see later in Proposition 7.10, the coefficients of ¢;(r, 2)p1(s, 2)
and ¢1(r, 2)@i(s, z) for [ = 3,4, as well as those of @4(r, 2)pa(s,z) and @a(r, z)pa(s, z), are
independent of z, and their differences vanishes in the integral kernel of the resolvent jump.



68 O. LANDOULSI AND S. SHAHSHAHANI

Corollary 7.9. Let z =¢+ ﬁ € Q, where £Im(z) > 0 and 0 < |§| < d9. Then in both

scenarios, for some o and Bi, we have

J

/Ci (r,s, z) =T Za (p] r,2) @4 (s, 2)o11{0<s<ry + @1(7, z)(p](s 2)011{T<S<oo})

(7.9) .4
1
+ dii Zﬁ;t( ) ((pj (T Z)(p2(s 2)011{0<s<r} + (PQ(T Z)(pJ(S z)o-ll{r<s<oo})
=1
i3
where

__6_ _3
() Se V2", oy (2)| Se VAT, oz (2)l S 1, lag(2)l S L,

BER) S eV, 185 S VIEL 1BE() S

Proof. We first note that the coefficient of the @3(r, 2) @5 (s, 2)011{g<s<r} +@2(r, 2) 95(s, 2)01 1< sco0}
vanishes, i.e.,

(7.10)

—wétl(z)ali3 + wﬁ(z)a%(z) =0

Indeed, we have aicg = A_—llgwﬁ and a%% s wgﬁ Then

-1 -1
+ + + + + + + +
—way (2)aqz +wiy(2)ags(2) = _w21(z)rww11 + wll(z)rlgwm =0
By Lemma 7.1, it follows that
+ + + +
wy = —Aza, — fwpp] = |ags|
wliz A23al3 A24a14 — ’Wziﬂ =~ \ai\
u113 = Aisaj] + Mosaj; — Asaaj;  — |wjs| ~ |ajy]
+ +
%4 = A24a12 + A34al3 — fwpl =~ lag|

Then all other estimates follows from Lemma 7.2 and 7.3 together with the fact that for both
scenarios |k1(2)| ~ \/|€]. O

7.3. Computing the jump of the resolvent. We are now in a position to derive a represen-
tation of the flow £ in terms of the resolvent. Recall that from Lemma 2.7 that we define e**
as limit in the weak sense, that is, for any compactly supported smooth functions ®, ¥ € L2, we
have

b+iR
(¢"C0, W) = lim lim 1,/ (e MGL — (A b)) — ML~ (A b)), @, Wy,

R—00 b—0+ 21 b—iR

For any compactly supported smooth functions ® and ¥ in L? define

(7.11)
Tn(®,0) = lim —— /Rﬂb eW(e*bt(m — (A b)) — L — (A — ib))’l) @, W)d\.
R+1ib

b—0+ 2t
Note that limp_,o Zr(®, V) is what we expect to be the main part of the contour integral
representing (e?*®, ¥). Below we will also use the notation

SR YL LS R WAL L)
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Proposition 7.10. Let I = [-R, R]\(—@, @) and I = R\(—@, g) For any compactly

supported functions ®, ¥ € L2(0,00), we hai)e i
(7.12)

("0, W) = lim Tn(@, %) = 2%” /I it < /O b Fl(-,A)W(A)Fl(s,)\)t01<1>(s)ds,\11(-)>L2 dx,
where

10

WO = kD~ () Ley DF ), ey = (0 0

) . DE(\) := DE(\ £40),

and K(A) = W (o3P (-, =), (-, \)) is an odd function in X. Moreover, for A = & & g, we
have |k(N)| =~ /|| for small and large |£].

Proof. We first justify that the limit as b — 0" can be taken inside the A-integral in (7.11)
for Zp(®, ). For this, we will use the resolvent kernel expression given in Corollary 7.9. First,

notice that for z = £ + @ € Q with 0 < |¢| < dp, we have Fi(-,z) and Fy(-, z) are continuous
function as z crosses the real line for r < ryg = -£&. The same holds for all z as a consequence

Vel

of the theory of existence, uniqueness and continuous dependence on parameters for ordinary
differential equations. It follows from the bounds (7.10) from Corollary 7.9 that the integrand or
resolvent kernels in (7.11) are non-singular for 0 < |¢| < dp. Therefore, in view of Green’s kernel
expression in (7.9), we may pass the limit inside the integral in (7.11) provided d* # 0. Since,
by Assumption 3 i£ has no embedded eigenvalues (see also Lemma 2.15 for iLgp), by Lemma

7.8 we have d* # 0. Moreover, i£ has no gap eigenvalues in (—@, */Tﬁ) Therefore the limit as
b — 0T can be taken inside the integral and we obtain

Tr(®,0) = 2%” /I (L — (A +140)) 7t = (iL — (A —i0)) ™) @, T)a.

The rest of the proof is to use this expression to extract the distorted Fourier transform represen-
tation of the evolution in tensorial form as (7.12). We closely follow the argument in [50, Proposi-
tion 5.9]. We denote the integral kernel of the jump of the resolvent across the essential spectrum
by

Q(r,s,\) == (il — (A +1i0)) " (r,s) — (iL — (A —i0)) " (r, 5)
= K*(r,s, A\ +1i0) — K~ (r,5, A —i0)
By Lemma 7.7, we have
Q(r,5,A) =i (T (r, A)(DF(N) T Fi(s,A)' = T~ (r, A)(D™(N) " Fi(s,N)") 011 o<s<r)
+i (FL(r, A) (DY) (5, 0)" = Fi(r, A) (D™ (A) 710 (5, M)") 011 r<s<o0)
where WF (7, \) := UF(r, A +i0) and D*(\) := DF (X £40). Note that, from above the Green’s
kernel IC satisfies

(7.14) Q(r,s,\)! = 519(r, 5, \)o1

Next, we want to express the kernel K in terms of Fj(r, \) only. Thus, one can write ¥* in
terms of F}, i.e., there exist two matrices N4 (z) and M4 (z) such that

(7.15) UE(r, 2) := Fo(r, 2)NE(2) + Fi(r, 2) ME(2),

(7.13)

where the entries of N4 can be determined in terms of the coefficients a;; from (7.5). Using the
behavior of Fy(r, z) as r — 0, we have W(F (-, 2)M*(z), F1(-,2)) = 0. Therefore,

Di(z) = W(\Ili('7z)7F1("Z)> = Ni(z)tW(F2('vz)7F1('7Z))'
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Let A(z) := W(Fa(+, 2), Fi(+, 2))). Note that the entries of this matrix are precisely the coefficients
A;; given by Lemma 7.1 and therefore det(A(z)) # 0. Since D*(z) and A(2) are invertible then
N#*(2)! is invertible with

D¥(2) "' = N¥(2) 'A(2) !
Inserting (7.15) into (7.13), we find that the terms with one factor F; and one factor Fy cancel
out. Therefore, Q(r, s, A\) must be of the form

Q(T7 S, >‘) =ik (T7 A)M—F(Sv A)011{0<s§r} +iF (T’ A)M_(Sa A)011{0<r§s}'

By continuity, we must Fy(r, \)(M™T(r,\) — M~ (s,\)) = 0. However, det(F}) # 0 because
ifnot we can find a ¢ = ¢(r, \) such that cp1; = w91 and cp12 = @22, which impossible in view of
their asymptotics, see Proposition 3.5. Therefore, we must have M™(r, \) = M~ (s, \), whence

Q(r,s,\) = iFy(r, )M (s, \)oy.
Using (7.14), we have
iotM(s, \)EFy (r, N = io1 Fi(s, ) M(r, \)o?,
which yields
Fi(s, ) I M(s,\)f = M(r, \)F1(r, )78 =2 W())
Therefore, we have
Q(r,s,\) = iy (r, \W(\) Fi (s, \) o1,
and by (7.14), we have
(7.16) WA =W().
Next, we compute W(A). Firs notice that in view of the asymptotics of the columns ¥, we have
(7.17) W(EF(A)(DF )L () = (DT ) T (T, A), TF(,A)) = 0.
From (7.13) we have for r > s,
Q(r,s,A) =i (T (r,A\) (DT (X))~ = ¥ (r, \)(D~(N)) ") Fi(s, \)o1.
Hence
Fi(r, )W) = TF (r, (DT (X)) ™" = ¥~ (r, A) (D~ (V)™
On the one hand, using (7.17), we obtain
W(EL(, W), TF (-, 0) = =W (T (, ) (D~ (V) T7(, )
= —(D™(A))TW(T™ (- A), T (-, ),

on the other hand, by the definition of DT ()\) together with (7.16) we have

W(FL(, AWA), TF(, ) = =WN)'DT(N)' = =WN)DT(A)"
This implies that

W(A) =D~ (\) T W (T (-, A), ¥ ()P
Finally, in view of the behavior of k:jc()\) :=k;j(A £140) from Lemma 5.1, we have

W (. = (70 D).

where
K(A) = W(TL (5 A), U () = W(os Py (-, =), U1 (-, A)).
It is clear that k(—\) = —#()). Recall that, by Lemma 5.1 and Remark 5.2, we have ki (\) =

—kF(—)), Therefore, using the asymptotic of W (r, \) for small and large |¢|, we have |r()\)] =~
€] O
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Next, we write a more concrete expression of the tensorial structure of Fy (-, \)W(X)Fy (s, \)toy.

Lemma 7.11. Let z = X\ + 10 such that A =&+ g. Then we have,

(7.18) Fi(-, VW) Fi(s,\)f = O(r, \)O(s, A,

where d*()\) := det(D*(\ +140)), w z](/\) = w;;()‘ +1i0) and O(r,\) :== <8;g:: i;) satisfies

(7.19) O(r, A) = w(N)@1(r, A) — wy (A)@2(r, A).

Moreover, % is an odd function, ©1(r, \) is an odd function in A and ©a(r, \) is an even
function in A.

1 +)-1 wp(2)  —wia(2)
Proof. Recall that W(A) = k(A\)D~(A)"te;; DT (A)7F, and (DF)71(2) i= =— Qi %) 12 :

+
—wy(2)  wii(?)
Using the relation between w;; and W from Lemma 7.3, we obtain

W) = VI ( (wir(1)? —WSE(A)w;g()\)) .

dr(Nd- () \~wn(MNws (V) (w3 (V)?
Next, writing Fy = ¢1 [1 0] +¢2 [0 1] and F} = [(1)] b+ [ﬂ ©%, and using the representation
of W(A) above, we obtain (7.18) by direct computation. Next, we justify the parity of this
tensorial structure. By Lemma 7.3, we have d~(\) = —dt(—\). Therefore, d~(\)d()\) =

—d4(=A)d4(N), i.e., even function in A. From Proposition 7.10 we have k() is an odd function.
Thus % is an odd function. Denote by ¢; = <£ﬂ> . Using the identities (3.8), we
j1

have @11(r, A) = —@11(r, —A), @12(r,A) = @12(r, —A) and @21(r, ) = @21(r, —A), @22(r,A) =
—@22(r, —A). Therefore, O1(r, —\) = —O1(r, \) and O2(r, —\) = Oa(1, ). O

In the remainder of this section, we write the expression O(r,\) as well as the tensorial
structure of Fy (-, \)W(X)Fi(s,\)!oq, in terms ¥,. It turns out that ¥4 does not contributions
to the final expression. Recall that from (7.8) we have

+ :t _
(7.20) Zbljwj =1, 4.
In order, to write ©(r, ) in terms of ¥;(r, z) we only need [ =1, 2.

Lemma 7.12. Let z = XA £40 such that A\ =& £ @. We have
+ +

Wiow
(7.21) W2Qb 14 = W12b24 = 12:|:22
Hyo
and for small |£|, we have
1 1 _34
Ebﬁ’wie VasTe o wi bi‘ S e V2u'e,
€] |€!
1 _34
+
lwipbis| S |§|€ vas'e, |W12b \ﬁ
|wiab ev2a®, wigby S ——=
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and for large |€|, we have

1 1
+7+ +3+
‘w22b11’ N ma ‘%2 12‘ < my \w22 13‘ < E7
1 +t 1 +pt 1
|w 12b |§‘ ‘W12 22 mv |W12 23 S ’§|

Proof. By Lemma 7.4, it follows that

Wll = bz3N13 + bl4ﬁ‘14v "Jzz = bz4:u24» W3l = bz1#31 + bl4:“34a

W4l = bz1ﬂ41 + b12ﬂ42 + bz3#43

Therefore,
+ + +
bt _ Yo bt L ofE_ Y s N N
4= £ 13~ & 1 FHia ) O = % Y A N34
Moy His 24 K31 Hoy

1

+

bp=—7F (qu bl1ﬂ41 b3ﬂ43)
K2

For small [¢|, by Lemma 7.2, 7.3 and 7.4 we have

+ + + .
b= o= (- ) | g o
M24 I Hay cki(z) +O(|¢]2)
+
L w 1 3 re
1 = (- ) I 5 -
13 Hoy cki(z) +O([¢]2)
165 = | (i — b2 bk | < 1 3
= 11:“41 13M43) | X 3 €V?
42 cki(z) +O(|¢]2)
and
+ + +
pE — Wog bE | = i + WMz )| 1
2= 1, |by]=]—7F |ws I BS 3
Hog M3 Moy cki(z) + O(€|2)
1 wi 4 1
|b§t3 =|—= <‘*’1i2 - fl‘u) | < 305
H13 Hay cki(z) +O(|¢]2)
1 3 re
Ibs| = |— (wis — baypay — baskas) | S goevz?®
K2 cki(z) +O(|¢]2)
Similarly, for large |£], using Lemma 7.5, 7.3, 7.6 we have
+
by = 117 ’b ‘_‘ W31‘< —3 ’13‘—‘ wil S 3 ‘512:‘?“’41‘575
Hog e His HE Ha2 €]
and
+
1 1 1 1 1
b2i4:w7_fa |b|_’i 32|N7§a |2i3|:\—iwf2\w—§, ‘22|_| 42|N 3
Moy H3q 13k M3 13k 15 \§|

Lemma 7.13. Let z = A+ 40 such that A\=§& £ g. Then we have

Zw NTF(r,N),  where 07 (A) = wh(AbY; — wii (A)b3;,

where for small ||, we have

07 (\) = 0(—=) 05 () = O
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and for large €|, we have
1
07 (\) =0(7) 03N =0(7
Proof. By definition of G)(r A) in (7.19) with (7.8) and (7.21), we obtain
ZG+ \IJ+ (r,A), where H;F()\) = wga()\)bfj - wQLl()\)b;j.

Therefore,

+ . + +
07 : w22b11 W21b

+ +
I | +  Wor 4\ 4 1 +  Woo
=Wop— | W31 — 13y Wor—F (W32 — M3y

H31 Hoy H31 Hoy
1
_ + o+ + 4
=7 (%2”31‘”21”32)
H31

R + 14
03+ = wayybly — w1 bsy

1 1
o+ + + 4 + 4+ + + + 4 + o+
= Woo— (W41 = biypg — b13ﬂ43) —Wo (W42 — by gy — bz3ﬁ‘43)
42 Hyo
1

+ 4 + 4 + o+ + o+
— (Waowyy — Wawyp) — Wl — (b11ﬂ41 + bifapgs) — wWor— (b21:“41 + b ifs)
Hyo M42 ,U42

Note that, for large \, 65 = ﬁ(wégwjl — Wi W)
42

+ . + +
0f : = whbly — w3 b
+ +
_w+i wh Y+ _w+i Wt Y22+
= Woo— 11~ “F Mg 217 F 12 ¥ Hi4
Hi3 Hoy Hys Hoy
1
_ + .+ + o+
- F (W22W11 _W21W12)
K13

and by Lemma 7.12, we obtain the desired estimates for 6;.

Lemma 7.14. Let z = X\ =10 such that A =€ £ g. Then we have
O(r,A) = 1(\) (wii(N)os ¥ (r, =A) + wii (=) T (r,)))
+72(N)(03) Y (1, =A) +93(N) T (1, X) + 74 (A) T3 (7, A)

where for small |£], we have

(7.22)

1 _s, 1 1 3 2re
\) = O(——e V'), \) = O0(——), N =0(——), N <evis.
Y1(A) ( g ), 12(A) =0( \5!) Y3(A) (\/@) [74(A)]
and for large |€|, we have
()= 0(—5), 22(0) = 0(), %(€) =0(), w(\) = O(r)
RTINS A T
Proof. Since ,u;% = —,ugl, we have
o)) = —ij (O () — wh (Ve (V) W1 (. 0)
b () — W ety () T () + 0 ()T, )
f173(A)
1

= 7 g0 (@HOVE ) = wifi T ()

73
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) (T ) — w1 ) + 0 ) )
Denote by:
Pi(r,A) s = wii (NPT (1, A) — wi (V)T (r, ),
’PQ("” )‘) - wa(A)\I/;_(T, /\) w;_Q(/\)\IIT(Tﬂ /\)
Thus,
1

123) 00N = e h NP - lquw;l(mw)+9;<A>\If;<m>

Since {U](-,A), 03U (-, —A), U5 (-, A), S (-,\)} is a fundamental system for the equation
iLV = 2¥, then we can write U3 (r, \) as

U (r,A) = ar(N)PT (1, A) + ao(N) (—o3) 0T (r, =), +as(A\)¥g (1, ) + ag(N) TS (r, A).

Taking the Wronskians on the left and right-hand side with W (r, A), and using the asymptotics
of U; one can see that ay(\)W (¥ (1, A), U5 (r, \) = 0. Thus, a4(A) = 0, and

(7.24) WS (1, A) = a1 (NPT (r, A) + ao(N) (—o3) T (r, =) + as(A\)¥g (1, A).

Taking the Wronskians on the left and right-hand side with o3%;(r, —\), and using the asymp-
totics of ¥; one can see that a; (A\)W (¥ (r, \), 030 (r, =) = 0. Therefore, a1 (\) = 0 and now
we have

(7.25) U3 (r,A) = aa(A\)(=03) U] (r, =X) + az(N) 3 (1, A).

Using the fact @1(r,A\) = —0o3@1(r,—A), we have W(—a3¥] (-, =A), 01(,A)) = wii(=N).
Now, taking the Wronskians on the left and right-hand side with @1(r, \) leads to

w31 (A) = a2(Mwf; (=A) + az(Aws; (V).

Therefore,
Pr(r, ) = wii (A) (a2(N) (=o3) T (1, =) + as(\) T (r, 1))
— (a2(Nwry (=X) + as(Nwg; (V) T (r, )
= ax(A) (i (V) (=03) T (1, =) — wfy (=A) T (1, 1))
+as(A) (wf; (W) T3 (1 A) —wiy ()T (r,N))
(7.26) Pr(r,A) = az(A) (i (M) (=03) U1 (r, =X) — wi (=X T] (1, 1))
+az(A) (Wit (V)3 (7, A) = wyy ()T (7, 0))
Using the fact @a(r,A\) := o3@a(r, —A), we have W(—0o3¥] (-, =A), @2(-, ) = —wia(—N).
Now, taking the Wronskians on the left and right-hand side of (7.25) with @2(r, \) leads to

wyr(A) = —az(Nwiy(=X) + as(Nway (A).
Therefore,
732 (’I“, )\) = w12(

—w12 (A

)5 (1, A) = wir (AW (r, )

) (2(A\)(=a3) T (1, =) + as(N) 3 (1, A))
— (aa(Nwir (=) + as(Nwzp(A)) T (r, A)

—03) Uy (1, =) + wi(=A) T (r, 1))

= () (wim(A)(
+ ag(A (WE (A) \I/+ (ryA) — wig()\)\l/f(r, /\))
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Pa(r, A) = az(N) (w3 (M) (=03) T (r, =A) +wir (=) T (r,\))
+az() (Wh NP3 (1, A) = wip (AT (1, 4))
Substitute (7.26) and (7.27) in the equation (7.23), we obtain
O(r, \) = 11(N) (W1 (N)as¥ (r, =) + wii (=N T (1, \))
+72(A)(03) W (1, =A) + 13 (M) T (1, A) + 1 (A) W5 (1, ),

(7.27)

where
() = —H;(A)wmmm
() = H:(A)w;u)aw)wam
1
Y3(A) = —m%ﬁ(k)az@\)wﬁ(—)\)

1 1
1(A) =03 (\) + mwﬁ(ﬂ%()\)wﬂ()\) - m

Taking the Wronskians on the left and right-hand sides of (7.25) with Wi (-, \), we obtain
pls (V) = a2(NW (o307 (-, =A), U (-, A)) = aa(N)eki (V) (1 = er(V)?).

Thus, we have

w3 (N)az(Mwiz(A).

012()\) . 1
pis(A) ek (V) (1 = (N)?)
Therefore, by Lemma 7.2 for small || we have
1 _3, 1

1
A = O(——e V279), \) = O0(—), \) = O(——
1(A) ( g ), 72(A) ( \5!) 73(A) ( @)

and by Lemma 7.5 for large || we have

1 1 1
1(A) =0 <|g|i> ;2\ = O(m% Y3(A) = O(m)-

Similarly, taking the Wronskians on the left and right-hand sides of (7.25) with ¥} (-, \), we
obtain p;(A) = azs(\)W (U (-, A), U1 (-, N)) = az(N)cka(A)(1 — ca(A)?). Thus

as)
pis(\) ks (A1 = e2(N)?)
Recall that for small |¢| we have 65 (\) = O(ﬁe%%&), wi| < evi® and RS e%%ﬁ, then
2re
lva(N)| S Vi 5. For large |€], we have 05 ()\) = O(%), wi1(A) = c(kf()\))_% + O(]A]71) and

pE (=) = 0, then ()] S 1.

8. GREEN’S KERNEL OF 7L — z FOR THE RESONANCE CASE

In this section, we compute the distorted Fourier transform of ¢£ in the resonance case. The
argument is similar to the non-resonance case in Section 7. Hence, we only provide the necessary
details and proofs that differ from the non-resonance case. We refer the reader to section 7 for
more details, specially for justifying that the limit as b — 0 can be taken inside the integral
representation of the evolution in (2.10).
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8.1. Connecting the solutions from 0 and co. The purpose of this subsection is to connect
the local behavior of solutions to (i£ — z)¥U = 0 near r = 0 with their asymptotic behavior
as r — oo, for both small and large [£|. Our approach is based on analyzing the Wronskians
that connect the solutions obtained near r = 0 with thoee constructed at infinity. In particu-
lar, we examine the Wronskians between the solutions go defined at the origin and the solutions

\II;Lz defined at infinity. This will allow us to represent one family of solutions in terms of the other.

Recall that throughout this paper (for the resonance case), we choose £y and £ such that
Too < Ro. For 0 <[] < &9, we fix 7o = 7re(2) € (roo, Ro) such that (55,67:) C (reo, o), and
re \/‘5@ . i i (f5,4r:).

Denote by:

AR (2) = W(QF(,2), (-, 2))
WBE () = WERE( 2), 9B (., 2)

i %

Lemma 8.1. Let z € Q), then we have
_ B B
Ah(2) = AMfi(2) =0, Afs(2) =2cic3, Afi(2) =2chcs, |ASs(2)| S V2™, |Afi(2)] Sree” V2"

Proof. We determine the values of the first four Wronskians at r = 0, while the last two are
computed at 7 = 2r.. This choice is guided by the asymptotic properties of @;(r, z) in the
regimes of small and large r. The first four cases are obtained directly from Lemma 4.1. For the
remaining two, note that @3 decays exponentially, @2 stays bounded, and (pf grows polynomially
as r — 0o. These behaviors justify evaluating the Wronskians at » = 2r. to obtain the necessary
estimates. (I

Lemma 8.2. Let z =&+ @ € Q with Im(z) > 0 and 0 < [£| < dp. Then, we have

75

e 3 re 6
W) S eV T, () 2 1, IwR’+(Z)\§€ﬁ5, Wit (2)] S eva'
T

Wl (@) = chi(2) + O(), i () S e V7, wift(2) = ehi(2) + O(El}), it ()| S evi®
Wi @S eV Wl S eV rw33;+<z>| STV, W) =1

]wﬁ’Jr(z)] ~1, |w§4’+(z)| < e_%rg, |w£’£+(z)| ~ 1, \wf’Jr(z)] < e%%.

where ¢ > 0 is constant. Moreover, dfvt(z) = wng(z)wﬁJr(z) wﬁ+(2)w12 (2) # 0 and

|d (2)] = Vgl

Proof. Recall that, the coefficients satisfy E? = :I:\fcJ forj =1,3and ¢ cl Fiv/17 Ell forl =2,4

and ¢j(z) = % for j = 1, 2. Moreover, the asymptotic of the functions k;(z) and ¢;(z)

asz — i@ are given by ki(z) = iiﬂg/ﬁ\/g+0(z), ka(z) = Z% +0(2), c1(2) = —iV17T+0(2)

and ca(z) = Z\/% +O(z). Observe that @¥(r, 2) and @£(r, 2) have the same asymptotic behavior

as @1(r,z) and @3(r, z), respectively. Consequently, the estimates for wﬁ’Jr and wR+ can be

derived in the same way as in the proof of Lemma 7.2 for the non-resonance case. Therefore, it
remains to compute wg’Jr and wﬁ’f Using the asymptotic of \IIZR’+(T, z) and @& (r, z) for large
r, we obtain

wisT(2) = W(UE (r,2), 05 (r, 2))

- e - e 2o & r~)) = cky(z 3

Similarly, we get wR §1(2) = cki(2) + O(|§|%) Using the exponential decay of W§’+(r, z), we get
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I (E) = WP (), 08 2)
eikg(z)r B g B
= (g oyt ) (14 O, () (1 067,

3 3 e
which yields, |w§2’+(z)| < e Vv2'*. Analogously, we get \wf;’Jr(z)] < ev2 5. Next, we estimate
R+ . R+
wl4 . W(\Ijl (Tv Z)v @f(n Z))

wig " (2) == W (r, 2), 05 (r,2))

— eikl(z)r 1 6727“00 Czllr ~
= (i) 4+ Oz, (A7) 01+ 062 =1

By the same argument, we have |wﬁ’+ (z)| ~ 1. Using again the asymptotics behavior of ‘P?’J“ (r,z),
we get

W (2) = WEURT(r, 2), 0B (r, 2))
eik‘Q(Z)T .
= fyomtor) 001 VG (&) a+ouy

which yields, |wys™ (2)| < r-e e . Similarly, we have wie T (2)| < eV s . 0

Similarly to the non-resonance case, w
hold for z € 2

i (z) satisfy the same parity and the following identities

Lemma 8.3. Let z € (), then we have

R,— R R,— R,— R R,— R,
wi (2) = _w11+(_2)7 Wiy (2) =wih(—2), wiz (2) = _%3+(_Z)7 wiy (2) = Wi4+(—z)
Moreover,

R, R, R, R,
(8.1) w21+( z) = —w21+(z), w22+(—z) = W22+<Z)-
Proof. The proof is similar to that of Lemma 7.3 and follow immediately from the identities
(4.8), (5.22) and (6.24). We omit the details. O

Next, we evaluate the Wronskians wj; for large [£]. Recall that throughout this paper (for the

resonance case), we choose &y and £, such that 7o = <R , wWe
) 0 fe’e) [e’e) ) \/@ 0 — \§|

fix 7. = 7(z) € (o0, Ro) such that (10,47‘5) C (Foo, Ro), and 7 ~ ﬁ for some small constant

e. We will evaluate the Wronskians for some r € (75, 47.).

Note that, in view of our choices of 7s and Ry, and for sufficiently large |€], the evaluation of
the Wronskians relies on the small » behavior of \I’l+ and ¢;.

Lemma 8.4. Let z =& + @ € Q, with Im(z) > 0 and 1 < Ay < |£|. Then we have

Wit T ()] = ~2e1k1(2)"2er ()} + O(le| ™)
wit T (2)] = —2e4ka(2) "2ea(2)t + O(I€] )
w15t (2)] = 2c4k1(2) "3 (ch — e1(2)cB) + O(l€| L)
lwis T ()] = 24 ka(2) 2 (ch — ea(2)e3) + O]
Wit (2)] = —2c_ k1 (2) 21 ()t + O(€] )
wis T (2)] = 2c_k1(2)"Z (c} — c1(2)cB) + O(l€| L)
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Wit (2)] = 2eka(2)"2ea(2)ed + Ol )
Wiz (2)] = 2e-ka(2)"2 (¢ — eal2)e) + O(IEl ™)
where ¢y # 0 constants, c;(z) are complez, ¢ # 0 and c3 are real constants. Moreover,
AR (2) = wps T (2wt T (2) — wis T (2)wpy T (2) = chi(2)"2ka(2) 72 + Ol ™) # 0.
where ¢ > 0 constant.

Proof. The proof is very similar to the one for Lemma 7.5 for the non-resonance case using the
behavior (pf(r, z) for small 7. O

8.2. Solving for the Green’s Kernel. Let z € Q, with £Im(z) > 0, then we define the Green’s
kernel for the resonance case for i£ — z as

KEE(r, s, 2) == Ol (r, 2)S(s, 2)Locs<r) + FE(r, 2)T (s, 2) 1 <scoc)s
where we require the matrices S(r, z) and T'(r, z) to satisfy
( TRE(r, 2) FE(r, 2) ) < S(r, z) ) _ ( 0)
0. URE(r 2) 0.FF(r,2) ) \-T(r,z)) ~ \oa.
Then a solution to (i£ — z)¥ = & for z € Q, with £Im(z) > 0, is given by
(8.2) U(r):= /000 KRE(r, 5, 2)®(s)ds.

Lemma 8.5. Let D% (z) := W(URE(. 2), Ff(-, 2)). Then we have
R+ R+ R+ R+
Y _ 1 Wes (2)  —wis (2)
DPRE() — Y1 (2) wiz (2) : DREVL(,) .— 22 12
(2) ( R+ R+ ( ) (2) dRui(z) wii(z) wﬁ,:l:(z) )

where dF(2) = wg’i(z)(x)ﬁ’i(z) wfgi( )Wii< ) # 0.

Moreover, for z € Q with £Im(z) > 0, we have

S(r,z) = =(D™*(2)) M (Ffi(r, 2)) o302,
T(r,z) = f(DR’i(z))_llllR’i(r, 2)lo30s.

and

KR (5. 2) o | PVEEADIEE) T (F (s 2)) o, 0<s<n,
iFf(r, 2) (DR (2)) 1085 (s, 2) 01, 7 <s < oo,

Proof. Note that by Lemma 8.2, 8.3 and 8.4, we have d®%(2) # 0, for large and small ¢. Using
Lemma 7.8 and the fact that ¢£ has a real spectrum and no threshold or embedded eigenvalues,
we obtain d* # 0. Therefore, D'¥(2) is invertible. The remainder of the proof is analogous to
that of Lemma 7.7 in the non-resonant case, and we omit the details. O

Next, we express \I/li(r, z) in terms of (pf(r, z), i.e., there is exist aﬁ.’i(z) such that

\I’irz Za (pj (r,z), =1, --,4.

Therefore, by Lemma 8.5, we have

'

R+ R+  RRE R+
(2)

KPE(r, 5, 2) WP ()ak >(cp?<r,z)cpﬁs,z)tall{oqg}
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4
R+, \ R+
e wiy (2)ag; ™)

al

+ (P{{(T» Z)(p?(svz)tall{rgs<oo}> j

X (@;’{(Ta Z)(QQR(S, Z)t011{0<s§7’} + (p2R(ra Z)(pf(sa z)ta—ll{rﬁs<oo}>

Corollary 8.6. Let z = £ + @ € Q, where £Im(z) > 0 and 0 < |§| < d9. Then in both
scenarios, we have

. 4
Qg R4+
ICR’i(n S, Z) = JR=E Z Q; (Z) ((p;-%(r, Z)(p{%(& Z)t011{0<5§r} + (p{%(rv Z)(p;'%(sv Z)toll{r§s<oo})
j=1
i 4
R, £
+ JRE Z /BJ (Z) ((Pf(ﬁ z)(p§<3a Z)t011{0<s§r} + (Pgb(ra z)(p?(& z)tall{T§s<oo})
j=1
J#3
where

Sle

R+ -2 R+ R+
B () Se Ve, 18T S 18T () S L

Proof. Similarly to the proof of Lemma 7.9 the coefficient of the @I¥(r, z) @£ (s, )t011{0<89} +

_ 6 _ 3 _ 34
() S e VE™, Jab T (2)] Se Ve, ey ()| SVIEFe vESE, faf(2) S 1,

@5 (r, 2) 3 (s, 2) 011, <5<o00) vanishes, i.e., wgi(z)a13 +wﬁi(z)a23 (z) = 0. By Lemma 8.1,
it follows that
wﬁi A%agi, — |wﬁ’i| o~ |ag’i|
wﬁi Ay — Ay — gy ™| = ™|
= Abay™ + Afa™ = AT — | = ey
wpy™ = Mha™ + Ay — g™ = gy ™|

Then all other estimates follows from Lemma 8.2, 8.3 and the fact that for both scenarios
k1(2)] ~ VI8l 0

8.3. Computing the jump of the resolvent.

Proposition 8.7. Let I = R\(— ‘ﬁ \ﬁ) Then for any compactly supported functions ®, ¥ €
L2(0,00), we have

1 . o0
< P, U >= 5 i/em</ FlR(-,A)WR()\)FF(S,A)talq)(s)ds,\If(-)> dX,
T Jr 0

L2

T

10

WRQ) = kDR~ () e DR, ey = (0 0

) . DEEN) := DB +40),

and kF(\) = (0'3\I’+( ), U7 (-, \) is an odd function in \. Moreover, for A\ = £ + @ we
have |kT(N)| ~ /|| for small and large |€|.

Proof. One can use the same argument as in the proof Proposition 7.10 to obtain the desired
results. O

Next, we write more concrete expression of the tensorial structure of F{¥(-, \YWE(X)Ffi(s, A\)toy.
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Lemma 8.8. Let z = A £i0 such that A =& &+ @. Then we have

k(A
b+ (A)dR=(X)

Ff(, OWENFi(s,\) = 0% (r, \)0%(s, \)',

R
where dR*(\) = det(DRPHE(X £ i0)), wi () = wir (A £i0) and OF(r,\) = <@1 <: ”)
satisfies

R

(8.3) Of (1, \) == wis T (N el (r, A) — wi T (N e (r, ).
Moreover, % is an odd function, ©(r,\) is an odd function in X\ and ©F(r,\) is an
even function in A
Proof. The proof follows in the same way as for Lemma 7.11 and is therefore omitted. O

Next we express @f*(r, 2) in terms of \lii(r, z), i.e., there exist bg’i(z) such that
(8.4) ZbRi\Ifi [=1,-- 4.
In order to write ©f(r, \) in terms of ¥, (r, 2) we only need | = 1,2.

Lemma 8.9. Let z = XA+ 10 such that A\ =& £ g. Then we have

R+ R=*
RtpR+ _  RiyR+ Wig Wog
(8.5) Woy 14 = byim = =
M42
and for small ||, we have
+bRﬁ: oV R+ Rﬁ: oV R+ Rﬁ: oV
‘ 22 ‘N \/> ’ ’N /7 ? ’N /* )
3 re _34
WREORE] < VI + e VT |wlfb§f|s\/seﬂf, wiFRE| < \/5 [+ e A"

and for large |£|, we have

RebpRik| < i’ RebpRek| < i’ RebpRik| < i,
€] €] €]
R+, R+ 1 R+, R+ 1 R+, R+ 1
wis by | Sy lwis bos | S s by | S
€] €] €]
Proof. 7.12 By Lemma 7.4, it follows that
R+ R+ + R+ + R+ R+ :I: R+ R+ + R4 +
Wy =gy by s wy T = by gy, Wyt = b by sy
R+ R+ R+ + R4+ +
wy T =b #41 by ™ g + b3 pys-
Therefore,

oIt 1 Wit 1 Wit
R+ _ %21 R+ R+ 2l + R4 R+ 21 +
by =" by =-—7F(wy ——F ], by =—7x|wy - —Fum
Moy His Koy
R+ 1 ( R+ R+ bE — bR
by =—F (w4l — by’ — by a3
Ha2

For small |¢|, by Lemma 8.2 8.3 and 7.4, we have

R+ 1 Rt + 1
pRAE _ Y21 pRE| — Rt  Wa1 M3a ||
14 = I 10177 = |—= | war

+ ~ 3 e
Moy M3 Moy cki(z) + O(€]2)

U“n?

S
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) = | (- ) g L o
13 1=z |w1 ——F M)l 3 €V?
M3 F24 chi(2) +O(€]?)
1 R+ + R+ + 1 3 2
‘b?éi’ —= (W41 — by pgy — by N43) | < evz s
i chi(z) +O(l¢]?)
and
R+ R+ +
RA _ Wo 1 Wi Wog b 1 -3 4,
bys~ = 25—, b3 = ’T: -2 <1+ e VEe'
Hay H31 Moy cki(z) + O([¢]2)
R4+ 1 R+ wit 1 _ 34,
by~ | = [— | w1z — 22 e V2
Hi3 Ck‘l (2) + O(|€]2)
1 ( R+ R+ + R+ + 1 — 33, 3 re
|bR’i| Ly <W42 — by pigy — bag :“43) S e V2Pt 4eve®
i chi(z) +0(g]?)
Similarly, for large |£], using Lemma 8.4, 8.3 and 7.4, we have
U = " F i31~§7 13 1=l—Fwi I3 3 = 41
H2y 3E Hi3 €] |§|
and
R+
Woo R4 1 1 1 R4 1 g4+ 1
byim =2, by = eyt | S~ [ \fr 5SS = gt = et S —
H24 H31 HE i3 Hk M2 Hk
O
Lemma 8.10. Let z = XA £ i0, such that A =& £+ g. Then we have
3
R, R, R, R, R, R,
Of(r,\) =) 0 T (NTS(rN),  where 5T (N) = wyn T (Wb — wit T ()BT
j=1
where for small |£|, we have
R, 1 R, 3 3, R,
B0 = 0() L )£
and for large |£|, we have
1 1 1
01 ) =0(), 67N =0(7), 6577 (\) =0(7)
[3 €] €]
Proof. By definition of ©%(r, \) in (8.3) with (8.4) and (8.5), we have
3
R+ R+ R+ Rty R+ R+
A) =) 0 T NEET (), where 657 (A) i= wyi T (AN)bET — wi (Vb
Therefore, we have
1
R+ _ R+ R+ R+ R+
0 - <w22 W3] — Wy Wiy )7
31
R+ _ 1 . Rt R+ R+ R+t r+ 1 R+ R+ R+ 1 R+
0, —(wys Wy —Woy wWys ) — Way (bn pify + 0y MI:J,) Woy (bm pigy + byg MI:%)
42 142 Ty
Note that, for large |£|, we have 0§’+ = ML (w ;;Jr fiJr i+wg+) Moreover,
42

R+ _ L ( R+ R+ R+ R+
0 - <w22 Wil — Woy Wig )
His

Using Lemma 8.9, we obtain the desired estimates for OJR’Jr. O
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Lemma 8.11. Let z = A +140, such that A =& + @. Then we have
1 (1, 2) = 11 (N) (Wit Mo W™ (r, =A) + wff (=)W ()

+ 93 (N (03) T (1, =) + 25 ()T (1 0) + 31N ()

where for small |£], we have

(8.6)

1 _3, 3 2r¢
M) ZO(WG ), IS L EIS L P Sevre
and for large |£|, we have
1 1 1 1
WA =0(—3), 1N =0(5), %K =0(5), 7€ =0(z)
€| € €] €l
Proof. Following computations analogous to one in the proof of Lemma 7.14 leads to
1
W) = = e (Naf' ()
13(A)
1
) = st (N (Weis ()
13(A)
1
) = = et (Nag (el (=)
13(A)
1 1
) =07 V) + s (N Vit (V) = i (Ve (Vwiz (V)
s (V) pz(Y)
where
aff(\) _ 1 af(N) _ 3N 1

pls() ek N —aMD) () sl ki (AL = e2(A)?)
Therefore, using Lemma 7.4 with Lemma 8.2 for small || and Lemma 8.4 for large ||, we obtain
the desired estimate for 'yf%,'yf,yf. For v}, we use the same argument together with Lemma
8.10, which provides the estimate for 0£. O

9. PROOF OF THE L? BOUNDS FOR et£

In this proof, we establish the L?-boundedness of the operator £ in both the resonance and non-
resonance cases. Recall that, throughout the paper in the non-resonance case, for A = ¢ :I:g with
0 < [£] < dp, we choose gy and €4, such that 7o < rg. Moreover, we fix . € (ro0,79) such that

re ﬁ, for some € > 0. For 1 < Ay < [£], we choose &y and £, so that 7o, = % <7rg= 5(‘)5'

for some € > 0. Note that, for simplicity we use the

and we fix 7. € (T, 7o) such that 7, ~

m

same symbol € in the small and large {-regimes, although they represent two different constants.
In the resonance case, we similarly fix Ry and Ry for small and large values of &.

In order to obtain L2-estimates in small and large &-regimes, we define a smooth, even cut-off

9é

function xo(z) such that xo(z) = 1 for |z| < {5 and xo(z) = 0 for [z| > &, with e < 66 < g,
for 0 < |£] < dp and E < 6 < &, for [£] > Ag > 1, where ¢ is as defined above. We denote by

x1(z) :==1— xo(z).

Note that throughout this section we work with k;(\) = ()\) = lim,_,+ kj(\ + iy) for
j = 1,2. In addition, we have kj(—\) = —k; ()\) and ko(—A) = k2(A). For the precise limiting
behav1or of kj, see Lemma 5.1 and Remark 5
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9.1. L’-estimate of the distorted Fourier basis. We start by establishing the L?-estimate
for the distorted Fourier basis. In particular, we decompose ‘Iff(r, A) into a leading order term
and a remainder term in L2, and we also provide the L?-estimate for W3 (r, \) for both large and
small values of \.

Lemma 9.1. Let A =&+ g, such that 0 < & < dp, then we have

|w Ve

and the following decomposition for Wy (r, \)

_ 3 _ 9
< e YV210/i¢
~Y

L3(0,00)

U (r,A) =V ) () (L4 O(—=e72=)) + Y1 (r, A, U7 (1, )

%H

where,

(9.1) (LIPS IV

o 9
< BT
2000 ~ /1]

Proof. First, we prove the estimate for ¥;. Recall that,

\IIT(T, A) = \PEFOOJ)(T, A)+ Ti(r A, \I/f(r, A))
= \Péroo 1)(r, )+ / Ry (r, 5, )V (s)¥] (s, \)ds
' 0
where, ¥ (r,\) = eikl(-)\)r and by (5.16), we have
? 7 (o0, 1)\ Cl(}\)ezku(/\)r )

Ti(r, N, U (1, 1)) = iMF (A)etkr / e kN30 (e725) U (5, \)ds

[e'S]

oo
Jri/\/lf()\)e_iklo‘)’“/ eF1NSO(e725) W (s, N)ds

+iM2+()\)eik2(/\)T/ e~k N30 (e725) W (5, \)ds

+iM2+(>\)e_ik2(>‘)T/ eF2 N30 (e725) W (s, N)ds

T

Recall that |[M{(\)| = O(ﬁ) and |M3 (\)| = O(1). Then the first integral satisfies

z/\/lf()\)/ e‘ikl(A)sO(e_Qs)\DT(s, A)ds 1

g eikl()\)r 6—27“00 sup ‘e—ikl()\)rlpii—(r’ )\)‘
€] r2re

1

€]
Denote by Yi(r, A, ¥ (r,A)) the remaining part of Y1 (r, A, \Iff(r, A)), ie.,

eik’l N)r

< eikl (A)T —2re
~Y

e

Yo (A U (r, A)) = M (A)e 1 / ¢ N30 (6250 (s, M) ds

r

—I—i./\/l;()\)ei@()‘)r/ e~ kN0 (72 W (s, \)ds

+7Z./\/l;()\)e_ik2(>‘)r/ e*2Ns0 (2w (s, \)ds

r

Thus, we have

UF(rA) = W (n )1+ O(—=e ) + Ta(r, A, U (1, 1))

1
Vel
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where,

|V (r, A, \II+(7’ A)) =27 sup |e*ik1()‘)’"111+(7’ A)| + e " sup |e*ik1()‘)r\llf(r, A

1
N2 \/> T2>Too b \/m T2>Too

+ L sup |e P gF ()]

\/m T>Too
< e,
VIEl

which yields,

1 _ 9€
Hvl At S ATF CN)a e ) S e OVE
o0) UV €]
Next, we estimate W (-, \). Recall that
U3 (r,A) = Wi o) (1 A) + To(r, A, 05 (1, N))
:W?_OO’Q)(T, )\)+/0 Ry (r, 8, )V (s)¥5 (s, N)ds
ikQ(A)r
where \P(OO 2) (r,A) = (@(A) ke (\)r > Using Remark 5.2 and (5.17), we have
1
Ta(r, A, W3 (r,M)] < g e
Then
7% 92
Wa(r, A ) < Wa(r, A : o Se VIVEL
2t VB, S 120 Vil ooy S

Lemma 9.2. Let A =&+ @ such that £ > Ao > 1, then we have

H\I@(r, )\)Xl(\/g')‘ L2(0,00) e 1|§’

and the following decomposition for Wy (r, \)

Ui(rA) =V (r A)(

(B, )+ Yi(r, A, \I/ (r,A),

\/»
where,

<. L
1305~ /[e]

Proof. First, we prove the estimate for ¥;. Recall that,
\I/f(r, A) = ‘P?‘E’l)(r, A)+Tea(r A, \Iff(r, A))

I et o ve)

= W?‘E 1 (r,\) +/0 REJ(T,S, MVE(s)P{ (s, \)ds,

where, Vg (r) = O((r)~2) and ‘P(E 1)(7", A\) = <Cl(};\§f(il((k)1)(§\))r)> and by (6.19), we have
T AU (1 0) = M (i (00) [ B (ka8 Vis(s) 0 (5, )

+iMF (N (ko (V)r) / " b (ky(\)s)Vis ()T (s, \)ds
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e.)
+iM1+(A)h_(k1(A)r)/ hy (k1(\)s)Ve(s)¥] (s, \)ds
T

+iMF (N (ko (W) / b (ke (\)s) Vi (s) U (5, \)ds,

Note that the first integral satisfies

1 B -~ s
NG W<TOO> 2 ~Su£ le lkl(}‘)rlllf(r, A
Too =T
1
NG
i

and denote by Y 1(r, A, UF(r, \) the remaining part of Y 1(r, A, U] (r, \)). Therefore, by (6.20),
we have

iM{ () /f h—(k1(X\)s)Ve(s)¥] (s, \)ds

1
YE,l(T,)\,‘I’—F( ) ’€‘|62k2 r’/ | —ika (A 2|\IJ+(S )\)|d8
1
e Ty/ €15 (5) 20 (5, \)|ds
\fl
1
_|_ —zkg r’/ |61k2 2‘\I’+(S )\)\ds
which yields, | Yz 1(r, A, O (r,\))] <¢ ﬁ(r}‘l. Hence, we have
1
Yo (- AU\ ‘ <Y (- AU N - <. -
H E,l(a y £ 1 (7 ))Xl(\/g) £2(0,00) ~ H E,l(v ’ 1(7 ))‘ Lg(%\/?oo) ~E ‘£|

Next, we estimate W3 (-, \). Recall that

Ul (r,\) =7,

(£.2) (r,A) + TEa(r, A, \Il;(r, A))

¥l N+ [ RE (s NV (9 (5, )ds

hi(ka(A)r
where, ‘l/( 5.2) (r,\) = (CQ()\J)ri(Lf((kQ)()\))T)). Therefore by (6.21), we have

Tpa(r A U (1) Sz eI O] / ik =R1 s )52 sup [e RN (r, )|

‘§| T >Too
1 | ika (A r’ 2d8 sup ‘6 zkg()\)r‘ll—i-(r )\)’
\/@ T>Too
1 —i )r - —1 r
+ ol O] / AR sup e O (7, )
\/1>| —zkg r|/ | 2ika (A 2d8 s>up ’6 Zk2(>‘)T\IJ;r(T, )\)|
Hence, |Yga(r, A, U5 (r, )| <z L ~V2/Elr Then
’ Vil
1
Ut (r, A : ’ S Iws(r A <
[ o AV S I Vi ey 52—
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Lemma 9.3. Let A =&+ @ such that € € (0,680), and ® € L? then we have

2\ 3
(9.2) ( ’/ oy (1 EX X1 (V/Er)@(r)dr df) Sz -

It follows that,
1
2 2
) < 1192

(9.3) ( '/ (r, £\)x1(\/Er) D (r)dr

Proof. We only prove the case ‘P( 1) (r,+A), and the other case can be obtained using a similar

argument. Using change of variable 7 = /€, we have

2 Vo
; f‘/ ‘P(ool)r)\)a\/r :/0

Define the operator
(Tv)(1) := / eikl()‘(Tz))TM(Tr)v(r)dr, 0< 1<+
0

For the estimate (9.2) stated in the lemma we need to show that the operator 7" is bounded
from L2([0,00)) into L2([0,4/0)). To this end, we will apply the Cotlar-Stein lemma. Let
n(z) = xo(3) — xo(z), we decompose the operator T' = Zj; T; dyadically,

(Tyo)(r) := /Ooo MOy (rr)n(2 I rryo(r)dr,

2

/Ooo q]?rood) (r, )\(7-2))Xl (7r)®(r)dr| dr.

and

VR |
(T = [ e MO a2

Next, we prove the off-diagonal decay of the operator norms |77 |12 2 and ||} Tkl|lp2— 12,
for 1 < j,k < 0o. The integral kernels of these operators are given by

(1,70 (7 / Hn(ry o)),

T*Tkv / Gjr(r, s)v
with
Hir (1, 1) 12/ M T = W)y 9=y (27K i dir,
0

Vo ) .
Gjk(r,s) :== / e (AT ))(T_S)n(Q_]TT)n(Q_kTs)dT.
0

Next, we derive operator norm estimates for 757} with 1 < j, k < co. The support of the cutoff
functions implies that the kernel # ;i (7, 1) vanishes unless

T M

g : 27'

The following kernel estimates follow from two integrations by parts, or from a straightforward
estimate of the integral,

27 Irr ~ 1~ Q*kur =

27 Z
7_[‘ A’ 5 : T ~ - H .
i 1) (1+2?J|k1(/\2)—k1(ﬂ2)‘)2 (1+27‘k1()‘2)—k1(ﬂ2)‘)2
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Using the fact that k1(A(72)) — k1(A(p?)) ~ 7 — pu for 0 < 7,4 < /&p, together with Schur’s
test we obtain || 7377 |[z2 2 S 2-13=kl. Similarly, one obtain the off-diagonal decay estimates
|77 Tl L2—r2 S 2-l7=kl Applying the Cotlar-Stein lemma yields the L? bound (9.2), which,
together with the decomposition of ¥} in Lemma 9.1, implies (9.3). O

Lemma 9.4. Let A =&+ @ such that &€ € (Ag,00), and ® € L? then we have
(9.0 = | [ Wt VEnema d) 5 ol
Ao €] 1o (=D "

It follows that,
00 1 2 %

(9.5) —= S Pl
AoV I3 "

Proof. The proof closely follows that of Lemma 9.3 and is therefore omitted. U

r:l:)\xl\[r r)dr

9.2. L?>-bound of the operator £. Recall that by Proposition 7.10 and Lemma 7.11, for any

compactly supported functions ®, ¥ € L2(0, 00) such that ® = <$1> and ¥ = <:§j1> , we have
2 2

1 o k()
tL it t .
<emP U > = 507 Ie FN-0) </ O(- (s,\) o1 (s)ds, ¥( )>L2 d,
)

ZR

_ 1/61,1‘,/\ K )‘
“omi ;¢ A ONd- O

where % is an odd function and ©1(r, A) is an odd function in A and ©3(r, \) is an even

(O 1), 012()) 12 (O, A), U(-)) L2 dA

function. Therefore, we obtain

< et U >= — /F cos t)\)cﬁ()\gj\i)()\)< < O1( ), h2(5) >< Oa(, N), a(r) >

<020, 01() >< O1(: ). () > )y
1 [ i) h L (< 01N ) 2 < 1N, () >

+ < @2(")‘)7¢1(') >< 92(3)‘)71&2(') > )d)‘

We write A = & + @ with £ € (0,00), and regard A\ as a function of § and vice versa.
Therefore, we divide the above integrals into integration region r < E and 7 . For small

r, and depending on the value of A, we use the representation in Lemma 7.11 Wlth (7 19). For
large values of r, we use the representation (7.22) from Lemma 7.14.

We denote by:
Ijl()‘) =< 61(‘7 A)XJ(\/g)ﬂbQ() >, jkl()‘) =< @2(7)‘)Xk(\/g)7w2() >,
T3(N) =< 05 VX (VE), 61() >, TEA) =< ©1(, Nxe(VE), v (1) >

Then we have

<O U>= ) / cos(tA) — igy( )( TNTH ) + ZHNTE(N)) dé

0<jh<1

+ Y / sin(th) - ’;52)( )( I NTZ(N) + (N T (V) dg

0<4,k<1
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Next we estimate the contribution of Ié(A)j,i(A), for the non-resonance and resonance case, in
the Stone-type formula above, for 0 < j,k <1landl=1,2.

9.2.1. Proof of the non-resonance case. We divide the proof into two steps for small and large €.
Step 1: Small ¢ € (0, dp).

Case 1: contribution of Zy(A)Jo(N).

Claim 9.5. We have

[ il w0 < sl el for k=12

T E e S @212 122 =1,2.
o |dtN)d- (N L

1 RN 20\ 7k
/0 mzo()\)jo ()\)’ dg S l1@2ll e 12l 2, for k=1,2.
Proof. We restrict our attention to proving the estimate for Z}()\) J4 (A), since the remaining
cases follow by analogous arguments. We denote by @1(r,\) = <$HE: i;) and @2(r,\) =
12
<$§;E:’ i;) . Recall that by (7.19), we have O(r, \) := wi(A)@1(r, A) — ws; (A)@a(r, A). Hence,
we have
% k(N
—— TN T (\)d

do K
[ i (< hen 6N — wh () em AV 0200 > )
(1< @R — 0 (el ND0(VE). tal) > )de
do K
— [" L s < BN NN(VE). dal) >< wh ()@l ol VE) va() > de
; < whH (N @1 (4 N)x0(VE), da(-) >< wg (V) @22(- Axo(v/E), ha(-) > dé
do K
[ i < A0 Mo(VE).éa() >< whNenal Mol VE). val.) > de
(

do
+/0 m < wii (M) @21 (4 Nxo(VE), d2(-) >< wh (N @aa (-, Nxo(VE), () > dé
=I14+1I4III41IV.
By Lemma 7.2, 7.3 and the fact that |k(\)| ~ \/> we have

() (wh(N))? — 6y (N whh (Nws,;
G < i [ < v

Recall that @1(r, \) and @1(r, \) satisfies,

A
S ""%a lp2(r, A)| < r3  for small T,
3
lo1(r,\)| Seva, |o2(r, \)| S for large r < r..
t

We first estimate the most delicate term which is the last one IV. We have

do
IV < ; VE< @a1( MX0(VE), d2(-) >< @22, M xo(V/E), o) > dE

</ " VE ol M| , d€ 1162111z 12l

AxVE)|
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5|

€5 < oa(, No(VE), 82 >|

€5 < @l Mxo(VE), va() >|

L2(0,60) ’

€5 < @21(, Nxo(VE), 62(") >)

Lg(o,éo)

. Using a

LZ(0,60)

Next, we estimate the first term separately ‘

change of variable ¢ = /£, we obtain
2

050 VE ( / o, A)m(ﬁr)@(r)drf de =2 /O e ( /0 " on(r, A<<2>)><o<<r>¢2<r>dr) ac

0
We denote by

00 Vo
Tv(¢) r=/0 C@a1(r, A(C*))xo(Cr)v(r)dr, T w(r) r:/o o @21(r, A(0%))xo(or)w(0)do.
Therefore

* Vo
TTw(C) _/0 C(P21(7“7)\(C2))X0(C7“>/0 o @a1(r, \(0%))xo(or)w(o)dodr
V8o oo
N /0 /0 Co@(r, A(CQ))(Dﬂ(T? A(UQ))XO(CT)Xo(UT‘)drw(a)dg

Voo
= / K(¢,0)w(o)do.
0
where,
K(Co) = [ CoonrA@)om(r Ao xo(crrolor)in

Moreover, we have

Vo Véo 1l V8o oo
/0 K (C,0)ldo < /0 /0 Cor®xo(Cr)xo(or)drdo + /0 /1 Coryo(Cr)xo(or)drdo

1 1
3 ?
<1 —|—/ CT2/ ododr < 1.
1 0

By symmetry, one can obtain fo\/% |K (¢, 0)]d¢ S 1. Therefore, [[K(C, o)l 11 (40 and | K(C, )| 1140
are bounded uniformly, then by Schur’s test we obtain ||T7"¢a|| 2 < [|¢2]l2 - Thus, by duality
we obtain

1
: . . ol <
(9.6) ‘54 < @21 ( \xo(VE), d2() >‘ L2000) ~ [d2] 22
Similarly, one can check that
1
: . . - <
’54 < @22(- Mxo(v/€:), 2 () >‘ L2000) ~ Y2l 12

which yields,
VI S ll2llpz 2l 2 -

Next, we estimate I, and the other two terms II and III can be estimated analogously. Using the
Cauchy-Schwarz inequality and the asymptotics of @1 (r, A\) and @1(r, A) we obtain,

/50 (M) (w55 (M)
o dt(Nd=(N)

< 0115 Vx0(VE), 2(-) >< @12(-, Nxo(V/E), 1ha(-) > df‘

< [ Ve E Jont Ve

|62l 12

@12( Mxo(VE)

pall 2 dE

12| 12|
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RV C [ e ol Ll
< HmuLg Il

where we have used the asymptotics of @1 and the fact that r. = \[, with 6¢ < e. Similarly, one
can estimate all the other terms for Z3(\) JZ(A). O

Case 2: Contribution of Z; (A\) 71 ().
Claim 9.6. We have

/ ’
0

do
/0

Proof. Tt suffices to establish the estimate for Z3(\) Ji(\), as the proof of the other cases can
be obtained in the same way. Recall that, by Lemma 7.14, we have

O(r, A) =11 (A) (wii(N)a3 ¥ (r, =A) + wii (=N ¥ (r,N))
+ 2N a3 W (1, =) +y3(A)TT (7, X) + 72 (AW (7, ),

)

A
oL HOITE e S loalgz leals, for k=1.2
A
d+(,;§d)()\) 2()‘)~71k()‘)’ d€ < ”¢2HL3 HT/JQHL,%, for k=1,2.

where for small [€],

2re
5

9.7 m(A) =0(

3
) (NS ev?

Hence, we have

o0y <Ot Nx1(VE), ¢2(-) >< O2(-, Nx1(VE), o) > d

K(A
N)d
do K
— [ oy <O RO () + sl A6 1 (VED 62l >
< (A) (w0 )T (r =) + Wi (A T(r, ) X1(V/E), o) > dg
[ ey <) ROV -A) 4 SR ) (VE) eal) >
< (2B =) + 3O ) + 1AW ) 31 (VE). ) > de
do K
[ s < GaTR () + TR A) + TR A) xa(VE), 6a() >
<) (s Nl ~X) + fy (CN B (0) 1 (VE) () >
do K
[ ) < (O (=) + 2 1)+ 2N ) s (VED. () >

< (12N =) + N T A) + (V) A) xa(VE), () > dé
=1+ + 1T+ 1V.
By Lemma 7.2, Proposition 7.10 and (9.7), we have

K(A)71(N)? K(A)72(A)?
T Nd- () atN)d- (V)

1
€]

1
€]

( )13(N)?
TN)d- (V)

e
§

~ ) ~ ) )
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ENN? | o igJevs 5 "6()\)71()\)’72()\)‘ < 1 2 |s)n(A )’73()\)‘ < 1
FOd 0| * PEmeor (FyEe T FEme o) |
RNV | o ~Fire [A)72(A)s ()\)'< 1 K >\ )' Vi E
dr(Nd=(A) |~ Lo dtNdE() T e
RN | 22
dr(Nd=(A) |~ '

£(A)7s (A)ya(N)
ar(Nd 7(4A) S

Notice that the main terms are the one that has

KA (M) ’ 1

aF(Nd- (>\) ~ i’
4re

6%7 for some 4,7 € {1,2,3,4}. The second term involves 74, and therefore it includes an

exponentlal decay factor given by ¥ (r A). We will mainly focus on estimating the first term

with no decaying factor. However, we will first estimate I and we omit the proof for all similar

terms that include a decay factor.

First, we estimate for first term I. By Lemma 9.1, we have the following decomposition for
‘Dl(T7A)

I o
(9.8) Uy(r,\) = ( )(7" A)(1 —i—O(ﬁe 2ree)) ¥ (1, A, U (7, 0))
where,
1 _9_9¢
(9.9) e e E)| % e 7

ik1(N\)r
Thus, we only focus on the contribution of ‘P?’oo’l)(r, A) = <C1 (e)\)eikl()\)r> . By Lemma 7.2, we

3 re

have |w;(£A)| < ev2 5. Hence, by Cauchy-Schwarz inequality and by Lemma 9.3, we obtain

[

<

A< (RO 4w (<X)e M) 0 (VE) . o) >

< (Ve (=Ne O 4w (~X)er (NP ) 3 (VE), () > ’df
S llo2llza 192l 2

The estimate for the Y can be obtained similarly using Cauchy-Schwarz inequality and Lemma
9.1. Therefore, we obtain the desired estimate for I. Note that, II and III mainly contain an
exponential decaying factor similar I, and using the the exponential decay of \I/; for one that
contains 7174, one can obtain the desired estimate and we omit the details.

Next, we estimate IV and will focus on the first term and all the other one can be estimate

()72(>\) ‘ 1
drFNd=N |~ /gl

similarly. Using Cauchy-Schwarz inequality and the fact that together with

Lemma 9.3, we have

do K 2
[ R < WA, 6a) < T - (VE val) > A

do
S [ g < 8020 >< TN (VE) a0 5] de

dbo 1 0o 2 3
< __
N</0 VI ’/o (= Apa(VEra(r)dr )
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4o 1 00 %
b +
X(/o \/E‘/O Uy (r, — N)x1(V/Er)a(r)dr df)
S o2l 2 [[¥2ll 2

Using similar argument, one can estimate the other terms in IV, and this concludes the estimates

for Z} (\)J{ (M) and similarly for Z3(A\) J£(N). O
Case 3: Contribution of Zy(A)J1 ().
Claim 9.7. We have

I
K(\)

do
2 k _
I ot B <A>‘ aE S dallyz oz, for k=12,
Proof. By Lemma 7.11 and 7.14, we have

o
/0 CH()\;?Z)_()\)I(%()\)jll(/\)df

do K

- /0 ngfl)w <01 Mxo(VE), d2() >< O, s (VE), () > d
(
)

=

()\52)() 5(>‘)«71k()\)| d€ S o2l p2 1v2ll2 . for k=1,2.
(

(A)( < @hHNE11(5 A) — why () @21 (- M) xo(VE), o) > )
x ( <) (T, ~A) + wh (DT 0) 1 (VE), () >

+ < (2N, =2) + 13N T A) + (N T (1, ) xa(VE), () > )d€

By Lemma 7.2,7.3, 7.14 and the fact that |x(\)| ~ /|| (see Proposition 7.10), we have

’i<)\)wz2( Jwit (M) (A) < o VaETE K(AN)way (Nwiy (M) r11(A) < %%7’5
d+(A)d=(A) ~ ’ d+(A)d=(A) ~
(A )wgz( A | o -2 H()‘)w21(>‘)’7k()‘)‘
Se vz, <1, fork=23,
d*(N)d= () d+(N)d=(X)
(A )sz( )N | - —2 i [ R(Nwy (V) ‘
< VlglevEeT, < VIEev
rod )|~V I
~ ~ r(Nwd; NV _ K(Nw3; (N (A)
Notice that the main terms are the one that has Wd*x) < 1,fork % <

3 27e
v/ |€levz 5 . The second term involves 74, and therefore it includes an exponential decay factor
given by W3 (r,\). We will mainly focus on estimating the first term with no decaying factor.
We only focus on the first term for £ = 2, the remaining cases follow in the same way.

I
: ( 060 ﬁ'/om eVl 2d§>2 (/od \}z [ . (VErya(rydr| df)é

By applying duality together with Schur’s test or using (9.6) from Case 1, we obtain

</060 Ve ‘/ooo @21(r, A)xo(v/€r) 2 (r)dr i

1

€4 < o (- Vxo(v/E), ba() > ; < Uh (- Nxi(VE), () >| de

1
2
d&) S ldall
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Moreover, by Lemma 9.3 we have

do 1
</0 \/E"I’E( A)x1 (VEr)pa(r dT’ d§> S l2llze -

This concludes the proof of Claim 9.7.

Step 2: Large £ € (Ag, ).
Case 1: Contribution of Zy(A)Jo(A).

Claim 9.8. We have

o A

/AO (I;\gdz()zo( )Tg (A )’ A€ S N 2llpe lvallpz s for k=1,2.
o A

/Ao cﬁ(’;gaf)(/\)zz()‘)jok(/\)’ d€ S o2l 2 12l 2, for k=1,2.

Proof. Similarly to step 1, we focus on proving the estimate for Z}(\)J(\), while the bounds
for the other terms follow by analogous arguments. We have

| el Smg v
— [ oy < B Nen e Aa(VE) 6a() >< wh (N AoV val) > de
< wih (N @115 Mxo(VED), P2(-) >< w5 (V) @22 N xo(VE), va(-) > dé

(
)

+ /0 Cﬁ(ig:;)_()\) < wi (A @21 (- Nxo(VE), 82() >< wih(N) @12(, N xo(V/E), Pa(-) > dE
(

A
=1+ 411+ IV

L < ()n ( DVE620) < e AV () >

By Lemma 7.5, 7.3, and the fact that |k(\)| ~ /||, we have
EN) (Wi (N)* N | - €] E(N)wiy(Mws (V)
dr(Nd=(\) |~ dt(A)d=(A)

Recall that @1(r, X\) and @2(r, \) satisfies,

(A (w5 (V)
dt(A)d=(A)

S 18l < &l

3

l@1(r, A ST%, lo2(r,\)| Sr2 for small 7,

3
l@1(r, )] S eve’, |p2(r, \)| S for large r < re.

We will only estimate the first term I, and all other terms can estimated similarly. We have

1< /AOO €] < @110, Axo(VE), d2() >< @12(- A xo(VE), 2 () >’ d¢
= ‘55 < @11 (5 Ax0(VE), d2(-) >) &1 < @12, N xo(vVE), ¥2(-) >‘

L2(0,60)

£ < ol \xo(VE), da() >|

L2(0.60)

. Using a
LZ(0,60)

Next, we estimate the first term separately ‘

change of variable ¢ = /£, we obtain

/Azof/ @11(r, A)xo(V/Er)p2(r)dr

0

2

d¢

/OOO ©11(r, M(€?)x0(Cr) g2 (r)dr

dg— 2/;;0@
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We denote by

) :/OOO(3(Pu(r,A(C2))X0(C7‘)v(r)dr, T*w(r) := /°° o3 011 (1, A(02)xo (o7 w(o)do.

VAo
Thus, we have

TTw(() = / T Gon(n AC))xo(Cr) /\;;03(911(7“7 A(0?))xo(or)w(o)dodr

Ll
_ /mK((,a)w(a)da

- /0 " ot i (r M) o11(r, A02))xo(Cr)xo(or)dr.

l\)\w

3
o2

, A(¢%))@11(r, A(@®)x0(Cr)xo(or)drw (o) do

where,

Moreover, we have

mlnll
/ K(¢,0)ldo < / / © C2o2rxo(Cr)xo(or)drdo
VAo

<[

3drda+/ (2o 3/ rdrdo < 1.

By symmetry, one can obtain fm |K(¢,0)|d¢ < 1. Therefore, | K(C, o)l 1140y and | K(C; 0)| £1ac)
are bounded uniformly, then by Schur’s test we obtain ||[T7*¢2| 12 S [[¢2] 2 - Thus, by duality
we obtain

(9.10) ‘

-l\\»—t

1
€2 < o1 (- Mxo(VE), 62()
Similarly, one can check that

&2 < @1al Mxo(VE) () ]

L2(hos00) S 2ll 2

< .
aery S W2l

which yields,
1S l¢2llz (192l 2

The other three terms II, IIT and IV can be estimated analogously. Similarly, one can estimate
all the other terms for Z3(A\)JZ(N). O

Case 2: Contribution of Z;(A)J1(A).
Claim 9.9. We have

[e.e]
| o s moato >\ a S ooz ol zs  for k=12,
%
I,
Proof. We only focus on the estimate for Z{ (\) J{ ()\), since the proofs of the other cases proceed
in the same way. By Lemma 7.14, we have

/60 &Il )\)jl(A)d
o dt(A\)d=(\) (AT (A
= /0 (ﬁ(gz)_m <N (@l VT (1, =A) + wiy (=)W1 (1, A) x1(VE), 62() >

A

dJr()\)d()\)IZ(A)ﬁk(/\)’ dg S lp2llpz el for k=1,2.
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<) (e T, —A) + oy (AT A) 3 (VE), () > d
¥ : o < MO (-0 + o (T () 1a(VE ) >
< (=T (=) + )T ) + 3N () xa (VE), va(-) > de
[ i < a6 =) 2 ) 3 () s (VE) () >
<) (e T, —A) + iy (AT 0) 3 (VE), () > d
[ o < a6 =) 2 ) 3 () s (VE) ) >

Ao
< (7’72()‘)@?2(7“’ *)‘) + 73()‘)\1’15(7“7 )‘) + ’)/4(>\)\I/2+2(7“, A)) Xl(\/g')7 7!)2() > df
=141+ I+ IV.

By Lemma 7.5, 7.3, 7.14 and the fact that |k(X\)| ~ \/|{|, we have

RN | ) | s 0)? 1 K(A)73(A)? 1 KM)uN? | o1
d*Nd=(N) [~ dE NN Il 1dENdm M) [T g TdE (N /¢
%(A)%(/\)'Y2(A)‘< 1 () 1(A)7s ()‘< 1 ff(/\)'yl(A)'y4(A)'< 1
dr(N)d=(A) |~ gt | drNdT () [T g d+(N)d=(}) BE
’f()\)72(>\)73()\)‘< 1 H(A)’72()\)74()\)‘< 1 K(A)73 ()\)74()\) < 1
dr(Nd=(\) |~ el dr(Nd=(\) |~ el d+(\)d ~ V€]

Notice that the main terms are the one that has %‘ (Ulﬁz)l\)(jl‘)ﬂ? ()A )‘ \§|lz;
for some j = 2,3,4. Notice that the first term carries an additional factor of |wi;(\)[?, while

the second is multiplied by |w;;(\)|. By Lemma 7.5, we have |w];(+\)] < [NV Hence, all
coefficients are bounded by |£|~1/2. Therefore, it suffices to estimate the first term I involving
\Iff, as the remaining terms follow by a similar argument.

By Lemma 9.2, we have the following decomposition for Wy (r, A)

Uy (r,\) = ( )(r M) (14 0O( )+ Y1(r, A, U (r, \)),

1
V€l
where,

(9.11) e wd o (ve)

Se
120,00~ \/[E]

_( Pr(Ba(N)r) :
We first focus on the contribution of W(E 1)(7', A) = <cl()\)h+(k:1()\)r) . Using Cauchy-Schwarz

inequality in ¢ and the fact that |w)| (£A)] S ]f\_% together with Lemma 9.4, we obtain

1< /A h
< (WH e (=N ho (B () + i (—Ner Vo (k1 (V) x1(VE), o) > |ae

S N2l r2 2l 2

The estimate for Y can be obtained similarly, using the Cauchy—Schwarz inequality and either
(9.11) or the second assertion of Lemma 9.4. t

< (@i WA= (ki (N)r) + @iy ()R (kL (A7) xa(VE), da() >
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Case 3: Contribution of Zy(A)J1 ().
Claim 9.10. We have

o K(A) )
/Ao Fa- NI >\dssu¢2uLg lallyz,  for k=12
| 8l _
[ |G Bt o as S loalsg oy por k=1,

Proof. By Lemma 7.11 and 7.14, we have

+ < (=N =A) + 1N A) + (W) T () xa(VE) () > >d§
From Lemma 7.5, 7.14, and the fact that |x(

H()\)Wm( Jwi

)| == /€] for large ||, we have
r(N)wg; Nwiy My (N)

H )M 1 2 I
()d (A) ‘SA’ d*(A)d=(A) ‘5/\’
k(A wdy (M) 1 K(N)wy M)V 1
d+(2>\2)d (\) ‘SM’ d+(2Al)d—(§) ’S“M’ ork = s

Notice that all coefficients exhibit the same bounds. Therefore, we will focus on estimating
the first term without a decay factor, as all other terms, with or without decay, can be handled
in a similar manner.

/A TleE < onl Nxo(vE). o) > ; < U~ (VE) ta() >

5(/:5 dé)g(/;;g(\lfﬁ( M (VE s czr]dff

By applying duality together with Schur’s test or using (9.10) from Case 1, we obtain

dg

/ (0117">\X0\[7"¢2 )dr

0

N|=

< : Ve ‘/OOO ©11(r, A xo(V/€r) o (r)dr ’

d§> S N2l

Moreover, by Lemma 9.4 we have

(/Ao ‘\IJ A)Xl(\/gr)%(r)drr dé“)é S lallze -

This concludes the proof of Claim 9.10.
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9.2.2. Proof of the resonance case. As in the non-resonant case, the proof is split into two parts,
we treat separately the regimes of small and large &.

Step 1: Small ¢ € (0,dp).
Case 1: Contribution of Zy(A)Jo(A).

Claim 9.11. We have

e =Gy BN O € 5 el ol

T A=y BRI d€ S 12l el

Proof. As in the proof of Claim 9.5, it suffices to establish the estimate for Z&(\)J3 (\) and the

corresponding bound for Z2(\) JZ()) follows in the same way. We denote @f(r, \) = <$EE:’ i;)
and @ (r, \) = <$21E:’ ig) . By Lemma 8.8, we have ©F(r, ) := wis T (\) @B (r, \)—wie T () @ (r, A).
22\,

Thus, we have

5o R
/(] dR’JF()\)E;;%), ()\) I& ()‘)jol ()\)CD\

o KR
:/0 dR,+()\)E;;z),()\) < Wit N e Nxo(VE), d2(-) >< wisT (V) @1a(-, N xo(VE), () > dA

do o
+/0 de+()\)££)1\“3):()\) < w%"‘()\)@ll(" A)XO(\/E’)MbQ(’) S< Wi’—i_()\)(ﬁ)ﬂ(‘a )‘)XO(\/E')an(') > d\

do P
+/O dR’Jr()\)E;\g’()\) < w§»+()\)<p21(.,/\)XO(\/E.)@Q(.) S < w§2’+()\)(p12(‘,A)Xo(\/g-),w(-) > d\

do o
+/0 de+<A>(dAR):<A) < gt (@210, Dxo(VE), 82() >< wii " (N@aa(-, Axo(VE, a() > dA
=I+II4+I1II4+1IV

By Lemma 8.2, 8.3, Proposition 8.7, we have

RPN (whs ( )? OIS ARy VN | o 1 s
dftr (A ) =(N) €] ’ AEFNAE-() |~ )
KA )(W21 (V)2 1
dRFNAR=O) |~ el
Recall that @f(r,\) and @f(r, \) satisfies,
O (r N)| S 72, eR(r, )| <r?  for small r,
1 ~ 2 ~
(PR A S e%T, (PR r,A\)| <1 forlarge r <r..
1 N 2 >

We will only estimate the most delicate term IV. We have

do
V| < / ;g < a1 (- Nx0(VE), d2() >< 02, Nxo(VE) () > de

<2 < om - Nxo(VE, o) > L om0 (VE) () >
£a L2(0,50) €1

LZ(0,60)
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Next, we estimate the first term separately

5%1{ < @21(, M)xo(VE:), da2(-) >

. Using a
LZ(0,60)
change of variable ¢ = /£, we obtain

2

/ ) v ( / " oalr, A)waEr)@(r)dr)Q d=2 | m ( / " om(r, A<<2>>><o<<r>¢>2<r>dr> .

We define the operator
7u(0) = [~ on(r A xa(ru(rydr
Setting xo(x) = an(:n), where supp(n;) C [2-G+1) 277], we decompose the operator T =
=0
> 520 Tj where
7001 = [ entr Mm@ 0<C< VB,

Vo
T = [ e XAy (or)ulo)dn

Next, we estimate the operator norms ||77 Tkl 212~ Indeed, we have
Vo oo
1) = [ [ enlr o) o) eu (s N mlos)u(s)dsdo
0 0

= /OOO K(r,s)v(s)ds,
Vo

where K(r,s) := / ©21 (7, M(02)) @21 (5, A(¢?))n; (or) i (05)do. Using the asymptotic behavior

0
21 for small and large r, we obtain

0o Voo 00
/ ]K(r,5)|ds§/ 77]-(07“)/ Nk (os)dsdo
0 0 0
277 2~k
< ™ o
~ /2(j+1) /2(’€+1) dsdo
T o o

T 1
< 2"“/ o Zdo <27k,
~ 2—0U+D) o ~

By symmetry, we obtain [, |K(r, s)|dr < 277, Therefore the norms || K (r, MNr2(as) and K5 8) |24
are uniformly bounded by 27% and 277, respectively. Then by by Shur’s test, we obtain

HTJ‘TkHL§—>L§ S27227E
Then by duality we obtain,
00 00 . ]
« _k__J
< Ty, Ty >= Y <o, TiTiha >S > 272272 ||gol|72 < [l 72
J,k=0 J,k=0
Therefore, we get
1
(9.12) o < @21(, Nxo(VE), d2(-) > S N d2llre
4

LZ(0,60)



THE DISTORTED FOURIER TRANSFORM FOR THE LINEARIZED GROSS-PITAEVSKII EQUATION 99

1
I

This concludes the estimates for IV. All the other terms come with an additional decaying factor
and can be estimated similarly, we omit the details. [l

Similarly, we obtain

< @22( Nxo(VE), p2(-) >

S N2l e -
LZ(0,60)

Case 2: Contribution of Z; (A\)J1 ().

Claim 9.12. We have
()
A+ (N)dR—(N)

I
k(A

)
/0 dRH(N)dR=(N)

Proof. We only need to establish the estimate for Z{ (\) J{()), the other cases can be treated
analogously. Recall that from Lemma 8.11, we have

0% (r,A) = 1 (V) (@l (N (r, =3 + wftF (0 e (1))
+ 3 (N (@3) 01 (r,=A) + i (AT (1, 0) + A )T (),

By a direct computation, similar to that in the proof of Claim 9.6, we obtain the following
decomposition

THONTE )| d6 S 2l ol for K =1.2.

z%u)Jf(A)\ 4 S 6ol a2, for k=12,

) HR(/\)
/ pixs TN TF (N dE == TF 4 117 4 1117 + 1V E,
0

3
Va'e

(AR (N)
Note that by Lemma 8.2 and 8.11 together with the fact that \nR(/\)] ~ \/E we have
REOVEO? | o 1 s | ROREO) ‘ 1 w(A)ﬁ(A)? _ 1
oV by R A oV e PV Ky ro M P a ey oY e
REOVEO)? | o 1 s | RRO) RO <A>‘ 1 s [RRO <A>w§<x>'<1e
dBt (N (N [~ /€] dit(A)df= () [3 T Rt (N)aR (N [ I
ROV | o 1 —aar | £ (M) (/\)‘ 1 (A)’Vz() (A)‘ 1 3z
dit (N dB=(A) |~ [l AN A=A |~ /el dR*(/\) ~(A) €] ’
RNV o 1 s
diF(N)dB=(N) |~ /€]

BROVYEN)yE(X R
Notice that the main terms are the one that has HdR(’Jr)(v)’\)ElR)}(;)) S l\gl , and W’ <
3 4re
ﬁeﬁ 5, for some i,j € {1,2,3,4}. Theses terms can be estimates exactly as in Claim 9.6

using Lemma 8.2 together with Lemma 9.1and 9.3. U

Case 3: Contribution of Zy(A)J1 ().
Claim 9.13. We have

do
/0

/ ’
0

k(A
dft+(N)d=(A)
k()
dft+(N)d=(N)

BOITHO e S alls ol for k= 1.2

BTt S allsz Walsg . Jor k=1,
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Proof. Tt is enough to prove the estimate for Z}(A\) JH()), since the remaining cases follow by
the same reasoning. By Lemma 8.8 and 8.11, we have

5o R
/0 dR*()\)El)I\%) ()\)I&()‘)jll()\)dﬁ

do

[ 7=
J

do

Ez ) =) < O AN xo(VE), da(-) >< O, Nxa(VE), wa(r) > de
B(X)
N dR:

di+

&
o (< B e ) - el e Dro(VE) 6x() > )
(<) (-l T -2+ P A ) xa(VE) () >

< (I~ A N0+ F () a (VE) val) > ) dg

Using Lemma 8.2, 8.3 and 8.11 with the fact that x*(\) Note that, using Lemma 8.2, 8.3 and
8.11 with the fact that [k®(\)| = \/[¢]

S N OREW)| ¢ 1t [SOB NE ONEO)] ¢ L3t
dft+(N)d=(N) ~ el ’ dft+(N)d=(A) ~ el ’
PO O] L g [RQTO]  L
dEF(NAE=(N) |~ /] ’ TR ()| S €’ ’
SO OO L g RSO OO L g
dR+(NdE=(N) |~ e ’ dR(N)dE=(A) | V€]
R+ ()
Notice that the main terms are the one that has KRd(,i‘)f(Q){) d;,)j(’l“j\g/\) S \/1@, for k = 2,3
R,+ 3 2re
and Rz(é:)f(?/{) dg%):)_ﬁ/(‘{;?) S 1|£|e%7. The second term involves 75, and therefore it includes an

exponential decay factor given by \IléF (r,\). We will mainly focus on estimating the first term

with no decaying factor. We only focus on the first term for &k = 2, the remaining cases follow in
the same way.

I &

<[k ) ([ Lot ntvanna )

By applying duality together with Schur’s test or using (9.12) from Case 1, we obtain

([

54

L o Nx0(VE), () > ; TN (VE) () >

/ ©21(7, \)x0(\/Er) o (1) dr
0

N

/ @21 (7, N xo(V/Er) o () dr
0

Moreover, by Lemma 9.3 we have

(/060 ! W, =M (VEa(r dr‘ d5>2§uw2ug.

This concludes the proof of Claim 9.13.

d§> S [zl 2
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Step 2: Large & € (Ag,00). This case is analogous to Step 2 for non-resonance case and we
omit the details.

APPENDIX A. PROOF OF THEOREM 1

In this section, we present the proof of Theorem 1.1. The argument is essentially the same as
in the Euclidean case, and we follow the approach in [13]. We prove the existence and uniqueness
of the solution to the equation (1.3) and (1.4), that is,

2
(A.1) d%u + coth(r)dpu — n72u +u—u®=0,
sinh*(r)
(A.2) limu(r) =0, limu(r)=1, wu(r)>0, Vr>0.
r—0 T—00

Notice that a solution to equation (A.1),(A.2) defined on (0, R) can be written near 0 as power
series u(r) =Y 104 apr®. Plugging this into the equation for small 7, i.e,
2

o)

One can see that a, = 0, for all k < n, and we have u(r) = ar™ + O(r(*+?), where a = a,,.
Therefore, any bounded solution of (A.1) near r = 0 is a solution to the following problem

(63u—|—(%+0(r))8ru utu—ud=0

2
(A.3) %afv(a,r) + %coth(r)@rv(a,r) = lelﬂ(ﬂv(a,r) +o(a,r) —v*(a,r) =0, >0
(A.4) v(a,r) ~ar™ asr —0.

To prove Theorem 1.1, we use a shooting argument with respect to the parameter . As by
product, we have the following results:

Theorem A.1. Let v(a,r) be a solution of (A.3)-(A.4) in the mazimal existence interval (0, Ry)
and let a be constant of Theorem 1.1. Then, we have

e ifa€(0,a), then R, = 00 and |u| < 1 and oscillating.
o if a« =a then Ry, = 0o and lim u(r) = 1.
T—>00
o if a € (a,00), then Ry < 00 and lim v(a, 1) = 0.
r—Ra
First, we prove that the system (A.1)-(A.2) admits at least one solution. Our strategy is to

employ a shooting argument. To this end, for each @ > 0 we consider the auxiliary problem
(A.3)-(A.4).

Lemma A.2. For any a > 0 there exists a unique solution near r = 0 for the problem (A.3)-
(A.4) such that

v(a,r) = ar’" — 2L o™, as 7 — 0.

2n +2
The unique extension of this solution to the maximal interval [0, Ry) satisfy either R, = oo
or lim v(a,r) = co.
r—Rq
Proof. The result follows directly from a power series expansion combined with standard theory
for ordinary differential equations. For brevity, we omit the details. [l

Remark A.3. Note that the dominant term in the asymptotic expansion of v or u asr — 0 is
the same as in the Euclidean setting. The difference appears in the coefficient of r"+2, which is
slightly altered due to working in the hyperbolic space with curvature —%. More generally, in a
hyperbolic space of curvature k, we have

a 7m+2

— n _
v(a,r) = ar +/<;4n+4

+ 0™, asr —0.
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Next, we introduce the following three disjoint sets:
A:={a>0|3y € (0, Ry,) such that v,(a,y) =0}
B:={a>0|Vre(0,R,) and max wv(a,r)>1}
re(0,R,

C:={a>0|v(a,r) >0, v(ie,r) <1Vr > 0}.
Notice that the three sets are disjoints and that
(A.5) AUBUC = (0,00).
Lemma A.4. If a € C, then v(a,r) is a solution to (A.1), (A.2).
Proof. Since for a € C we have that v(a,r) is strictly increasing and bounded by 1, it follows

that the limit exists
lim v(a,7) =:1€ (0,1]

r—00

It remains to prove that [ = 1. Assume by contradiction, that [ < 1. Then, from (A.3), we
obtain 2 (sinh(r)v,), := sinh(r)(I*> — 1 + Ty + (v3 —13) — (v — 1)), which implies that

2 2sinh?(r)
FUp = Cossligzﬂ;l (I3 —1) +o(1). Since v, > 0 for all 7 > 0, this leads to a contradiction. Therefore,
I =1 and v(a,r) is a solution to (A.1), (A.2). O

Note that, by Lemma A.4, in order to prove Theorem A.1 it suffices to show that C is non-
empty. From (A.5), it is sufficient to prove that the sets A and B are both open and non-empty.
First, we study the set A.

Lemma A.5. The set A is not empty and there exists a positive constant m such that (0,m) C A.

[

Proof. For any « > 0, define w(a,r) = %, for r € (0, Ry). Then w satisfies

1 1 2
58310 + 5 coth(r)0,w — ﬁh(r}w +w=ca’w? re(0,Ry),

w(a,r) =r" — 2 4 0(7“"+4), as T — 00.

2n + 2
It follows that as a — 0, w(a, ) — w(0,r), where w(0,r) is the solution of
2

1 1 n
A. Z9%w + = coth(r)dw — — - -
(A.6) 28,,10 + 5 coth(r)d,w 2sinh(7")w +w=0, re(0,00),
A. — " _ n+2 n+4 .
(A.7) w(a,r)=r 2" +O0(r"™), as r—0

Notice that the solution (A.6) are the spherical functions. Also, one can see that for large r, the
equation (A.G) is approximates by (%83 + 0r + 1)w = 0, whose solutions are oscillating. Thus
the solution (A.6) must exhibit oscillatory behavior. Consequently, for small values of «, the
function w(a, ) oscillates, and hence so does v(a,r) = aw(a,r). As a result, there exists some

m > 0 such that for all « € (0,m), we have a € A. O
For any a € A, we define

(A.8) yo(a) := inf{r € (0, Ry)|v.(cr,r) = 0}.

Lemma A.6. If a € A, then

(A.9) sinh_l(%) < yo(a)

[NIES

n2
(A.10) v(e, yo(@)) < <1 B 2smh?(y0(a)))

(A.11) vpr(, yo(ar)) < 0.
In addition, A is open and yo(-) € C*(A).
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Proof. Since a € A, and by definition of yo(a) we have v, (o, yo(a)) = 0 and v, (o, yo()) < 0,
because v ~ ar™ near 0. By the equation (A.3), we have
2

1 n
A.12 — v (a, =v(a, — 4+ v¥(a, -1) <o.
(412 Forn(omn(a) = ol pofo) (G + e () < 1) <
which yields, 0 < v?(a,yo(a)) < 1 — 28111}1?7(10(&)) Therefore, Sinh_l(%) < yo(a) and 0 <
1

v(a,yo(a)) < (1 - W&Ma») * . To obtain (A.10), we need to show that the inequality is
e . 2 n? 1 —
strict. Assume v*(a, yo(ar)) + St (g0 () 1 =0. Then

i 02<ar)+77,2_1>‘ :_M<O

dr ’ 2 sinh?(r) r=yo(a) sinh® (yo () ’

which implies that v? + % —1 > 01in (yo(a) — d,y0(a)), for some § > 0. It follows that
3 (sinh(r)v, ), = sinh(r)(v? + _n 1) > 0 for € (yo(a) — d,yo(a)). Integrating between

sinh?(r
yo(a) — ¢ and yo(a), we obtain yo((o)z)vr(a,yo(a)) — (yo(a) — &)vr (e, yo(a) — §) > 0. Using the
fact that v, (a, yo()) = 0, we get v, (o, yo(a) — §) = 0, which contradict the definition of yo(«).
This concludes the proof of (A.10). Finally, using the equation (A.12) with (A.10), we obtain
(A.11). The last assertion of the lemma is obtain by Implicit Function Theorem and (A.11). Let
ap € A, then we have v, (ag, yo(ao)) = 0 and vy (g, yo(ao)) < 0. By Implicit Function Theorem,
there exists a smooth function defined in neighborhood of g to a neighborhood of yo(«y), i.e.,
[ N(ag) — N(yo(w)), a— f(a), such that f(ag) = yo(ao) and v, («, f()) = 0. Hence, A

is open and g is smooth. O

Next, we prove that the set B is open and nonempty. First, we show that if a solution reaches
the value 1 at some finite r, then it must blow up.

Lemma A.7. Assume that for some y; € (0, Ry), we have v(a,y1) =1 and v(a,r) < 1 for all
r € (0,y1). Then, v.(a,r) >0 for all v € [y1, Ra).
Proof. First, we show that v, (e, y1) > 0. Assume v, (a, y1) = 0, then by (A.3) we have %vw‘ >

T=Y1
0. Using Taylor expansion at y; and y; — h, we obtain

: UT(a7y1)h_ (v(aayl) _v<aayl _h’)

Vpr (0, Y1) = 2 h%g 2 <0,

which is a contraction. Then v,(a,y1) > 0. Assume v,(a,7) > 0 for all r € (y1, Ry) is not true.
Then, there exist y2 € (y1, Ro) such that v(a,y2) = 0 and v, (a,7) > 0, for all r € [y1,y2). It
then follows that v,r(a,y2) < 0, which contradict the equation (A.3). Therefore, the assertion
of the lemma follows. 0

Lemma A.8. The set B is nonempty, there exists M > 0, such that (M, oc0) C B.

Proof. By Lemma A.6,we have for any « € (0, 00)
n

g
(A.13) vp(a,r) >0, Vr e (0, min(sinh (E),Ra))

It follows that v(c,r) > 0 for all & > 0 and r € (O,min(sinh_l(%), R,)). For any a > 0, define
w(a,r) = %, and set w® := %w(a,r), it satisfies

(A.14)

1wo‘ + lcoth(r)wa —w® (3042?112 + L — 1) =2aw® >0, 7€ (0, min(sinh_l(ﬂ), R,)),
22 " 2 sinh?(r) V2

(A.15)
w(o,r) =" + 0" ), asr — 0.
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By series expansion for small r, we have

@ 32 3n+3
w(o,r) = —5—F—— +O(r :
o) = 2n2 + 3n ( )
Since, w* > 0 near 0, then w® can not attain a positive local maximum in (0, min(sinh™ (%) o))
If not then there exists a critical point ry < sinh™!( \/i) (e, 1< WQ()) such that w®(«, o) =

0 and w (v, 1) < 0. Using the equation (A.14), we obtain 2w@r(a,rg) > 0, which is a contrac-
tion. Therefore, we have w*(a,r) > 0, for all r € (O,min(sinh_l(%),Ra)). Hence w(a,r) is
strictly increasing in «, for fixed r € (0, min(sinh_l(%), R,)). Since v = aw, there exists M >0
such that if @ > M we have v(a,r) > 1. If R, < n, then by (A.13) we have a € B. If R, > n,
then v(a,n) > 1 and by (A.13) we have v,(a,r) > 0 for all » € (0,n). Thus, there exists 1 such
that v(e,r1) = 1 and v(a,r) < 1 for r € (0,71). Then, by Lemma A.7 we have v,(a,r) > 0 for
all 7 € [r1, Ry). Therefore, if a > M then a € B. O

For any o € B, define
(A.16) yi1(a) :==inf{r € (0, Ry) | v(a,7) = 1}.
Lemma A.9. The set B is open and yi(-) € C*(B).
Proof. By continuous dependence of v on «, we have for every «g
36 > 0, such that v.(a,7) >0, Va € (g — do, 0 + dp), and Vr € (0,y1(ap) + 91)-

Thus, by Lemma A.7 for some d2 € (0,61) we have (ag — 01,0 + 01) C B. Moreover, using
Implicit Function Theorem for v(a,y;) — 1 = 0, for y1 = y1(«), we obtain that y;(«) is smooth
and this concludes the proof of the Lemma. O

Proof of Theorem A.1. Recall that AUBUC = (0,00) and A and B are open sets then C is
not empty. Hence by Lemma A.4 we obtain the existence of solution to the problem A.1,(A.2).
Next, we proof properties of the solution to the problem A.1,(A.2).

Lemma A.10. Let u be a solution to the problem A.1,(A.2), then
0<u(r)<1, u(r)>0 foral r>O0.
Proof. The assertion of this lemma is consequence of the following claim

Claim A.11. u be a solution to the problem A.1,(A.2) if and only if there is a € C such that
u(r) = v(a, ).

Proof. Notice that, by Lemma A.4, we have if a € C then u(-) = v(a,-) is a solution to the
equation (A.1),(A.2). Let u be a solution of (A.1) and (A.2). Then u is bounded, and there
exists a € (0, 00) such that u(r) = v(a,r). Since u is bounded, we have a ¢ B, and it suffices to
show that a ¢ A. We argue by contradiction, assume a € A. Recall that by Lemma A.6 we have

1
N 2 3 .
sinh 1(%) < yo(a), v(o,yo(a)) < (1 = W(yo(a))) * and v (@, yo()) < 0. Since v(a,r) >0,
and lim,_, v(a,7) = 1, then v must attains local minimum at some point ro > yo(a), such that
2 2
n n

(A.17) 0 < v*(a,m) < v*(e, yo(a)) < L S o) =1 2snnZ(rg)”

As v attains local minimum at r = rg, we have v,(«,r9) = 0 and v,(a,79) > 0. Then using

. 2
(A.17) and the equation (A.1), v..(a,70) = v(a,70)(v(a, 70)? + ﬁ%’o) — 1) > 0, one can see
that the only possibility is v(a,79) = 0. Howoever, the only solution to second order equation
with v(a, r9) = v.(a,79) = 0 is v = 0, which can not be a solution as u — 1, as 7 — co. Thus

a ¢ A. and this concludes the proof of the claim. 0

The proof of the lemma follows from the claim above. O
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Lemma A.12. If u solves (A.1) and (A.2), then u(r) =1 — 2n%e=?" + o(e™?") as r — oo.

Proof. Since the asymptotics of u as r — oo follow from standard ODE arguments, we omit the
proof. O

Next, we show that the solution is unique. For that, it suffices to prove that C consists of a
single point. We first show that both A and B are connected, therefore, C consists of an interval
[a, A]. We then prove that a = A.

We first start by proving a monotonicity lemma, whcih will play a key role in the uniqueness
proof.

Lemma A.13. Assume that v(c,r) > 0 in (0, Ry) for some Ry < R,. Then
o d 1
v = %v(a,r) > av(a,r), Vr e (0, Ry).

If in addition we assume that vy (c,r) >0 for r € (0, Ry) then

d
(A.18) v (e r) = d—va(a,r) >0, Vre(0,Ry).
r
Proof. Notice that v® satisifies
(A.19) Lo L coth(ryor — oo (ae? 4 1" 1) =0, ¥re(0,R;)
: —v —coth(r)vy —v*(3v* + ————1) =0, Vr  Ri),
272 " 2sinh?(r) '
1
(A.20) v, ) =1" — mrn+2 + 0™, asr —0.
n
and w(a,r) = @ satisfies
1 1 5 n? 5
(A.21) SWrp + 5 coth(r)w, —w@Bv* + —5— — 1) = —2aw” <0, Vre€ (0,Ry),
2 2 sinh(r)
(A.22) w(a,r) =r"— R 27“7”2 + 0™, asr —0.
n
First, we show that v® > w for small r. Recall that w*(a,r) ~ mr%”. Note that

v*(a,r)—w(a,r)

w*(a,r) = > 0, for small r. Thus, v*(«,r) > w(e,r) for small r. Next, we argue

by contradiction. Assume that v*(a,r) > w(a,r) = @ for all » € (0, Ry) is not true. Then
there exist Ry € (0, Ry) such that v*(a, R2) = w(«, Ra). Define

(A.23) k:=sup{c > 0| cv*(a,r) < w(a,r), for r € (0,R2)}.

Note that for small r, we have cv® —w ~ (k — 1)r" < 0, for small r. We conclude that, IR3 €
(0, R2) such that

0=cv*(a, R3) —w(e, R3) = ér[%)a;%c ]{m)a(a, r) —w(a,r)}.
rel0, Ry

Then it follows that
(A.24) KUY =w, KUY =w,, KU < W, for r = Rs.
However, this is impossible otherwise we have

0 n<1 o 4 L oth(ryue — o302 + n’ 1))
= -0 = r)v, — v (3v —_— —
" 2sinh?(r)

r=R3

= —20*w*(a, R3) < 0,
r=R3

1 n?
+ cwp —w (3P4 —— — 1
o o < Y 2sinh?(r) >

which is a contradiction. Therefore, we have %v(a, r) > Lo(a,r), for all 7 € (0, Ry).

Next, we prove (A.18). Note that v > 0 when r is small. Similarly, we argue by contradiction.
Suppose that (A.18) is not true, then there exists Ry € (0, Ry) such that v®(«, Re) = 0. Define
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K as in (A.23). Since Kv& — w, r—r, <0, we can deduce that there exists R3 € (0, Ry) satisfying

(A.24), which by the same arguments leads to a contradiction.
O

Lemma A.14. B is connected and there exists a constant A > 0 such that B = (A, 00).

Proof. Since B is open, we need only to show that if (a1, a2) € B, then ay € B. Define y;(«) as
in (A.16), then we have v(a,y1(e)) = 1 and v(e,r) < 1 for all r € (0,y;1(a)). Thus, by Lemma
A.7 we have v, (c,7) > 0 for all r € [y1(a), Ro) and by Lemma A.13 we have v*(a, y1(cv)) > 0.
Using Implicit Function Theorem for v(a, y1(a)) = 1, we have

d v*(a, y1 (a

oy~ (0 ()

da vr(a, y1 (@)
It follows that limy—q, y1(a) = lp > 0 exists. Using continuous dependence of v on «a, we have

v(ae,lp) =1 and v,(ag,r) > 0 for all r € (0, Ry,). Then by Lemma A.6 and (A.7), we conclude
that oy € B. O

< 0.

Lemma A.15. A is connected and there is a constant a > 0, such that A = (0, a).

Proof. Let yo(a) defined as (A.8), then by (A.18) we have v¥(a, yo(«)) > 0. By Lemma A.6 and
Implicit Function Theorem, we have

4 (ew(e)
dayo( ) Urr (@, yo (@)

By an argument analogous to the one in the proof of the previous lemma, we obtain the desired
result. O

> 0.

Finally, we prove the uniqueness of the solution of (A.1),(A.2).
Theorem A.16. The problem (A.1),(A.2) admits a unique solution.
Proof. In view of (A.5) and Lemma A.14, A.15, we have C = [a, A]. Thus, it suffices to prove
that a = A. Note that for any r» > 0, we have

A
v(A,r) =v(a,r) —i—/ v (o, r)der

By definition of the set C and Lemma A.13, we have

A
1
v(A,r) =wv(a,r) +/ —v(a, r)do
. «
Since for every o € C, v(a,r) — 1, as r — oo, taking the limit r — oo, yields 1 > 1 4 In(%),
which implies a = A. This completes the proof of the theorem. O
APPENDIX B. GREEN’S KERNEL FOR 1Ly — 2

In this section we present the proof of Lemma 2.6. We seek to compute the resolvent kernel
of (iLy — z)~ !, for £Im(z) > 0. Therefore, we define the resolvent kernel as

(B.1) RE(r,s,2) := \If(io) (r,2)S(s, 2)lo<s<r + ‘1’?([)) (r,2)T(s, 2)1r<s<oco-

Let D% (2) = W(\I/?B)(-, z), \Tl?%))(-, z)). Using similar argument as in previous sections in par-

ticular §7.2 and 8.2, we obtain
R%(r, 8,2) 1= i\I'(iO) (7, z)(@i(z))_t\i(io)(s, z)tal Lo<s<r

+iWG) (r,2) (D5(2) TG (5, 2) 01 Lrooo:
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Denote by ;L?]’.i(z) = W(\Il(i()i)(-, z),U ( ,2)). Then we get

)
10 (2)
) — det(D*(2))

D*(:) = (“13 . iy
Hog

+

fo5 (2)

Note that by definition of k;, we have 1— 01(2)02 (z) = 0, see Section 5. Then we have le( ) =
u23 ( ) = 0. Therefore, 9¥(2) = ,u13 ( ),u2;1 (2). Denote by

mj]: (’I“, S, Z) =1 <\Il?f)’z) (Tv Z)\I/?E),j) (37 Z)tl{(]gsgr} + \IIE%J‘) (T, z)\I/?B’Z) (57 Z)tl{r<s<oo}> 01.

Hence, by direct computation, we obtain

1
(B2) Rit(r.s,2) = = (Wi ()9 5,2) + iy ()R (5, 2))
1 1
(B.3) = T%E(r, $,2) + O’T%Qﬂ(r, 8, 2).
s (2) foy (2)

Finally, we estimate ,u(féi(z) and Mgl; (2):
15 (2) = —(1 = ()W (Who(r, k1 (2)), o(r, k1 (2)))
por (2) 1= —(1 = 3(2))W (tho(r, k2(2)), o(r, k2(2)))

5

Using the asymptotics near 0 for ¢g(r) = cr2 + O(r2) and 9y(r) = E1rTE o+ Gors + 0(1), we
have W (vo(r, ki(2)), do(r, k;i(2))) = 2ck; 2k2 for 4,7 = 1,2. Recall that for large |z|, we have
k1 (2)] ~ V/]2], [k2(2)] = V/Iz], e1(2) = —i + O(J2|7Y) and e2(2) = i + O(]2| ™), (see Remark

6.4). Thus, we have

0,+ 0,+
rs (2)] = lpgyr (2)] = V]

This concludes the proof of Lemma 2.6.
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