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ABSTRACT: We construct a model of 3D quantum gravity based on abelian topological
quantum field theory (TQFT), by defining the gravitational path-integral as a sum
over all 3D topologies with genus-g boundary »,. The path-integral of an abelian
TQFT 7T on any single topology with boundary X, prepares a stabilizer state. This
way, T partitions all these topologies into finitely many equivalence classes, where each
topology within a class is associated with the same stabilizer state. The gravitational
path-integral can thus be rephrased as a weighted sum over representative topologies,
which are further organized into orbits under the mapping class group of 3,. One orbit
is represented by handlebodies, whose average reproduces the “Poincaré series of the
vacuum”, while additional orbits describe non-handlebody topologies. The resulting
quantum gravity state is Sp(2g, Z)-invariant and can be expressed as a weighted average
of 2D CFT partition functions on ¥,. This establishes a duality between a weighted
sum over bulk topologies and a weighted sum over boundary CFTs. We introduce
the “A-matrix”, which relates bulk and boundary weights. The A-matrix can be fully
determined by the set of topological boundary conditions that the TQFT admits, and
we present a systematic procedure to construct this set. Using this framework, we
evaluate the A-matrix and the TQFT gravity state in several tractable examples.
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1 Introduction

The quantum gravity path-integral is notoriously difficult to define, as it requires sum-
ming over all possible spacetime topologies and integrating over all metrics compatible
with each topology. In models of quantum gravity based on a topological quantum field
theory (TQFT), this problem simplifies, as the theory is not sensitive to the metric,
leaving only a sum over topologies. Even so, a general prescription for the quantum
gravity path-integral remains elusive.

A concrete proposal was made by Maloney and Witten [1], who defined the AdS;
gravity path integral as a sum over handlebody topologies. Their result lacked a clear
holographic interpretation, since the putative dual 2D CFT would have a continuous
spectrum with negative degeneracies. A similar construction was carried out in 3D
abelian Chern—Simons (CS) theory [2, 3], where the sum over handlebodies yielded an
expression that can be interpreted as an average over the Narain moduli space of 2D
CFTs. This motivated the idea of “ensemble holography” in three dimensions [4-17],
where the bulk gravitational path integral is dual not to a single boundary CFT, but
rather to an ensemble of CFTs.

Ensemble holography in 3D has also been explored in settings where the boundary
theories are RCFTs [18-22]. However, except for some simple cases, the handlebody
sum does not produce a consistent RCFT ensemble. Abelian 3D TQFTs provide more
tractable models, but even in this simplified setting, restricting to genus-g handlebod-
ies typically results in a boundary ensemble with genus-dependent weights, which is
incompatible with holography.

A consistent prescription was introduced in [23], using a genus-reduction map ap-
plied to a sum over large-genus handlebodies. In this approach, the boundary CFT
ensemble has genus-independent coefficients, and the bulk sum (after genus reduction)
includes contributions from all topologies, not just handlebodies.

The same work showed that the abelian TQFT path integral on any 3D topology
with a genus-g boundary X, prepares a stabilizer state associated with a maximally
isotropic subgroup of H;(X,,Zy) with respect to the intersection form, where N is
the exponent of the 1-form symmetry group G. Consequently, for a given TQFT T,
all topologies with boundary ¥, are partitioned into finitely many equivalence classes,
with the path-integral of T preparing the same state (up to normalization) within each
class. Choosing a representative topology in each class, the gravitational path integral
can be reformulated as a weighted sum over these representatives®, which are further
organized into orbits under the mapping class group Sp(2g, Z) of 3,. We do not attempt

L Also see [24] for a similar approach, where the quantum gravity path integral for abelian 3D TQFT
was rephrased as a sum over homology groups.



a first-principles derivation of the weights and keep them arbitrary. Compatibility with
holography requires Sp(2g, Z)-invariance, so the weights must be uniform within each
orbit. We therefore define the gravitational path integral of a TQFT T as

Z gravity [T Sgi 0] = de«md)»SP, (1.1)

where w = wgy are the bulk weights, |Q24) is the stabilizer state prepared by the path-

integral on the topology V; with GV; = ¥, d labels its first homology group, and « . >>s
P

denotes a uniform average over the Sp(2g, Z)-orbit, which contains finitely many states.
The classification of the representative topologies will be given in subsection 3.1.

The resulting quantum gravity state is Sp(2g, Z)-invariant and can be expressed as
a linear combination of stabilizer states specified by subgroups of G that are maximally
isotropic with respect to the quadratic form q. These states are organized into orbits
under the orthogonal group O(G) preserving q. Each such state corresponds to a
topological boundary condition (TBC) [25] on ¥, and is associated with a bosonic 2D
CFT partition function [26]. This yields a dual description as a weighted ensemble of
2D CFTs,

1
Zgravity[Tv Ega w] - Z Mg 57 Z Ztg?z)a (12)
q ‘Oq| i€0
q
where Zc(lf’i) is a CFT partition function on ¥,. The outer sum runs over O(G)-orbits,

the inner sum averages uniformly within each orbit O4, and the coefficients m, are
determined by wq. We will refer to mq as boundary weights.

Our main result is introducing the “A-matrix” and a method to compute it, relating
bulk and boundary weights,

mq = de)\d,q- (13)
d

The A-matrix is completely determined by the set of TBCs that the TQFT admits.
Concretely, it can be written as

Adg = ZUS’Yq’;qa (1.4)

q/

where the matrix Yy 4 is obtained from the overlap matrix of TBC states and vgl is a
universal matrix determined only by the 1-form symmetry group G and the genus of
the boundary surface.

We compute the A-matrix and the quantum gravity state in various examples by
a direct method, which requires identifying the full set of TBCs. For a general abelian



TQFT, this is a highly nontrivial problem. In section 5 we present a systematic pro-
cedure for constructing the full set of TBCs in a class of abelian TQFT's, based on the
groupoid structure introduced in [27].

The paper is organized as follows. Section 2 reviews the relation between abelian
TQFTs and the quantum stabilizer formalism. Section 3 classifies the two types of
stabilizer states that appear on the bulk and boundary sides of the duality. Section 4
introduces the A-matrix, relating the bulk and boundary weights and describes a general
method to compute it. Section 5 develops additional tools that we use to construct the
complete set of TBCs. Section 6 explicitly computes the A-matrix and gravity states
in various examples. We conclude in section 7 with a summary and open problems.

2 Abelian TQFT and Stabilizer Formalism

Our starting point is an Abelian 3D TQFT 7T specified by the pair (G, q), where G is
a finite abelian group and q is a non-degenerate quadratic form on G. This pair fully
determines the data of a pointed Modular Tensor Category (MTC) whose objects are
anyons labeled by elements of G and their topological spins are given by

0(a) = exp (%" q(a)) . aeG, (2.1)

where N is the exponent of G and q : G — Zyy is the quadratic form. The Frobe-
nius-Schur exponent Npg is the minimal integer such that 6(a)V7s = 1 for alla € G. To
avoid subtleties when N is even, we will henceforth assume N is odd, so that Npg = N.
Introducing the primitive root of unity w = €2/, the spins can be written compactly

as
0(a) = w® 9@, (2.2)

where 27! denotes the multiplicative inverse of 2 in Zy. The spins determine the
braiding matrix

a—i—b) g(ad)
@ 2.
V|G| Sap = H(b) =w , (2.3)

where g : G X G — Zy is the bilinear form associated to q
g(a,b) =27 (a(a+b) —q(a) —q(b)) mod N. (2.4)

The spins also determine the chiral central charge ¢ modulo 8 via

2mi, Z(IEG 9((1)

IS b)) (25)



Throughout, we will only consider (G, q) such that the chiral central charge vanishes.
This condition is necessary for the theory to admit topological boundary conditions
28].

Any finite abelian group G decomposes into a product of p-groups,

G=Gy X X Gy, (2.6)

where pi,...,p; are distinct primes, and G, denotes a group consisting of elements
whose order is a power of p. The quadratic form factorizes accordingly,

q:qm@"'@qpk? Up; :qupi' (27)
Thus the TQFT itself decomposes into a product of decoupled TQFTs, [28]
T = 7;1 Xoees X 7;%7 7;1' = (Gpwqpi)' (2.8)

Without loss of generality, we can restrict to the case where G is a p-group.
A concrete realization of this data is given by the U(1)" Chern—Simons theory [29],

T S[A]:ﬁK[J/VA]/\dAJ, (29)

where K is an integral, symmetric matrix of signature (A, A_) and with even diagonal
entries. In other words, K is the Gram matrix of a full-rank, even integral lattice A,
K = ATgA with g = diag(1*, —1*-). The condition that the chiral central charge
vanishes translates to Ay — A_ = 0 (mod 8). The 1-form symmetry group is given by
G =Z"/(KZ") and the topological spins are #(z) = exp(miz’ K~ 'xz).

We will only consider spaces V whose boundary is a connected surface ¥, of genus

g. For X, we choose a canonical basis of 1-cycles 1, ..., 72, with intersection form
0, —1
(o) =mig, - =" ) (2.10)
Ly 04

The homology group Hy(X,, Zy) = Z%, x Z; is thus a Zy-module equipped with the
symplectic form 7.
Anyon loops are described by

We =Tr, [exp]{ A} : a€ Hi(X,,Zy), ze€G. (2.11)

Geometrically, these loops are knots (or more generally, links)? colored by elements of
G, embedded on the genus-g surface ¥, without self-intersections [30]. The links can
be pushed to the interior of the space V bounding >,, where they acquire framing.

2More precisely, a specifies an equivalence class of links modulo N. If o has order N, it lifts to a
coprime integer tuple & € H1(X,,Z) describing an unknot. If instead « has order d < N, its minimal
representative is a link of d parallel unknots &/d, where d = ged(a).



2.1 Anyon basis and Weyl operators

We now review the construction of the anyon basis for the TQFT Hilbert space H
on the surface 3,, as well as the Weyl basis for End(#). The anyon basis plays the
role of a computational basis for a system of g qudits, each with local Hilbert space
of dimension |G|. While qudits are usually defined over Zy or finite fields F,, more
general constructions exist for arbitrary groups (see [31] in the context of anyons).

Consider first the torus Hilbert space H = CI®l. To construct the basis, we fill in
the cycle (0,1) € Hy(X1,Zn) of the torus to obtain a solid handlebody V. The dual
cycle (1,0) supports non-contractible anyon lines. The path integral on V; with such
insertions defines the basis states

lz) = Z [VMWJ(:LO)} — 7 z € G, (2.12)

which we normalize by (x|y) = ¢,,. Thus {|z),z € G} is an orthonormal basis for #.

A natural basis for End(H), the Weyl basis, can be constructed by anyon insertions
on the cylinder »; x I with two boundaries of opposite orientation. The path integral
on Yy X I with line insertions constructs linear operators acting on H. The matrix
elements of such an operator can be computed by gluing handlebodies with anyon
insertions to the two boundaries.

Inserting an anyon W' in ¥; x I produces the corresponding anyon operator, which
by slight abuse of notation we denote by the same symbol

We = Z 1[5, x I, W] (2.13)

Choosing independent cycles in Hy(X; X I,Zy), we first define

T z
Xo =W = =3 NIl = |z +y)yl, (2.14)
Y,z Yy

where we made use of the fusion rules N7 = 0,,,.. Insertion along the dual cycle
yields the operator

Zy =W = = BV y)(y, (2.15)
Zz Yy

where the phase arises from the Hopf linking between z and y.
The operators X, and Z, are generalizations of the Pauli operators familiar from
the stabilizer formalism. A general anyon operator can be expressed as

nga,b) _ w2_1abq(z)XZZx—b — w—2‘1abq(r)Zx—ng (2.16)



and its action on the computational basis is [32]
Wby = w2 aba(@) ,~be(ry) lax + y). (2.17)
Two anyons obey the commutation relation
WEWS' = el e)yyalype. (2.18)

We see that two anyons commute either when they are inserted along orthogonal cycles
with respect to 7, or their charges are orthogonal with respect to g. This is an early
hint about the two types of abelian subgroups of anyons we will study in section 3.
There is redundancy in this notation, due to the relation

Wi =We N EZLy. (2.19)

Y

Collectively, the indices of anyon operators form the group G ® Z3, = G2, which is
a Zy-module equipped with the symplectic form J = g ® n. It is therefore useful to
define the Weyl operators W : G — End(H) as

W(a,b) = w? 8@ o=l _ . (a,b) € G2 (2.20)
b

For abelian theories, this construction extends straightforwardly to genus-g, since
the Hilbert space H =2 CI¢F factorizes into g tensor copies of the torus Hilbert space,
with basis states

‘iL’l,...,LEg)E#...#:’$1>®...®‘ng>’ (221)

where # above denotes the connected sum of the boundary surfaces. Anyon operators
decompose as
Wg(gal""’ag’bl""’bg) — W;al’bl) ® - ® Wéag,bg)’ (222>

and similarly for the Weyl operators,
W(a) =W(a1) @ - @ W(ay), a=(a,...,aq) € (GxG)%. (2.23)

The Weyl operators form the basis of End(?) we have been looking for. This basis is
orthonormal with respect to the Hilbert—Schmidt inner product

@U W(@)'W(B)) = bup, B € GY. (2.24)



The group G?9 can be viewed as the additive group of n x 2¢g matrices with columns
n G BRI R Y
AR

al .. .ag
o= : : € G%, (2.25)
a{™ - al

The Weyl operators form a projective representation of G29 with phases determined by
the symplectic form J =g ®n

W IW(B) = w2 @AW (a + B). (2.26)

The group generated by these operators is the Weyl-Heisenberg group (also sometimes
called the generalized Pauli group on g qudits),

P = {wW(a) | ac G, kcZy}, (2.27)
which fits into the split short exact sequence

0 —— Zy > P >y G¥ > 0 . (2.28)

Here Zy = {w* | k € Zy} is the center of P, and P/Zy = G.
Since the Weyl operators form an orthonormal basis, any p € End(H) admits an
expansion with coefficients

—_

E,(a) = @u« (W(a)'p), a € GY. (2.29)

The function =,(«) is called the characteristic function of p. A closely related quantity
is the Wigner function W,(«v), defined as the symplectic Fourier transform of =, [33]

W,(a) = 3 w7 @IZ,(8). (2.30)
B

The Wigner function provides the expansion coefficients of p in the Fourier-dual basis to
the Weyl operators. This basis consists of “dual anyon lines”, which are lines confined
to the invertible surface defect obtained by “higher-gauging” G (see appendix A).

2.2 Clifford group and its O(G) x Sp(2¢g,Zy) subgroup

The unitary operators on H also act on End(#) by conjugation. The subgroup Aut(P)
of unitary automorphisms of the Weyl operators is called the Clifford group. Its ele-
ments are unitaries U such that

UW(a)UT = w?W(y(a)), (2.31)



for some ¢ € Zy and ~y : G* — G%,

Immediately from the definition, P C Aut(P), and in fact P is a normal subgroup.
The Clifford group therefore fits into the short exact sequence (which splits for odd N
[34])

1 > P y Aut(P) —— Aut(P)/P —— 1. (2.32)

Because Clifford elements act unitarily, they preserve the Weyl commutation re-
lations, and hence 7 must preserve the symplectic form J. Denote by Sp(2g,G) the
group of transformations preserving J. For any v € Sp(2g, G), there exists a unitary
operator U, such that

UW(Q)UI = A T9W(y(a)). (2.33)

The operators {U,} form a projective representation of Sp(2g, G), called the Weil rep-
resentation. Thus, the full Clifford group is generated by P together with {U,,v €
Sp(2g,G)}. Equivalently, the Clifford group is a (projective) representation of the
group of affine symplectic transformations [33]

a = y(a) +d, a, o/ € G¥, ~v e Sp(29,G), (2.34)

where the above transformation is implemented by the Clifford operator W(a/)U.,,.

In this work we are especially interested in the subgroup O(G) x Sp(2g,Zy) C
Sp(2g,G). The orthogonal group O(G) describes automorphisms of the quadratic
module (G, q), while the symplectic group Sp(2g,Zy) preserves the intersection form
(2.10) on Hy(X,,Zy). Their actions are clearest in terms of the anyon operators. For
Q € 0(G),

UWaUl = Wi, (2.35)
while for v € Sp(2¢g,Zy),
U WU = Wy, (2.36)

In terms of Weyl operators, the combined action of @ € O(G) and v € Sp(2¢, Zy)
is

W(a) —» W(Qary), o€ GY, (2.37)
where () acts by left multiplication and ~ by right multiplication on the matrix form of
a (2.25). Because any operator can be written as linear combination of Weyl operators,
it follows that the actions of O(G) and Sp(2¢,Zy) commute.

The symplectic group Sp(2¢, Zy) is a representation of the mapping class group of
the genus-g surface X,. It is generated by the local Hadamard S and Phase T gates,
corresponding to torus modular transformations

1 1
S=—= S wE I, T =3 w ) (a, (233)
|G| a,beG a€eG



along with the two-qudit CADD gate (generalizing the qubit CNOT), acting as
CADD: Ja)®|b) — |a) ® |a + b). (2.39)

The S and T' operators act independently on each torus in the connected sum ¥, =
Y# - #3, generating the subgroup SL(2,Zx )¢ C Sp(2g,Zy). Together with CADD
(which couples pairs of tori), they generate the entire symplectic group.

2.3 Stabilizer groups and stabilizer states

An abelian subgroup S of the Weyl-Heisenberg group P is called a stabilizer group.
Since its elements commute, they can be simultaneously diagonalized and they fix an
invariant subspace of ‘H, called the stabilizer code. From (2.26), Weyl operators satisfy

W()W(B) = ™ COW(BW(a). (2.40)

Thus, a stabilizer group corresponds to an isotropic submodule C C G2 with respect to
J, i.e. a submodule on which J vanishes. Because P is a nontrivial central extension of
G29 by Zy, C alone does not uniquely determine S, but we also need to make a choice
of phases. For each isotropic C and vector v € G?9, define the stabilizer group

S(C,v) = {wCIW(a):a eCl. (2.41)
Summing over § produces the projector onto the code subspace
1
e, = i > w T OW(a). (2.42)
aeC

The centralizer of S in P is generally a non-abelian group, corresponding to the
dual (with respect to J) module C*+. A mazimally isotropic submodule satisfies C = C*,
and is also called Lagrangian. In this case the projector reduces to a rank-one operator,

i.e. a stabilizer state [33]
Ie, = |v;C){v; C|. (2.43)

From (2.42), we can immediately read its characteristic function

= 1 —J(v,x
Be)sel (@) = 155 @ T nec, (2.44)

and hence its Wigner function is simply the indicator function

1
Wise)wiei (@) = @ OaeC+v- (2.45)

— 10 —



Up to a phase, the state defined by (2.43) can be written as
[v;C) = W(v)[0;C), (2.46)

so for each fixed C, the states {WW(v)|0;C)} form an orthonormal basis of H. One may
view |0;C) as the “ground state” defined by the module C, with the rest of the states
obtained by inserting anyon lines. In what follows, we make the choice v = 0.

Two families of Lagrangian submodules are particularly important. Note that if
C C G is isotropic with respect to ¢, then C ® Z?\? C G% is isotropic. Similarly, if
C' C Z?\? is isotropic with respect to the symplectic form 7, then G ® C' C G% is
isotropic. This motivates the following definition

Definition 1. A submodule C C G* is n-isotropic (n-Lagrangian) if C = G ® C for
some isotropic (Lagrangian) C C Z%’ with respect to n.

A submodule C C G*9 is q-isotropic (q-Lagrangian) if C = £®Z?\? for some isotropic
(Lagrangian) L C G with respect to q.

These two types of Lagrangian submodules have a special meaning in the TQFT.
The n-Lagrangian submodules define the first homology group of a 3-manifold with
boundary ¥,. The stabilizer state |0;C) is prepared by the TQFT path-integral on
this space, while |v;C) are the orthonormal states obtained by line insertions. A g-
Lagrangian submodule £ ® Z?\‘,’ describes topological boundary conditions (TBC) on
the genus-g surface. The associated stabilizer state can be obtained by gauging £L C G
in the bulk of a genus-g handlebody.

2.4 Gauging 1-form symmetries in 3D

We will now review the gauging of 1-form symmetries in 3D, which we will need in
later sections.

Gauging 1-form symmetries in the bulk

To gauge the group G inside the bulk of a handlebody V), one inserts a network of
anyon lines dual to a triangulation of V, and sums over all charges in G. If the result
depends on the choice of triangulation, then the 1-form symmetry group G is anomalous.
Different choices of quadratic forms q classify possible anomalies of the 1-form symmetry
[35]. In an abelian theory, a network of non-anomalous lines reduces to loops wrapping
around each non-contractible cycle (see figure 1).

G is non-anomalous if the anyon lines have trivial mutual braiding. Since by as-
sumption q is non-degenerate, G itself cannot be gauged in the bulk. However, one can
gauge a subgroup H C G on which q vanishes. In this case, the sum is performed only

- 11 -



z1,...,xg€H

Figure 1. The network that performs the gauging of the symmetry H C G in the handlebody
V, reduces to g loops around the non-trivial cycles. It is necessary for the quadratic form q
to vanish on H.

over lines with charges in H. The resulting theory, denoted 7 /H, contains lines in H*
with those in H identified [36]. Thus the residual 1-form symmetry group of 7 /H is
HL/H.

This gauging process is a projection onto the stabilizer code associated to H®Z?\? =
H,(X,,H), and the Hilbert space of 7 /H can be viewed as the space of “logical” states.
In particular, if H is Lagrangian, then this gauging process constructs a stabilizer state,
corresponding to the 1-dimensional Hilbert space of 7 /H.

Gauging 1-form symmetries on codimension 1 surface

We can also gauge G along a co-dimension 1 surface to construct a surface operator.
Concretely, consider inserting a genus-g surface parallel to the two boundaries of X, x I
and construct a network of lines dual to a triangulation of this surface. Since the anyons
in our theory have trivial crossings (the F-symbols can be chosen trivial), this process
is independent of triangulation and hence gauging on this surface is always possible.

More generally, we can gauge any subgroup H C G on the surface. The possible
gaugings are classified by pairs (H, v), where v € H?(H, C*) specifies a choice of discrete
torsion. Varying v amounts to redefining trivalent junction phases while keeping F-
symbols trivial [37]

a a
sl R PRAL Sl | (2.47)
b b

Above we expressed a torus Weyl operator by resolving the intersection of the two torus

cycles into a pair of trivalent junctions. Redefining the junction by a phase, we obtain
27'B(ad) for some antisymmetric B : H x H — Zy. We
introduced a coefficient 27! in the exponent for later convenience.

an overall phase v(a,b) = w

To gauge (H, ), we sum over all charges in H (see figure 2). The path integral on
¥, x I with this network inserted produces a surface operator

P = s S Ve Wla), (2.48)

- 12 —



a a
ST wvlanb) ® @ viagby) | —

a1,b1,...,aq,bg€H bl bg

Figure 2. Gauging of H C G on a surface ¥, for some choice of discrete torsion v €

H2(H,C*).

Gauging (H,v) generates a “quantum symmetry” group G/H x ﬁ, which describes
“higher lines” supported on the surface. These operators form alternative bases for
End(#). Specifically,

By construction, every surface operator is invariant under Sp(2g, Zy). It is well-
known [38] that surface operators correspond to Lagrangian submodules of G x G with
respect to the quadratic form q@®(—q). They can thus be interpreted either as operators
in the commutant of Sp(2g,Zy), or equivalently, as stabilizer states describing a TBC
of the theory 7 x 7. This fact will be very useful in constructing TBC states when
T is itself a double, since classifying subgroups, choices of torsion and using equation
(2.48) is easier than directly searching for all Lagrangian submodules. This will be the
main topic of section 5.

3 Lagrangian Submodules and their Stabilizer States

In this section we provide the full classification of the two types of Lagrangian sub-
modules in definition 1. In subsection 3.1 we discuss the n-Lagrangian submodules,
which describe the representative topologies that an abelian TQFT can distinguish.
In subsection 3.2 we discuss the g-Lagrangian submodules, which describe topologi-
cal boundary conditions. Finally, in subsection 3.3 we review the relation between
topological boundary conditions and 2D CFTs.

3.1 Classification of n-Lagrangian submodules and representative topolo-
gies

We begin with the n-Lagrangian submodules, which have the form G®C', where C' C Z?\?
is Lagrangian with respect to the intersection form 7. Since they contain a G tensor
factor, both the submodules and their associated stabilizer states are invariant under
O(G). In fact, these modules are invariant under the entire group Aut(G).

The associated stabilizer states can be prepared by the TQFT path integral on
some 3-manifold with boundary ¥,, with the factor C' describing its first homology
group. The TQFT path integral on any space with boundary ¥, prepares one of these

— 13 —



states [23]. We describe the simplest representative topology corresponding to each of
these states and later, in section 4, we will define the gravitational path integral as a
weighted sum over these representatives.

A complete classification of Lagrangian submodules of Z?\? is given by [39] (Theorem
7), which we restate in our setting.

Theorem 1 (Classification of symplectic Lagrangian submodules). Let C' be a sub-
module of Z?Vg and let N = Hle p;' be the prime factorization of N. Define the g-tuple
d=(d,...,d,) with

k
d1|d2||d9|N7 1§d]§szLSZ/2J7 ]:L?g (31)
=1

Then C' is a Lagrangian submodule with respect to n if and only if there exists v €
Sp(2g,7Z) such that

diag(N/dy, N/ds, ..., N/dy,dy,dy, ..., dg) X~y (3.2)
s a generator matriz for C.

Thus, Lagrangian submodules that are isomorphic as groups belong to the same
symplectic orbit. This does not hold for general isotropic submodules. While two
isomorphic isotropic submodules C' = C" C Z?\‘,} are trivially isometric (since the sym-
plectic form vanishes), their isometry does not always extend to an isometry of Z?Vg.
The Lagrangian condition is therefore essential for Theorem 1 to apply, as emphasized
in [39].

Theorem 1 provides a classification of symplectic stabilizer states in terms of
Sp(2g, Z) orbits, generalizing the results of [40]. To make the notation less cumbersome,
define

Lg =L, X -+ X Lq,, ZnNjg = Linja, % -+ X Lyyq,, (3.3)

so that the submodule generated by (3.2) is isomorphic to Zg X Zy/q.

We begin by describing the free Lagrangian submodules C' C Z?\?, which have
rank ¢ and admit a basis of g elements. These submodules can be represented by
regular handlebodies. To see this, note that a free submodule defines a state invariant
under insertions of all anyons along the ¢ independent cycles of H(X,, Zy) determined
by its basis. In other words, C renders g cycles of the genus-g surface contractible,
thereby defining a handlebody. The mapping class group Sp(2g,Z) acts transitively
on the free Lagrangian submodules, permuting handlebodies. Its representation on the
Hilbert space has kernel I'( V) and its image is Sp(2g,Z)/T'(IN) = Sp(2g, Zy ), which is
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precisely the subgroup of the Clifford group described in section 2.2. The state |0)®9
corresponds to the free submodule C' = {(0,a) | a € Z%}, given by the choice d = 1
and v = 1 in (3.2). Varying 7, we obtain the states that belong to the Sp(2g, Zy)-orbit
of |0)®9. Specifically, the free submodule Cy = {(0,a)y | a € Z%} for v € Sp(2g,Zy)
yields the stabilizer state U,|0)®9. However, not all elements of Sp(2g,Zy) generate
distinct stabilizer states by acting on |0)®9. The subgroup that fixes this state is the
congruence subgroup

To(N) = {(gl g) € Sp(2g,ZN)} . (3.4)

Hence the distinct free stabilizer states correspond to cosets in Sp(2¢g, Zy)/T'o(N). In
[41], the following explicit count was obtained

k g—1
# free stabilizer states = NEE H H(pi_(g_]) +1). (3.5)

i=1 j=0

When N is not squarefree, non-free Lagrangian submodules of Z?\? also exist, which
correspond to non-handlebody topologies. The simplest representative topology can
be described as a singular handlebody as follows. Consider gluing a torus cylinder
251’ x [0,1] to a torus handlebody Vl(z) along their boundaries ¥; = 25” x {0} and
Yo = 31/1(2) via a covering map f. Writing the torus as S x S! with angular coordinates
(6,¢), define f : £; — 5o by f(e,e®) = (¢'a? ¢%). The resulting glued manifold
Vi = VI(Q) U (251) x [0,1]) has first homology

Zi
((N/d,0),(0,d))

Contracting the gluing surface to a line, this topology can be thought as a handlebody

I

H, (VL Zy) > Zinja X L. (3.6)

with a non-invertible (unless d = 1) defect line insertion along its non-contractible
cycle. These are condensation defects [37] that can be constructed by gauging (N/d)G
in a torus handlebody, or “higher-gauging” the same group on a torus surface and then
shrinking this surface to a line.

In general, a non-free Lagrangian submodule C' C Z?\,g defines a class of 3-manifolds
with Hy (M, Zy) = 73 /C = C. The corresponding stabilizer state is the state obtained
by the TQFT path integral on such a manifold. These spaces can equivalently be
represented by singular handlebodies with insertions of defect lines along their non-
contractible cycles (see figure 3.1). Each d # 1 specifies a space V¢ with Hy(VY, Zy) =
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Figure 3. A representation of the topology Vd, corresponding to (3.2) with v = 1, as a
singular handlebody. The dashed line labeled d; is a condensation defect that can absorb
and emit anyons with charges in (INV/d;)G, modifying the first homology of the i-th factor to
Znyq; % Lq;- The stabilizer state [€2g;y) can be obtained by acting with the mapping class
group element v € Sp(2g,7Z) on the above configuration.

Zg % Znyq. The module (3.2) for v = 1 is stabilized by the subgroup
diag(dy,...,d,)C = diag(N/d;,...,N/d,)B = 0} ,

Fy= {(é g) € $p(29, Z)
(3.7)

so the distinct topologies in the orbit correspond to the cosets Sp(2g, Zy)/I'q. Counting

these cosets is significantly more involved than in the free case d = 1.
For v = 1, since (3.2) is diagonal, the corresponding state factorizes as

Q) = (3.8)

® Y |GN/d aeGZN/di 2

where Gy/q, = (N/d;)G € G. We chose to normalize the states such that (€4]Qq) = 1
and fixed the overall phase such that (09/24) > 0. The rest of the states in the orbit
are given by

Qa;7) = U7|Qd>7 v € Sp(29,Zn)/Ta. (3.9)

Thus, the tuple d defines the first homology group up to tensoring with Zy, while
v € Sp(2g,Zn) /T4 defines the inclusion of X, into the boundary of V;.

Finally, it is useful to collect all tuples d from Theorem 1 into a set T. This set
parametrizes the symplectic orbits and naturally forms a lattice defined as follows.

Definition 2. Let T denote the set of tuples d satisfying (3.1). For d,d € T, with

d=(d,...,d,) and d = (di,... ,dy), define the operations N\ and V as follows
dAd = (lem(dy,d,),-- -, lem(dy, dy)), (3.10)
dvd = (ged(dy,dy), -, ged(dy, d})). (3.11)

The cardinality of T (number of symplectic orbits) is given by the next proposition.
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Proposition 1. Let N and k be as in theorem 1. Then, |T| is equal to the number of
distinct choices of d. Specifically,

IT| = ﬁ (LSWQJ +g). (3.12)

i=1
Proof. The exponents of p; in d form a non-decreasing sequence taking values 0,1, ..., [s;/2].
The number of such sequences is (LS"'/ EJ +g). H

3.2 Classification of g-Lagrangian submodules and topological boundary
conditions

We now turn our attention to the g-Lagrangian submodules, which are submodules
of the form £ ® Z?Vg, where £ C G is Lagrangian with respect to q. These submod-
ules describe topological boundary conditions (TBC), which in turn describe 2D CFT
partition functions on ¥,. The factor £ C G is a classical even, self-dual code [26],
whose relation to Narain CFTs has been studied extensively in the recent literature
23, 26, 42-60] and will be very briefly reviewed in the next subsection. Since these
submodules contain the full Z3¢ factor, their stabilizer states are manifestly invariant
under Sp(2g, Zy). In this subsection we will focus on groups of even length of the form
G = Z3%. We will provide a classification of these submodules and show that they are
linearly independent as long as n < g. This discussion can be generalized to general
finite abelian groups, but we will not attempt to treat the general case rigorously here.

Without loss of generality we can consider N = p™. Since, by assumption, the
quadratic form q is non-degenerate and p is odd prime, there are exactly two inequiv-
alent choices of g, determined by whether det(g) is a square or non-square in Zy [61],
where g is the bilinear form associated with q. We will focus on the case where g can
be brought into the antidiagonal form

00---01
00---10
g=|:: ], (3.13)
01---00
10---00

Specifically, g lies in the square residue class, except when n is odd and p =3 mod 4,
in which case g belongs to the non-square residue class. In particular, the untwisted
Dijkgraaf-Witten theory [62] of gauge group Z% belongs to this class.

Our first goal will be to show that the set of g-Lagrangian stabilizer states |L£;)
forms a basis for the Sp(2g, Z)-invariant subspace of H, as long as n < g. The central
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result of [63] implies that the g-Lagrangian stabilizer states span this subspace. To
show linear independence, we use the notion of the minimal matriz, which is an n x n
matrix that uniquely specifies a Lagrangian submodule of G with respect to q (see
appendix B for definition and proof).

Proposition 2. If g > n, then the set of all q-Lagrangian stabilizer states is linearly
independent.

Proof. Let {|£;)} denote the set of all g-Lagrangian stabilizer states. Suppose that
for some g > n we have ) . ¢;|L;) = 0. Let M be the minimal matrix of £; with rows
U1, Un. Act with ((v1]{va] - - - (v,,|®1®9~) on the relation above. Since M uniquely
determines £;, this annihilates all states except |£;), yielding ¢; = 0. ]

The methods of [39] can be straightforwardly adapted to the bilinear form (3.13)
to imply the following classification.

Theorem 2 (Classification of orthogonal Lagrangian submodules). Let £ be a sub-
module of Z3" and let N = Hle pi' be the prime factorization of N. Define an n-tuple
q=(q,-..,q,) with

k
alel el N 1<d<][p"™, j=1...n (3.14)
=1

Then L is a q-Lagrangian submodule if and only if there exists Q € O(G) such that

dia’g<q17"'7qn7N/qn7"'7N/q1) X Q? (3'15)

s a generator matriz for L.

The classification of orbits for an equivalent bilinear form g’ on G can be obtained
by acting on (3.15) with the automorphism of G that brings (3.13) to g'.

As in the symplectic case, the Lagrangian property is vital to the classification
(3.15), as two isomorphic isotropic submodules are not necessarily related by a global
isometry.

Since (3.15) for @ = 1 is diagonal, its stabilizer state is a factorized state given by

®g

|Lq1) = Z la1qu, -« an@n, 1IN/ qn, ... b, N/q1) : (3.16)

(ai,bi)GZN/qi XZqi

We shall also denote these states as |£,) by dropping the 1 in the subscript. We can
then obtain the general stabilizer state of (3.15) by

1£40) = UglLq), Q€ O(G). (3.17)
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We normalize the g-Lagrangian stabilizer states such that (09|L4 ) = 1, where 07 de-
notes the identity of the group GY. With this normalization, they map straightforwardly
to a CFT partition function.

We now define the set S containing all tuples in (3.14) classifying the orthogonal
orbits. Analogously to T, this set has a lattice structure. The counting of orthogonal
stabilizer states for G = Z3" is given by a formula analogous to (3.12) (using the

notation of theorem 2)
k
[si/2] +n
SI=1] ( n . (3.18)
i=1
3.3 CFT partition functions from g-Lagrangian submodules

We now briefly review the 2D conformal field theories (CFTs) that are dual to the 3D
U(1)" CS theories described by (2.9). These theories are bosonic lattice CFTs, with
each TBC of the CS theory specifying a modular-invariant partition function of the
corresponding CFT [26]. The CFT partition function can be obtained by the sandwich
construction [64] as follows. Consider 7 on the cylinder ¥, x [0, 1] with TBC specified
by L4 imposed at ¥ x {0} and conformal boundary condition at ¥, x {1}. The states
on the two boundaries are respectively |£, o) and (€2|, where by Q2 we denote collectively
the parameters specifying the conformal boundary condition. Since the bulk theory is
topological, the interval can be collapsed, resulting in the partition function

Z40(Q) = (QULqq)- (3.19)

As discussed after (2.9), the K-matrix in the CS action is the Gram matrix of an
even integral lattice A. The anyon basis {|a),a € G} of the TQFT maps to the “non-
holomorphic blocks” (Qa) of the CFT [29], corresponding to the cosets At/A = G.
Given a TBC specified by L, g, one constructs the associated Narain lattice A, ,
via construction A [65] applied to the pair (Lq¢, A) [49, 57]. The CFT partition
function Zg g is given by the genus-g Siegel-Narain theta series of A, ,, normalized
appropriately (explicit formulas may be found in [16, 48]). When the chiral central
charge satisfies ¢ = £8 (mod 24), modular invariance requires an additional factor of
the (Fg); partition function in the left- or right-moving sector. Thus, for a fixed A,
each Lagrangian L4 o C G gives rise to a CFT partition function Zg .

4 The Quantum Gravity Path-Integral

The quantum gravity path integral for a topological theory involves a sum over topolo-
gies. According to [23], the path integral of an abelian TQFT 7T on any topology
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with >, boundary is a stabilizer state described by an n-Lagrangian submodule. For a
fixed T, this partitions all the possible topologies into a finite number of equivalence
classes, with the path integral of T preparing the same state within each class. We can
thus reframe the gravitational path integral as a weighted sum over the representative
topologies defined in subsection 3.1.

As discused in subsection 3.1, the representative topologies are parametrized by
d € T and v € Sp(29,Zy)/Tq. The g-tuple d describes the first homology group of the
space, while « specifies an inclusion map of the surface ¥, into avg. Since we require
consistency with holography, it is reasonable to assume that for each fixed d, the sum
should include a uniform average over the symplectic orbit, so that the resulting state
is invariant under the mapping class group of ;. With this assumption, the resulting
state can be expanded in terms of TBC states, which are g-Lagrangian stabilizer states.
The latter expression can be interpreted as a weighted average over 2D CF'T partition
functions [26].

If N is squarefree, this construction is particularly simple. All n-Lagrangian stabi-
lizers belong to a single symplectic orbit and they describe regular handlebody topolo-
gies V, with H,(V,,Zy) = Z%. The uniform average over these regular handlebodies
gives a well-defined ensemble of 2D CFTs valid at any genus [60].

If N is not square-free, there also exist n-Lagrangian submodules that describe
non-handlebody topologies. Summing only over the handlebodies leads to an ill-defined
ensemble of CFT partition functions. This issue is rectified by averaging over all rep-
resentative topologies, with an appropriate measure. As emphasized earlier, within
each symplectic orbit we average uniformly, so that the resulting state is Sp(2g, Zy)-
invariant. We define the TQFT gravity path integral as a weighted average over all
representative topologies of boundary Y, defined by the n-Lagrangian stabilizer states

Zgravitg| T, Sgiw] = wd<<|Qd)>>Sp. (4.1)

deT

Above « . >>s denotes a uniform average over the symplectic orbit, which will be defined
P

precisely in subsection 4.1. We call wq the bulk weights.
In subsection 4.1 we express the path integral (4.1) as follows

Zoravity [T, Sgiw] = > mg|Lg), (4.2)

qesS

where g € S parametrizes the O(G)-orbits of TBCs and |£,) denote the uniform average
of TBCs within an orbit. We call the coefficients mq the boundary weights.
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In subsection 4.2 we review the genus-reduction prescription of [23], which fixes
the boundary weights and consequently also fixes® the bulk weights wgq.

4.1 Average over topologies

In this subsection we derive the map between the bulk and boundary weights. We will
assume that G = Z3?, but this calculation can be applied with minor modifications
to general finite abelian group. This method was first used in [18] to calculate the
Poincaré series of the vacuum in some Virasoro minimal models on a torus. It was also
used in [15, 21] for different RCFTs, and more recently in [24] for abelian TQFTs with
general orientable boundaries.

We start by defining the mapping class group average of a seed state in the Hilbert
space of a genus-g surface |pseeq) € H as follows

(I, = gz 3o Uilpuce (43)

2qg. 7,
[15p(29, N)|7€Sp(2g,ZN)

By construction, this expression is Sp(2g, Z)-invariant and it can be expanded in terms
of TBC states, according to subsection 3.2. Our goal will be to calculate the expansion

(lowear), =Dt (4.4)

)

coefficients

Taking inner product with (£;| on both sides of the equation we obtain

m

1
(Ljlpscca) = > eiDij,  Dij = @!51 NL;l7, (4.5)

=0

where we used the fact that |£;) is Sp(2g, Zy)-invariant to simplify the LHS and we
used (L;|L;) = |L£; N L;|? on the RHS, where £; C G is the Lagrangian submodule
corresponding to stabilizer state |£;). The matrix D defined above is the intersection
matriz.

If g > n, the states |£;) are linearly independent (by proposition 2), therefore D
is invertible. For ¢ < n, D may fail to be invertible. This simply means that the
coefficients ¢; are not uniquely determined. The obvious way to fix this issue is to
expand the state in a linearly independent subset of |£;), however this approach is not
practical. Instead, we are going to treat g as a positive real parameter, so that D is
invertible except on a discrete subset of values and ¢; can be calculated as functions of

3The bulk weights are not fixed uniquely when |T| < [S|, since the n-Lagrangian stabilizer states
are linearly dependent.
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g. Then, g can be sent to the desired value by taking a limit. With this in mind, we
can formally treat |£;) as a basis for all g and solve for ¢ in (4.5)

c = D tysed) vjeed = (L;]psced)- (4.6)

Therefore, we can write

(lpweat), = S iguiticy) (47)

i?j
The sum over handlebody topologies

As a warmup, consider the seed state |pseea) = [21) = |09). The symplectic average
of this state is the sum over regular handlebody topologies, in other words, it is the
Poincaré series of the vacuum. Since each module £; contains the zero element exactly
once, it is clear that
1
v; = (L£;]09) =1 (4.8)

and inserting into (4.7) we find the average

<<|og>>>sp =3 (D Y,1L). (4.9)

i7j
This expresses the sum over handlebodies in terms of the intersection matrix of the
g-Lagrangian submodules.

The sum over non-handlebody topologies

Consider now |pseea) = |€2a), for a general n-Lagrangian stabilizer state (3.8). First, we

seed — ,,d

calculate the seed vector v v

v = (£;|Q4). (4.10)

For such overlaps there is a significant simplification. Since the state |€4) is invariant
under the entire Aut(G) group, we can choose an automorphism of G that makes the
bilinear form anti-diagonal and then bring the Lagrangians £; to the diagonal form
(3.15). Then, v¢ is constant on each O(G)-orbit.

To proceed it is convenient to change the indices in (4.7) to the pairs (q, @), where
as in subsection 3.2, g € S denotes an O(G)-orbit of TBC states and @ € O, = O(G) /T,
labels a TBC state within the orbit. Here I'; is the subgroup of O(G) that stabilizes
the diagonal Lagrangian in (3.15). The intersection matrix with the new labeling reads

Loo)N(Lyo)l?
Dg g0 = [(£q0) |G\(9 7.0l ) (4.11)

— 922 —



where £, o denotes the module in (3.15).
We can express the overlap (4.10) as

vio = (LaolQa) = (La|UHI2) = (Lq]Qa), (4.12)

where we used the fact that |2g) is O(G)-invariant. Since v does not depend on @, we
can drop this index. Using the explicit expressions (3.16) and (3.8)

®g
ILq) = (Z la1q1s - -, Angns b1 N /g, - - ,bnN/q1>> , (4.13)
. ®2
~ 1
Qa) = H ® Z |Na/d;) ) (4.14)
L1
Jj=1 =1 a€Zqg,
the overlap is given by
n g
i=1 j=1
where
1 ged(d;, q;) ged(d;, N/q;
00 = 71N/ 1 (@] [Ny 0 (g = BN D0V B RG]y 4
J J
We can simplify this expression to
I(dj, ¢;) = ged(dy, g, N/dj, N/qi) = ged(dj, q:), (4.17)

where in the last step we used that ¢7|N and d3|N, according to their definitions.
Putting everything together, we find the seed vector

n g

Ug = H H ged(dj, ¢;)- (4.18)

i=1 j=1
Plugging into (4.7) we have
1
_ dp-1 _ d
(20), - 5 3 ihihgatieat = X Y vaclteal
P qqe8Qe0, €0, 0.9€S Q€0 a

(4.19)

where we defined the matrix

Yq;ql’Ql = |Oq/’ Z D(;,é?;q',Q" (420)
Q€eOq
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Since the LHS of (4.19) is invariant under O(G), the RHS must also be invariant. This
implies that Yg.4 o does not depend on the index @' so we can drop it. We defined
Yy.q this way so that it is symmetric. We define the O(G)-averaged state

o) = OL 3 [£g0), (4.21)

QGO

and we can finally write the expression

(I0a), = > ed¥eolLa) =D A La). (4.22)

q,q'€S q’'eS

Above we introduced the “A-matrix”

Mg =D v8Vqq (4.23)

q’'eS

The TQFT gravity path integral can now be expressed as

ZypanieT, Bgiw) = D waf([00)) . = D7 wadaalla) =3 malLe)  (424)

deT deT,qgeS qeS

Above we defined the boundary weights

me = Z WdAd,q- (4.25)

deT

Thus the Ad-matrix in (4.23) is an explicit linear map between the bulk and boundary
weights, which can be completely determined from the knowledge of all TBCs that the
TQFT admits. Classifying the full set of TBCs is not an easy problem and a systematic
procedure based on the groupoid structure of [27] will be discussed in section 5.

Some comments are in order. In the special case where N is square-free, both S, T
have cardinality 1. In other words, there is a single O(G)-orbit of TBC and a single
Sp(2g, Zy)-orbit of representatives topologies. Thus, there is a single state invariant
under both groups and (4.24) becomes

(TP
Zgravity [7-, Eg, w] = ’LU1<<’91>>>SP = wl)\l 1‘£1 |t) 1‘ 1 Z ’EI Q’ (426)
Q€0

which was proven recently in [60].
More generally, the TBC states | £, ¢) span the Sp(2g, Zy)-invariant subspace and
by averaging them over O(G) we obtain the states {|L4)} which span the subspace
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K C H invariant under Sp(2g,Zy) x O(G). Similarly, the states |{24) span the O(G)-
invariant subspace [63] and their symplectic averages {<<\Qd>>>s ,d € T} form another
P

spanning set of /L. The dimension of K is given by dim K = min{|S|, |T|}.

In equation (4.22) a convex sum of n-Lagrangian stabilizer states is expressed as
linear combination of g-Lagrangian stabilizer states. Positivity of the Wigner function
of projectors onto stabilizer states implies that the entries \q 4 are nonnegative, as long
as g > n. For g < n, \gq are not uniquely defined, but can always be brought to a
nonnegative form. Therefore, if we require the weights wg to be nonnegative, there
can be no cancellations on the RHS of (4.24) and we unavoidably obtain a (weighted)
ensemble of all TBC states. The relation between the weights (4.25) is generally not
one-to-one, since A is not a square matrix, unless |S| = |T].

For g = n, the matrix A\q4 is square and is in fact “upper triangular” in the sense
that for ¢ = n, we have A\gq = 0 unless d < g. To see this, note that constructing
a TBC state |£4¢) involves inserting a network of anyon lines along all cycles of ng.
But when d < gq, the space V; cannot support the network that constructs [Lg).

4.2 A prescription for the weights

So far, we have not imposed any constraints on the weights wq. In a consistent defini-
tion of the quantum gravity path integral, however, the bulk weights should be com-
pletely fixed. A concrete proposal was given in [23], where the quantum gravity state
was defined by applying a genus-reduction map to a uniform average over large-genus
handlebodies. We now briefly review this prescription.

Let H, denote the Hilbert space the TQFT assigns to the surface ¥,. The dual
vector (0|®9" ¢ H;, can be viewed as a genus-reduction map (019 : Hyry — H,.
Applying this map to (4.9) we obtain

O (o) = 3 (Dpig)es(OPILE™)

2,J
(4.27)
= Z(Dg_ig’ )i,j |£§g)> )
i.J

where we introduced indices to explicitly denote the genera at which the states and the
intersection matrix are evaluated. Taking the limit ¢’ — oo, the intersection matrix
simplifies D = 1 (see (4.5)) and we can formally write

lim <0|®g’<<|o>®<g+g’>>>sp = Z £y, (4.28)

g'—00

The LHS of the above equality can be expressed as a linear combination of n-Lagrangian
stabilizer states in which all representative topologies |Q4;7) inevitably arise. For a
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more rigorous discussion and an illustrative example we refer to [23]. The boundary
weights in the RHS of (4.28) are genus-independent, compatible with a holographic
interpretation.

5 Constructing Topological Boundary Conditions

In this section we describe a systematic procedure, based on [27], for constructing
topological boundary conditions (TBCs) in a class of abelian TQFTs. An abelian
TQFT is specified by data (G, q), where G is a finite abelian group of odd exponent
N and q is a quadratic form. Different quadratic forms related by automorphisms of
G define equivalent TQFTs. The intersections of g-Lagrangian modules are invariant
under automorphisms of G, therefore the A\-matrix of section 4 is the same for all
equivalent theories. For concrete calculations it is convenient to fix a representative
quadratic form, and for an explicit construction of the CFT ensemble (see section 3.3)
one also needs a concrete Chern-Simons realization (2.9). We will therefore adopt
specific conventions.

In 5.1 we consider TQFTs equivalent to untwisted Dijkgraaf-Witten theories [62]
with gauge group G of odd exponent. In these theories, we have a decomposition
G = G x G and the quadratic form can be brought into the block-diagonal form q=
q ® (—q) by an automorphism of G, where ¢ is a quadratic form on G. The TQFT
thus decomposes into sectors 7 x T, where T = (G, q) is described by a Chern-Simons
theory (2.9) with positive-definite K-matrix. The pair (G, q) defines a pointed MTC,
which encodes the chiral data of a bosonic RCFT [66]. Elements of the anyon basis
correspond to chiral conformal blocks [67]. We will therefore refer to T = (G,q) as
the chiral sector of the full theory 7 x T. The Hilbert space of the doubled theory
T x T on X, is isomorphic to End(#H7), where H is the Hilbert space of T on %,
The isomorphism is given by “vectorization”

End(Hr) = Hyur: |a)(b] = |a,b), a,be GY. (5.1)

The inverse vectorization map transforms TBC states of 7 x T into surface operators
of 7. On the other hand, the representative topologies determined by n-Lagrangian
submodules are not affected by this map. Each n-Lagrangian stabilizer state of H .+
maps to a projector onto the corresponding stabilizer state of Hy.

More generally, in 5.2, we consider theories that can be brought to the form 7 x
T’ such that T’ is obtained from 7 by gauging an isotropic subgroup H C G, i.e.
T’ =T /H. The two chiral sectors now describe different RCFTs and this construction
guarantees their compatibility (i.e. the existence of TBCs [68]). Now we have the
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following generalization of (5.1)
Hom(Hy, Hy) — Hyyr o |a)(b] — |a,b), a€ G beG”. (5.2)

The topological boundary conditions of 7 x 7’ are mapped into interfaces between the
two theories.

5.1 Construction and classification of surface operators

Surface operators of T = (G, q) can be constructed by higher-gauging subgroups of G
[37]. The F-symbols of the anyons in G can be chosen to be trivial so that any subgroup
H C G can be gauged on a codimension-1 surface. The possible gaugings are classified
by pairs (H,v), where H C G and v € H?*(H,C*) is a choice of discrete torsion. To
gauge (H,v), we insert a network of anyon lines dual to a triangulation of the surface
and sum over all charges in H. A choice of discrete torsion is equivalent to the choice
of an antisymmetric form B : H x H — Zy and we can write v(a,b) = w? 2@ Since
a genus-g surface operator is the g-fold tensor product of a genus-1 surface operator,
we only need to consider the sum on a torus

1
o= > MW

a€H(X1,H)

_ ’_1’ S szle(a,b)wzﬂg(a,b)
H

a,beH zeg

1 1 -1 T
_ H Z ZW(Q aB+2"tag+xg)b |[L‘—|—6L><ZE‘ (53)

a,beH zeG
= Z Z 52*1G(B+g)+argEHl |J} + a> <I|
a€H xzeG

= Y la(=1+ Bg™")+ h){a(1+ Bg™') + hl,

a€H,hcHL

x4+ a) <:17|w9(b’”)

where in the third line and afterwards we use the notation g(a,b) = agb” for a bilinear
form. In the fourth line, we denote by H* the dual module to H with respect to g. This
expression immediately tells us that the surface operator can be obtained by summing
over the submodule £ C G

HJ_ HJ_
PHy = (%L‘aﬂb‘a L= (H(Bg—l _ ]l) H(Bg—l + ]l)) ) (54)

where we wrote the generator of £ in a block form and by abuse of notation we use the
symbols £, H and H* to denote a generating matrix for these modules. The module £
is automatically Lagrangian with respect to the quadratic form q = ¢ ® (—q) [38].
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Gauging H on a surface results in a “quantum symmetry” H x Q, where Q = G/H,
of lines confined to the surface (see appendix A). A subtle point is that depending on
H, the following exact sequence may not split

0 > H > G > Q > 0 . (5.5)

Such extensions are classified by 2-cocycles in the group cohomology u € H?(Q,H).
The trivial 4 means that G = H x Q. A non-trivial p results in a higher symmetry with
a mixed anomaly [69]. This anomaly prevents gauging of arbitrary subgroups of HxQ,
but subgroups of H or Q can still be gauged, with some choice of discrete torsion, to
obtain another surface operator. This motivates the definition of a groupoid [27], whose
objects are surface operators and morphisms are gauging operations. In particular, the
groupoid structure implies that all surface operators can be obtained by gauging the
trivial surface, in other words (5.4) gives the full set of g-Lagrangian submodules.

When the exponent of G is squarefree, the groupoid structure simplifies. For any
subgroup H we necessarily have H x Q = G and any subgroup can be again gauged.
This is reflected in the fact that O(G) acts transitively on the Lagrangian subgroups,
hence all gauging operations can be realized by the global action of O(G). In particular,
all surface operators can be obtained by acting on the trivial surface by O(G), hence
the objects of the groupoid are in bijection with O(G)/I'y, where I'; is the subgroup
that stabilizes the trivial surface.

When the exponent of G is not squarefree, not all Lagrangians of the form (5.4)
belong to the same O(G)-orbit, since they are non-isomorphic as groups. Instead,
surface operators are split into multiple O(G)-orbits.

To describe this classification, we focus on G = Z3" and specialize the discussion
from 3.2 to surface operators by bringing the bilinear form g from (3.13) into the

T,«xn O
— . 56
: (0 _]lm) (5.6)

Theorem 2 now gives a classification of surface operators. Define the tuples g as in
theorem 2. Then, the generator of any Lagrangian submodule £ C G x G = G with

diagonal form

respect to q = ¢ @ (—¢q) can be written as

diag(q) diag(q)\
(diag(N/q) diag(O)) @, (5.7)

for some @ € O(G). Above we defined (N/q) = (N/q1,...,N/q,).
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The generator matrix (5.7) for @) = 1 is in block form and we can write the surface
operator explicitly in the computational basis

pa= Y. Qlaig+ biN/g) aiql. (5.8)

(a,b)GZN/q XZq =1

For each g € S we define the subgroup I'; € O(G) that stabilizes the submodule (5.7)
with @ = 1. Then, the cosets O, = O(G)/I'q are in bijection with the surface operators
in the orbit labeled by q. An arbitrary surface operator is uniquely parametrized by
g € Sand @ € Oq4 as pgq. Note that the surface operators with d # 1 are always
non-invertible. Operators p; ¢ may be invertible, depending on (). In particular p; 1 is
the trivial (identity) operator.

Surface operators form a non-commutative monoid graded by S. Fusing two oper-
ators pq.0, Pqg . results into an operator with grade ¢” = q V q'. The set of invertible
operators form a group G, which is a faithful unitary representation of O(G). Such
operators are obtained from Lagrangian submodules with generators of the form (1|B),
where B € O(G) and they all belong to the orbit O;. The identity element of G is the
trivial surface operator pq 1, described by the module (1|1), while the surface p; _1 is
the charge-conjugation operation, described by (1| —1). From the CFT point of view,
the invertible operators describe T-dualities, preserving the (unflavored) Siegel-Narain
partition function.

5.2 Construction of interfaces

In this subsection, we describe the construction of interfaces between 7 and 7' = T /H,
for some isotropic H C G. The diagonal interface Zy can be constructed by starting
with 7 on X, x I and gauging the non-anomalous subgroup H in half of the space [70].
Then, the rest of the interfaces can be obtained by fusing Zy with surface operators of
T.

According to the discussion in 2.4, a g-isotropic submodule H C G is non-anomalous
and can be gauged in a handlebody. The resulting theory 7 /H has spectrum of lines in
K = H*/H and torus Hilbert space with basis {|a)7/u, a € K}. The interface Zy between
the original and the gauged theory can be constructed by placing 7 on ¥; x [0, 1] and
gauging H in half of the space ¥; x [0,1/2]. This operator is an isometric embedding
Ty : Hym — H7, which we can write explicitly in the anyon bases of the two theories

Tn = W 2Dl (@) alzm, (5.9)

acK heH
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where 7 : HY — K is the canonical projection. The conjugate map I,L cHr = Hrm
is a projection onto the Hilbert space of 7 /H. The genus-g version of this operator is
simply the g-fold tensor product of the torus operator.

The image of Zy at genus-g is the code subspace of the stabilizer corresponding
to the module H® Z?\? and the Hilbert space of 7 /H can be viewed as the space of
logical states. Therefore Z; and ZL are encoding/decoding maps. We emphasize here
that the encoding (5.9) embeds a system of g “logical” qudits into another system of
g “physical” qudits with larger local dimensions of their Hilbert space, rather than a
system of more qudits as is typical in quantum error correction.

6 Examples

In this section we consider various examples in which we explicitly construct all TBC
states by applying the method of section 5 and then calculate the A-matrix and TQFT
gravity state (4.1). We emphasize that even though we choose a specific quadratic
form to calculate the g-Lagrangian submodules, the classification of TBC states and
the A-matrix are the same for all equivalent TQFTs.

6.1 Example I: G = Zyn

We consider theories of the form 7 x T’, where T = (G, q) for a cyclic group G and
T’ =T /H for some isotropic H C G. We set G = Z, for some odd prime p.

A concrete realization of the 7 x T theory is given by the U(1),m x U(1)_pm CS
theory studied in [15, 71] or its level-rank dual SU(p™); x SU(p™)-1 [59]. Moreover,
by an automorphism of G, this theory becomes the untwisted Dijkgraaf-Witten theory
studied recently in [24], which is the same as the level-p™ toric code.

6.1.1 Surface operators

The group G = Z,m has m + 1 subgroups Hy = p™ *Zm = Z,x that can be gauged
on a surface. Since H?(Zy,C*) is trivial, there is a unique surface operator for each
subgroup. Equivalently, each surface operator corresponds to a Lagrangian £ C G X
G = G with respect to the quadratic form ¢ ® (—¢) = q. By applying (5.4) we obtain

k k
<p p) 0<k<|z)
Opm—k

ﬁk - m—k m—k
peer 2] <k <m.
0 pF

(6.1)

The genus-g surface operators of 7 map to genus-g TBC states |£;) of T x T.
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6.1.2 Gravity State of T x T

We now calculate the A-matrix and the gravity state for 7 x T using the formula (4.24).
The number of symplectic orbits T at genus ¢ is given by proposition 1

([3]+9)

IT| = 2~ (6.2)
(151!
while for the orbits of TBC
m
sI= 5]+t (6.3)

These two are equal only at genus 1, hence the A-matrix is square only in that case.
The intersection matrix D is Toeplitz

1

pg‘i*ﬂ
and its inverse is tridiagonal

g

(D7), = ngp_ 1 ((pg +p NI —Ip 9 — e) : (6.5)

where [ is the 1dent1ty matrix, fz’j = 5zg<510 + 5zm> and €ij = 5|i—j|,1- Note that 'Cz and
L,,—; belong to the same O(G)-orbit. The matrix Y is therefore

1 R
_ 949 — 9% —
Y = pra pig(Q(p +p I —2e—1), (6.6)

where fij = —2p 98,000 if m is even and fij = —2p 95,0650 — (p? ‘I‘pig)éijé‘i?mTfl if m is
odd.
The next step is to calculate the “seed” matrix (4.18)

:m

ged(p', d;) (6.7)
7j=1
and finally the A-matrix
lm/2]+1
Aap = Y vV (6.8)
§=0

Genus 1: At genus g = 1, the A\-matrix is square. Using that d € {1,p,...,pl21} we
calculate the seed vector

J

vﬁi = pmin{et, (6.9)
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Using (6.6) with (6.8), we find the matrix A\ ,;, which is upper triangular. For odd m

pt,pd
z+1 Z_j
”T i<j (6.10)
i> j,

while for even m

(1 =7 <%
2pitt p? i<j<3
Api’pj:m pQ;pl Z<%,]:% (61]‘)
0 1> 7.

\

Explicitly, the gravity state, for arbitrary bulk weights w

Pt

S B (129 + L) + 5L T )

is given by

Z[TX,T> El;w] =

(6.12)

The genus-reduction prescription 4.2 amounts to fixing the bulk weights such that

the coefficient of each TBC state that appears in (6.12) is equal to 1. This results in
the following bulk weights

U)pi =

+1 ;
{ppziﬂ 0<i<m/2 (6.13)

p~™ i=m/2.

Genus > 1: For g > 1 the A-matrix is no longer square and different choices of bulk
weights can lead to the same result. This happens because the n-Lagrangian stabilizer
states become linearly dependent. We will calculate the gravity state by setting some
bulk weights to zero. Specifically, define the “diagonal” weights wy: = w1 and set
all other weights to zero. With this choice, the calculation is identical to the genus-1
case after the substitution p — p?. We proceed by restricting the A-matrix and seed
vector v to the indices on which the weights are now supported. The restricted seed
vector is

1 g .. . ..
T}]I))Z _ Hpmln{z,]} — pgmln{z,]}. (614)

The restricted A-matrix then reads (for simplicity we present it only for odd m)

) potisn) | =
)\pi,pf = pg + 1 ppg 1 < ] (615)
0 1> 7.
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The gravity state (for odd m) is given by

~ Lm/2] gitg m—i—1
BT < T8 = 3 iy (|£>+|£m z>+pp— 3 g > (6.16)
=0 j=i+1

The even m expression can be obtained by substituting p — p? in (6.12).
The prescription 4.2 fixes the remaining bulk weights as follows

941 .
i _{% 0<i<m/2

Wi (6.17)
pIm i=m/2.

p

6.1.3 Interfaces

The quadratic form ¢ of G vanishes on the subgroups Hy, = p™ *Z,m = Ly for k < m/2,
hence these are the only subgroups that can be gauged. They are |%%] + 1 in total,
labeled by k =0,1,..., [ %].

To gauge Hy [28], we remove the lines that do not braid trivially with all lines in Hy,
and we identify lines in Hg. The resulting chiral theory has residual 1-form symmetry
given by K = Hif /H = Ziym—2. Summing over all insertions of the lines in Hj, on the
handlebody V, we obtain a state that is a g-fold product of a torus state

’Ak> = \/W%le;g . W( )’O>®ga (618)

where after a short calculation

Ak m > lap™ (6.19)

a€”Z Pk

Inserting lines with charges in Hif /Hy & Ziym—2r we can build a subspace isomorphic to
the Hilbert space of 7 /Hy. This is the code subspace associated with H;, ® Z3%;, with
basis

1 _
Xt |Ag) = — > Jap* +bp™ ). (6.20)

bGZpk

The interface Z : Hy/n, — Hr is therefore given by

1 .
T = 7 § lap® + bp™ ) (a| 7 m, - (6.21)
bEZPk

With this process we built the diagonal interface between T = (Zym,q) and T' =
(Zym-2xr,q). The full theory 7 x 7" has 1-form symmetry group G = Zyn X Zym-21 and

quadratic form q(a, b) = a® — p?*b%.
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The rest of the interfaces can be obtained by fusing (6.21) with surface operators
of T (6.1). For fixed k, the distinct interfaces at genus-1 are as follows

Y ta+p )T m/2zi >k
pi =p FPp Ty = { S [pla — pm i) (pm iR m— k>0 > my2 (6.22)

0 otherwise

and we denote the TBC state corresponding to p2¢ by |£;). Explicitly, the Lagrangian
submodules £; C Zym X mef% are generated by

7 i—k
per E<i< |z
- pm_l O

L;= , ‘ (6.23)
pTrL7Z _pmfsz ‘
( : ) |7] <i<m—k.
4 0
6.1.4 Gravity states of 7 x T’
From (6.23), the intersection matrix is again Toeplitz
W = gty P Wk <d,j<m—k (6.24)

The Lagrangian submodules are partitioned into Lm%%J + 1 orthogonal orbits. The
elements of the matrix Y are again given by (6.6), but resized into an (|52 ] + 1) x
(12525 | + 1) matrix.

Genus 1: At genus 1, using (3.8), the seed matrix is given by

W = () = prn ol /2R 0 << |mj2), k<< m/2).  (6.25)

The extra branched factor occurs because the right sector 7 /Hy, of the theory is unable
to distinguish between topologies with d € {1,p, ..., p™n{2klm/2I=k}) “geeing them all
as handlebodies, while the left sector 7, having a larger group exponent, is able to
detect their structure. This factor can be absorbed by changing the normalization of
the states (3.8).

The n-Lagrangian orbit averages <<|Qd>>>5p are now linearly dependent and thus

the A-matrix is not uniquely defined. These linear relations can be obtained from the
left nullspace of v and using these relations, A can be brought to a form where its first k&
rows are zero. Rescaling the states [€2,:), by choosing a more convenient normalization,
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the remaining square submatrix of A has entries given by (6.10-6.11), but with both of
its indices running from k to |m/2].
The gravity state at genus 1 now reads (we only write the expression for odd m)

lm/2] i+1 m—i—1
_ P 1
ZTx T Sl = Y wy L)+ s + 22 N 12 (6.26)
i=k p+1 p j=it1

In fact, there is a much easier way to obtain the gravity state for this theory. Starting
from (6.12) we can apply the inverse “vectorization” map (5.2) to turn it into an
operator in Hom(#H7/,H7). Fusing this operator with the interface Z; followed by
(5.2), we immediately obtain (6.26), up to an overall constant factor.

Genus > 1: More generally, we can apply the same process as in (6.16) to obtain a
genus-g state restricting to diagonal weights w,: = w,
p+— p? in (6.26) and we obtain

pi)- This amounts to replacing

.....

Lm/2]

B p g(i+1) m—i—1
ZIT X T, Sgi ] = Y e L) + | L) . (6.27)

pg+1 j=i+1

6.2 Example II: G =Z,2 X Zy2.

In this example, we consider the TQFT T x T, where T = (G,q) with G = Ziz and
q(a,b) = a® + b*>. We also consider all theories of the form 7 x T”, where 7' = T /H
for H an isotropic subgroup of G.

6.2.1 Surface operators

There are 3p?44p-+2 Lagrangian submodules of G = Gx G, where G = ZIZ)Q. They can be
obtained (using (5.4)) by gauging (H,v) on a surface, where H C G and v € H?(H,C*)
is a choice of discrete torsion. The complete classification is as follows:

1. H={0}: This leads to the Lagrangian submodule describing the trivial surface

(é (1) é (1)> | (6.28)

2. H = Z,: There are p + 1 subgroups in this isomorphism class, with generators
(p,0), (pa,p) for a € {0,1...,p— 1}. The Lagrangian submodules are

p0 p O 1 —a 1 —a
01 0 1], 0O p 0 p)|, ac{0,1....,p—1} (6.29)
0—p0 a p —pa —p
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3. H= Z,2: There are p®+ p subgroups with generators (a, 1) for a € Z,2 and (1, bp)
with b € Z,, with Lagrangians

l—a 1 —a bp —1 bp —1
Ly, b€ Z,. .
<a 1 —a —1> (1 bp —1 —bp)’ @€ By DE L (6:30)

4. H 2 Z, x Z,: There is 1 subgroup, generated by ((p,0),(0,p)) and |H?*(Z, x
Z,,C*)| = p, resulting in p Lagrangians

p 0p O
0O p 0 p

k 1....p—1% 31
R €{0,1....,p—1} (6.31)
k —pk p

5. H = Z, x Z,: There are p + 1 subgroups generated by ((0,1),(p,0)) and
((1,a),(0,p)) for a € {0,...,p — 1}. Moreover, |H*(Z,2 X Z,,C*)| = p for a
total of p? + p Lagrangians

p

p 0 p 0 ap  —p ap =P
k1 k -1, ka—1-k—aka+1—-k+al|, a,ke{0,1....,p—1}.
p —pk —p —pk pk —p Dk p
(6.32)
6. HX Z,2 x Z,2: There is a unique subgroup and |H?(Z,2 X Z,2, C*)| = p?
—1—-k1—-k
(k 1 1), k€ Zy. (6.33)

The Lagrangian submodules are partitioned into the O(G)-orbits O,, with g €
{(1,1),(1,p), (p,p)}. By direct counting, the orbit O 1y contains 2p(p+1) submodules.
Since O(y,1) contains all the invertible surface operators, it is useful to compare it with
O(G). To count the elements of O(G), consider the modulo p projection 7 : O(Z2,) —
O(F?2). The kernel of 7 consists of 2 x 2 matrices of the form 1+ pX, where X” = — X
therefore | ker 7| = p. By the first isomorphism theorem,

2p(p+1) p=3 mod4

(6.34)
2p(p—1) p=1 mod 4.

0(Z;:)| = | ker 7]|O(F})| = {
Therefore, if p = 3 mod 4 the orbit O(; ;) consists precisely of the invertible surface op-
erators implementing O(G). Otherwise, O 1) contains 4p additional surface operators
that are non-invertible.
The rest of the orbits contain [O( | = (p + 1)* and |0, ,)| = 1 non-invertible
operators.
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6.2.2 Gravity state of 7 x T

This time we have [S| = 3 orbits with S = {(1,1), (1,p), (p,p)} and |T| = g+ 1 at
genus-g. The first task is to obtain matrix Yy, 4. To achieve that, we calculate the
following matrix

Dgq = Z Dq.giq @ (6.35)

QGOq,Q/EOql

Using the ordering (1,1), (1,p), (p,p) for the indices we can write it as

2p(p+ 1)(1 +p*1729) +p=2(p> +2p— 1)) 2(p+ 1)*p'39(p+p%) 2(p+ 1)p*~%

D= 2(p+1)*p" % (p + p*) (p+ 1?1+ (p+2)p' %) (p+1)*p?
2(p+1)p' 2 (p+1)%p7 1
(6.36)
from which we obtain
2(p+1)ptott _ _2(pt1)2pPott 2(p+1)p?9+2
(p?9-1)(p?9—p?) (p?9—-1)(p?9—p?) (p?9-1)(p?9—p?)
v — 2p1)2p39+l  (p+1)2p%(p29+(p+2)p)  (p+1)2p9(p*9+p?) 6.37
| -D¥-p?) P*9-D)(p*>9—p?)  (p2-1)(p2—p?) (6.37)
2(p+1)p*9+2 _ 0P (p4p?) o yppatl
(p?9—1)(p29—p?) (p?9—-1)(p?9—p?) (p29—1)(p?9—p?)

Genus 1: At genus 1, the TBC states are linearly dependent and Y becomes singular.
However, we can calculate the A-matrix with g as a parameter and then send g — 1 to

A= ( oo O). (6.38)

—p* p*(p+1) 0

Note that A contains negative entries. This happens because the TBC states are linearly

obtain

dependent at genus 1, which results in the linear relation between the three O(G)-
averaged states

plLayy) — P+ D|Lay) +|Lepw) =0, g=1, (6.39)

and thus the A-matrix is not uniquely fixed. Using this linear relation, A can be brought
to an upper-triangular form with nonnegative entries

2
p*0 0
- (700) o0

The gravity state can finally be expressed as

Z[T X T, 21; w] = p2 (w1|£(1,1)> + wp|£(p,p)>) . (6.41)
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Genus 2: At g = 2, the A-matrix is square. Using the ordering (1,1), (1,p), (p,p)
for its indices we write it as an upper triangular matrix

2 2 p?—1 0
t = o 0 p’(p+1) p*—p . (6.42)
0 0 p@P*+1)

The genus-2 gravity state can now be expressed as

2 -
= b VN
Z[T x T,X;w] =1 e (2p2w(1,1)|£(1,1)> + 7 (0 + Dwep | Lop)

(6.43)

T (i@ — 1) + wpp(p — 1>>|c<1,p>>).

6.2.3 Interfaces and Gravity States of 7 x T’
The submodules of G = Zfﬂ that can be gauged in the bulk are generated by

p 0

(0 p) , (O p) , (p ap) , a4 € 7Ly (6.44)

If p=1 mod 4 there are two additional modules that can be gauged, generated by
(1 +2), 2*=-1 (6.45)

In each case, we build the diagonal interfaces 7 and 7' = T /H. The complete set
of interfaces can then be obtained by fusing these diagonal interfaces with surface
operators of T .
0
1. Case 1: H = <€ ) the resulting 1-form symmetry group H*/H is trivial and
p
the Hilbert space of 7 /H is one-dimensional. The interface is given by
)0y = Z |ap, bp). (6.46)
a ,0EZy

Since the right sector is trivial, we will ignore it. For the left sector, if p = 3
mod 4, there is a single Lagrangian, given by

L,= (75 2) , (6.47)

hence the gravity state is proportional to the corresponding stabilizer state.
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For p =1 mod 4 there is an additional orbit with two Lagrangian submodules
Li=(1+z), 2?=-L (6.48)

Denoting the corresponding stabilizer states by |L,),|Ly), the genus-1 TQFT
gravity partition function is

Z[Ta El7w] =

pwi1
p

P 4L+ (M ) L) (6a9)

p+1
We can also calculate the genus-g gravity partition function by restricting to the

diagonal weights w,: = wy, . pi)

o~ pgwl wl(pg _ 1) ~ g
2T syl = 2O+ 1) + (P ) ). (o0
. Case 2: H = Z,.. These isotropic subgroups exist only when p = 1 mod 4.
They are given by (1,4x), where 22 = —1. The Hilbert space of T /H is one-
dimensional and the interface is given by

Z|0) 7 m = ! > la, ax). (6.51)

aEsz

The resulting TQFT gravity state is the same as in case 1, up to an overall
constant.

. Case 3: H=Z,. There are p+1 choices of H given by the generators (p ap) and
(0 p). The 1-form symmetry group of 7 /H is Z,2. The interfaces are respectively

|
Tlx)rm = —= > |lyp—az,yap +z), a€Z,, (6.52)

\/ﬁ YELp

1
L\x)rm = — T,Yp). 6.53
)7/ 7 yezszl ) (6.53)
We will only consider H = (0, p), as the other choices are similar. Fusing (6.53)
with the surface operators, we obtain 2 orbits. The orbit O;, with elements
isomorphic to Z,: x Z, and O,, containing the unique Lagrangian submodule
isomorphic to Z3. Define the states |O;) and [O,) to be the uniform average of
each orbit divided by the cardinality of the orbit, as in (4.21). Then, the genus-1
TQFT gravity partition function takes the following simple form

Z[TX T/,Zl;w] :p(w1|01>—|—w2|02)). (654)
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We can also calculate the genus-g partition function by restricting to diagonal

.....

N V) Ny e
Z[T X ’T,Zg,w] = wlwmﬁ + w1pg 1 +w2p9 |02> (655)

6.3 Example I1I: G = Z,» X Z,

In this example, we consider the TQFT 7 x T, where T = (G, q) with G = Z,2 x Z,
and g(a,b) = a® + pb>. We also consider the theory T x T, where 7' = T /H for the
isotropic subgroup H = Z, of G.

6.3.1 Surface operators

To construct the surface operators, we gauge H C G on a surface with a choice of
discrete torsion. There are 4p + 2 possible choices, classified as follows

1. H={0}. The corresponding surface operator is the trivial one.

2. H = Z,. There are p + 1 subgroups in this class (0,1), (p,0) and (p,a) with
a€{l,...,p—1}. The corresponding Lagrangians are

p0 p O

101 0 —al—a 1

1 1 1,....,p—1}L )

(600 ) loron) (i) aetiw-1. ©30
p0—p0

3. H=Z,.. There are p subgroups of this form, generated by (1, a) for a € Z, and
the Lagrangians are

ap —1 ap —1
L. .
(1 " —1—(1)’ a € 7, (6.57)

4. H= Z, x Z,. There is 1 subgroup, with generators ((p,0), (0,1)) and p choices of
discrete torsion H 2(Z129, C*) = Z,. In total there are p Lagrangians in this class
given by

0—-p O
p p al a —1

p0p 0
(p —a —p —a
01 0 —1

), ae{l,...,p—1} (6.58)

5. H = G. There is a unique subgroup, but p choices of discrete torsion, for a total
of p Lagrangians given by

1 —a—-1—-a
7. )
(ap 1 ap _1>, a € Ly (6.59)
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The Lagrangian submodules of G are split into 2 orbits under the action of O(G).
The first orbit O ;) contains the 4p invertible surface operators, with Lagrangians
isomorphic to Z,: x Z,. The second orbit O,y consists of 2 non-invertible surfaces
whose Lagrangians are isomorphic to Zg.

6.3.2 Gravity state of 7 x T

In this theory the surface operators belong to [S| = 2 orbits with S = {(1,1), (p,1)}.
Meawhile, there are |T| = g + 1 symplectic orbits at genus g. The matrix Ty, with
the ordering (1, 1), (p, 1) for its indices, reads

2p?9 2p9tl —2p
L ey (—219 pp i tp—1) (6.:60)

Genus 1: At g = 1 there are two symplectic orbits with d € {1, p}. The seed vector

is P

r = p{i3} and we find that the A-matrix is diagonal

20 (10
)\:p—l—l (O 1). (6.61)

This leads to the TQFT gravity partition function

- w1 2p% ——— prp2
ZIT x T,%;w] = L L
[T T, Bl = T2 Lan) + 2 ) .
2 6.62
w1p Wpp
= m Z |£(1,1),Q> + pi 1 Z |£(p,1),Q>-
Q€01 1) Qe0(p,1)

Genus > 1: At g > 1 we have |T| > S|, therefore A is not uniquely defined and we

restrict again to the diagonal weights w; = wy: . The seed vector restricted to this

.....

subspace is 07 ’ — pomin{ii} and we find the restricted matrix \

29 1-
— P 11—p g)
\ = . 6.63

(14 p9)(p+p?) (0 p+p? (6.63)

The TQFT gravity partition function is

_ B p29
Z[T X T, Eg;w] = (1 +pg)(p+p2)

(@r[La1) + (01 (1= p'™9) + @p(p + 7)) Lip1))-



6.3.3 Interfaces and gravity state of 7 x T’

There is a unique isotropic submodule H = (p,0) of G. The theory 7 /H has 1-form
symmetry K = Ht/H = Z, and quadratic form ¢/(a) = a®> mod p. The interface

Z:Hrm — Hr reads
1
T=— Y |pba)alrm. (6.65)
\/]_? a,beZy

The Lagrangian submodules of G = Z,2 x Z,, x Z, can be obtained by fusing the interface
(6.65) with surface operators of 7. This way, we obtain two submodules, belonging to

the same orbit of O(G)
01+1
Ay = . 6.66
(00 (6.66)

Hence, the TQFT gravity path integral at any genus is simply proportional to the
uniform sum of these two states

Z[T x T',8g; %] oc [Ay) + |A2). (6.67)

6.4 Example IV: G = ZE,Q

In this final example, we consider a theory 7 with 1-form symmetry group G = Zf:’,Q
and anti-diagonal bilinear form

001
g=(010]. (6.68)

100
We first check whether the higher central charges vanish [28]. It is straightforward to

calculate
us) 1
o= o 3T W 1 Y ged(n,p ged(npf), (6.69)
a,b,cGZpg

where we used that p? =1 mod 4 for any odd p.

The non-trivial step is finding all the Lagrangian submodules of G, which can be
done by explicitly solving the Lagrangian conditions for this group. We find p + 1
submodules isomorphic to Z,> x Z, and one submodule isomorphic to Z;;

p00
1
‘CP-H: O0p0], Ep:<800>7 (670)
00p b
1 _9—1,2
ca:( a2 a), a=01,.. . ,p—1. (6.71)
Op —pa
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The intersection numbers are |£,NL;| = p for 0 <i < j <p, while |[£;NL,11] =p
for 0 < i < p. The inverse of the intersection matrix is

B 1
where
0O 0 - 0 -1
0O 0 - 0 -1
A=+ 0| (6.73)
o 0 --- 0 -1
-1 -1--- =1 pt9
The matrix Y reads
p+1 p? -1
Y == ﬁ ( 1 pg+p1 g . (674)
pr=p Pt

Genus 1: At g = 1, the A-matrix is diagonal and reads

A= <€ 2) . (6.75)

Therefore the gravity state at genus 1 is

p
ZIT, Ew] =p (ptill > oIL) + wp|£p+1>) : (6.76)
=0

Genus>1: At g > 1, restricting to the diagonal weights 1w, = w,
restricted matrix

pi) We obtain the

.....

_ P9 p+1 p'—p
A= ?6’“ p;gl . (6.77)
This leads to the following genus-g gravity state
_ wyp? . - p!—p
Z[T, Zg, 1+ ; Z|£ (wppg+w11+pg) |£p+1>. (678)

7 Outlook

In this work, we defined the gravitational path integral of a 3D abelian TQFT T as
a sum over all topologies with genus-g boundary ¥,. The path integral of 7 prepares
an 7-Lagrangian stabilizer state on any single topology with boundary >/, partitioning
the topologies into finitely many equivalence classes. Thus, the gravitational path
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integral can be equivalently defined as a weighted sum over these stabilizer states. The
gravitational path integral can then be expressed as a weighted sum over g-Lagrangian
stabilizer states, which describe topological boundary conditions on ;. From the
boundary perspective, this amounts to an average over partition functions of two-
dimensional CF'Ts, specifically a finite ensemble of Narain CFTs, where the chiral
central charge is a multiple of 8*.

We introduced the A-matrix, relating bulk and boundary weights and developed a
method to calculate its entries from the TBCs that the TQFT admits. Specifically, the
A-matrix is given by

Adg = Z Ug'Yq’;qa (7.1)
q’qa
where the matrix Yy .4 is determined by the overlaps between orbits of TBC states on
¥, and v,‘; is a matrix that can be determined only from the 1-form symmetry group
G and the genus of the boundary surface. Above, the index d denotes a symplectic
orbit of representative topologies, while q,q’ denote orthogonal orbits of TBCs. We
illustrated this calculation with several examples.

In the process, we also described (section 5) a systematic method for constructing
all TBC of abelian TQFTs of the form 7 x T, by taking advantage of their corre-
spondence with surface operators of 7, as well as the groupoid structure of surface
operators [27]. We further generalized this to some theories of the form 7 X T, where
the classification of TBCs is equivalent to the classification of interfaces between the
two sectors.

We conclude with a list of open problems.

The Mmatrix In this paper we computed the A-matrix in explicit examples using
a brute-force approach, which requires the full set of TBCs. Although we described
a systematic procedure for constructing this set, it becomes impractical for groups of
large length. Interestingly, the A-matrices we obtained have a simple structure. In
fact, only overlaps between orthogonal orbits of TBC states are needed, rather than
overlaps between all states individually. Alternatively, the construction of section 4 can
be reformulated in terms of overlaps between symplectic orbits. These two observations
suggest that a simpler method to compute A\ may exist.

Universality of bulk weights In this work we largely remained agnostic about
the choice of bulk weights. Consistency with the holographic principle requires that
the boundary weights are independent of the genus of the surface, but this does not

4When the chiral central charge is not a multiple of 24, the framing anomaly of the bulk manifold
can be canceled by stacking copies of (Fg);.
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uniquely fix the bulk weights. A prescription consistent with holography was proposed
in [23], but it is unclear whether other consistent prescriptions exist. Alternatively, one
could define the TQFT gravity path integral by starting from a (formal) sum over all

distinct bulk topologies with boundary ¥,, weighted by a measure u, as in [24]. For

g
consistency with a path-integral interpretation, p should be TQFT-independent. Since
the TQFT path integral on any topology yields an n-Lagrangian stabilizer state, this
construction reduces to (4.1), with wg determined by p, possibly after regularization.
An open question is what constraints, if any, the universality of y imposes on the bulk

weights wg.

Semi-classical gravity The handlebody topologies 1 € T can be interpreted as the
semi-classical contributions to the gravitational path integral, which are always present.
The non-handlebody topologies d # 1 then play the role of quantum corrections. The
semi-classical limit corresponds to sending either the exponent or the length of G to
infinity, in which case we expect the contributions from non-handlebody topologies to be
suppressed. Indeed, the prescription in 4.2 along with (4.18) imply that the bulk weights
wgq with d # 1 are suppressed as the exponent N is increased. Our approach is not
straightforward to apply to groups of large length, but one should instead reformulate
section 4 using the overlap matrix of n-Lagrangian submodules. It would be interesting
to rigorously and generally prove this suppression of non-handlebody contributions.

Generalizations Several extensions of this work remain. While we focused on groups
of odd exponent and specific classes of quadratic forms, the construction should general-
ize to all abelian TQFT's that admit TBCs, though the details deserve careful treatment.
Another direction is to include correlation functions. In this case the boundary surface
has punctures, enlarging the mapping class group action and requiring a generalized
averaging procedure [20]. Finally, extending our framework to non-abelian TQFTSs is
another interesting direction. The approach of section 4 can still be used if one can
identify a spanning set of Sp(2g,Z)-invariant states, however the TBC states (corre-
sponding to physical modular invariants) do not generally span this space. From the
holographic perspective, the gravitational state must be expressed entirely in terms of
physical invariants, which means the bulk weights must be tuned so that the resulting
state lies in their span.
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A Higher symmetry lines and Wigner functions

In this appendix we review how to construct higher symmetry lines on the surface
operator [37]. These “higher lines” embedded on the surface are the phase-space point
operators in the stabilizer formalism. These operators form a very useful alternative
orthonormal basis for End(?). They are typically defined by the symplectic Fourier
transform of the Heisenberg-Weyl operators [33]

(9() = 3 W eIn(s). (1.1)

P 2,

We can interpret (1.1) as lines on a surface operator obtained by gauging G with trivial
torsion on a genus-g surface inserted parallel to the two boundaries of ¥, x I. This
surface is the charge-conjugation operator

poo= g O w<a>=<z|x><—x|) . (12)

aeGRH(Xy,Z) zeG

Gauging the group G results in a “quantum symmetry” G = G of lines confined to the
surface. These lines can be constructed by bringing together two bulk lines of opposite
orientation and same charge and fusing them with the surface from opposite sides

L9(a) = W(a)pgoW()'. (1.3)
On a torus, they read explicitly

LW (a,b) Zw2bz|x+a —z +al. (1.4)

zeG

The expansion coefficients of an operator p in the ﬁ(a) basis is the Wigner function
W,(a) = ——tr(L(a)tp). (1.5)

The Wigner function has several important properties [33]. One of the most important
properties we make use of is that the Wigner function of a stabilizer state is nonnegative.

More generally, we can construct “higher” line operators by performing the Fourier
transform over a subgroup H and adding discrete torsion v € H?(H,C*). This process
constructs line operators labeled by H and confined on a surface

L) (o > WTCDuBW(B), ae HY. (1.6)

Ing
BeH29
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The higher symmetry lines belonging to H can be obtained by fusing two bulk lines
with charges in H and opposite orientation, from opposite sides of the surface

L), (a) = W(@)pgt W(a)!, a € H. (1.7)

Note that in the above definition I:Hﬂ,(a) = pu, if @ € (G/H)*. Similar to the
Heisenberg-Weyl operators, they can be written as a tensor product of torus operators

A

L9Y(a)=Lla)® - ® L(ay). (1.8)
We can write the torus operators explicitly

Ly (a,b) = W(a,b)pn, W(a,b)' = Z w20D| b4 2(—14+Bg ™)) (h4a+x(1+Bg ™).
(z,h)EHxHL
(1.9)
Above a,b € H, since IA/HJ,(a, b) = pn, for a,b € HE.
If H # G, there is another set of symmetry lines parametrized by G/H. This is the
residual symmetry after gauging H. They can be constructed by attaching lines of the
same charge and orientation from the two opposite sides of the surface

Ly (a,b) = W2 a, 2710) pu, W(2 a, 271D). (1.10)

Unless H x G /H = G, the symmetry lines generally have a mixed anomaly. Sub-
groups of either Hor G /H are non-anomalous and can be gauged separately, but mixed
subgroups cannot.

Due to the fact that the surface operators are invariant under the mapping class
group, the higher line operators transform covariantly under Sp(2g, Zy)

U, L, (o, BYUS = Lif), (a7, 87), v € Sp(29, Zw). (1.11)
As a consequence the Wigner function transforms contravariantly

WUwpUi(a/y) = W,(a). (1.12)

B The minimal matrix of a g-Lagrangian submodule

Without loss of generality, we set N = p™.

Definition 3. Let L be a Lagrangian submodule of G = Zf,ﬁ with respect to q associated
with the bilinear form (3.13). A minimal matrix M of L is an n X 2n matriz which,
up to permutation of columns, satisfies the following conditions:
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1. FEach row of M lies in L.
2. M;; = 0 whenever j < 1.
The entries of the i-th row have greatest common divisor p&i.

The sequence of exponents satisfies 0 < k; < --- <k, < |m/2].

The sequence (kq, ..., ky) is minimal among all choices of matrices satisfying the
above.

Lemma 1. A minimal matric M always exists, and it uniquely determines the sub-

module L.

Proof. We first show existence of M. From the definition, p** is the greatest common
divisor of the entries of all elements of £. Since L is Lagrangian, k; < |m/2]. After a g-
preserving permutation of columns if necessary, there exists a vector v; € L of the form
vy = (p™,*,...,%). Define the submodule £' = {v € L : v = (0,29,...,72,)}. Then
L =L+ (v1). For each v = (0,29, ...,29,) € L, define v = (Tg,...,Top_1) € Zf,:;%h,
where p*z; = x;(mod pF=*1). Set £ = {v: v € L'}. We claim that £ is a Lagrangian
submodule of Ziﬁ;gkl. Suppose not; then there exists u such that g(u,v) = 0 for all v €

n—2
m—2kq

L, where g is the bilinear form restricted to Zf) . Choose v/ = (0,42, ..., Y2n-1,0) €
Z}%ﬁl such that 1:/ = u. Then there exists Yan such that g(vl, (0,92, -+, Y2n—1, ygn)) = 0_,
implying u € L, a contradiction. Thus £ is Lagrangian. By induction on (m,n), £
admits a minimal matrix and choosing a lift produces a minimal matrix M for L.

We now show that M uniquely determines £. By induction, it suffices to show
that the vector (0,...,0,p™ %) € L. This is true since from the definition it follows
that p*' is the ged of entries of all elements of £. Hence £ is uniquely determined by

M. [l
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