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Abstract. We call a conjugacy class of the symplectic group Sp(2n,K) over
a field K strictly hyperbolic if its minimal polynomial is of the form q(x)q∗(x),
where the polynomial q(x) is prime to its reciprocal q∗(x) := xnq(x−1). It

is shown that the product of 2 cyclic, strictly hyperbolic conjugacy classes of
Sp(2n,K) contains all nonscalar elements of Sp(2n,K). It follows that the

projective symplectic group has a conjugacy class of covering number 2, i.e.

PSp(2n,K) = Ω2 for some conjugacy class Ω of PSp(2n,K). This verifies
a conjecture of J. G. Thompson in the special case of a (finite) projective

symplectic group.

1. Introduction

There is a conjecture, usally attributed to J. G. Thompson, that a finite simple
nonabelian group G has a conjugacy class Ω of covering number 2; i.e G = Ω2.
Thompson’s conjecture has been verified for several groups, e.g. for the alternating
and the sporadic groups. For references.see [13] or [6]. Furthermore, it is known
that the following simple groups have a conjugacy class of covering number 2:

(1) PSL(n,K) (Lev [12, Theorem 5] for |K| ≥ 4, and [13, Theorem 3]) for all
fields K

(2) PSp(2n,K) if −1 ∈ K2,
(3) PSU(V,K, h) if |K| > 9 and h is hyperbolic (Bünger [1, Satz 4.1.19]).

A short proof for Lev’s results in the case K ̸= GF(2) or n odd was given in
[2]. That PSp(2n,K) has a conjugacy class of covering number 2 if −1 ∈ K2, is
a trivial consequence of a theorem of Wonenburger. She showed that a symplectic
transformation is the product of 2 skew-symplectic involutions [17, Theorem 2].
Hence if−1 ∈ K2, then a symplectic transformation the product of 2 symplectic
skew-involutions.

A great breakthrough was made in 1998 by Ellers and Gordeev [6], who proved
the Thompson conjecture for all simple groups of Lie type over a field with more
than 8 elements.

Almost 30 years ago, I proved that the projective symplectic group PSp(2n,K)
has a conjugacy class of covering number 2 provided that 2n ≥ 4. But I lost interest
in the subject, after Ellers and Gordeev had published their result.

Recently, Larsen and Tiep [10] showed that Thompson’s conjecture holds for al-
most all finite simple groups. So there seems to be still some interest in Thompson’s
conjecture.
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2 Strictly hyperbolic conjugacy classes

Theorem 1.1. Let 2n ≥ 4. Let Ω1,Ω2 be cyclic, strictly hyperbolic conjugacy
classes of Sp(2n,K).

(1) If K = GF(3) or 2n ≥ 6 or Ω1 and Ω2 are triangularizable, then Ω1Ω2

contains all nonscalar elements of Sp(2n,K).
(2) If 2n = 4, then Ω1Ω2 contains all elements M of Sp(2n,K) with M2 ̸= I4.

Corollary 1.2. Let 2n ≥ 4, and let 2n ≥ 6 if K = GF(2). Then Sp(2n,K) =
Ω2 ∪ −I2n for some cyclic, strictly hyperbolic conjugacy class of Sp(2n,K).

Proof. By 1.1, it suffices to show that there exists a monic polynomial q ∈ K[x]
of degree n such that q is prime to its reciprocal. If |K| ≥ 4, let q(x) = (x − λ)n,
where λ ̸= 0,±1. If K = GF(3) and n = 2m is even let q(x) = (x2 − x − 1)m.
If K = GF(3) and n = 2m + 3 is odd let q(x) = (x2 − x − 1)m(x3 − x − 1). If
K = GF(2) let q(x) = xn + xm+1 + 1, where m = ⌊n

2 ⌋. □

For the proof of 1.1, we prove 2 auxilary results. Let Sp(2n,K) denote the
standard symplectic group, the set of all automorphs of the matrix

G =

(
0 In

−In 0

)
;

i.e. P ∈ Sp(2n,K) if PGP ′ = G, where P ′ denotes the transpose of P .
Let Ω be conjugacy of Sp(2n,K). By PC(Ω) we denote the set of all matrices

A ∈ M(n,K) occuring as the upper principle corner of some

P =

(
A B
C D

)
∈ Ω.

It is an interesting open problem to determine PC(Ω). In the general linear group
the analogue problem is completely solved by the interlacing theorem of R.C.
Thompson [16, Theorem 6] and E. M. de Sá [3, Theorem 5.4]:

Proposition 1.3. Let A ∈ M(p,K), P ∈ M(p+ q,K) with invariant factors ik(A)
and ik(P ). Then there exist matrices X,Y, Z such that

P ∼
(

A X
Y Z

)
.

if and only if ik(P )|ik(A)|ik+2q(P ).

In the case of a conjugacy class of a hyperbolic unitary vector space, Bünger has
shown that PC(Ω) contains nonscalar matrix with determinant α provided that
detΩ = αα−1.

For our purposes, it is sufficient to show

Lemma 1.4. Let 2n ≥ 4, and let Ω be a nonscalar conjugacy of Sp(2n,K).

(1) Let charK = 2. Then PC(Ω) contains
(a) the identity matrix In
(b) a transvection or a diagonal matrix In−2 ⊕ [ϵ, ϵ−1], where ϵ ̸= 1,
(c) a diagonal matrix δI1⊕In−1 or a matrix Q⊕In−2, where Q has minimal

polynomial x2 + δ.
(2) Let charK ̸= 2, and assume that i2(Ω) = x− 1. Then PC(Ω) contains
(3) a transvection and all diagonal matrices In−1 ⊕ δI1.
(4) Let charK ̸= 2 and i2(Ω) = 1. Then PC(Ω) contains a nonprimary matrix

with prescribed determinant δ if
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(a) 2n ≥ 6 or
(b) Ω is not involutory and K ̸= GF(3) or
(c) Ω is not involutory and δ ̸= 1.

We also need

Lemma 1.5. Let n ≥ 2. Let Φ,∆ be cyclic conjugacy classes of GL(n,K). Then
Φ∆ contains

(1) all nonprimary matrices M ∈ GL(n,K) with determinant detΦ∆,
(2) a transvection if detΦ∆ = 1 and ∆ ̸= Φ−1.

This is a result of Bünger and the author [2, Theorem 4.2] and generalizes an
earlier result of Lev [11, Lemma 5]. For the convenience of the reader, we provide
a short proof.

Using 1.4 and 1.5, we can prove 1.1:

Proof of 1.1. Let Ω be a nonscalar conjugacy class of Sp(2n,K). Let µ(Ω1) =
q1q

∗
1 , µ(Ω2) = q2q

∗
2 , where q1 and q2 are prime to their reciprocals. Then PC(Ω)

contains a matrix A = A1A2, where A1 and A2 cyclic, and µ(A1) = q1, µ(A2) = q2.
If K = GF(3), 2n = 4, and Ω is involutory, then PC(Ω) contains a skew-involution
. Now (

0 1
−1 0

)
=

(
1 −1
1 1

)(
1 −1
1 1

)
Now let

W =

(
A B
C D

)
.

Then the Schur complement D − CA−1B of A in W is A+ = (A′)−1 = A+
1 A

+
2 .

Hence

W =

(
A B
C D

)
=

(
A1 0

CA−1
2 A+

1

)(
A2 A−1

1 B
0 A+

1

)
∈ Ω1Ω2.

□

In a similar way, one can deal with unitary and orthogonal groups. Bünger uses
a theorem of Lev [12, Theorem 2] to prove his result [1, 1 Satz 4.1.19] in the unitary
group PSU(V,K, h) of a hyperbolic hermitian form h. Therefore he has to assume
that |K| > 9. To cover the remaining cases K = GF(4) and K = GF(9), one needs
a new factorization for the genral linear group. We will prove such a theorem in a
following paper.

2. Preliminaries

2.1. Notations.
For a linear mapping φ of V let Bj(φ) denote the image and Fixj(φ) the kernel

of (φ − 1)j . The space B(φ) := B1(φ) is the path or residual space of φ. And
Fix(φ) := Fix1(φ) is the fix space of φ. Further, let Negj(φ) = Fixj(−φ). The
space Neg(φ) = Neg1(φ) is the negative space of φ.

By µ(φ) we denote the minimal polynomial of φ. Clearly, the spaces Bj(φ) and
Fixj(φ) are φ-invariant.

Remark 2.1. Let φ ∈ Sp(V ).

(1) φ is involutory if and only if B(φ) = Neg(φ);
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(2) Bj(φ)⊥ = Fixj(φ);

Definition 2.1. Let φ be a linear transfromation of V . A subspace T of V is
called anti-invariant (w.r.t. φ) if T ∩ Tφ = 0. The minimal rank mr(φ) of a linear
transformation φ is defined as mr(φ) := min{rank(φ− λ);λ ∈ K}, where K is an
algebraic closure of K.

We have mr(φ) = m if and only if im(φ) = 1 ̸= im+1(φ). It is known that
φ has an anti-invariant subspace of dimension m if and only if 2m ≤ dimV and
mr(φ) ≥ m. This follows e.g. immediately from 1.3.

Lemma 2.2. Let φ ∈ Sp(V ). If dimFix(φ) = n =: dimV
2 , then φ has a totally

degenerate anti-invariant subspace of dimension n.

Proof. It is easy to see that an arbitrary subspace of dimension ≥ n has a totally
degenerate complement. So if T is a totally degenerate complement of Fix(φ), then
T ∩ B(φ) = 0. Hence V = T ⊕ T (1− φ) = T ⊕ Tφ. □

2.2. Products of symmetric matrices.

Lemma 2.3. Let P ∈ M(n,K) be cyclic. Then there exists a symmetric matrix S
(with maximal Witt index) such that PS = P ′ is the transposed of P .

Proof. See e.g. [15, §6] or [9, Theorem 66]. □

2.3. The symplectic matrix group.
Usually, we work basis-free, but sometimes it is more convenient to compute

with matrices. A matrix P is an automorph of a matrix G if PGP ′ = G. By
Sp(2n,K) we denote the standard symplectic group, the set of all automorphs of
the skew-sum

G = [−In \ In] =
(

0 In
−In 0

)
,

of −In and In. Note that some authors and computer algebra systems like gap use
the skew-sum of −Rn and Rn instead, where Rn denotes the reverse identiy matrix
of GL(n,K).

Lemma 2.4. Let Ω be a conjugacy class of Sp(2n,K). Let

P =

(
A B
C D

)
∈ Ω.

Then

(1) AX ∈ PC(Ω) for all X ∈ GL(n,K).
(2) A+BS ∈ PC(Ω) for all symmetric matrices S ∈ M(n,K).
(3) D ∈ PC(Ω).

Proof. Let

Y =

(
X 0
0 X+

)
, G =

(
0 In

−In 0

)
, T =

(
In 0
S In

)
.

Then

PX =

(
AX X−1BX+

X ′CX DX+

)
, PG =

(
D −C
−B A

)
,

PT =

(
A+BS B

C +DS − SA− SBS D − SB

)
∈ Ω.

□
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Lemma 2.5. Let

P =

(
A B
C D

)
∈ Sp(2p,K), Q =

(
R S
T U

)
∈ Sp(2q,K).

Then the diagonal sum of P and Q

P ⊞Q :=

(
A⊕R B ⊕ S
C ⊕ T D ⊕ U

)
∈ Sp(2p+ 2q,K).

2.4. Orthogonally indecomposable transformations. The proof of lemma 1.4
demands a closer look at orthogonally indecomposable symplectic transformations.

According to Huppert [7, 1.7 Satz], an orthogonally indecomposable transforma-
tion of Sp(V ) is either1

(1) bicyclic with elementary divisors e1 = e2 = (x± 1)m (type 1) or
(2) indecomposable as an element of GL(V ) (type 2) or
(3) cyclic with minimal polynomial (qq∗)t, where q is irreducible and prime to

its reciprocal q∗, where q∗(x) = q(0)−1x∂qq(x−1) ( type 3).

Definition 2.2. Let φ ∈ Sp(V ). We say that φ is hyperbolic if V is the direct sum
of 2 totally degenerate φ-invariant subspaces.

Definition 2.3. Let φ ∈ Sp(V ) orthogonally indecomposable of type 1. We say
that φ is orthogonally indecomposable of type

(1) 1o if dimV ≡ 2 mod 4,
(2) 1e if dimV ≡ 0 mod 4.

In [7, 2.3 Satz] and [7, 2.4 Satz], Huppert proved the following:

Proposition 2.6. Let charK ̸= 2. Let φ ∈ Sp(V ) be orthogonally indecomposable
of type 1. Then dimV ≡ 2 mod 4, and φ is hyperbolic.

Corollary 2.7. Let charK ̸= 2 Let φ ∈ Sp(V ) be orthogonally indecomposable of
type 1 with minimal polynomial (x+ 1)2m+1. Then φ has a symplectic square root
with minimal polynomial (x2 + 1)2m+1.

Lemma 2.8. Let charK = 2. Let φ ∈ Sp(V, f) be orthogonally indecomposable of
type 1e. Then φ is hyperbolic.

Proof. See Bünger [1, Satz 1.5.5]. We give a short proof:
Clearly, φ is hyperbolic if dimV = 4. So let dimV ≥ 8. Obviously, φ is or-

thogonally indecomposable on B(φ)/Fix(φ). By induction, B(φ)/Fix(φ) = [⟨u⟩φ +
Fix(φ)]/Fix(φ) ⊕ [⟨w⟩φ + Fix(φ)]/Fix(φ), where ⟨u⟩φ and ⟨w⟩φ are totally degen-
erate.

Let a ∈ Fix3(φ). Then ⟨a⟩φ is totally degenerate:

If dimV ≥ 12, then Fix3(φ) is totally degenerate, if dimV = 8, then ⟨a⟩φ is
totally degenerate as φ is orthogonally indecomposable.

Let u = x + xφ. We compute fi,j := f((a + x)(1 + φ)i, (a + x)(1 + φ)j) =
f(x(1 + φ)i, x(1 + φ)j) + f(x(1 + φ)i, a(1 + φ)j) + f(a(1 + φ)i, x(1 + φ)j), as ⟨a⟩φ
is totally degenerate. Clearly, fi,j = 0 if i+ j ≥ 3. Further f0,2 = f1,1 = 0. Finally,
f0,1 = f(x, xφ)+f(x, aφ)+f(a, xφ) = f(x, xφ)+f(x(1+φ)2, aφ). Hence ⟨x+a⟩φ
is totally degenerate for a suitable a, as Fix3(φ) ̸⊆ [x(1 + φ)2]⊥. Similarly, there
exist z ∈ V − B(φ), c ∈ Fix3(φ) such that w = z + zφ and ⟨z + c⟩φ is totally
degenerate. Obviously, V = ⟨x+ a⟩φ ⊕ ⟨z + c⟩φ. □

1Our type enumeration follows Huppert [7]. In [8] Huppert uses a different enumeration.
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2.4.1. Type 2, 3.

Lemma 2.9. Let φ ∈ Sp(V, f) be orthogonally indecomposable of type 2 or 3. Then
in a suitable basis of V ,

φ =

(
0 ϵIm

−ϵIm D

)
, f =

(
0 F

−F 0

)
,

where ϵ = ±1, D is indecomposable, and F and DF are symmetric.

Proof. It is well known that a linear transformation is the product of 2 involutions
if and only if it is similar to its inverse. This is a result usually attributed to
Wonenburger [17, Theorem 1] and Doković [4, Theorem 1]. The same authors have
also shown that a symplectic transformation is the product of 2 skew-symplectic
involutions, Wonenburger [17, Theorem 2] for charK ̸= 2 and Doković [5, Theorem
1] for charK = 2. In fact, an involution ρ ∈ GL(V ) inverting φ must be already
be skew-symplectic: Let V = ⟨u⟩φ, and put w = uρ. Then f(uφiρ, wφjρ) =
f(wφ−i, uφ−j) = f(wφj , uφi) = −f(uφi, wφj).

So let φ = στ be the the product of 2 skew-symplectic involutions. If charK ̸=
2 or φ is not unipotent, then Fix(σ) and Neg(σ) are totally degenerate, and
dimFix(σ) = dimNeg(σ) = n.

Assume first that Neg(φ) = 0 or charK ̸= 2. Replacing φ by −φ, we may
assume that Neg(φ) = 0. Then V = Fix(τ)⊕ Fix(σ)τ or V = Neg(σ)⊕Neg(σ)σ.

So let charK = 2, and let φ be unipotent. Then φ = στ is the product of 2
involutions with dimFix(σ) = n+ 1 = dimFix(τ) + 1: φ is similar to

τ =

(
0 Im
In N

)
φ =

(
In 0
N In

)
φ =

(
0 Im
Im 0

)
,

where N is nilpotent and cyclic. Let S be a complement of Fix(φ) in Fix(σ)
containing B(σ). Then S is totally degenerate, and V = S ⊕ Sτ .

Hence in a suitable basis,

σ =

(
Im 0
D −Im

)
, τ =

(
0 Im
Im 0

)
, φ =

(
0 Im

−Im D

)
,

f =

(
0 F

−F ′ 0

)
=

(
0 Im

−Im D

)(
0 F

−F ′ 0

)(
0 −Im
Im D′

)
=

(
0 F ′

−F DF ′ − FD′

)
.

□

2.4.2. Type 1e.
Following Kaplansky [9, p.80], we say that a symplectic transformation φ is

alternate if f(vφ, v) = 0 for all v ∈ V . If charK ̸= 2, then all symplectic involutions
are alternate.

Lemma 2.10. Let φ ∈ Sp(V, f). Let φ = στ be the product of 2 alternate involu-
tions σ, τ . If U is a φ-cyclic subspace of V , then Uσ,Uτ ≤ U⊥.

Proof. Let U = ⟨u⟩φ. It suffices to show that uσ ∈ U⊥. We have f(uσ, uφ2j) =
f(uσφ−j , uφj) = f(uφjσ, uφj) = 0 and f(uσ, uφ2j+1) = f(uσφ−j , uφj+1) =
f(uφjσ, uφj+1) = f(uφjσ, uφjστ) = 0. □
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Lemma 2.11. Let charK = 2. Let

H =

(
0 It
It 0

)
,M =

(
Nt 0
0 N ′

t

)
, P =

(
0 H
H M

)
,

where Nt is a cyclic nilpotent matrix. Then P ∈ Sp(2n,K) is orthogonally inde-
composable of type 1e.

Proof.

P =

(
0 H
H M

)
=

(
0 H
H 0

)(
In HM
0 In

)
is the product of 2 alternate involutions. Further, P is bicyclic with minimal poly-
nomial (x+1)n. Hence P must be orthogonally indecomposable of type 1: otherwise
dimFix(T ) = n by 2.10.

□

Corollary 2.12. Let P ∈ Sp(2n,K). Then P is conjugate to a matrix

P1 :=

(
0 B

−B−1 D

)
,

where B is symmetric, if and only if P has no elementary divisor (x ± 1)2t+1 of
odd degree.

Proof. It follows from 2.9 and 2.11 that P is conjugate to P1 if P has no elementary
divisor (x± 1)2t+1 of odd degree. Conversely, P1 is similar to a matrix

MD :=

(
0 In

−In D

)
.

If D = X ⊕ Y , then MD is similar to MX ⊕ MY . So we may assume that K is
algebraicly closed and that D is cyclic with minimum polynomial (x − λ)n. But
then MD is cyclic with minimum polynomial (x2 − λx+ 1)n. □

Remark 2.13. The Dickson transform of a polynomial p(x) ∈ K[x] of degree m is
the polynomial p(x+ x−1)xn. It can be shown that the invariant divisors of P1 are
the Dickson transforms of the invariant divisors of D. We have just used this fact
in the proofs of 2.12 and 2.9.

2.4.3. Type 1o.

Lemma 2.14. Let charK ̸= 2. Let φ ∈ Sp(V ) be orthogonally indecomposable of
type 1 with minimal polynomial (x+ 1)2m+1. Then φ is conjugate to a matrix(

−In B
C −In + CB

)
∈ Sp(2n,K),

where rankB = rankC = n− 1.

Proof. By 2.7, φ has a symplectic square root with minimal polynomial (x2 +
1)2m+1. Using 2.12, we see that φ is conjugate to a matrix

P =

(
0 B

−B−1 D

)(
0 B

−B−1 D

)
=

(
−In BD

−DB−1 D2 − In

)
.

As above, we observe that D must be cyclic and nilpotent. □

Lemma 2.15. Let charK = 2. Let φ ∈ GL(W ) be cyclic with characteristic
polynomial (x+1)2m+1, where m ≥ 1. Let φ = στ be a product of two involutions.
Then
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(1) dimFix(σ) = m+ 1 = dimFix(τ),dimB(σ) = m = dimB(τ).
(2) B(φ) = B(σ)⊕ B(τ), Fix(φ) = Fix(σ) ∩ Fix(τ).
(3) If B(σ) ∩ Fix(φ) = 0, then

V = Fix(τ)⊕ B(σ), B(σ) ̸⊆ B2(φ), Fix(φ) ⊆ B(τ) ⊆ B2(φ).
(4) Either B(φ) = B(τ)⊕ B(τ)φ or B(φ) = B(σ)⊕ B(σ)φ.
(5) Either V = Fix(τ)⊕ B(σ) or V = Fix(σ)⊕ B(τ).

Proof. 1 and 2 are clear. We prove 3: Suppose that B(σ) ∩ Fix(φ) = 0. Then
Fix(σ) = B(σ)⊕Fix(φ) ⊆ B(φ) and B2(φ) ⊇ Fix(σ)(1+φ) = B(τ). It follows that
B(σ) ̸⊆ B2(φ). From φ = στ = τστ we deduce that Fix(φ) ⊆ B(τ). □

Lemma 2.16. Let charK = 2. Let φ ∈ Sp(V ) be orthogonally indecomposable of
type 1, and let dimV = 2n ≡ 2 mod 4. Let φ = στ be a product of two involutions
σ, τ ∈ Sp(V ). Let V = U1 ⊕ U2, where U1, U2 are ⟨σ, τ⟩-invariant. Then

(1) B(φ) = B(σ)⊕ B(τ).
(2) Fix(φ) = [B(σ) ∩ Fix(τ)]⊕ [B(τ) ∩ Fix(σ)].
(3) (a) U1 = Fix(σ1)⊕ B(τ1) and U2 = B(σ2)⊕ Fix(τ2) or

(b) U1 = B(σ1)⊕ Fix(τ1) and U2 = Fix(σ2)⊕ B(τ2).
(4) If σ and τ are alternate, then U1 and U2 are totally degenerate.

Proof. 1: follows from 2.16(2).
2: We have Fix(φ) ̸⊆ B(σ): Otherwise Fix(σ) ⊆ B(φ), and by 1), Fix(σ) = Fix(σ)∩
B(φ) = B(σ)⊕ [B(τ) ∩ Fix(σ)] = B(σ), a contradiction. Similarily, Fix(φ) ̸⊆ B(τ).
3: follows from 2.
4: If σ and τ are alternate, then U1 and U2 are totally degenerate by 2.10.

□

Corollary 2.17. Let charK = 2. φ ∈ Sp(V ) be orthogonally indecomposable of
type 1, and let dimV = 2n ≡ 2 mod 4. Then φ is conjugate to a matrix(

In B
C In + CB

)
∈ Sp(2n,K),

where rankB = rankC = n− 1.

Proof. We have a decomposition V = S ⊕ T , with B(σ) ⊆ S ⊆ Fix(σ) and B(τ) ⊆
T ⊆ Fix(τ): Take S = Fix(σ1) ⊕ B(σ2), T = B(τ1) ⊕ Fix(τ2) or S = B(σ1) ⊕
Fix(σ2), T = Fix(τ1)⊕ B(τ2). Then in a suitable basis

σ =

(
In 0
C In

)
, τ =

(
In B
0 In

)
, φ =

(
In B
C In + CB

)
.

□

Remark 2.18. It can be shown that φ has a cyclic square root even if charK = 2;
see [14, Corollary 3.7]. So 2.17 follows also from 2.12.

Corollary 2.19. Let P ∈ Sp(2n,K). Then P is conjugate to a matrix(
In B
C In + CB

)
.

Proof. If P has no elementary divisor (x ± 1)2t+1 of odd degree, then using 2.12,
we see that P is conjugate to(

In 0
−B−1 In

)(
0 B

−B−1 D

)(
In 0
B−1 In

)
=

(
In B

(D − 2In)B
−1 D − In

)
.
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□

3. Principal corners of a symplectic conjugacy class: Proof of 1.4

3.1. The case charK = 2.

Lemma 3.1. Let charK = 2. Let δ ∈ K∗. Let Ω ⊆ Sp(4,K) be a nonscalar
conjugacy class. Then PC(Ω) contains

(1) a transvection or a nonprimary with determinant one,
(2) a matrix with characteristic polynomial (x+ 1)(x+ δ) or (x2 + δ).

Proof. It follows from 2.19 that Ω contains a matrix(
I2 B
C I2 + CB

)
.

By 2.4, PC(Ω) contains all matrices I2 +BS, where S is symmetric. If rankB = 1
or B has discriminant 1, then PC(Ω) contains a transvection:(

1 0
0 1

)
+

(
α 0
0 0

)(
0 1
1 0

)
=

(
1 α
0 1

)
.(

1 0
0 1

)
+

(
0 1
1 0

)(
1 0
0 0

)
=

(
1 0
1 1

)
.(

1 0
0 1

)
+

(
1 0
0 1

)(
1 1
1 1

)
=

(
0 1
1 0

)
.

If B is alternating, then PC(Ω) contains all traceless matrices:(
1 0
0 1

)
+

(
0 1
1 0

)(
λ µ
µ ν

)
=

(
1 + µ ν
λ 1 + µ

)
.

Clearly, PC(Ω) contains all diagonal matrices if B is diagonal. □

Corollary 3.2. Let charK = 2. Let Ω ⊆ Sp(2n,K) be a nonscalar conjugacy
class. Let δ ∈ K∗. Then PC(Ω) contains

(1) the identity matrix In,
(2) a transvection or all diagonal matrices In−2 ⊕D2,
(3) a diagonal matrix δI1 ⊕ In−1 or a matrix Q ⊕ In−2, where Q has minimal

polynomial x2 + δ.

3.2. The case charK ̸= 2.

Lemma 3.3. Let charK ̸= 2. Let Ω ⊆ Sp(4,K) be a nonscalar conjugacy class.
Then PC(Ω) contains

(1) a transvection if ı2(Ω) = x− 1,
(2) all traceless matrices of GL(2,K) if Ω is involutory,
(3) all diagonal matrices of GL(2,K) if Ω has no elementary divisor x± 1,
(4) all nonscalar triangular matrices of GL(2,K) if Ω is not involutory and

µ(Ω) = (x− 1)p(x), where p(1) ̸= 0.

Proof. We use 2.4 without further reference. If Ω consists of transvections, then Ω
contains a matrix (

I2 B
0 I2

)
,
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where rankB = 1. Then PC(Ω) contains(
1 0
0 1

)
+

(
α 0
0 0

)(
0 1
1 0

)
=

(
1 α
0 1

)
.

Now let mr(Ω) ≥ 2. By 2.2 and 2.12, Ω contains a matrix(
0 B

−B+ D

)
.

2: If Ω is involutory, then B is alternating, and PC(Ω) contains all matrices BS,
where S ∈ GL(2,K) is symmetric.
3: If Ω has no elementary divisor x± 1, then we can assume that B is symmetric.
In this case, PC(Ω) contains all diagonal matrices.
4: By 2.12, B be not symmetric. Furthermore, B ̸= −B′: Otherwise,(

0 B
−B+ D

)
=

(
B 0
0 B−1

)(
0 I2
I2 BD

)
is the product of an alternating and a symmetric matrix. But then Ω = −Ω, a
contradiction. Hence we can assume that B is (upper) triangular. In this case,
PC(Ω) contains all nonsingular (upper) triangular matrices. □

Lemma 3.4. Let charK ̸= 2, and 2n ≥ 6. Let Ω ⊆ Sp(2n,K) be a nonscalar
conjugacy class of Sp(2n,K). Let δ ∈ K∗. Then PC(Ω) contains

(1) In, a transvection, and all dilatations if Ω consist of transvections,
(2) a nonprimary matrix with prescribed determinant if mr(Ω) ≥ 2.

Proof. a) First assume that Ω has no elementary divisor (x ± 1)2t+1 of odd
degree Then PC(Ω) contains all diagonal matrices.

b) Next assume that Ω is orthogonally indecomposable of type 1 with µ(Ω) =
(x− ϵ)n. Then PC(Ω) contains all diagonal matrices D = ϵI1 ⊕D2

c) Let Ω = ϵI2 ⊥ Ψ, where Ψ has no elementary divisor (x ± 1)2t+1 of odd
degree. Again, PC(Ω) contains all diagonal matrices D = ϵI1 ⊕D2.

In any case, PC(Ω) contains a nonprimary matrix with prescribed determinant.
So we may assume that 2n = 6 and Ω = I2 ⊥ ϵI2 ⊥ Ψ.

i) If Ψ = I2, then ϵ = −1 and PC(Ω) contains all matrices with mimimal
polynomial (x− 1)(x2 + δ).

ii) If Ψ = −I2, then PC(Ω) contains all matrices with mimimal polynomial
(x+ ϵ)(x2 + δ).

ii) Let Ψ ̸= ±I2.
(a) If µΨ(1) ̸= 0, then PC(Ω) contains all matrices ϵI1 ⊕ U , where U is

upper triangular.
(b) If ϵ = −1 and µΨ(−1) ̸= 0, then PC(Ω) contains all matrices I1 ⊕ U ,

where U is upper triangular.
(c) If ϵ = 1 and µΨ(1) ̸= 0, then PC(Ω) contains all matrices I3, all

dialatations and transvections.

□

4. Proof of theorem 1.1
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Lemma 4.1. Let U ∈ GL(m− 1,K) is upper triangular. Then there exist polyno-
mials gj(x) of degree ≤ m − j − 1 with nonvanishing constant term such that the
matrix

Y :=

(
0 U
y0 y

)
,

where y = (y0, . . . , ym−1), has characteristic polynomial

χ(Y ) = detxIm − Y = tm +

m−1∑
j=0

yjgj(x)x
j .

The polynomials gj(x)x
j are linearly independent.

Lemma 4.2. Let U1 ∈ GL(m,K), U2 ∈ GL(n−m,K) be upper triangular matrices.
Let Φ be a cyclic similarity class of GL(n,K) with detΦ = (−1)n+1 detU1U2. Then
there exists a matrix Z ∈ M(m,n−m,K) such that

PZ :=

(
0 In−1

1 0

)(
U1 Z
0 U2

)
∈ Φ.

Proof. Let z = (zm−1, . . . , z1)
′, z̃ = (zm+1, . . . .zn−1),

U1 =

(
u1 b
0 W1

)
, U2 =

(
u2 c
0 W2

)
, Z =

(
zm y
z 0

)
.

Then

PZ =

(
0 In−1

1 0

)
u1 b y1 y
0 W1 z 0
0 0 u2 c
0 0 0 W2

 =


0 W1 z 0
0 0 u2 c
0 0 0 W2

u1 b zm z̃

 .

Clearly, PZ is cyclic. Let

Y :=

(
0 W2

zm z̃

)
.

We compute the characteristic polynomial χ(PZ) of PZ by Laplace expansion by
the first m columns:

χ(PZ) = xmχ(Y ) +

m−1∑
j=1

zjfj(x)x
j ,

where the polynomials fj(x) are of degree ≤ m− j − 1 and independent of U1 and
U2, and fj(0) ̸= 0. □

Lemma 4.3. Let Φ,∆ be similarity classes of cyclic matrices in GL(n,K). Let
P1 ∈ GL(m,K), P2 ∈ GL(n −m,K) with detP1P2 = detΦ∆. Then there exists a
matrix C ∈ M(m,n−m,K) such that(

P1 C
0 P2

)
∈ ∆Φ.

Proof. We may assume that P1 = L1U1 and P2 = L2U2, where L1, L2 are lower
and U1, U2 are upper triangular. By 4.2, there exists a matrix Z such that(

0 In−1

1 0

)(
U1 Z
0 U2

)
∈ ∆.
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Further, there exists a matrix X such that(
L1 X
0 L2

)(
0 1

In−1 0

)
∈ Ω :(

Rm 0
0 Rn−m

)(
L1 X
0 L2

)(
0 1

In−1 0

)(
Rm 0
0 Rn−m

)
(

LRm
1 RmXRn−m

0 L
Rn−m

2

)(
0 1

In−1 0

)
∼

(
0 1

In−1 0

)(
LRm
1 RmXRn−m

0 L
Rn−m

2

)
.

Hence Φ∆ contains the matrix(
P1 L1X + ZU2

0 P2

)
=

(
L1 X
0 L2

)(
0 1

In−1 0

)(
0 In−1

1 0

)(
U1 Z
0 U2

)
.

□

Example 4.4. Let n ≥ 2. If K = GF(2) let n ≥ 3. Let Φ,∆ be cyclic similarity
classes of GL(n,K).

(1) Φ∆ contains all matrices M = X ⊕ δI1 if detM = detΦ∆ and δ is not an
eigenvalue of X.

(2) If Φ is reducible, then ΦΦ−1 contains a transvection.

Proof. 1: Let L ∈ GL(n− 1,K) be lower triangular, and let U ∈ GL(n− 1,K) be
upper triangular matrix. There exist matrices

A =

(
a δ
L 0

)
∈ Φ, B =

(
0 U
ϵ b

)
∈ ∆.

Then (
δϵ aU + δb
0 LU

)
∈ Φ∆.

2: There exist matricesQ ∈ GL(m,K), R ∈ GL(n−m,K), andN,M ∈ M(m,n−
m,K) such that rankN, rankM, rank(N −M) = 1 and

X =

(
Q M
0 R

)
, Y =

(
Q N
0 R

)
∈ Φ.

Now

XY −1 =

(
Im (M −N)R−1

0 In−m

)
is a transvection. □

Remark 4.5. It can be shown that ΦΦ−1 contains no transvection if Φ is irre-
ducible.

Lemma 4.6. Let Φ,∆ be nonscalar similarity classes of M(2,K). Assume that Φ
is not irreducible.

(1) tr(Φ∆) = K − {α tr∆} if and only if (Φ− αI2)
2 = 0 and ∆ is irreducible.

(2) tr(Φ∆) = K if and only if Φ is not primary or ∆ is not irreducible.

Proof. Let µ(Φ) = (x− λ)(x− α), µ(∆) = x2 − γx− δ. Then(
α 0
µ λ

)(
0 1
γ δ

)
=

(
0 α
λγ λδ + µ

)
∈ Ω∆
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if λ ̸= α or µ ̸= 0. If λ = α and Ψ is irreducible, then tr(Φ∆) = K − {α tr∆}:(
α µ
0 α

)(
δ − ϵ ρ
ν ϵ

)
=

(
α(δ − ϵ) + µν αρ+ µϵ

αν αϵ

)
.

□

Using the computer algebra system gap, we can show

Example 4.7. Let Ω,Ψ be cyclic conjuagcy classes of Sp(4, 5) with µ(Ω) = (x2 +
2)(x2 − 2), µ(Ψ) = (x− 2)2(x+ 2)2. Then ΩΨ contains no involution.
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