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All-to-all interactions arise naturally in many areas of theoretical physics and across diverse exper-
imental quantum platforms, motivating a systematic study of their information-processing power.
Assuming each pair of qubits interacts with O(1) strength, time-dependent all-to-all Hamiltonians
can simulate arbitrary all-to-all quantum circuits, performing quantum computation in time propor-
tional to the circuit depth. We show that this naive correspondence is far from optimal: all-to-all
Hamiltonians can process information on much shorter timescales.

First, we prove that any two-qubit gate can be simulated by all-to-all Hamiltonians on N qubits
in time O(1/N) (up to factor N with an arbitrarily small constant § > 0), with polynomially small
error 1/poly(N). Immediate consequences include: 1) Certain O(N)-qubit unitaries and entangled
states, such as the multiply-controlled Toffoli gate and the GHZ and W states, can be generated in
O(1/N) time; 2) Trading space for time, any quantum circuit can be simulated in arbitrarily short
time; 3) Information could propagate in a fast way that saturates known Lieb-Robinson bounds in
strongly power-law interacting systems.

Our second main result proves that any depth-D quantum circuit can be simulated by a random-
ized Hamiltonian protocol in time 7' = O(D/v/N), with constant space overhead and polynomially
small error.

The techniques underlying our results depart fundamentally from the existing literature on par-
allelizing commuting gates: We rely crucially on non-commuting Hamiltonians and draw on diverse
physical ideas.

1. INTRODUCTION

Promising advantages on difficult problems [1], quantum computing has witnessed tremendous developments in the
current generation. The canonical model of quantum computation is quantum circuits [2], where any pair of qubits
can interact by a two-qubit gate assuming all-to-all connectivity. In reality, however, the qubits are arranged in our
3-dimensional world, so gates acting on faraway qubits require extra cost. For example, one can move the qubits so
that they can interact with new neighbors [3, 4], or use SWAP gates to route quantum information directly [5-7].
These routing approaches induce an overhead that scales with the system size. Another approach, however, is to
couple all qubits to some global modes of photons or phonons, so that an effective all-to-all Hamiltonian for the
qubits is induced. This situation arises naturally in quantum devices involving optical cavities [8, 9], trapped ions
[10, 11], and superconducting qubits [12].

Historically, all-to-all Hamiltonians also play an important role in diverse areas of physics, ranging from quantum
optics [13], nuclear physics [14], spin glass [15, 16] to quantum gravity [17-19]. The mean-field nature of all-to-all
Hamiltonians makes them more tractable analytically, paving the way to understanding more complicated situations
with extra spatial structure. Moreover, understanding all-to-all interactions provides insight into more general long-
range Hamiltonians with slowly decaying couplings [20]. Due to such importance of all-to-all Hamiltonians, it is
demanding to understand their computational power.

With a time-dependent all-to-all Hamiltonian H =}, y H;;, one can realize information processing quantum circuits
by turning on the coupling term H;; for some time for a two-qubit gate on 4, j. However, this approach simulating
circuits by Hamiltonians does not exploit the full power of all-to-all interactions: An N-qubit Hamiltonian H contains
©(N?) interactions, while only O(N) of them are turned on at a given time, because each qubit is involved in at most
one gate a time in the circuit model. This raises the following question: Given a quantum information processing task,
say a unitary U, what is the shortest evolution time T for an all-to-all Hamiltonian to generate U? If U can be realized
by a depth-D circuit, then a T'= ©(D) Hamiltonian evolution would suffice assuming O(1) interaction strength per
qubit pair, but can Hamiltonians be asymptotically faster T < D? Such a speedup is particularly demanding for
near-term quantum devices to finish useful computation before the decoherence timescale.

This question has been studied in the context of quantum circuits aided by global entangling gates [21-29], where
some commuting gates are allowed to be executed in parallel, corresponding to an all-to-all commuting Hamiltonian.
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The seminal work [26] shows that T = O(1) Hamiltonian evolution can generate any Clifford circuit and any multiply-
controlled Toffoli gate, both of which require a circuit depth (without global gates) that grows with the system size
N. However, Clifford circuits are classically simulable [30], so it is unclear how the speedup applies to interesting
quantum tasks. The speedup for the multiply-controlled Toffoli is also a mild logarithmic factor O(log N) comparing
to circuits with ©(N) ancillae (i.e., constant space overhead) [2].

In this work, we show that all-to-all Hamiltonians can be polynomially faster than circuits for a wide range of
quantum information processing tasks, which significantly improve upon previous works. We rigorously prove two
main results. First, interesting families of circuits including the multiply-controlled Toffoli can actually be realized in
time T'~ 1/N! with constant space overhead and a polynomially small error 1/poly(NN), around N times faster than
previous results [26]. Although T vanishes with N, we want it to be as small as possible because a complicated task
may contain many subroutines of our protocol each taking that amount of time. The 1/poly(N) error also ensures
a small total error as long as the total task has polynomial size. Another motivation for small T is that the actual
physical time may scale differently considering an IN-dependent normalization factor for the Hamiltonian: for example
Hohys = %H for trapped ions [11]?. Our T ~ 1/N protocol has many implications that we will discuss. Although

this N-factor speedup holds for specific problems, our second main result shows that Hamiltonians could be v N
times faster for general purpose information-processing tasks: Any quantum circuit of polynomial depth D can be
simulated by a randomized Hamiltonian evolution in time T ~ D/ V/N with constant space overhead, and average
simulation error 1/poly(N).

The ideas behind our results appear fundamentally different from previous works on global entangling gates that
aim to parallelize commuting gates [26]. Our approach crucially involves non-commuting Hamiltonians, and borrows
classic ideas in physics ranging from semiclassical quantum mechanics, (spin) squeezing [31-33], Mglmer-Sgrensen gates
[34, 35], to spin waves. Note that some of our ideas have appeared in the author’s previous work [36] on a heuristic
protocol, which we generalize here for a rigorous treatment. Our first main result also settles the information speed
limit problem for power-law interactions by matching an existing Lieb-Robinson bound [37]. Conversely, this implies
that our T' ~ 1/N protocol is asymptotically optimal and cannot be improved. Since Lieb-Robinson bound [38] plays a
fundamental role in analyzing many-body systems based on locality [39], our results shed light on understanding power-
law systems in general, such as their simulation complexity [40-42], entanglement structure [43, 44] and thermalization
timescales [45].

2. PRELIMINARIES

Here we set up the problem precisely. We consider K-local all-to-all Hamiltonians on Nio¢ qubits rather than just
2-local ones:

K

Hue(t) = > Nok Y Z JEUS )X XM where Y |JMIM ()] < 1. (1)
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Here X (a = 1,2,3) are the Pauli matrices X;,Y;, Z; for qubit i € Z. We assume the coefficients Ji*'**(t) can
depend arbltrarlly in time as long as (1) is obeyed. The system is evolved under H(t) = Hin(t) + Hrot( ) that also
includes instantaneous single-qubit rotations Hyo(t) = >, >, hi(t)X?. We make two remarks:

e The factor N2;¥ in (1) ensures that the total Hamiltonian norm acting nontrivially on a qubit pair is O(1). We
choose this normalization so that a two-qubit gate can be naively simulated in O(1) time as an easy comparison;
Hamiltonians realized in actual experiments may obey a different normalization and the physical time needs to
be rescaled. On the other hand, our normalization for different k > 2 is fairly stringent: not just the total norm
||Hy|| for k-body couplings should be comparable, but each individual coupling is polynomially small. Such a
stringent Hamiltonian turns out sufficient to generate our fast protocols. Note that our v/ N-speedup result only
requires K = 2.

e We assume arbitrarily strong on-site fields h? following [26, 36], because their effect can be absorbed by Hiy
in an interaction picture. This assumption is also reasonable in reality, where single-qubit rotations commonly
operate on timescales far shorter than than entangling operations [11, 46-48].

1 Here ~ hides factors like N with an arbitrarily small constant é.
2 Note that the resulting Tpnys ~ 1 for all-to-all interacting ions still beats any protocol for ions with short-range interactions, because
the latter involves a polynomial routing overhead.



We aim to use H (t) to simulate quantum circuits. We say unitary U is a depth-D quantum circuit if U = Up - - - U U
where each layer U,, consists of nonoverlapping two-qubit controlled-Z (CZ) gates CZ = I — 2]11) (11|, followed by
arbitrary single-qubit rotations. Since they form a universal gate set, our results generalize to circuits with general
finite-range entangling gates.

In our protocols, we use N = ©(N,t) qubits, a finite portion of the system, as ancillae that start the evolution in the
all-zero state |0), and approximately returns to the same state. Information is processed in the other Ng = Niot — N
data qubits. We assume a constant space overhead Nq = ©(NV) except for Corollary 3 below.

3. 1/N-TIME PROTOCOLS

We are ready to state our first main result:

Theorem 1. For any constants ot € (0,1) and locality K > 2, the following holds for sufficiently large N. For a set
of data qubits {0} U S, there exists a Hamiltonian protocol H(t) that simulates a bunch of CZ gates [[, CZoics with
polynomially small error

H (Teiff e ] czo,ies> ) ®[0)|| < N?-or(VE-D/2, (2)

for any ) on data qubits, in total evolution time
T < N~ (3)
Here T is time-ordering.

We illustrate the idea shortly, and refer to Theorem 3.1 and Corollary 5.2 in Supplemental Material (SM) [49]
for the formal proof. (2) requires a sufficiently large K independent of N to get a desired polynomially small error.
Nevertheless, the ideas of Theorem 1 could apply more generally. Indeed, the single CZ gate version of Theorem 1
is a generalization of the 2-local Hamiltonian protocol in [36], which works well in practice and yields a ~ 15-times
speedup for thousands of qubits; the generalization to K-locality here is primarily aiming for a rigorous error bound.
Moreover, there are proposals on realizing multi-body interactions [50-55], where one strategy is to simulate a K-
local Hamiltonian by 2-local ones using Floquet engineering [55]. For example, e~ ITX*e=iTY? induces an effective
Hamiltonian Heg = —iT[X?,Y?]4+--- =4TXY Z+--- containing > 3-body terms. Here X = >, X; and Y, Z defined
similarly. With such multi-body interactions, Theorem 1 suggests that a 4-local protocol for example may be much
more accurate than 2-local ones like [36], while remaining experimentally feasible.

3.1. Implications

Theorem 1 shows that the unbounded fan-out gate [21], equivalent to [], CZg;cg, can be simulated in time 7' ~
1/N. This immediately implies a T ~ 1/N protocol that prepares the Greenberger-Horne-Zeilinger (GHZ) state
%(M) ++-0)+]1---1)), ~ N times faster than previously known rigorous protocols using all-to-all interactions [36, 39].

More generally, Theorem 1 implies fast protocols for the following families of circuits and states (see more general
statements in Section 5.2,5.3 of SM [49]).

Corollary 2. The multiply-controlled Toffoli on n + 1 < Ny data qubits |z) |y) — |2) |y ® g(z)) where g(z) = 1 iff
z1 = -+ = 2z, = 1, can be simulated with 1/poly(N) error by a Hamiltonian protocol H(t) in time T ~ 1/N. The
GHZ state and W state %(HO ++-0)+1]010---0)+---+1]0---01)) can be prepared using the same amount of resources.

In particular, the W-state protocol is ~ v/N times faster than the previously known ones [37], while the multiply-
controlled Toffoli protocol is ~ N times faster than [26]. The idea is that ©(log N) unbounded fan-out gates are able
to extract the Hamming weight information |z| of bitstrings z [21, 22, 26], while the multiply-controlled Toffoli and
W state are effectively extracting a particular Hamming weight.

If we use much more ancilae than data qubits N > N4, Theorem 1 further provides a general strategy to trade

space for time using Hamiltonians, by sequentially simulating each gate of a target unitary (see Corollary 5.1 in SM
[49]):

Corollary 3. Any depth-D circuit on Ng < N qubits can be simulated by a T ~ DN4/N < D Hamiltonian protocol
with 1/poly (N) error.



Intriguingly, one can always make the time 7" vanish by choosing a sufficiently large space overhead.

For local Hamiltonians in constant spatial dimension d, it is well-known from Lieb-Robinson bound [38] ||O0;(T'), O;]| <
e~ #(ri;=vT) that information propagates with a bounded velocity v, where O(T) is the Heisenberg evolution of opera-
tor O and 7y is the distance between ¢, j. Such Lieb-Robinson bounds have been generalized to power-law interacting
systems H;; ~ ri_ja [56-59] , which are shown to be tight for weakly long-range interactions o > d based on fast
protocols that match the bound [58, 60, 61]. For strongly long-range interactions « < d, however, it is unclear whether
the bound derived in [37] is tight, which claims

T=Q(N ) (4)

for information to propagate. See Section 5.4 in SM [49] that proves (4) beyond 2-local Hamiltonians [37]. Theorem
1 implies that this bound is indeed tight:

Corollary 4. For any o < d and any pair of qubits i,j, there exists a Hamiltonian H(t) satisfying ||Hy; ()] <
Ty (Vi',j'") where Hyj is the part of H that acts ond',j', such that T' ~ N1 s sufficient to grow operators:

I1X:(T), Xl = 1. (5)

This is because one can get an all-to-all Hamiltonian by setting all couplings to the weakest strength, e.g. H;; ~ L™¢
for 2-local Hamiltonians where L = N'/9 is the linear system size. The protocol of Corollary 4 is just Theorem 1
under this normalization, which establishes the optimality of both our protocol and Lieb-Robinson bound (4).

3.2. Proof sketch

Our main idea of Theorem 1 is to view the ancilla qubits as a boson mode and utilize bosonic squeezed states (see e.g.
[33]). The N ancillae work in their permutation-symmetric subspace of dimension N + 1 known as the Dicke manifold,
which is a large semiclassical spin with a spherical phase space. Close to its north pole, the large spin resembles a boson
mode illustrated in Fig. 1(a). The boson annihilation operator is obtained from the Holstein-Primakoff transformation
[62]

1 N-z\"'? 1 N-Z 3(N-2\?
b= ——= 11— X +1iY) = 1 - e (X +1Y 6
2\/N< 2N> (& +1¥) 2\/N[+4N +8(2]\7)+ (X +1Y), (6)
where polarization X =" .. X; (Y) of the ancillae qubits corresponds to position & = (b + b')/v/2 (momentum

p = (b—b")/v/2i) of the boson with [#,p] =i, and N — Z = 2b'b is the boson number.
If we indeed use a boson mode as ancilla, the protocol is sketched in Fig. 1(b) and works as follows. Starting
from |0), i.e. no bosons, the protocol first squeezes the boson mode by Hamiltonian HE = 14 (b? — b1?), and then

displaces it using H(%D = V2N Zy @ p controlled by data qubit 0. Because Hé’ exponentially squeezes the state
(A2?) ~ e 2NTs | a time T ~ 1/N suffices to yield (A#?) ~ 1/N so that a similar amount of time Tcp ~ 1/N in
HgD can fully separate the wavepacket for the two values Zy = +1. We then time-reverse the first squeezing stage
to pull away the two wavepackets; as a result, Zy = +1 is encoded coherently to two bosonic squeezed states |p+) at
position & ~ ++/N, corresponding to X ~ +N. This squeezing-displacement-antisqueezing approach is a standard
method to amplify signals [63-67]. We then use the ancillae to control the target data qubits S using Hamiltonian
Hpey = Yics Zi ® V(&), where “potential” V(z) = V2Ni + --- is an odd polynomial of & that almost stabilizes
the two squeezed states |¢+) with an energy difference AV ~ N. This imprints a §-phase difference with respect
to Z;Zy = £1 in time Tpcz ~ 1/N. Finally, we reverse the signal-amplification step and apply on-site rotations to
generate the desired CZ gates. Although the protocol contains an error because V(%) does not stabilize |p1) exactly,
it can be made polynomially small by choosing a sufficiently high but constant polynomial degree of V(Z), making it
sufficiently flat at the two positions.

Of course, the ancillae are not a true boson mode, but the boson protocol above can be simulated by expanding the
bosonic Hamiltonians H2, HEp, HY ¢y using (6) and truncating at order ~ K, which becomes an all-to-all Hamiltonian
(1). For example, H? = —i(XY +YX)+--- is just the two-axis-twisting spin squeezing Hamiltonian [31] at leading
%. By controlling the states to never evolve outside the region % < N—9 with a small constant &
determined by dr, we can bound the simulation error as roughly N=%K = 1/poly (N) for a sufficiently large but
constant K. Furthermore, the qubit protocol takes similar time 7"~ 1/N as the bosonic one, which leads to Theorem
1.

order of
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FIG. 1. Sketch of the idea for Theorem 1. (a) We mediate data-qubit interactions by N ancila qubits, which simulates a boson
mode with boson number b'6 < N. (b) The protocol first amplifies the signal Zy to boson position & (red — yellow — green
— blue, where solid/dashed contours correspond to Zy = £1), then engineers a potential £V (&) controlled by the target data
qubits S, and finally reverses the signal amplification step.

4. /N SPEEDUP FOR ANY QUANTUM CIRCUIT

Corollary 2 shows that certain quantum circuits can be simulated by Hamiltonians ~ N-times faster with constant
space overhead. However, it is unclear whether this holds for general circuits. Here we show our second main result
that any target quantum circuit can be simulated with at least a weaker ~ /N speedup, using 2-local Hamiltonians
and a constant space overhead (see Corollary 6.2 in SM [49]):

Theorem 5. For any constants 0 < o < 1/2 and k > 0, if N is sufficiently large, then any quantum circuit Ug, of
depth D on the data qubits can be simulated by a Hamiltonian protocol H(t) with K = 2 in time

T <eN—2Hr D, (7)

where the on-site fields h¥(t) are allowed to be random. The simulation error
LT 2
Ep || (7o 540 — U ) oy @ j0) | < eD?N 2, ®)

is small for any given input state |¢), averaged over the randomness of the Hamiltonian Ey. Here ¢, ¢ are constants
determined by o, k.

For any polynomial-depth circuit we can choose a sufficiently large constant x so that the error (8) is 1/poly (N),
which is sufficiently small for meaningful purposes. Theorem 5 comes from an interesting version without randomness,
which provides a deterministic simulation in time (7) that succeeds for almost but not all inputs |¢)). More precisely,
the simulation is accurate for a random |¢)) drawn from a state 1-design E,, |¢) (| < I. This yields an “optimistic”
version of the target unitary, which could be sufficient for practical purposes like implementing Shor’s factoring
algorithm [68]. More precisely, our results imply that Shor’s algorithm can be implemented in time T' ~ VN using
all-to-all Hamiltonians with a constant space overhead, comparing to D = ©(N) for circuits [68].

4.1. Proof sketch

Intriguingly, the strategy of Theorem 5 also yields a T' = O(1/v/N) ezact protocol for a single CZ gate (Theorem
6.4 in SM [49]). Although it is slower than the approximate one in Theorem 1, we illustrate its idea here for later
generalization to Theorem 5. As Theorem 1, the N ancilla qubits work in their Dicke manifold with semiclassical
angular momentums X = X/N, Y, Z,. We mimick the Mglmer-Sgrensen scheme [34, 35] that mediates qubit-qubit
interactions by coupling them to a boson mode. The protocol contains four stages where H(t) = £Zy ® X for the
first and third stage while H(t) = £Z; ® Y for the second and fourth, where 0,1 are the two data qubits of the CZ
gate. As shown in Fig. 2(a), H(t) rotates the initial |0) to spin coherent states at different solid angles, controlled
by the data qubits. By tuning the time duration 7, = O(1/v/N) for each stage u, the trajectory returns to |0)
exactly and decouples the ancillae. Furthermore, the trajectory encloses a phase space area with A/h = ©(1) where
A~ AX gAY, = O(1/N) is the action and i = 1/N. As a result, for a particular choice of T, = O(1/+/N), the data
qubits gain an exact § geometric phase depending on whether ZypZ; = 41. This yields an exact CZg; with on-site
rotations.
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FIG. 2. Sketch of the idea for Theorem 5. (a) An exact T' = O(l/\/ﬁ) protocol of simulating one gate CZg,1. The four colored
trajectories correspond to the four choices of Zo, Z1 = £1. (b) We Fourier transform the ancilla qubits X;” — X", which focus

the coupling strengths to make them individually stronger. Although the Fourier modes )Z',j' are not simple spins or bosons,
they can be approximated so for almost all inputs of our simulation protocol.

We then turn to Theorem 5, which boils down to a protocol that simulates one layer of CZ gates of the target circuit
in T ~ 1/v/N. In other words we need to parallelize the exact single-CZ protocol to simulate O(N) gates. The idea
is to “focus” the ©(N?) couplings of strength O(1) in the 2-local Hamiltonian to ©(NN) couplings of stronger strength
O(VN), as shown in Fig. 2(b). If the N ancilae were bosons {b;}, this is achievable by Fourier transforming the boson
modes b; — Ek so that each data qubit k (together with its companion qubit in the same CZ gate) is coupled to its
own Fourier boson: 7, ® Zl ei%’”bi =vVNZ ®gk. Note that this /N enhancement also underlies a recent fermionic
routing protocol [69]. We then apply the Mglmer-Sgrensen scheme for each {2 data qubits, 1 Fourier boson} pair
that is v/ N-times faster than coupling the qubits to original bosons individually. We then obtain a qubit protocol by
replacing each b; by their counterpart Xj = X, +1Y; in (6). Although the Fourier transformations of qubits X ,j are
neither spin nor boson operators anymore, it turns out that during the protocol each ancilla rarely visits its “excited”
state |1) for almost all inputs. This can be seen from the single-CZ protocol in Fig. 2(a), where the dynamics remains
close to the north pole. Although here each ancilla qubit is coupled to ©(N) data qubits j instead of one, the rotation
angle 0 =13, Z; = O(N—%r) < 1 from T = N~2797 for a typical choice of {Z;}. Since a qubit feels the difference

between X ;L and b; only when it is excited, which happens with small probability O(N~°T) during the protocol, the
Fourier enhancement trick for bosons above also works for qubits, leading to a protocol in time (7) with error o N —0r
for almost all input [¢)).

By generalizing the Mglmer-Sgrensen scheme to higher orders using Suzuki’s method [70], we are able to bootstrap
the error to any inverse-polynomial 1/poly (N). Finally, we apply a standard method of worst-case to average-case
reductions [68] to get the randomized protocol Theorem 5 that works for any input. The idea is to apply random
on-site rotations to deliberately randomize the input state to a 1-design before the simulation, and undo the random
rotations afterwards.

5. OUTLOOK

We have proven that all-to-all Hamiltonians can process information much faster than all-to-all quantum circuits,
assuming comparable qubit-qubit interaction strength for the two models. Although quantum computation is well
established for the circuit model, all-to-all Hamiltonians could be a more natural model to consider for experimental
[8-12] and physical [13-19] settings. Our work pioneers the study of complexity in the Hamiltonian model, where we
show that one typically needs to apply ideas drastically different from circuits, like squeezing from non-commuting
Hamiltonians.

As we mainly focus on the theoretical power of all-to-all Hamiltonians, it remains to investigate how our protocols
fit in actual experiments. Although it could be challenging to realize a Hamiltonian with complicated time dependence
and tunable couplings H;; between each qubit pair, we expect simple versions of our ideas, like [36], could be tangible
and enable much faster protocols to process quantum information.

Our work also opens up interesting theoretical questions: Although our first main result Theorem 1 is asymptotically
optimal by matching known Lieb-Robinson bounds, it remains open whether the W state could be generated in even
faster timescale than our T'~ 1/N protocol based on Theorem 1. It also worth exploring whether our V/N-speedup
protocol for any circuit (Theorem 5) could be improved, either with a faster speedup or a deterministic construction
that works for all inputs. Perhaps more interestingly, there could exist ways of processing information that are intrinsic



to Hamiltonians and do not come from simulating any circuit. It is also unclear how to perform error correction if
noise interrupts Hamiltonian evolution. We believe these questions could inspire fruitful investigations connecting
many-body physics, computer science and quantum technology.
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1. PRELIMINARIES
1.1. All-to-all Hamiltonians

We consider a total number of |A| = Nyt qubits labeled by i € A C Z. We use two notations for Pauli matrices on
it X; =X} Y, = X2, Z; = X?. Suppose one can engineer any time-dependent Hamiltonian of the form

H(t) - Hrot(t) + Hint(t)a (11)

where H,ot(t) = >, hi(t) X is single-qubit rotations with arbitrary field strength h{ (we use Einstein summation

rules for index a = 1,2, 3), and the interaction part

K
Hu(t) =Y NoF Y JRse o)Xt X2k, where  »  [JHe (1) < 1L (1.2)

k=2 1 <tg < - <ip a---ap

The Hamiltonian Hin(t) is K-local; the special case K = 2 reduces to the usual 2-local Hamiltonians like H =
>i; JijZiZj with Ji; ~ 1, i.e. each pair of qubits interact with O(1) strength. The N2 ¥ factor in (1.2) makes k-local
terms with different k£ have comparable total interaction strength, so that

L N SN
— tot
ENOTED Shl G R SR (1.9
k=2 k=2
where we have used ||X PR || = 1 and triangle inequality. Such a N scaling difference among different ks is a natural

assumption; see discussions in Section 7.
Evolving the system in time T generates unitary

U=Te 'Jo dtH®) (1.4)

where T is time-ordering. We assume 7' > 0 throughout the manuscript.

1.2. Quantum circuits

We say Ucir isa depth'D quantum CiI‘Cuit, if Ucir = Urot,D Ucir,D e Urot,QUcir,QUrot,l Ucir,l where each layer is either
single-qubit rotations Uyet,m, or a bunch of controlled-Z (CZ) gates

Ucir,m = H CZj7T(j)7 (15)
jES

where different pairs of qubits (j,7(j)) (7(j) being the “target” qubit of the “control” qubit j) do not overlap, and
S C A is the set of control qubits. A single CZ gate is CZ; ; :=1—2 |11>i,j (11]. A quantum circuit with more general
two-qubit gates can be written in the form above with a mild overhead D — 3D, because any two-qubit gate can be
decomposed to on-site rotations and at most 3 controlled-NOT gates that are equivalent to CZ [1].

Any depth-D quantum circuit composed of single- and two-qubit gates can be simulated by H(t) in time 7" = O(D),
by turning on the 2-local coupling between two qubits when they are involved in a two-qubit gate. On the other hand,
known algorithms for simulating H () by quantum circuits require a polynomial poly (N) overhead in spacetime [2, 3].
The goal of this manuscript is to show that H(¢) indeed can achieve much faster quantum computation comparing to
the naive way of simulating circuits: First, certain interesting families of circuits and states can be generated faithfully
in time T ~ D/N;ot. Second, any circuit can be simulated by a weaker speed up T' ~ D/v/Niot.

1.3. Other notations and structure of manuscript

We introduce several notations. We use N of the total Ny qubits ¢ = 1,2,--- | N as ancillae, which always start
the evolution from the all-zero state |0), and approximately returns to |0) in the end of the evolution. Throughout
the manuscript, we assume NN is sufficiently large: N > ¢ for a constant ¢ determined by the other constants like K.
For simplicity, however, we do not calculate ¢ explicitly. We will say ¢’ is a constant if it does not depend on N.



We use the big-O notation y = O(z) to mean |y| < cx for some constant ¢. y = Q(z),y = O(x) mean |y| > cx and
cdz < |y| < cx similarly. We use y ~ @ to mean rough estimates that y and x are of same order; y/x could be N*9
with a small constant 6.

The manuscript is structured as follows. In Section 2 we develop some technical tools on mapping the ancilla
qubits to a boson mode, which underlie our results'. In Section 3, we present our first main result on simulating
any two-qubit gate in ~ 1/N time, which generalizes the Greenberger-Horne-Zeilinger (GHZ) encoding protocol in
[4] so that it can be rigorously analyzed. The proof is rather technical, with many details arranged in Section 4.
We discuss implications of this protocol in Section 5, including for example interesting families of circuits aided by
unbounded fan-out gates simulable in ~ 1/N time, and Lieb-Robinson bounds in power-law interacting systems that
match our protocol. In Section 6, we present our second main result on the v/N speed up for simulating any circuit.
An implication is that Shor’s algorithm [5] can be simulated by Hamiltonians in time T' ~ VN with a small space
overhead. Finally in Section 7, we discuss our assumptions and possible extensions on the Hamiltonian form we use.

2. MAPPING AN ENSEMBLE OF QUBITS TO A BOSON MODE
2.1. Holstein-Primakoff transformation

In this section we focus on the IV ancilla qubits. The global angular momentums are X = Zf\; X, and Y, Z defined
similarly, which form a SU(2) algebra. The Hilbert space factorizes into the irreducible representations (IRREP) of
the SU(2), where the largest IRREP of dimension N + 1 is known as the Dicke manifold (DM) of the N qubits.

Y A
p
s BT ! Pt RN
// \\
I/ \\
~ ! ’ [N
U Y N T 2
mediate v VN ;T
o N cutoff S
> G Tl
data qubits Dicke manifold of ancillae boson

FIG. 1. For our first main result Theorem 3.1, we mediate interactions (gates) on data qubits by N ancila qubits, which work
in their DM that resembles a boson mode close to its north pole Z = N. A boson state is well inside the DM Hilbert space as
long as its boson number BfB « N, or equivalently, the distance to origin in phase space is < v/N. Our protocol works in
this regime and simulates boson Hamiltonians, e.g. squeezing i(B> — B?), by all-to-all qubit Hamiltonians.

In most of our protocols (except Theorem 6.1), the dynamics of the ancillae is restricted to the DM, which can
be viewed as a large semiclassical spin with total angular momentum X? + Y? + Z2 = N(N + 2)? and a spherical
phase space, as shown in Fig. 1. Close to the north pole of the sphere, this large spin resembles a boson mode by the
Holstein-Primakoff (HP) transformation (see e.g. textbook [6])

Z =N —2b'b, (2.1a)
Xt =2V N —bibb, (2.1b)
X~ =2b"\/N — bib, (2.1c)

where X* = X +iY satisfies [X+, X ] = 4Z. The inverse transformation is

1 N —z\ V2
- 1— X+, 2.2
b 2\/N( 2N ) (22)

L Although the v/N speed-up result strictly speaking does not need mapping to bosons, it still provides intuitions.
2 For the full Hilbert space of qubits, this equation holds when acting on the DM subspace Ppy;. We ignore this cumbersome notation
throughout for dynamics constrained in DM, as if the ancillae is truly a single large spin.



Note that here
b= PBP = BP, (2.3)

is not a true boson annihilation operator, but one (B) truncated in the boson number < N subspace, i.e. the physical
Hilbert space of the DM whose projection is denoted by P. For example we have

[B,B] =1, (2.4)
but [b, bT] # 1 with violation only at the truncation.
We will frequently use identity (2.4) and
[()B =Bf(a—1), B'f(a)=[(—1)B' (2:5)

to simplify operators, where f(7) is any operator that is a function of boson number
n:= B'B, (2.6)

(i.e. diagonal operator in boson number basis). Another way to think about a boson is based on the phase space with
position and momentum

. _B+B' _ B-B
T = , = —.
b \/51
A bosonic state can be represented by a distribution (e.g. Wigner distribution) in phase space, which we refer to as
a wavepacket.

We will consider dynamics in the enlarged Hilbert space, which will be approximated by the real physical protocol
generated by H(t) that preserves subspace P.

(2.7)

2.2. Bosonic squeezed states

Let |0) be the 71 = 0 state, i.e. the all-zero state of the qubits. We review properties of the displaced squeezed state
(see e.g. [7])

«p <
Ca) 1= eI B (B ) (2:8)
with complex parameter @ and real ¢, which is also known as a coherent state. One can easily define more general

states with complex ( as well, but real number ( is sufficient for our purpose and simplifies the expressions. When
¢ = 0 the state can be expanded in the boson number basis as

|0, ) = e‘g ; j—% In), (2.9)

where 7 |n) = n|n). Similarly for & = 0 and ( real,

1 3 (2n)!
0) = —— —tanh ()" 2n) . 2.10
600 = e (-t "G00 20 (210)
Define (O), , := ((;a[O|(, ). The displaced squeezed state is solvable because its generating Hamiltonian is

quadratic in B, Bf. More precisely, it satisfies Wick’s theorem:
Proposition 2.1 (Wick’s theorem). Let By, Bs,--- be either B —a or Bf — o*.

(B1B2Bs - - )¢ o = (BiB2)¢ o (BsBa)( o -+ (BiBa) o (BaBa)¢ o+ -, (2.11)
¢ ¢ ¢ ¢ ¢
expands into all possible pairwise contractions. Each pairwise contraction is
(B—a)e, =0, (2.12a)
B —a)?). = —cosh(¢)sinh(¢), 2.12b
(¢,
((B—a)(B" - a))eo—1= (B —a*)(B - ))eq = sinh?(¢), (2.12¢)

and their complex conjugates.



2.3. Truncation errors

Recall that projector P truncates the boson number to < N. More generally, we define projector P,, (Ps,) as
truncating into the 7 < n (7 > n) subspace. We will also use Pos,, to represent the projector onto the eigensubspaces
of operator O with eigenvalue A > n. Similarly, P>, is for the subspace O >n or O < —n.

We show that the boson number concentrates in coherent states:

Lemma 2.2. For real o,

0.6
|Plaazsal¢ )| < 2exp 1 2o Al (2.13)
ellal
for all
la] > 5el¢l, (2.14)

The physical intuition is that in the boson phase space, state |n) is supported at a circle centered at the origin of
radius ©(y/n), while |¢, @) is supported near complex coordinate « if not too squeezed (2.25a). This coherent state
thus overlaps with only the |n)s whose circles go nearby a. See Fig. 1 for an illustration.

Proof. We use the generating function G(\) := <)\ﬁ>< ,, for boson number derived in Eq.(28) of [8] (see also [9])

A AN\ Y2 Az Azo
A\) = 1= 2) (1= & 2.1
e =l |(1-5) (1-0)] e |20+ 2. 215
where
2 1 itanno)
[{0[¢, )| = cosh C° ; (2.16a)
B _ 2sinh(2¢)

)\1 = )\2 = 2+ QCOSh(2C) = tanh C, (216b)
y1 = a(1 + coth (), (2.16c¢)
x1 =y} /tanh ¢ = o?(1 + tanh ¢)(1 + coth ¢), (2.16d)
z2 =0, (2.16e)

for our case of real «, (.
Plugging these into (2.15) yields

1 1 A(1 + tanh ()
\) = 2(14tanh¢) (| 22 —1
G COShC\/l—AQtanh2Cexp “ (1+tan O( 1+ Atanh ¢ ﬂ
1 1 [, A—1
— ~D(1- "L 2.1
cosh( /1 7}\2tanh2<exp _a -1 ( >\+Cothg)] (2.17)
1 1 r
< Z(x—1+e(N=1)? 2.1
S AV e e (A-1+en-12)], (2.18)
for
1
5 <A <|coth(] — 26l (2.19)
For case n > o2, we choose
A—1=ecll/|al <1/5, (2.20)

obeying (2.19) due to (2.14). By Markov’s inequality, (2.18) leads to

1Por |G )| < GOAT™ < G exp [ (A= 1= (A= 1)%) n]
1

1
<
cosh ¢ \/1 —(1+ 672\C|/5)2tanh2 ¢

exp[-(A—1)(n—a?) +2+ (A= 1)? (n—a?)]

1.2 ,



where we have used log A > A — 1 — (A — 1)? in range (2.19) to bound A=, and (2.20).
For the small n case, we choose

A—1=—e"l¢/]al, (2.22)

instead. One can verify that the analogous (2.21) still holds and [P, |¢,a)|” obeys the same bound in (2.21).
Doubling (2.21) and taking square root yields (2.13). O

For more general cases beyond (2.14), we show the following analogous result on truncation error at sufficiently
large boson number. In particular, we allow a fairly general operator O that probes the truncation error:

Lemma 2.3. Fiz a constant 0 € (0,1), an integer d > 0, and suppose n > cs 4 is sufficiently large comparing to a
constant determined by 0,d. Any operator O that satisfies

OO0 = f(n), where f(n') <ci(n)??, Vn' >n, (2.23)

with cq > 0 independent of n', has an exponentially small truncation error

|OPs 4 |G 0)]| < 2eae™" /1, (2.24)
for all
e 2l > op=(=0), (2.25a)
la] < +/n/5. (2.25b)
Proof. We use the same generating function G(\) (2.17) with a different choice
L. ~2(¢| 121
A= 5m1n(4,1+ |coth(|) >1+e > exp ¢ , (2.26)
so that
G\ < ! ! exp [@*(A—=1)(1+1)] < 4 exp [22°(A —1)]. (2.27)
= cosh¢ /T — (1 + [tanh [)2/4 VA

We treat our goal by

IOPsn ¢, ad]* = D7 F) (¢ )" < 3 () [(n'[¢, )

n’'>n n’'>n
<ci > VAT ¢ ) < GGOVVAT (2.28)
n’'>n
where to get the second line we have used
n’ L oel s L =5 n2d
VA >exp 1° n' | > exp 5" n' | > (n')*%, (2.29)

from (2.26), (2.25a) and the sufficient largeness of n’ > n.
Combining (2.27) and (2.28) with log A > (A — 1) for A < 2 (2.26), we get

4 1
0P|l < Tz exp | ~5(0 = 1(n 4o
1 4
<2 exp {_262|<|(n _ 4a2)] <A exp {_n*(lﬂﬂﬁ} , (2.30)

using (2.25), which leads to (2.24). O



3. FAST TWO-QUBIT GATE IN 1/N TIME

Theorem 3.1. Consider a system of Ny qubits where N of them are ancilla qubits set initially to the all-zero state
|0), and the others are data qubits. For any constants é1 € (0,1), ctot > 1 and locality K > 2, the following holds for
sufficiently large N and

Niot < cootN. (3.1)
For two data qubits 0,—1, there exists a protocol H(t) in (1.1) that simulates CZy _1 with polynomially small error

e = N2 Or(VE-1)/2. (3.2)

in total evolution time
T < N~1Hor, (3.3)

Here by simulation error € for a target unitary Uy,,, we mean

H (Tem 91O _ ) ) @ \0>H <e (3.4)
for any initial state |1) on the data qubits. In other words, for any polynomially small error N~* with constant ,
the CZ gate can be simulated in almost N~! time as long as K > k2. We need condition (3.1) because > 3-body
interactions are essential for our protocol, which will be suppressed by normalization (1.2) if Niot > N.

As we will see, the protocol in Theorem 3.1 can be easily modified with no extra overhead to simulate CZ&_1 =
MM with any controlled-rotation angle 6 (CZ corresponds to 8 = m). More generally, the same speed up applies
to any two-qubit gate between 0 and —1 by decomposing it into CZ and free single-qubit rotations, which compose a
universal gate set.

We present the proof of Theorem 3.1 in Section 3.4. Before that, we develop the idea and introduce several
propositions. The technical proofs of the propositions are contained in Section 4.

3.1. Generalized GHZ encoding from bosonic squeezing and controlled displacement

At a high level, we follow the idea of [4] and aim to simulate
Ucbz = (UgHZ)TUBCZUgHm (3.5)

where we first encode the control qubit 0 into some “GHZ subspace” of the N ancilla qubits using UgHZ, let the ancilla
ensemble interact with the target qubit —1 using UBCZ, and finally reverse the GHZ encoding step. The superscript
b means the protocol works in the enlarged boson Hilbert space. See Fig. 2 for an illustration.

We first explain the GHZ encoding step. We demand a generalized version of GHZ encoding:

Uiz [(n10) +£[1))o ©1(0)] = 1[0)g @ [, ) + € [1)g @ |=C, —00) (3.6)
where
o = N%*(S(x’ 02C — N1726“726¢’ (3.7)

with some constant 0 < do < d¢ < 1/4. In other words, instead of antipodal points |0),|1) in the DM, we relatively
rotate DM to two bosonic coherent states |+o, (), depending on the state of control qubit 0. As mentioned before
this state lives in an enlarged bosonic Hilbert space, and we will ultimately implement a qubit Hamiltonian (1.1) that
simulates this state. U8y is close to the original GHZ encoding [4] at o = 1/N/2, but here we will choose & < VN
(3.7) in order to suppress simulation errors to 1/poly (), as we will see. We have also chosen d; > 0 so that |-, +o)
are well separated from each other in phase space, relative to their uncertainty in phase space. The reason for §; > 4
is more subtle, which will become clear in the proof of Theorem 3.1.

The generalized GHZ encoding contains the following subroutines

UgHZ = (Ué))TZUCbDUé’, (3-8)



where
b r7b b b
Ub = oTEHE b o—iTEp ey (3.9)

stands for squeezing (S) and controlled displacement (CD) respectively. The bosonic squeezing Hamiltonian
N
HY = is (B® - B, (3.10)

resembles the usual two-axis-twisting squeezing Hamiltonian XY 4+Y X, as used in the previous GHZ encoding protocol
(4].
Similarly, the controlled displacement

Hep =V2NZy®p=—-iVNZ,® (B — BY), (3.11)

which is the bosonic version of controlled rotation Zy ® Y.
During the evolution of Uy, the boson remains in a squeezed coherent state |, ). From the exact solution, in
order to get (3.6) we require

G 1 log N
Tb s Z 5. —0 3.12
and
o= VNTELeNTS | = Thy = N1+, (3.13)
AA
p

t an- o,
* encode ' control *

control qubit target qubit(s)

=

FIG. 2. High-level sketch of the protocol (3.5) in Theorem 3.1. We first perform “GHZ encoding” where the boson is displaced

to coherent states at & = £N2 9 depending on the control qubit Zy = 1. This encoding step is achieved by squeezing
the boson, controlled-displacing the squeezed state, and then unsqueezing while amplifying the signal (3.8). We then use the
displacement as an enhanced signal to control the phase of the target qubit Z_1. The idea of the latter displacement-controlled-
Z is to engineer a potential V(&) of the boson depending on Z_1, which is flat at the two coherent states and almost stabilizes
them. Technically we directly engineer a potential as a function of spin polarization X. The protocol generalizes to unbounded
fan-out gates in Corollary 5.2, because multiple target qubits can be controlled in parallel.

3.2. Simulating bosons by qubits

The target Hamiltonians (3.10) and (3.11) are defined by the boson operators. We show they can be effectively
simulated by the qubit Hamiltonian (1.1) by the following simulation sequence:

exp (—iTgaaHgaa) = exp (—iTpgHing) ~ exp (—iTpqHpna) - (3.14)

which holds if the boson number is not too large. Here gad = S, CD, and H, égd is the truncated version of the gadget
Hgbad, i.e. replacing all B in its expression with b. When further expressed in spin operators X,Y, 7, H égd involves
square roots from (2.2), so we expand it to a polynomial of spin operators that can be implemented by the physical

Hg,oq. More precisely, define
K—2 m
2m N-Z
Z) = 3.15
a(2) gj(m)(SN ) (315)

=0




)_1/ 2, at small N — Z. The expansion error at bounded

as the (K —2)th-order Taylor expansion of ¢o(Z) := (1 — &5
boson number is bounded by the remainder of Taylor expansion:

lta(2) - Pal < (M5 2 0) ()" < (3) (3.16)

We then define

i
Hep :hc[)?ZO®C](Z)XH"_-i-H.C.7 (3.17)
that approximates (3.11). Here we use a normalization factor h for the Hamiltonian to satisfy (1.2); we will show

that it is a constant prefactor.
For S, we use b* = 75q0(Z)X Tqo(Z)X T + H.c. = 7-44(Z)(X )% + H.c. where

-1/2 2 —1/2
(2 =02z -0 =k (1-535) =2 (1- 57

T N+Z SN
@S ()AL -5 (Fen (1- 55 s
e £ ()
:g% (-z)" N
where
%ZiW(WV’“:HO(z). .19

k=0

Here in the second line of (3.18) we have assumed N — Z < N to expand in p2(Z)/N < 1. We define

K-2 m
N-Z
"Z) = c! 3.20
2= () (3.20)
so that
K-1 K-1
! —a < " n < n .
1142 = as(2) Pall < 1Ckal (1) =2(5) (3.21)
where we have used
0<C), <2, (3.22)
from (3.19).
We then define
_ i ! +\2
Hg = hsgq (Z)(X ) + H.c., (323)

to simulate Hé’, with a normalization factor hg.

3.3. Displacement-controlled-Z

The displacement-controlled-Z (DCZ) unitary in (3.5)

b —iT8 ., HR
Upgy = e " poziipez, (3.24)
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is generated by
HBoy =Z_ 1@ LP, where LP|-( +o) =4+X |- +a), X :=2V/N— 2> N (3.25)

HBCZ can be viewed as a ZZ-type interaction between qubit —1 and the logical-Z operator in the subspace spanned
by |—C,+a). Note that LP is not Hermitian because there is a tiny overlap between the two states — this is not a
problem because we will implement it approximately by Hermitian Hamiltonians. Although (3.25) is not a simple
Hamiltonian expressed in B, Bf, we will demonstrate how to approximate it by qubit Hamiltonians.

One can verify using (3.6) and (3.25) that (3.5) achieves CZg _; for

Tpoz = %Yﬂ < N7 (3.26)
up to free single-qubit rotations on 0 and —1.
To simulate DCZ, we define
M ¥\ 2t
Hpez = hpozZ-1 @ L, where L=X Y Cy, () . (3.27)
m=0 X

Proposition 3.2. Fiz any integer M > 0. There exist coefficients {Cy,} satisfying
|C| < ent = [M(2M + 1), (3.28)
such that the corresponding L in (3.27) satisfies
|L1-¢ £a) — (X |-C, £a)) || < N1-38M+D), (3.29)

The error is polynomially small in N for sufficiently large constant M compared to 1/d;.
The normalization factors introduced above are all mild:

Proposition 3.3. The physical Hamiltonians Hgaq with gad = CD, S, DCZ satisfy normalization (1.2) for

hs = hep = (ciot K) 7, (3.30)
and
hpcz = %Cl\_/[lct_o%MNsz&“. (3.31)
As a result,
Tyaa = hgpaTynas (3.32)

—1

has little overhead comparing to T ;. In particular, we will choose Méy < 1 for hpey to not blow up.

gad*

3.4. Proof of the 1/N time protocol
Proof of Theorem 3.1. We rewrite (3.5) using (3.8) and (3.9) as
UL, = Te H I A H> @), (3.33)

where HP(t") is one of the three H"

gad (Or With a minus sign) depending on where t? is in the whole protocol. The
whole duration

T = TSy + 2T + 6T < 3N~1H0at20c < gN—1/4, (3.34)
is dominated by T&p using (3.13), (3.12) and (3.26). The physical time duration is

T = hpyThey + 2hgh Top + 6hg ' TE < 20pc2M N=IHEMADI 4 3(¢  K)E N—1H0a+200 < y—140r, (3.35)
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using (3.30) and (3.31), where we set

1

0 = Moy, 6“:2M+2

5. (3.36)

This proves (3.3). We can rescale the time ¢ — t® so that the true evolution also has the form

TefifOT dtH (t) = UCZ — TefifoTb dth(tb), (337)

where H (t") is one of the three Hgod/hgad-
To prove (3.4), observe that both H and H® are diagonal in the computational basis |2), _, of the two data qubits,
S0

|(Uez — CZo, 1) [4) ©10)]| < max|(Uez ~ UB,) 12)o_; @ 10)]| (339)
where we have ignored the data qubits not acted on by the protocol.
According to Duhamel’s identity
TefifoT dtHL(t) _ Te*ifoT dtHa(t) _ i/T dﬂ'e*iftT dsHl(s)(Hl(t) _ Hz(t))efifot dng(s)’ (3.39)
0
the simulation error is bounded by
o et s | (1 o]
<7 WISE, (H(t*) — H*(t")) |2)g,_1 @ [Gos ) ||, (3.40)

Here we have used triangle inequality when taking norm of (3.39), and the fact that the boson mode remains in a
coherent state under HP(tP):

. (b
|Z>0,—1 & |Gy o) 1= Te o AsHP(s) |Z>0,—1 ®|0). (3.41)

Note that (;», oy depend implicitly on z. We then discuss the three cases of t* in (3.40).
During DCZ gadget, (3.29) yields

H(hBéZHDCZ — HBy) 12)g _1 ® |y ) ’ < NI-30c(M+1) o N1-30aM(M+1), (3.42)

using (3.36).
For the other gadgets, observe that for any ¢ we have bounded displacement

law| < «, (3.43)
and squeezing
e 2wl > 720 = Ny~ (1-20a-230) (3.44)
from the solution of the dynamics. The state is therefore always faraway from the cutoff 7 ~ N. Let
n =502 = 5N« (3.45)

we see that (b, b always satisfy (2.25) with § = 25;. We thus apply Lemma 2.3 and get (ignoring the subscripts ¢
for notational simplicity)

| s Hea Pon 21,1 © 16, )

26 (1-28)
c [P 1 @G @) < e, (3.46)

where we have used (2.23) for O = Hy,q, Hé’ad with a constant d and a ¢4 that is at most poly (N). In (3.46) we have
adjusted the exponential to absorb the polynomial prefactors including cg.
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For gad = S, CD we have
| i Hia = Ha) 1290, @ 1,0

‘(hgadH Hgad) ‘Z> 0,—1 oY P<n |<7

gt i = H) 2o, © Pon I,

1% _N200(1-28x) /10

< H h‘gadH Hgad)P<’ﬂ

< 2K N2-20u(K=1), (3.47)

Here we have used triangle inequality and (3.46) to get the third line, where the first term is also changed from H é’ad

to Hyly because of the truncation P<,. The last line of (3.47) combines

|(hahHep — HED) P<al| = % 1[Z0 ® (0(Z) — qo(2)) X + H.c.] P<,|
< 2N [[(¢(2) = 00(2)) Peng|| < 2N(6N72)R 71, (3.48)
from (3.16), and
[(hs* Hs — HS") P<y|| = % 1[i(¢'(2) — 45(2)) (X*)? + Hee.] Pa
< N?|(¢'(Z) = 4p(2)) Penroll < 2N*(6N 20 J4) K, (3.49)
N°%/10

from (3.21), where the stretched exponential term e~ is absorbed.

We set
- {NEJ +1>2VK, (3.50)

where |- is the floor function, so that the bound (3.47) is larger than (3.42). Putting (3.36), (3.34), (3.47) into (3.40)
and (3.38),

10| (Ucz, — CZo._1) |0)]| < N2-20a(K-1) — N2-0r 5y < N2-0or(VE-1)/2 (3.51)

using M < 2v/K + 1. This finishes the proof. U

4. TECHNICAL INGREDIENTS FOR THE 1/N TIME PROTOCOL
4.1. Logical operator for two coherent states
Proof of Proposition 3.2. Because L is an odd function of X, we can focus on the + case of (3.29) due to X < —X

Syminetry.

We write L = X f(z) where

ri=X/X (4.1)
and
M
_ Z C a2t (4.2)
m=0
We choose C,,, so that
f) =1, and f®1)=0, Vk=1,2,---,M. (4.3)

In other words, f(z) is flat at = 1 up to M-th order in Taylor expansion. Plugging (4.2) in (4.3) yields

ZAkmCm = Vg, (44)
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where vy, = ko, and Ak, = (2m+1)k is a (M +1)-dimensional square matrix. Here (m)g :=m(m—1)---(m—k+1).
Observe that (2m + 1) = Z?:o Sk;(2m + 1)7 where matrix S is a triangular matrix with Det(S) = 1. So

Det(A) = Det (SE) = Det (Z) = I 20w —m)=2Man ﬁ m! > 1, (4.5)

0<m<m/'<M m=1

where ﬁjm = (2m + 1)7 is a Vandermonde matrix with known determinant. In particular, Det(A) > 0 so (4.4) has a
unique solution for C,.
Using C = A~'v and the inversion matrix formula, we get (3.28):

Det (ZOm) 1
Det(A) — Det(A)

1Cp| = MM [2M + )M < (MM +1))M, (4.6)

where Ay, is the matrix A with row 0 and column m deleted, whose determinant is bounded by its matrix elements
|[Apm| < (2M 4+ 1)

We then show that | — ¢, &) is mainly supported in a narrow range of |z — 1| < 1, so that L acts almost as a
constant. To this end, we first bound the range of boson number using Lemma 2.2 where (2.14) is satisfied due to
(3.7):

[(I =1D)] = ¢, o)|| < 2exp [1 - gcA] < 2exp [l - 0.6N%+], (4.7)

where IT projects onto the subspace of —A < i — &? < A with
A := Ne® /o= N17%, (4.8)
We then focus on subspace II, where we show concentration of X:

Lemma 4.1. For any even constant £ > 0,
HP\X_7|>AXUI - 06>H < e N1, (4.9)

where constant cy, is determined by £, and

Ay = N'-0a—30c, (4.10)

As a result,
(7= P spcas ) =20 = | (7 =T+ A xoa, 1) 12000

< 2exp [1 — 0.6NP] 4 N™1%¢4 < 20 N™10¢4, (4.11)

where we have used triangle inequality, (4.7) and (4.9). Finally,
|2 =T 1=t e < |(E =) Pl gpea =G|+ L= X (1 = Ayoxjea, 1) 1G]

<[/ = %) Aejca | + (10 + %) 208200

=S (3)]

<X  max _|f(z)— 1|+ 2 N 1%X
o—1]<Ax /X

m=0
J— ]_ 1 =3 1
<X ‘ (M+1) 1 ’Nﬂac(MH) XN« (2M+1)— Lo
= (M+ 1)' f ( ) 2 +3CL|CM| 4
< N1-z0c (M), (4.12)

Here the first two lines come from triangle inequality and (4.11). The third line uses || X| = N. In the fourth line,

we have used Taylor expansion’s remainder, X > N1=% from (3.25) and Ax /X < N~2% from (4.10). To get the
last line, we set

0> 2M + 2+ 4(2M + 1)8,/5¢, (4.13)

so that the first term dominates, and substitute X — N to absorb the constant prefactors. O
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4.2. Concentration in X for coherent states

Proof of Lemma 4.1. We express the spin operator by bosons:
P(X - X)P=PvVN —o2[(B-a)+ (B"— ) + E(fo;90)] P, (4.14)
where
E(f;9) = f(7) + [9(n)B + H.cl, (4.15)

and the particular functions in (4.14) are

fo(R) =0, go(n)= (ﬁ— 1) . (4.16)

Let II' be the projector onto subspace —3A < i — «? < 3A, i.e. a slightly wider window than II. Since go(7) is a
smooth function of 7 that changes in scale ~ N, for any constant m < 2 with ¢ indepedent of N we have

. A m) . _
lgo @Il < oy [|o6™ @I | < coah=™ (m=1), (4.17)
for the discrete derivatives defined recursively by
m+1) /A m) m) A
96" M () = 6™ () — g™ (7). (4.18)
with g% (R) = go(# i i
go (7)) = go(n). co e is a constant determined by .
Aiming for a final Markov’s inequality for (4.9), consider
-\ ¢ -\ ¢ = 14 o\ £
<H (X - X) H> - <HP (X - X) PH> = <H [P(X — X)P] H> =(N-a?)iY X, (419)
—(,x —C,x -G, “

with an even constant ¢ > 0. Here each term is of the form

X, = (ITY; - - Y,IT) (4.20)

—C,a0

where each Y, is one of the three choices in (4.14), and there are 3° number of terms in (4.19). For each term u, we
use (2.5) to commute (B — o), (BT — ) through E(f;g) to the right (we do not commute (B — o), (BT — «) through
each other). More precisely, for each commutation we have

(B—o)E(f;9)=f(h+1)B+[g(i+1)B+H.c.] B+ g(n) — a{f(n) + [g(R)B + H.c.]}
= E(f';9")(B— ) + E(f"; g")e", (4.21)

where
f'(h) = f(a+1), ¢'(A) =g(A+1), [f"(R)e® =g(R)+a[f(R+1) = f(A)], g¢"(A)e"=alg(h+1)—g(R)]. (4.22)

The case commuting with BT — « is similar with substitutions 7 4+ 1 — 7 — 1.
Starting from the original fo, go, after a constant number < ¢? of iterations given by (4.22) or its A — 1 counterpart,

any f,g we get is a sum over e’Cm/cxmg(()m)(ﬁ +m”) where 0 < m < m/ < (2 and |m”| < 2. From (4.17) and
e ‘o= N/A, the dominant term is always m = 0 so

1
1F @I g (I < JeeA/N, (4.23)

where IT” projects onto subspace —2A < 7 — a? < 2A, and ¢, is a constant determined by ¢. As a result,
[T E(f; )T || < || f(A)I”]| 4 11" g(A) BI"|| + || T1I” BT g () 11" |

A
< [ F @] + 2 g T || [T BI|| < cp o0 = eget, (4.24)
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using ||II”BII"|| < Vo2 +2A + 1 and (4.8).

Commuting the operators through in X, we have

Xu _ Z <H (H”E(fl; gl)H//) . (H”E(f[//; ge//)H”) eC(ngu,z/)Bl B -]Bg/H> . (4.25)

—C,x

There are a constant number of terms in the sum of (4.25) determined by ¢, and each B, € {(B — «), (B — «)}, with
0< 20" </l All fp,, gm satisfy (4.23) because they come from finite number of iterations in (4.22). We have also
inserted IT” in (4.25) because the outer II ensures that the boson number for each individual E is bounded.

From Wick’s theorem (2.11),

By - By |-G, o0)]|* = <Bg, ...BiB, -- -IB[/>_C <0 e, (4.26)

where there are (2¢' — 1)!! different contractions and each pairwise contraction is bounded by e?¢ according to (2.12).
Therefore,

By Boll|=C || < [[By---Ber [=C 00|l + [ By -+ - Be P(I = 1I) |[=C, 00| + By - - Ber (I — P) [, 00|
< /@O =1 +|By - By P||||(I —II) |=C, o) || + 2cqe= N "¢/10
<2020 = 1) (4.27)

where we have used (4.7) and Lemma 2.3 for the second and third term respectively, which are all exponentially small
in N and thus subdominant comparing to the first term.
Using (4.23) and (4.27), we have

1X,| < cfet == (20 —1)11e
< V2020 = 1)djet = \/2(20 = 1)1, N(3=0a=200)¢ (4.28)

where constant ¢ is determined by ¢. From (4.19) this leads to

<H (X - Y)£H> < 30/2(20 — N)lig, N1 =0 =200, (4.29)

-G

Finally, we apply Markov’s inequality:

|Pxsesa T = G o* < AFF (T (X —Y)ZH>_c <320 DN, (4.30)
which yiclds (4.9) for ¢r, = 1/3¢\/2(2 — 1)lle} and (4.10). O

4.3. Normalization
Proof of Proposition 3.3. We first deal with the simplest case DCZ.

r=x Y X' Y XX, (4.31)
k=1,3, ,2M+1 1<iy < <ip<N

where

2

Ji =Crt +O(NX ") = Crcs + O(N 120y, (4.32)

using (3.25). The second term O(N~1+2%«) represents contributions from expanding X for k' =k+2,k+4,--
and getting a term like X; X, X;, ---X;, with repeated qubits (collisions). Such contributions are suppressed by a

— 2 k= J— . / / .

factor (NX 2)¥ because there is a X = factor in front of X*', yet there are at most O(N* ~*)/2) choices of the
repeated qubits: For a collision to happen, the first qubit ig has IV choices, but the second qubit is fixed once the first
is chosen.
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As aresult, Hpoz = >, Nog” Doy 1 <N ngln i Zo1® X, -+ X;,_, where
< \2F
P | = hocz (N) [Coy + O] < ihpes NP Mg (@M + )Y (433)
tot

using (3.1), (3.31) and (3.28). We can thus choose (3.31) to satisfy normalization (1.2) because k < 2M + 2.
We then treat S. From (3.20),

o= a3 (Do (3) -5 ()

k=0

K2, o\k |
— <N> Jg Z Zi - Ziys (4.34)

1< <<, <N

k

e ()

m=Fk

where

Jr =Ky C, 27"+ O(NTY) < k! K_Qz +1 < 2kK, (4.35)
r|-ne () (%)

using (3.22) and that N is sufficiently large. Similar to (4.31), the first term in (4.35) comes from expanding Z* and
get Z;, -+ - Z;, with iy < --- <, each repeated k! times. We then have

. K-2 k
i —2 /
Hs = hs 7 > <N> J} > Ziy - Ziy Y Xf X} +He. (4.36)
k=0 1<i1 <<, <N J1<g2

When expressed as (1.2),
1 k ol 1d’ _
Z ‘ 21 ik ‘ < Ctot (2 x Z . 22) hS (2) (2k 2‘J1372| + O( )> < ctothsk22kk'K < ctoghSKK (437)

Here 2 x % x 22 comes from the Hermitian conjugate, the numerical prefactor and XZ-+ = X; +1iY;. We have again
used the fact that when there are collisions between i, and j, in (4.36), the contribution is suppressed by at least
O(1/N). (4.37) indicates hg = (cyot &)~ for normalization (1.2) to hold.

For CD, observe that ¢(Z) (3.15) when expressed as (3.20) also has coefficients satisfying (3.22), so the corresponding

| Y| < 2k!K, (4.38)
is also the same. Similar to (4.37), when expressing Hop as (1.2) its coefficients satisfy
1
D R < el (2 X 5 % 2> hep(k —1) (2" J7 o[ + O(N ™)) < croihopk2 kK < e hep KX (4.39)
ay---ag

So we can also choose hcp = (cot K) ™%, This finishes the proof. O

5. IMPLICATIONS OF THE 1/N TIME PROTOCOL
5.1. Trading space with time for any quantum circuit

A direct consequence of Theorem 3.1 is that, by paying a space overhead N/Ng4, one can speed up any quantum
circuit evolution on N4 qubits by roughly the same factor N/Ng using all-to-all Hamiltonians. Intriguingly, this
tradeoff approximately preserves the spacetime volume. The formal statement is:

Corollary 5.1 (Trading space for time). Consider the same setting as Theorem 3.1. Any quantum circuit Ugy of
depth D on the Ng = Niot — N data qubits can be simulated by H(t) in (1.1) with time

T = NgN~1or D, (5.1)

and polynomially error NqDe, where € is given in (3.2).
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Proof. We simulate each CZ gate in the circuit by the protocol in Theorem 3.1, while the single-qubit rotations in
the circuit can be implemented exactly. The CZ gates that act in parallel in U, have to be simulated sequentially,
so the protocol is repeated < NyqD times, resulting in total evolution time (5.1) from (3.3).

From triangle inequality,

(UsU] = UaU) [9) @ [0)|| = [|[U3(Ur — Uh) + (Uz — U2)Un] [¢) @ |0)]
< | U2(U7 = U1) [9) @ [0)[| + [[(U3 — U2)Us [¢) @ [0) |
= (U1 = Uh) [$) @ |0)]| + |(U3 = U2)U1 [¢) @ [0}, (5.2)

so if Uy acts only on the data qubit,

max | (U0} — UaU) 1) © [0)]| < max |(U} — U)[9) @ [0 + max | (05~ V) [9) © 0)]. (53)

This relation can be iterated by setting Us — UsU, etc, so that as long as all U,, acts only on the data qubit,

mell(Uéq"'UéU{ —Up - UaU) ) @ [0)] < max |( e = Unm) [¥) @10}, (5.4)

m’/=1

i.e. the approximation errors just add up.
Letting each U,, to be one gate in (1.5), the total simulation error of our protocol is the total number of gates
< NgD times the individual simulation error € in (3.2), which yields the advertised error NgDe. O

Later on we will also consider quantum circuits equipped with unbounded fan-out gates. Corollary 5.1 generalizes
easily to such a larger class of quantum circuits, because any unbounded fan-out gate can be decomposed to a depth-
log,(Ng) usual quantum circuit. This extra logarithmic factor does not change the essence of the space-time tradeoff
here. We will consider unbounded fan-out because there are interesting quantum circuits aided by them, which can
be simulated by Hamiltonians in a much faster timescale than predicted in Corollary 5.1. In particular, the results
below only need a comparable amount of ancillae N = O(Ng).

5.2. Fast protocols for unbounded fan-out and related circuits

Theorem 3.1 can be generalized to show that the unbounded fan-out gate [10], which is equivalent (up to single-
qubit rotations) to CZg s := [[;cg CZo,; with an arbitrarily large set S of target qubits, can be simulated in roughly
1/N time with 1/poly (N) error.

More generally, a depth-D quantum circuit with unbounded fan-out gates can be simulated by all-to-all Hamiltonians
in time T' < D, if there are not many entangling gates acting in parallel. More precisely, consider a unitary on data

qubits Uciy = Uscir,D - * - Ucir,2Ucir,1 where each layer Ug;, , is either single-qubit rotations, or of the form
0(5,R(j
Ucir,m = H CZJ’(I]%(J)(J))v (55)
jES

where S is a subset of control qubits j, and R(j) is the set of target qubits controlled by j. R(j) with different j are
allowed to overlap. S, R(j) and the conrotation angles could depend on m.

Corollary 5.2 (Fast unbounded fan-out). Consider the same setting as Theorem 3.1 with Ng = Nyot—N < (crot—1)N
data qubits. Consider any depth-D quantum circuit Ugye on the data qubits with possibly unbounded fan-out gates,
whose entangling-gate layers satisfy (5.5) with |S| < W. Such a circuit can be simulated by an all-to-all Hamiltonian
(1.1) in time

T < WDN~1+or, (5.6)

with polynomially small error W D Nge, where € given in (3.2).

Proof. In the proof of Corollary 5.1, we have shown that both time and simulation error add up from the simulation of
individual gates, so here it suffices to prove Corollary 5.2 for a single unbounded fan-out gate CZy ¢ with W = D = 1.

We use the same protocol as Theorem 3.1, with the only difference that during DCZ we couple the ancillae to not
just one qubit —1 but all qubits j € S. This does not change the Hamiltonian normalization because we are just
turning on more couplings, so T is given by (5.6) with W =D = 1.
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Since the couplings to different j commute, the new protocol is [] jes U; where each U; is of the form Ucy in (3.37)
that simulates CZg ;. The U;s commute with each other, and obey error bound

[(U; = CZo;) 1) @10)]| <, (5.7)

according to Theorem 3.1. Triangle inequality (5.4) then ensures a total error |S|e, which gives rise to total error
W DNge. U

An interesting class of circuits using a small number of unbounded fan-out is the following;:

Example 5.3 (Fast simulation for circuits manipulating the Hamming weight). Consider the same setting as Corollary
5.2. Consider the following unitary gates on n+ 1 < Ny data qubits that map |z) |y) — |2) |y ® g(z)) where g(z) =1
if

|z| >0: Or, |z| = n : And (Toffoli), |z] > t: Threshold]t]
|z| mod q =0 : Mod]q], |z| =t : Exact[t], (5.8)

where z is a bitstring of length n, and |z| counts the number of 1s in z. All of these circuits can be simulated by H (t)
(1.1) in time

T < polylog(N)N 1+t (5.9)
with error
¢’ = Npolylog(N)e, (5.10)
where € is given in (3.2).

When the Hamiltonian is 2-local with only ZZ Ising terms, such circuits are known to be simulable in constant
time [11]. Here we have shown that it can be even faster with T~ 1/N, for K-local Hamiltonians.

Proof. All of the circuits can be built from the counting gate Count : |z)|0---0) — |2) ||2]) where ||z|) is a bitstring
on m = |log(n+1)| + 1 ancilla qubits in set Scount = 1, -+, m. Denote the n qubits by set S. Following [10-12],

Count = QFT' [ CZ"s Hy, (5.11)
k=1

where Hy is Hadamard on k, QFTT is the inverse quantum Fourier transform (QFT) on Seount, and 6, = 7/28~1. To
see (5.11), observe that the CZs map

0) + 1)
V2

where the state on Scount is precisely the QFT states.

The counting gate (5.11) satisfies the condition in Corollary 5.2 with the number of gates (counting fan-out as one)
WD = polylog(n), because the QFT is only on O(logn) qubits. So it can be simulated by all-to-all Hamiltonian
in time (5.9) and error Ngpolylog(n)e = Npolylog(N)e = ¢ because n < Ng = O(N). Note that we can only use
N —m = N — polylog(N) ancillae to accelerate the gates, but this difference can be absorbed in the polylog(/NV)
factors by e.g. (N —m)~ 1+t < 2N—1+0T,

Using Count and Count' for uncomputing, all gates in (5.8) are reduced to the logarithmic-size problem ||z|) |y) —
[1z]) ly ® 9(]z])), which are implementable using poly (m) = polylog(n) two-qubit gates. As a result, these gates can
also be simulated in time (5.9) and error (5.10). O

10) + e 121 1)
\/5 ’

|2) ®p

— |2) ®k (5.12)

5.3. Fast state preparation

Corollary 5.2 also implies that the GHZ state and W state can be prepared in time ~ 1/N.
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Example 5.4. Consider the same setting as Corollary 5.2. Let the data qubits be initially in the all-zero state |0---0).
The GHZ state |GHZ) = %(\omm +|1---1)) and W state |W) = ﬁ(|10---0> +010---0) + -+ +{0---01)) on
the data qubits can be prepared in time (5.9) with error

[Tt 1O 0-..0)  10)  ur)  10) < €, (5.13)

where Yoy = GHZ, W and € is given in (5.10).

Proof. The GHZ state is obvious from Corollary 5.2 because it can be prepared by a single fan-out gate.

For the W state, we first apply on-site rotations so that the data qubit state |6---6) has ©(1) overlap with |W).
This can be achieved by a uniform rotation Hj el?Xs with angle § = 1//N4. We then apply a Grover-like algorithm
to boost the overlap to nearly 1.

The Grover iteration requires reflection I — 2|0---68) (6---6] about the initial state |0---6), which is equivalent
to reflection about the all-zero state up to on-site rotations. This reflection reduces to the Or gate and can be fast
simulated in Example 5.3. Similarly, the reflection about the target state |W) reduces to gate Exact[1], because the
whole evolution remains in the DM of the data qubits where |W) is the only state selected by Exact[1].

For the Grover iteration to boost to small error €' /2 without overshooting, we actually apply a fixed point version
[13], where the reflections are replaced by angle-% versions e.g.

I—(1—€3)0---0)(0---9). (5.14)

These modified versions are also reducible to Or and Exact[1] by an extra constant amount of two-qubit gates, whose
simulation has the same costs as Example 5.3.

Because the original overlap is ©(1), it suffices to use O(log 517) = polylog(N) reflections to get a desired er-
ror € /2 from the Grover algorithm [13]. Since each reflection can be simulated in time (5.9) with error ¢ /[2 X
(number of iterations)], the whole protocol has the same asymptotic cost (5.9) with error €. O

If one allows single-qubit measurements, then the W state can be prepared by replacing the Grover boost by a
simple measurement on the ancilla of Exact[1] with ©(1) success probability. If one further allows adaptive feedback
based on the measurement outcome, then any Dicke state® can be prepared by the same cost (5.9) according to the
protocol in [14], which calls the fast subroutine that simulates Exact[t]. The proof of these statements is direct and
we leave it to the readers.

Another interesting class of circuits suitable for Corollary 5.2 is sequential quantum circuits [15-20], where the
number of entangling gates per layer W < Ny is subextensive. For example, the codewords of 2d toric code can be
prepared by a sequential circuit in 2 spatial dimensions with W = D = O(y/Ny) [18, 21], i.e. linear system size.
Corollary 5.2 then implies the toric code codewords can be prepared by all-to-all Hamiltonians in roughly constant
time T' = O(N(‘;T). However, this result is known from previous work using a different strategy: The codewords of the
toric code, or any stabilizer code more generally, are preparable by a Clifford circuit, and any Clifford circuit can be
exactly simulated in 7" = O(1) time [11]. It remains to see if there are interesting sequential circuits that go beyond
Clifford, for which Corollary 5.2 implies a speed up over known results.

5.4. Tight Lieb-Robinson bounds in power-law interacting systems

The all-to-all Hamiltonian (1.1) is a special case of power-law interacting Hamiltonians [22], where instead of (1.2)
we have

Huelt) = S Hs(t), Y [ Hs(0)I| < cpow (dist(i, )77, (5.15)

SeA So{i,5}

where Hg(t) acts nontrivially on set S and cpow is a constant. Here the qubits form a square lattice in d spatial
dimensions with Hamming distance dist(7, j) between two qubits on the lattice. One can verify that (1.2) belongs to
(5.15) for power-law exponent v = 0. Note that (5.15) is special even comparing to the v = 0 case of (5.15), because
(5.15) allows ©(1) coupling coefficients for certain > 3-body interactions, which is forbidden in (1.2). It turns out the
general form (5.15) obeys a fundamental speed limit:

3 A Dicke state is an equal superposition of all bitstrings of weight t, which includes the W state at t = 1.
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Theorem 5.5 (A Lieb-Robinson bound for power-law interacting systems). Consider any H(t) (1.1) with Hin (%)
given in (5.15) and v < d. For any two operators O;, O’ supported on qubits i,j with ||O;| = HO;H =1,

1 _
S NO:T), Oj)|| < exp (eaTNys?) — 1. (5.16)

where O;(T) is O; after Heisenberg evolution by H(t) in time T, and cq is a constant determined by cpow and d.

Theorem 5.5 is proven for the special case of 2-local Hamiltonians in [23] (see also [24]). The proof for K-local ones
is similar, which we present here for self-containedness:

Proof. We use Corollary 6 in [25]:

1 / — (2D)"
3 H[O’(T)’ij < [exp (2Th)]lj < Z 7 (h )”
=1
=27 .
<30 BT g ey, 7
=1
where h is a Niot X Niot matrix with elements h;; = 0 and
hig= Y [Hs®)] < cpow (dist(i, )77, (5.18)

52{i.j}

from (5.15). h basically quantifies the information transmission rates between all pairs of qubits.
(5.18) implies

12

_ 1
A < m?xzmj < m?xchow (dist(i,7)) 7 < 5C@Nior (5.19)
J J

where constant cg is determined by cpow and d. In (5.19), we have used the fact that the summation over j is
dominated by O(Niot) js with dist(s,j) = Q(Ntlo/td), due to v < d. This statement holds because there are at most
0.01Niot gs that can be contained in the radius—c(’thlo/td ball centered at i for a sufficiently small constant ¢;. One can

repeat the argument for the 0.01Nyo qubits so that most of them 0.99 x 0.01 Ny, are at distance > ¢l Ntlo/td and thus
subdominant in (5.19) comparing to the faraway qubits. Note that this statement holds regardless of the shape or
side lengths of the whole lattice. Combining (5.17) with (5.19) yields (5.16). O

(5.16) is known as a Lieb-Robinson bound [26], where the commutator needs to grow large in order for qubit

j at time T feels an initial perturbation at ¢. (5.16) then implies that in the strongly long-range regime v < d,

— X
any Hamiltonian protocol cannot propagate information in timescales shorter than T' = @(Ntot1 +d)

Theorem 3.1 implies that this bound is tight up to an arbitrarily small difference § in the exponent:

. Our protocol

Corollary 5.6 (Tightness of Lieb-Robinson bound). Consider a rescaled version H.(t) = Nt;t%H(Nt%tt) of the proto-
1

col H(t) in Theorem 3.1. Putting the qubits on a d-dimensional square lattice with side lengths N, H.(t) satisfies the
power-law interaction constraint (5.15) for a constant cpow determined by d, K. Furthermore, its Heisenberg evolution
yields

[[Xo(T), X-A]|l > 1, (5.20)
for some
T < O(N, ¥+, (5.21)
where
or = > (5.22)

is an arbitrarily small constant by choosing a large K.
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1
Proof. H,(t) satisfies (5.15) because every 2-local interaction is set to the weakest coupling strength N, allowed in
(5.15). The > 3-local interactions are suppressed by extra powers of N in (1.2) so are comparable to the 2-local ones
when estimate the summation over S in (5.15).

The rescaling enlarges the evolution time by N9, so (5.21) holds from (3.3). By setting (5.22), the error of the
protocol € = N~=1/2 « 1, so that

I[Xo(T), Xl = (O] [Xo(T), X—1] 0} |
0

0
(01[CZ) -, XoCZ0,-1, X-1]10) | + O(€) = 0] [XoZ-1, X 1] 0)]| + O(e) =2+ Ofe) = 1, (5.23)

which establishes (5.20). O

5.5. Ancilla-assisted fast operator growth

The operator norm of commutators in (5.16) quantifies information propagation in the worst case scenario, i.e.
whether there exists one initial state such that information propagates fast. In the context of quantum scrambling
[24, 27-34], one is usually interested in the average case, quantified by the Frobenius norm instead:

1

10]p == T

Tr (O10). (5.24)
The Frobenius norm of commutators [O(T), Q'] is known as out-of-time-ordered correlators (OTOC) at infinite tem-
perature, which demonstrates a quantum version of chaos [35-37] when OTOC grows exponentially in time. OTOC
is also closely related to the operator size size [O(T)] of O(T'), which is the average weight when viewing O(T) as a
“wavefunction” expanded over all Pauli strings [31, 32]. Therefore, the growth of OTOC can be interpreted as growth
of operator size as the operator evolves in the operator space [38—40].

In particular, for 2-local all-to-all Hamiltonians with normalization (1.2), Corollary 1 in [41] proves that

T = QN %) (5.25)

in order for ||[0;(T), 0j] HF = O(1). The scrambling time (5.25) is asymptotically longer than the worst-case signaling

time T ~ No{ for operator norms in (5.16). Such a separation has also been established in weak power-law interacting
systems [42—44]. Our protocol in Corollary 5.2, however, shows that the separation no longer exists when one allows
for ©(Nyot) ancilla qubits initialized and finalized in the all-zero state, which do not participate in the average trace
in (5.24). This is because a T = N} 9T time simulation of the unbounded fan-out gate grows the operator size
maximally in the data-qubit Hilbert space

Xo— J[ X (5.26)

data qubit j

It would be interesting to see if this ancilla-assisted fast operator growth have implications in quantum scrambling
contexts.

6. /N SPEED-UP FOR ANY QUANTUM CIRCUIT

Corollary 5.1 shows that any quantum circuit can be simulated by an all-to-all Hamiltonian evolution in arbitrarily
shorter time, given a space overhead proportional to the speed up. In Section 5.2 we have also shown that special
families of circuits can be simulated N times faster with constant space overhead.

In this section, we show that asymptotic speed up is actually possible for any circuit with constant space overhead,
even for the minimal case of 2-local Hamiltonians*, albeit with a milder speed up factor v/N. We first prove this
statement with a guarantee that the simulation is accurate for almost all input states.

4 Note that the normalization (1.2) for 2-local Hamiltonians used in this section are much simpler: any pair of qubits interact with
strength < 1, which does not depend on the system size.
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Theorem 6.1. Consider N ancilla qubits and 2N data qubits with Nyot = 3N. For any constants 0 < ép < 1/2 and
k > 0, if N is sufficiently large, then any quantum circuit Uge of depth D on the data qubits can be simulated by
Hamiltonian (1.1) with K = 2 in time

T < EaT)”N_%+6TD7 (61)
with error
i 2
Ey [|(Te B0 — Ue) [9) @10)| < ey o D2N2" (6.2)

Here csy 1, Csyp i are constants determined by o1, k, and Ey, averages over any ensemble of states v that form a 1-design
ET/J (|'(/)> <'¢|) = dirr{'Hd =272N],

Although such a simulation fails for the worst-case inputs, it provides an “optimistic” version of the target unitary
[45]. We then show that allowing classical randomness in the Hamiltonian protocol promotes the simulation to one
that succeeds for arbitrary input with high probability:

Corollary 6.2. Consider the same setting as Theorem 6.1. Any quantum circuit Ug, of depth D on the data qubits
can be simulated by Hamiltonian (1.1) with K = 2 in time (6.1), where the on-site fields h¥(t) are allowed to be
random. The simulation error

s 2
Ep H (Te"foT deH (1) _ Udr) ) ® |0>H < cspDPN"2", (6.3)

is small for any given input state |), averaged over the randomness of the Hamiltonian Eg .

6.1. Optimistic unitaries

We will develop the ideas and present the proof in later subsections; here we first discuss some implications of the
average-case result Theorem 6.1. (6.2) implies a 1/poly (N) small Frobenius distance

10 U10) — Ueiel[3 - = 22T [ (0] U [0)  Uiir)' ({0] U/ [0) — Ussr)|
=272V [(0] (U = V) [0) (0] (U = Ussr) 10)]
< 92Ny [<0| (U = Uei)" (U = Useir) \0>]
< CopnDPNT, o

where U = Te—i Jo dtH () the trace is over data qubits, and the second-to-last line is equivalent to the left hand side
of (6.2). (0|U|0) is therefore an optimistic quantum “unitary” of U, [45]. Note that the properties of optimistic
unitaries in [45] generalize directly to the potentially non-unitary (0| U |0); it is close to unitary after all so for poly (V)
calls of the simulation one can always focus on the |0) output of the ancillae that happens with high probability.

Although the protocol in Theorem 6.1 could fail badly for some initial state |¢), it could work well in practice where
it is unlikely to encounter the rare worst-case events. An interesting example found in [45] is a version [46] of Shor’s
factoring algorithm [5], where quantum Fourier transform (QFT) subroutines are replaced by their optimistic versions
while maintaining (1) success probability for factoring. This yields a factoring circuit for N-bit numbers that has
almost linear depth O(N1+%) using only 2N + O(N/log N) total qubits. The optimistic QFT used in [46] takes
O(log N) depth, and uses no ancilla comparing to previous non-optimistic (i.e. accurate for all inputs) constructions
[47] using a large amount of ancillae. Here we can simulate the optimistic QFT in [46] by all-to-all Hamiltonians in
~1/ VN time and slightly more ancillae, and further reduce the time cost of Shor’s algorithm:

Example 6.3. For any constant 0 < o1 < 1/2, an N-bit number can be factorized with (1) success probability by
Hamiltonian evolution (1.1) with K = 2 in time

T=0 (N%+5T) , (6.5)

using 3N + O(N/log N) total qubits.
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Proof. We apply the version of Shor’s algorithm in Theorem 7 in [45] with the ©(N) optimistic QFTs for modular
exponentiation further replaced by our optimistic simulation in Theorem 6.1, which reduces the nearly linear depth
to (6.5). Note that for (6.5) to hold we cannot implement the exact linear-depth QFT for the final period finding
anymore. Instead, we use Theorem 4 in [45] which gives a non-optimistic QFT in O(log N) depth with only N/log N
ancillae. Although this QFT is built from an optimistic one, we do not need to simulate it via our Hamiltonian
protocol because its depth is already subdominant comparing to (6.5).

Our simulation adds only N + O(N/log N) extra ancilla qubits to the 2N + O(N/log N) qubits. Using triangle
inequality, our optimistic simulation of the optimistic circuit in [45] is still an optimistic QFT with 1/poly () small
error, so our results follow from Theorem 7 in [45].

6.2. /N speed-up for one gate

To demonstrate the idea of Theorem 6.1, we start from an alternative protocol to accelerate one two-qubit gate,
which costs longer time 7' ~ 1/ V/N than Theorem 3.1. We use this slower one because it can be generalized to
simultaneously accelerates ©(N) two-qubit gates, as we will see in later subsections. Intriguingly, this alternative
protocol can be made exact even for 2-local Hamiltonians:

Theorem 6.4. Consider N ancilla qubits and 2 data qubits. There ezists a 2-local all-to-all Hamiltonian (1.1) that
produces CZ gate on the data qubits exactly

Te o 4 1) @ [0) = CZo 1 [¢)) ®[0), Vo) (6.6)
m time
T < 3/7/N. (6.7)
The idea of Theorem 6.4 is to apply the Mglmer-Sgrensen (MS) scheme [48, 49] viewing the ancillae as one boson
mode B in Section 2. A version of the MS scheme uses time-dependent Hamiltonian
V2N Zy @ p, t> € [0,T/4)
V2NZ_ 1 @&, tPe[TP/4,TP/2)

—V2NZy@p, t°e€[TP/2,3TP/4)
~V2NZ_ @&, t°e[3T"/4,TP)

Hys(t") = (6.8)

where we use Zj to control displacement in & direction like CD (3.11), or Z_; to control displacement in p direction.

For any bitstring |z>0,_1, the state of the boson returns to its initial state after the full protocol of duration T,
because the displacement of the first (second) and third (fourth) stage cancel exactly. However, the state gains a
nontrivial phase e71®%0Z-1 depending on whether ZyZ; is even or odd. This is because bosonic displacement operators
do not commute and gain a Berry phase

® = 2(V2NTP/4)? = iN(Tb)Q, (6.9)

proportional to the phase space area enclosed by trajectory a = (0,0) — (V2NTP/4,0) — (V2NT?/4,v/2NT®/4) —
(0,v2NTP/4) — (0,0) for the Zy = Z_; = 1 example.
Setting

T = \/7/N, (6.10)

yields ® = 7/4 so that the protocol achieves CZp _1 up to free single-qubit rotations. Following the reasoning
behind Theorem 3.1, HP«(t") can be simulated with polynomially small error by (1.1) for the N + 2 qubits with
T =0O6(T") = O(N~Y/?).

To get an exact protocol with 2-local Hamiltonians, we do not simulate bosons from qubits. Instead, we generalize
the MS scheme that works directly for qubits, as shown in Fig. 3(a).

Proof of Theorem 6.4. Similar to (6.8), our protocol contains 4 stages
12,0, t e [0,T/4)
120X, tell/4,T/2)

oy Zo®Y, te[T/2,3T/4)
—pxZ_1®X, te [3T/4,T)

Hys(t) = (6.11)
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As we will choose
0 < @x,py <1, (6.12)

this Hamiltonian satisfies normalization (1.2) with K = 2.

Given bistring z on the data qubits, the ancilla state just rotates in the DM and remains to be a coherent spin
state |0;¢) (0 < 6 < 7) labeled by the solid angle. For example the initial state is |0) = |0; ¢), and is rotated to
|Z50) or [L;7) after the first stage of evolution. We choose ¢, ¢y so that the ancillae return to the initial state |0)
after the full protocol, for all z. Due to symmetries X — —X and ¥ — —Y of the problem, it suffices to focus on
Zy = Z_1 =1 as the other zs would follow automatically.

Since the rotation angles o« ' = O(1/v/ N) < 1, the evolution agrees with the boson version (6.8) in zeroth order,
S0 px, vy ~ 1/2 does the job. More precisely, for the state |w) after the first two stages, there exists

1
vy =5 + O(T), (6.13)
that rotates the state to one with ¢ = /2, after the third stage. This state is of the form |Zyx;0) with

ox = % +O(T), (6.14)

so that the final stage with precisely the same @x returns the state back to |0).
Because the full evolution preserves |0),

Te~ifo dtHus(t) — o—iOus®Z (6.15)

for some operator Oyg on the data qubits that is a function of Zy, Z_;1. From the X — —X and Y — —Y symmetries,
and the fact that Zy, Z_1 only take two values, the only allowed form of Oyg is

Owms = PmsZoZ-1, (6.16)

for a scalar ®ys.
To find Pyg, we invoke Magnus expansion (see e.g. [50])

Te g dtH @) _ o, (21 4+ 25+ O(R*T?)],  where

) T _ 1 T ty
.Ql = —1/0 dt H(t), QQ = §A dtlA dt2 [H(tl),H(tz)] (617)

Here h = max; ||H(t)| and O(h3T?) represents an operator whose operator norm < cpagh®T® with a numerical
constant cyag. We do not plug in H = Hyg directly due to its large operator norm || Hwms(t)|| = ©(V). Instead, we
write Hyis(t) = ), Hws,i(t) as commuting terms, where each Hyg i(t) acts on the ancillae only at qubit ¢ and has
h = 0O(1), so that

2 2

; T\" 1 1 T
Te~iJo dtHus.i(H) — exp [(4) [izoyi, 5Z_lxl-] +0(T?)| = exp {132202_122- +0(T%)], (6.18)

where we only keep o< Z; terms according to (6.15). Comparing to (6.16),
T2 T2

Pys = == +O(T°) > —. 6.19
Ms = oo F (T°) = 36 (6.19)
We set ®ymg = 7y so that the protocol induces CZg, _; exactly (up to free single-qubit rotations). There exists 7'
satisfying (6.7) that achieves this due to (6.19). O

As a remark, we require the initial state of the ancillae to be |0), while the original MS scheme works for any initial
bosonic state.
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FIG. 3. (a) We apply the Mglmer-Sgrensen scheme for qubits, which yields an exact T = O(1/v/N) protocol of simulating one
gate in Theorem 6.4. The four colored trajectories of the ancilla DM correspond to the four choices of Zp, Z_1 = £1, so that
the system gains a geometric phase o ZpZ_1 depending on the chirality of the trajectory. (b) For Theorem 6.1, we Fourier
transform the ancilla qubits X" — )?,j, which focus the coupling strengths to make them stronger. Although the Fourier
modes X 2‘ are not simple spins or bosons, they can be approximated so for almost all inputs. The idea is that each ancilla
qubit ¢ starts from |0) and rarely visits its excited state |1) during the protocol, so each ancilla acts effectively as a boson
working in its two lowest boson-number eigenstates.

6.3. Speeding up many gates simultaneously using ancilla bosons

To prove Theorem 6.1, we aim to simulate parallel CZ gates (1.5), where presumably the hardest case is |S| = N.
Without loss of generality, we assume the js involved are —1,—2,--- , —N.

We demonstrate the idea with a simpler setting, where each ancilla i is a boson mode with operators B;, Z;, p;
instead of a qubit, and the coupling between a data qubit and an ancilla is O(1)Z; ® Z; (or p;). Here one can pair
each j with one ¢ and apply the MS scheme to each pair in parallel, but this protocol has (1) time because we lose
the prefactor v/N in (6.8).

To regain the /N prefactor, we transform the bosons into Fourier space®:

N
1 2wk
Bk — elT’Bi, k= ]_7... 7]\/' (620)
g
which are still boson annihilation operators [B, B};,] = 0pxs. The corresponding position/momentum operators are
By + B By, — B}
ka - i k) Pk = i . : . (621)
V2 V2i
We now pair each Fourier boson k with one data qubit j = —k, and engineer Hamiltonians like
N N N
s2nk
H*=Y VANZ_,@X,=>» Z,®)» e~ 'Bi+Hec, (6.22)
k=1 k=1 i=1

which fulfills O(1) coupling strength between each pair (k,7). With the v/N prefactor as in (6.8), we can apply the
MS scheme for each pair that simulates N CZ gates in O(1/v/N) time. The speed up comes from “focusing” ©(N?)
couplings of strength O(1) to ©(N) couplings of strength ©(v/N) by transforming to the Fourier modes. This v N
enhancement is optimal because the transformation keeps (# couplings) x (each coupling strength)? constant. This
idea is illustrated in Fig. 3(b) for qubits that we will use.

In order to adapt this boson protocol to the original setting of qubit ancillae, let us first consider qudits with
local Hilbert space dimension d, and truncate the above boson protocol to the qudit subspace. Here comes a crucial
observation: This truncation error is small except for a tiny fraction of bitstrings z of the data qubits. This can be
understood from (6.22), where the maximal displacement for ancilla ¢ during the protocol is

N N
Omax (i) = O(Tus) D e Fiz = O(N 72 70m) Sl Rz (6.23)
k=1 k=1

5 We avoid the name momentum space as p already means “momentum?”.
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where z_j is the state on data qubit —k. Here we have assumed a slightly shorter MS duration Tyyg = O(INV *%*‘H)
with arbitrarily small constant ép > 0, so that we need to repeat the MS scheme ©(N?°T) times and get a mild
overhead N°T in total time.

Although (imax (i) can scale as N2 7°T > 1 in the worst case, amax (i) = O(N79T) < 1 for a random bitstring z where
each bit z_j is independently chosen as +1 with 1/2 probability. Moreover, the failure probability is exponentially
small

P > x| < 2P

N
§ el N lZ—k
k=1

N
Re (Z eiszvkiz_k)

k=1

X
> A
V2

<14 X
S 4exp —W , (624)

where we have used Hoeffding’s inequality for the independent variables —1 < Re (ei%iz,k) < 1. By a union bound
on the N choices of i

P [mzax éei%kiz_k > X] < 4N exp <i<;> , (6.25)

with exponentially small failure probability we have
Omax (1) = O(N71/2) « 1, (6.26)
foralli=1,---, N from (6.23). As a result, truncating to the qudit subspace 7; < d — 1 incurs a polynomially small

error O(N~91(@=1)) for sufficiently large constant local dimension d, which one can verify from the coherent state
expression (2.9).

The above strategy has an interesting analogy with spin waves in physics (see e.g. [6]): An interacting system of
qudits/spins are usually beyond exact solvability, e.g. for the ground state of a Hamiltonian. However, when the
local dimension d is large, one can start from a classical ansatz state e.g. |0), and add quantum fluctuations to it
suppressed in the small parameter 1/d. The spin wave theory expresses each spin operator as bosons using the HP
transformation, so that the dominant quantum fluctuation becomes a population of non-interacting bosons, usually
solvable in Fourier (i.e. Bloch vector) basis. Although such a state with Fourier bosons populated is not contained
in the original qudit Hilbert space, the spin wave theory is able to capture the essential physics of a large variety of
systems, even for very small d like qubits. Our reasoning above provides a rigorous bound on the truncation error of
a “spin wave theory” in our context.

6.4. Proof of speed up for any quantum circuit

For the d = 2 qubit case, however, the truncation error O(N ~°T) above is not good enough. Although one can use
the DM of d — 1 qubits as a qudit, it is not obvious how to simulate the boson protocol using qubit Hamiltonians even
with K-locality. A direct simulation using HP transformation for each qudit would incur polynomially large poly (V)
coupling coefficients comparing to (1.2). Therefore, similar to Theorem 6.4, we analyze a qubit version of MS directly,
rather than simulating some boson protocol.

Proof of Theorem 6.1. Using triangle inequality similar to (5.4),
(U = Ueir) [¥) @ [0)[| < [[(U1 — Ucir,1) [¥) @ [0) || + [[(U2 — Ucir,2) Urot,1Ucir 1 [¥) @ [0) |
+ -+ [(Up = Ucir,p)Urot,p—1Ucir,p—1 - - - Ucir,1 [¥0) ®]0)]|
Ey (U = Ueir) [¢) ® |0)||* < DE,, (H(U1 — Ueie1) [9) @ [0)]|* + [[(Uz = Ueir,2)Ucie.1 [¥0) @ [0)]* + - )
< D*maxBy ||(Un — Ueirm) [4) ® |01, (6.27)
for U = Uyot,pUp - - - UUyot,1U1, where we have used Usot,1 Ucir,1 |1} for example also forms a 1-design. So it suffices

to prove that each layer of CZ gates (1.5) can be simulated in time (6.1) and error (6.2) with D = 1 plugged in. We
assume |S| = N for now with S = {—1,—-2,--- , =N}, and will see how to treat general S in the end of the proof.

Similar to (6.22), consider HX = Zivzl H? where

N
1 = 1 21k 21k
HZX = Tﬁ NZz ®Xz+ +H.c. = \ﬁ E ka & |:COS <]7;Z> XZ — sin <]7'\f[z> Y;:| s (628)
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and

N
1 onk
2= —=Y iz, 6.29
N 2 k (6.29)

so that Hy satisfies (1.2) due to |cos@| + |sinf| < /2. Define HY = vazl HY similarly with

HY = ZL\/?\/NE ® X +Hec., (6.30)
and
=z 1« i2gkg
Z; = ﬁ;e N (k) (6.31)

Note that in contrast to (6.21), Z; is labeled by the ancilla index 7 and represents a Fourier mode of the data qubits.
From bound (6.25), we have

max (\zi|, IZ\) < NOT/2) v (6.32)
when choosing each data qubit Z; = £1 in completely random, with exponentially small failure probability e~ AN,
From now on we focus on these majority of data-qubit bitstrings for which (6.32) holds.

Mimicking the MS scheme, a primitive of our protocol is
v () = QI HY (it HY —itHX —itH" _ H Vi(l) (1), (6.33)
which factorizes to commuting operators for each ancilla ¢:
VO(e) = exp [ HY ]+ EOO] e |5 (212 + 2.2]) ez 500 (634
using Magnus expansion (6.17). We will work with
t=O0(N"3270m), (6.35)

so that [t| |H |, |t| |HY || = O(N~°7/2) < 1 due to (6.32). Therefore, the O(t*) error term in (6.34) is bounded by
|EQ )] < con-serz, (6.36)

for some numerical constant ¢(1) > 0.

The error (6.36) is not small enough for our purpose. Nevertheless, the Suzuki method [51] recursively generates

high-order product formulas for exponential of commutators [52-55]. Following Theorem 3 in [53], we define Vi(p 1)

using Vi(p ) by

V() = VP )V (<) (VO B0) T (VO 8,0) T VP (Vi () (6.37)

where

1
/1 1 2p+1
Bp = 4 /2Tp7 Vp = Z -|—rp’ rp 1= 172 - 2p11 . (638)

Iterating from the p = 1 case (6.34), we have [53]

Vl_(p) (t) = exp [; (ngl + Zz§j> Nt*Z; + Ei(p) ], (6.39)
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with error

HEL(p) (t)H < C(p)N*5T(P+%)’ (6.40)

for a constant ¢(”) > 0 determined by p, for any integer p > 0. Furthermore, when expressing Vi(p ) (t) as evolutions
using +H;X, +HY | costs time &Pt where ¢ > 0 is a constant determined by p.

(2
Our whole protocol to simulate Uiy, is

Uy = (V(”) (t)) , where V@ (1) =]V ), (6.41)
with
_ 20T — 7T
v=|N*T|, t= Ny (6.42)
so that the total time
T =Pty < \/ja(mN—WT, (6.43)
satisfies (6.1) with D =1 and constant ¢, « = /F¢®). We will determine p by &, & shortly in (6.47).
Using (6.39) and (6.40), U = €'® + E with
olo)=>(2lZi+22]) = T3 2420, (6.44)
i k=1
where all contributions for Z_; Z,(_;sy with k # k' cancel by the summation over 4, and
|E]| < vN max HEZ'(p)(t)H < yNe@®) N—or(pt3) < P N1 (p=3), (6.45)

Here (6.45) comes from Duhamel’s inequality whose left hand side is bounded by fOT dt’ ||H1(t') — Ha(t')]|, and we set

Hy(t') — Ha(t') to be it ™1 >~ EZ-(p). Recall that these equations do not hold for all data qubit bitstrings z, but for the
majority of them that ensures (6.32). We call these zs good. For any state 1-design in the whole Hilbert space, we
have

Ew H(Um - Ucir,m) W’> ® ‘0>H2 =E, ”(Um - Ucir,m) |Z> ® |O>||2
< P[z good] max [(Up = Ucie.m) 12) @ 10)]]> + P[z not good] - 2
Z goo

< (C<p>)2 N2-5r(20-3) 4 o—9(N*T) _ g (C<p))2 N2-0r(p-3) (6.46)
which becomes (6.2) with D = 1 by setting
. 5
p=07' (s + 1)) + 3, (6.47)

and defining constant cs; ,, = 2 (c(p))Q. Here in (6.46) we have replaced any state 1-design with the particular 1-
design of random bitstrings: Ey |4 |¢)]|> = Tr [AE, (J¢) (]) AT] = Tr[AE. (|2) (2]) AT] = E. |A]2)|%, and used
| (U — Ucir,m) |2) @ |0)|| < ||E|| because the e'® contribution (6.44) agrees exactly with the target unitary, up to free
single-qubit rotations.

We have proven (6.1) and (6.2) with D =1 for the simulation of one layer (1.5), for the special case |S| = N. For
|S| < N, we can just set the coefficients in (6.29) and (6.31) to zero for the qubits not acted by gates, and the analysis
above still holds. We have thus proven the desired simulation for one layer (1.5); this finishes the whole proof for
(6.1) and (6.2) because the time and error of different layers just add up (6.27). O
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6.5. Worst-case to average-case reduction

Here we prove Corollary 6.2 using standard methods of worst-case to average-case reductions [45, 56-58].

Proof of Corollary 6.2. For each CZ layer Usiy i, Theorem 6.1 simulates it by Uy, that takes time (6.1) and has average
error (6.2) with D = 1 plugged in.

Here, we follow [45] and simulate Uciy ,,, by ‘N/TUmV where V =] ; Vj is on-site rotations on data qubits where each
Vj is randomly chosen from the four Paulis I, X;,Y}, Z; with equal 1/4 probability, and

V= UspmVIU!

cir,m?

(6.48)

is still a Pauli string, i.e. on-site rotations, because CZ gates in Uy, are Clifford operations. It thus takes the same

time to implement X~/TUmV as U, from our assumption on fast on-site rotations. Since V' is a unitary 1-design, acting
it on any fixed input |¢)) produces a state 1-design. This bounds the error

Ev | (710nV U ) 190 @ ) = By ||V (W — Vi) V 0 @ [0)

2
= IEV ||(Um - Ucir,m) 14 |¢> Y |0>||
< con N, (6.49)

where we have used Uciy,m = vTUCir,mV in the first line, and that V' |¢) forms a state 1-design so we can apply (6.2)
with D = 1.
Due to triangle inequalities similar to (6.27), the whole circuit U, can be simulated in time (6.1) with small error
(6.3) for any initial [¢)).
O

7. DISCUSSION ON THE FORM OF THE HAMILTONIAN
7.1. K-locality

Although v/N-speed-up protocols in Section 6 apply to 2-local Hamiltonians, the N-speed-up protocol Theorem 3.1
needs K-local ones with a sufficiently large constant K in order for the simulation error e = ©(N ") to be as small
as a desired polynomial. Here we argue that this K-locality requirement is not a severe problem.

First, there are experimental proposals to realize multibody interactions [59-63]. Interestingly, one naturally gains
the oc N=* normalization factor in (1.2) for k-body interactions [63].

Second, one can generate multibody interactions by Floquet engineering time-dependent 2-local Hamiltonians. For
example, (25 in Magnus expansion (6.17) contains 3-body interactions if H(t) is 2-local. This idea has been explored
in [64], which proposes a 3-local time-independent Hamiltonian that generates a GHZ-like state in ~ 1/N time.
More generally, the order-k terms in Magnus expansion involve nested commutators of k& H(t)s, integrated in k time
variables 0 < ¢1,--- , ¢ < T, so can contain (k + 1)-body interactions. Of course, this analysis is meaningful only if
the Magnus expansion converges at least up to the desired order k. We estimate the strength of constant order k:

2]l ~ T*||[-- - [H (1), H(t2)], -+ H(tw)]l| ~ TPNEH, (7.1)

because by taking one commutator with H(t), a constant-weight Pauli string maps to a superposition of ~ N Pauli
strings with O(1) coefficients, thus increasing the total norm by ~ N. (7.1) suggests that the Magnus expansion
converges up to any constant order if

T < hrag/N, (7.2)

for a sufficiently small constant c¢yp,, [65]. The resulting effective Hamiltonian i7~' Y, €24 would match exactly

with (1.2) in terms of the N2~* normalization prefactor. Although the Magnus expansion is expected to diverge at
extremely large orders even assuming (7.2) because T ||H(¢)|| = ©(N) > 1 (see (6.17)), the initial convergence at
constant orders suggested by (7.2) may be good enough for our purpose. The idea comes from prethermalization
theory [66-68], where an ultimate divergent Magnus expansion could faithfully describe the evolution up to a very
long timescale. The above arguments support the possibility of obtaining effective K-local interactions from 2-local
ones; however, it is unclear whether the desired form of K-local Hamiltonians like in Theorem 3.1 could be generated
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by a 2-local protocol. We leave this as an interesting problem to explore in the future, where the Suzuki method used
in the proof of Theorem 6.1 could be useful.

Finally, we need large enough K for small error in our proof, but this does not rule out the possibility that simple
2-local protocols, which are not designed to simulate any > 3-local interactions, could work well in practice. Indeed,
[4] shows a simple 2-local protocol to fast generate the GHZ state, which has very small infidelity < 10=3 for ~ 103
number of qubits. Crucially, the protocol utilizes spin squeezing [69, 70] generated by 2-local Hamiltonians, which
is well established in numerics but escapes from rigorous treatments to the best of our knowledge. Although the
infidelity in [4] seems to slowly increase when further increasing the system size, the protocol may be modified in easy
ways to get better performance, e.g. using some of the ideas in this work. Such heuristic protocols could be more
feasible in experiments, comparing to the rigorous but complicated protocols like Theorem 3.1.

7.2. Ising-type interactions and individually tunable couplings

(1.2) assumes an arbitrary form of interaction , . . X' X .. while in many cases [11, 61, 71] it is more natural
to restrict to Ising-type interactions where Hiy(t) only involves Pauli-Zs. Theoretically, this is not a problem because
using fast on-site rotations, the system with only Ising-type interactions effectively feels Ising-type interactions along
varying SU(2) directions that change rapidly in time, which could produce an effective Hamiltonian (1.2) with an
arbitrary interaction form from first-order Magnus expansion. All high orders like {25 are suppressed by the arbitrarily
fast on-site rotations. This idea appears in the literature [72], where two-axis twisting H = XY + Y X is simulated
by the one-axis twisting Hamiltonian H = Z2. In real experiments, however, it may take large effort to engineer
interactions beyond Ising-type [73, 74].

Another feature of our protocols is that we need to carefully design the coupling matrix J;; (for 2-body interactions
for example), instead of using e.g. uniform couplings. It is an interesting question to investigate whether such J;;
could be realized efficiently in experiments (see recent developments [75-77]). Although J;;s used in Theorem 6.1
seem to be quite featureless, those in Theorem 3.1 do couple the ancilla qubits in a uniform manner, which may
simplify the problem. More generally, we leave the experimental feasibility of our protocols as future directions.
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