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Abstract

This paper is dedicated to the analysis of forward backward stochastic

differential equations driven by a Lévy process. We assume that the

generator and the terminal condition are path-dependent and satisfy a local

Lipschitz condition. We study solvability and Malliavin differentiability of

such BSDEs.

The proof of the existence and uniqueness is done in three steps. First of

all, we truncate and localize the terminal condition and the generator. Then

we use an iteration argument to get bounds for the solutions of the truncated

BSDE (independent from the level of truncation). Finally, we let the level of

truncation tend to infinity. A stability result ends the proof. The Malliavin

differentiability result is based on a recent characterisation for the Malliavin

Sobolev space D1,2 by S. Geiss and Zhou.
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1 Introduction

Backward stochastic differential equations (BSDEs) have been studied for many

years, since the seminal papers from Pardoux and Peng ([49] in 1990 and [50] in

1992) that study the Brownian motion setting. Then, this class of equation was ex-

tended in the setting of random measures associated to a Lévy process by Barles,

Buckdahn, and Pardoux ([4] in 1997). Given that BSDEs have numerous applica-

tions, for example in optimal stochastic control, mathematical finance, semilinear

PDEs or stochastic differential games, existence and uniqueness of solutions have

been a central topic, as has Malliavin differentiability, the connection to semilinear

PDEs for forward backward SDEs, and numerical simulation. We refer to [66] for

an extensive presentation of results and applications in the Brownian setting and to

[48] for a comprehensive literature review concerning the jump framework.

To match the settings in applications, weaker assumptions on the coefficients

are often needed. For example, quadratic or super-quadratic behavior in the con-

trol variable instead of Lipschitz continuity is often needed in optimal stochastic

control applications. In the Brownian setting, the quadratic case was deeply studied

since the seminal paper [33], and it is known that it requires rather strong neces-

sary assumptions on the terminal condition and the random part of the generator:

in [10] and [16] existence and uniqueness were shown if they satisfy an exponen-

tial moment condition. We also refer to [3] where a method to prove existence of

solutions to quadratic BSDEs with unbounded terminal conditions using compar-

ison theorems is developed. On the contrary, the super-quadratic setting is much

less studied. First results were obtained in [15] for the bounded case and later in

[13] for a framework where the control variable is bounded. Then, the unbounded

framework (for the terminal condition, the random part of the generator and the

control variable) was tackled in [56].

In the Lévy setting, the quadratic-exponential framework - this designation coming

from the fact that it allows an exponential growth with respect to the jump part of

the control variable - was strongly studied due to some applications to exponential

utility maximization problems, see e.g. [5, 45, 31, 6] or [20] in the bounded case.

The unbounded case was studied in [1] and in the preprints [19] and [42]. Still

in the unbounded case we also refer to the preprint [43] for the reflected setting

and to [26] for the marked point processes setting. As in the Brownian setting, the

super-quadratic framework gets much less attention: see [22].

In the present paper we consider the FBSDE given by (2) and (3) below. These

equations are driven by a Brownian motion and/or an independent compensated
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Poisson random measure. We treat a path-dependent framework (for the SDE’s

drift and the dependence of the FBSDE on the SDE) but we can emphasize that

our setting includes the Markovian case: see Remark 3.3 and Example 3.7.

Our main result, Theorem 3.5, requires the Assumptions 3.2 and 3.4 and states

existence and uniqueness of the solutions which are bounded by an expression

involving the sup-norm of the forward process. It also states that the solutions are

Malliavin differentiable. In order to better reflect the novelty of our results, it is

important to put our assumptions into perspective with regard to the current state

of the art.

• If r = 0 (r is introduced in Assumption 3.4), our results generalize [22]

since we do not need any boundedness on the terminal condition and the

random part of the generator. It also extends some Brownian framework

results of [13] to the path dependent setting.

• In the pure Brownian setting, we do not cover results of [56] since we need to

assume 0 ≤ r ≤ 1
2ℓ , while in [56] we only need 0 ≤ r ≤ 1

ℓ . This limitation

seems strange at first sight since our proof strategy is inspired by [56] but

can be easily explained. Indeed, the technical Lemma 4.1 which is essential

in our proof gives us that

E[ec sup0≤t≤T |Xt|p ] < +∞

for all c > 0 and all p ≤ 1. It is easy to show that this estimate is not true

for p > 1 by considering a standard Poisson process. Nevertheless, in the

Brownian setting this estimate can be extended to p = 2 and c small enough:

remark that this is obvious for the standard Brownian motion and see e.g.

part 5 in [11] for the general case.

• In the quadratic framework (ℓ = 1), we have an existence and uniqueness

result in some cases where the terminal condition is not exponentially in-

tegrable. Indeed, by taking r = 1/2 and |XT |
3/2 for the terminal condi-

tion, non purely Brownian Lévy processes satisfy E

[
ec|XT |3/2

]
= +∞ for

all c > 0. This is not in contradiction with known results for unbounded

quadratic-exponential BSDEs where the exponential integrability is asked

and cannot be relaxed for the classical entropic risk measure since our frame-

work does not cover the quadratic-exponential setting.

• We assume in Assumptions 3.2 that σ and ρ are deterministic. This strong

assumption is essential in our proof and cannot be relaxed easily to a setting

where σ and ρ are functions of the process (and even less for functions of the
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process path). Indeed, in the Brownian setting we can show that the estimate

(4) for Z is still valid in the quadratic framework, for the bounded setting

or r = 0: see [56] and [12] where BMO tools are essential. Let us remark

that in the quadratic framework, the estimates (4) are interesting for some

applications, for example analysis of numerical schemes, but are not useful

for proving existence and uniqueness results. Finally, up to our knowledge,

there is nothing known in the super-quadratic framework where we do not

have BMO tools on hand. In order to preserve the readability of this article

and since only the quadratic framework could be tackled, we will not treat

here the extension of [56] and [12] to the Lévy setting when σ and ρ are not

deterministic.

• For the Malliavin differentiability of SDEs there is a very general result in

[28]. However, it does not cover our specific path-dependent setting which

permits a pointwise estimate for the Malliavin derivative. Our result on

Malliavin differentiability of BSDEs with jumps generalizes [21] and [20]

to the unbounded case.

Let us now give some details concerning the proof strategy and tools used.

The starting point of the proof of the existence and uniqueness result is to trun-

cate/localize the terminal condition g and the generator (x, z, u) 7→ f(.,x, ., z, u)
in order to come across the classical Lipschitz framework. Then, a crucial step

is given by Proposition 6.4 where, as in [56], an iteration argument is applied to

get bounds for the solution of the truncated BSDE, independent from the level of

truncation. Finally, we make the truncation level tend to infinity and we conclude

thanks to a stability result given by Lemma 7.1.

Concerning the Malliavin differentiability result, a recent characterisation for the

Malliavin Sobolev space D1,2 from [25] (see Theorem 5.2 below) enables us to get

Malliavin differentiability in the Gaussian setting of the path-dependent SDE and

BSDE very easily. Another characterisation of D1,2 goes back to Sugita ([62]) and

was rediscovered in the recent years as a useful tool ([21, 28, 41]). In combina-

tion with results from Janson [30] we use it here for instance to estimate Malliavin

derivatives of path dependent functions in the Gaussian setting or in the ’Gaus-

sian direction’ of the derivative in the Lévy setting. Let us emphasize that these

estimates are crucial to get bounds on the truncated solution in Proposition 6.4.

Eventually, we highlight that the estimates (4), in particular those on Z and

U , can be used for tackling interesting applications. For example, a comparison

result can be derived easily thanks to (4) and the classical linearization technique.

Then, this comparison result can be used to prove that the unique solution of our
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FBSDE provides a viscosity solution to the associated integro-PDE. It could be also

possible to prove the (classical) differentiability of the solution under appropriate

assumptions, by following same ideas as in [40]. Finally, the estimates (4) allow to

get an upper bound on the truncation error between the original BSDE and the one

where the dependence of the generator with respect to (z, u) is bounded in order

to get a classical Lipschitz generator. This kind of result is important if we want

to have a numerical scheme for solving the BSDE: Indeed, a natural approach is

to use a classical scheme on the Lipschitz approximated BSDE (e.g. [9]) and then

upper bound the global error thanks to the truncation error and the discretization

error for the truncated BSDE. Obviously, the two terms depend strongly on the

truncation level. Nevertheless, in the Brownian setting it is possible to set it in a

way such that the global error is reasonable, see [56], and it should be possible to

use the same in the Lévy setting.

In the remaining, the paper is organized as follows: Section 2 contains necessary

assumptions and notations in order to understand the underlying problem. Section

3 presents our main result on existence, uniqueness and Malliavin differentiability

of superquadratic BSDEs together with remarks, explanations and examples. The

sections following directly afterwards are preliminaries for the proof of the main

result but convey interesting results themselves: In Section 4 we show that the

forward process admits all exponential moments and Section 5 presents tools for

Malliavin calculus in the Lévy setting. Finally, in Section 6 bounds for the BSDE’s

solution processes are obtained and in Section 7, together with an a priori-estimate,

the main result’s proof is finalized. Some auxiliary results are postponed into the

Appendix.

2 Setting and notations

Let L = (Lt)t∈[0,T ] (for T > 0 fixed) be a càdlàg Lévy process on a complete

probability space (Ω,F ,P) with Lévy measure ν on R0 := R\{0} (especially,

also ν ≡ 0 is permitted). We will denote the augmented natural filtration of L by

(Ft)t∈[0,T ] and assume that F = FT .
The Lévy-Itô decomposition of a Lévy process L can be written as

Lt = bt+ ςWt +

∫

]0,t]×{|x|≤1}
xÑ (ds, dx) +

∫

]0,t]×{|x|>1}
xN (ds, dx),

where b ∈ R, ς ≥ 0, W is a Brownian motion and N (Ñ ) is the (compensated)

Poisson random measure associated with L.
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2.1 Notation for the Skorohod space

• Let D[0, T ] denote the space of càdlàg functions on the interval [0, T ]. For

x ∈ D[0, T ] let |x|∞ := sup0≤t≤T |xt|.

• We equip D[0, T ] with the (modified) Skorokhod J1-metric dJ1 , (see [32,

Section 3.2]) given by

dJ1(x,y) = inf
λ

{
|x ◦ λ− y|∞+sup

s 6=t

∣∣∣ log
(λ(s)− λ(t)

s− t

)∣∣∣
}
,

where the infimum is taken over all increasing bijections λ : [0, T ] → [0, T ].
Note that dJ1(x,y) ≤ |x−y|∞. For properties of (D[0, T ], dJ1) and further

reading see [7, 32, 60, 64], for instance.

• Let B(D[0, T ]) be the Borel σ-algebra generated by the open sets of D[0, T ].
This σ-algebra coincides with the σ-algebra generated by the coordinate pro-

jections from D[0, T ] to R given by x 7→ xt, t ∈ [0, T ] (see [7, Theorem

12.5]).

• For x ∈ D[0, T ] and t ∈ [0, T ] we set

xt := (xt∧s)s∈[0,T ]

and define

D[0, t] :=
{
x ∈ D[0, T ] : xt = x

}
.

By this identification we define a filtration on this space by

Gt := σ (B (D[0, t]) ∪NL [0, T ]) , 0 ≤ t ≤ T, (1)

where NL [0, T ] denotes the PL- null sets of B (D[0, T ]) where PL is the

image measure of the Lévy process L : Ω → D[0, T ], ω 7→ L(ω).

2.2 Further spaces and notations

• For p > 0, a measure space (M,Σ, µ) and a Banach space E, as usual, let

Lp(M,Σ, µ; E)

:=
{
f : M → E : f is measurable and

∫

M
‖f‖pEdµ < ∞

}/
Nµ,

where Nµ are the measurable functions that are zero µ-a.e. For the boundary

cases, L0(M,Σ, µ; E) is the space of measurable functions f : M → E
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(up to a function being zero µ-a.e.) and L∞(M,Σ, µ; E) is the space of

measurable functions such that ‖f‖E is essentially bounded (again up to µ-

a.e. zero functions). Slightly inaccurate, depending on use, when taking a

function out of such a space, we mean to work with a representative of an

equivalence class.

Further, if the underlying measure space and/or σ-algebra is clear, we will

just drop them in the notation, if further E = R, we just write Lp(µ).

For the particular case E = R, we let Lp([0, T ]) := Lp([0, T ],B([0, T ]), λ),
where λ stands for the Lebesgue measure.

• For t ∈ [0, T ] and a probability measure Q on (Ω,F) we denote

E
Q
t · = EQ[·|Ft] and E

Q
t−· = EQ

[
·
∣∣∣σ
(⋃

s<t

Fs

)]
.

• We denote by Prog the σ-algebra of (Ft)t-progressively measurable sets on

Ω × [0, T ] and by P the one of (Ft)t-predictable sets generated by the left-

continuous (Ft)-adapted processes thereon.

• For 1 ≤ p ≤ ∞ let Sp denote the space of all Prog-measurable and càdlàg

processes Y : Ω× [0, T ] → R such that

‖Y ‖Sp := ‖|Y |∞‖Lp < ∞.

• Lp(W ) denotes the space of all Prog-measurable processes Z : Ω×[0, T ] →
R such that

‖Z‖Lp(P⊗λ) < ∞.

• We define L2(Ñ ) as the space of all random fields U : Ω× [0, T ]×R0 → R

which are measurable with respect to P ⊗ B(R0) such that

‖U‖2
L2(Ñ )

:= E

∫

[0,T ]×R0

|Us(x)|
2 dsν(dx) < ∞,

3 The main result

We consider for t ∈ [0, T ]

Xt =x+

∫ t

0
b(s, (Xs

r )r∈[0,T ])ds +

∫ t

0
σ(s)dWs +

∫

]0,t]×R0

ρ(s, v)Ñ (ds, dv),

(2)
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Yt = g((Xs)s∈[0,T ]) +

∫ T

t
f
(
s, (Xs

r )r∈[0,T ], Ys, Zs,Hs

)
ds

−

∫ T

t
ZsdWs −

∫

]t,T ]×R0

Us(v)Ñ (ds, dv), (3)

with Hs :=
∫
R0

h(s, Us(v))κ(v)ν(dv), and κ(v) := 1 ∧ |v|. Recall that Xs
r =

Xs∧r.

The structure of the dependency on U by a ν(dv)-integral functional is an explicit

way to employ a locally Lipschitz dependence in this variable. With this certain

form, we can rely on earlier BSDE results, e.g. those in [17, 20, 21], especially

concerning existence and comparison theorems.

Definition 3.1. We say that (Y,Z,U) is a solution to (3) if the triplet of processes

satisfies (3) and belongs to S2 × L2(W )× L2(Ñ ).

We agree on the following assumptions on the coefficients.

Assumption 3.2 (for X). The functions b : [0, T ]×D[0, T ] → R, σ : [0, T ] → R,
and ρ : [0, T ]× R → R are jointly measurable and satisfy

(1) |b(t, 0)| ≤ Kb, |b(t,x) − b(t,x′)| ≤ Lb|x − x′|∞, for all (t,x) ∈ [0, T ] ×
D[0, T ],

(2) |σ(t)| ≤ Kσ, for all t ∈ [0, T ],

(3) |ρ(t, z)| ≤ κρ(z) for all (t, z) ∈ [0, T ]× R with κρ ∈ L2(ν) ∩ L∞(ν).
We denote κρ,2 := ‖κρ‖L2(ν) and κρ,∞ := ‖κρ‖L∞(ν).

Remark 3.3.

• Note that in Assumption 3.2(1), even if there is no dependency on t, mea-

surability w.r.t. B(D[0, T ]) needs to be required, as it does not follow from

continuity w.r.t. | · |∞ (in contrast to the situation on the space of continuous

functions C[0, T ]). See the counterexample in Remark 3.6.

• The mapping b : (t,x) 7→ b̃(t,xT ) for a measurable function b̃ : [0, T ]×R →
R, which is Lipschitz in the second variable fits our setting. Since

b̃(t,Xt) = b̃(t,Xt
T ) = b(t,xt),

the Markovian setting is included in ours.

8



• The SDE (2) has a unique solution under these assumptions. This can be seen

following the proof in [58, V.2.8-12], where Picard iterations are constructed

that converge to a solution. For another approach in the continuous setting,

see [55, Chapter IX,§2]. Exactly the same as in [58] can be done in our

situation (even more generally, with an additional Lipschitz dependency in

σ and ̺). The limit of the Picard iterations in | · |∞ is also a limit in dJ1 (the

coarser topology), therefore, measurability in D[0, T ] pertains.

Assumption 3.4 (for (Y,Z,U)). For a measurable function

f : [0, T ] ×D[0, T ]× R×R× R → R

there exists a function kf ∈ L1([0, T ]) such that ∀t ∈ [0, T ] it holds

|f(t, 0, 0, 0, 0)| ≤ kf (t).

Moreover, we assume that there exist c > 0, ℓ ≥ 1, 0 ≤ r ≤ 1
2ℓ , α ≥ 0, β ≥ 0, γ ≥

0, Lf,y ≥ 0 and m1,m2 ≥ 0, m1 +m1m2 +m2 ≤ ℓ such that

(i) g : D[0, T ] → R is B(D[0, T ])− B(R)-measurable and

|g(x) − g(x′)| ≤ (c+ α
2 (|x|

r

∞ + |x′|r∞))|x− x′|∞ ,

(ii) for f we assume, that for almost all s,

|f(s,x, y, z, u) − f(s,x′, y, z, u)| ≤ (c+ β
2 (|x|

r

∞ + |x′|r∞))|x− x′|∞,

(iii) |f(s,x, y, z, u) − f(s,x, y′, z, u)| ≤ Lf,y|y − y′|,

(iv) |f(s,x, y, z, u) − f(s,x, y, z′, u)| ≤
(
c+ γ

2 (|z|
ℓ + |z′|ℓ)

)
|z − z′|,

(v) |f(s,x, y, z, u) − f(s,x, y, z, u′)| ≤
(
c+ γ

2 (|u|
m1 + |u′|m1)

)
|u− u′|,

(vi) h : [0, T ] × R → R is continuous and satisfies

|h(s, u) − h(s, u′)| ≤
(
c+ γ

2 (|u|
m2 + |u′|m2)

)
|u− u′|, h(s, 0) = 0,

(vii) fu(s,x, y, z, u)hu(s, u
′) ≥ −1 where fu and hu stand for the weak deriva-

tives.

Our main result is the following theorem.

Theorem 3.5. Let (g, f, h) be such that Assumptions 3.2 and 3.4 are satisfied.

Then, there exists a solution (Y,Z,U) such that

E|Y |2∞ + E

∫ T

0
|Zs|

2ds+ E

∫ T

0
‖Us‖

2
L2(ν)ds < ∞
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and there exist a, b, c > 0 such that

|Yt| ≤ c(1 + |Xt|r+1
∞ ), |Zt| ≤ a+ b|Xt|r∞ and |Ut(v)| ≤ κρ(v)(a + b|Xt|r∞).

(4)

Moreover, the solution is unique among the set of solutions satisfying (4), and the

processes are Malliavin differentiable i.e.

Y,Z ∈ L2([0, T ];D1,2), U ∈ L2([0, T ] × R0;D1,2)

and for t ≤ u ≤ T

Dt,xYu =Dt,xg(X) +Dt,x

∫ T

u
f (s,Xs, Ys, Zs,Hs) ds

−

∫ T

u
Dt,xZsdWs −

∫

]u,T ]×R0

Dt,xUs(v)Ñ (ds, dv). (5)

We also have the following bounds for x 6= 0 and for a.a. 0 ≤ s ≤ t ≤ T

|Ds,xZt| ≤ C(1 + a+ b|Xt|r∞), and |Ds,xUt(v)| ≤ κρ(v)C(1 + a+ b|Xt|r∞)
(6)

where C depends on κρ through κρ,∞ and κρ,2.

Remark 3.6. 1. A function g : D[0, T ] → R satisfying only

|g(x) − g(y)| ≤ Lg|x− y|∞ (7)

is in general not or GT - and hence also not B(D[0, T ])-measurable:

In the case of B([0, T ]), consider a set A which is closed w.r.t. the sup norm

but not Borel measurable w.r.t. to the Skorokhod metric. Such a set must

exist because otherwise the Borel σ-algebras generated by the sup norm and

Skorokhod metric would coincide which is not the case - proved in [7, Sec-

tion 15], for example. For a general Lévy process such a set can also be

found if we take the completion GT instead of B([0, T ]). Take for example

L to be a standard Poisson process. Then, consider the map

φ : ([0, T ],Leb([0, T ])) → (D[0, T ],GT ,PL), t 7→ 1[t,T ],

where Leb([0, T ]) denotes the Lebesgue-σ-algebra on [0, T ]. The same map

with both sigma algebras restricted to B([0, T ]) and B(D[0, T ]) is measur-

able, see [7, Section 15]. Each set in GT can be written as the symmetric dif-

ference B△M with B ∈ B(D[0, T ]) and M ∈ NL[0, T ]. Hence, the preim-

age φ−1(B△M) is given by φ−1(B)△φ−1(M). The set φ−1(B) is measur-

able and φ−1(M) is a subset of a Lebesgue null set in [0, T ] (the distribution
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of the jump position of L in [0, T ] and the Lebesgue measure are equivalent)

and therefore contained in Leb([0, T ]). Thus φ is also Leb([0, T ]) − GT -

measurable. Take a non-Lebesgue-measurable set H ⊆ [0, T ] and set

U :=
⋃

t∈H{y ∈ D[0, T ] : |φ(t) − y|∞ < 1
2}. Then, U is open w.r.t. | · |∞

and φ−1(U) = H /∈ Leb([0, T ]). Therefore, U is not GT -measurable and

neither is its complement A := D[0, T ] \ U . Define the map

g(x) = inf
y∈A

|x− y|∞

which satisfies (7). But we have the pre-image g−1({0}) = A, hence g is

not GT -measurable.

2. We need κ(x) := 1∧ |x| and (vii) because we want the Doléans-Dade expo-

nentials given in (33) to be non-negative, and for a comparison theorem to

hold which is applied in the proof of Proposition 6.2 below.

Example 3.7. .

(a) Our setting covers the standard Markovian setting. Functions of type

g(x) = g̃(xT ), f(s,xs, s, y, z, u) = f̃(s,xs
s, y, z, u) = f̃(s,xs

T , y, z, u),

where g̃ and f̃ are (locally) Lipschitz in the second variable w.r.t. R meet

our conditions: by the (local) Lipschitz condition, they are (locally) Lipschitz

w.r.t. to | · |∞. Since the projection x 7→ xT is measurable, the requirements

are met.

(b) The supremum functional x 7→ |x|∞ fits in our setting: Clearly it is Lipschitz

w.r.t. itself. For the continuity and hence, measurability w.r.t. dJ1 assume a

sequence (xn)n≥1 with dJ1(xn,x) → 0, which means that there is a sequence

of time distortions (λn)n≥1 such that |λn − id|+ |xn ◦ λn − x|∞ → 0. Since

for all admissible λ and x ∈ D[0, T ], we have that |x|∞ = |x ◦λ|∞, it follows

that

∣∣|xn|∞ − |x|∞
∣∣ =

∣∣|xn ◦ λn|∞ − |x|∞
∣∣ ≤ |xn ◦ λn − x|∞,

from which continuity follows.

(c) In a similar way, the (signed) size of the ’first’ jump

∆xτ :=

{
xτ − xτ−, τ := inf{t ∈ [0, T ] : |xt − xt−| > 0} > 0,

0, τ = 0 or τ = inf ∅,
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of a trajectory x is Lipschitz in the | · |∞-norm with constant 2 and continuous

w.r.t dJ1 . Continuity, therefore measurability, holds, since the size of the first

jump does not change by time shifts λ, and the idea from the previous example

can be carried out again. This works also for other functionals, not depending

on a time distortion λ, as the following example shows too.

(d) The maximal jump j(x) of a trajectory x satisfies our assumptions for g: it is

Lipschitz with constant 2 w.r.t. | · |∞ and continuous w.r.t. dJ1 (see [7, Example

12.1]).

(e) The jump size at a fixed position s ∈ [0, T ], x 7→ ∆xs is also Lipschitz with

respect to |·|∞. It is measurable (since it is a limit of differences of projections),

but, in contrast to the previous example, not continuous with respect to dJ1 .

Take for example xn = 1[ 1
2
− 1

n
,1] and x = 1[ 1

2
,1]. Then dJ1(xn,x) → 0 but

|∆xn, 1
2
−∆x 1

2
| = 1.

(f) The integration functional g(x) =
∫ T
0 xtdt satisfies our assumptions, since it

is Lipschitz w.r.t. | · |∞ (it is even continuous w.r.t. dJ1). Another admissible

type of functional is the point evaluation g(x) = xt∗ , with t∗ ∈ [0, T ] (in this

case it is not continuous w.r.t. dJ1). Both types of functionals are special cases

of the next item.

(g) A continuous linear mapping T : (D[0, T ], | · |∞) → R has the form

T (x) =

∫

[0,T ]
xtdm(t) +

∑

t∈[0,T ]

∆xtM(t),

where m is a finite signed Borel measure and M : [0, 1] → R is such that∑
t∈[0,T ] |M(t)| < ∞. This decomposition is from [51], where the measur-

ability of T w.r.t. (D[0, T ],B(D[0, T ])) is shown too. Therefore, it satisfies

our assumptions. Note that when inserting the solution process X, the second

summand containing M is zero a.s. since our jumps stem from a Lévy process.

(h) By the above example, also x 7→ G1

(∫ T
0 G2(xt)dm(t)

)
for Lipschitz real

functions G1, G2 and m as in the previous example is a functional matching

our conditions.

(i) All the above examples that are formulated in g(x) can naturally be turned into

functions of type f(s,x, y, z, u) having a similar structure in the x-variable.
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4 Exponential moments of the forward process

Under our assumptions we have exponential moments for |X|∞.

Lemma 4.1. If Assumption 3.2 holds then for all c > 0 the solution (Xt)t∈[0,T ] to

(2) satisfies

E exp(c|X|∞) < ∞.

Proof. We first investigate E sup0≤t≤T ecXt for all c > 0. As E sup0≤t≤T e−cXt

can be treated the same way, the finiteness for the modulus follows.

Itô’s formula (see [2, Theorem 4.4.7]; note that [2, Assumption (4.14)] is satisfied

thanks to our Assumption 3.2 (3)) yields

ecXt = ecx +

∫ t

0
ecXs

(
cb(s,Xs) +

c2

2
σ(s)2

)
ds+

∫ t

0
ecXscσ(s)dWs

+

∫

]0,t]×R0

(
ecXs−+cρ(s,z) − ecXs−

)
Ñ (ds, dz)

+

∫ t

0

∫

R0

(
ecXs−+cρ(s,z) − ecXs− − cρ(s, z)ecXs−

)
ν(dz)ds

= ecx +

∫ t

0
ecXs

(
cb(s,Xs) +

c2

2
σ(s)2

)
ds+

∫ t

0
ecXscσ(s)dWs

+

∫

]0,t]×R0

ecXs−

(
ecρ(s,z) − 1

)
Ñ (ds, dz)

+

∫ t

0

∫

R0

ecXs−

(
ecρ(s,z) − 1− cρ(s, z)

)
ν(dz)ds.

So, the process Xt = ecXt solves the SDE (for integration w.r.t. dt and dWt we

may use Xt instead of Xt−)

dXt = b(t,Xt)dt+ s(t,Xt)dWt +

∫

R

c(t,Xt− , z)Ñ (dt, dz), X0 = ecx

with the coefficients

b(t, x) = x

(
cb(t,Xt) +

c2

2
σ(t)2 +

∫

R0

(
ecρ(t,z) − 1− cρ(t, z)

)
ν(dz)

)
,

s(t, x) = xcσ(t),

c(t, x, z) = x

(
ecρ(t,z) − 1

)
.

13



By Assumption 3.2, we have for some K > 0,

|b(t, x)| ≤

[
cKb +

c2K2
σ

2
+

∫

R

(
ecκρ(z) − 1− cκρ(z)

)
ν(dz) + cLb|X

t|∞

]
|x|

≤ K(|Xt|∞ + 1)|x|

so that

Xt ≤ecx +

∫ t

0
K(Xs| log(X

s)|∞ + 1)ds +

∫ t

0
s(s,Xs)dWs

+

∫

]0,t]×R0

c(s,Xs−, z)Ñ (ds, dz),

and further, estimating X by its supremum and using that x(| log x|+ 1) ≤ 2(x+
2) log(x+ 2),

Xt + 2 ≤2 + ecx +

∫ t

0
2K(|Xs + 2|∞) log(|Xs + 2|∞)ds

+

∫ t

0
s(s,Xs)dWs +

∫

]0,t]×R0

c(s,Xs−, z)Ñ (ds, dz).

By a stochastic Bihari-LaSalle inequality (Gronwall type Theorem A.1) we have,

setting η(x) = x| log x|, c0 = 1, At = 2Kt and Ht = 2 + ecx, Mt =∫ t
0 s(s,Xs)dWs +

∫
]0,t]×R0

c(s,Xs−, z)Ñ (ds, dz) for any p ∈ (0, 1) that

E

∣∣∣G−1
(
G(|X+ 2|∞)−

2K

1− p
T
)∣∣∣

p
≤

(2 + ecx)p

1− p
< ∞,

where G(x) =
∫ x
r

ds
s log(s) = log log(x) − log log(r) for some r > 1, and thus

G−1(x) = elog(r)e
x

hence,

G−1
(
G(|X + 2|∞)− (1− p)−1T

)
= |X+ 2|e

−(1−p)−1T

∞ .

Therefore,

Eecpe
−(1−p)−1T sup0≤t≤T Xt = E|Xpe−(1−p)−1T

|∞ ≤ E|X+ 2|pe
−(1−p)−1T

∞ < ∞.

Since c can be chosen arbitrary, the assertion follows.
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5 Malliavin derivatives on the Lévy-Itô space

We use (Ω,F ,P), W, Ñ etc as introduced in Section 2. Setting

µ(dx) := δ0(dx) + ν(dx) and m(dt, dx) := (λ⊗ µ)(dt, dx),

we define an independently scattered random measure M by

M(dt, dx) := dWtδ0(dx) + Ñ (dt, dx) (8)

on sets B∈B([0, T ]× R) withm(B) < ∞. It holds EM(B)2 =m(B). Accord-

ing to [29] there exists for any ξ ∈ L2(Ω,F ,P) a unique chaos expansion

ξ =
∞∑

n=0

In(f̃n), (9)

where fn ∈ Ln
2 := L2(([0, T ] × R)n,B(([0, T ] × R)n),m⊗n), and the func-

tion f̃n((t1, x1), ..., (tn, xn)) is the symmetrization of fn((t1, x1), ..., (tn, xn))
w.r.t. the n pairs of variables. The multiple integrals In are build with the random

measure M from (8). For their definition and properties see [29] or [18, Section

2]. Let D1,2 be the space of all random variables ξ ∈ L2(Ω,F ,P) such that

‖ξ‖2D1,2
:=

∞∑

n=0

(n+ 1)!
∥∥∥f̃n
∥∥∥
2

Ln
2

< ∞.

For ξ ∈ D1,2 the Malliavin derivative is defined by

Dt,xξ :=

∞∑

n=1

nIn−1

(
f̃n ((t, x), · )

)
,

for P⊗m-a.a. (ω, t, x) ∈ Ω× [0, T ] × R. It holds Dξ ∈ L2(P ⊗m).

Defining

D0
1,2 :=

{
ξ =

∞∑

n=0

In(f̃n) ∈ L2(Ω,F ,P) : fn ∈ Ln
2 , n ∈ N,

∞∑

n=1

(n+ 1)!

∫ T

0
‖f̃n((t, 0), ·)‖

2
Ln−1
2

dt < ∞

}

and

D
R0
1,2 :=

{
ξ =

∞∑

n=0

In(f̃n) ∈ L2(Ω,F ,P) : fn ∈ Ln
2 , n ∈ N,
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∞∑

n=1

(n+ 1)!

∫

[0,T ]×R0

‖f̃n((t, x), ·)‖
2
Ln−1
2
m(dt, dx) < ∞

}
.

we get that D1,2 = D0
1,2 ∩ D

R0
1,2.

The next result was proved in [46] in the Wiener space setting. We use similar

ideas to show that it holds also for D0
1,2 and DR0

1,2.

Lemma 5.1 ([46, Lemma 1.2.3]). Let

(i) (ξN )∞N=1 ⊆ D0
1,2 with supN E

∫ T
0 |Dt,0ξN |2dt < ∞,

(ii) or (ξN )∞N=1 ⊆ DR0
1,2 with supN E

∫
[0,T ]×R0

|Dt,xξN |2m(dt, dx) < ∞.

If ξN → ξ in L2(Ω,F ,P), then assumption (i) implies that ξ ∈ D0
1,2, and assump-

tion (ii) implies that ξ ∈ D
R0
1,2.

Proof. Assume that ξN =
∑∞

n=0 In(f̃
N
n ). Then E|ξN |2 =

∑∞
n=0 n!

∥∥f̃N
n

∥∥2
Ln
2

and

Dt,xξN =
∞∑

n=1

nIn−1

(
f̃N
n ((t, x), · )

)
.

To show (i) we put A = [0, T ] × {0}. Hence by the orthogonality of the

In−1

(
f̃N
n ((t, x), · )

)
,

E

∫ T

0
|Dt,0ξN |2dt = E

∫

A
|Dt,xξN |2m(dt, dx)

= E

∫

[0,T ]×R

∣∣
∞∑

n=1

nIn−1

(
f̃N
n ((t, x), · )

)
1A(t, x)

∣∣2
m(dt, dx)

=

∞∑

n=1

nn!

∫ T

0
‖f̃N

n ((t, 0), ·)‖2
Ln−1
2

dt.

By assumption, we have that for all K,N ∈ N

K∑

n=1

nn!

∫ T

0
‖f̃N

n ((t, 0), ·)‖2
Ln−1
2

dt ≤ E

∫ T

0
|Dt,0ξN |2dt ≤ C.

On the other hand,
∫ T
0 ‖f̃N

n ((t, 0), ·)‖2
Ln−1
2

dt →
∫ T
0 ‖f̃n((t, 0), ·)‖

2
Ln−1
2

dt since

ξN → ξ in L2(Ω,F ,P). Therefore, for all K ∈ N

K∑

n=1

nn!

∫ T

0
‖f̃n((t, 0), ·)‖

2
Ln−1
2

dt ≤ C
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which means

E

∫ T

0
|Dt,0ξ|

2dt ≤ C.

By replacing A = [0, T ] × {0} by A = [0, T ] × R0 one shows in the same way

that assumption (ii) implies ξ ∈ DR0
1,2.

5.1 A criterion for D0
1,2

If W and W ′ are independent Brownian motions on (Ω,F ,P) we define a ’cou-

pled’ Brownian motion Wϕ by setting

Wϕ :=
√

1− ϕ2W + ϕW ′,

where ϕ ∈ [0, 1] is a fixed constant. If ξ ∈ L2(Ω,F ,P) is given as in (9) then ξϕ

is built by the same kernels but with respect to the random measure

Mϕ(dt, dx) := dWϕ
t δ0(dx) + Ñ (dt, dx).

Using a functional representation of ξ ∈ L2(Ω,F ,P), i.e. ξ = Ξ(L), with measur-

able Ξ: D[0, T ] → R, and the Lévy - Itô decomposition L = ςW + L − ςW , the

’coupled’ random variable is then given by ξϕ = Ξ(ςWϕ + L − ςW ) (see [63]).

In [25] the following criteria for D0
1,2 was shown (the results are true also for a

Hilbert space valued random variable):

Theorem 5.2 ( [25, Corollary 4.5] ). Let ξ ∈ L2(Ω,F ,P). Then

ξ ∈ D0
1,2 ⇐⇒ sup

0<ϕ≤1

‖ξ − ξϕ‖L2

ϕ
< ∞.

Moreover, if ξ ∈ D0
1,2 then one has

1

2

(
E

∫ T

0
|Dt,0ξ|

2dt

) 1
2

≤ sup
0<ϕ≤1

‖ξ − ξϕ‖L2

ϕ
≤

(
E

∫ T

0
|Dt,0ξ|

2dt

) 1
2

.

5.2 A criterion for D
R0
1,2

If g : D[0, T ] → R is GT -measurable (recall (1)) one can compute the Malliavin

derivative in the jump direction i.e. Dt,x for x 6= 0 using the following result:

Lemma 5.3 ([63], [21, Lemma 3.2] ). If g : D[0, T ] → R is GT measurable and

g(L) = g((Lt)t∈[0,T ]) ∈ L2(Ω,F ,P) then

g(L) ∈ DR0
1,2 ⇐⇒ g(L + x1[t,T ])− g(L) ∈ L2(P⊗m),
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and it holds then for P⊗m-a.e. (t, x) ∈ [0, T ]× R0 that

Dt,xg(L) = g(L + x1[t,T ])− g(L). (10)

Corollary 5.4. Let X be a strong solution to (2) and assume that XT ∈ DR0
1,2. If

F : R → R is Borel measurable and F (XT +Dt,xXT )− F (XT ) ∈ L2(P⊗m),
then for P⊗m-a.e. (t, x) ∈ [0, T ]× R0

Dt,xF (XT ) = F (XT +Dt,xXT )− F (XT ).

Proof. If X is a strong solution we can represent XT as XT = G((Lt)t∈[0,T ]) a.s.,

where G : D[0, T ] → R is GT measurable (see [44, Corollary 5.41]), and get by

(10) in Lemma 5.3

Dt,xF (XT ) = Dt,xF
(
G(L)

)
= F (G(L + x1[t,T ]))− F (G(L))

= F (G(L) +Dt,xG(L))− F (G(L)) = F (XT +Dt,xXT )− F (XT ).

We recall another result we will use:

Lemma 5.5 ([21, Lemma 3.3] ). Let Λ ∈ GT be a set with P ({L ∈ Λ}) = 0. Then

P⊗m
({

(ω, s, x) ∈ Ω× [0, T ]× R0 : L(ω) + x1[s,T ] ∈ Λ
})

= 0.

5.3 Malliavin differentiability and bounds for the SDE

Proposition 5.6. Let the Assumption 3.2 hold. Then it holds for the solution X to

(2) that Xt ∈ D1,2 for all t ∈ [0, T ]. Moreover,

(1) for ν-a.a. x ∈ R0 and for a.a. s ≤ t ≤ T we have

Ds,xXt = ρ(s, x) +

∫ t

s

(
b(r,Xr +Ds,xX

r)− b(r,Xr)
)
dr,

(2) and for x = 0 and a.a. s ≤ t ≤ T ,

Ds,0Xt = σ(s) +

∫ t

s
Ds,0 b(r,X

r)dr.

Moreover, we have for a.a. s ≤ t ≤ T

|Ds,xXt| ≤ eLb(t−s)(κρ(x)1x 6=0 +Kσ1x=0). (11)
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Proof. Xt ∈ D0
1,2 :

By Theorem 5.2 we need to estimate ‖Xt −Xϕ
t ‖L2 , where

Xϕ
t = x+

∫ t

0
b(s,Xs,ϕ)ds +

∫ t

0
σ(s)d(

√
1− ϕ2Ws + ϕW ′

s)

+

∫

]0,t]×R0

ρ(s, v)Ñ (ds, dv).

For later use we compute here ‖|Xt −Xt,ϕ|∞‖Lp for p ≥ 2. By the Burkholder-

Davis-Gundy inequality,

‖|Xt −Xt,ϕ|∞‖Lp ≤

∫ t

0
‖b(s,Xs)− b(s,Xs,ϕ)‖Lpds

+ Cp(1−
√

1− ϕ2 + ϕ)

(∫ t

0
σ(s)2ds

) 1
2

.

Using ‖b(s,Xs)− b(s,Xs,ϕ)‖Lp ≤ Lb‖|X
s −Xs,ϕ|∞‖Lp , Gronwall’s inequality

and 1−
√

1− ϕ2 ≤ ϕ imply

‖|Xt −Xt,ϕ|∞‖Lp ≤ cϕ (12)

which especially means Xt ∈ D0
1,2 if p = 2. Xt ∈ DR0

1,2 :

If X is a strong solution [44, Corollary 5.41] gives us the representation Xt =
G(t,Lt) for all t ∈ [0, T ], a.s. where G(t, ·) : D[0, T ] → R is Gt measurable.

Then by (10) we need (ω, r, v) 7→ (G(t,Lt + v1[r,t]) − G(t,Lt)) ∈ L2(P ⊗m).
Abbreviating X r,v

t := G(t,Lt + v1[r,t]) we conclude from (2) that

X r,v
t = x+

∫ t

0
b (s, (X r,v)s) ds+

∫ t

0
σ(s)dWs

+ ρ(r, v)1]0,t]×R0
(r, v) +

∫

]0,t]×R0

ρ(s, z)Ñ (ds, dz),

where we used (10) again and the fact that Dr,v

∫
]0,t]×R0

ρ(s, z)Ñ (ds, dz) =

ρ(r, v) since the integral belongs to the first chaos. Approximating X r,v
t as well

as Xt via Picard iteration starting with X r,v,0
t := 0 and X0

t = 0 one derives then

X r,v,n+1
t −Xn+1

t =

∫ t

0

(
b (s, (X r,v,n)s)− b (s, (Xn)s)

)
ds

+ ρ(r, v)1]0,t]×R0
(r, v),
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and by the Burkholder-Davis-Gundy inequality,

‖(ω, r, v) 7→ |(X r,v,n+1)t − (Xn+1)t|∞)‖L2(P⊗m)

≤

∫ t

0
‖(ω, r, v) 7→ (b (s, (X r,v,n)s)− b (s, (Xn)s))‖L2(P⊗m)ds+ C2κρ,2

≤ Lb

∫ t

0
‖(ω, r, v) 7→ |(X r,v,n)s − (Xn)s|∞‖L2(P⊗m)ds+ C2κρ,2.

Since ‖(ω, r, v) 7→ |(X r,v,1)t−(X1)t|∞)‖L2(P⊗m) ≤ Cp κρ,2 < ∞ one can derive

by Gronwall’s inequality from this relation that

‖(ω, r, v) 7→ (G(t,Lt + v1[r,t])−G(t,Lt))‖L2(P⊗m) < ∞.

For x 6= 0 we get (11) by Assumption 3.2

|Ds,xXt| ≤ |Ds,xX
t|∞ ≤ κρ(x) +

∫ t

s
Lb|Ds,xX

r|∞dr,

from which the assertion follows by Gronwall’s inequality.

5.4 The Malliavin derivative of a functional

We prove a representation for the Malliavin derivative Dt,0 of the generator of

the BSDE. In our setting the generator is a function depending pathwise on the

process X, and on random variables. The proof uses a characterisation of D0
1,2

done by Sugita [62], it is postponed to the Appendix A.2.

Lemma 5.7. Suppose Assumptions 3.2 and let X be the solution to (2).

(1) For a.e. s ∈ [0, t] it holds |Ds,0Xt| ≤ eLbtKσ.

(2) Assume that f : [0, T ]×D([0, T ]) × Rd → R is measurable satisfying

|f(t, 0, 0)| ≤ kf (t),

|f(t,x, y) − f(t,x′, y)| ≤ Lx (c+
β

2
(|x|r∞ + |x′|r∞))|x− x′|∞,

|f(t,x, y)− f(t,x, y′)| ≤
d∑

k=1

Lyk |yk − y′k|,

for some Lx, Ly1 , ..., Lyd ≥ 0 and kf ∈ L1([0, T ]). If Y1, ..., Yd ∈ D0
1,2,

then there exist measurable G1, ..., Gd : Ω × [0, T ] → R which are bounded:

|Gk| ≤ Lyk , and such that it holds a.s. and for a.a. s ∈ [0, T ]

Ds,0f
(
t,Xt, (Y1, ..., Yd)

)
= (Ds,0f(t,X

t, y))|y=(Y1,...,Yd)
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+G1(t)Ds,0Y1 + ...+Gd(t)Ds,0Yd (13)

and

‖D·,0f(t,X
t, y))‖L∞ [0,T ] ≤ LxKσ

(
c+ β|Xt|r∞

)
eLbT . (14)

for all y ∈ Rd.

6 Malliavin differentiable, bounded solutions of the

BSDE under Lipschitz conditions

6.1 Truncation and Malliavin differentiability

We show now that the truncated version of the BSDE (3) is Malliavin differentiable.

For M > 0 let bM : R → [−M,M ] be a smooth monotone function such that

0 ≤ b′M (x) ≤ 1 and

bM (x) :=





M, x > M + 1,
x, |x| ≤ M − 1,

−M, x < −M − 1.

Note that |bM (x)| ≤ |x| ∧ M . By a slight abuse of notation, we also define, for

all x ∈ D[0, T ], bM (x) as the function of D[0, T ] given by t 7→ bM (xt).
We set

gM (x) := g(bM (x))

fM(s,x, y, z, u) := f
(
s, bM (x), y, bM (z), bM (u)

)
. (15)

Theorem 5.2 implies Malliavin differentiability of the truncated terminal condition:

Corollary 6.1. Let the Assumptions 3.2 and 3.4 hold. Then it holds for ϕ ∈ [0, 1]
that

‖gM (X)− gM (Xϕ)‖L2 ≤ cLgM ϕ,

where LgM = (c+ α|M |r).

Proof. By the Burkholder-Davis-Gundy inequality we get similarly to the proof of

Proposition 5.6 that ‖|X −Xϕ|∞‖L2 ≤ cϕ. Then by Assumption 3.4 (i) ,

‖gM (X)− gM (Xϕ)‖L2 ≤ (c+ α|M |r)‖|bM (X)− bM (Xϕ)|∞‖L2 ≤ cLgM ϕ.
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Proposition 6.2. Let the Assumptions 3.2 and 3.4 hold. There exists a unique

solution (Y M , ZM , UM ) ∈ S2 × L2(W )× L2(Ñ ) to

Y M
t = gM (X) +

∫ T

t
fM

(
s,Xs,ΘM

s

)
ds

−

∫ T

t
ZM
s dWs −

∫

]t,T ]×R0

UM
s (v)Ñ (ds, dv) (16)

where ΘM
s = (Y M

s , ZM
s ,HM

s ), and

HM
s =

∫

R0

h(s, bM (UM
s (v)))κ(v)ν(dv) (17)

Moreover, the solution processes (Y M , ZM , UM ) are Malliavin differentiable, i.e.

Y M , ZM ∈ L2([0, T ];D1,2), UM ∈ L2([0, T ]× R0;D1,2),

and for t ≤ u ≤ T we have that

Dt,xY
M
u =Dt,xg

M (X) +

∫ T

u
Dt,xf

M
(
s,Xs,ΘM

s

)
ds

−

∫ T

u
Dt,xZ

M
s dWs −

∫

]u,T ]×R0

Dt,xU
M
s (v)Ñ (ds, dv). (18)

Proof. The existence and uniqueness of the solution is clear. Since we are in the

Lipschitz case with bounded terminal condition,

Y M , ZM ∈ L2([0, T ];DR0
1,2), UM ∈ L2([0, T ] × R0;D

R0
1,2)

is shown in [22, Theorem A1]. However, for D0
1,2 the additional regularity condi-

tion [22, condition (Af ) e)] is used which we do not want to assume here. Instead

we will apply repeatedly Theorem 5.2. We consider

Y M,ϕ
t = gM ((X)ϕ) +

∫ T

t
fM

(
s, (Xs)ϕ,ΘM,ϕ

s

)
ds

−

∫ T

t
ZM,ϕ
s d(

√
1− ϕ2Ws + ϕW ′

s)−

∫

]t,T ]×R0

UM,ϕ
s (v)Ñ (ds, dv).

We introduce the notation (∆ξ,∆Yt,∆Zt,∆Ut) := (gM (X)−gM ((X)ϕ), Y M
t −

Y M,ϕ
t , ZM

t − ZM,ϕ
t , UM

t − UM,ϕ
t ). From [24, Theorem 6.3.] and [4, Proposition

2.2] one concludes an a priori estimate: there is a C > 0 such that for all t ∈ [0, T ],

E sup
s∈[t,T ]

|∆Ys|
2 + (1−

√
1− ϕ2)E

∫ T

t
|ZM

s |2ds+ E

∫ T

t
|∆Zs|

2ds
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+ E

∫ T

t
‖∆Us‖

2
L2(ν)ds

≤ CE

[
|∆ξ|2 +

(∫ T

t
|fM

(
s,Xs,ΘM

s

)
− fM

(
s, (Xs)ϕ,ΘM

s

)
|ds

)2]
.

≤ C(L2
gM + (T − t)2L2

fM ) c2 ϕ2 (19)

with ΘM
s := (Y M

s , ZM
s ,HM

s ). From this we immediately derive that

Y M
t ,

∫ T

t
ZM
s dWs,

∫

]t,T ]×R0

UM
s (v)Ñ (ds, dv) ∈ D0

1,2.

We also have ZM ∈ L2([0, T ];D
0
1,2) since

∫ T

t
‖ZM

s − ZM,ϕ
s ‖2L2ds =

∫ T

t
E|∆Zs|

2ds

so that we again can use (19) and Theorem 5.2. By the same argument we also have

UM ∈ L2([0, T ] × R0;D
0
1,2). From the last inequality in (19) one also concludes

that
∫ T
t fM

(
s,Xs,ΘM

s

)
ds ∈ D0

1,2. By [17, Lemma 3.2, Lemma 3.3] we can

interchange Dt,x with integrals so that

Dt,xY
M
u =Dt,xg

M (X) +

∫ T

u
Dt,xf

M
(
s,Xs,ΘM

s

)
ds

−

∫ T

u
Dt,xZ

M
s dWs −

∫

]u,T ]×R0

Dt,xU
M
s (v)Ñ (ds, dv).

6.2 Bounds and representations for Z
M and U

M

Based on a comparison theorem, we get a first preliminary bound which depends

on the truncation level M .

Proposition 6.3. Suppose Assumptions 3.2 and 3.4 hold. For fixed M > 0 there is

a constant aM0 > 0 such that P -a.s. we have that for λ-a.e. t ∈ [0, T ]

|ZM
t | ≤ aM0

and for dt⊗ ν a.e. (t, x) ∈ [0, T ]× R0

|UM
t (x)| ≤ κρ(x)a

M
0 .
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Proof. By Proposition 6.2 we know that (Y M , ZM , UM ) is Malliavin

differentiable, and we have (18). Since (limu↓tDt,0Y
M
u )t∈[0,T ] and

(limu↓tDt,xY
M
u )t∈[0,T ] for x 6= 0 have càdlàg adapted versions, we get by

[14, Theorem 3.7 and Lemma 3.5] that the predictable projections coincide with

the processes itself up to sets of measure dt⊗ P zero, which implies

ZM
t = lim

u↓t
Dt,0Y

M
u a.s. and UM

t (x) = lim
u↓t

Dt,xY
M
u a.s. (20)

for ν a.a. x ∈ R0.
By assumption we have that

|gM (x)− gM (x′)| ≤ (c+ αMr) dJ1(x,x
′).

Then Lemma 5.7 (seeing gM as a special case of f ) implies

|Dt,xg
M (X)| ≤ (c+ αMr)|Dt,xX|∞ ≤ (c+ αMr)eLbT (κρ(x)1x 6=0 +Kσ1x=0)

=: ξM,x

In the same way we get setting H(s,u) :=
∫
R0

h(s, bM (u(v)))κ(v)ν(dv) from

|fM (s,xs, y, z,H(s,u)) − fM(s, (x′)s, y′, z′,H(s,u′))|

≤ (c+ βMr) dJ1(x,x
′) + Lf,y|y − y′|+ (c+ γM ℓ)|z − z′|

+ (c+ γMm1)

∣∣∣∣
∫

R0

(h(s, bM (u(v))) − h(s, bM (u′(v))))κ(v)ν(dv)

∣∣∣∣

≤ (c+ βMr) dJ1(x,x
′) + Lf,y|y − y′|+ (c+ γM ℓ)|z − z′|

+ (c+ γMm1)(c + γMm2)‖u− u′‖L2(ν) ‖κ(v)‖L2(ν)

that

|Dt,xf
M(s,Xs, y, z,H(s,u))| ≤ (c+βMr)eLbT (κρ(x)1x 6=0+Kσ1x=0) =: cM,x

and for x ∈ R we have

|Dt,xf
M(s,Xs,ΘM )| ≤ cM,x + Lf,y|Dt,xY

M
s |+ (c+ γM ℓ)|Dt,xZ

M
s |

+ (c+ γMm1)(c+ γMm2)

∫

R0

|Dt,xU
M
s (v)|κ(v)ν(dv)

=: f+
M,x(s,Dt,xY

M
s ,Dt,xZ

M
s ,Dt,xU

M
s ) (21)

In [22, Theorem 3.4] using a comparison result it is shown that for the BSDEs with

data (±ξM,x,±f+
M,x) we have that for the corresponding solution processes ±Y

t,0
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for (±ξM,0,±f+
M,0) and (±ξM,x,±f+

M,x) (x 6= 0) for ±Y
t,x

that for 0 ≤ t ≤ u ≤
T

−Y
t,0
u ≤ Dt,0Y

M
u ≤ Y

t,0
u

and

−Y
t,x
u ≤ Dt,xY

M
u ≤ Y

t,x
u .

Moreover, since ξM,0 is just a constant, and from the structure of f+
M,0 given in (21)

one concludes by [22, Theorem 2.3] that there is a unique solution to

Y
t,0
u = ξM,0 +

∫ T

u
f+
M,0(s,Y

t,0
s ,Z

t,0
s ,U

t,0
s )ds

−

∫ T

u
Z

t,0
s dWs −

∫

]u,T ]×R0

U
t,0
s (v)Ñ (ds, dv).

which is given by (Y
t,0
, 0, 0). Hence

ZM
t = lim

u↓t
Dt,0Y

M
u ≤ Y

t,0
t = ξM,0 e

Lf,y(T−t) +

∫ T

t
cM,0 e

Lf,y(s−t)ds

with ξM,0 = (c+ αMr)eLbTKσ and cM,0 = (c+ βMr)eLbTKσ. Similarly,

Y
t,x
u = ξM,x +

∫ T

t
f+
M,x(s,Y

t,x
s ,Z

t,x
s ,U

t,x
s )ds

−

∫ T

t
Z

t,x
s dWs −

∫

]t,T ]×R0

U
t,x
s (v)Ñ (ds, dv).

implies

UM
t (x) = lim

u↓t
Dt,xY

M
u ≤ Y

t,x
t = ξM,xe

Lf,y(T−t) +

∫ T

t
cM,xe

Lf,y(s−t)ds

with ξM,x = (c+ αMr)eLbTκρ(x) and cM,x = (c+ βMr)eLbTκρ(x), so that we

can choose

aM0 := (ξM,0 e
Lf,yT + T cM,0 e

Lf,yT )(1 +Kσ).

We continue with the main result of this section which gives some uniform bounds

that will be crucial to obtain our uniqueness and existence result for the BSDE (3).
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Proposition 6.4. Suppose Assumptions 3.2 and 3.4 hold. Then there exist a∞ > 0
and b∞ > 0 (not depending on M ) such that

|ZM
t | ≤ a∞ + b∞|Xt|r∞

|UM
t (x)| ≤ κρ(x)(a∞ + b∞|Xt|r∞). (22)

As a consequence we also get that there exists a c∞ > 0 (not depending on M )

such that

|Y M
t | ≤ c∞(1 + |Xt|r+1

∞ ). (23)

The proof uses several technical lemmata to which we turn next. We derive repre-

sentations for ZM and UM from (18) and (20) writing

ZM
t 1x=0 + UM

t (x)1x 6=0 = Dt,xg
M (XT ) +

∫ T

t
Dt,xf

M (s,Xs,ΘM
s )ds

−

∫ T

t
Dt,xZ

M
s dWs −

∫

]t,T ]×R0

Dt,xU
M
s (v)Ñ (ds, dv).

(24)

where ΘM
s = (Y M

s , ZM
s ,HM

s ), and HM
s =

∫
R0

h(s, bM (UM
s (v)))κ(v)ν(dv).

By the chain rule (13) denoting

f̂0(s,Dt,0X
s) := Dt,0f

M(s,Xs, y, z, u)|(y,z,u)=(Y M
s ,ZM

s ,HM
s )

(f̂0
y , f̂

0
z , f̂

0
u) := (G1, G2, G3) (25)

we have

Dt,0f
M(s,Xs,ΘM

s ) = f̂0(s,Dt,0X
s)

+ f̂0
y (s)Dt,0Y

M
s + f̂0

z (s)Dt,0Z
M
s + f̂0

u(s)Dt,0H
M
s

(26)

and furthermore, Dt,0H
M
s =

∫
R0

ĥ0u(s)Dt,0U
M
s (v)κ(v)ν(dv).

To write the counterpart to the above relation for a.a. (t, x) ∈ [0, T ] × R0 we use

that there exist, by Corollary 5.4 and the mean value theorem, some measurable

functions η : Ω × [0, T ] × R × [0, T ] → [0, 1]3, η = η(ω, t, x, s), and ϑ : Ω ×
[0, T ] × R0 × [0, T ] × R0 → [0, 1] with ϑ = ϑ(ω, t, x, s, v) such that (we use

the abbreviation f̂x
xk
(s) etc to indicate that we do not have a partial derivative of f
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but a partial derivative of the truncated fM which is taken for the jump case at an

intermediate point.)

f̂x(s,Dt,xX
s) := fM (s,Xs +Dt,xX

s,ΘM
s +Dt,xΘ

M
s )

− fM(s,Xs,ΘM
s +Dt,xΘ

M
s )

f̂x
y (s) := ∂yf

M(s,Xs, Y M
s + η1Dt,xY

M
s , (ZM

s ,H
M
s ) +Dt,x(Z

M
s ,HM

s ))

f̂x
z (s) := ∂zf

M (s,Xs, Y M
s , ZM

s + η2Dt,xZ
M
s ,HM

s +Dt,xH
M
s ),

f̂x
u (s) := ∂uf

M(s,Xs, Y M
s , ZM

s ,HM
s + η3Dt,xH

M
s ),

ĥxu(s) := ∂uh(s, U
M
s (v) + ϑDt,xU

M
s (v)) (27)

By using a telescopic sum for x ∈ R0 and (26) for x = 0 we have

Dt,xf
M(s,Xs,ΘM

s ) = f̂x(s,Dt,xX
s) + f̂x

y (s)Dt,xY
M
s

+ f̂x
z (s)Dt,xZ

M
s + f̂x

u (s)

∫

R0

ĥxu(s)Dt,xU
M
s (v)κ(v)ν(dv). (28)

We rewrite (24) as

ZM
t 1x=0 + UM

t (x)1x 6=0

= Dt,xg
M (XT ) +

∫ T

t
f̂x(s,Dt,xX

s) + f̂x
y (s)Dt,xY

M
s ds

−

∫ T

t
Dt,xZ

M
s (dWs − f̂x

z (s)ds)

−

∫

]t,T ]×R0

Dt,xU
M
s (v) (Ñ (ds, dv) − f̂x

u (s)ĥ
x
u(s) κ(v) dsν(dv)), (29)

and consider the adjoint equation to (24)

Γx
t,u = 1 +

∫ u

t
f̂x
y (s)Γ

x
t,sds+

∫ u

t
f̂x
z (s)Γ

x
t,sdWs

+

∫ u

t

∫

R0

f̂x
u (s)ĥ

x
u(s) κ(v) Γ

x
t,s−Ñ (ds, dv), u ∈ [t, T ]. (30)

Lemma 6.5. Suppose Assumptions 3.2 and 3.4 hold and that there exist constants

a, b ≥ 1, (possibly depending on M ) such that, for a.a. t ∈ [0, T ], x ∈ R0,

|ZM
t | ≤ a+ b|Xt|r∞ and |UM

t (x)| ≤ κρ(x)(a+ b|Xt|r∞).
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(1) Then it holds for a.a. s ∈ [0, t] (recall (17))

|Ds,xZ
M
t | ≤ C(1 + a+ b|Xt|r∞), x 6= 0,

|Ds,xU
M
t (v)| ≤ κρ(v)C(1 + a+ b|Xt|r∞), x 6= 0,

|Ds,xH
M
t | ≤ C(1 + am2+1 + bm2+1|Xt|r(m2+1)

∞ ), x 6= 0,

where the constants C depend on κρ through κρ,2 and κρ,∞.

(2) For the expressions defined in (25) and (27) we have for a.a. t ∈ [0, s]

|f̂x(s,Dt,xX
s)| ≤ C(1 + |Xs|r∞), ∀k = 1, · · · , N ,

|f̂x
y (s)| ≤ Lf,y,

|f̂x
z (s)| ≤ C(1 + aℓ + bℓ|Xs|rℓ∞),

|f̂x
u (s)ĥ

x
u(s)| ≤ C(1 + aℓ + bℓ|Xs|rℓ∞).

Proof. For x 6= 0, since ZM
t , UM

t and HM
t are Ft -measurable where (Ft)t∈[0,T ]

is the augmented natural filtration generated by (Ls)s∈[0,T ] by [63, Theorem 3.4]

we can represent them for fixed t as functions of the Lévy process L, denoting

Lt := (Ls∧t)s∈[0,T ]:

ZM
t = FZ(L

t), UM
t (·) = FU (·,L

t), and HM
t = FH(Lt) a.s.

Similarly, a + b|Xt|r∞ = FX(Lt). Here FZ , FH , FX are Gt-measurable and FU

is B(R0) ⊗ Gt-measurable. The lemma below uses the assumptions on X and

provides the bounds for item (1):

Lemma 6.6. Assume F : D([0, T ]) → R is Gt-measurable. Then, for a.a. s ∈
[0, t] and x 6= 0 and any constants A,B ≥ 0 it holds that

|F (Lt)| ≤ A+B|Xt|r∞ implies |Ds,xF (Lt)| ≤ 2A+2B|Xt|r∞+BT reLbrTκrρ,∞

for P⊗m-a.e. (ω, s, x).

Proof. Since we have an a.s. representation FX(Lt) = A + B|Xt|r∞, we get by

our assumption that setting

Λ := {x ∈ D[0, T ] : F (xt) > FX(xt)}

leads to P(L ∈ Λ) = 0. Then by Lemma 5.5,

P⊗m
(
(ω, s, x) : F (Lt + x1[s,t]) > FX(Lt + x1[s,t])

)
= 0. (31)
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By Lemma 5.3, Corollary 5.4 and Proposition 5.6,

FX(Lt + x1[s,t]) = Ds,x(A+B|Xt|r∞) +A+B|Xt|r∞

= B|Ds,xX
t +Xt|r∞ −B|Xt|r∞ +A+B|Xt|r∞

= A+B|Ds,xX
t +Xt|r∞

≤ A+B|Xt|r∞ +BT reLbrTκρ(x)
r.

Since we have Ds,xF (Lt) + F (Lt) = F (Lt + x1[s,t]) it follows by (31) that

Ds,xF (Lt) + F (Lt) ≤ FX(Lt + x1[s,t])

≤ A+B|Xt|r∞ +BT reLbrTκρ(x)
r.

Since we also have by assumption that −F (Lt) ≤ A+B|Xt|r∞ = FX(Lt) we can

repeat the above arguments to get

−Ds,xF (Lt)− F (Lt) = −F (Lt + x1[s,t]) ≤ FX(Lt + x1[s,t])

we arrive eventually at

|Ds,xF (Lt)| ≤ |Ds,xF (Lt) + F (Lt)|+ |F (Lt)|

≤ 2(A+B|Xt|r∞) +BT reLbrTκρ(x)
r.

We continue with the proof of Lemma 6.5. The estimates in item (1) follow now

immediately from the assumed bounds on ZM
t and UM

t .By Assumption 3.4 (vi) we

have |h(s, u)| ≤
(
c+ γ

2 |u|
m2
)
|u| so that the assumption |UM

t (x)| ≤ κρ(x)(a +
b|Xt|r∞) implies

|HM
t | =

∣∣∣∣
∫

R0

h(s, bM (UM
s (v)))κ(v)ν(dv)

∣∣∣∣

≤

∫

R0

(
c+

γ

2
|UM

s (v)|m2

)
|UM

s (v)|κ(v)ν(dv)

≤

∫

R0

κ(v)κρ(v)ν(dv)
(
c+

γ

2

[
κρ,∞(a+ b|Xt|r∞)

]m2
)
(a+ b|Xt|r∞)

≤ C(1 + am2+1 + bm2+1|Xt|r(m2+1)
∞ ), (32)

where C depends on γ, κρ,2 and κρ,∞.
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We show item (2). For x ∈ R0, by Assumption 3.4 and Proposition 5.6, (27) and

item (1) we get

|f̂x(s,Dt,xX
s)| = |fM (s,Xs +Dt,xX

s,ΘM
s +Dt,xΘ

M
s )

− fM (s,Xs,ΘM
s +Dt,xΘ

M
s )|

≤

(
c+

β

2
(2|Xs|r∞ + |Dt,xX

s|r∞)

)
|Dt,xX

s|r∞

≤ C(1 + |Xs|r∞)

with C = C(Lb, r, T, κρ,∞, β)

|f̂x
y (s)| ≤ Lf,y

|f̂x
z (s)| ≤

(
c+ γ2ℓ(|ZM

s |ℓ + |Dt,xZ
M
s |ℓ)

)
≤ C(1 + aℓ + bℓ|Xs|rℓ∞),

|f̂x
u (s)| ≤

(
c+ γ2m1

(∣∣HM
s

∣∣m1 +
∣∣Dt,xH

M
s

∣∣m1
))

|f̂x
u (s)ĥ

x
u(s)| ≤

(
c+ γ2m1

(∣∣HM
s

∣∣m1 +
∣∣Dt,xH

M
s

∣∣m1
))

× (c+ γ2m2(|UM
s (v)|m2 + |Dt,xU

M
s (v)|m2)).

Then by (32) and item (1)

|f̂x
u (s)ĥ

x
u(s)| ≤ C(c+ a(m2+1)m1 + b(m2+1)m1 |Xs|r(m2+1)m1

∞ )

× (c+ (κρ(v)C(1 + a+ b|Xs|r∞))m2)

≤ C
(
1 + a(m1+m1m2+m2)+ b(m1+m1m2+m2)|Xs|r(m1+m1m2+m2)

∞

)

≤ C
(
1 + aℓ + bℓ|Xs|rℓ∞

)

where C depends on γ, κρ,2 and κρ,∞.

For x = 0 we get the same bounds by similar computations.

For a.a. (s, x) ∈ [0, T ]× R, the process (Gx
s,t)t∈[s,T ] defined by

Gx
s,t = 1 +

∫ t

s
f̂x
z (r)G

x
s,rdWr +

∫

]s,t]×R0

f̂x
u (r)ĥ

x
u(r) κ(v) G

x
s,rÑ (dr, dv),

(33)

is a local martingale, but the next lemma shows that under our conditions it is a

true martingale.

Lemma 6.7. Suppose Assumptions 3.2 and 3.4 hold, and that there exist constants

a, b ≥ 1, (possibly depending on M ) such that for a.a. (t, x) ∈ [0, T ]× R0,

|ZM
t | ≤ a+ b|Xt|r∞ and |UM

t (x)| ≤ κρ(x)(a+ b|Xt|r∞).
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Then, the process (Gx
s,t)t∈[s,T ] given in (33) is a uniformly integrable martingale

and we have for the solution to (29) the representation

ZM
t 1x=0 + UM

t (x)1x 6=0

= Ex ′

t

[
e
∫ T
t

f̂x
y (r)drDt,xg

M (X) +

∫ T

t
e
∫ v
t
f̂x
y (r)dr f̂x(v,Dt,xX

v)dv
]
,

where dPx ′

= Gx
t,T dP.

Proof. Since (Gx
s,t)t∈[s,T ] is a locally square integrable martingale, by Novikov’s

condition given by [61, Theorem 2.4] it suffices to check if

E exp

(
1

2

∫ T

s
|f̂x

z (u)|
2du+

∫ T

s
|f̂x

u (u)|
2

∫

R0

|ĥxu|
2κ2(v)ν(dv)du

)
< ∞.

This follows from Lemma 4.1 since by Lemma 6.5 we have

∫ T

s

(
1

2
|f̂x

z (u)|
2 + |f̂x

u (u)|
2

∫

R0

|ĥxu|
2κ2(v)ν(dv)

)
du

≤

∫ T

s
C2(1 + aℓ + bℓ|Xu|rℓ∞)2 + C2(1 + aℓ + bℓ|Xu|rℓ∞)2du

≤

∫ T

s
C ′(1 + |Xu|∞)du

(note that by assumption we have 2rℓ ≤ 1 and κ ∈ L2(ν)). The second part of the

Lemma follows from the proof of [54, Theorem 3.4]. It holds Γx
s,t = e

∫ t
s
f̂x
y (r)drGx

s,t

(see (33) and (30)).

Before stating the next result let us prove an auxiliary Lemma.

Lemma 6.8. Suppose Assumptions 3.2 and 3.4 hold, and that there exists constants

a, b ≥ 1, (possibly depending on M ) such that for a.a. (t, x) ∈ [0, T ]× R0,

|ZM
t | ≤ a+ b|Xt|r∞ and |UM

t (x)| ≤ κρ(x)(a+ b|Xt|r∞).

For all 0 ≤ s ≤ t ≤ T we have

Ex ′

s |Xt|r∞ ≤ C(1 + arℓ + b+ |Xs|r∞).

Proof. Since

Ex ′

s |Xt|r∞ ≤ |Xs|r∞ + Ex ′

s |Xt −Xs|r∞,
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recalling r < 1, it suffices to estimate the term

Ex ′

s |Xt −Xs|r∞ = Ex ′

s sup
s≤u≤t

|Xu −Xs|
r.

The process X for t ∈ [s, T ] is given by

Xt = Xs +

∫ t

s
b(u,Xu)du+

∫ t

s
σ(u)dW ′

u +

∫ t

s
σ(u)f̂x

z (u)du

+

∫

]s,t]×R0

ρ(s, v)Ñ ′(du, dv) +

∫

]s,t]×R0

ρ(s, v)f̂x
u (u)ĥ

x
u(u) κ(v) duν(dv).

By Itô’s formula it holds for 0 ≤ s < t ≤ T that

(Xt −Xs)
2

= 2

∫ t

s
(Xu −Xs)(b(u,Xu) + σ(u)f̂x

z (u))du+ 2

∫ t

s
(Xu −Xs)σ(u)dW

′
u

+

∫ t

s
σ2(u)du

+

∫

]s,t]×R0

2(Xu −Xs)ρ(s, v) + ρ(s, v)2Ñ ′(du, dv)

+ 2

∫

]s,t]×R0

(Xu −Xs)ρ(s, v)f̂
x
u ĥ

x
u κ(v) duν(dv)

+

∫

]s,t]×R0

ρ(s, v)2 duν(dv).

To shorten the notation we will address the sum of the stochastic integrals on the

r.h.s. as ’local martingale’. The two non-random terms are bounded by (K2
σ +

κρ,2)(T − s). Using the bounds for |f̂x
z (u)| and |f̂x

u (u)ĥ
x
u(u)| given in Lemma 6.5

we continue to estimate the remaining integrands as follows:

|(Xu −Xs)(b(u,Xu) + σ(u)f̂x
z (u))|

+

∣∣∣∣
∫

R0

(Xu −Xs)ρ(s, v)f̂
x
u (u)ĥ

x
u(u)κ(v)ν(dv)

∣∣∣∣

≤ C|Xu −Xs|(|Xu|+ 1 + aℓ + bℓ|Xu|rℓ∞),

where C depends on Lb,Kσ,Kb, κρ,2 and κρ,∞. Since rℓ ≤ 1
2 we may increase

the exponent of |Xu|rℓ∞ to 1
2 if we add 1 and then we apply the Cauchy-Schwarz

inequality to get

bℓ|Xu|rℓ∞ ≤ bℓ(1 + |Xu|
1
2
∞) ≤ bℓ +

b2ℓ

2
+

|Xu|∞
2

≤ 2b2ℓ + |Xu|∞.
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This gives

|Xu −Xs|(|Xu|+ 1 + aℓ + bℓ|Xu|rℓ∞)

≤ |Xu −Xs|∞(2|Xu|∞ + 1 + aℓ + 2b2ℓ)

≤ |Xu −Xs|∞(2|Xu −Xs|∞ + 2|Xs|∞ + 1 + aℓ + 2b2ℓ)

≤ 3|Xu −Xs|2∞ + (|Xs|∞ + 1 + aℓ + b2ℓ)2.

Summarising, we have

(Xt −Xs)
2 ≤ 6C

∫ t

s
sup

s≤v≤u
|Xv −Xs|

2du+H + local martingale

where

H =
(
K2

σ + κρ,2 + C(|Xs|∞ + 1 + aℓ + b2ℓ)2
)
T.

Then, by relation (44) of Theorem A.1 (for 0 < p = r

2 < 1 )

Ex ′

s sup
s≤u≤t

|Xu −Xs|
r ≤

1

(1− p)
Hr/2 e

p
1−p

6C(T−s)

≤ C ′(1 + arℓ + b+ |Xs|r∞),

where we used that b2rℓ ≤ b. The constant C ′ depends on Lb,Kσ ,Kb, κρ,2, κρ,∞.
and r.

Lemma 6.9 presented below gives us some bounds on ZM and UM that cannot be

used directly to prove the existence of a solution for (3) since they strongly depend

on M through the constants a = aM and b = bM . It is however an important step

in the proof of Proposition 6.4.

Lemma 6.9. Suppose Assumptions 3.2 and 3.4 hold. Then the following holds for

a solution (Y M , ZM , UM ) to (16): Assume that there exist constants a, b ≥ 1
which may depend on M such that for a.a. (t, x) ∈ [0, T ] × R0,

|ZM
t | ≤ a+ b|Xt|r∞ and |UM

t (x)| ≤ κρ(x)(a+ b|Xt|r∞).

Then there is a C > 0 which does not depend on a, b, M such that

|ZM
t | ≤ C((1 + arℓ + b) + |Xt|r∞)

and

|UM
t (x)| ≤ Cκρ(x)((1 + arℓ + b) + |Xt|r∞).
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Proof. We start by proving the upper bound for |UM
t (x)| by using Lemma 6.7.

From Assumption 3.4 and Proposition 5.6 we derive that for x 6= 0

∣∣∣Ex ′

t

[
e
∫ T
t

f̂x
y (r)drDt,xg

M (X)
]∣∣∣

≤ eTLf,yEx ′

t

[
(c+ α(|X|r∞ + |Dt,xX|r∞)) |Dt,xX|∞

]

≤ eTLf,yTeLbTκρ(x)E
x ′

t

(
c+ α(|X|r∞ + |eLbTκρ(x)|

r)
)

≤ κρ(x)C(1 + Ex ′

t |X|r∞). (34)

Hence from (34) and Lemma 6.8 we get that there is a C > 0 such that we have

∣∣∣Ex ′

t

[
e
∫ T
t f̂x

y (r)drDt,xg
M (X)

]∣∣∣ ≤ Cκρ(x)(1 + arℓ + b+ |Xt|r∞),

Applying Lemma 6.5 we get as in (34) that

∣∣∣Ex ′

t

[ ∫ T

t
e
∫ v
t f̂x

y (r)dr f̂x(v,Dt,xX
v)dv

]∣∣∣

≤ C

∫ T

t
Ex ′

t

[
(1 + eLbrTκρ(x)

r + |Xv |r∞) eLbTκρ(x)
]
dv.

By Lemma 6.8 we have

∣∣∣Ex ′

t

[ ∫ T

t
e
∫ v
t
f̂x
y (r)dr f̂x(v,Dt,xX

v)dv
]∣∣∣ ≤ Cκρ(x)(1 + arℓ + b+ |Xt|r∞).

We have now all the tools needed in order to prove Proposition 6.4.

Proof of Proposition 6.4. Let us start by proving (22). By Lemma 6.3 there exists

an a0 > 0 potentially depending on M such that, for a.a. (t, x) ∈ [0, T ]× R,

|ZM
t | ≤ a0,

|UM
t (x)| ≤ a0κρ(x). (35)

By Lemma 6.9 we have

|ZM
t | ≤ C(1 + arℓ0 ) + C|Xt|r∞

|UM
t (x)| ≤ κρ(x)(C(1 + arℓ0 ) + C|Xt|r∞),
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where C does not depend on a0 and M . Let a1 := C(1 + arℓ0 ). Applying again

Lemma 6.9 gives

|ZM
t | ≤ C(1 + arℓ1 + C)) + C|Xπ,t|r∞ ≤ (C + 1)2(1 + arℓ1 ) + C|Xπ,t|r∞

|UM
t (x)| ≤ Cκρ(x)((1+arℓ1 +C)+|Xπ,t|r∞) ≤ κρ(x)((C+1)2(1+arℓ1 )+C|Xπ,t|r∞).

Let an+1 := (C + 1)2(1 + arln ). Lemma 6.9 gives for all n

|ZM
t | ≤ (C + 1)2(1 + arℓn+1) + C|Xπ,t|r∞

|UM
t (x)| ≤ κρ(x)((C + 1)2(1 + arℓn+1) + C|Xπ,t|r∞).

We can remark that a∞ := limn→+∞ an exists since rℓ < 1, and it depends only

on C and rℓ. Then we just have to set b∞ := C in order to get the announced

result.

We now show (23). Since

Y M
t = Etg

M (X) + Et

∫ T

t
fM

(
s,Xs,ΘM

s

)
ds

where ΘM
s := (Y M

s , ZM
s ,HM

s ), we get from (22) and Assumption 3.4

|Y M
t | ≤ |gM (0)| + Et|g

M (X)− gM (0)|

+

∫ T

t
|fM (s, 0, 0, 0, 0)) |ds

+ Et

∫ T

t
|fM

(
s,Xs,ΘM

s

)
− fM (s, 0, 0, 0, 0)) |ds

≤ C(g(0)) + CEt(1 + |X|r+1
∞ )

+C

∫ T

t
|f(s, 0, 0, 0, 0)|ds + Et

∫ T

t

[
C(1 + |Xt|r+1

∞ ) + Lf,y|Y
M
s |+

+C(1 + |ZM
s |l+1) + C(1 + |HM

s |m1+1)]ds

≤ C + CEt|X|r+1
∞ + C

∫ T

t
Et|X

s|r+1
∞ ds+ Lf,yEt

∫ T

t
|Y M

s |ds

≤ C + C|Xt|r+1
∞ + CEt|X −Xt|r+1

∞

+C

∫ T

t
Et|X

s −Xt|r+1
∞ ds+ Lf,yEt

∫ T

t
|Y M

s |ds.

Then, by similar computations as in the proof of Lemma 6.8 (here we use E instead

of E′) one gets that

|Y M
t | ≤ C +C|Xt|r+1

∞ + Lf,yEt

∫ T

t
|Y M

s |ds

and the assertion follows by Gronwall’s lemma.
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7 A priori estimate and proof of the main result

Before we show the main theorem, we prove a stability result well shaped for our

setting. We introduce the notation

fh(s,x
s, y, z,u) := f

(
s,xs, y, z,

∫

R0

h(s,u(v))κ(v)ν(dv)

)
.

Lemma 7.1. Let (ξ, f, h), (ξ′, f ′, h′) be data for BSDEs with ξ, ξ′ ∈ L2 and

f, f ′, h, h′ satisfy Assumption 3.4 (iii-vi). Assume two respective solutions

(Y,Z,U), (Y ′, Z ′, U ′) exist and are such that there are constants a, b > 0

|Zt| ∨ |Z ′
t| ≤ a+ b|Xt|r∞ and |Ut(x)| ∨ |U ′

t(x)| ≤ κρ(x)(a+ b|Xt|r∞).

Then there is a constant C = C(a, b, c, T, Lf,y, γ, r, l, κρ,∞, ‖κ‖L2(ν)) > 0 such

that for all n ∈ N,

E|Y − Y ′|2∞ + E

∫ T

0
|Zt − Z ′

t|
2dt+ E

∫ T

0
‖Ut − U ′

t‖
2
L2(ν)dt

≤ CeCn

(
E|ξ − ξ′|2 + E

(∫ T

0
|fh(t, Yt, Zt, Ut)− f ′

h′(t, Yt, Zt, Ut)|dt

)2)

+ e−nCE

[
e(T+1)2|X|∞)

]
. (36)

Moreover, the difference of the generators may also be taken using the solution

(Y ′, Z ′, U ′).

Proof. We denote differences of the solutions by ∆Yt := Yt − Y ′
t etc. and the

one of the terminal conditions by ∆ξ := ξ − ξ′. We will here use the notation

Θt := (Yt, Zt, Ut) and Θ′
t := (Y ′

t , Z
′
t, U

′
t).

By standard arguments using Itô’s formula for |∆Yt|
2, Doob’s Lp- and Young’s

inequalities, we find that one obtains C > 0 (we will keep the constant’s name C
in all subsequent estimates, but its value may change as we proceed) such that for

all t ∈ [0, T ],

E sup
s∈[t,T ]

|∆Ys|
2 + E

∫ T

t
|∆Zs|

2ds+ E

∫ T

t
‖∆Us‖

2
L2(ν)ds (37)

≤ CE

[
|∆ξ|2 +

(∫ T

t
|∆Ys||fh(s,Θs)− f ′

h′(s,Θ′
s)|ds

)]
.

It holds using Assumption 3.4 on f ′ and h′ that

|f ′
h′(s,Θs)− f ′

h′(s,Θ′
s)| ≤ C

(
|∆Ys|+ (1 + |Xs|rl∞)

(
|∆Zs|+ ‖∆Us‖L2(ν)

)
.

36



Here the bound C(1+ |Xs|rl∞)‖∆Us‖
2
L2(ν) is coming from Assumption 3.4 (v), the

bound on U and the fact that
∣∣∣∣
∫

R0

(h(s, Us(v))− h(s, U ′
s(v)))κ(v)ν(dv)

∣∣∣∣

≤ C(1 + |Xs|rm2
∞ )

∫

R0

|Us(v)− U ′
s(v)|κ(v)ν(dv)

≤ C(1 + |Xs|rm2
∞ ) ‖κ‖L2(ν) ‖∆Us‖L2(ν).

Now let us introduce Qn,t = {(ω, t) : T sup0≤s≤t |Xs| > n}. By splitting up the

domain and using Assumption 3.4 and the bounds in X for Z and U , we obtain

|∆Ys||fh(s,Θs)− f ′
h′(s,Θ′

s)|

≤ C|∆Ys|
(
|∆Ys|+ (1 + |Xs|rl∞)

(
|∆Zs|+ ‖∆Us‖L2(ν)

)
+ |(fh − f ′

h′)(s,Θs)|
)

≤ C(|∆Ys|
2 + |∆Ys||(fh − f ′

h′)(s,Θs)|)

+ C|∆Ys|(1 + |Xs|rl∞)(|∆Zs|+ ‖∆Us‖L2(ν))(1Qc
n,s

+ 1Qn,s)

≤ C(|∆Ys|
2 + |∆Ys||(fh − f ′

h′)(s,Θs)|)

+ C|∆Ys|(1 + |Xs|rl∞)(|∆Zs|+ ‖∆Us‖L2(ν))1Qc
n,s

+ C|∆Ys|(1 + |Xs|1+r

∞ )1Qn,s . (38)

With the help of Young’s inequality yz ≤ cy2

2 + z2

2c for arbitrary c > 0, bounding

|∆Y | by its supremum, we may estimate the term

|∆Ys||fh(s,Θs)− f ′
h′(s,Θ′

s)| (39)

≤ C|∆Ys|
2 +

3Cc

2
|∆Ys|

2(1 + |Xs|2rl∞ )1Qc
n,s

+
C

2c
(|∆Zs|

2 + ‖∆Us‖
2
L2(ν))

+ |Xs|2r+2
∞ 1Qn,s + sup

r∈[t,T ]
|∆Yr||(fh − f ′

h′)(s,Θs)|.

Note that on Qc
n,s, we can estimate 1+ |Xs|2lr∞ ≤ 1+n. With the above estimates,

using again Young’s inequality and choosing c in an adequate way, we infer from

(37) that

E sup
s∈[t,T ]

|∆Ys|
2 + E

∫ T

t
|∆Zs|

2ds+ E

∫ T

t
‖∆Us‖

2
L2(ν)ds

≤ CE

[
|∆ξ|2 + (n + 2)

∫ T

t
|∆Ys|

2ds

+

(∫ T

t
|(fh − f ′

h′)(s,Θs)|ds

)2

+

∫ T

t
|Xs|2r+2

∞ 1Qn,sds

]
.
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So, replacing |∆Ys|
2 on the right hand side by supr∈[s,T ] |∆Yr|

2 +
∫ T
s (|Zr|

2 +

‖Ur‖
2)dr, we can use Gronwall’s inequality to arrive at

E sup
s∈[t,T ]

|∆Ys|
2 + E

∫ T

t
|∆Zs|

2ds+ E

∫ T

t
‖∆Us‖

2
L2(ν)ds

≤ Ce(n+2)(T−t)E

[
|∆ξ|2 +

(∫ T

t
|(fh − f ′

h′)(s,Θs)|ds

)2

+

∫ T

t
|Xs|2r+2

∞ 1Qn,sds

]
.

Since

enT |Xs|2r+2
∞ 1Qn,s ≤ eT

2 sup0≤u≤s |Xu|(1 + |Xs|3∞)1Qn,s

≤ eT
2 sup0≤u≤s |Xu|2e|X

s|∞e−neT sup0≤u≤s |Xu|

≤ e−n2e(T+1)2 |X|∞,

we conclude that there is a C > 0 such that

E sup
s∈[t,T ]

|∆Ys|
2 + E

∫ T

t
|∆Zs|

2ds + E

∫ T

t
‖∆Us‖

2
L2(ν)ds

≤ CeCnE

[
|∆ξ|2 +

(∫ T

t
|(fh − f ′

h′)(s,Θs)|ds

)2]

+ e−nCE

[
e(T+1)2)|X|∞

]

and we just have to take t = 0 in the previous inequality.

7.1 Proof of Theorem 3.5

The uniqueness follows from Lemma 7.1. It remains to show existence. To that

end, consider the terminal condition ξM := gM (X) and the generator fM as given

in (15). By Proposition 6.4, a solution (Y M , ZM , UM ) exists which obeys the

condition (4) with the same a, b, c for any M . Let us show by Lemma 7.1 that

(Y M , ZM , UM )∞M=1 is a Cauchy sequence in S2 × L2(W ) × L2(Ñ ). We note

that by choosing n large the third term of the r.h.s. of (36) can be made arbitrarily

small. So it suffices to show that the other two expressions on the r.h.s. of (36) are

small for large M,M . We show that ξM converges to ξM in L2. By Hölder’s and

Markov’s inequality and Lemma 4.1, if M ≤ M,

E|ξM − ξM |2 = E|gM (X) − gM (X)|2
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≤ E

(
(c+

α

2
(|XM |r∞ + |XM |r∞))|XM −XM |∞

)2

≤ E

(
(c+ α|X|r∞)|X|∞1|X|∞≥M

)2

≤ C(1 + (E|X|4(r+1)
∞ )

1
2 )
(
E1|X|∞≥M

) 1
2
≤ C ′ 1

M
.

We continue with

E

(∫ T

0
|fM

h (s,Xs,ΘM
s )− fM

h′ (s,Xs,ΘM
s )|ds

)2

, (40)

where

fM
h (s,x, y, z,u) := f

(
s, bM (x), y, bM (z), bM

(∫

R0

h(s, bM (u(v)))κ(v)ν(dv)
))

.

and

fM
h′ (s,xs, y, z,u) := f

(
s, bM (x), y, bM (z), bM

(∫

R0

h(s, bM (u(v)))κ(v)ν(dv)
))

.

Since Assumptions 3.4-(i) and (ii) are of the same type, the x difference of f be-

haves like ξM − ξM so we get for M ≤ M the upper bound

|fh(s, bM (Xs),ΘM
s )− fh(s, bM (Xs),ΘM

s )|

≤ (c+
β

2
(|XM |r∞ + |XM |r∞)) |XM −XM |∞

≤ (c+ β|X|r∞)|X|∞1|X|∞≥M .

Similarly, we can treat fM
h − fM

h′ concerning ZM
s and UM

s . For example, by As-

sumption 3.4(iv) and Proposition 6.4,

(
c+

γ

2
(|bM (ZM

s )|ℓ + |bM (ZM
s )|ℓ)

)
|bM (ZM

s )− bM (ZM
s )|

≤
(
c+ γ(a∞ + b∞|Xt|r∞)ℓ

)
(a∞ + b∞|Xt|r∞)1(a∞+b∞|Xt|r∞)≥M .

Continuing like for ξM we see that the integral term (40) is arbitrarily small for

large M ≤ M.
This ends the proof that (Y M , ZM , UM )M is a Cauchy sequence in S2×L2(W )×
L2(Ñ ). We call the limit (Y,Z,U).
From Proposition 6.4 we conclude that Z and U satisfy (4) setting a := a∞ and

b := b∞. The bound for Y follows in the same way from the convergence of Y M
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to Y in S2 and the bound in (23).

Looking at (16), we get that the left hand side Y M
t converges in L2 to Yt, and the

stochastic integrals
∫ T
t ZM

s dWs,
∫
]t,T ]×R

UM
s (x)Ñ (ds, dx) converge in L2 to the

respective terms
∫ T
t ZsdWs,

∫
]t,T ]×R

Us(x)Ñ (ds, dx). It remains to show that also

IM :=
∫ T
t fM

h (s,Xs, Y
M
s , ZM

s , UM
s )ds does converge.

Since IM is a Cauchy sequence in L2 it converges in L2. There exists a subse-

quence s.t. IMk converges a.s. Moreover, the estimates (22) and (23) imply that

fM
h (s,Xs,Θ

M
s ) ≤ C(1 + |X|1+r

∞ )

which is an integrable bound. Then by the dominated convergence theorem

lim
k→+∞

IMk =

∫ T

t
fh

(
s,Xs,Θs

)
ds.

Finally, to get that the solution is Malliavin differentiable, we may apply Lemma

5.1 using that we have L2 convergence of (Y M
s , ZM

s , UM
s ) to (Ys, Zs, Us). For

x 6= 0 the uniform bound for the DR0
1,2 norms follows immediately from Proposition

6.4 and Lemma 6.6.

To get a uniform bound for the D0
1,2 norms if x = 0 we reuse the proof of Lemma

7.1: We set

(Y,Z,U) := (0, 0, 0), (Y ′, Z ′, U ′) := (Ds,0Y
M ,Ds,0Z

M ,Ds,0U
M ),

ξ := 0, ξ′ := Ds,0g
M (X), f = 0, f ′

h = Ds,0f
M
(
t,Xt,ΘM

t

)
.

Clearly, the assumptions on Z and U of Lemma 7.1 are not satisfied for Dt,0Z
M

and Dt,0U
M , but it is possible to derive the a priori estimate as follows: Note that

Lemma 5.7 implies that

|Ds,0f
M
(
t,Xt,ΘM

t

)
|

≤ |(Ds,0f
M(t,Xt, y))|y=(Y M

t ,ZM
t ,HM

t )|

+ Ly |Ds,0Y
M
t |+ (c+ |ZM

t |r)|Ds,0Z
M
t |+ (c+ |HM

t |r)|Ds,0H
M
t |.

Using (18), the counterpart of (38) reads as

|Ds,0Y
M
t ||Ds,0f

M
(
t,Xt,ΘM

t

)
|

≤ |Ds,0Y
M
t ||Ds,0f

M
(
t,Xt,ΘM

t

)
−Ds,0f

M (t,Xt, 0)|
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+ |Ds,0Yt||Ds,0f
M (t,Xt, 0)|

≤ C(|Ds,0Y
M
t |2 + |Ds,0Y

M
t | |Ds,0f

M(t,Xt, 0)|)

+ C|Ds,0Y
M
t |(1 + |Xs|rl∞)(|Ds,0Z

M
t |+ ‖Ds,0U

M
t ‖L2(ν))1Qc

n,s

+ C|Ds,0Y
M
t |(1 + |Xs|r+1

∞ )1Qn,s .

From here we can just proceed like in the proof of Lemma 7.1 to get

E|Ds,0Y
M |2∞ + E

∫ T

0
|Ds,0Z

M
t |2dt+ E

∫ T

0
‖Ds,0U

M
t ‖2L2(ν)dt

≤ CeCn

(
E|Ds,0g

M (X)|2 + E

(∫ T

0
|Ds,0f

M (t,Xt, 0)|dt

)2)

+ e−nCE

[
e(T+1)2|X|∞)

]
. (41)

This provides us with a uniform bound for the D0
1,2 norms which can be derived

using (14) combined with Lemma 4.1 so that thanks to the convergence in L2 of

(Y M
t , ZM

t , UM
t ) to (Yt, Zt, Ut) we get by Lemma 5.1 that Yt, Zt, Ut(v) ∈ D0

1,2 and

also
∫ T
t ZsdWs and

∫
]t,T ]×R0

Us(v)Ñ (ds, dv) are in D0
1,2. Then we know that also

∫ T
t f (s,Xs, Ys, Zs,Hs) ds ∈ D0

1,2.

A Appendix

A.1 Stochastic Gronwall and Bihari-LaSalle inequalities

The article [23] contains stochastic Gronwall and Bihari-LaSalle inequalities for

many different settings. For the convenience of the reader we cite one special case

here ([23, Theorem 3.1(a)]) which suits our situation.

Theorem A.1. Assume that (Xt)t≥0 is an adapted, càdlàg, non-negative process

satisfying the inequality

Xt ≤

∫

]0,t]
η
(

sup
0≤u<s

Xu

)
dAs +Mt +Ht, (42)

where for T > 0 and 0 < p < 1 it holds

• There is a c0 ≥ 0 such that Xt ≥ c0 for all t ≥ 0.

• η : ]c0,∞[→]0,∞[ is continuous, non-decreasing and convex and such that

η(p)(x) :=
p

1− p
η(x1/p)x1−1/p

is convex and C1, and limxցc0 η
(p)(x) := 0.
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• (At)t≥0 is a predictable, non-decreasing càdlàg process with A0 = 0.

• (Ht)t≥0 is an adapted, non-negative non-decreasing càdlàg process,

EHT < ∞

• (Mt)t≥0 is a càdlàg local martingale with M0 = 0.

Then one has for 0 < p < 1

E0

[
G−1

(
G(|XT|∞)− (1− p)−1AT

)p]
≤

1

(1− p)
(E0[HT ])

p (43)

where G(x) :=
∫ x
r

1
η(u)du for some r > c0.

In the special case where η(x) = x and (At)t≥0 is deterministic we have for

0 < p < 1

E0[|X
T|p∞ ] ≤

1

1− p
(E0[HT ])

p e
p

1−p
AT . (44)

A.2 Proof of Lemma 5.7

We will use Sugita’s approach to define D1,2 which uses some kind of Gâteaux

derivative. We need some notation: First of all, we exploit the Lévy-Itô decom-

position, especially, the independence of the Gaussian term and the jump term, to

interpret the probability space (Ω,F ,P) as the completion of (ΩW × ΩJ ,FW ⊗
FJ ,PW ⊗ PJ), where (ΩW ,FW ,PW ) is the canonical Wiener space and the sep-

arable Hilbert space E := (ΩJ ,FJ ,PJ) carries the pure jump process (for more

details see [21]). Following Janson ([30, Example 15.6]) we let

H :=
{∫ T

0
h(s)dWs : h ∈ L2[0, T ]

}

be the Hilbert space with the inner product 〈η1, η2〉 := Eη1η2. For h ∈ L2([0, T ]),
we define

gh(t) :=

∫ t

0
h(s)ds

and the Cameron-Martin shift

ρhξ(ω
W ) := ξ(ωW + gh)

for any random variable ξ ∈ L0(PW ;E). We will denote by HS(L2([0, T ]);E)
the space of Hilbert-Schmidt operators between L2([0, T ]) and E.
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Definition A.2 ([8, 30]). (i) A random variable ξ ∈ L0(PW ;E) is absolutely

continuous along h ∈ L2([0, T ]) (h-a.c.) if there exists a random variable

ξh ∈ L0(PW ;E) such that ξh = ξ a.s. and for all ωW ∈ ΩW the map

u 7→ ξh(ωW+ u gh)

is absolutely continuous on bounded intervals of R.

(ii) ξ ∈ L0(PW ;E) is ray absolutely continuous (r.a.c.) if ξ is h-a.c. for every

h ∈ L2([0, T ]).

(iii) For ξ ∈ L0(PW ;E) and h ∈ L2([0, T ]) we say the directional derivative

∂hξ ∈ L0(ΩW ;E) exists if

ρuh(ξ)− ξ

u
→P

W
∂hξ, u → 0.

(iv) ξ ∈ L0(PW ;E) is called stochastically Gâteaux differentiable (s.G.d.) if ∂hξ
exists for every h ∈ L2([0, T ]) and there exists an HS(L2([0, T ]);E)-valued

random variable denoted by D̃ξ such that for every h ∈ L2([0, T ])

∂hξ = 〈D̃ξ, h〉L2([0,T ]), PW -a.s.

The next theorem does in fact hold for p ≥ 1 while we only need here the version

for p = 2.

Theorem A.3 ( [62, Theorem 3.1]). Then D0
1,2 can be identified with

DW
1,2(E) :={ξ ∈ L2(PW;E) : ξ is r.a.c., s.G.d. and

D̃ξ ∈ L2(PW;HS(L2([0, T ]);E))},

and for ξ ∈ DW
1,2(E) it holds D·,0ξ = D̃ξ a.s.

Proof of Lemma 5.7. We start with item (1). Since

ρuhXt −Xt =

∫ t

0
b(r, ρuhX

r)− b(r,Xr)dr + u

∫ t

0
σ(r)h(r)dr.

it holds

|ρuhXt −Xt| ≤ Lb

∫ t

0
|ρuhX

r −Xr|∞dr + uKσ

∫ t

0
|h(r)|dr,
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so that by Gronwall’s inequality,

|ρuhX
t −Xt|∞ ≤ uKσ‖h‖L1[0,T ] e

Lbt. (45)

From Proposition 5.6 we know that Xt is Malliavin differentiable. Now [21, The-

orem 3.11.] implies that in probability,

〈D·,0Xt, h〉L2([0,T ]) ≤ lim
u↓0

|ρuhXt −Xt|

u
≤ Kσ‖h‖L1[0,T ] e

Lbt,

for any h ∈ L2([0, T ]) with
∫ T
0 |h(r)|dr ≤ 1. Hence for a.e. s ∈ [0, t],

|Ds,0Xt| ≤ Kσ eLbt.

In the same way one can prove item (2): It holds that f
(
t,Xt, (Y1, ..., Yd)

)
,

f
(
t,xt, (Y1, ..., Yd)

)
, f
(
t,Xt, (y1, ..., yd)

)
∈ D0

1,2. This follows by Theorem 5.2,

for example for the first term, from the estimate

‖f
(
t,Xt, Y

)
− f

(
t,Xt,ϕ, Y ϕ

)
‖L2

≤ Lx ‖
(
c+

β

2
(|Xt|r∞ + |Xt,ϕ|r∞)

)
|Xt −Xt,ϕ|∞‖L2

+

d∑

k=1

Lyk

∥∥Yk − Y ϕ
k

∥∥
L2 ≤ cϕ.

Indeed, by Theorem 5.2 we have that sup0<ϕ≤1
‖Yk−Y ϕ

k ‖L2

ϕ < ∞. Moreover,

thanks to the Cauchy-Schwarz inequality and (12),

∥∥∥
(
c+

β

2
(|Xt|r∞ + |Xt,ϕ|r∞)

)
|Xt −Xt,ϕ|∞

∥∥∥
L2

≤ (c+ β‖|Xt|r∞‖L4) ‖|Xt −Xt,ϕ|∞‖L4 ≤ Cϕ.

Especially (see [21, Theorem 3.11] ) we have that in probability,

lim
u↓0

ρuhf
(
t,Xt, (Y1, ..., Yd)

)
− f

(
t,Xt, (Y1, ..., Yd)

)

u

= 〈D·,0f
(
t,Xt, (Y1, ..., Yd)

)
, h〉L2([0,T ]).

On the other hand,

|ρuhf
(
t,Xt, y

)
− f

(
t,Xt, y

)
|

≤ Lx

(
c+

β

2
(|ρuhX

t|r∞ + |Xt|r∞)
)
|ρuhX

t −Xt|∞
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≤ Lx

(
c+

β

2
(|ρuhX

t|r∞ + |Xt|r∞)
)
uKσ‖h‖L1[0,T ] e

Lbt,

where we used (45). Hence we get for any h ∈ L2([0, T ]) with
∫ T
0 |h(r)|dr ≤ 1

〈D·,0f
(
t,Xt, y)

)
, h〉L2([0,T ]) ≤ LxKσ

(
c+ β|Xt|r∞

)
eLbT .

This gives

‖D·,0f
(
t,Xt, y)

)
‖L∞[0,T ] ≤ LxKσ

(
c+ β|Xt|r∞

)
eLbT .

We will show that in probability,

lim
u↓0

ρuhf
(
t,Xt, (Y1, ..., Yd)

)
− f

(
t,Xt, (Y1, ..., Yd)

)

u

= lim
u↓0

f
(
t, ρuhX

t, ρuh(Y1, ..., Yd)
)
− f

(
t,Xt, ρuh(Y1, ..., Yd)

)

u

+

d∑

k=1

lim
u↓0

(
f
(
t,Xt, ρuh(Y1, ..., Yd+1−k), ..., Yd

)

u

−
f
(
t,Xt, ρuh(Y1, ..., Yd−k), ..., Yd

)

u

)

= 〈D·,0f
(
t,Xt, y

)
, h〉L2([0,T ]) |y=Y

+

d∑

k=1

〈D·,0f
(
t,xt, y1, ..., Yk, ..., yd

)
, h〉L2([0,T ]) |xt=Xt,yi=Yi,i 6=k .

From this (13) follows. The existence of the G1, ..., Gd we get from Nualart [46,

Proposition 1.2.4]. To see that the above limits work, we use [30, Theorem 14.1

(ix)] which states that the Cameron Martin shift is continuous as a map L2([0, T ])×
L0(PW ;E) → L0(PW ;E) given by (η, ξ) 7→ ρηξ. Moreover, limu↓0 ρuhξ = ξ in

probability, for any ξ ∈ L0(PW ;E). Clearly, it holds

lim
u↓0

f
(
t, ρuhX

t, ρuh(Y1, ..., Yd)
)
− f

(
t,Xt, ρuh(Y1, ..., Yd)

)

u

= lim
u↓0

ρuh

(
f
(
t,Xt, (Y1, ..., Yd)

)
− f

(
t, ρ−uhX

t, (Y1, ..., Yd)
)

u

)
.

Now, considering the map (η, ξ) 7→ ρηξ for

(η, ξ) :=
(
uh,

f
(
t,Xt, (Y1, ..., Yd)

)
− f

(
t, ρ−uhX

t, (Y1, ..., Yd)
)

u

)
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we get the convergence to 〈D·,0f
(
t,Xt, y

)
, h〉L2([0,T ]) |y=Y thanks to the joint

continuity and the convergence in probability

lim
u↓0

f
(
t,Xt, (Y1, ..., Yd)

)
− f

(
t, ρ−uhX

t, (Y1, ..., Yd)
)

u

= 〈D·,0f
(
t,Xt, y

)
, h〉L2([0,T ]) |y=Y .
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