A HIGH-FREQUENCY UNCERTAINTY PRINCIPLE FOR
THE FOURIER-BESSEL TRANSFORM

BENJAMIN JAYE AND RAHUL SETHI

ABSTRACT. Motivated by problems in control theory concerning decay rates for the damped
wave equation
wit (2, 1) + y(@)wi (2, 1) + (—A + 1) *w(z,t) =0,
we consider an analogue of the classical Paneah-Logvinenko-Sereda theorem for the Fourier
Bessel transform. In particular, if £ C R* is uo-relatively dense (where dpiq (7) ~ 2°**! dx)
for o > —1/2, and supp Fu(f) C [R, R + 1], then we show
HfHLg(Rﬂ S HfHLg(E)y

for all f € L2(R™), where the constants in < do not depend on R > 0.

Previous results on PLS theorems for the Fourier-Bessel transform by Ghobber and
Jaming (2012) provide bounds that depend on R. In contrast, our techniques yield bounds
that are independent of R, offering a new perspective on such results. This result is ap-
plied to derive decay rates of radial solutions of the damped wave equation.

1. INTRODUCTION

The motivation for this paper centers around the following basic question:

Question 1. Suppose that R > 1 and f € L?(R™) has its Fourier transform supported in the
width-one annulus Ap = { € R" : |{| € [R, R + 1]}. For which sets E C R" does it hold that

1 fllz2@ny < CllfllL2) (1.1)
where C' > 0 is independent of f and R?

Since the width-one annulus contains a strip of length approximately v/ R and width
1/2 in any direction, one can show (see [10]) that a necessary condition for E is that it
satisfies the geometric control condition (GCC): there exists L > 0 and § > 0 such that
for any line segment ¢ C R" of length L, we have m(E N ¥¢) > 6 - L. Here m is the 1-
dimensional Lebesgue measure on the segment /. The principal question is whether the
GCC is sufficient:

Question 2. Suppose that E satisfies the GCC. Is it true that there exists C' > 0 such that for
every R > 1and f € L*(R") with supp(f) C Ar we have

1fllr2@ny < CllfllL2(m)?
The motivation for considering this problem comes from a problem in control theory
considered by Burg-Joly [4]. For a non-negative function v we consider the damped wave
equation: For (z,t) € R™ x [0, 00)], let w satisfy
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The damping force is represented by yw;, and the energy of the solution w is given by
E(t) = |lull g1 mny + [|[0¢u] 2(rny- Standard analysis shows that if v = 0, then the energy
is conserved, i.e., there is no decay. On the other hand, for constant damping v = ¢ > 0,
it can be shown that £(t) decays exponentially in ¢. A classical question is to understand
for which functions v does E(t) decay exponentially. In [4] it is proved for uniformly con-
tinuous v, that the energy decays exponentially if there exists ¢ > 0 such that the level set
{~ > e} satisfies the GCC. They asked whether one can drop the assumption of uniform
continuity, which would follow from Question 2. This application was the motivation
for Walton Green, Mishko Mitkovski, and the first author to formulate Question 2 in
[10], where it was proved that the answer to Question 2 is affirmative if one replaces F
by its §-neighborhood for any ¢ > 0 (with a constant that blows up as § — 0, see [10]).
Analogues of the GCC in compact manifolds have long played a role in control theory
for hyperbolic equations, for instance see Bardos, Lebeau, Rauch [1, 23], and various
uncertainity principles have played an essential role in control theory [3, 12, 23].

In this paper we consider the radial case of Question 2 and show that it has a positive
answer in this case, even with a considerably weaker condition than the GCC.

For o > —1/2, the Fourier-Bessel transform is defined by

Eﬂﬂ@%—AMfWMd%mwmm@%

where j, is the modified Bessel function given by

. - ~1)" z\ 20 T(a+1 ! .
Ja(z) = T(a+1) HZZO " F(; +)a =y (5) = = e :_ T 1“)(%) /_1(1—332) /2 cos(sx) dw,

and
2ﬂ.a+1

dpia () = Tla+1) x

The Fourier-Bessel transform occurs naturally when one studies the Fourier trans-
forms of radial functions. If f : R? — R is a radial function, i.e., f(z) = F(|z|), then
a standard calculation shows that f\(f) = Fa(F)(|¢]) fora = 4 — 1.

For 1 < p < oo, LL(R™) consists of the measurable functions f : Rt — R such that

iz = ([ 1@ )<

2a+1 dx

The Fourier-Bessel transform extends to an isometry on L7 (R™), i.e., [| Fo(f)ll22 = || fll L2
With this notation, our main result reads as follows:

Theorem 1.3. Suppose E C R is relatively dense with respect to i, meaning that
there is v > 0 such that i (E N [r,r + 1]) = ypa([r,r + 1]) forall v > 0.
There exists C' > 0 such that for all sufficiently large R > 0, if supp Fo(f) C [R, R + 1],
then
| fllzz®+) < Cllfllzz (),
where C depends on « and - but not on R.
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If F C RY satisfies the GCC, then the spherical average of E

o) = [ xetre)ds

has a superlevel set that is relatively dense' with respect to 1., with a = ¢ — 1. Therefore,
a corollary of Theorem 1.3 is that Question 2 has a positive solution for radial functions.

Theorem 1.3 is reminiscent of the Paneah-Logvinenko-Sereda uncertainty principle
[11, 16, 14, 18]. Ghobber and Jaming [8] proved an analogue of the Paneah-Logvinenko-
Sereda uncertainty principle for functions whose Fourier-Bessel support is contained in
an interval [0, R] for some R > 0, with the same assumptions on E. Modifying some of

their notation, we state their result below.

Theorem 1.4. Let o > 0 and let a, R,y > 0. Let f € L2(R™) such that supp Fo(f) C [0, R)].
If E is a ~y-relatively dense set (with constant v > 0), then

160\/§WR+QM+I

3 /3009« 2In2 In2
||f||ig(R+)<2( - ) 11 o).

Observe that the constant in Theorem 1.4 grows exponentially with the parameter R
(and necessarily so). Consequently, a naive application of Theorem 1.4 to the interval
[0, R + 1] to treat the case supp Fo(f) C [R, R + 1] would yield estimates that deteriorate
as R grows. On the other hand, we obtain estimates independent of R. While Theorem
1.4’s proof hinges on the fact that Bessel functions are entire of exponential type, our key
ingredient is that these same Bessel functions are well-approximated by trigonometric
polynomials.

We now describe briefly how Theorem 1.3 applies to understanding energy decay rate
for the fractional damped wave equation (1.5) introduced by Malhi and Stanislavova
[15]. Fix s > 0 and a damping function « : R? — [0, o). For every (z,t) € R x [0, c0), let
w satisfy

wiel, 1) + A(@)we(w, 1) + (=4 + 1) w(z, £) = 0. (15)
The damping force is represented by yw; and the fractional Laplacian is defined, for
r € R, by
A+ 17 @)= [ (e + 1y Feyemeas
We study the decay rate of the energy E(t), defined by

1/2
B0) = 1O = ([ 1A+ 0 w0 + (o))

Asin[15,9, 10], we can derive from Theorem 1.3 a resolvant estimate from which semi-
group theory [7, 19, 2] yields the following theorem, which in particular answers Burq
and Joly’s question about the removal of continuity of the damping function positively
in the radial case. Their question remains open in the general case.

!In fact much stronger conditions are a consequence of the GCC: The function g(r) has a superlevel set F’
with the property that there is a constant such that pq (F'N (z, 24+ Cmin(1,1/z)) 2 pa(z, z+Cmin(1,1/x))
for all # > 0. This condition means that F' is “thick" (it is the complement of a thin set in the sense of [22]).
It was not initially clear to us whether the ‘thickness” would be required to prove Theorem 1.3 below and it
was somewhat surprising that relative density was sufficient.
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Theorem 1.6. Letd > 1,5 > 0, and o = % — 1, and let v : [0,00) — [0,00) be a bounded
radial damping function. Suppose there exist constants co,~y, > 0, and L > 0 such that the set
E ={r>0:7(r) > co} satisfies the density condition

fia(E N [R, R+ L]) = 1 pa([R, R+ LJ), (1.7)
for every R > 0. Then, any radial solution u(r,t) of uy + (—A + 1)“”/2 w4 y(r)u; = 0in RY,
with initial data (u(-,0),u(+,0)) € HS ;(R?) x H:ﬁ(Rd) and finite energy E(0), satisfies

C(l+t) 7=
Ce !t E(0), s> 2,

B < u(O),ut(O)HHSXHS/Q, 0<s<2,

forallt > 0, where C,w > 0 depend only on d, s, co, V1.

Finally, comparing Theorem 1.3 and Theorem 1.4, it is natural to ask whether one can
also prove a version of Theorem 1.3 for functions with Fourier-Bessel transform sup-
ported in a finite union of disjoint unit intervals. Our next result shows that this is the
case under the additional assumption o — & € N. We suspect that Theorem 1.8 below

2
holds for all o > —%.

Theorem 1.8. Suppose o — § € N, and E C R is relatively dense with respect to jui,,

meaning that
there is v > 0 such that po(E N [r,r + 1)) = ypa([r,r + 1]) for all v > 0.
Then, if supp Fo(f) C Ufle Iy, where the I};’s are disjoint intervals of size 1, then

1 fllez ®+) S I1fllzz (g
where the constants in S depend on «,~y, N, but not on the positions of the intervals.

To prove Theorem 1.3, we first employ the asymptotic expansion of the Bessel function,
which allows us to apply Kovrizhkin’s multi-interval version of the Paneah—-Logvinenko-Sereda
theorem [13]. By contrast, the proof of Theorem 1.8 does not invoke Kovrizhkin’s the-
orem directly, though it is closely modelled on his argument. This adaptation is non-
trivial: when the interval is in the low-frequency regime, we rely on a Bernstein inequal-
ity due to Ghobber and Jaming [8], whereas in the high-frequency case we treat the kernel
of the Bessel transform (after suitable manipulations) as a weight.

2. PROOF OF THEOREM 1.3

Note that p-relative density and Lebesgue relative density are equivalent conditions
on the set E. The former asks for uo(E N [r,r + 1]) 2 pa([r,r + 1]) for all » > 0, while
the latter asks for [E N [r,r 4+ 1] 2 1 for all » > 0. We record the proof in the following
proposition.

Proposition 2.1. Let a« > —1/2. Aset E C R is pq-relatively dense if and only if it is Lebesgue
relatively dense.

Proof. Suppose v > 0 is such that |[E N [r,r 4 1]| > v for all » > 0. We will find 5 > 0 such
that jio(E N [r,7 4+ 1]) = Fua([r,r + 1]). Using r2ot1 < 2201 < (r 4 1)2¢T1 we have the
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inequalities

ar®EA[rr +1]] S pa(EN[rr+ 1)) <alr+ D)™ EA[rr +1]]

and
et o ([ryr +1]) < er(r + 1),
where ¢; := % Combining the two, we get
po(E N [r,r+1]) ro\ 2ot 3 2o+l
P Y\ = P Y ¥ > 07
po([ryr + 1)) r+1 g+1

whenr > 3. If r < 3, wesplit I :=[r,r +1]as ] = JUJ', where J = [r + 3,7+ 1] and
J' = [r,r+ Z]. We have

pa(ENT) > po(ENJ) = 01/ 22T dr > ¢ (%)204-&-1 B> e <%)2a+2’
as ENJ
EnJ|=|ENnI|—|ENJ| 27_%: %
On the other hand,
palD) =r [ de < a7 < (J41) 7
giving !

polEN[rr+1]) _
2

pa(lr,r+1]) 7
_ _ y 2a0+1
for all 7 < 4. We obtain o (E N [r,7 4 1]) = Fpua([r,r + 1]) with 5 := 7 (%il) . The
reverse implication is entirely analogous. O

We will use the following multi-interval Logvinenko-Sereda theorem for the Fourier
transform, due to Kovrizhkin.

Theorem 2.2 ([13]). Let E' C R satisfy

[EN[r,r+1][ =7,
for some constant v > 0. Let {J; }2_, be intervals with |Ji| = b. If 1 < p < coand f € LP(R)
with supp f € Uy, Ji, then
V)abmww

1o < (F

Proof of Theorem 1.3. Without loss of generality, consider f € LL(R*) N L2(RT), and as-
sume supp F,(f) C [R, R + 1] for some R > 0. Fourier-Bessel inversion gives

£l e (E)-

R+1 -

f(t) = ca " Folf)(W)ja(2mty) y ot dy,

where ¢, = 2 At 0o, we have the following asymptotic,
T(a+1) g asymp

Ja(t) = Aq p—a—1/2 cos(t — ) + O(t*oéfS/Q)’
where A, = w\/w and § = (2a + 1)7.
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Through a change of variables y = R + s, we get

1
f(t) = ca/o Fo )R+ 8)ja(27(R + s)t) (R + s)2*T ds.

So,
2
/1172 = '/ Falf)(R+ 8)ja(2m(R+ s)t) (R+ s)* T ds| t***!dt.
We can cut out [0 e] for small enough ¢ € (0, 1). Indeed, consider
2
YR+ 8)ja(2m(R + s)t) (R+ s)** T ds| 2Tl at.
We will use the estimate
Ja(t)] Sa (L+1)7071/2 (2.3)

from [8]. Since o > —1/2, this implies |j,(t)| <o t~*~ /2 which is all we need. We have

£ 1 2
s . T s 82a+1 s 2a+1
<[ (/0 Ful )R+ )llja@r(R+ D] (R + 5) d) 20 gt

S / (/1 | Falf)(R+ s)|(R+ s)*T1/? ds>2 dt

/ / Fu(F)(R + 5)P(R + )20 ds dt
SelFa(NDZz Sellflzz

using the Cauchy-Schwarz inequality.
Now, consider

Jie ::/

and

2

YR+ 3)((R+ s)t) " Y2 cos(2m(R + s)t — 0) (R+ s)2*F ds| 2+ dy,

2
t2a+1 dt.

)

The error term J5 . is easily controlled as follows:

/ Fol )R+ 8)((R+ s)t)“32 (R + s)2*H ds

[e') 1
J2,€:/€ ff/o Falf)(R+ 8)2(R +5)"2(R + $)>+1 ds

1 1 9 9 Hf”%z
< | 1Fal DR+ $)P(R+ )2 ds S =22

Now, we focus on J; .. The powers of ¢ cancel to give

A

2
YR+ s)(R+5)*TV2 cos(2m(R + s)t — &) ds| dt.
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For convenience, let h(s) := Fo(f)(R + s)(R + 5)*tY/2 so that [ |h(s)[> ds ~ Hf||L2 and
supp h C [0, 1]. Also, define

1
g(t) :== /0 h(s) cos(2m(R + s)t — 0) ds.

Then, Ji. = [~ |g(t)|* dt. Writing cos(2rRt — § + 2wst) = cos(2wRt — &) cos(2mst) —
sin(2w Rt — 0) sin(27st), we get

! 1
g(t) = cos(2n Rt — 5)/ h(s) cos(2mst) ds — sin(2wr Rt — 5)/ h(s) sin(27wst) ds
0 0
i(2mRL—0) 1 )
=— </ h(s) cos(2mst) ds —l—i/ h(s) sin(2mst) ds>
0 0
e—i(27rRt—(5

+ 2) (/01 h(s) cos(2mst)ds — i/ol h(s) sin(27st) ds)

ei(27rRt—5) —i(2m Rt—96)

1 1
= / h(s) e*™ ds + SRR / h(s) e 2™t ds,
2 0 2 0

Define H(t) := [ h(s) e>™! ds, so that

ei(27rRt76) efi(Qthfﬁ)

o(t) = 5 H () + D)

Note that H(t) = h (—t) and H(¢) = h(¢), implying supp H [0, 1]. As H(¢) = H(~¢),
we also have supp H C [—1,0]. Using Theorem 2.2 [13] with b = 1, we get

gl S HgHLQ(E)

for R > 2. Thus, Ji. < [|g]|7: S ||g||%2(E). Finally, we would like to show ||g||7. B S

17122
Define j, () := Aqt~*" /2 cos(t — §). Note that

172 = [ [F@1P £ d
" E

2

R+ 5) ja2m(R+ s)t) (R4 s)>*Tlds| 22 dt,

and

2

||g||%2(E) = / FulF)(R+ s)(R+ s)*T% cos(2m(R + s)t — &) ds| dt

2

/ Fo(f)(R+s)((R+ s)t)fafl/Z cos(2m(R + s)t — 6) (R + s)des 2041 gy

2
t2a+1dt.

Q

I
ST 5T 5T

/J—“ )R+ 8) jo(27(R + 5)t) (R 4 )% ds
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Once again, we can cut out [0, €], since

2
g pr—
191122 (B0, /Em[o,e}

1 2
g/ (/ \]—“a(f)(RJrs)\(RJrs)O‘“/st) dt
En[o,e] \Jo

2
/1 Fal )R+ s)(R+ s)*T /% cos(2m(R + s)t — 8) ds| dt
0

1
<IEN.e] /0 Falf)(B+ ) 2(R+ )+ ds S e | ]2,

For the other part, we have

19122y ~ ( /
ENn(e,00)

LR

/1 Fo(f)(R+ S)}a(QW(R+ s)t) (R+ 5)2a+1ds
0

) 1/2
t2a+1dt>

where
1 _ 2

& = / / FulF) B+ 5) Ga(27(R+ $)t) — ju(27(R+ $)1)) (R + 5)2+ds| 122+ g,

ENn(e,00) 1J0
and

1 2
& — / / FulF)(R+8) ja(27(R + 5)t) (R + 5)2ds| 20 gy,
En(e,00) [J0
We estimate & trivially, using & ~ ||f||%%(Em(8’OO)) < Hf”%gwy and &; as follows.

1 2
s / (/ IFal£)R+ )| (R+s)t)"* 32 (R+ 8)2a+1d8> 2041 gy
En(e,c0) \JO

1 2
<[ ([ imns ol o me s as) 2
En(e,00) 0

_ 7z, ar _ 71,
~OR? EN(e,00) 2 = eR?
Combining these estimates, we get

HfHLg 2 1
Iot0ey S 071 + (2 + Wiz ) < 191 (5 + ok ) + 10

As ||f”2L§ S+ Jie + Jo., we have

1
19125 S 1712 (= + 25 ) + 11300
Now select & = +, then

1
1712 S 11 + 1132 ()



A HIGH-FREQUENCY UNCERTAINTY PRINCIPLE FOR THE FOURIER-BESSEL TRANSFORM 9

for all R > 1. Then, for large R, we get || f[|3. < [If]132 () With constants independent
of R, as desired. More precisely, suppose C' > 0 is such that || f||7, < C(|f|[3. R +
1£113 (m))- Then, forall R > 2C,

£z <200 f1Z20m) S 1172 )
The theorem is proved. O
3. PROOF OF THEOREM 1.8

The proof is inspired by related work of Kovrizhkin [13], and a part of the proof of
Theorem 1.8 relies on Nazarov’s Turan inequality as stated in Lemma 3 of [13]. We record
it below for convenience.

Lemma 3.1. Ifr(z) = Sn_, pr(x)e* %, where py(z) is a polynomial of degree < M — 1 and
E C I is measurable with |E| > 0, then

|1l NM-E=2
”T||LP(I)< W

We also use the following Bernstein inequality of Ghobber and Jaming [8] to tackle the
low-frequency block:

71l o (E)- (3.2)

Lemma 3.3. Let E C R™ be a p,-relatively dense set, i.e., for some y > 0,
po(E O [, +1]) = ypa([r; r + 1)),
forallr > 0. Let f € L2(R") such that supp Fo(f) C [0, R), and g(z) := f(/x). Then,

/ g ()2 2 ds < (R)%* / lg(s)]? s ds. (3.4)
0 0

Proof of Theorem 1.8. Assume I}, := [\;, A\ +1]. Without loss of generality, we may assume
A1 € [0,1) (otherwise, the proof that follows can be significantly simplified). We use
Fourier-Bessel inversion to get

/ Fol£)®)ja(2mty) y** ' dy = cq Z / Folf)W)ja(2mty) y?> T dy,

112, = / / FulF)()a(2rty) > dy

First, we rewrite the Bessel kernel using Cauchy’s integral theorem. Using the Poisson
representation,

and
2

2ot gt

1

ja(s) _ F(Oél—f— 1) - / elsT (1 _ x2)a—1/2 dr.
T(a+3)T(3) /2

A classical contour integration argument [Appendix A, 21] yields

I'a+1)
T (a+ %) T (%) (—I+(S) - I_(S)),

Ja(s) =

where -
Lo) =i [~ - (i dy,
0
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and
I_(s)= —ieis/ e V(1 — (=14 iy)?)*" V2 dy.
0

Note that (1—(1+iy)%)™ = (y*>—2iy)™ = 322" ajy’, and (1—(—14iy)?)™ = (y>+2iy)™ =

j=m
Z?Zm b;y’ for appropriate constants a;,b; € C. This gives,

and similarly,
I_(s)=—ie™** Z jlbjs~I7L,
j=m
Therefore,
2m ‘ .
ja(s) _ Z Z eiZSCi,j S_]_17

for appropriate constants c+ ; € C. Substituting s = 27ty, we have

2m
ja(27rty) _ Z Z eiQﬂ'ityciJ (27.“5)*J?1yfjfl7
£ j=m

giving

N
ft)="‘ca | FalH) a2ty y** ' dy
k= k

N 2m
= Cq Z Z Z Ct j (27rt)*j*1 / Faf(y) pE2mity yga,j dy
+ k=1j=m I
N 2m . L | |
= Cqa Z Z Z Ct 5 (27rt)‘]—1 / ]:af()\k + S) €:|:27rzt()\k+s) ()\k; + S)QQ_J ds.
£ k=1j=m 0

For convenience, define H; j.(s) := Fo(f)(Ak+8) (Ae+5)2277, g1 x(t) == fol H;j 1 (s) eF2mits ds,

and G:I:,j,k(t) = gi7j7k(t)6i2m)‘kt. Then,

N 2m 1
f(t) = ca Z Z Z C+,j (27rt)‘j—1 / Hj,k(s) eE2mit (N ts) g
+ k=1j=m 0
N 2m
= Ca Z Z Z C+,j (2771‘/)7]'*1 gi,j,k<t) ei27ri)\kt
+ k=1j=m
N 2m N

=ca ) D> > ex; mt) T G k() =ca Y F(D),

+ k=1j=m k=1



A HIGH-FREQUENCY UNCERTAINTY PRINCIPLE FOR THE FOURIER-BESSEL TRANSFORM 11

where Fy(t) := 3, 37" et j (2mt) 71 Gx j 4(t). Taking the Fourier transform of g ; 1,
we see that

o Huo o<e<t
9+ (&) = {0 otherwise,
and
N
g—dvk(f) - {0 otherwise.

So, supp g4 ;1 C [0,1] and suppg_jx C [—1,0]. Since G4 ;x(t) = g jr(t)eF? M, we
have Gt ;i (€) = G271 (EF k), giving supp Gy jx C [, Ae+1] and supp G, C [~ (A +
]')v *Ak]'

As in the proof of Theorem 1.3, we first cut out [0, ¢). We have

£ 72 0.y = € [ |F@)P e+ dt
« 0

5 ') 2
< f ( / fa(f)(y)\!ja(%ty)ly?““dy) 201 gy

<[ ( | Fthwly dy)2 i

SN | Faflls Sellfl2s,

where (2.3) is used in the third line.

Next, for [, 00), we mimic the Taylor approximation idea from [13]. Write [e,00) =
UsSole + noe +n+ 1] = U0y Jn, and set J,, := [( + n)%, (¢ + n + 1)?]. The form of
the approximation differs depending on whether £k = 1 or £ > 2, due to the form of the
Bernstein inequality that we subsequently use.

For k = 1, define ®(u) := F1(v/u) and let rq ,, be the M — 1-degree Taylor polynomial
of ®, centered at u = (¢ + n)% Let p1 ,(t) := r1,(t?) for t € J,,.

When k > 2, let w;(t) :== (2rt) 71, and hy jx(t) == w;(t)g+ j k(). Let pjr.n(t) be the
M — 1-degree Taylor polynomial of g+ ;1 (t), centered at t = € + n, i.e., the left-endpoint
of J,,.

Define
N 2m '
Tn(t) = pl,n,(t) + Z Z Ct,j Wj (t) pj,k,n(t) ei?ﬂ'z/\kt7
+ k=2j=m
and
To(t) := Fu(t) — () +T2(8),
T (1)

where
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We can control r,, on J,, using Nazarov’s Turan inequality, i.e., Lemma 3.1. First, define
T (t) := (27t)?™ L r, (1), so
N 2m

Tn(t) = (27Tt)2m+1 p1a(t) + Z Z Z Ctj (27Tt)2m_j Pjkn(t) eiQWMkt’

+ k=2j=m
is a suitable candidate for Lemma 3.1. We get
C| ] (2N-1)(2M+2m—1)—1
170l L2 () < <M>

as there are 2(N — 1) + 1 = 2N — 1 polynomials, and the degree of each polynomial is
bounded by max{M +m—1,2M —2+2m+1} = 2M +2m— 1. Since the weight (27t)*m+!
is almost constant on J,,, (3.5) can be converted to an estimate for r,,. In particular,

I7nll 2 (B0, (3.5)

clJ, (2N-1)2M+2m—1)—3
2 ) IrnllL2(En,) (3.6)

foralln > 1, as

1\ 2mtl
(max (27rt)72m*1> <max (27rt)2m+1> = (1 + n ) < 22mtl
e+n

n n

foralln > 1. If n = 0, we have

1\ 2mt1 ClJ (2N-1)(2M+2m—1)—1
ol < (142) " () rollisgerg G7)

[EN Jo

By Proposition 2.1, there exists 7 such that |[E N J,,| > 7|J,| for each n > 0. Using this
relative density condition, and summing up, we obtain

oo o]

_ 1\ (AN—2)(2M +2m—1)—1
> lrallZeg,) < (L4207 T el e
n=0 n=0

(e < 1 ensures max{24"2 (1 4+ e~1)4m+2} = (1 + ¢ 1)4m+2). Similarly, we can lift this
estimate to L2 spaces, with a cost of a (1 + £71)?™*2 factor, i.e.,

0o 00
_ —_1\(AN=2)(2M+2m—1)—1

D rallZs gy < (4 27HH(CFT) T D lrliZs s

n=0 n=0

Now, we study the remainder terms. We analyze the low-frequency block first, i.e., F7.
Observe that
1T ) ~ 18 = ranls

n;udu)

since the substitution u = 2 leads to 2t?*T! dt = u® du, and so
ITON72 ) = / |Fy(t) — pra(t) 2T dt ~ /~ 1 (1) — 11, (0) |2 1 .
JIn JIn

Using Taylor’s remainder theorem,

O(u) —rin(u) = (Ml—l)' /(:+n)2(u — S)M—l <I>(M)(S) ds,

for every u € JNn
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In preparation for Schur’s test, we define an operator S, : Lz(j];; st Mds) — LQ(:I;; u® du)
between weighted spaces by

(Suh) () = [y [0 S (s s

where = := max{z,0}. We introduce two canonical isometries ¢/, V to define another
operator S, := V715, U~ between unweighted L? spaces, which is our candidate for
Schur’s test. Let U : L?(J,,; "™ ds) — L?(J,;ds) be given by

(UR)(s) == "2 h(s),
and V : L2(J,,: du) — L2(J,,; u®du) be given by

(Vh)(u) := u=? h(u).

L3( Tn ;ucdu)

Then,

(Sph)(u) = | Kn(u,s)h(s)ds,

Jn

where 1

— o aM-1, aj2 ot

Ky (u,s): o= 1) (u—s)y Tu*"s 2 .

Therefore,

— a+M

1D — 71l = [ISu(s" 2 ®M)(s ))HL%, ) S 152|212

L2(Jp; soHMds)’

We obtain bounds for ||S,|| using Schur’s test on the kernel K, (u, s). Fix u € J,, and let
by, := e + n. Since |J,,| = 2b, + 1, we get

1 ° 1\
sup [ Kn(u,s)ds < < <1+b> <2+b> .

ueJn JIn
and .
1 1\¢ 1
K ds < — |1+ — 24+ — .
o [t (10 ) (205
By Schur’s test,
— 1 1\° 1\M  ga3M
Sl < 5 (1+5) (2+5) <5
foralln > 1,and
& (1+eH*@+ehHM
[ENFEENERS ,
M!
ifn=0.
Next, using Lemma 3.3, we have
||CI) () HL2 R+; s0+M s S (2m) M ’2 sYds 26M”F1HL2a (3.8)
)

since supp Fo(F1) C [A1, A1 + 1] C [0, 2]. Subst1tut1ng these estimates into

1T 15 0y S ISAIPIBOOI2, o iy
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summing up, and using € < 1, we obtain

> (1+e )22+ 1)2M &
Z ||T1’(L1)||%3(Jn) 5 (M|)2 Z H®(M)||L2(J setMds)”

This leads to the following remainder estimate for the low—frequency block:
0 26M(1 + 5_1)20‘(2 + 8_1)2M
(1)12 2

Next, we control the remainder term for k& > 2, i.e., we treat the high frequency block
7% (). Note that

N 2m
DOIS YD D lwi®)l1g4u() = piwa(t)l
+ k=2j=m
which gives
N 2m
2
T2 00y S DD 0D lw; (95k — Pjken) 172 (1
+ k=2j=m

By Taylor’s remainder theorem,
05800 = py0a) = iy [ AL s
Define (S;,h)(t) := [; Kjn(t,s)h(s)ds, where
Kja(t.5) = eyt = 9 (o) et

Clearly, we want bounds for |5} |, as

M M
lw; (92 — Pijosn) 122 (1) = Hsj,n@;,j?k)||L2<Jn;dt> < 1185alllg M 22 s s

We have

(27?) - _
Sup/ K t S Supt J
t€Jn n ” n M' tedy ’
and
(271') - .
sup / K t S sup t .77
SeJﬂ n ” n M' tEJn
giving
(2m) 71 _
1Sinllre—re < ————— supt™’
n — S M up ,
and therefore ‘
(%])\/;.]71 ifn>1
HSjynHLQ—>L2 g (Qﬂ—)*.jflemfj f B
= — iftn=0.

As earlier, summing up, and using ¢ < 1 with (277)_2j 2L,

5 E—2m
nz:o lwj (9,5, = Pikn) 172(s) S ange 1987132 e
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Ase < land j < 2m, we have e?™2/ < ¢=?™_ Finally, as supp g+ j, C [-1,1],

M —
||9ijk||L2 ||g§§7j7)]g||%2(R) < (27)2M||gi,j,k||%2([@) = (QW)2M||9i,j7k||%2(R)-

Summing over the (&, j, k) indices, we obtain the following remainder estimate for the
high-frequency block:

_ N 2m

2m
ZHTQ ”L2(J,L ZZ Z Hgi,J kHL2(R

k=2 j=m
As )\, > 1for k > 2, we have

1
eyl | A /0 1 (6) de = /0 FalF) O + )P O + )22 s

A+l At 1
< [T R as= [ R s

K Ak

and therefore high-frequency estimate can be simplified to

2m
Z 12122 ) Z IF 2.

Finally, we combme all estimates to show || f|| r2@+) S |Ifllz(m)- For convenience,
define the following quantities:

Ont = (L+e 1) (CF

26M(1 + 6_1)20‘(2 + 6_1)2M
(M1)? ’
(271')2M 6_2m
(M1)?
Observe that CNt (Clow + Chigh) — 0 as M — oc. Finally,

11122 @y S € IF1IZ2 ey + 1122 (.00
2 (R+) 2 () 2 (e.00))

SelflZz@ey + 2 IrallZz g + 2T T2 0y + D 1T 172 (20
n=0 n=0 n=0

_1) (4AN-2)(2M+2m—1)—1

)

Clow ==

Chigh :=

SellflFz @+ Ont D I7alliz (mn) + (Clow + Chign) I 172 e+
n=0

Sellf72 @y + ONT I f 1172 () + (ONT + 1)(Ciow + Chigh) 1f 172 (-
Let 8 := (a, N,7) > 0 be such that
Hf”%%(RﬂL) <ep Hf”%g(RJr) + BONT Hf”%g(E) + B(ONT + 1)(Clow + Chigh)HfH%g(Rﬂ-

Now, choose ¢ small enough so that ¢3 < . Once ¢ is fixed, we choose M large enough
to ensure B(ONt + 1)(Clow + Chigh) < i. In conclusion, we have

1fll2 r+) Sanvqy 1f]lL2 (k)
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4. AN EXTENSION OF THEOREM 1.6

Theorem 1.6 can be extended to functions that can be written as a product of a radial
function and a spherical harmonic. The following calculation obtains the estimate (1.1),
using the estimate for radial functions (Theorem 1.3).

Suppose f(z) = F(|z|) Yz (I%I) By the Bochner identity,

7ly) = Frily) ~ (| )wr’f /mF<r>jn/2+k_1<2wr|y\>r"+k—1dr. @.1)

The right-side can be expressed as the Fourier-Bessel transform of g(r) = r—* F(r), of
ordera=n/2+k—1.1lfa=n/2+k—1,then2a + 1 =n + 2k — 1. Thus,

Py ~vi () bl /wgw)ja(zmy)r?a“dr:xf(‘ YR @) 62)

Now, suppose supp f C {£ € R": R < [{| < R+1}, and FE satisfies ji,-relative density
in each radial direction. In other words if E,, is the slice of E along w € S™71, then,
omitting pushforwards, we ask jio(E, N [Rw, (R + 1)w]) 2 pao([Rw, (R + 1)w]) for all
R > 0. By Equation (4.2), we have supp F,(g) C [R, R + 1]. By Theorem 1.3, we get

lgllzz@®+) S N9llzz (e (4.3)
for every w € S"~! where a = n/2 + k — 1. Finally,

T / / P Ye(w) 2 do(w) dr

/ / ] [V ( )|27“”'~'2k_1 do(w) dr
Sn— 1

= ||YkHL2(sn—1) ||9HL§(R+),

and similarly,
ey = [ [ 1pt) o) W) o7 o) dr
— [ )P / 902 7% dr do(w)
Sn—1 E,
= [ )P 9l s do ).

Starting with Equation (4.3), multiplying both sides by |Yj(w)|? and integrating over
(5"t do), we get || fll L2rny S |11l 12(5) as desired.
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