PRODUCTS OF STRICTLY HYPERBOLIC CONJUGACY
CLASSES IN SYMPLECTIC GROUPS

KLAUS NIELSEN

ABSTRACT. We call a conjugacy class of the symplectic group Sp(2n, K) over
a field K strictly hyperbolic if its minimal polynomial is of the form ¢(z)g*(z),
where the polynomial g(z) is prime to its reciprocal ¢*(z) := z"q(z~!). It
is shown that the product of 2 cyclic, strictly hyperbolic conjugacy classes of
Sp(2n, K) contains all nonscalar elements of Sp(2n, K). It follows that the
projective symplectic group has a conjugacy class of covering number 2, i.e.
PSp(2n,K) = Q2 for some conjugacy class Q2 of PSp(2n, K). This verifies
a conjecture of J. G. Thompson in the special case of a (finite) projective
symplectic group.

1. INTRODUCTION

There is a conjecture, usally attributed to J. G. Thompson, that a finite simple
nonabelian group G has a conjugacy class € of covering number 2; i.e G = Q2.
Thompson’s conjecture has been verified for several groups, e.g. for the alternating
and the sporadic groups. For references.see [13] or [6]. Furthermore, it is known
that the following simple groups have a conjugacy class of covering number 2:

(1) PSL(n, K) (Lev [12, Theorem 5] for |K| > 4, and [13, Theorem 3]) for all
fields K

(2) PSp(2n,K) if -1 € K2,

(3) PSU(V, K, h) if |K| > 9 and h is hyperbolic (Biinger [1, Satz 4.1.19]).

A short proof for Lev’s results in the case K # GF(2) or n odd was given in
[2]. That PSp(2n, K) has a conjugacy class of covering number 2 if —1 € K?, is
a trivial consequence of a theorem of Wonenburger. She showed that a symplectic
transformation is the product of 2 skew-symplectic involutions [17, Theorem 2].
Hence if—1 € K2, then a symplectic transformation the product of 2 symplectic
skew-involutions.

A great breakthrough was made in 1998 by Ellers and Gordeev [6], who proved
the Thompson conjecture for all simple groups of Lie type over a field with more
than 8 elements.

Almost 30 years ago, I proved that the projective symplectic group PSp(2n, K)
has a conjugacy class of covering number 2 provided that 2n > 4. But I lost interest
in the subject, after Ellers and Gordeev had published their result.

Recently, Larsen and Tiep [10] showed that Thompson’s conjecture holds for al-
most all finite simple groups. So there seems to be still some interest in Thompson’s
conjecture.
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2 Strictly hyperbolic conjugacy classes

Theorem 1.1. Let 2n > 4. Let Qq,Qs be cyclic, strictly hyperbolic conjugacy
classes of Sp(2n, K).
(1) If K = GF(3) or 2n > 6 or Q1 and Qo are triangularizable, then Q1

contains all nonscalar elements of Sp(2n, K).
(2) If 2n = 4, then Q1o contains all elements M of Sp(2n, K) with M? # 14.

Corollary 1.2. Let 2n > 4, and let 2n > 6 if K = GF(2). Then Sp(2n,K) =
02 U —Iy, for some cyclic, strictly hyperbolic conjugacy class of Sp(2n, K).

Proof. By 1.1, it suffices to show that there exists a monic polynomial ¢ € K|[x]
of degree n such that ¢ is prime to its reciprocal. If |K| > 4, let ¢(x) = (z — )",
where A # 0,+1. If K = GF(3) and n = 2m is even let ¢(z) = (2% — 2z — 1)™.
If K = GF(3) and n = 2m + 3 is odd let q(z) = (22 — 2 — 1)™(23 — 2 —1). If
K = GF(2) let g(z) = 2™ + 2™ + 1, where m = [%]. O

For the proof of 1.1, we prove 2 auxilary results. Let Sp(2n, K) denote the
standard symplectic group, the set of all automorphs of the matrix

0 I,
-(5 %)

i.e. P €Sp(2n,K) if PGP'" = G, where P’ denotes the transpose of P.
Let Q be conjugacy of Sp(2n, K). By PC(Q2) we denote the set of all matrices
A € M(n, K) occuring as the upper principle corner of some

A B
P = ( C D > € Q.
It is an interesting open problem to determine PC(€2). In the general linear group

the analogue problem is completely solved by the interlacing theorem of R.C.
Thompson [16, Theorem 6] and E. M. de S& [3, Theorem 5.4]:

Proposition 1.3. Let A € M(p, K), P € M(p + q, K) with invariant factors iy (A)
and iy(P). Then there exist matrices X,Y,Z such that

A X
(1 3)
if and only if i (P)|ix(A)|ik+24(P).

In the case of a conjugacy class of a hyperbolic unitary vector space, Blinger has
shown that PC(€2) contains nonscalar matrix with determinant « provided that
detQ = aa L.

For our purposes, it is sufficient to show

Lemma 1.4. Let 2n > 4, and let Q be a nonscalar conjugacy of Sp(2n, K).

(1) Let char K = 2. Then PC(Q) contains
(a) the identity matriz L,
(b) a transvection or a diagonal matriz 1,,_o ® [e,e 1], where € # 1,
(¢) a diagonal matriz 61;®1,_1 or a matriz Q®I1,,_o, where Q has minimal
polynomial 22 + 6.
(2) Let char K # 2, and assume that i2(Q) = © — 1. Then PC(Q) contains
(3) a transvection and all diagonal matrices I,,_1 @ 01;.
(4) Let char K # 2 and i2(Q) = 1. Then PC(Q) contains a nonprimary matriz
with prescribed determinant 6 if
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(a) 2n > 6 or
(b) Q is not involutory and K # GF(3) or
(c) Q is not involutory and § # 1.

We also need

Lemma 1.5. Let n > 2. Let &, A be cyclic conjugacy classes of GL(n, K). Then
DA contains

(1) all nonprimary matrices M € GL(n, K) with determinant det DA,
(2) a transvection if det PA = 1 and A # d~1L.

This is a result of Biinger and the author [2, Theorem 4.2] and generalizes an
earlier result of Lev [11, Lemma 5]. For the convenience of the reader, we provide
a short proof.

Using and 1.5, we can prove

Proof of 1.1. Let € be a nonscalar conjugacy class of Sp(2n, K). Let u(2;) =
@145, 11(Q22) = qoq5, where ¢; and ¢o are prime to their reciprocals. Then PC(2)
contains a matrix A = A; Ay, where A and As cyclic, and (A1) = q1, u(Az) = go.
If K = GF(3), 2n = 4, and Q is involutory, then PC(£2) contains a skew-involution

-

Then the Schur complement D — CA™!B of A in W is AT = (A)~! = Af A7
Hence
(A B\ [ A 0 Ay AT'B
(D) B e

In a similar way, one can deal with unitary and orthogonal groups. Biinger uses
a theorem of Lev [12, Theorem 2] to prove his result [1, 1 Satz 4.1.19] in the unitary
group PSU(V, K, h) of a hyperbolic hermitian form h. Therefore he has to assume
that |K| > 9. To cover the remaining cases K = GF(4) and K = GF(9), one needs
a new factorization for the genral linear group. We will prove such a theorem in a
following paper.

Now let

O

2. PRELIMINARIES

2.1. Notations.

For a linear mapping ¢ of V' let B7(y) denote the image and Fix’(y) the kernel
of (¢ — 1)7. The space B(yp) := B!(yp) is the path or residual space of ¢. And
Fix(¢) := Fix'(y) is the fix space of . Further, let Neg’(¢) = Fix/(—¢p). The
space Neg(p) = Neg'(¢) is the negative space of .

By u(y) we denote the minimal polynomial of (. Clearly, the spaces B?(¢) and
Fix? () are p-invariant.

Remark 2.1. Let ¢ € Sp(V).
(1) ¢ is involutory if and only if B(¢) = Neg(p);
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(2) B (p)*" =Fix! (p);
Definition 2.1. Let ¢ be a linear transfromation of V.. A subspace T of V is
called anti-invariant (w.r.t. @) if TNTe = 0. The minimal rank mr(y) of a linear
transformation ¢ is defined as mr(yp) := min{rank(p — A\); A € K}, where K is an
algebraic closure of K.

We have mr(¢) = m if and only if i,,(¢) = 1 # imi1(p). It is known that
¢ has an anti-invariant subspace of dimension m if and only if 2m < dimV and
mr(¢p) > m. This follows e.g. immediately from

Lemma 2.2. Let ¢ € Sp(V). If dimFix(p) = n =: w, then ¢ has a totally
degenerate anti-invariant subspace of dimension n.

Proof. 1Tt is easy to see that an arbitrary subspace of dimension > n has a totally
degenerate complement. So if T is a totally degenerate complement of Fix(¢), then
TNB(p)=0. Hence V=T T(1— ) =T @ Tep. O

2.2. Products of symmetric matrices.

Lemma 2.3. Let P € M(n, K) be cyclic. Then there exists a symmetric matriz S
(with mazimal Witt index) such that PS = P’ is the transposed of P.

Proof. See e.g. [15, §6] or [9, Theorem 66). O

2.3. The symplectic matrix group.

Usually, we work basis-free, but sometimes it is more convenient to compute
with matrices. A matrix P is an automorph of a matrix G if PGP’ = G. By
Sp(2n, K) we denote the standard symplectic group, the set of all automorphs of

the skew-sum
0o I,

of —I,, and I,,. Note that some authors and computer algebra systems like gap use
the skew-sum of —R,, and R,, instead, where R,, denotes the reverse identiy matrix
of GL(n, K).

Lemma 2.4. Let Q be a conjugacy class of Sp(2n, K). Let

A B
PZ(C D)eQ.
Then

(1) AX € PC(Q) for all X € GL(n, K).
(2) A+ BS € PC(Q) for all symmetric matrices S € M(n, K).
(3) D e PC(2).

Proof. Let
X 0 0 I, (L 0
e (0w e () (8 )
px_( AY XTBXYY\ o (D -C
“\xcx  p¥ o\ -B A )

A+ BS B cQ
C+DS—-SA-SBS D-SB '

Then

pT =
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Lemma 2.5. Let
A B R S

Then the diagonal sum of P and Q

([ A®R Ba&S
PEEQ'_(C@T D®U>eSp(2p+2q,K).

2.4. Orthogonally indecomposable transformations. The proof of lemma
demands a closer look at orthogonally indecomposable symplectic transformations.
According to Huppert [7, 1.7 Satz], an orthogonally indecomposable transforma-

tion of Sp(V) is either

(1) bicyclic with elementary divisors e; = eo = (& = 1)™ (type 1) or

(2) indecomposable as an element of GL(V') (type 2) or

(3) cyclic with minimal polynomial (qg*)?, where g is irreducible and prime to

its reciprocal ¢*, where ¢*(z) = q(0)"*x%¢q(2~") ( type 3).

Definition 2.2. Let ¢ € Sp(V). We say that ¢ is hyperbolic if V is the direct sum
of 2 totally degenerate p-invariant subspaces.

Definition 2.3. Let ¢ € Sp(V') orthogonally indecomposable of type 1. We say
that ¢ is orthogonally indecomposable of type

(1) 1o if dimV =2 mod 4,

(2) feif dimV =0 mod 4.

In [7, 2.3 Satz] and [7, 2.4 Satz], Huppert proved the following:

Proposition 2.6. Let char K # 2. Let ¢ € Sp(V) be orthogonally indecomposable
of type 1. Then dimV =2 mod 4, and ¢ is hyperbolic.

Corollary 2.7. Let char K # 2 Let ¢ € Sp(V') be orthogonally indecomposable of
type 1 with minimal polynomial (z + 1)L, Then ¢ has a symplectic square root
with minimal polynomial (x? 4 1)2m+1,

Lemma 2.8. Let char K = 2. Let ¢ € Sp(V, f) be orthogonally indecomposable of
type 1e. Then ¢ is hyperbolic.

Proof. See Blinger [1, Satz 1.5.5]. We give a short proof:

Clearly, ¢ is hyperbolic if dimV = 4. So let dim V' > 8. Obviously, ¢ is or-
thogonally indecomposable on B(y)/Fix(¢). By induction, B(y)/Fix(¢) = [(u), +
Fix(¢)]/Fix(¢) @ [(w), + Fix(¢)]/Fix(y¢), where (u),, and (w), are totally degen-
erate.

Let a € Fix*(¢). Then (a), is totally degenerate:

If dimV > 12, then Fix*(p) is totally degenerate, if dimV = 8, then (a), is
totally degenerate as ¢ is orthogonally indecomposable.

Let u = z + zp. We compute fi; := f((a + z)(1 + ¢)% (a + z)(1 + p)7) =
P+ @) 21+ 9)7) + Fa(l+ @) a(l +9)7) + flal+ o) o(1+ ), as {a),
is totally degenerate. Clearly, f; j; = 0if i +j > 3. Further fo2 = f1,1 = 0. Finally,
fou = F(z,20)+ £ (5, a) + (0, 7) = F(z,70) + F(x(1+)2, ap). Hence (z+a),
is totally degenerate for a suitable a, as Fix*(p) € [#(1 + ¢)?]*. Similarly, there
exist 2 € V — B(p),c € Fix’(p) such that w = z + zp and (z + ¢), is totally
degenerate. Obviously, V = (z 4+ a), @ (2 + ). O

Lour type enumeration follows Huppert [7]. In [8] Huppert uses a different enumeration.
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2.4.1. Type 2, 3.

Lemma 2.9. Let ¢ € Sp(V, f) be orthogonally indecomposable of type 2 or 3. Then
in a suitable basis of V,

_ 0 el fe 0 F
Y=\ -, D )7\ -F 0o )
where € = +1, D is indecomposable, and F' and DF are symmetric.

Proof. Tt is well known that a linear transformation is the product of 2 involutions
if and only if it is similar to its inverse. This is a result usually attributed to
Wonenburger [17, Theorem 1] and Dokovié [4, Theorem 1]. The same authors have
also shown that a symplectic transformation is the product of 2 skew-symplectic
involutions, Wonenburger [17, Theorem 2] for char K # 2 and Dokovié [5, Theorem
1] for char K = 2. In fact, an involution p € GL(V) inverting ¢ must be already
be skew-symplectic: Let V = (u),, and put w = up. Then f(up’p,wpip) =
flwe™ up™) = flwp? up') = — f(up’, we?).

So let ¢ = o7 be the the product of 2 skew-symplectic involutions. If char K #
2 or ¢ is not unipotent, then Fix(c) and Neg(c) are totally degenerate, and
dim Fix(0) = dim Neg(c) = n.

Assume first that Neg(¢) = 0 or char K # 2. Replacing ¢ by —¢, we may
assume that Neg(¢) = 0. Then V = Fix(7) @ Fix(o)7 or V = Neg(c) @ Neg(o)o.

So let char K = 2, and let ¢ be unipotent. Then ¢ = o7 is the product of 2
involutions with dimFix(c) = n+ 1 = dim Fix(7) + 1: ¢ is similar to

(0 I,\ (L o0\ [0 I,
=\ ) \n~N1 /)P 1, o)

where N is nilpotent and cyclic. Let S be a complement of Fix(y) in Fix(o)
containing B(o). Then S is totally degenerate, and V =S5 @ S7.
Hence in a suitable basis,

(L, 0 (0 L, [ 0 I,
(5 ) ) e (0 B)
o 0 FN_( 0 I 0 F 0 -1,
“\-F 0 )7\ -1, - o )J\1, D

R F'
“\ -F DF —-FD )°
O

2.4.2. Type Ie.

Following Kaplansky [9, p.80], we say that a symplectic transformation ¢ is
alternate if f(vp,v) = 0for allv € V. If char K # 2, then all symplectic involutions
are alternate.

Lemma 2.10. Let ¢ € Sp(V, f). Let ¢ = o7 be the product of 2 alternate involu-
tions o, 7. If U is a o-cyclic subspace of V', then Uo, Ut < U+.
Proof. Let U = (u),. It suffices to show that uoc € U+. We have f(uo,up?)

f(up?o,upi™) = f(upio, upior) = 0. O
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Lemma 2.11. Let char K = 2. Let

_ 0 It _( Ny O . 0 H
i=(g 5 )=(% w)r=(w )

where Ny is a cyclic nilpotent matriz. Then P € Sp(2n, K) is orthogonally inde-
composable of type Ie.

Proof.
p_ 0O HY\ (0 H I, HM
“"\H M ) \H 0 0 I,

is the product of 2 alternate involutions. Further, P is bicyclic with minimal poly-
nomial (z+1)". Hence P must be orthogonally indecomposable of type 1: otherwise
dim Fix(T) = n by

O

Corollary 2.12. Let P € Sp(2n,K). Then P is conjugate to a matriz

0 B
Pl:(_B—l D)a

where B is symmetric, if and only if P has no elementary divisor (z 4 1)2'*+1 of
odd degree.

Proof. Tt follows from and that P is conjugate to P if P has no elementary
divisor (x +1)%'*! of odd degree. Conversely, P; is similar to a matrix

0o I,
=5 %)

If D=X@a&Y, then Mp is similar to Mx & My. So we may assume that K is
algebraicly closed and that D is cyclic with minimum polynomial (x — A\)™. But
then Mp is cyclic with minimum polynomial (2% — Az + 1)™. O

Remark 2.13. The Dickson transform of a polynomial p(x) € K|x] of degree m is
the polynomial p(x + x~1)a™. It can be shown that the invariant divisors of Py are
the Dickson transforms of the invariant divisors of D. We have just used this fact
in the proofs of and

2.4.3. Type 1o.

Lemma 2.14. Let char K # 2. Let ¢ € Sp(V') be orthogonally indecomposable of
type 1 with minimal polynomial (z + 1)>™F1. Then ¢ is conjugate to a matriz

1, B
( C —1,+CB ) € Sp(2n, K),

where rank B =rankC =n — 1.

Proof. By ,  has a symplectic square root with minimal polynomial (22 +
1)?m*1. Using , we see that ¢ is conjugate to a matrix
p_ 0 B 0 B\ -1, BD
“\-B' D -B~' D)~ \ -DB™' D?>-1, )"
As above, we observe that D must be cyclic and nilpotent. (]

Lemma 2.15. Let char K = 2. Let ¢ € GL(W) be cyclic with characteristic
polynomial (x + 1)L where m > 1. Let ¢ = o7 be a product of two involutions.
Then
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(1) dimFix(o) = m + 1 = dim Fix(7),dim B(o) = m = dim B(7).
(2) B(¢) =B(o) @ B(7), Fix(¢) = Fix(o) N Fix(7).
(3) If B(o) NFix(p) =0, then

V = Fix(r) & B(0), B(o) & B(g), Fix(¢) € B(r) € B*(p).
(4) Either B(v) = B(7) @ B(1)p or B(y) = B(o) ® B(o)ep.
(5) Fither V =Fix(1) @ B(o) or V =Fix(o) ® B(r).

Proof. 1 and 2 are clear. We prove 3: Suppose that B(c) N Fix(p) = 0. Then
Fix(c) = B(o) @ Fix(¢) C B(p) and B%(¢) 2 Fix(o)(1+¢) = B(7). It follows that
B(o) € B%(p). From ¢ = o7 = 707 we deduce that Fix(y) C B(7). O

Lemma 2.16. Let char K = 2. Let ¢ € Sp(V) be orthogonally indecomposable of
type 1, and let dimV =2n =2 mod 4. Let ¢ = o1 be a product of two involutions
o,7 € Sp(V). Let V = U @ Us, where Uy,Us are (o, T)-invariant. Then

(1) B(p) = B(o) & B(7).

(2) Fix(¢) = [B(o) NFix(7)] @ [B(r) N Fix(0)].

(3) (a) U, = FiX(O’l) D B(Tl) and Uy = B(O’Q) EBFiX(T2) or

(b) Uy = B(o1) @ Fix(m1) and Uy = Fix(o2) ® B(72).

(4) If 0 and T are alternate, then Uy and Us are totally degenerate.
Proof. 1: follows from (2).
2: We have Fix(¢) € B(o): Otherwise Fix(c) C B(yp), and by 1), Fix(c) = Fix(o)N
B(y) = B(o) @ [B(7) NFix(o)] = B(0), a contradiction. Similarily, Fix(¢) Z B(7).
3: follows from 2.

4: If o and 7 are alternate, then U; and Us are totally degenerate by
|

Corollary 2.17. Let char K = 2. ¢ € Sp(V) be orthogonally indecomposable of
type 1, and let dimV = 2n =2 mod 4. Then ¢ is conjugate to a matric

I, B
< P > € Sp(2n, K),

where rank B = rankC' =n — 1.

Proof. We have a decomposition V =S @ T, with B(o) C
T C Fix(r): Take S = Fix(o1) ® B(o2),T = B(r1) @ F
Fix(02),T = Fix(71) ® B(72). Then in a suitable basis

(1, 0 (1, B (1, B
°~\c1, )" Vo1, )Y \cCc 1,+CB )"

Remark 2.18. [t can be shown that ¢ has a cyclic square root even if char K = 2;
see [14, Corollary 3.7]. So follows also from

S C Fix(o) and B(7) C
ix(13) or S = B(o1) &

Corollary 2.19. Let P € Sp(2n, K). Then P is conjugate to a matriz

I, B
C 1,+CB )
2t+1

Proof. If P has no elementary divisor (z £ 1) of odd degree, then using ,

we see that P is conjugate to

I, 0 0 B I, 0\ I, B
B! 1, -B! D B! 1, )\ (D-2,)B™! D-1, )
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3. PRINCIPAL CORNERS OF A SYMPLECTIC CONJUGACY CLASS: PROOF OF
3.1. The case char K = 2.
Lemma 3.1. Let char K = 2. Let 6 € K*. Let Q C Sp(4,K) be a nonscalar
congugacy class. Then PC(Q) contains
(1) a transvection or a nonprimary with determinant one,

(2) a matriz with characteristic polynomial (x + 1)(z + &) or (z2 +9).

Proof. Tt follows from that 2 contains a matrix

I B

C Ib+CB )
By 2.4, PC(Q) contains all matrices Iy + BSS, where S is symmetric. If rank B =1
or B has discriminant 1, then PC(2) contains a transvection:

1) (5 o) (2o)=(o ),
(o 1)+ (2 0) (0 0)=(2 7))
(3 1)-( )3 3)=(3 )

If B is alternating, then PC(Q) contains all traceless matrices:

10 n 0 1 A _[(1+p v
0 1 10 w v ) A 14+up )
Clearly, PC(Q) contains all diagonal matrices if B is diagonal. O

Corollary 3.2. Let char K = 2. Let Q C Sp(2n,K) be a nonscalar conjugacy
class. Let § € K*. Then PC(Q) contains
(1) the identity matriz 1,,
(2) a transvection or all diagonal matrices I,,_o ® Da,
(3) a diagonal matriz 611 ® 1,,—1 or a matriz Q ® 1,,_o, where Q has minimal
polynomial 2 + 6.

3.2. The case char K # 2.
Lemma 3.3. Let char K # 2. Let Q C Sp(4, K) be a nonscalar conjugacy class.
Then PC(QY) contains
(1) a transvection if 12(Q) = x — 1,
all traceless matrices of GL(2, K) if Q is involutory,

(2)
(3) all diagonal matrices of GL(2, K) if Q has no elementary divisor x £ 1,
(4) all nonscalar triangular matrices of GL(2, K) if Q is not involutory and

n(Q) = (& — Dp(x), where p(1) £ 0.

Proof. We use without further reference. If € consists of transvections, then 2

contains a matrix
I, B
0 I, )’
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where rank B = 1. Then PC(Q2) contains

Con)+ (5 o) (v o)-(ot)

Now let mr(Q2) > 2. By and , © contains a matrix

(3 5)

2: If © is involutory, then B is alternating, and PC(£2) contains all matrices BS,
where S € GL(2, K) is symmetric.

3: If  has no elementary divisor « 4+ 1, then we can assume that B is symmetric.
In this case, PC(2) contains all diagonal matrices.

4: By , B be not symmetric. Furthermore, B # —B’: Otherwise,
0 B\ (B 0 0 I
-Bt D)0 B! I, BD
is the product of an alternating and a symmetric matrix. But then Q@ = —Q, a
contradiction. Hence we can assume that B is (upper) triangular. In this case,
PC(Q) contains all nonsingular (upper) triangular matrices. d

Lemma 3.4. Let char K # 2, and 2n > 6. Let Q C Sp(2n, K) be a nonscalar
conjugacy class of Sp(2n, K). Let 6 € K*. Then PC(Q) contains

(1) I,, a transvection, and all dilatations if Q0 consist of transvections,
(2) a nonprimary matriz with prescribed determinant if mr(Q) > 2.

Proof. a) First assume that © has no elementary divisor (z + 1)%*+! of odd
degree Then PC(£2) contains all diagonal matrices.
b) Next assume that € is orthogonally indecomposable of type 1 with u(Q) =
(x — €)™. Then PC(Q) contains all diagonal matrices D = eIy & Do
c) Let Q = eIy L ¥, where ¥ has no elementary divisor (z £ 1)%*1 of odd
degree. Again, PC(Q) contains all diagonal matrices D = eIy @ Ds.
In any case, PC(Q2) contains a nonprimary matrix with prescribed determinant.
So we may assume that 2n =6 and 2 =1y L elo L W.

i) If ¥ = I, then e = —1 and PC(Q2) contains all matrices with mimimal
polynomial (z — 1)(x? + §).
ii) If ¥ = —I,, then PC(Q2) contains all matrices with mimimal polynomial

(x4 €) (2 +9).
ii) Let ¥ # £Is.

(a) If pg(l) # 0, then PC() contains all matrices el; & U, where U is
upper triangular.

(b) If e = —1 and pg(—1) # 0, then PC(Q2) contains all matrices Iy & U,
where U is upper triangular.

(¢) If e =1 and pw(l) # 0, then PC(f2) contains all matrices I3, all
dialatations and transvections.

O

4. PROOF OF THEOREM
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Lemma 4.1. Let U € GL(m — 1, K) is upper triangular. Then there exist polyno-
mials g;(x) of degree < m — j — 1 with nonvanishing constant term such that the

matric
Y = ( 0 U > ,
Yo Y
where y = (Yo, - - -, Ym—1), has characteristic polynomial
m—1
x(Y)=detzl,, - Y =t + Z y;9;(w)2.
§=0

The polynomials g;(z)z’ are linearly independent.

Lemma 4.2. Let U; € GL(m, K),Us; € GL(n—m, K) be upper triangular matrices.
Let ® be a cyclic similarity class of GL(n, K) with det ® = (—1)"*1 det U1Us. Then
there exists a matriz Z € M(m,n —m, K) such that

(0 I, U, Z
Poom (U ) (% 2 e

Proof. Let z = (2m-1,---,21),2 = (Zm+t1s- -+ -Zn-1),
_fur b [ us ¢  zmy
U1_<0 W1>’U2_<() W2>’Z_(z 0)'
Then

up b oy oy 0 W, =z 0
P, — 0 IL,—1 0 W, =z 0 _ 0 0 ug c
Z=7\1 o0 0 0 wu ¢ | | 0 0 0 W,
0 0 0 W, up b oz, Z

Clearly, Py is cyclic. Let

Y::( 0 W~2)
Zm 2

We compute the characteristic polynomial x(Pz) of Pz by Laplace expansion by
the first m columns:

m—1

x(Pz) =z"x(Y) + Z 2 fi(x)a?,

where the polynomials f;(z) are of degree < m — j —1 and independent of U; and
UQ, and fj (O) 7é 0. O

Lemma 4.3. Let ®,A be similarity classes of cyclic matrices in GL(n, K). Let
P, € GL(m, K), P, € GL(n — m, K) with det Py P, = det PA. Then there exists a
matriz C € M(m,n —m, K) such that

P C
(7 )ese

Proof. We may assume that P, = L1U; and P, = LoUs, where Ly, Lo are lower
and Uy, Us are upper triangular. By 4.2, there exists a matrix Z such that

0 1,4 U, Z
(1 0 ><0 U2>€A'
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Further, there exists a matrix X such that

L X 0 1 ,
(5 n)(l )=
R, O Li X 0 1 R, 0
0 Rn—m 0 L2 In—l 0 0 Rn—m

L% R, XRy_m 0 1 0 1 LY RpuXRym
0 Ln=m I,_1 O I,., 0 0 LR :

Hence ®A contains the matrix

P LiX+ZUy \ (L1 X 0 1 0 I, v, Z
0 P o 0 Lo In-1 O 1 0 0 Uz )°
O

Example 4.4. Letn > 2. If K = GF(2) let n > 3. Let ®,A be cyclic similarity
classes of GL(n, K).

(1) ®A contains all matrices M = X @ 81y if det M = det PA and 6 is not an
eigenvalue of X.
(2) If ® is reducible, then ®®~1 contains a transvection.

Proof. 1: Let L € GL(n — 1, K) be lower triangular, and let U € GL(n — 1, K) be
upper triangular matrix. There exist matrices

a 0 0 U
am (9 )enn=(® U)ea

o aU + 6b
0 LU

2: There exist matrices @ € GL(m, K), R € GL(n—m, K), and N, M € M(m,n—
m, K) such that rank N, rank M, rank(N — M) =1 and

Q M Q N
X:(O R),Y:(O R>e<1>.

4+ (L. (M—N)R™!
XY _< 0 L

is a transvection. O

Then
) N

Remark 4.5. It can be shown that ®®~! contains no transvection if ® is irre-
ducible.

Lemma 4.6. Let ®, A be nonscalar similarity classes of M(2, K). Assume that ®
is not irreducible.

(1) tr(®A) = K — {atr A} if and only if (® — al2)? =0 and A is irreducible.
(2) tr(PA) = K if and only if @ is not primary or A is not irreducible.

Proof. Let u(®) = (z — \)(z — a), p(A) = 22 — vz — 6. Then

a 0 0 1 0 a
<,u A)(V (5></\7 )\5+M)EQA
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if A#aor p#0. If A=« and ¥ is irreducible, then tr(®PA) = K — {atr A}:
a d—e p\ _ [ ad—€+pr ap+ pue
0 « v e ) av e ’

Using the computer algebra system gap, we can show

Example 4.7. Let Q,V be cyclic conjuagey classes of Sp(4,5) with u(Q) = (2% +
2)(22 —2), u(V) = (x — 2)%(x +2)2. Then QU contains no involution.
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