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Abstract

We study the problem of optimally generating quantum gates in a logical subspace embedded in a larger Hilbert
space, where the dynamics is also affected by unknown static imperfections. This general problem is widespread
across various emergent quantum technology architectures. We derive the fidelity susceptibility in the computational
subspace as a measure of robustness to perturbations, and define a cost function that quantifies leakage out of the
subspace. We tackle both effects using a two-stage optimization where two cost functions are minimized in series.
Specifically, we apply this framework to the generation of single-qubit gates in a superconducting transmon system,
and find high-fidelity solutions robust to detuning and amplitude errors across various parameter regimes. We also
show control pulses which maximize fidelity while minimizing leakage at all times during the evolution. However,
finding control solutions that address both effects simultaneously is shown to be much more challenging, indicating
the presence of a trade-off relation.
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1. Introduction quasi-static noise (fluctuations which are slower than
the system timescales, common in low-frequency dom-

In the vast majority of quantum computing architec- inated noise) [3].

tures, the fundamental building blocks (qubits) are nat-
urally embedded in multi-level quantum systems, such
as atoms or oscillators. Given the high fidelity require-
ments of quantum computing this sets two immediate
criteria for successful quantum gates. Firstly, that the
state evolution remains within the subspace of inter-
est (often termed the logical or computational space)
throughout the whole evolution. This will avoid the
higher decoherence rates associated with these higher
levels [1]] and other unknown errors. Secondly that the
particular control pulses implement an evolution which
is also robust to systematic errors within the logical
space. This can be modeled by unknown static perturba-
tions [2} 13 14], which captures both systematic errors and

Previously, these two issues have been addressed
separately. Leakage errors have been combated us-
ing shorcuts to adiabaticity [6, [/], Derivative Removal
by Adiabatic Gate (DRAG) [8| 9], composite pulses
[LO, 11} 12]] and numerical optimization [[13,[14}[15}/16].
Similarly, a variety of methods have been employed
to ensure robust quantum control such as geometric
curves [17], numerical optimization using differentiable
programming [[18, |19] and gradient free methods [20],
Pontryagin maximum principle [21] and many others
[22, 23] 124, 1250 26]. In particular, in [3] it was recently
shown how control fields can be designed which correct
for any unknown static error. In both cases, an increase
in operation time was required.
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achieving high error-free gate fidelities? Enforcing
the evolution to avoid any leakage necessarily reduces
the solution space and constrains the possible evolution
paths. Since the fidelity susceptibility to static errors
(i.e. the robustness) has been shown to be highly path
dependent, heuristically it would seem that these de-
mands could be in conflict.

Superconducting transmon qubits are an ideal testbed
to explore this interplay. They are weakly anharmonic
oscillators where the two lowest levels form the qubit.
Although this parameter regime of weak anharmonic-
ity allows for resistance to charge noise, the leakage
to higher levels must be carefully managed. Previ-
ously, transmon control pulses have been successfully
obtained using quantum optimal control approaches
[27, 28 29], and more recently reinforcement learning
methods [30]. Note that we will focus exclusively on
coherent errors. However, incoherent errors are also
present in superconducting systems [31,32]]. The errors
modeled by Lindblad dynamics can be partially miti-
gated by a suitable choice of control function [33]].

Our agenda for this paper is to investigate numeri-
cally optimized high-fidelity quantum gates which mini-
mize errors due to both leakage and static perturbations.
Our contributions are three-fold. First, we derive a new
closed-form expression for the fidelity susceptibility of
a logical operation within a computational space em-
bedded in a larger Hilbert space. While we focus on its
use for the example of a transmon qubit, this expression
is general and is directly applicable to other platforms.
Then, we propose and implement a two-stage optimiza-
tion procedure (inspired by previous work [34} 3]) that
allows us to systematically investigate how demanding
increased robustness or reduced leakage to the optimal
control solutions affect their cost in terms of increased
evolution time or anharmonicity. Finally, we numeri-
cally reveal an emerging trade-off between the robust-
ness and the leakage of the obtained control solutions
and explore how it can be understood and mitigated.

The paper is organized as follows. In Section 2]
we introduce the problem of generating robust quan-
tum gates. We define the cost functions and derive the
fidelity susceptibility to quantify robustness. We then
present our two-stage optimization method. In Section
[l we apply this framework to a transmon qubit. We
show in Section {4| that we can generate highly robust
single-qubit gates and analyze the control resources re-
quired. In Section [5] we examine leakage as an alter-
native optimization metric, and discuss the aforemen-
tioned trade-off between leakage and robustness. Fi-
nally, in Section[6] we summarize our findings and dis-
cuss future research directions.
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Figure 1: Outline of the relevant control problem. (a) Diagram of
possible evolutions of the system (green lines) from the initial unitary
Uinit = 1 to the target one Uy, (b) Workflow of two-stage optimiza-
tion. Inputs and output control pulse vectors show by green arrows
and optimisation stages in blue boxes.

2. Robust quantum control in a subspace

We will now outline the problem setting in detail.
Consider a general driven quantum system, described
by an ideal, error-free Hamiltonian Hy(¢). The asso-
ciated unitary time evolution operator from time 0 to
time ¢ is Uy(t,0) = Uy(r), which acts on states on a
Hilbert space H. We will consider a partition of whole
space into a relevant computational subspace Hp and
its complement H, i.e. H = Hp & H, see Fig. [1] (a)
for an illustration. We are interested in transformations
only within this computational subspace; in particular
we want Uy(7) to be such that a the final time # = T, any
state |y) € Hp transforms to Uy, [f) up to an irrelevant
global phase. Any unitary obeying

Uo(T) = U ® Uz (1)

(up to a global phase) will satisfy this criterion.

To quantify how well our dynamics achieves this
goal, we resort to the state-averaged fidelity, originally
derived in [35]. We will focus on the application of this
formula to a relevant computational subspace, see for
example [36]. As such, we define the fidelity in the log-



ical space between two unitaries X and Y as,
G[X, Y] =

! t t e
FREREY {Tr[XPX PYPY'P) + |Tt[PXPY)| } )
where P is a projection operator into the subspace of in-
terest, dp = dim(p) is the dimension of this subspace.
In this language, we can define a cost function that our
dynamics should seek to minimize in order to achieve
the desired target. This target cost reads

Ju=1=-G[Uu ® 1, Uy(T,0)]. 3)

Minimizing this will ensure that the target gate is imple-
mented by the ideal Hamiltonian Hy(7).

We now consider two types of imperfections that
could affect our idealized control solutions. Firstly,
there could be static perturbations to this Hamiltonian,
resulting in the full Hamiltonian H(r) = Hy(t) + AV
where 4 <« 1. To quantify the deviation of U, with re-
spect to Uy we can use Eq. @) with X = Upyand Y = U,
to obtain

F, {Tr[PUAPU;] + ‘TT[PUAPU3]|2}a

“)
where the time evolution operator U, is taken the final
time U, = U,(T) and we have assumed that the ideal
evolution at the final time Uy = Uy(T') has no leakage.

Robustness to a small perturbation A can then be char-
acterized by the fidelity susceptibility derived in [Ap-|
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where we have defined Trp[-] = Tr[P-] as the trace
over the logical subspace and have introduced the time-
averaged perturbation operator

_ 1 (T .
V(,z7 fo Uo()" VU (t)dt. (6)

This will form the basis for the second cost function
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where Q is a characteristic frequency chosen to keep Jg
dimensionless (this will be specified in Sec. [3). Note
that evaluation of this cost function requires only in-
formation about the ideal (perturbation-free) evolution
Uy(t), depending only on Hy(?).

Secondly, we will analyze loss of population outside
of the computational subspace during the evolution. We
quantify this using the expression

1 .
LU =1- ETr (PUPUT), ®)

which measures how population is lost when a state is
evolved by U, averaged over all initial states contained
in P. Consequently, L[U] = O only if U = Up & Us.
In order to find solutions Uy(#) that minimize leakage
throughout the evolution, we thus define the final cost
functional

1 (T
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T Jo

We emphasize that reducing leakage at the final time
is already achieved by the target cost function Jy, c.f.
Eq. (@). Considering this additional cost function J;
aims to keep the population in the computational sub-
space throughout the complete dynamics.

Fig. [I[(a) shows a schematic of the control task, where
the three functionals have a clear meaning. J;; measures
how close the final unperturbed unitary Uy(7) matches
the target (marked by the star). J;, quantifies the leakage
(dashed green lines) outside the computational Hilbert
space Hp (shaded blue area). Finally, Jg captures the
deviations in gate fidelity due to variation in the error
parameter A. The increasing transparency of lines cor-
responds to stronger perturbations. Note that the pertur-
bations V reside in the entire Hilbert space and could
therefore induce transitions outside the computational
subspace, in addition to reducing overall fidelity.

2.1. Optimization procedure

Having defined the cost functions of interest, i.e.
Eqns. @), @), and (9), we now discuss how to tackle the
multi-objective optimization procedure in practice. We
will focus on bicriteria problems where two function-
als J4(x) and Jp(x) are meant to be jointly optimized
and x is a vector which parametrizes the control fields.
A simple approach to achieve this is to define a unified
scalar cost function as aJ4 + bJp with a,b > 0. Since
Ja,Jp = 0, the global minimum of J is achieved if and
only if the global minima of J4 and Jp are achieved sep-
arately ([37]], see also [38]). However, this introduces
new variables a, b into the problem which often need to
be varied ad hoc.

Here we consider a two-stage optimization procedure
inspired by Ref. [34} 39] (see also [40]) and already
applied to a robust optimal control problem in [3]. In
the first stage of the optimization, we seek to minimize
Ja(x) alone starting from a (typically random) initial



guess Xg. Once a suitable approximate solution X4 has
been found, we feed this as the initial guess for stage
two. Here, we seek to minimize Jz(x) but under the
constraint that

Ja(x) < €a (10)

i.e., that the solution does not deviate too far away from
the optimal manifold of the first stage. The workflow
for this two-stage optimization approach is illustrated in
Fig. [T[b). In Sec. @] we will consider a combined target
& robustness optimization where J4 = Jy and Jg =
Jr. Then, in Sec. [5 we will study a target & leakage
search, where J4 = Jy and Jp = J, and explore the
extension to multi-objective problems where all three
cost functions Jy, Jg, and J; are minimized.

In practice, we can tackle the first stage with stan-
dard methods found in most off-the-shelf optimization
libraries. In our case we use the L-BFGS-B method
[41] 142] of scipy.optimize in Python. The second
stage requires the implementation of a non-linear con-
straint on the search space, a feature which is not com-
patible with every standard optimization routine. How-
ever, we find that such constraints can be easily in-
troduced in the Sequential Least Squares Programming
(SLSQP) implementation of the same library. We find
good results using this combination of methodologies.

3. Application to the Transmon system

Superconducting transmon qubits [43 44] stand out
as a highly promising platform for quantum comput-
ing due to their scalability and fast gate times. A sin-
gle transmon system can be modeled as a driven anhar-
monic oscillator, where the qubit is encoded in the the
lowest two levels. Thus, in this setting the relevant pro-
jector into the logical subspace is P = |0){0| +|1){1| and
dp = 2

Setting the frequency of the drive w, detuned from
the frequency wy; of the first transition of the oscilla-
tor by d, and applying the rotating wave approximation
yields the Hamiltonian [30]

Q
Ho = (0= 5 )i+ Si+ 5 1402 = dip). ()

The number operator i = a'a is defined in terms of
the usual bosonic annihilation operator a. Similarly, we
have p = i(a’ — a)/ V2 and g = (a+d")/ V2.

The relevant parameters of the model are the detuning
0 = wp| — wy and the anharmonicity @ = wyy — wo1,
where wp, is the frequency difference between the bare
states |b) and |a). The control is parametrized by two

independent dimensionless fields {dg(?), d;(¢)}. Unless
stated otherwise we take a/Q = -2, 6/Q = —0.5, and
measure evolution times in units of T = 27/Q. For our
numerical optimizations, we find that truncating Hilbert
space at N = 6 levels is enough to balance convergence
and computational cost.

As discussed in Sec. [2] we are interested in the prob-
lem of realizing a target gate in the computational sub-
space Uy, robustly in the presence of an unknown weak
perturbation AV. Here we will consider the case of
V = i (detuning errors), V = ¢ (amplitude errors) and
V = /% (anharmonicity errors). To ensure a fair compar-
ison, we rescale A by Trp(V?) which is 1 for V = 71 and
V =2, and 2 for V = §. We will focus on a fixed target
transformation Uy, = X = [0)(1]| + |1){0], but naturally
our scheme is general and applies to arbitrary targets.

For our numerical calculations, We choose a
piecewise-constant parametrization where both fields
{dr(1), d;(1)} take constant values {dl({) s d;’ )} in each time-
interval (j — 1)Ar <t < jAt, where j=1,...,M and M
is the number of time intervals. In our numerical opti-
mization we constrain |d,(§])|, |d;])| <landfix M = 15ir-
respective of the choice of evolution time 7. This choice
balances the expressivity of our ansatz with the numer-
ical optimization cost. Our conclusions do not change
significantly if M is varied, although dropping M below
10 starts showing signs of an overly constrained opti-
mization problem.

In the limit of large anharmonicity a, this system can
be treated as an actual qubit and the desired X gate
can be implemented by a standard n-pulse (i.e., setting
drp=1,d;=0,6 =0for T = Tq/2). However, the de-
sire for high-precision operations require us to consider
the effects of finite @. A well-established way to do this
is to consider the DRAG protocol [8]], which leverages
control over the off-quadrature driving d;(#) and detun-
ing 6(?) to suppress leakage outside the computational
subspace. This approach has been successfully demon-
strated experimentally [16, 45]. Different variants of
DRAG exist [46]; in the next section we will compare
the performance of our robust optimal control solutions
to the optimal first-order DRAG [47] which we describe

in detail in [Appendix B}

4. Robust single qubit gates

We begin our analysis by identifying the minimum
evolution time [48| 49]] required to implement the de-
sired target gate given the parameters of the problem.
To do this we systematically run the optimization pro-
cedure for various choices of total evolution time in
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Figure 2: Optimized cost functions (a) target Jiy and (b) robustness Jg
against gate time 7T for single stage (blue) and two-stage (black/red)
optimization. Red dots correspond to choosing V = 71 as the perturba-
tion operator, while black triangles to V = §. For two-stage optimiza-
tions we have fixed the threshold at sy = 1074, Other parameters are
setata/Q = -2,6/Q =-0.5.

the range T/Tq € [0,2]. We compare the perfor-
mance of the optimization in three different cases: a
target-only search (blue squares), and two instances of
the two-stage target & robust search, corresponding to
different choices of the perturbation operator (red cir-
cles for V. = 7 and black triangles for V = §). To
sweep the range of evolution times, we begin consid-
ering the largest value of T and random initial guesses
for {d;{),d;’)} (j=1,...,M). As T is lowered, we use
as an initial guess the optimal value of the previous op-
timization to warm-start the search (see [S0] for other
examples of this approach).

Results are shown in Fig. 2} For all cases consid-
ered, we display the value of the optimized target func-
tional Jy (after the last stage) and the robustness func-
tional Jr as a function of the total evolution time in the
top (a) and bottom (b) panels, respectively. For the tar-
get functional Jy we see a distinctive sharp increase as
T /Tq becomes small. This behavior is typical in small-
dimensional quantum systems [51} 49] and indicates a
clear separation between a controllable and an uncon-
trollable phase of the control problem [52]. In this case,
this allows us to estimate that the minimum control time
to achieve this target (and with the given choice of sys-
tem parameters) is T ~ Tq/2, which coincides with the
time required for a simple m-pulse.

Interestingly, the shape of the optimized target func-
tional remains largely unchanged when we consider
two-stage optimizations. As expected, however, we
find that considerable more evolution time is required to
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Figure 3: Optimized cost functions (a) target Jyy and (b) robustness
Jr against gate time T for different value of anharmonicity . Results
are shown for V = 71, §/Q = —0.5. In the optimization the threshold is
setatsy = 1074,

achieve robustness to the studied perturbations. While
the functional J; does not show such a steep change as
T is varied, a visual estimate indicates that an evolu-
tion time of 7' ~ 1.2T is required in order to achieve
Jr ~ 1073,107*. We corroborate this estimate numeri-
cally by analyzing different values of the anharmonicity
parameter « for the case of V = 7. Results are shown
in Fig. [3] where we observe diminishing returns in both
robustness and evolution time from increasing the an-
harmonicity |a/€| above 2. From[Appendix C|and sim-
ilar bounds relating fidelity and leakage [7]], one would
expect that high fidelity gates require operation times
far exceeding 1/|al.

The fact that robust control solutions require more
time than regular control solutions is natural given the
additional constraint in the optimization problem. To
study the gain obtained by investing extra control re-
sources, we analyze and compare the performance of
various control solutions, for fixed evolution times, in
presence of a static perturbation. In Fig. [4] we show
the average infidelity as a function of the perturbation
strength A for various cases of interest. The fidelity is
obtained by numerically simulating the dynamics of the
system Hy(7) + AV and computing Eq. @) at the final
time 7 (recall Uy, = X). To ensure the convergence of
the optimal control solutions, these simulations are ran
in a larger Hilbert space with N = 11 levels. Each plot
in the figure shows the comparison between the dynam-
ics resulting from the target-only optimization (blue) at
T/Tq = 0.6 and the dynamics coming from the tar-
get & robustness optimization with 7/Tq = 1.3 (red).



V=n V=g V=n?
10° 10° 10°
(a) == Targetonly (b) == Targetonly (c) =—e— Targetonly
1071 4 —e— Target + robust 1071 4 . —e— Target + robust 1071 4 —e— Target + robust
eee, '** DRAG oo S*ee g e DRAG ..-"" --e-- DRAG
g 1072 4 SN 03+ g 1072 4 e P E 1072 4
[re L [
' 10734 ' 10734 11073 4
— — —
1074 4 104 4 104 4
1075 4 1075 4 1073 4
-0.10 -0.05 0.00 0.05 0.10 -0.10 -0.05 0.00 0.05 0.10 -0.10 -0.05 0.00 0.05 0.10
AIQ AIQ AIQ

Figure 4: Average gate fidelity, as defined in Eq. (EI), for various control protocols in presence of a static perturbation AV. Each column corresponds
to a different choice of V, and A = A/Trp(V?) is the rescaled perturbation strength. Blue: target-only optimization with 7/Tq = 0.6. Red: target &
robustness optimization with T/Tq = 1.3. Threshold in two-stage optimization is fixed at £y = 107>, Black dotted lines show the performance of
simple versions of DRAG pulses with evolution time T/Tq = 1.3, and setting o7/ T = 0.369 (see[Appendix B]for the definition of these parameters;
values were chosen to optimize the fidelity at zero perturbation). Other parameters were set to @/Q = -2 and §/Q = —0.5 (for the optimal control

simulations).

Different columns in the figure correspond to different
choices of perturbation operator, namely V = 7 in (a),
V = gin (b), and V = #? in (c). For completeness,
we also include the performance of the DRAG proto-
col described in the previous section and in
(black), where we take T/Tq = 1.3 and o/Tq = 0.369.
These parameters were chosen to optimize the fidelity at
A = 0 while still keeping the evolution time comparable
to the other approaches.

The results in Fig. [ confirm that the optimal robust
control solutions are indeed much less sensitive to the
action of the perturbation than the other control proto-
cols. Robust solutions are able to maintain average gate
fidelities of at least F ~ 1— 1073 while allowing roughly
10% deviations in amplitude and detuning, and at least
F ~ 1 — 1072 for similar deviations in anharmonicity.
The acquired robustness is evident from comparing the
curvature of the infidelity plots at 4 = 0, which is ex-
actly what the fidelity susceptibility c.f. Eq. (7) mea-
sures. These results show that ‘spending’ the extra evo-
lution time is indeed beneficial for the performance of
the gate as it allows the system to reach better fidelities
in presence of the static perturbations.

5. Leakage vs robustness trade-off

We now turn our attention to analyzing the role of
leakage. For this we first study the performance of the
two-stage optimization procedure where now the target
cost Jy (Eq. [3) and the leakage cost J;, (Eq. [9) are
minimized concurrently. We show results in Fig. [5]in
aregime similar to the target & robustness optimization
case of Figs. |Z| and @ As in those cases, we observe
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Figure 5: Optimized cost functions (a) target Jy and (b) leakage J,
against gate time 7 the two-stage optimization target & leakage. We
have fixed the threshold at sy = 107*. Other parameters are set at
a/Q=-2,6/Q=-0.5.

a sharp threshold in the behavior of the optimized tar-
get functional Ji; and a smoother decay on the comple-
mentary functional, here J;, as evolution time increases.
In contrast, however, we see that increasing the magni-
tude of the anharmonicity |a|/Q does allow for further
reducing leakage. We note also that the optimized leak-
age functional J;, is non-monotonic with 7. This can be
understood from the fact that small values of J; can be
either due to very short evolution times (where popula-
tion has effectively no time to leak) or due to the control
fields’ ability to reduce leakage, which demands a finite
control time. The results in Fig. [5]indicate that, given
enough evolution time, it is possible to achieve the de-
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Figure 6: Comparison of the performance of the various optimal control protocols studied in the paper: target-only (blue), target & robust (red),
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V = f. Parameters for DRAG are chosen as in Fig. ]

sired target while reducing leakage outside the compu-
tational subspace at all times during the evolution. The
leakage reduction improves as the anharmonicity « in-
creases; this is reasonable as in the limit of |a|/Q > 1
we expect the computational subspace of the oscillator
to be effectively isolated from the rest of the levels.

Up to this point, we have used the optimal control
tools to derive three types of solutions: target-only (T)
optimized, target & robustness (T-R) optimized, and
target & leakage optimized (T-L). To get a deeper in-
sight into how these solutions achieve the desired tasks,
we compare in Fig. [0] (a) and (b) different dynamical
properties of these protocols. In (a) we plot the time-
dependent target-fidelity fy(¢), which we obtain from
evaluating Eq. (@) at Uy(7)

1 .
fo = 2 {Tr[Pan)PUo(t)*] + |TT[PU0(I)PU{M]|2},

12)
Then, in (b) we plot the time-dependent leakage

1 :
(1) = LIUp(0)] = 1 = 5 Tr (PUSOPUDT),  (13)

where L(U) was defined in Eq. (@ In this notation,
the actual cost functions can be expressed as Jy = 1 —
Jo(T) and J = fOT lo(t)dt/T. In addition, we include
the evolution stemming from the DRAG protocol as a
comparison. Note all these quantities are computed in
absence of perturbation, and we take 7/Tq = 1.3 and
a/Q = -2 for all protocols.

Results in Fig. [6] confirm that T-L solutions are able
to reach the target configuration while keeping leakage
at a minimum (1% for the case shown) at all times. This
is a factor of 10 smaller than that shown by the T and
T-R solutions, and is actually also smaller at times than
the simple, first-order DRAG solution used for compari-
son. This confirms the effectiveness of the optimization

procedure in the task of reducing loss out of the com-
putational subspace throughout the dynamics, and not
only at the final time. Upon adding the perturbation,
however, we find that T-L solutions are as sensitive as
regular target-only solutions. This is confirmed by the
results in Fig. [6] (c), where we display infidelity at the
final time in presence of a perturbation of strength A, as
in Fig. @

These results hint at an apparent trade-off: we can
improve the usual target-only optimal control to achieve
robustness to static perturbations, but at the expense of
having intermediate-time leakage. Conversely, we can
augment the optimization procedure to reduce leakage
at all times, but the dynamics remains sensitive to per-
turbations. This begs the question: can we obtain con-
trol solutions that achieve the target, are robust to per-
turbations, and also minimize leakage out of the com-
putational subspace?.

In order to explore this question, it would be useful
to generalize the procedure outlined in Fig. [T[b) to a
higher number of cost functions. Here we take a simpler
approach and retain the two-stage optimization proce-
dure but now considering

Stage A: Jy =Jy +JR
Stage B : Jg = J,

(14)
5)

As discussed in Sec. 2] choosing J, in this way guar-
antees that the global optimum is reached only when
both terms Jy; and Jg are separately minimized. In prac-
tice, we have observed that numerical values for near-
optimal solutions of Jy and Jg are comparable (see e.g.
Figs. 2]and[3), and thus taking an equally-weighted sum
is reasonable. We proceeded to run the two-stage opti-
mization procedure in this new scenario, which we de-
note “TR-L”. Interestingly, we found that the optimiza-



tion struggles to find solutions which make all three
functionals close to zero. Concretely, we observe no
solutions which have Jy + Jg ~ &4 while concurrently
reaching leakage values J; of the same order as those
found in the target-leakage (non robust) optimization.
To provide an overview of this behavior, we display in
Fig. [7] scatter plots illustrating where different control
solutions lay in the leakage-robustness plane. To do this
we start with a random initial guess and run it through
all four types of optimizations discussed in the paper:
T (blue squares), T-R (red dots), T-L (purple triangles),
and TR-L (black circles). The final value of both J and
J1 is then recorded once the optimum for a given run has
been reached. We then repeat this procedure for M = 50
initializations. In Fig. [/|we display four scenarios cor-
responding to evolution times T/Tq € {1.3,2.0} and an-
harmonicities @/Q € {-2,-5}. These plots illustrate
that T-R optimizations locate solutions of vanishing val-
ues of Jg but always displaying values J; which exceed
the minimum achievable. The converse is true for the
T-L optimization results, as purple triangles systemat-
ically cluster around Jz ~ 107'. Quite strikingly, we
observe that the TR-L optimization, aimed at minimiz-
ing all three cost functions, is not able to significantly
reduce leakage in the second optimization stage. We
see that we when |a| increases (which effectively iso-
lates the computational subspace in the system) a slight
reduction of J is achieved (as seen by comparing the
location of black circles with red dots in (c) and (d)).
The reduction is more prominent if more evolution time
is available. However, in the relevant case of finite «
we observe an emergent trade-off where our procedure
is not able to find solutions which are able to minimize
leakage J; and sensitivity Jg at the minimum possible
levels.

We conjecture this trade-off to be independent of our
particular optimization framework. This is due to the
fact that the incompatible costs Jg and J; depend on
the properties of the complete dynamics from ¢ = 0 to
t = T, unlike Jy which depends only on the final state
att = T. Schematically, this means that the T-R and T-L.
searches look for a path that minimizes a given prop-
erty and ends in the desired point. However, a TR-L
search demands looking for a single path that obeys two
independent properties. Nonetheless, we leave a deeper
numerical exploration using more sophisticated multi-
objective optimization methods [40] for future explo-
rations.

An additional intuition for this conflict is as follows.
In [3], it was shown that universally robust control
pulses require full controllability to dynamically gen-
erate a 1-design [S3] (a set of unitary matrices which

TITa=1.3,a/Q= -2.0 TITq=2.0,a/Q= -2.0
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Figure 7: Robustness-leakage trade-off in the optimal control solu-
tions. Scatter plots displaying solutions to various optimization pro-
cedures in a Robustness (Jg) - leakage (/1) plane. Scenarios shown
include optimization of target-only (T), target & robustness (T-R), tar-
get & leakage (T-L), and the target+robustness & leakage (TR-L) case
introduced in Sec.

mimic a uniform Haar distribution up to first-order mo-
ments) during the evolution in the full Hilbert space.
However, many systems such as the transmon qubit are
only fully controllable on the computational subspace
and not on the full space. By constraining the evolution
to a particular region of the Hilbert space, a 1-design
generating evolution cannot in general be obtained.

6. Conclusions

We have studied the problem of optimal control of a
quantum system where the target transformation lies in
a computational subspace embedded in a larger Hilbert
space. We propose two new cost functions that can be
included in standard quantum optimal control methods,
which allow for maximizing robustness to static pertur-
bations and reducing leakage out of the computational
subspace. We have derived optimal control protocols
that either achieve a target gate while being robust, or
achieve a target gate while minimizing leakage through-
out the evolution. For these cases we have analyzed
the resources required to implement these solutions in
terms of anharmonicity and evolution time. Following
this, we have identified an apparent trade-off between
robustness and leakage, whereby standard optimization



routines are not able to find control solutions that mini-
mize both effects concurrently.

In future work, we will consider the case of general-
ized robustness, where we seek to obtain a single control
pulse that is robust to multiple orthogonal perturbation
(e.g. n and §), and explore how universal robustness (as
defined in [3]]) can be generalized to include only errors
that affect the computational subspace.
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Appendix A. Fidelity susceptibility in a subspace

As in [3]], we would like to quantify the robustness
using the fidelity susceptibility i.e. the second derivative
of the fidelity. We will assume that while population
may leak outside the logical subspace during the ideal
evolution, at the final time there is a block structure,

(A.1)

P
Uy(T,0) = (UO 0 )

0o ut
It follows that Uo(T, 0)PU, (T, 0) = P.

For the purpose of calculation, we will make the fol-
lowing definitions,

AQ) = Ti[PUPU] (A.2)
B = [mPupUllf (A3)
= [mpUivl, (A4)

since P and Uy(T,0) commute. We start by noting

A(0)
B(0)

dp, (A.5)
&, (A.6)

which confirms the zeroth order terms as Fy = 1.

Since F, < 1 and the maximum is at 4 = 0, we expect
the first derivative to be zero. Let us confirm this now.

Firstly we have,

A'()

Te[P(3,U)PU ] + TH[PUP@UD] (A7)
2Re(Tr[P(0,U)PU 1} (A.8)

T
2Re {—iTr [P f dsU(T, s)VU (s, O)PUj}},
0
(A.9)

which when evaluated at A = 0 gives

A’(0)

2Re{~iT Tt[U; PU, Vo) (A.10)
2Re{—iTTr[PVy]} (A.11)
0. (A.12)



The other first derivative can be computed similarly as

B'(A)

d 2
- |Tr{PUPU| (A.13)

T
ZIm{Tr[PU;Uo] f dsTr [PUSUL(T, s)vuﬂ(s,O)]}, (A.14)
0

which when evaluated at 2 = 0 gives

B'(0)

T
ZIm{Tr(P) f dsTr[PU UoU] 5,00V Uq(s, 0)]}
0

2dpTIm {Tr[ PV ]} (A.15)
- 0. (A.16)

Now that we have confirmed that the first derivative is indeed zero at A = 0, all that remains is to compute the second
derivative. Before we begin, we note that the second derivative of the time evolution operator can be expressed as

d2 U/l T T X
—FF =-U) f ds f dxV(x)V(s) + f dxV(s)V(x)|, (A.17)
d/l2 0 s 0
where V() = Uy(t)" VU, (¢) and recall the following expressions for the first derivatives,
du, (T
W‘H —ilp fo dsV(s), (A.18)
du, ! i
W'H i fo dsV(s)U;. (A.19)
We start again with the first term,
’” d2 U/l + dU/l dU;
A1) = Tr [P FIE PU)] + Tr[PﬁPﬁ] +c.C.. (A.20)

Let’s evaluate this at 4 = 0 and apply the previous results, to give

A//(O)

+ Tr +c.c.

T T X T T
—Tr[PUgPUO f ds( f dxV(x)V(s) + f de(s)V(x)) PU, f dsiV(s1)P f ds:V(s2)U}
0 K 0 0 0

[/ T 2] T
(f dsPV(s)) - f ds
|\Jo | 0

T T X
- f ds [f dxTr[V(s)V(x)P] +f der[PV(s)V(x)]} (A.21)
0 s 0

= 2T

—

T S
f dxTr[PV(x)V(s)] + f dxTr[V(x) V(S)P]}
s 0

27

[ T T T
= 2Tr ( f dsPV(s)) ~2Tr f ds f dxPV(x)V(s) (A.22)
0 0 0
= 2Tr (Pf dsV(s)) —2Tr P(f dsV(s)) } (A.23)
] 0 0
= 27 {Tr[PV,PV,] - Te[PV31}. (A.24)

Finally, the second derivative of the second part is

B//(/l)

T 2
= 2 f ds TH[PUJUA(T, $)VU,(s,0)]
0

T T X
- ZIm{iTr[U/lTUoP]f dsTr[f deU(T)U,l(T,x)VUA(x,s)VUA(s,O)+fdeUgUA(T,s)VUA(s,x)VUA(x,O)}}.
0 s 0
(A.25)
10



At the relevant point A = 0, this simplifies dramatically,

T S T
B’(0) = 2T*TrpVy|* - 2dpIm {i f ds [ f dxTr[PV(s)V(x)] + f der[PV(x)V(s)]]} (A.26)
0 0 K
= 217 (|Trp\70|2 - derp[Vg]). (A.27)
After all this calculation we arrive at our final result,
d’F, 272 . 1 _ o
W‘a:o = {Trp[vo] St | Tep[Vol? + Trp[VoPVol| ¢ (A.28)

11



where we have defined Trp[-] = Tr[P-]. Note that in
the limit P — 1, this formula reduces to (up to some
constant factors) the fidelity susceptibility derived in
[3].

As in the case of the formula for the full space, this
susceptibility is completely minimised if V; is propor-
tional to the identity operator. If V; is only the identity
on the computational subspace, there are residual terms
associated with the off diagonal block.

Appendix B. DRAG pulses

The first-order optimal DRAG pulses were derived in
Ref. [47]]. For the in-quadrature component, we choose
arescaled Gaussian function that starts and ends at zero,

exp (— —(’_ZTU/ZZ)Z ) —exp (— 872722)

V2ﬂ0’26rf( \/;7) —Texp (—%)

dg(r) = A (B.1)

. T
For the desired target gate, one chooses J(; dr(t)dt =
A = m. Then, the other system parameters are chosen as

dR(t)

dy(1) = -2 B.2

1(?) Voo (B.2)
2 2

5(1) = M(1 - V2). (B.3)
20

The parameters o and T are chosen to optimize per-
formance and robustness in the comparison shown in
Sec. [

Appendix C. Scaling of leakage with anharmonicity

To get some intuition about the minimal operation
time as a function of the anharmonicity, we consider a
simple scenario. Consider implementing a m-pulse/ X
gate with a real resonant field (6 = 0 and d; = 0), which
furthermore is constant i.e. dg(t) = 1 for ¢t € [0, T]. The
three level Hamiltonian in this case is

(0 e 0
HbH==| Q 0 QV2 (C.1)
0 QV2 2«

However for large values of |a|, we can use adiabatic
elimination to give an effective Hamiltonian,

Q
He(6) = 1( 0 ) C2)

2l -2

@

12

Starting from the initial state |0), the probability to be in
a state |1) at a final time T is,

i

-2 [ TQ A2+ Q2
» 4&2 sin (T+) ca
b 402 + Q2 3
. )
L (TQ TQ?sin(TQ) — 4Q? sin (%)
~ sin“|—|+
2 16a2
(C4)
for large |a|. For the standard pulse area of m with

Q = n/T, this simplifies to P; = 1 — ;Z—. There-
fore from this heuristic argument, one would expect that
to avoid the effects of leakage one would need suitably
long operation time 7 > 1/|a/.
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