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ABSTRACT. Motivated by problems in control theory concerning decay rates for the damped
wave equation

wtt(x, t) + γ(x)wt(x, t) + (−∆+ 1)s/2w(x, t) = 0,

we consider an analogue of the classical Paneah-Logvinenko-Sereda theorem for the Fourier
Bessel transform. In particular, if E ⊂ R+ is µα-relatively dense (where dµα(x) ≈ x2α+1 dx)
for α > −1/2, and suppFα(f) ⊂ [R,R+ 1], then we show

∥f∥L2
α(R+) ≲ ∥f∥L2

α(E),

for all f ∈ L2
α(R+), where the constants in ≲ do not depend on R > 0.

Previous results on PLS theorems for the Fourier-Bessel transform by Ghobber and
Jaming (2012) provide bounds that depend on R. In contrast, our techniques yield bounds
that are independent of R, offering a new perspective on such results. This result is ap-
plied to derive decay rates of radial solutions of the damped wave equation.

1. INTRODUCTION

The motivation for this paper centers around the following basic question:

Question 1. Suppose that R > 1 and f ∈ L2(Rn) has its Fourier transform supported in the
width-one annulus AR = {ξ ∈ Rn : |ξ| ∈ [R,R+ 1]}. For which sets E ⊂ Rn does it hold that

∥f∥L2(Rn) ≤ C∥f∥L2(E) (1.1)

where C > 0 is independent of f and R?

Since the width-one annulus contains a strip of length approximately
√
R and width

1/2 in any direction, one can show (see [10]) that a necessary condition for E is that it
satisfies the geometric control condition (GCC): there exists L > 0 and θ > 0 such that
for any line segment ℓ ⊂ Rn of length L, we have m(E ∩ ℓ) ≥ θ · L. Here m is the 1-
dimensional Lebesgue measure on the segment ℓ. The principal question is whether the
GCC is sufficient:

Question 2. Suppose that E satisfies the GCC. Is it true that there exists C > 0 such that for
every R > 1 and f ∈ L2(Rn) with supp(f̂) ⊂ AR we have

∥f∥L2(Rn) ≤ C∥f∥L2(E)?

The motivation for considering this problem comes from a problem in control theory
considered by Burq-Joly [4]. For a non-negative function γ we consider the damped wave
equation: For (x, t) ∈ Rn × [0,∞)], let w satisfy

wtt(x, t) + γ(x)wt(x, t) + ∆w(x, t) = 0. (1.2)
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The damping force is represented by γwt, and the energy of the solution w is given by
E(t) = ∥u∥H1(Rn) + ∥∂tu∥L2(Rn). Standard analysis shows that if γ = 0, then the energy
is conserved, i.e., there is no decay. On the other hand, for constant damping γ = c > 0,
it can be shown that E(t) decays exponentially in t. A classical question is to understand
for which functions γ does E(t) decay exponentially. In [4] it is proved for uniformly con-
tinuous γ, that the energy decays exponentially if there exists ε > 0 such that the level set
{γ > ε} satisfies the GCC. They asked whether one can drop the assumption of uniform
continuity, which would follow from Question 2. This application was the motivation
for Walton Green, Mishko Mitkovski, and the first author to formulate Question 2 in
[10], where it was proved that the answer to Question 2 is affirmative if one replaces E
by its δ-neighborhood for any δ > 0 (with a constant that blows up as δ → 0+, see [10]).
Analogues of the GCC in compact manifolds have long played a role in control theory
for hyperbolic equations, for instance see Bardos, Lebeau, Rauch [1, 23], and various
uncertainity principles have played an essential role in control theory [3, 12, 23].

In this paper we consider the radial case of Question 2 and show that it has a positive
answer in this case, even with a considerably weaker condition than the GCC.

For α > −1/2, the Fourier-Bessel transform is defined by

Fα(f)(y) =

ˆ ∞

0
f(x)jα(2πxy) dµα(x),

where jα is the modified Bessel function given by

jα(x) = Γ(α+1)

∞∑
n=0

(−1)n

n! Γ(n+ α+ 1)

(x
2

)2n
=

Γ(α+ 1)

Γ
(
α+ 1

2

)
Γ
(
1
2

) ˆ 1

−1
(1−x2)α−1/2 cos(sx) dx,

and

dµα(x) =
2πα+1

Γ(α+ 1)
x2α+1 dx.

The Fourier-Bessel transform occurs naturally when one studies the Fourier trans-
forms of radial functions. If f : Rd → R is a radial function, i.e., f(x) = F (|x|), then
a standard calculation shows that f̂(ξ) = Fα(F )(|ξ|) for α = d

2 − 1.
For 1 ⩽ p < ∞, Lp

α(R+) consists of the measurable functions f : R+ → R such that

∥f∥Lp
α
:=
(ˆ ∞

0
|f(x)|p dµα(x)

)1/p
< ∞.

The Fourier-Bessel transform extends to an isometry on L2
α(R+), i.e., ∥Fα(f)∥L2

α
= ∥f∥L2

α
.

With this notation, our main result reads as follows:

Theorem 1.3. Suppose E ⊂ R+ is relatively dense with respect to µα, meaning that

there is γ > 0 such that µα(E ∩ [r, r + 1]) ⩾ γµα([r, r + 1]) for all r ⩾ 0.

There exists C > 0 such that for all sufficiently large R > 0, if suppFα(f) ⊂ [R,R + 1],
then

∥f∥L2
α(R+) ⩽ C∥f∥L2

α(E),

where C depends on α and γ but not on R.
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If E ⊂ Rd satisfies the GCC, then the spherical average of E

g(r) =

ˆ
Sd−1

χE(rω)dω

has a superlevel set that is relatively dense1 with respect to µα, with α = d
2 −1. Therefore,

a corollary of Theorem 1.3 is that Question 2 has a positive solution for radial functions.
Theorem 1.3 is reminiscent of the Paneah-Logvinenko-Sereda uncertainty principle

[11, 16, 14, 18]. Ghobber and Jaming [8] proved an analogue of the Paneah-Logvinenko-
Sereda uncertainty principle for functions whose Fourier-Bessel support is contained in
an interval [0, R] for some R > 0, with the same assumptions on E. Modifying some of
their notation, we state their result below.

Theorem 1.4. Let α ⩾ 0 and let a,R, γ > 0. Let f ∈ L2
α(R+) such that suppFα(f) ⊂ [0, R].

If E is a γ-relatively dense set (with constant γ > 0), then

∥f∥2L2
α(R+) ⩽

3

2

(
300 · 9α

γ

) 160
√
3π

2 ln 2
R+α ln 3

ln 2
+1

∥f∥2L2
α(E).

Observe that the constant in Theorem 1.4 grows exponentially with the parameter R
(and necessarily so). Consequently, a naïve application of Theorem 1.4 to the interval
[0, R+ 1] to treat the case suppFα(f) ⊂ [R,R+ 1] would yield estimates that deteriorate
as R grows. On the other hand, we obtain estimates independent of R. While Theorem
1.4’s proof hinges on the fact that Bessel functions are entire of exponential type, our key
ingredient is that these same Bessel functions are well-approximated by trigonometric
polynomials.

We now describe briefly how Theorem 1.3 applies to understanding energy decay rate
for the fractional damped wave equation (1.5) introduced by Malhi and Stanislavova
[15]. Fix s > 0 and a damping function γ : Rd → [0,∞). For every (x, t) ∈ Rd × [0,∞), let
w satisfy

wtt(x, t) + γ(x)wt(x, t) + (−∆+ 1)s/2w(x, t) = 0. (1.5)
The damping force is represented by γwt and the fractional Laplacian is defined, for
r ∈ R, by

(−∆+ 1)rf(x) :=

ˆ
Rd

(|ξ|2 + 1)r f̂(ξ) e2πixξ dξ.

We study the decay rate of the energy E(t), defined by

E(t) := ∥(w(t), wt(t))∥Hs/2×L2 =

(ˆ
Rd

|(−∆+ 1)s/4w(x, t)|2 + |wt(x, t)|2 dx
)1/2

.

As in [15, 9, 10], we can derive from Theorem 1.3 a resolvant estimate from which semi-
group theory [7, 19, 2] yields the following theorem, which in particular answers Burq
and Joly’s question about the removal of continuity of the damping function positively
in the radial case. Their question remains open in the general case.

1In fact much stronger conditions are a consequence of the GCC: The function g(r) has a superlevel set F
with the property that there is a constant such that µα(F ∩ (x, x+Cmin(1, 1/x)) ≳ µα(x, x+Cmin(1, 1/x))
for all x ≥ 0. This condition means that F is “thick" (it is the complement of a thin set in the sense of [22]).
It was not initially clear to us whether the ‘thickness’ would be required to prove Theorem 1.3 below and it
was somewhat surprising that relative density was sufficient.
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Theorem 1.6. Let d ⩾ 1, s > 0, and α = d
2 − 1, and let γ : [0,∞) → [0,∞) be a bounded

radial damping function. Suppose there exist constants c0, γ1 > 0, and L > 0 such that the set
E = { r ⩾ 0 : γ(r) ⩾ c0} satisfies the density condition

µα(E ∩ [R,R+ L]) ⩾ γ1 µα([R,R+ L]), (1.7)

for every R ⩾ 0. Then, any radial solution u(r, t) of utt + (−∆+ 1)s/2 u + γ(r)ut = 0 in Rd,
with initial data (u(·, 0), ut(·, 0)) ∈ Hs

rad(Rd)×H
s/2
rad (R

d) and finite energy E(0), satisfies

E(t) ⩽

C (1 + t)−
s

4−2s
∥∥u(0), ut(0)∥∥Hs×Hs/2 , 0 < s < 2,

C e−ω t E(0), s ⩾ 2,

for all t ⩾ 0, where C,ω > 0 depend only on d, s, c0, γ1.

Finally, comparing Theorem 1.3 and Theorem 1.4, it is natural to ask whether one can
also prove a version of Theorem 1.3 for functions with Fourier-Bessel transform sup-
ported in a finite union of disjoint unit intervals. Our next result shows that this is the
case under the additional assumption α − 1

2 ∈ N. We suspect that Theorem 1.8 below
holds for all α > −1

2 .

Theorem 1.8. Suppose α − 1
2 ∈ N, and E ⊂ R+ is relatively dense with respect to µα,

meaning that

there is γ > 0 such that µα(E ∩ [r, r + 1]) ⩾ γµα([r, r + 1]) for all r ⩾ 0.

Then, if suppFα(f) ⊂
⋃N

k=1 Ik, where the Ik’s are disjoint intervals of size 1, then

∥f∥L2
α(R+) ≲ ∥f∥L2

α(E),

where the constants in ≲ depend on α, γ,N , but not on the positions of the intervals.

To prove Theorem 1.3, we first employ the asymptotic expansion of the Bessel function,
which allows us to apply Kovrizhkin’s multi-interval version of the Paneah–Logvinenko–Sereda
theorem [13]. By contrast, the proof of Theorem 1.8 does not invoke Kovrizhkin’s the-
orem directly, though it is closely modelled on his argument. This adaptation is non-
trivial: when the interval is in the low-frequency regime, we rely on a Bernstein inequal-
ity due to Ghobber and Jaming [8], whereas in the high-frequency case we treat the kernel
of the Bessel transform (after suitable manipulations) as a weight.

2. PROOF OF THEOREM 1.3

Note that µα-relative density and Lebesgue relative density are equivalent conditions
on the set E. The former asks for µα(E ∩ [r, r + 1]) ≳ µα([r, r + 1]) for all r ⩾ 0, while
the latter asks for |E ∩ [r, r + 1] ≳ 1 for all r ⩾ 0. We record the proof in the following
proposition.

Proposition 2.1. Let α > −1/2. A set E ⊂ R+ is µα-relatively dense if and only if it is Lebesgue
relatively dense.

Proof. Suppose γ > 0 is such that |E ∩ [r, r+1]| ⩾ γ for all r ⩾ 0. We will find γ̃ > 0 such
that µα(E ∩ [r, r + 1]) ⩾ γ̃µα([r, r + 1]). Using r2α+1 ⩽ x2α+1 ⩽ (r + 1)2α+1, we have the
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inequalities

c1r
2α+1|E ∩ [r, r + 1]| ⩽ µα(E ∩ [r, r + 1]) ⩽ c1(r + 1)2α+1 |E ∩ [r, r + 1]|,

and
c1r

2α+1 ⩽ µα([r, r + 1]) ⩽ c1(r + 1)2α+1,

where c1 :=
2πα+1

Γ(α+1) . Combining the two, we get

µα(E ∩ [r, r + 1])

µα([r, r + 1])
⩾ γ

(
r

r + 1

)2α+1

⩾ γ

( γ
2

γ
2 + 1

)2α+1

> 0,

when r ⩾ γ
2 . If r ⩽ γ

2 , we split I := [r, r + 1] as I = J ∪ J ′, where J = [r + γ
2 , r + 1] and

J ′ = [r, r + γ
2 ]. We have

µα(E ∩ I) ⩾ µα(E ∩ J) = c1

ˆ
E∩J

x2α+1 dx ⩾ c1

(γ
2

)2α+1
|E ∩ J | ⩾ c1

(γ
2

)2α+2
,

as
|E ∩ J | = |E ∩ I| − |E ∩ J ′| ⩾ γ − γ

2
=

γ

2
.

On the other hand,

µα(I) = c1

ˆ
I
x2α+1 dx ⩽ c1(r + 1)2α+1 ⩽ c1

(γ
2
+ 1
)2α+1

,

giving
µα(E ∩ [r, r + 1])

µα([r, r + 1])
⩾

γ

2

( γ
2

γ
2 + 1

)2α+1

,

for all r ⩽ γ
2 . We obtain µα(E ∩ [r, r + 1]) ⩾ γ̃µα([r, r + 1]) with γ̃ := γ

2

( γ
2

γ
2
+1

)2α+1
. The

reverse implication is entirely analogous. □

We will use the following multi-interval Logvinenko-Sereda theorem for the Fourier
transform, due to Kovrizhkin.

Theorem 2.2 ([13]). Let E ⊂ R satisfy

|E ∩ [r, r + 1]| ⩾ γ,

for some constant γ > 0. Let {Jk}Nk=1 be intervals with |Jk| = b. If 1 ⩽ p ⩽ ∞ and f ∈ Lp(R)
with supp f̂ ⊂

⋃N
k=1 Jk, then

∥f∥Lp(R) ⩽
( γ
C

)−ab
(

C
γ

)N
−N+ p−1

p ∥f∥Lp(E).

Proof of Theorem 1.3. Without loss of generality, consider f ∈ L1
α(R+) ∩ L2

α(R+), and as-
sume suppFα(f) ⊂ [R,R+ 1] for some R > 0. Fourier-Bessel inversion gives

f(t) = cα

ˆ R+1

R
Fα(f)(y)jα(2πty) y

2α+1 dy,

where cα = 2πα+1

Γ(α+1) . As t → ∞, we have the following asymptotic,

jα(t) = Aα t
−α−1/2 cos(t− δ) +O(t−α−3/2),

where Aα = 2α+1/2Γ(α+1)√
π

and δ = (2α+ 1)π4 .
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Through a change of variables y = R+ s, we get

f(t) = cα

ˆ 1

0
Fα(f)(R+ s)jα(2π(R+ s)t) (R+ s)2α+1 ds.

So,

∥f∥2L2
α
= c3α

ˆ ∞

0

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)jα(2π(R+ s)t) (R+ s)2α+1 ds

∣∣∣∣2 t2α+1 dt.

We can cut out [0, ε] for small enough ε ∈ (0, 1). Indeed, consider

Iε :=

ˆ ε

0

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)jα(2π(R+ s)t) (R+ s)2α+1 ds

∣∣∣∣2 t2α+1 dt.

We will use the estimate
|jα(t)| ≲α (1 + t)−α−1/2 (2.3)

from [8]. Since α > −1/2, this implies |jα(t)| ≲α t−α−1/2 which is all we need. We have

Iε ⩽
ˆ ε

0

(ˆ 1

0
|Fα(f)(R+ s)||jα(2π(R+ s)t)| (R+ s)2α+1 ds

)2

t2α+1 dt

≲
ˆ ε

0

(ˆ 1

0
|Fα(f)(R+ s)|(R+ s)α+1/2 ds

)2

dt

≲
ˆ ε

0

ˆ 1

0
|Fα(f)(R+ s)|2(R+ s)2α+1 ds dt

≲ ε ∥Fα(f)∥2L2
α
≲ ε ∥f∥2L2

α
,

using the Cauchy-Schwarz inequality.
Now, consider

J1,ε :=

ˆ ∞

ε

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)((R+ s)t)−α−1/2 cos(2π(R+ s)t− δ) (R+ s)2α+1 ds

∣∣∣∣2 t2α+1 dt,

and

J2,ε :=

ˆ ∞

ε

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)((R+ s)t)−α−3/2 (R+ s)2α+1 ds

∣∣∣∣2 t2α+1 dt.

The error term J2,ε is easily controlled as follows:

J2,ε =

ˆ ∞

ε

dt

t2

ˆ 1

0
|Fα(f)(R+ s)|2(R+ s)−2(R+ s)2α+1 ds

⩽
1

εR2

ˆ 1

0
|Fα(f)(R+ s)|2(R+ s)2α+1 ds ≲

∥f∥2L2
α

εR2
.

Now, we focus on J1,ε. The powers of t cancel to give

J1,ε =

ˆ ∞

ε

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)(R+ s)α+1/2 cos(2π(R+ s)t− δ) ds

∣∣∣∣2 dt.
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For convenience, let h(s) := Fα(f)(R+ s)(R+ s)α+1/2 so that
´∞
0 |h(s)|2 ds ≈ ∥f∥2L2

α
and

supph ⊂ [0, 1]. Also, define

g(t) :=

ˆ 1

0
h(s) cos(2π(R+ s)t− δ) ds.

Then, J1,ε =
´∞
ε |g(t)|2 dt. Writing cos(2πRt − δ + 2πst) = cos(2πRt − δ) cos(2πst) −

sin(2πRt− δ) sin(2πst), we get

g(t) = cos(2πRt− δ)

ˆ 1

0
h(s) cos(2πst) ds− sin(2πRt− δ)

ˆ 1

0
h(s) sin(2πst) ds

=
ei(2πRt−δ)

2

(ˆ 1

0
h(s) cos(2πst) ds+ i

ˆ 1

0
h(s) sin(2πst) ds

)
+

e−i(2πRt−δ)

2

(ˆ 1

0
h(s) cos(2πst) ds− i

ˆ 1

0
h(s) sin(2πst) ds

)
=

ei(2πRt−δ)

2

ˆ 1

0
h(s) e2πist ds+

e−i(2πRt−δ)

2

ˆ 1

0
h(s) e−2πist ds.

Define H(t) :=
´ 1
0 h(s) e2πist ds, so that

g(t) =
ei(2πRt−δ)

2
H(t) +

e−i(2πRt−δ)

2
H(t).

Note that H(t) = ĥ (−t) and Ĥ(ξ) = h(ξ), implying supp Ĥ ⊂ [0, 1]. As Ĥ(ξ) = Ĥ(−ξ),

we also have supp Ĥ ⊂ [−1, 0]. Using Theorem 2.2 [13] with b = 1, we get

∥g∥L2 ≲ ∥g∥L2(E),

for R ⩾ 2. Thus, J1,ε ⩽ ∥g∥2L2 ≲ ∥g∥2L2(E). Finally, we would like to show ∥g∥2L2(E) ≲

∥f∥2L2
α(E).

Define j̃α(t) := Aαt
−α−1/2 cos(t− δ). Note that

∥f∥2L2
α(E) ≈

ˆ
E
|f(t)|2 t2α+1 dt

≈
ˆ
E

∣∣∣∣ˆ 1

0
Fα(f)(R+ s) jα(2π(R+ s)t) (R+ s)2α+1ds

∣∣∣∣2 t2α+1 dt,

and

∥g∥2L2(E) =

ˆ
E

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)(R+ s)α+1/2 cos(2π(R+ s)t− δ) ds

∣∣∣∣2 dt

=

ˆ
E

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)((R+ s)t)−α−1/2 cos(2π(R+ s)t− δ) (R+ s)2α+1ds

∣∣∣∣2 t2α+1dt

≈
ˆ
E

∣∣∣∣ˆ 1

0
Fα(f)(R+ s) j̃α(2π(R+ s)t) (R+ s)2α+1ds

∣∣∣∣2 t2α+1dt.
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Once again, we can cut out [0, ε], since

∥g∥2L2(E∩[0,ε]) =

ˆ
E∩[0,ε]

∣∣∣∣ˆ 1

0
Fα(f)(R+ s)(R+ s)α+1/2 cos(2π(R+ s)t− δ) ds

∣∣∣∣2 dt

⩽
ˆ
E∩[0,ε]

(ˆ 1

0
|Fα(f)(R+ s)|(R+ s)α+1/2 ds

)2

dt

⩽ |E ∩ [0, ε]|
ˆ 1

0
|Fα(f)(R+ s)|2(R+ s)2α+1 ds ≲ ε ∥f∥2L2

α
.

For the other part, we have

∥g∥L2(E∩(ε,∞)) ≈

(ˆ
E∩(ε,∞)

∣∣∣∣ˆ 1

0
Fα(f)(R+ s) j̃α(2π(R+ s)t) (R+ s)2α+1ds

∣∣∣∣2 t2α+1dt

)1/2

≲ ♣1/2
1 +♣1/2

2

where

♣1 :=

ˆ
E∩(ε,∞)

∣∣∣∣ˆ 1

0
Fα(f)(R+ s) (j̃α(2π(R+ s)t)− jα(2π(R+ s)t)) (R+ s)2α+1ds

∣∣∣∣2 t2α+1 dt,

and

♣2 :=

ˆ
E∩(ε,∞)

∣∣∣∣ˆ 1

0
Fα(f)(R+ s) jα(2π(R+ s)t) (R+ s)2α+1ds

∣∣∣∣2 t2α+1 dt.

We estimate ♣2 trivially, using ♣2 ≈ ∥f∥2L2
α(E∩(ε,∞)) ⩽ ∥f∥2L2

α(E), and ♣1 as follows.

♣1 ≲
ˆ
E∩(ε,∞)

(ˆ 1

0
|Fα(f)(R+ s)| ((R+ s)t)−α−3/2 (R+ s)2α+1ds

)2

t2α+1 dt

≲
ˆ
E∩(ε,∞)

(ˆ 1

0
|Fα(f)(R+ s)| (R+ s)α+1/2(R+ s)−1 ds

)2

t−2 dt

≲
ˆ
E∩(ε,∞)

dt

t2

(ˆ 1

0
|Fα(f)(R+ s)|2(R+ s)2α+1 ds

)(ˆ 1

0

ds

(R+ s)2

)2

≲
∥f∥2L2

α

R2

ˆ
E∩(ε,∞)

dt

t2
⩽

∥f∥2L2
α

εR2
.

Combining these estimates, we get

∥g∥2L2(E) ≲ ε ∥f∥2L2
α
+

(∥f∥L2
α√

εR
+ ∥f∥L2

α(E)

)2

⩽ ∥f∥2L2
α

(
ε+

1

εR2

)
+ ∥f∥2L2

α(E).

As ∥f∥2L2
α
≲ Iε + J1,ε + J2,ε, we have

∥f∥2L2
α
≲ ∥f∥2L2

α

(
ε+

1

εR2

)
+ ∥f∥2L2

α(E).

Now select ε = 1
R , then

∥f∥2L2
α
≲

1

R
∥f∥2L2

α
+ ∥f∥2L2

α(E),



A HIGH-FREQUENCY UNCERTAINTY PRINCIPLE FOR THE FOURIER-BESSEL TRANSFORM 9

for all R ⩾ 1. Then, for large R, we get ∥f∥2L2
α
≲ ∥f∥2L2

α(E) with constants independent
of R, as desired. More precisely, suppose C > 0 is such that ∥f∥2L2

α
⩽ C(∥f∥2L2

α
R−1 +

∥f∥2L2
α(E)). Then, for all R ⩾ 2C,

∥f∥2L2
α
⩽ 2C∥f∥2L2

α(E) ≲ ∥f∥2L2
α(E).

The theorem is proved. □

3. PROOF OF THEOREM 1.8

The proof is inspired by related work of Kovrizhkin [13], and a part of the proof of
Theorem 1.8 relies on Nazarov’s Turan inequality as stated in Lemma 3 of [13]. We record
it below for convenience.

Lemma 3.1. If r(x) =
∑N

k=1 pk(x)e
2πiλkx, where pk(x) is a polynomial of degree ⩽ M − 1 and

E ⊂ I is measurable with |E| > 0, then

∥r∥Lp(I) ⩽

(
C|I|
|E|

)NM− p−1
p

∥r∥Lp(E). (3.2)

We also use the following Bernstein inequality of Ghobber and Jaming [8] to tackle the
low-frequency block:

Lemma 3.3. Let E ⊂ R+ be a µα-relatively dense set, i.e., for some γ > 0,

µα(E ∩ [r, r + 1]) ⩾ γµα([r, r + 1]),

for all r ⩾ 0. Let f ∈ L2
α(R+) such that suppFα(f) ⊂ [0, R], and g(x) := f(

√
x). Then,ˆ ∞

0
|g(k)(s)|2 sα+k ds ⩽ (πR)2k

ˆ ∞

0
|g(s)|2 sα ds. (3.4)

Proof of Theorem 1.8. Assume Ik := [λk, λk+1]. Without loss of generality, we may assume
λ1 ∈ [0, 1) (otherwise, the proof that follows can be significantly simplified). We use
Fourier-Bessel inversion to get

f(t) = cα

ˆ ∞

0
Fα(f)(y)jα(2πty) y

2α+1 dy = cα

N∑
k=1

ˆ
Ik

Fα(f)(y)jα(2πty) y
2α+1 dy,

and

∥f∥2L2
α
= c3α

ˆ ∞

0

∣∣∣∣ˆ ∞

0
Fα(f)(y)jα(2πty) y

2α+1 dy

∣∣∣∣2 t2α+1 dt.

First, we rewrite the Bessel kernel using Cauchy’s integral theorem. Using the Poisson
representation,

jα(s) =
Γ(α+ 1)

Γ
(
α+ 1

2

)
Γ
(
1
2

) ˆ 1

−1
eisx (1− x2)α−1/2 dx.

A classical contour integration argument [Appendix A, 21] yields

jα(s) =
Γ(α+ 1)

Γ
(
α+ 1

2

)
Γ
(
1
2

)(−I+(s)− I−(s)),

where
I+(s) = ieis

ˆ ∞

0
e−sy(1− (1 + iy)2)α−1/2 dy,
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and

I−(s) = −ie−is

ˆ ∞

0
e−sy(1− (−1 + iy)2)α−1/2 dy.

Note that (1−(1+iy)2)m = (y2−2iy)m =
∑2m

j=m ajy
j , and (1−(−1+iy)2)m = (y2+2iy)m =∑2m

j=m bjy
j for appropriate constants aj , bj ∈ C. This gives,

I+(s) = ieis
ˆ ∞

0
e−sy

2m∑
j=m

ajy
j dy = ieis

2m∑
j=m

j! ajs
−j−1,

and similarly,

I−(s) = −ie−is
2m∑
j=m

j! bjs
−j−1.

Therefore,

jα(s) =
∑
±

2m∑
j=m

e±isc±,j s
−j−1,

for appropriate constants c±,j ∈ C. Substituting s = 2πty, we have

jα(2πty) =
∑
±

2m∑
j=m

e±2πityc±,j (2πt)
−j−1y−j−1,

giving

f(t) = ‘cα

N∑
k=1

ˆ
Ik

Fα(f)(y)jα(2πty) y
2α+1 dy

= cα
∑
±

N∑
k=1

2m∑
j=m

c±,j (2πt)
−j−1

ˆ
Ik

Fαf(y) e
±2πity y2α−j dy

= cα
∑
±

N∑
k=1

2m∑
j=m

c±,j (2πt)
−j−1

ˆ 1

0
Fαf(λk + s) e±2πit(λk+s) (λk + s)2α−j ds.

For convenience, define Hj,k(s) := Fα(f)(λk+s)(λk+s)2α−j , g±,j,k(t) :=
´ 1
0 Hj,k(s) e

±2πits ds,
and G±,j,k(t) := g±,j,k(t)e

±2πiλkt. Then,

f(t) = cα
∑
±

N∑
k=1

2m∑
j=m

c±,j (2πt)
−j−1

ˆ 1

0
Hj,k(s) e

±2πit(λk+s) ds

= cα
∑
±

N∑
k=1

2m∑
j=m

c±,j (2πt)
−j−1 g±,j,k(t) e

±2πiλkt

= cα
∑
±

N∑
k=1

2m∑
j=m

c±,j (2πt)
−j−1G±,j,k(t) = cα

N∑
k=1

Fk(t),
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where Fk(t) :=
∑

±
∑2m

j=m c±,j (2πt)
−j−1G±,j,k(t). Taking the Fourier transform of g±,j,k,

we see that

ĝ+,j,k(ξ) =

{
Hj,k(ξ) 0 ⩽ ξ ⩽ 1

0 otherwise,

and

ĝ−,j,k(ξ) =

{
Hj,k(−ξ) −1 ⩽ ξ ⩽ 0

0 otherwise.

So, supp ĝ+,j,k ⊂ [0, 1] and supp ĝ−,j,k ⊂ [−1, 0]. Since G±,j,k(t) = g±,j,k(t)e
±2πiλkt, we

have Ĝ±,j,k(ξ) = ĝ±,j,k(ξ∓λk), giving supp Ĝ+,j,k ⊂ [λk, λk+1] and supp Ĝ−,j,k ⊂ [−(λk+
1),−λk].

As in the proof of Theorem 1.3, we first cut out [0, ε). We have

∥f∥2L2
α([0,ε)])

= cα

ˆ ε

0
|f(t)|2 t2α+1 dt

⩽ c3α

ˆ ε

0

(ˆ ∞

0
|Fα(f)(y)||jα(2πty)| y2α+1 dy

)2

t2α+1 dt

≲
ˆ ε

0

(ˆ ∞

0
|Fα(f)(y)| yα+1/2 dy

)2

dt

≲ εN ∥Fαf∥2L2
α
≲ ε ∥f∥2L2

α
,

where (2.3) is used in the third line.
Next, for [ε,∞), we mimic the Taylor approximation idea from [13]. Write [ε,∞) =⋃∞
n=0[ε + n, ε + n + 1] =:

⋃∞
n=0 Jn, and set J̃n := [(ε + n)2, (ε + n + 1)2]. The form of

the approximation differs depending on whether k = 1 or k ⩾ 2, due to the form of the
Bernstein inequality that we subsequently use.

For k = 1, define Φ(u) := F1(
√
u) and let r1,n be the M − 1-degree Taylor polynomial

of Φ, centered at u = (ε+ n)2. Let p1,n(t) := r1,n(t
2) for t ∈ Jn.

When k ⩾ 2, let wj(t) := (2πt)−j−1, and h±,j,k(t) := wj(t)g±,j,k(t). Let pj,k,n(t) be the
M − 1-degree Taylor polynomial of g±,j,k(t), centered at t = ε+ n, i.e., the left-endpoint
of Jn.

Define

rn(t) := p1,n(t) +
∑
±

N∑
k=2

2m∑
j=m

c±,j wj(t) pj,k,n(t) e
±2πiλkt,

and

Tn(t) := F1(t)− p1,n(t)︸ ︷︷ ︸
T

(1)
n (t)

+T (2)
n (t),

where

T (2)
n (t) :=

∑
±

N∑
k=2

2m∑
j=m

c±,j wj(t) (g±,j,k(t)− pj,k,n(t)) e
±2πiλkt.
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We can control rn on Jn using Nazarov’s Turan inequality, i.e., Lemma 3.1. First, define
r̃n(t) := (2πt)2m+1 rn(t), so

r̃n(t) = (2πt)2m+1 p1,n(t) +
∑
±

N∑
k=2

2m∑
j=m

c±,j (2πt)
2m−j pj,k,n(t) e

±2πiλkt,

is a suitable candidate for Lemma 3.1. We get

∥r̃n∥L2(Jn) ⩽

(
C|Jn|

|E ∩ Jn|

)(2N−1)(2M+2m−1)− 1
2

∥r̃n∥L2(E∩Jn), (3.5)

as there are 2(N − 1) + 1 = 2N − 1 polynomials, and the degree of each polynomial is
bounded by max{M+m−1, 2M−2+2m+1} = 2M+2m−1. Since the weight (2πt)2m+1

is almost constant on Jn, (3.5) can be converted to an estimate for rn. In particular,

∥rn∥L2(Jn) ⩽ 22m+1

(
C|Jn|

|E ∩ Jn|

)(2N−1)(2M+2m−1)− 1
2

∥rn∥L2(E∩Jn), (3.6)

for all n ⩾ 1, as(
max
Jn

(2πt)−2m−1
)(

max
Jn

(2πt)2m+1
)
=

(
1 +

1

ε+ n

)2m+1

⩽ 22m+1,

for all n ⩾ 1. If n = 0, we have

∥r0∥L2(J0) ⩽

(
1 +

1

ε

)2m+1 ( C|J0|
|E ∩ J0|

)(2N−1)(2M+2m−1)− 1
2

∥r0∥L2(E∩J0). (3.7)

By Proposition 2.1, there exists γ̃ such that |E ∩ Jn| ⩾ γ̃ |Jn| for each n ⩾ 0. Using this
relative density condition, and summing up, we obtain

∞∑
n=0

∥rn∥2L2(Jn)
⩽ (1 + ε−1)4m+2

(
C γ̃−1

)(4N−2)(2M+2m−1)−1
∞∑
n=0

∥rn∥2L2(E∩Jn),

(ε < 1 ensures max{24m+2, (1 + ε−1)4m+2} = (1 + ε−1)4m+2). Similarly, we can lift this
estimate to L2

α spaces, with a cost of a (1 + ε−1)2m+2 factor, i.e.,
∞∑
n=0

∥rn∥2L2
α(Jn)

⩽ (1 + ε−1)6m+4
(
C γ̃−1

)(4N−2)(2M+2m−1)−1
∞∑
n=0

∥rn∥2L2
α(E∩Jn)

Now, we study the remainder terms. We analyze the low-frequency block first, i.e., F1.
Observe that

∥T (1)
n ∥2L2

α(Jn)
≈ ∥Φ− r1,n∥2L2(J̃n;uαdu)

since the substitution u = t2 leads to 2t2α+1 dt = uα du, and so

∥T (1)
n ∥2L2

α(Jn)
≈
ˆ
Jn

|F1(t)− p1,n(t)|2 t2α+1 dt ≈
ˆ
J̃n

|Φ(u)− r1,n(u)|2 uα du.

Using Taylor’s remainder theorem,

Φ(u)− r1,n(u) =
1

(M − 1)!

ˆ u

(ε+n)2
(u− s)M−1Φ(M)(s) ds,

for every u ∈ J̃n.
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In preparation for Schur’s test, we define an operator Sn : L2(J̃n; s
α+Mds) → L2(J̃n;u

α du)
between weighted spaces by

(Snh)(u) =
1

(M − 1)!

ˆ
J̃n

(u− s)M−1
+ h(s) ds,

where x+ := max{x, 0}. We introduce two canonical isometries U ,V to define another
operator S̃n := V−1Sn U−1 between unweighted L2 spaces, which is our candidate for
Schur’s test. Let U : L2(J̃n; s

α+Mds) → L2(J̃n; ds) be given by

(Uh)(s) := s
α+M

2 h(s),

and V : L2(J̃n; du) → L2(J̃n;u
αdu) be given by

(Vh)(u) := u−α/2 h(u).

Then,

(S̃nh)(u) =

ˆ
J̃n

Kn(u, s)h(s) ds,

where
Kn(u, s) :=

1

(M − 1)!
(u− s)M−1

+ uα/2 s−
(α+M)

2 .

Therefore,

∥Φ− r1,n∥2L2(J̃n;uαdu)
= ∥S̃n(s

α+M
2 Φ(M)(s))∥2

L2(J̃n; du)
⩽ ∥S̃n∥2∥Φ(M)∥2

L2(J̃n; sα+Mds)
.

We obtain bounds for ∥S̃n∥ using Schur’s test on the kernel Kn(u, s). Fix u ∈ J̃n and let
bn := ε+ n. Since |J̃n| = 2bn + 1, we get

sup
u∈J̃n

ˆ
J̃n

Kn(u, s) ds ⩽
1

M !

(
1 +

1

bn

)α (
2 +

1

bn

)M

.

and

sup
s∈J̃n

ˆ
J̃n

Kn(u, s) ds ⩽
1

M !

(
1 +

1

bn

)α (
2 +

1

bn

)M

.

By Schur’s test,

∥S̃n∥L2→L2 ⩽
1

M !

(
1 +

1

bn

)α (
2 +

1

bn

)M

⩽
2α3M

M !
,

for all n ⩾ 1, and

∥S̃0∥L2→L2 ⩽
(1 + ε−1)α(2 + ε−1)M

M !
,

if n = 0.
Next, using Lemma 3.3, we have

∥Φ(M)∥2L2(R+; sα+Mds) ≲ (2π)2M
ˆ ∞

0
|Φ(s)|2 sα ds ≲ 26M ∥F1∥2L2

α
, (3.8)

since suppFα(F1) ⊂ [λ1, λ1 + 1] ⊂ [0, 2]. Substituting these estimates into

∥T (1)
n ∥2L2

α(Jn)
≲ ∥S̃n∥2∥Φ(M)∥2

L2(J̃n; sα+Mds)
,
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summing up, and using ε < 1, we obtain
∞∑
n=0

∥T (1)
n ∥2L2

α(Jn)
≲

(1 + ε−1)2α(2 + ε−1)2M

(M !)2

∞∑
n=0

∥Φ(M)∥2
L2(J̃n; sα+Mds)

.

This leads to the following remainder estimate for the low-frequency block:
∞∑
n=0

∥T (1)
n ∥2L2

α(Jn)
≲

26M (1 + ε−1)2α(2 + ε−1)2M

(M !)2
∥F1∥2L2

α
.

Next, we control the remainder term for k ⩾ 2, i.e., we treat the high frequency block
T
(2)
n (t). Note that

|T (2)
n (t)| ≲

∑
±

N∑
k=2

2m∑
j=m

|wj(t)| |g±,j,k(t)− pj,k,n(t)| ,

which gives

∥T (2)
n ∥2L2

α(Jn)
≲
∑
±

N∑
k=2

2m∑
j=m

∥wj (g±,j,k − pj,k,n) ∥2L2
α(Jn)

.

By Taylor’s remainder theorem,

g±,j,k(t)− pj,k,n(t) =
1

(M − 1)!

ˆ t

ε+n
g
(M)
±,j,k(s)(t− s)M−1 ds.

Define (Sj,nh)(t) :=
´
Jn

Kj,n(t, s)h(s) ds, where

Kj,n(t, s) =
1

(M − 1)!
(t− s)M−1

+ wj(t) t
α+ 1

2 .

Clearly, we want bounds for ∥Sj,n∥, as

∥wj (g±,j,k − pj,k,n) ∥L2
α(Jn)

≈ ∥Sj,n(g
(M)
±,j,k)∥L2(Jn; dt) ⩽ ∥Sj,n∥∥g(M)

±,j,k∥L2(Jn; ds).

We have

sup
t∈Jn

ˆ
Jn

Kj,n(t, s) ds ⩽
(2π)−j−1

M !
sup
t∈Jn

tm−j ,

and

sup
s∈Jn

ˆ
Jn

Kj,n(t, s) dt ⩽
(2π)−j−1

M !
sup
t∈Jn

tm−j ,

giving

∥Sj,n∥L2→L2 ⩽
(2π)−j−1

M !
sup
t∈Jn

tm−j ,

and therefore

∥Sj,n∥L2→L2 ⩽

{
(2π)−j−1

M ! if n ⩾ 1,
(2π)−j−1 εm−j

M ! if n = 0.

As earlier, summing up, and using ε < 1 with (2π)−2j−2 ⩽ 1,
∞∑
n=0

∥wj (g±,j,k − pj,k,n) ∥2L2
α(Jn)

≲
ε−2m

(M !)2
∥g(M)

±,j,k∥
2
L2(R).
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As ε < 1 and j ⩽ 2m, we have ε2m−2j ⩽ ε−2m. Finally, as supp g±,j,k ⊂ [−1, 1],

∥g(M)
±,j,k∥

2
L2(R) = ∥ĝ(M)

±,j,k∥
2
L2(R) ⩽ (2π)2M∥ĝ±,j,k∥2L2(R) = (2π)2M∥g±,j,k∥2L2(R).

Summing over the (±, j, k) indices, we obtain the following remainder estimate for the
high-frequency block:

∞∑
n=0

∥T (2)
n ∥2L2

α(Jn)
≲

(2π)2M ε−2m

(M !)2

∑
±

N∑
k=2

2m∑
j=m

∥g±,j,k∥2L2(R).

As λk ⩾ 1 for k ⩾ 2, we have

∥ĝ±,j,k∥2L2(R) =

ˆ 1

0
|Hj,k(ξ)|2 dξ =

ˆ 1

0
|Fα(f)(λk + s)|2 (λk + s)4m+2−2j ds

⩽
ˆ λk+1

λk

|Fα(f)(s)|2 s2m+2 ds =

ˆ λk+1

λk

|Fα(f)(s)|2 s2α+1 ds,

and therefore high-frequency estimate can be simplified to
∞∑
n=0

∥T (2)
n ∥2L2

α(Jn)
≲

(2π)2M ε−2m

(M !)2

N∑
k=2

∥Fk∥2L2
α
.

Finally, we combine all estimates to show ∥f∥L2
α(R+) ≲ ∥f∥L2

α(E). For convenience,
define the following quantities:

CNT := (1 + ε−1)6m+4
(
C γ̃−1

)(4N−2)(2M+2m−1)−1
,

Clow :=
26M (1 + ε−1)2α(2 + ε−1)2M

(M !)2
,

Chigh :=
(2π)2M ε−2m

(M !)2
.

Observe that CNT (Clow + Chigh) → 0 as M → ∞. Finally,

∥f∥2L2
α(R+) ≲ ε ∥f∥2L2

α(R+) + ∥f∥2L2
α([ε,∞])

≲ ε ∥f∥2L2
α(R+) +

∞∑
n=0

∥rn∥2L2
α(Jn)

+
∞∑
n=0

∥T (1)
n ∥2L2

α(Jn)
+

∞∑
n=0

∥T (2)
n ∥2L2

α(Jn)

≲ ε ∥f∥2L2
α(R+) + CNT

∞∑
n=0

∥rn∥2L2
α(E∩Jn) + (Clow + Chigh)∥f∥2L2

α(R+)

≲ ε ∥f∥2L2
α(R+) + CNT ∥f∥2L2

α(E) + (CNT + 1)(Clow + Chigh)∥f∥2L2
α(R+).

Let β := β(α,N, γ) > 0 be such that

∥f∥2L2
α(R+) ⩽ εβ ∥f∥2L2

α(R+) + βCNT ∥f∥2L2
α(E) + β(CNT + 1)(Clow + Chigh)∥f∥2L2

α(R+).

Now, choose ε small enough so that εβ < 1
4 . Once ε is fixed, we choose M large enough

to ensure β(CNT + 1)(Clow + Chigh) <
1
4 . In conclusion, we have

∥f∥L2
α(R+) ≲α,N,γ ∥f∥L2

α(E).

□
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4. AN EXTENSION OF THEOREM 1.6

Theorem 1.6 can be extended to functions that can be written as a product of a radial
function and a spherical harmonic. The following calculation obtains the estimate (1.1),
using the estimate for radial functions (Theorem 1.3).

Suppose f(x) = F (|x|)Yk
(

x
|x|

)
. By the Bochner identity,

f̂(y) = F̂ Yk(y) ≈ Yk

(
y

|y|

)
|y|k
ˆ ∞

0
F (r) jn/2+k−1(2πr|y|) rn+k−1 dr. (4.1)

The right-side can be expressed as the Fourier-Bessel transform of g(r) = r−k F (r), of
order α = n/2 + k − 1. If α = n/2 + k − 1, then 2α+ 1 = n+ 2k − 1. Thus,

f̂(y) ≈ Yk

(
y

|y|

)
|y|k
ˆ ∞

0
g(r) jα(2πr|y|) r2α+1 dr = Yk

(
y

|y|

)
|y|k Fα(g)(|y|). (4.2)

Now, suppose supp f̂ ⊂ {ξ ∈ Rn : R ⩽ |ξ| ⩽ R+1}, and E satisfies µα-relative density
in each radial direction. In other words, if Eω is the slice of E along ω ∈ Sn−1, then,
omitting pushforwards, we ask µα(Eω ∩ [Rω, (R + 1)ω]) ≳ µα([Rω, (R + 1)ω]) for all
R ⩾ 0. By Equation (4.2), we have suppFα(g) ⊂ [R,R+ 1]. By Theorem 1.3, we get

∥g∥L2
α(R+) ≲ ∥g∥L2

α(Eω), (4.3)

for every ω ∈ Sn−1, where α = n/2 + k − 1. Finally,

∥f∥2L2(Rn) =

ˆ ∞

0

ˆ
Sn−1

|F (r)|2 |Yk(ω)|2 rn−1 dσ(ω) dr

=

ˆ ∞

0

ˆ
Sn−1

|g(r)|2 |Yk(ω)|2 rn+2k−1 dσ(ω) dr

= ∥Yk∥2L2(Sn−1) ∥g∥
2
L2
α(R+),

and similarly,

∥f∥2L2(E) =

ˆ ∞

0

ˆ
Sn−1

1E(rω) |g(r)|2 |Yk(ω)|2 rn+2k−1 dσ(ω) dr

=

ˆ
Sn−1

|Yk(ω)|2
ˆ
Eω

|g(r)|2 rn+2k−1 dr dσ(ω)

=

ˆ
Sn−1

|Yk(ω)|2 ∥g∥2L2
α(Eω)

dσ(ω).

Starting with Equation (4.3), multiplying both sides by |Yk(ω)|2 and integrating over
(Sn−1, dσ), we get ∥f∥L2(Rn) ≲ ∥f∥L2(E) as desired.
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