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Neural Network State-Space Estimators
Minxing Sun, Li Miao, Qingyu Shen, Yao Mao Senior Member, IEEE, and Qiliang Bao

Abstract—Classical state estimation algorithms rely
on predefined target’s state-space model, which compli-
cates model derivation and limits adaptability when sys-
tem dynamics change. Neural network based estimators
offer a data-driven alternative, but rarely fuse classical
estimation theory into their structure and demand large,
pre-computed training sets. To overcome these limita-
tions, we propose a unified state-space structure without
target’s state-space model and treats both the input-layer
activations and all network weights as latent states to
be estimated online. We instantiate this nonlinear model
with three canonical estimators—the extended Kalman
estimator, the unscented Kalman estimator, and the
particle estimator—to simulate different neural network
and demonstrate its generality. We then benchmark our
approach against seven leading neural network estimators
across three representative scenarios. Results show that
our neural network state-space estimators not only re-
tain the robust learning capability, but also match or
exceed the accuracy of both classical and pre-trained
neural network methods. (Code, data, and more result:
github.com/ShineMinxing/PaperNNSSE.git)

Index Terms—Kalman estimator, Neural network,
Learning capability, Adaptability

I. Introduction
State estimation algorithms are extensively uti-

lized across various engineering disciplines [1]–[3].
For example, in electro-optical tracking systems [4],
[5], they are essential for mitigating optical path
disturbances caused by atmospheric turbulence [6],
compensating for delays in hardware and image
processing pipelines [7], and filtering out signal noise
generated by sensors and target detection mecha-
nisms [8]. The fundamental principle of these algo-
rithms comprises three stages: predicting the next
state using the current estimate and target’s state-
space model, predicting the corresponding observa-
tion via the observation equation, and correcting the
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state estimate based on the deviations between the
actual observation and its prediction.

Estimators can be categorized based on how they
establish the relationship between observation devi-
ations and state deviations. One category comprises
methods such as the Extended Kalman Estimator
(EKE), which computes partial derivatives from the
state-space model. The primary limitation of EKE
is the complexity involved in deriving analytical
solutions for these partial derivatives, particularly in
highly nonlinear models [9]–[13]. Another category
includes the Unscented Kalman Estimator (UKE),
which approximates the state distribution by assign-
ing predefined deviations to each estimated state and
evaluating the resulting variations in observations.
However, UKE faces challenges in accurately cap-
turing the relationships between coupled estimated
states and observations [14]–[20]. The third category
is represented by Particle Estimator (PE), which
introduces random perturbations to the estimated
states and assesses the resulting observation varia-
tions. While PE is better suited for handling nonlin-
earities, its main drawback is the high computational
cost associated with the large number of particles
required, which can impede real-time performance
[21]–[24].

All three estimation methods rely on predefined
state-space models, and even the robust estimators
designed to mitigate model inaccuracies can only
compensate for a limited range of errors [7], [25],
[26]. In practical applications, defining an accurate
state-space model for the target system is often
inherently challenging, particularly when tracking
non-cooperative targets.

The rapid advancement and widespread adop-
tion of artificial neural network methodologies have
profoundly impacted time-domain signal processing,
enabling significant breakthroughs in estimation and
prediction tasks [27]–[32]. Recurrent Neural Network
(RNN), introduced by Hopfield [33], were enhanced
by Rumelhart, Hinton, and Williams [34] with the
backpropagation algorithm, facilitating more effi-
cient training. Subsequent improvements by Jordan
and Elman [35], [36] incorporated feedback loops,
enhancing the ability to model temporal depen-
dencies [37]–[39]. However, RNNs struggled with
vanishing and exploding gradients, challenges ad-
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dressed by Hochreiter [40] with Long Short-Term
Memory (LSTM) networks, and further refined by
Schmidhuber [41] through the addition of forget gates
[42], [43]. Gated Recurrent Unit (GRU), proposed
by Kyunghyun [44] and validated by Junyoung [45],
offered a simplified yet effective alternative to LSTM
[46]–[48]. Convolutional Neural Network (CNN), ini-
tially developed by LeCun [49] for handwritten digit
recognition, have been extended to Recurrent Con-
volutional Neural Networks [50] to capture spatial
and temporal dependencies, significantly improving
prediction accuracy in applications such as vehicle
and human trajectory forecasting [51]–[54]. Tempo-
ral Convolutional Network (TCN), introduced by
Colin [55], utilize pooling and upsampling to capture
long-term motion patterns, enhancing capabilities in
action segmentation and detection [56]–[59] (Chen,
2020; Kaiyu, 2022). Neural Ordinary Differential
Equation (NeuralODE), proposed by Ricky [60],
represent neural network layers through differential
equations, facilitating deeper and more efficient net-
works for tasks like robotic path planning and travel
time estimation [61]–[63]. Transformer architectures,
introduced by Ashish [64], leverage self-attention
mechanisms to model long-term dependencies while
reducing computational complexity. Their applica-
tions span maneuvering target tracking, autonomous
vehicle trajectory prediction, and 3D human pose
estimation [65]–[69].

Traditional estimation algorithms have also been
integrated into neural networks to optimize training
processes. Early efforts by Singhal, Puskorius, and
Pérez-Ortiz [70]–[73] applied EKE to train multilayer
perceptrons and RNN, enhancing training efficiency.
More recent integrations of UKE and PE have im-
proved the training of feedforward and recurrent net-
works in applications such as voice classification and
evapotranspiration estimation [74], [75]. However,
in these studies, estimation algorithms primarily
treated the backpropagation algorithm as state-space
equations, serving an auxiliary role rather than being
the primary mechanism for state estimation. Conse-
quently, the effectiveness of estimation algorithms
remains limited and warrants further enhancement
[76].

To address these limitations, our proposed al-
gorithm introduces a novel state-space model that
treats input layer nodes and all weight parameters
as estimated states, effectively simulating a neural
network within a state estimation framework. The
main contributions of this work are as follows:

• Neural Network State-Space Model (NNSSM):
We propose a NNSSM that simulates a neu-
ral network, enabling real-time learning and

pretraining. The estimation algorithm works
wothout target’s state-space models and can be
tailored by adjusting the input layer length and
prediction steps to meet engineering require-
ments.

• Neural Network State-Space Estimator
(NNSSE): The versatility of the proposed
NNSSM is validated through the
implementation of three representative
estimation algorithms—EKF, UKE, and
PF—demonstrating its broad applicability.

• Flexible Architecture Configuration: The
NNSSM can accommodate arbitrary neural
network structures—adjusting the number
of layers, the number of neurons per
layer, connectivity patterns, and activation
functions—to meet diverse application
requirements.

• Comparative Performance Evaluation: We com-
pare the estimation performance of our NNSSEs
with various neural network architectures, in-
cluding RNN, LSTM, GRU, TCN, NeuralODE,
and Transformer.

• Comprehensive Testing: Extensive tests were
conducted on generated sine trajectories, a lab-
oratory dual-reflection mirror platform, and ac-
tual unmanned aerial vehicle trajectory data,
demonstrating the robustness and effectiveness
of our proposed method.

II. Problem Statement
In many real-world tracking problems, the target is
non-cooperative, so an accurate state-space model
cannot be specified a priori. A common expedient is
the uniformly accelerated state-space model in (1),
where only position can be observed while velocity
and acceleration remain hidden:

xi+1 =

1 T T 2

2

0 1 T
0 0 1

xi +

1 0 0
0 1 0
0 0 1

ui,

zi =
[
1 0 0

]
xi + vi.

(1)

The state vector xi = [pi, vi, ai]
T stacks position,

velocity and acceleration at instant i. T is the time
interval between successive estimates. The process
noise ui absorbs modelling errors and environmental
perturbations, and the measurement noise vi reflects
sensor inaccuracies; both are assumed zero-mean
Gaussian and seperately follow the covariance Q,
R. Their second-order statistics together with the
initial error covariance Π0|0 are summarised in (2),
in which δij denotes the Kronecker delta:
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E


x0

ui

vi

x0

uj

vj

T
 =

Π0|0 0 0
0 Q δij 0
0 0 R δij

 . (2)

Because the true motion can be highly nonlin-
ear, model (1) rarely yields the desired predictive
accuracy. Although the Kalman estimator provides
on-line estimates of vi and ai, they are ultimately
reconstructed from past position measurements.
With scalar gains wv1, wv2, wa1, wa2 from calculated
Kalman gain, the recursive updates read

vi = wv1
pi − pi−1

T
+ wv2vi−1

= wv1
pi − pi−1

T

+ wv1wv2
pi−1 − pi−2

T
+ wv1w

2
v2

pi−2 − pi−3

T
+...

= wv1

i−1∑
k=0

wk
v2

p i−k − p i−k−1

T
,

ai = wa1
pi − 2pi−1 + pi−2

T 2
+ wa2ai−1

= wa1
pi − 2pi−1 + pi−2

T 2

+ wa1wa2
pi−1 − 2pi−2 + pi−3

T 2

+ wa1w
2
a2

pi−2 − 2pi−3 + pi−4

T 2
+...

= wa1

i−1∑
k=0

wk
a2

p i−k − 2p i−k−1 + p i−k−2

T 2
.

(3)
Given pi, vi, ai, an n-step-ahead position predic-

tion follows from kinematics:

pi+n = pi + vi nT + 1
2ai n

2T 2. (4)

Substituting (3) into (4) yields a weighted finite-
difference expansion

pi+n = pi + nTwv1

i−1∑
k=0

wk
v2

p i−k − p i−k−1

T

+ 1
2n

2T 2wa1

i−1∑
k=0

wk
a2

p i−k − 2p i−k−1 + p i−k−2

T 2

=

i∑
k=0

wkpk,

(5)
Under model (1), long-term prediction ultimately

reduces to a weighted sum of past positions, an in-
trinsic limitation when the target executes nonlinear

manoeuvres. To validate the potential of position-
only estimated states, we construct the correspond-
ing state-space models.

We begin with the two-position estimator (E2P),
based on

pi+1 = pi + (pi − pi−1),

which yields

xi+1 =

[
2 −1
1 0

]
xi +

[
1 0

0 1

]
ui,

zi =
[
1 0

]
xi + vi,

(6)

with xi = [pi, pi−1]
T.

By extending the position history, we obtain
higher-order variants. Defining xi = [pi, pi−1, pi−2]

T

gives the three-position estimator (E3P), and xi =
[pi, pi−1, pi−2, pi−3]

T yields the four-position estima-
tor (E4P):

pi+1 = pi +
1
2 (pi − pi−1) +

1
2 (pi−1 − pi−2),

pi+1 = pi +
1
3 (pi − pi−1) +

1
3 (pi−1 − pi−2)

+ 1
3 (pi−2 − pi−3).

(7)

A variable-weight four-position estimator
(E4PVW) further refines the weights:

pi+1 = pi +
3(pi − pi−1)

6

+
2(pi−1 − pi−2)

6
+

(pi−2 − pi−3)

6
.

(8)

For even greater flexibility, the weights may be
learned from data. The offline four-position estimator
with regressed weights (E4PRW) uses

pi+1 =1.2668 pi − 0.0152 pi−1

+ 0.0103 pi−2 − 0.2618 pi−3,
(9)

while its online counterpart (E4PTRW) updates
these coefficients at each step using the most recent
50 samples.

Simulation results in Fig. 1 show that all position-
stack estimators outperform classical Kalman filters
built on [pi], [pi, vi], [pi, vi, ai], and [pi, vi, ai, ȧi] (the
latter including jerk ȧi). Accuracy increases with
longer stacks (E3P, E4P) and peaks for variants with
adaptive or regressed weights (E4PVW, E4PRW,
E4PTRW), with E4PRW notably narrowing the
error band and E4PTRW further enhancing adapt-
ability.

Despite these gains, embedding a dedicated linear-
regression step in each prediction is conceptually
inelegant and risks overfitting when the target’s
motion pattern changes abruptly.
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Fig. 1. Comparison of classical Kalman filters with position-
stack estimators.

A more principled solution is to regard the regres-
sion coefficients themselves as latent states, updating
them in real time alongside the kinematic variables.
Accordingly, we extend the state vector to include
not only these coefficients but, when appropriate, the
full set of weights of a neural network approximation
of the target dynamics. These augmented states are
then estimated online using a NNSSM.

III. Neural Network State-Space Model

Fig. 2. Neural network state-space model.

Based on the concept of treating neural network
weights as estimated states, a new state-space model
to achieve state estimation for maneuverable targets
is introduced as (10) and Fig. 2.

xi+1 = fi(xi,ui) = fi
([

pi, . . . , pi−a+1,

pi−a−b+2, w1, . . . , wc

]T
, ui

)
=

[
pi+1, pi, . . . , pi−a−b+3, w1, . . . , wc

]T
+ ui

zi = hi(xi,vi) = pi + vi

(10)
In the proposed model, the state vector comprises

(a − 1) + b + c elements in total, namely a + b − 1
historical position states and c weight parameters.
Here:

• a is the prediction horizon in discrete steps. For
example, if the sampling interval is T = 0.01s

and a 0.1s ahead prediction is required, then
a = 10;

• b is the number of input-layer nodes of the neural
network being simulated;

• c is the total number of weight parameters in
that network.

These (a−1)+b+c states are jointly estimated online
via the NNSSM.

Let
Pi,[n:m] ≜

[
pi−n, pi−n−1, . . . , pi−m

]
W ≜

[
w1, w2, . . . , wc

]
,

(11)

and denote by fNN(·) the neural network mapping
from the previous state to the new predicted position
pi+1. A more detailed state-space model can then be
written as

xi+1 =fi(xi,ui)

=
[
fNN

(
Pi, [(a−1):(a+b−2)], W

)
,

Pi, [0:(a+b−3)], W
]T

+ ui

=[ pi+1, Pi, [0:(a+b−3)], W ]T,

zi =pi + vi.

(12)

The a-frame-ahead prediction function is therefore
given by

pi+a = fNN

(
Pi, [0:(b−1)], W

)
. (13)

Fig. 3. Simplest neural network state-space model: weighted-
sum iteration.

Fig. 3 illustrates the iterative structure of the sim-
plest neural network—a single weighted-sum node—
whose architecture defines the specific form of fNN(·).
Let Ej denote the j-th component of the estimated
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state vector xi. The corresponding state-space rep-
resentation is
xi+1 = fi

(
xi,ui

)
=

[
Pi,[(a−1):(a+b−2)] W

T, Pi,[0:(a+b−3)], W
]T

+ ui

=
[
pi+1, Pi,[0:a+b−3], W

]T
,

zi = pi + vi.
(14)

The needed position prediction formula is
Epre = pi+a = fNN

(
Pi, [0:(b−1)], W

)
= Pi,[0:(b−1)] W

T.
(15)

The weighted sum in (14) furnishes the prior
one-step prediction E1 in xi+1|i. After the new
observation zi+1 is received, the estimator updates
every state component Ej to obtain the posterior
estimate xi+1|i+1.

For an a-frame look-ahead, the algorithm (15)
uses the most recent b position estimates E1, . . . , Eb

and the current weight vector Ea+b, . . . , Ea+b+c−1

into the same weighted-sum relation, producing the
required multi-frame forecast Epre.

Fig. 4. Simple neural network state-space model: 5-5-1 archi-
tecture.

Although the weighted-sum model provides a
conceptual bridge to neural networks, it lacks the
representational richness of even a modest multi-
layer perceptron such as the 5-5-1 architecture shown
in Fig. 4, which depicts a simple fully connected
feedforward network with five input nodes, one
hidden layer of five neurons, and a single output
node (a “5-5-1” architecture).

To perform an a-frame-ahead prediction, the aug-
mented state vector must include a+4 past positions
plus the network’s weight parameters, for a total
of a + 34 estimated states. Here, Mj denotes the
activation of the jth hidden neuron. The mapping
fNN(·) in (12) is a nonlinear function implemented
by a multi-layer recurrent architecture.

The precise layer sizes, connectivity pattern, and
choice of activation functions should be determined
based on the target application and available com-
putational resources.

IV. Implementation of the Neural Network
State-Space Model

Having formulated the NNSSM, we now de-
scribe its implementation with a classical Unscented
Kalman Estimator, hereafter abbreviated NNSSE-
UKE.

1. Parameter Initialization: For an n-dimensional
state x̂i|i choose the spread α, the secondary scaling
β, and the scaling factor κ. Define

λ = α2 (n+ κ)− n. (16)
Initialise the state x̂0, the a-posteriori covariance
Π0|0, and the noise covariances Q (process) and R
(measurement).

2. Sigma-Point Generation (Posterior State): With
x̂i|i and Πi|i form 2n+ 1 sigma points:
X0 = x̂i|i,

Xl = x̂i|i ±
(√

(n+ λ)Πi|i
)
l
, l = 1, . . . , n.

(17)

Weights for the state mean and covariance are
w

(0)
S = λ

n+λ , w
(0)
Π = w

(0)
S + 1− α2 − β,

w
(l)
S = w

(l)
Π = 1

2(n+λ) , l = 1, . . . , 2n.

(18)
3. Propagation through the State Equation: Prop-

agate every sigma point through fi(·) (see Eq. (12)):
X̂l = fi

(
Xl

)
, l = 0, . . . , 2n. (19)

4. Time Update:

x̂i+1|i =

2n∑
l=0

w
(l)
S X̂l,

Πi+1|i =

2n∑
l=0

w
(l)
Π

(
X̂l − x̂i+1|i

)(
X̂l − x̂i+1|i

)T
+Q.

(20)
5. Sigma-Point Generation (Prior State) and Ob-

servation: Generate X̃l from x̂i+1|i,Πi+1|i using
(17); pass them through the measurement model h(·):

Zl = h
(
X̃l

)
. (21)

Compute

ẑi+1 =

2n∑
l=0

w
(l)
S Zl,

Πzz =

2n∑
l=0

w
(l)
Π

(
Zl − ẑi+1

)(
Zl − ẑi+1

)T
+R,

Πxz =

2n∑
l=0

w
(l)
Π

(
X̃l − x̂i+1|i

)(
Zl − Ẑi+1

)T
.

(22)
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6. Measurement Update:
K = Πxz Π

−1
zz ,

x̂i+1|i+1 = x̂i+1|i +K
(
zi+1 − ẑi+1

)
,

Πi+1|i+1 = Πi+1|i −KΠzzK
T.

(23)

7. Position Prediction: The updated state x̂i+1|i+1

yields the position forecast p̂i+a (13) and the
algorithm returns to Step 2 for the next iteration.

V. Simulation and Experiment
The proposed NNSSM can be instantiated with

diverse nonlinear estimators. In this section, we
demonstrate its generality by constructing three
NNSSEs based on representative EKE, UKE, and
PE. By choosing prediction horizon a = 3, input
dimension b = 25, and weight count c = 25, we
obtain the variants NNSSE-EKE, NNSSE-UKE, and
NNSSE-PE, all derived from (14).

To illustrate NNSSM’s architectural flexibility, we
fix a = 3 and employ UKE to realise estimators for
different network topologies:

• NNSSE-5-5-1: 5 input nodes, one hidden layer
of 5 neurons, and one output node (see Fig. 4);

• NNSSE-10-10-1: 10 input nodes, one hidden
layer of 10 neurons, and one output node;

• NNSSE-Tanh: the 5-5-1 architecture with Tanh
activations in the hidden layer;

• NNSSE-5-5-5-1: 5 input nodes, two hidden layers
of 5 neurons each, and one output node.

These configurations demonstrate the algorithm’s
ability to simulate and estimate a wide range of
neural network structures.

In our experimental study, we also train es-
tablished neural models—including RNN, LSTM,
GRU, TCN, NeuralODE, Transformer, and an On-
line Transformer (trained adaptively at runtime)—
to benchmark the adaptability and rapid learning
capability of NNSSE against these baselines. All of
these networks employ an input layer of 25 historical
position values and between two and four hidden
layers; their precise architectures are detailed in the
code repository accompanying this paper.

A. Simulation
A noisy sine wave is used to emulate a manoeu-

vring target. The sensor sampling rate is 200 Hz
with a latency of 0.15 s (three-frame prediction); the
ground-truth motion is a 1 s sine with amplitude
10, and the observation noise is zero-mean Gaussian
with unit covariance.

For comparison, a uniformly accelerated model
(UAM) is estimated by both a linear Kalman es-
timator (UAM-LKE) and UKE (UAM-UKE). An

(a) True vs. estimated trajec-
tories over the full simulation
horizon.

(b) Estimator predictions
during the midle phase.

Fig. 5. Comparison of classical Kalman filters with position-
stack estimators.

Accurate-Sin-Model reference uses the exact sine
model and LKE.

Fig. 5a-5b show the trajectories and estimation
errors. NNSSE-EKE exhibits large transients in the
first few dozen steps, whereas NNSSE-10-10-1 re-
quires more data to converge owing to its larger
parameter set.

Fig. 6. Accumulated prediction error for all estimators over
10000 steps.

TABLE I
Accumulated error (×104) and run time for 10000 steps.

Maximum values are red, minima green.

Estimator Steps 1-10000 Steps 8000-10000 Time (s)
UAM-LKE 0.8554 0.1681 0.0718
UAM-UKE 0.8303 0.1633 0.2908
Accurate-Sin (ideal) 0.5465 0.1105 0.0687
NNSSE-UKE 0.5104 0.0985 7.0647
NNSSE-PE 0.7577 0.1327 22.8345
NNSSE-EKE 0.7852 0.0975 0.5203
NNSSE-5-5-1 2.2451 0.2137 6.7968
NNSSE-10-10-1 2.7693 0.2209 35.0905
NNSSE-Tanh 1.4850 0.2280 7.2935
NNSSE-5-5-5-1 1.6003 0.2353 16.6581

Fig. 6 plots the error after step 200, when
all NNSSEs reach steady performance. NNSSE-
UKE, NNSSE-PE, and NNSSE-EKE all surpass
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their UAM-based counterparts and even outperform
the Accurate-Sin-Model reference despite having no
model priors.

Table I summarises accumulated error and com-
putation time. NNSSEs incur higher cost because
of the enlarged state, yet the longest run (35.09
s for 10000 steps) remains practical. Among them,
NNSSE-EKE is the most economical but suffers from
early instability and Jacobian requirements, making
UKE the preferred implementation.

B. Dual-Mirror Tracking Experiment

(a) Optical layout (b) Mechanical assembly

Fig. 7. Dual fast mirror experimental platform.

Fig. 8. Control flow of the dual-reflection mirror platform. A
three-frame prediction compensates for the CCD latency.

The proposed NNSSEs were further validated on a
dual-reflection mirror platform. As depicted in Fig. 7,
the bench comprises a laser source, a CCD camera,
a fast steering mirror that emulates target motion,
and a validation mirror for closed-loop testing. Each
steering mirror is driven by four voice-coil actuators
and monitored by four eddy-current displacement
sensors.

The control objective is to maintain the laser spot
at the centre of the CCD. Although the camera
samples at 200 Hz, a 0.015 s latency exists, so a three-
frame-ahead prediction is inserted in the feedback
loop (Fig. 8). Extensive position sequences were first
collected to train all baseline neural networks. A new
sequences from the same source were then fed to
both the trained networks and the NNSSEs for a
fair comparison.

a) Overall tracking performance.: Fig. 9 shows
the measured spot trajectory together with the esti-
mates produced by the different NNSSEs; the right
panel magnifies the central segment.
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(b) Enlarged central seg-
ment.

Fig. 9. Spot trajectory and NNSSE estimates.
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Fig. 10. Cumulative tracking error of competing estimators.

Cumulative-error curves are plotted in Fig. 10.
Without artificially injected Gaussian noise in sim-
ulation, every NNSSE surpasses its UAM-based
counterpart; quantitative results are summarised in
Table II.

TABLE II
Dual-mirror experiment: cumulative error (×105). Maximum

values are red, minima green.

Estimator Steps 1-4799 Steps 2000-4799 Time (s)
UAM-LKE 1.3374 0.7614 0.0357
UAM-UKE 1.3289 0.7533 0.1375
NNSSE-UKE 0.6450 0.3585 3.5825
NNSSE-PE 1.0842 0.6297 10.3143
NNSSE-EKE 0.8509 0.3802 0.2624
NNSSE-5-5-1 0.8504 0.4768 3.3630
NNSSE-10-10-1 0.9206 0.4805 16.3013
NNSSE-Tanh 0.8781 0.4812 3.4833
NNSSE-5-5-5-1 0.8892 0.4783 7.7643

b) Comparison with neural baselines.: We eval-
uate two training regimes: (i) limited training (10
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epochs for most networks; 50 epochs for the Trans-
former) and (ii) full training (200+ epochs on 10000
samples). Fig. 11(a) and Fig. 11(b) show the cumu-
lative prediction error under each regime, and Table
III summarizes the error measured from step 200
onward.
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(a) Limited training

0 1000 2000 3000 4000 5000

0

1

2

3

4

5

6

7

8
10

4 Accumulated Error, Yaw

NNSSE UKE

NNSSE 551

RNN

LSTM

GRU

TCN

Transformer

NeuralODE

OnlineTransformer

(b) Full training

Fig. 11. Cumulative prediction error of neural baselines under
(a) limited and (b) full training regimes.

The NNSSEs attain prediction accuracy compara-
ble to that of the neural baselines trained for only
a few epochs. Although they lag behind the fully-
trained networks in the interval from step 200 to
step 4799, all NNSSE variants converge rapidly: after
roughly 2000 learning steps their performance rivals
that of the fully-trained models, falling significantly
short only of the TCN.
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(a) Spot trajectory and es-
timation
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(b) Cumulative prediction
error of neural baseline

Fig. 12. Estiamte pitch trajectory using yaw-trained networks.

To further test generalisation, we applied the yaw-
trained networks to a new data set in the pitch
axis. The pretrained RNN, LSTM, GRU, TCN,
NeuralODE, Transformer, OnlineTransformer were
unable to deliver useful forecasts. By contrast, all
NNSSEs quickly adapted to the new motion pattern
and maintained high accuracy. Fig. 12(a) shows the
pitch trajectory and estimation result, and Fig. 12(b)
plots the corresponding cumulative errors.

C. Drone-Tracking Experiment
The efficacy of the proposed approach was further

evaluated on a real unmanned aerial vehicle trajec-
tory.

Fig. 15(a) plots the yaw trajectory together with
the estimates delivered by the various NNSSEs.

Fig. 13. Drone and part of its trajectory.

(a) Measured and estimated
yaw trajectories

(b) Cumulative error of
NNSSE variants

Fig. 14. Performance of NNSSEs on the UAV yaw data.

Unlike the quasi-sinusoidal laboratory path, the UAV
executes complex, non-cooperative manoeuvres; the
sharp 180◦ reversals arise from the zenith-crossing
phenomenon (i.e., the target passes directly overhead
and the yaw changes sign). Fig. 15(b) shows the cor-
responding cumulative errors: after a short learning
phase, most NNSSEs attains a markedly lower error
than the UAM methods baseline.
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(a) Fully-trained neural pre-
dictions

(b) Cumulative error of neu-
ral baselines

Fig. 15. Neural baselines on the UAV yaw data.

For a fair comparison with data-driven baselines,
we trained every neural model on 20000 historical
samples. Fig. 15(a) presents the predictions obtained
after full training, and Fig. 15(b) reports the result-
ing cumulative errors.

Benefiting from the rapid-learning capability of the
NNSSM, NNSSE-UKE surpasses every pre-trained
neural network in prediction accuracy. We anticipate
that further optimisation of the network architecture
and hyper-parameters will yield even higher preci-
sion.
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TABLE III
Cumulative error (×105) for limited and full training. Maximum values are red, minima green.

Limited Training Full Training
Method Steps 200–4799 Steps 2000–4799 Steps 200–4799 Steps 2000–4799
NNSSE-UKE 0.6076 0.3585 0.6076 0.3585
NNSSE-5-5-1 0.7929 0.4768 0.7929 0.4768
RNN 0.7770 0.4759 0.5392 0.3416
LSTM 0.7172 0.4588 0.4882 0.3521
GRU 0.6947 0.4289 0.4858 0.3487
TCN 0.6673 0.4259 0.4237 0.2771
Transformer 0.7137 0.4768 0.5617 0.3968
NeuralODE 0.7152 0.4390 0.5356 0.3527
Online Transformer 4.6542 3.3732 4.6246 3.4425

VI. Conclusion
This paper has addressed the problem of track-

ing non-cooperative targets by first validating the
feasibility of using a pure position sequence as the
state vector in a classical state-space formulation.
Building on this result, we introduced the Neural
Network State-Space Model, which needn’t target’s
state-space model and treats both the target’s recent
positions and every weight of a surrogate neural net-
work as latent states. The resulting nonlinear model
can be realised with different nonlinear estimator;
in extensive trials, UKE provided the best overall
performance, and its full algorithmic structure has
been presented in detail.

To demonstrate generality, NNSSM was further
instantiated with EKE, UKE, and PE, producing
three baseline NNSSEs that outperform constant-
acceleration Kalman filters on noisy sine trajectories,
a dual-reflection mirror platform, and real UAV
flights. Additional experiments showed that NNSSM
can emulate a variety of network topologies (5-5-
1, 10-10-1, 5-5-5-1, Tanh activations, etc.) simply by
adjusting the augmented state. When compared with
fully pre-trained RNN, LSTM, GRU, TCN, Neu-
ralODE, Transformer, and Online-Transformer base-
lines, the proposed NNSSEs achieved comparable—
or, after a short on-line learning phase, superior—
accuracy while retaining the rapid adaptation capa-
bility of recursive estimators.

All source code, data and more result are openly
available at https://github.com/ShineMinxing/
PaperNNSSE.git, facilitating reproduction and
further development.

Limitations and outlook:
1) Computational complexity. The Kalman up-

date scales as O(n3) with the number of aug-
mented states; simulating very deep or wide
networks therefore becomes costly. Efficient

sparsification or reduced-rank techniques are
worth investigating.

2) Model design. The current NNSSM uses only
fully connected layers and simple activations.
Borrowing advanced architectural motifs (e.g.
residual connections or attention) from modern
deep learning may improve accuracy without
enlarging the state excessively.

3) Estimator diversity. We evaluated the three
foundational filters (EKE, UKE, PE). Incorpo-
rating more recent Bayesian filters or adaptive
variants may yield further gains, particularly
for high-dimensional weight vectors.

We believe that NNSSM enlarges the design
space of state estimation by seamlessly blending
data-driven neural representations with principled
Bayesian filtering, thereby offering a practical al-
ternative when explicit nonlinear modelling is in-
tractable.
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