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Abstract

The solution of partial differential equations (PDEs) on complex domains often presents a significant
computational challenge by requiring the generation of fitted meshes. The Diffuse Domain Method (DDM)
is an alternative which reformulates the problem on a larger, simple domain where the complex geometry is
represented by a smooth phase-field function.

This paper introduces and analyses several new DDM methods for solving problems with Dirichlet
boundary conditions. We derive two new methods from the mixed formulation of the governing equations.
This approach transforms the essential Dirichlet conditions into natural boundary conditions. Additionally,
we develop coercive formulations based on Nitsche’s method, and provide proofs of coercivity for all new
and key existing approximations.

Numerical experiments demonstrate the improved accuracy of the new methods, and reveal the bal-
ance between L2 and H1 errors. The practical effectiveness of this approach is demonstrated through the
simulation of the incompressible Navier-Stokes equations on a benchmark fluid dynamics problems.

Keywords: Complex Domains, Diffuse Domain Methods, Smoothed Boundary Method, Partial
Differential Equations, Signed Distance Functions

1. Introduction

Solving partial differential equations (PDEs) on domains with complex geometries is a significant chal-
lenge in computational science and engineering disciplines. Traditional numerical methods usually depend
on generating a fitted mesh, which can be computationally expensive. Due to the boundary complexities,
it is necessary to use a very fine mesh that is often smaller than the solution’s length scale. This challenge
is particularly present in three dimensions, and problems involving evolving boundaries. To overcome these
difficulties of mesh generation, a variety of methods have been developed. For example, using a simple fitted
mesh and modifying the discretization near the boundary, such as the Extended Finite Element Method
[18]. On the other hand, there are methods that utilise non-fitted meshes, such as: the Fictitious Domain
Method [20, 41, 51, 38], and the Immersed Boundary Method [32, 39, 21].

Among these approaches, the Diffuse Domain Method (DDM) has been created [30] as a particularly
simple approach. The core concept is to embed the original, complex domain Ω into a larger, simple
domain B. Therefore, it avoids the need for complex mesh generation, or explicit boundary tracking. The
problem’s geometry is represented by a phase field function, ϕ, which smoothly transitions between zero
and one across a thin interfacial layer that approximates the boundary ∂Ω. This transforms the problem
of complex geometry into a problem of modifying the system’s equations with terms dependent on ϕ. The
main advantage of this method is its compatibility with standard finite element solvers, as it doesn’t require
unique additional terms.
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It is important to acknowledge that the Diffuse Domain method is a collection of different approximations
which follow the above concept. Asymptotic analysis has been shown for several approximations for Dirichlet,
Neumann, and Robin boundary conditions, [33, 52, 31, 37]. These methods have been developed to work
on surface domains [43], and coupled bulk-surface systems [49, 1]. Also, there are similar approaches such
as the Smoothed Boundary method [53, 54, 50].

The method has been successfully applied to a wide range of problems, from biology [2, 37, 36, 14] to
materials [13, 42, 10]. Our experiment goal will be to apply this to the Navier-Stokes equations [3, 24, 5, 50].
This problem is a mixed system, however there haven’t been explorations into developing a Diffuse Domain
method from the mixed form of a PDE.

Typically, Diffuse Domain method formulations are derived by modifying the strong form or the weak
form of the PDE with multiplying by ϕ and including an additional boundary term. This paper explores the
development of new DDM formulations derived from combining these together with the mixed formulation of
the equations. Hence, the Dirichlet boundary become natural boundary conditions within the formulation,
which can lead to improved accuracy of the solution gradient. This type of boundary conditions are most
commonly used in the benchmark experiments. Furthermore, we follow the approach of Nitsche’s method,
another well-established technique for the weak enforcement of boundary conditions [17] and has previously
been used with the Diffuse Domain method [37, 35]. Along with the derivation of these new methods, we
will show proof of coercivity, including the standard Diffuse Domain methods.

The paper is organised as follows. Section 2 introduces the key concepts of the Diffuse Domain method
and the basic approximation methods. Section 3 derives the Nitsche’s based Diffuse Domain approaches. In
Section 4, we introduce the new methods based on the mixed formulation. Section 5 addresses the specific
challenges and stabilisation terms for advection-dominated problems. Section 6 presents a set of numerical
results focusing on application to advection-diffusion equations with Dirichlet boundary conditions, and
resulting in benchmark problems of the incompressible Navier-Stokes equations to validate and compare the
methods.

2. Diffuse Domain Method

2.1. Background
Starting with the example of Poisson’s equation in a complex domain, Ω, with Dirichlet boundary

conditions:

−∇ · (D∇u) = f in Ω, (1a)
u = g on ∂Ω, (1b)

where D := D(x) ≥ d > 0 is a scalar function. To convert this problem into the Diffuse Domain framework
on the extended domain, B ⊃ Ω, we need to construct a phase-field function ϕ satisfying

ϕ(x) ≈ χΩ =

{
1 x ∈ Ω;

0 x ∈ B \ Ω. (2)

Definition 1. We will use the following common approximation [33],

ϕ(x) =
1

2

(
1− tanh

(
3r(x)

ϵ

))
, x ∈ B. (3)

Here r(x) is the signed distance function for the original domain; giving a negative distance from x to ∂Ω
when x ∈ Ω, and a positive distance from x to ∂Ω when x ∈ B \Ω. Note, ϵ is a small parameter to determine
the width of the smooth interfacial region. The above ϕ gives an interface width of approximately 2ϵ.

Lemma 1. It is simple to show that the gradient of this phase-field is

∇ϕ = −6

ϵ
ϕ(x)(1− ϕ(x))∇r(x). (4)
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For later proofs, it is useful to define the separate regions where the behaviour of ϕ changes.

Definition 2. Define separate domains for the interior, exterior, and interface in terms of ϕ

Bint = {x : ϕ(x) = 1}, (5a)
Bext = {x : ϕ(x) = 0}, (5b)
BΓ = {x : 0 < ϕ(x) < 1}. (5c)

Focusing on methods explored in [33, 52], these suggest two core ideas for constructing approximations
for the Poisson problem with D = 1 and Dirichlet boundary conditions.

DDM1 : −∇ · (ϕ∇u) + ϵ−3(1− ϕ)(u− g) = ϕf, (6a)

DDM2 : −ϕ∆u+ ϵ−2(1− ϕ)(u− g) = ϕf. (6b)

This requires defining extensions f and g of f and g, respectively. We smoothly extend both function so
that they are constant in the normal direction to the original boundary, ∂Ω extending g both into Ω and Ωc

and f only into Ωc.
To compute this extension we will need to use the surface delta, δ∂Ω, such that∫

B

hδ∂Ω dx =

∫
∂Ω

h dS, (7)

for all smooth function h. Following [33], a common approximation of the surface delta is

δ∂Ω ≈ |∇ϕ|. (8)

Note, this has the property, ∇ϕ = −δ∂Ωn. So we approximate the outward unit normal of ∂Ω as,

n(x) = − ∇ϕ(x)

|∇ϕ(x)| . (9)

Therefore, for the normal direction extensions we use

x = X(s) + r(x)n(s) ∀x ∈ B, (10)

where X(s) is a parametric equation representation of the boundary ∂Ω, n(s) is the unit outward normal,
and s be the arclength.

Definition 3. We define the extensions for the forcing f and boundary data g using

g = g(x+ r(x)n(x)), (11)

and

f =

{
f(x) x ∈ Ω,

f (x+ r(x)n(x)) x ∈ B\Ω. (12)

For simplicity, we will denote both the original functions and the extensions by f and g.
This extension is only required in a small neighbourhood around the boundary. For example, f is defined

in Ω, and is only included when ϕ > 0. In [33], their analysis states the neighbourhood x ∈ B : |r(x)| << 1,
and [52] states this extension must be a minimum range of 3ϵ.
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2.2. Weak Form Derivation
First we will look at the derivation of DDM1 (6a), which involves transforming the weak form. The

model Poisson problem will become: Find u ∈ H1
0 (Ω) + g∫

Ω

D∇u · ∇v dx =

∫
Ω

fv dx, ∀v ∈ H1
0 (Ω). (13)

Introducing the phase field function to extend the domain into B gives: Find u ∈ H1
0 (B) + g∫

B

ϕD∇u · ∇v dx+

∫
B

B.C. v dx =

∫
B

ϕfv dx, ∀v ∈ H1
0 (B), (14)

where B.C. is an additional term to incorporate the boundary conditions, and defines what PDE is solved
in the external domain. Using integration by parts with the fact ϕ and v vanishes on the boundary of ∂B,
we see that ∫

B

−∇ · (ϕD∇u) v dx+

∫
B

B.C. v dx =

∫
B

ϕfv dx. (15)

Many alternatives exist for B.C. however, following DDM1, we take

B.C. ∝ (1− ϕ)(u− g). (16)

The asymptotic analysis provided [33] suggests a scaling of ϵ−3 should be chosen. This is supported by the
results from [16], where the scaling factor of ϵ−a is used and demonstrates α ≥ 2 is necessary. Experimental
results show a benefit of scaling this in proportion to the diffusion. Writing this method in the bilinear form
gives the first method,

Method 1 (DDM1). Find u ∈ U such that

a(u, v) :=

∫
B

ϕD∇u · ∇v +
D

ϵ3
(1− ϕ)uv dx, (17)

l(v) :=

∫
B

ϕfv +
D

ϵ3
(1− ϕ)gv dx. (18)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

We can now explore some important properties of this method.

Theorem 2. DDM1 (Method 1) is symmetric and coercive i.e.,

a(u, v) ≥ c∥u∥2

for a constant c > 0, with the norm

∥u∥2 :=

∫
B

ϕ|∇u|2 + ϵ−3(1− ϕ)u2 dx (19)

on H1
0 (B).

Proof. We can clearly see that the bilinear form is symmetric with a(u, v) = a(v, u). Furthermore, it is
straightforward to see coercivity.∫

B

ϕ|∇u|2 + ϵ−3(1− ϕ)u2 dx ≥
∫
B

ϕ|∇u|2 dx+ ϵ−3

∫
B

(1− ϕ)u2 dx, (20)

= C∥u∥2. (21)
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It remains to show that ∥u∥ is a norm on H1(B): we start by splitting the domain into three regions
using Lemma 2. This gives,

∥u∥2 =

∫
Bint

|∇u|2 dx+

∫
BΓ

ϕ|∇u|2 + ϵ−3(1− ϕ)|u|2 dx+

∫
Bext

ϵ−3|u|2 dx =: I1 + Iϵ + I0 . (22)

Since each of the three terms is non-negative, ∥u∥2 = 0 implies

I1 = 0 =⇒ u is constant in Bint, (23)
I0 = 0 =⇒ u = 0 in Bext, (24)

Iϵ = 0 =⇒ ϕ|∇u|2 + ϵ−3(1− ϕ)|u|2 = 0 in BΓ. (25)

Again this implies each term in Iϵ must be zero,

|∇u|2 = |u|2 = 0. (26)

This can only hold true if u = 0 within the interfacial region. Due to the smoothness of u and the constant
value in Bint, u must be equivalent to the interfacial region. Therefore, u = 0 everywhere. It is trivial to
show the remaining properties to be a norm, from the similarity of this norm (19) to ∥ · ∥H1

0
,

Note, this modification to the norm can be seen as a weighted norm, with ϕ defined as a positive function
of the distance function [12]. □

2.3. Strong Form Derivation
For the derivation of DDM2, we first start with the strong form of the problem (1) and multiply by ϕ to

obtain
−ϕ∇ · (D∇u) = ϕf. (27)

Applying the same extension into the extended domain, the weak form becomes∫
B

D∇u · ∇(ϕv) dx+

∫
B

B.C. v dx =

∫
B

ϕfv dx. (28)

We will use the same B.C. as DDM1 (16), however this time based on the same asymptotic analysis we use
ϵ−2. Thus, the weak form is,

Method 2 (DDM2). Find u ∈ U such that

a(u, v) :=

∫
B

D∇u · ∇(ϕv) +
D

ϵ2
(1− ϕ)uv dx, (29)

l(v) :=

∫
B

ϕfv +
D

ϵ2
(1− ϕ)gv dx. (30)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

Exploring the same properties, we can clearly see the bilinear form is not symmetric. However, we are
unable to comment about coercivity of this method but in section 3 we will derive a new method that is
coercive.

Another approach to obtain a strong form equation on the extended domain is the Smoothed Boundary
Method (SBM), a general framework is provided in [53].

We will explore the similarities of SBM derivation to the Diffuse Domain method by applying this to our
example problem. First multiply equation (1) by ϕ and using the product rule we get,

−∇ · (ϕD∇u) +∇ϕ · (D∇u) = ϕf. (31)
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Repeating that step, results in

−ϕ∇ · (ϕD∇u) +D
[
∇ϕ · ∇(ϕu)− u|∇ϕ|2

]
= ϕf. (32)

Recall, we approximate the surface delta with δ∂Ω = |∇ϕ|. Therefore, we can use the Dirichlet boundary
conditions u = g in that term to give

−ϕ∇ · (ϕD∇u) +D∇ϕ · ∇(ϕu)−D|∇ϕ|2g = ϕ2f. (33)

Typically, SBM and Diffuse Domain methods require a small offset to ϕ from 0 to make sure the problem
is defined, and solvable on the exterior domain. To further explicitly define the external problems, we can
add the same B.C. term (16) from DDM1/DDM2 to all methods used.

While rigorous asymptotic analysis for this modification is a topic for future work, numerical experiments
shows this maintains the accuracy of the method. Also, the experiments show that a scaling of ϵ−2 remains
stable and provides the best accuracy. Therefore, this gives the following weak form:

Method 3 (SBM). Find u ∈ U such that

a(u, v) :=

∫
B

ϕD∇u · ∇(ϕv) +D∇ϕ · ∇(ϕu)v +
D

ϵ2
(1− ϕ)uv dx, (34)

l(v) :=

∫
B

ϕ2fv +D|∇ϕ|2gv + D

ϵ2
(1− ϕ)gv dx. (35)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

Theorem 3. SBM (Method 3) is coercive but not symmetric, with the norm

∥u∥2 :=

∫
B

ϕ|∇u|2 + ϵ−2(1− ϕ)u2 dx. (36)

Proof. The first two terms of the bilinear form clearly show it is not symmetric.
To show this is coercive, we can simply see that when v = u the bilinear is

a(u, u) =

∫
B

ϕD∇u · ∇(ϕu) +D∇ϕ · ∇(ϕu)u+
D

ϵ2
(1− ϕ)|u|2 dx (37)

=

∫
B

D|∇(ϕu)|2 + D

ϵ2
(1− ϕ)|u|2 dx. (38)

This is identical, up to epsilon scalling, to DDM1, so following the results (Theorem 2), this method is
coercive. □

3. Diffuse Domain Nitsche’s Method

Nitsche’s method is a classic method of weakly enforcing a Dirichlet boundary condition on a PDE
[11, 28]. A general framework is presented in [8], including for the Poisson model equation (1). This
approach adds a penalty term instead of enforcing the boundary condition directly in the function space.
Therefore, allowing us to apply integration by parts, while keeping the consistency term to obtain:∫

Ω

D∇u · ∇v dx−
∫
∂Ω

D∇u · nv dS + β

∫
∂Ω

(u− g)v dS =

∫
Ω

fv dx. (39)

Note that, to make this method symmetric we can add this optional term

−
∫
∂Ω

D∇v · n(u− g) dS. (40)
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This is summarised as,∫
Ω

D∇u · ∇v dx−
∫
∂Ω

D∇u · nv dS − α

∫
∂Ω

D∇v · n(u− g) dS + β

∫
∂Ω

(u− g)v dS =

∫
Ω

fv dx. (41)

The parameter α ∈ {1, 0,−1}, controls if we have a symmetric, non-symmetric, or skew-symmetric form; β
is the penalty factor for the boundary condition.

Thus, we apply the Diffuse Domain method using the first approach given in section 2.2, with the normal
given by equation (9) and surface delta given as equation (8). To achieve the following,∫

B

ϕD∇u · ∇v +D∇u · ∇ϕv + αD(u− g)∇ϕ · ∇v + β(u− g)v|∇ϕ|+B.C. v dx =

∫
B

ϕfv dx. (42)

Remark 1. When we take α = β = 0, Nitsche’s method matches DDM2, so this method can be derived via
section 2.3 as well. For Nitsche’s method to be coercive, we require β > 0 in the case α ≥ 0. This suggests
we can create a coercive DDM2 style method by adding these stabilising terms from Nitsche’s methods in
the Diffuse Domain framework.

From numerical experiments, using the same B.C. from DDM2 (Method 2) preforms best. Therefore, by
combining the first two terms, we use this weak form∫

B

D∇u · ∇(ϕv) +
D

ϵ2
(1− ϕ)uv + αD(u− g)∇ϕ · ∇v + β(u− g)v|∇ϕ| dx =

∫
B

ϕfv dx. (43)

We will focus on the following two methods: a stabilised method with α = 0, β = 3D
2ϵ (1 − ϕ); and a

stabilised symmetric method with α = 1, β = 6D
ϵ (1− ϕ).

Method 4 (NDDM). Find u ∈ U such that

a(u, v) :=

∫
B

D∇u · ∇(ϕv) +
D

ϵ2
(1− ϕ)uv +

3D

2ϵ
(1− ϕ)|∇ϕ|uv dx, (44)

l(v) :=

∫
B

ϕfv +
D

ϵ2
(1− ϕ)gv +

3D

2ϵ
(1− ϕ)|∇ϕ|gv dx. (45)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

Method 5 (NSDDM). Find u ∈ U such that

a(u, v) :=

∫
B

D∇u · ∇(ϕv) +
D

ϵ2
(1− ϕ)uv +Du∇ϕ · ∇v +

6D

ϵ
(1− ϕ)|∇ϕ|uv dx (46)

l(v) :=

∫
B

ϕfv +
D

ϵ2
(1− ϕ)gv +Dg∇ϕ · ∇v +

6D

ϵ
(1− ϕ)|∇ϕ|gv dx. (47)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

Theorem 4. NDDM (Method 4) and NSDDM (Method 5) are positive definite.

Proof. Following the idea from DDM1 (Theorem 2) of splitting the domain into interface regions equa-
tion (5), we get the following bilinear form for v = u:∫

Bint

D|∇u|2 dx+

∫
Bext

D

ϵ2
|u|2 dx

+

∫
BΓ

Dϕ|∇u|2 + D

ϵ2
(1− ϕ)|u|2 +D(α+ 1)u∇u · ∇ϕ+

3D(α+ 1)2

2ϵ
(1− ϕ)|∇ϕ||u|2 dx. (48)
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Therefore, we use the norm for H1
0 (B) as

∥u∥2 :=

∫
Bint

|∇u|2 dx+

∫
Bext

ϵ−2|u|2 dx+

∫
BΓ

ϵ−2(1− ϕ)|u|2 dx, (49)

Immediately following the previous proofs, we can see this is a norm in the regions Bint, Bext. When ∥u∥ = 0
the interior, Bint, gives that u must be constant. Also, for the interface, BΓ, and exterior, Bext, gives that
u = 0. Therefore, the constant value of u in Bint must match u = 0. Showing this is a norm because we
have u = 0 everywhere.

Therefore, we are required to show BΓ coincides with this norm. It is clear all terms in this integral are
non-negative besides u∇u · ∇ϕ, so that will be our focus. Recalling the gradient from Theorem 1, and since
r is a signed distance function so |∇r| = 1; we replace a

√
|∇ϕ| to get the following.∫

BΓ

D(α+ 1)u∇u · ∇ϕ dx ≥ −
∫
BΓ

D(α+ 1)|u||∇u||∇ϕ| dx (50)

≥ −
∫
BΓ

D(α+ 1)|u||∇u|
√

|∇ϕ|
√

6

ϵ
(1− ϕ)ϕ dx. (51)

Using Young’s Inequality this becomes,

−
∫
BΓ

D(α+ 1)|u||∇u|
√
|∇ϕ|

√
6

ϵ
(1− ϕ)ϕ dx ≥ −

∫
BΓ

D
(α+ 1)2

2a
ϕ|∇u|2 + 6aD

2ϵ
|∇ϕ|(1− ϕ)|u|2 dx (52)

≥ −
∫
BΓ

ϕD|∇u|2 + 3D(α+ 1)2

2ϵ
|∇ϕ|(1− ϕ)|u|2 dx, (53)

where we use a = (α+ 1)2/2.
For coercivity, we substitute in the inequality above into the BΓ integral leads to∫

BΓ

ϕD|∇u|2 + ϵ−2(1− ϕ)|u|2 + (α+ 1)u∇u · ∇ϕ+
3(α+ 1)2

2ϵ
(1− ϕ)|∇ϕ||u|2 dx (54)

≥
∫
BΓ

ϕD|∇u|2 + ϵ−2(1− ϕ)|u|2 − ϕD|∇u|2 − 3D(α+ 1)2

2ϵ
|∇ϕ|(1− ϕ)|u|2

+
3D(α+ 1)2

2ϵ
|∇ϕ|(1− ϕ)|u|2 dx

(55)

≥
∫
BΓ

ϵ−2(1− ϕ)|u|2 dx. (56)

□

Remark 2. This NSDDM method has been explored by [37] which shows a coercivity result, and [35], using
a different derived values for β. However, our choice of β only impacts the exterior with (1 − ϕ) and is a
direct result from coercivity.

Remark 3. In Appendix A a comparison of these stabilising terms in the Nitsche’s method framework
will show that, using NDDM is better than the original DDM2 method. Also using the symmetric term in
for NSDDM, significantly improves the L2 error but has a worse H1 error. It has the obvious property of
producing a symmetric matrix, so we will focus on this going forward.
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4. Diffuse Domain Mixed Formulation

4.1. Mix0DDM
To derive our new methods we start with the mixed formulation of our model problem (1) given by,

σ = ∇u, (57a)
−∇ · (Dσ) = f, in Ω. (57b)

u = g on ∂Ω. (57c)

First we use the weak form of the first equation and integrate by parts to get∫
Ω

σ · τ dx =

∫
Ω

∇u · τ dx = −
∫
Ω

u∇ · τ dx+

∫
∂Ω

gτ · n dS. (58)

Applying the Diffuse Domain concepts for the weak form approach in section 2.2 this becomes∫
B

ϕσ · τ dx+

∫
B

ϕu∇ · τ dx =

∫
B

δ∂Ωuτ · n dx = −
∫
B

gτ · ∇ϕ dx, (59)

where we used (8) to obtain δ∂Ωn = −∇ϕ. This is equivalent to∫
B

ϕσ · τ dx =

∫
B

∇(ϕu) · τ dx−
∫
B

g∇ϕ · τ dx. (60)

Therefore, we have the following Diffuse Domain approximation for the gradient of u:

ϕσ = ∇(ϕu)− g∇ϕ. (61)

Moving to the second equation, we will use an approximation based on strong form approach in sec-
tion 2.3, since it has the highest convergence rate shown. Therefore, we start with

−ϕ∇ · (Dσ) +
D

ϵ2
(1− ϕ)(u− g) = ϕf, (62)

and applying the product rule, we obtain

−∇ · (ϕDσ) +Dσ · ∇ϕ+
D

ϵ2
(1− ϕ)(u− g) = ϕf. (63)

Multiplying by ϕ and substituting equation (61) gives a new method, we will refer to as Mix0DDM:

−ϕ∇ ·D [∇(ϕu)− g∇ϕ] +D [∇(ϕu)− g∇ϕ] · ∇ϕ+
D

ϵ2
(1− ϕ)2(u− g) = ϕ2f. (64)

To make this method coercive, so we add the term∫
B

D

4
|∇ϕ|2(u− g)v dx. (65)

This leads to the new method,

Method 6 (Mix0DDM). Find u ∈ U such that

a(u, v) :=

∫
B

D∇(ϕu) · [∇ (ϕv) + v∇ϕ] +
D

ϵ2
(1− ϕ)2uv +

D

4
|∇ϕ|2uv dx, (66)

l(v) :=

∫
B

g∇ϕ · [∇ (ϕv) + v∇ϕ] +
D

ϵ2
(1− ϕ)2gv +

D

4
|∇ϕ|2gv + ϕ2fv dx. (67)

For all v ∈ V , where V = H1
0 (B) and U = V + g.
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For Mix0DDM, we can clearly see this method is not symmetric.

Theorem 5. Mix0DDM (Method 6) is coercive, with the norm

∥u∥2 :=

∫
Bint

|∇u|2 dx+

∫
Bext

ϵ−2|u|2 dx+

∫
BΓ

ϵ−2(1− ϕ)2|u|2 dx. (68)

Proof. The bilinear form with v = u is

a(u, u) =

∫
B

D∇(ϕu) · [∇ (ϕu) + u∇ϕ] +
D

ϵ2
(1− ϕ)2|u|2 + D

4
|∇ϕ|2|u|2 dx. (69)

We can see that the (1−ϕ)2 term is non-negative, so we will focus on the other terms. To show this method
is coercive, we will add a functional zero of ±Du∇ϕ · [∇ (ϕu) + u∇ϕ]. Also, we match corresponding terms
in the bilinear form by separating the domain into the same regions in Theorem 2 again.

ā(u, u) =

∫
B

D∇(ϕu) · [∇ (ϕu) + u∇ϕ] +
D

4
|∇ϕ|2|u|2 dx, (70)

=

∫
B

D|∇ (ϕu) + u∇ϕ|2 −Du∇ϕ · [∇ (ϕu) + u∇ϕ] +
D

4
|∇ϕ|2|u|2 dx. (71)

=

∫
Bint

D|∇u|2 dx.+

∫
BΓ

D|∇ (ϕu) + u∇ϕ|2 + D

4
|∇ϕ|2|u|2 −Du∇ϕ · [∇ (ϕu) + u∇ϕ] dx. (72)

Young’s Inequality gives the following bound on the last term,∫
BΓ

Du∇ϕ · [∇ (ϕu) + u∇ϕ] dx ≤ 1

2w

∫
BΓ

D|u∇ϕ|2 dx+
w

2

∫
BΓ

D|∇ (ϕu) + u∇ϕ|2 dx. (73)

Now the whole bilinear equation becomes

a(u, u) ≥
∫
Bint

D|∇u|2 dx+

∫
BΓ

D

4
|∇ϕ|2|u|2 dx+ (1− w

2
)

∫
BΓ

D|∇ (ϕu) + u∇ϕ|2 dx− 1

2w

∫
BΓ

D|u∇ϕ|2 dx.

(74)
Choosing w = 2 produces the result,

a(u, u) ≥

∫
Bint

D|∇u|2 dx+

∫
BΓ

D

4
|∇ϕ|2|u|2 − D

4
|u|2|∇ϕ|2 + D

ϵ2
(1− ϕ)2|u|2 dx

+

∫
Bext

D

ϵ2
|u|2 dx.

(75)

≥
∫
Bint

D|∇u|2 dx+

∫
BΓ

D

ϵ2
(1− ϕ)2|u|2 dx+

∫
Bext

D

ϵ2
|u|2 dx. (76)

≥ D

(∫
Bint

|∇u|2 dx+

∫
BΓ

ϵ2(1− ϕ)2|u|2 dx+

∫
Bext

ϵ2|u|2 dx

)
. (77)

Recalling equation (49) for norm used for the Nitsche’s Methods Theorem 4, the norm required for Mix0DDM
is identical except instead of (1 − ϕ), we have the (1 − ϕ)2. Therefore, we can repeat the same proof with
the higher power. □

4.2. Mix1DDM
In all the methods we have explored, we enfored u = g in the extended domain B by adding an additional

penalization term to the method. We can extend this idea to derive another method where we also enforce
σ = ∇g outside the domain.
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Recall the interior domain from equation (59),∫
B

ϕσ · τ dx+

∫
B

ϕu∇ · τ dx = −
∫
B

g1τ · ∇ϕ dx. (78)

Then complete the same process on the outside to achieve∫
B

(1− ϕ)σ · τ dx+

∫
B

(1− ϕ)g∇ · τ dx =

∫
B

g2τ · ∇ϕ dx, (79)

where the functions g1, g2 will be chosen later. Combining these two equations gives,∫
B

σ · τ dx+

∫
B

[ϕu+ (1− ϕ)g]∇ · τ dx =

∫
B

(g2 − g1)τ · ∇ϕ dx, (80)

which implies the strong form
σ = ∇ [ϕu+ (1− ϕ)g] + (g2 − g1)∇ϕ. (81)

Unlike previously in Mix0DDM, we do obtain an equation for σ alone; this allows us to directly substitute
σ into the Diffuse Domain formulation of the second equation (62),

−ϕ∇ · (D∇ [ϕu+ (1− ϕ)g] + (g2 − g1)∇ϕ) +
D

ϵ2
(1− ϕ)(u− g) = ϕf. (82)

Note we have used arbitrary functions g1 and g2 because we can use different assumptions on the
boundary. We could take g1 = g2 = g, since we know the Dirichlet boundary conditions match for both
regions in the domain. This gives the weak form of equation (82) as∫

B

D∇ [ϕu+ (1− ϕ)g] · ∇(ϕv) +
D

ϵ2
(1− ϕ)(u− g)v dx =

∫
B

ϕfv dx. (83)

For our second method we will take g1 = g and g2 = u. This can be interpreted as, the interior PDE of
u needs to match the Dirichlet boundary g; while the exterior PDE of g needs to match u on the boundary.
From experiments this choice of g1, g2 performs best, so we will refer to this new method as Mix1DDM.

It is required to add the identical stabilising term from Mix0DDM (65). The weak form of equation (82)
becomes

Method 7 (Mix1DDM). Find u ∈ U such that

a(u, v) :=

∫
B

D (∇(ϕu) + u∇ϕ) · ∇(ϕv) +
D

ϵ2
(1− ϕ)uv +

D

4
|∇ϕ|2uv dx, (84)

l(v) :=

∫
B

D [−∇ [(1− ϕ)g] + g∇ϕ] · ∇(ϕv) +
D

ϵ2
(1− ϕ)gv +

D

4
|∇ϕ|2gv + ϕfv dx. (85)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

We can clearly see this is not symmetric.
The only difference in this bilinear form with v = u between Mix1DDM and Mix0DDM is the scaling of

the B.C. term with (1− ϕ). The diffusion terms in both are∫
B

D [∇(ϕu) · ∇(ϕv) + (u∇ϕ) · ∇(ϕv)] dx

Then, for Mix1DDM we have ∫
B

D

ϵ2
(1− ϕ)uv dx

instead of with Mix0DDM we have the term∫
B

D

ϵ2
(1− ϕ)2uv dx.

Therefore, this will not impact the previous proof for coercivity, that is provided by adding the extra
stabilising term. Also, Mix1DDM will use the norm equation (49) in the Nitsche Methods (Theorem 4).
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5. Advection-Diffusion Problems

5.1. DDM1/2
As our goal is to apply the Diffuse Domain approach to the Navier-Stokes equations, we will use a splitting

method which requires solving the semi-implicit momentum equation as an intermediate step. Therefore,
we will first solve advection-diffusion problems. In this section we will focus on the following extension of
the Poisson’s model equation (1) that we have considered so far:

−∇ · (D∇u) + b · ∇u+mu = f, in Ω. (86a)
u = g on ∂Ω, (86b)

We have added both a mass term, m, and an advection term with a given velocity vector b. Assuming that
this is still an elliptic PDE, we require

m− 1

2
∇ · b ≥ 0 (87)

leading to a coercive model.
In [33] it suggests the following Diffuse Domain approximation for the advection term∫

B

ϕb · ∇uv dx. (88)

This is a straightforward application of the approach described in section 2.3 for DDM2 (Method 2). How-
ever, this approximation of the advection term does not guarantee that the resulting bilinear form is positive
definite:

Example 1. For simplicity, we will look at a 1D example of our model problem

−0.0001
d2

dx2
u(x) +

d

dx
u = 0, x ∈ [−0.5, 0.5].

u(0.5) = u(−0.5) = 0.

We apply DDM1 for the diffusion and add equation (88) to approximate the advection term on the extended
domain [−0.675, 0.675]. The signed distance function is given by r(x) = |x| − 0.5. Furthermore, we take
ϵ = 0.035 and a uniform grid spacing of h = 0.01, giving us 7 elements across the interface. The solution is
approximated with a linear Lagrange finite element space with the basis {ηih}. This means we can construct
vectors x for which xTAx = 0, where A is the system matrix such that Aij = a(ηi, ηj). For example, fixing
an element in the left boundary interface to 1, and selecting another point in the other right interface, then
numerically convergence to corresponding x below.

xi =


1 if i = 16 (x = −0.515),

0.657218... if i = 119 (x = 0.515),

0 otherwise.
(89)

To guarantee stability of the method we need to add a stabilising term that takes the difference of the
inflow and outflow boundary into account. Focusing first on the advection and mass terms we obtain,∫

Ω

b · ∇uv +muv dx =

∫
Ω

∇ · (bu)v − (∇ · b)uv +muv dx, (90)

=

∫
Ω

−ub · ∇v + (m−∇ · b)uv dx+

∫
∂Ω

b · nuv dS. (91)

=

∫
Ω

−ub · ∇v + (m−∇ · b)uv dx+

∫
∂Ωout

b · nuv dS +

∫
∂Ωin

b · nuv dS. (92)
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Note, ∂Ωin is the subset of ∂Ω such that b · n < 0 while ∂Ωout is subset with b · n ≥ 0. Motivated by a
Nitsche’s methods approach for advection [46, 6], we replace u in the final term with g. This can be written
as ∫

Ω

b · ∇uv +muv dx =

∫
Ω

−ub · ∇v + (m−∇ · b)uv dx+

∫
∂Ω

b · nuv dS −
∫
∂Ω

[b · n]−(u− g)v dS. (93)

Therefore, the advection term becomes the following formulation∫
Ω

b · ∇uv +muv dx+

∫
∂Ω

[−b · n]+(u− g)v dS, (94)

we have used the notation

[w]+ =

{
w w > 0

0 w < 0 ,
and [w]− =

{
w w < 0

0 w > 0 .
(95)

Recall that in the Diffuse Domain formulation, we can approximate the normal n by −∇ϕ/|∇ϕ|. This gives
the final integral, ∫

∂Ω

[−b · n]+(u− g)v dS ≈
∫
B

[b · ∇(ϕ)]+(u− g)v . (96)

Therefore, a Diffuse Domain approximation to equation (94) is given by∫
B

ϕb · ∇uv + ϕmuv + [b · ∇ϕ]+(u− g)v dx. (97)

This is identical to equation (88) but with an additional stabilizing term enforcing the boundary conditions
on the inflow boundary. From Theorem 1, we know that the sign of ∇ϕ when going from extended domain
into the physical domain is positive, and from interior to exterior is negative. Therefore, we can see this is
a similar method to the upwind discontinuous Galerkin method [9], and replacing u with g on the inflow
boundary.

We thus arrive at the following approximations of the advection-diffusion problem when using DDM1
for the diffusion term:

Method 8 (DDM1 with stabilized advection). Find u ∈ U such that

a(u, v) :=

∫
B

ϕD∇u · ∇v +
D

ϵ3
(1− ϕ)uv + ϕb · ∇uv + [b · ∇ϕ]

+
uv + ϕmuv dx, (98)

l(v) :=

∫
B

ϕfv +
D

ϵ3
(1− ϕ)gv + [b · ∇ϕ]

+
gv dx. (99)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

Theorem 6. DDM1 with stabilised advection is coercive.

Proof. As we have already shown coerciveness in Theorem 2 for the diffusion term, we can just focus on
the advection term and mass terms

ā(u, v) =

∫
B

ϕb · ∇uv + [b · ∇ϕ]
+
uv + ϕmuv dx (100)

for which we need to show that ā(u, u) ≥ 0 under the conditions (87) on the data.
We can use integrate by parts on the first term with u = v to give,∫

B

ϕb · ∇uu dx = −
∫
B

∇ · (ϕbu)u dx =

∫
B

−∇ · (ϕb)|u|2 − ϕb · ∇uu dx. (101)
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Then rearranging and expanding the right-hand side, we get∫
B

ϕb · ∇uu dx =
1

2

∫
B

−∇ · (ϕb)|u|2 dx =
1

2

∫
B

−ϕ|u|2∇ · b− |u|2b · ∇ϕ dx. (102)

This means overall we obtain,

ā(u, u) =

∫
B

−1

2
b · ∇ϕ|u|2 + [b · ∇ϕ]

+|u|2 + ϕ

(
m− 1

2
∇ · b

)
|u|2 dx. (103)

From the requirements of the original elliptic PDE, we know this last term is non-negative. We can split
the first term into the inflow and outflow boundary regions,∫

B

−1

2
b · ∇ϕ|u|2 + [b · ∇ϕ]

+|u|2 dx =

∫
B

(
−1

2

[
[b · ∇ϕ]

+
+ [b · ∇ϕ]

−
]
+ [b · ∇ϕ]

+

)
|u|2 dx (104)

=
1

2

∫
B

(
[b · ∇ϕ]

+ − [b · ∇ϕ]
−
)
|u|2 dx. (105)

=
1

2

∫
B

|b · ∇ϕ||u|2 dx (106)

≥ 0. (107)

As the additional terms are positive, the previous inequality for coercive implies this is also coercive. □

Remark 4. The same argument can be applied to DDM2, NDDM, NSDDM, so we use the same advection
and mass terms in equation (100).

5.2. SBM
Following the derivation for the SBM method in Method 3, we multiply the model problem equation (86)

by ϕ twice. Thus, this gives the advection and mass term as∫
B

ϕ2b · ∇uv + ϕ2muv dx. (108)

This is similar to the previous suggestion for DDM1, equation (88), and requires a stabilising term to be
added.

Example 2. Taking the previous Example 1 with this advection term, we can construct an example for x
such that xTAx = 0. For example,

xi =


1 if i = 16 (x = −0.515),

0.975235... if i = 119 (x = 0.515),

0 otherwise,
(109)

Therefore, we get the following approximation of the elliptic problem using for SBM:

Method 9 (SBM with stabilized advection). Find u ∈ U such that

a(u, v) :=

∫
B

ϕD∇u · ∇(ϕv) +D∇ϕ · ∇(ϕu)v +
D

ϵ2
(1− ϕ)uv + ϕ2b · ∇uv

+ ϕ[b · ∇ϕ]
+
uv + ϕ2muv dx, (110)

l(v) :=

∫
B

ϕ2fv +D|∇ϕ|2gv + D

ϵ2
(1− ϕ)gv + ϕ[b · ∇ϕ]

+
gv dx, (111)

for all v ∈ V , where V = H1
0 (B) and U = V + g.
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Theorem 7. SBM with stabilised advection is coercive.

Proof. Here we will closely follow the proof of Theorem 6.
Coerciveness has already been shown for the diffusion term in Theorem 3, so we will focus on the

advection term and mass terms:

ā(u, v) =

∫
B

ϕ2b · ∇uv + ϕ[b · ∇ϕ]
+
uv + ϕ2muv dx. (112)

We need to show that ā(u, u) ≥ 0 under the conditions (87) on the data.
Using the same integrate by parts on the first term and rearranging with u = v gives,∫

B

ϕ2b · ∇uu dx =
1

2

∫
B

−ϕ2|u|2∇ · b− |u|2b · ∇(ϕ2) dx. =

∫
B

−1

2
ϕ2|u|2∇ · b− |u|2b · ∇ϕϕ dx. (113)

So that overall we obtain,

ā(u, u) =

∫
B

−ϕb · ∇ϕ|u|2 + ϕ[b · ∇ϕ]
+|u|2 + ϕ2

(
m− 1

2
∇ · b

)
|u|2 dx. (114)

The original elliptic PDE requirements show this last term is non-negative. Focusing on the first term, we
can split this into the inflow and outflow boundary regions,∫

B

−ϕb · ∇ϕ|u|2 + ϕ[b · ∇ϕ]
+|u|2 dx =

∫
B

ϕ

(
−1

2

[
[b · ∇ϕ]

+
+ [b · ∇ϕ]

−
]
+ [b · ∇ϕ]

+

)
|u|2 dx (115)

=
1

2

∫
B

ϕ|b · ∇ϕ||u|2 dx (116)

≥ 0. (117)

Similarly, this shows the stabilising term is needed for coerciveness. □

5.3. Mix0DDM
For the mixed methods, we again consider the mixed formulation of our problem

σ = ∇u, −∇ · σ + b · σ +mu = f, in Ω. (118)
u = g on ∂Ω. (119)

Recall, in Mix0DDM we obtained the Diffuse Domain approximation for σ of the form ϕσ = ∇(ϕu)− g∇ϕ.
Then we needed to multiply the second equation with ϕ2. Consequently, the Mix0DDM approximation of
the advection term is given by ∫

B

ϕ2b · σv dx =

∫
B

ϕb · (∇(ϕu)− g∇ϕ) v dx. (120)

This gives the following method:

Method 10 (Mix0DDM with advection). Find u ∈ U such that

a(u, v) :=

∫
B

D∇(ϕu) · [∇ (ϕv) + v∇ϕ] +
D

ϵ2
(1− ϕ)2uv +

D

4
|∇ϕ|2uv + ϕb · ∇(ϕu)v + ϕ2muv dx, (121)

l(v) :=

∫
B

g∇ϕ · [∇ (ϕv) + v∇ϕ] +
D

ϵ2
(1− ϕ)2gv +

D

4
|∇ϕ|2gv + ϕb · g∇ϕv + ϕ2fv dx. (122)

For all v ∈ V , where V = H1
0 (B) and U = V + g.
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Note, we do not have to add any special treatment for the inflow boundary, as we can show that the terms
added for the advection are already coercive.

Theorem 8. Mix0DDM with advection is coercive.

Proof. We can rearrange the advection term in the bilinear form with v = u:∫
B

ϕb · ∇(ϕu)u dx = −
∫
B

ϕ2∇ · b|u|2 + ϕb · ∇(ϕu)u dx. (123)

Therefore, the advection and mass term become∫
B

ϕb · ∇(ϕu)u+ ϕ2m|u|2 dx =

∫
B

ϕ2

(
m− 1

2
∇ · b

)
|u|2 dx ≥ 0. (124)

This is non-negative, using the assumptions on the data of the PDE, so the advection term is positive
semi-definite. Therefore, combining this with Theorem 5, we see the Mix0DDM with advection is stable. □

5.4. Mix1DDM
For Mix1DDM where σ = ∇[ϕu+(1−ϕ)g] + (u− g)∇ϕ is used, we do need to add a stabilising term on

the outflow boundary to obtain a stable scheme:

Method 11 (Mix1DDM with advection). Find u ∈ U such that

a(u, v) :=

∫
B

[∇(ϕu) + u∇ϕ] · [D∇(ϕv) + ϕbv] +
D

ϵ2
(1− ϕ)uv +

D

4
|∇ϕ|2uv

− ϕ[b · ∇ϕ]
−
uv + ϕmuv dx, (125)

l(v) :=

∫
B

[−∇ [(1− ϕ)g] + g∇ϕ] · [D∇(ϕv) + ϕbv] +
D

ϵ2
(1− ϕ)gv +

D

4
|∇ϕ|2gv

+ ϕfv − ϕ[b · ∇ϕ]
−
gv dx. (126)

For all v ∈ V , where V = H1
0 (B) and U = V + g.

Theorem 9. Mix1DDM with advection is coercive.

Proof. First, we can expand the (non stabilised) advection term in the bilinear form and then follow similar
steps to the previous Theorem 8. ∫

B

ϕb · [u∇(ϕ) + ϕ∇(u) + u∇ϕ]u dx, (127)

= 2

∫
B

ϕb · ∇ϕ|u|2 dx+

∫
B

ϕ2b · ∇uu dx, (128)

= 2

∫
B

ϕb · ∇ϕ|u|2 dx+

∫
B

1

2
ϕ2b · ∇(u2) dx. (129)

Continuing by using integrate by parts and product rule,

= 2

∫
B

ϕb · ∇ϕ|u|2 dx− 1

2

∫
B

ϕ2∇ · b|u|2 + 2ϕb · ∇ϕ|u|2 dx, (130)

=

∫
B

ϕb · ∇ϕ|u|2 dx− 1

2

∫
B

ϕ2∇ · b|u|2 dx. (131)
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Therefore, the advection and mass terms in the bilinear form with u = v are equivalent to∫
B

ϕb · [∇(ϕu) + u∇ϕ]u− ϕ[b · ∇ϕ]
−|u|2 + ϕm|u|2 dx, (132)

=

∫
B

ϕb · ∇ϕ|u|2 − 1

2
ϕ2∇ · b|u|2 − ϕ[b · ∇ϕ]

−|u|2 + ϕm|u|2 dx. (133)

Since ϕ ∈ (0, 1) we have ϕ2 < ϕ and consequently,∫
B

ϕ2

(
m− 1

2
∇ · b

)
|u|2 dx ≥ 0. (134)

Then, we can split the first term into the inflow and outflow directions∫
B

ϕb · ∇ϕ|u|2 − ϕ[b · ∇ϕ]
−|u|2 dx, =

∫
B

ϕ
[
[b · ∇ϕ]

+
+ [b · ∇ϕ]

− − [b · ∇ϕ]
−
]
|u|2 dx, (135)

=

∫
B

ϕ[b · ∇ϕ]
+|u|2 dx (136)

≥ 0. (137)

So we obtain a coercive bilinear form for Mix1DDM with advection. □

6. Numerical Experiments

We will now look at some numerical experiments of the new methods to evaluate their potential. These
will be implemented in Python using the package ddfem [7], with meshes generated with Gmsh [19] and
Dune-ALUGrid [4], and solved using Dune-Fem [44, 15]. First we shall focus on the Advection-Diffusion
model problem in equation (86), using the Lagrange space on triangles. The goal is to apply these methods
to Navier-Stokes, where we will use the Taylor-Hood space, so we need to test both first and second order
basis functions. Initially we will solve the corresponding matrix system directly to ensure errors are only
from the approximations. This allows an exact manufactured solution to be constructed, while varying
arguments will show source of error.

To compute the error we use

EL2 = ∥χΩ(u− uh)∥L2 , (138)

EH1 = ∥χΩ(u− uh)∥H1 =

{
EL2 + ∥χΩ(∇u− σh)∥L2 Mix0DDM or Mix1DDM,

EL2 + ∥χΩ(∇u−∇uh)∥L2 otherwise.
. (139)

Note, the interface width is always chosen such that it will contain at least 7 elements i.e., 2ϵ = 7h.
Here we will focus at the best two methods, but the full results are contained within Appendix A. All

our numerical experiments show that the original or stabilised DDM1 (Method 8) and DDM2 (Method 2)
are outperformed by the new methods in the L2 norm.

6.1. Advection-Diffusion Problems
Initially we take the advection term b = (0, 0), to see the accuracy of the diffusion and boundary term.

Also, we take the non-constant scalar diffusion coefficient,

−∇ · [(1 + |x|)∇u] = f, (140)

where f is constructed such that we have the exact solution

u(x) = cos (1.8πx1) cos (2.6πx2). (141)
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Two domains will be used: a smooth arc shape extended into a simple square with a width 7ϵ larger
than outer radius; and an inverted domain, which has the arc cutout from a square, with the fixed amount
extended inside the arc. For convergence tests it is required to start with a mesh size small enough to ensure
the new external boundary conditions do not impact the results. An example of this domain is shown in
figure 1, and a sign distance function can be derived from [40]. The use of ddfem allows complex domains
to easily be defined by combining sign distance function, which is demonstrated in [7].

120.0°

0.5

0.25

7ϵ

Figure 1: Arc shape domain.

These results are shown in figures 2 and 3. NSDDM (Method 5) almost always has the best L2 errors,

10−24× 10−3 6× 10−3

h

10−2

10−1

100
Arc Error

10−24× 10−3 6× 10−3

h

−0.5

0.0

0.5

1.0

1.5

2.0
Arc EOC

Order: 1

Order: 2

L2error

H1error

NSDDM

Mix0DDM

NSDDM

Mix0DDM

Figure 2: Diffusion Dominated problem error plot for Arc domain.

which is closely followed by Mix0DDM (Method 6). These will be a useful combination of methods to focus
on to limit the combination of parameters, as this explores the new mixed methods and our version using
Nitsche’s method. This means we have a symmetric method that offers a high accuracy L2 error, which
would be beneficial for certain problems, for example the Stokes fluid flow.
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Figure 3: Diffusion Dominated problem error plot for Inverted Arc domain.

In the H1 errors Mix0DDM preforms the best, and closely followed by Mix1DDM. However, NSDDM
preforms worse than other methods, this means a compromise of the symmetric property and H1 needs to
be considered depending on the problem. Furthermore, the second order results show that the H1 errors for
Mix0DDM are improved as well. NSDDM is not significantly impacted from increasing basis order.

We follow the same experiments but increase the advection term significant to investigate the errors for
an advection dominate problem,

−∇ · [(1 + |x|)∇u]− 100

[
x2

x1

]
· ∇u = f. (142)

In figures 4 and 5 we can see a very similar outcome to the case without advection. Again Mix0DDM
performs only slightly worse in the L2-norm compared to NSDDM with no advantage of using a second order
space. While as before there is a clear difference in the H1-norm between the two methods with Mix0DDM
showing a higher EOC then NSDDM.

6.2. Searchlight Advection Problem
To further evaluate the performance of the methods for advection dominated problems, we will look at

−D∆u−
[
−x1

x0

]
· ∇u = 0. (143a)

u =

{
0.5 0.35 < |x| < 0.65 and x1 > 0

−0.5 otherwise
on ∂Ω. (143b)

The problem is shown in figure 6: the green part of the boundary shows the inflow and black is characteristic
or outflow. While we don’t have an exact solution for this problem, this figure shows an approximation of
the expected solution given D = 0.

To evaluate the results with D = 10−3, we can sample across the yellow line in the figure, with end
points [−0.7,−0.8] and [0.1, 0.8]. The results are shown in figure 7 with two different spatial resolution. Both
methods converge to the expected result with Mix0DDM preforming better, especially in the downwind part
of the domain (left side of the plots).
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Figure 4: Advection Dominated problem error plot for Arc domain.

The results in figure 8 and figure 9, show a significant difference between the methods on the coarser
mesh. With Mix0DDM preforming significantly better, although showing some oscillations at the outflow
boundary. The fine mesh shows similar results, there is still a significant difference at the outflow boundary.
NSDDM clearly enforces u = −0.5 more strongly but with a larger than expected boundary layer. Mix0DDM
seems to produce a very thin layer and not resolving u = −0.5, more similar to what is seen in discontinuous
Galerkin methods.

6.3. Incompressible Navier-Stokes
Finally, we have reached our goal of the incompressible Navier-Stokes problem. We will solve this using

incremental pressure correction (IPC) which is a second-order projection scheme from [23, 22]. Note, a
simpler Diffuse Domain projection method has been used in [3]. The key benefit of this method is to
decouple the velocity and pressure, so they are solved independently. We compute a tentative velocity by
removing the current pressure term in the momentum equation and divergence free constraint. For a time
step of τ , we solve the following for ũ

3ũ− 4un + un−1

2τ
− ν∆ũ+ (un+1

⋆ · ∇)ũ = fn+1 −∇pn, (144a)

u = g on ∂Ω, (144b)

where un+1
⋆ = 2un−un−1. Then using the Helmholtz decomposition, the tentative velocity is projected into

the divergence free space. Giving the two equations to solve: First solving for p̃,

−∆p̃ = − 3

2τ
∇ · ũ, (145a)

∇p̃ · n = 0 on ∂Ω, (145b)

where p̃ = pn+1 − pn. Then solving, un+1

un+1 = ũ− 2τ

3
∇p̃. (146)
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Figure 5: Advection Dominated problem error plot for Inverted Arc domain.

Note due to the uncoupling, this introduces a splitting error of order O(τ2), so there is no improvement to
using a higher order discretization in time [27, Section 7.5].

To solve this problem in the Diffuse Domain approach we use the components previously introduced.
Although, due to the advection term being divergence free, in ddfem the advection has been implemented
as a source term. To incorporate new terms for gradients and divergence. For the gradient, we can follow
the same approach as the mass term, ∫

Ω

∇p · v dx ≈
∫
B

ϕ∇p · v dx. (147)

Recall, Mix0DDM (8) and SBM (7) both require multiplying by ϕ2.
In equation (145) we require the Neumann boundary condition, these are introduced in [33, 31]. The

following problems require homogeneous boundary conditions, so the term disappears from the equation.
For example, changing the boundary conditions on the model problem equation (1),

−∇ · (D∇p) = f in Ω, (148a)
∇p · n = pN on ∂Ω, (148b)

the Diffuse Domain problem becomes,

−∇ · (ϕD∇p) + pN |∇ϕ| = ϕf. (149)

Therefore, as the Neumann boundary condition use the weak approach, we apply that approach to the
divergence term.

0 =

∫
Ω

∇ · uq dx =

∫
Ω

u · ∇q dx−
∫
∂Ω

g · nq dS ≈
∫
B

ϕu · ∇q + g · ∇ϕq dx (150)

This is implemented in ddfem as an advection term for the pressure, and using the DDM1 method.
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Figure 6: Solution for searchlight with arc domain.

6.3.1. Taylor-Green Vortex
The Taylor-Green vortex is a manufactured solution for Navier-Stokes, so we have an exact solution [48].

Following the example in [34], we have the exact solution

u(t, x) =
(
− cos(2πx1) sin(2πx2)e

−8π2νt, sin(2πx1) cos(2πx2)e
−8π2νt

)T
,

p(t, x) = −1

4
(cos(4πx1) + cos(4πx2))e

−16π2νt.

This gives f = 0, and we will select ν = 0.01 to solve on the domain of a ball with a 0.5 radius, Ω = B0.5(0).
For this problem, we will look at the errors across time using the following errors [47],

EL2(uh) =

(∑
n

τ∥χΩ(u(tn)− un
h)∥2L2

) 1
2

,

EH1(uh) =

(∑
n

τ∥χΩ(u(tn)− uh)∥2H1

) 1
2

,

EL2(ph) =

(∑
n

τ∥χΩ(p(tn)− pnh)∥2L2

) 1
2

.

The results for NSDDM are shown in table 1 and Mix0DDM are shown in table 2. Note we don’t expect
the pressure error to match exactly as it is solved uniquely up to a constant. The results have been shifted
to the closest match, showing the magnitude of the errors between the methods is the same, by NSDDM
showing a higher convergence rate.

We can see both methods have the velocity converging to the correct solution and have similar error
magnitude to the previous experiments in section 6.1 The L2 EOCs preform similar to those experiments,
with Mix0DDM performing close to NSDDM; although both EOCs fall short of the theoretical possible
for Taylor-Green. This suggests the Diffuse Domain error is dominating. The most significant difference
appears in the H1 error, with Mix0DDM performing better in convergence rates and absolute value.

6.3.2. Flow Around a Cylinder
Focusing on the Kármán vortex street case from the DFG 2D-3 benchmark [45]. This problem consists of

the flow through a domain Ω = [0, 2.2]×[0, 4.1]\B0.05(0.2, 0.2), which will extend to remove the cylinder from
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Figure 7: Advection problem sample for Arc domain.

the mesh. This is shown in figure 10. The problem has ν = 0.001, and the following boundary conditions:
the time dependent Dirichlet inflow boundary

u(t, (0, x2)) =

(
6x2(0.41− x2)

0.412
sin

(
πt

8

)
, 0

)T

∀x2 ∈ [0, 0.41],

a do-nothing outflow boundary
(∇un− pI)n = 0,

and the other boundaries have a no slip boundary

u = 0.

The do-nothing boundary condition is the exterior boundary condition and far away from the extended
region, therefore, it will not have an impact on the Diffuse Domain approximation.

h EL2(uh) EL2(uh) EOC EH1(uh) EH1(uh) EOC EL2(ph) EL2(ph) EOC

5.00× 10−2 2.12× 10−2 - 5.55× 10−1 - 8.70× 10−3 -

3.54× 10−2 1.35× 10−2 1.29 4.63× 10−1 0.52 5.23× 10−3 1.46

2.50× 10−2 8.57× 10−3 1.32 3.96× 10−1 0.45 3.01× 10−3 1.59

1.77× 10−2 5.39× 10−3 1.34 3.41× 10−1 0.43 1.67× 10−3 1.71

1.25× 10−2 3.35× 10−3 1.37 2.92× 10−1 0.45 8.95× 10−4 1.79

8.84× 10−3 2.09× 10−3 1.35 2.50× 10−1 0.45 4.77× 10−4 1.81

Table 1: NSDDM method error for Taylor-Green problem.
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(a) h = 0.04988 (b) h = 0.01761

Figure 8: Contour plots of Mix0DDM approximation solutions for Arc domain.

h EL2(uh) EL2(uh) EOC EH1(uh) EH1(uh) EOC EL2(ph) EL2(ph) EOC

5.00× 10−2 2.09× 10−2 - 2.47× 10−1 - 6.69× 10−3 -

3.54× 10−2 1.30× 10−2 1.37 1.56× 10−1 1.33 3.99× 10−3 1.49

2.50× 10−2 8.22× 10−3 1.32 9.87× 10−2 1.32 2.31× 10−3 1.58

1.77× 10−2 5.23× 10−3 1.30 6.37× 10−2 1.26 1.29× 10−3 1.67

1.25× 10−2 3.32× 10−3 1.31 4.25× 10−2 1.17 7.26× 10−4 1.66

8.84× 10−3 2.15× 10−3 1.25 3.03× 10−2 0.97 4.32× 10−4 1.50

Table 2: Mix0DDM method error for Taylor-Green problem.

During the experiments we measure three quantities of interest [29, 25]: drag coefficient, cd(t), lift
coefficient, cl(t), and the pressure difference around the cylinder,

∆p(t) = p(t, (0.15, 0.2))− p(t, (0.25, 0.2)).

These coefficients are derived from(
Cd

Cl

)
=

2

ρLU2
mean

∫
∂Ω

(ν∇u− pI)n dS.

This can be easily converted into an integral that we can compute in the Diffuse Domain framework; we
have the extended normal defined Definition 3 and the surface delta in equation (8).(

Cd

Cl

)
≈ 2

ρLU2
mean

∫
B

(pI − ν∇u)∇ϕ dx.

Using a refined mesh such that, the largest elements have a diameter of hmax = 0.02 and the diameter
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(a) h = 0.04988 (b) h = 0.01761

Figure 9: Contour plots of NSDDM approximation solutions for Arc domain.
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Figure 10: Cylinder Flow Domain

of the smallest elements is hmin = 0.005. The element size increases linearly, starting at a distance of
5ϵ = 0.0875 from the interface of the cylinder, reaching the largest size at 20ϵ = 0.35.

To ensure numerical stability and reduce time step errors, we set τ = 0.005. This gives the results for the
chosen measurements in figure 11. To evaluate the accuracy of these results in table 3 they are compared
against the experiments performed by John [26], and the simulations were run with the same IPC method
on a similarly refined, fitted mesh.

From the lift coefficient measurements, it is clear both methods produce the expected vortex shedding
with alternating lift. Also, the maximums occur close to the reference time, however they are producing
a greater lift; with NSDDM preforming slightly better. A similar behaviour can be spotted in the drag
coefficient, with both methods producing the maximum value close to the expected time. However, both
methods have a noticeable difference from the expected drag coefficient. The maximum drag for NSDDM
undershot the reference value, and overshot the reference value for Mix0DDM. Finally, comparing the
pressure difference we can see both methods produce very close results on the figure, which is similar to the
performance shown for the Taylor-Green problem.

25



Method t(Cd,max) Cd,max t(Cl,max) Cl,max ∆p(8s)

John [26] 3.93625 2.950921575 5.693125 0.47795 -0.1116

Fitted 3.93500 2.9247938 5.47500 0.4328733 -0.1107880

Mix0DDM 3.96000 3.0790530 5.57500 0.7213531 -0.0946709

NSDDM 3.96000 2.7449023 5.58500 0.6855609 -0.0923733

Table 3: Reference value comparison for measurements of flow Navier-Stokes around cylinder.
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Figure 11: Measurements for Navier-Stokes flow around cylinder.
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7. Conclusion

We have introduced and analysed a new approach for applying the Diffuse Domain method to partial
differential equations on complex domains, derived from a mixed formulation. This led to the development
of two new methods, Mix0DDM and Mix1DDM. A key benefit of these methods, for certain problems,
is that it transforms the essential Dirichlet boundary conditions into natural boundary conditions within
the gradient equation of the mixed system. Furthermore, we derived new stabilised methods derived from
Nitsche’s method, NSDDM and NDDM, and improved stabilisation of existing methods.

Numerical experiments for Advection-Diffusion problems demonstrated that the new methods improve
on the existing methods. NSDDM, consistently produced the best L2 error, and while Mix0DDM performed
close in the L2 error, it performed significantly better in the H1 error. This suggests that Mix0DDM is
especially beneficial for problems where the accuracy of the solution’s gradient is important, due to the
boundary conditions being included in σ ≈ ∇u.

Notably, Mix0DDM method was the only method proven to be coercive without an additional stabilisa-
tion term, whereas NSDDM is a high performing symmetric formulation.

The experiments of the incompressible Navier-Stokes equations, using an incremental pressure correction
scheme, demonstrated their accuracy for complex Dirichlet boundary problems. Both methods produced
the expected behaviour, however, the measurements showed some error relative to the reference values.

Future work should focus on a rigorous asymptotic analysis of the new methods to establish their theo-
retical convergence rates, and calculate optimal choice of ϵ scaling in B.C. terms.
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Appendix A. Advection-Diffusion Numerical Results

Here we show the results for all approaches tested for the problems in Section 6.1. Figure A.12 shows
the legend for the approaches, the order of basis functions, and the error measurement; this matches the
earlier plots.
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Figure A.12: Legends for all pots in section Appendix A.

Appendix A.1. Diffusion Dominated
Figures A.13A.14A.15A.16 show the results for the diffusion dominated problem. It is clear that

Mix0DDM is performing better than Mix1DDM, and NSDDM better than NDDM. Importantly, they are
showing lower errors and better convergence than the traditional approaches of DDM1 and SBM.
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Figure A.13: Diffusion Dominated problem error plot for Arc domain with linear elements.
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Figure A.14: Diffusion Dominated problem error plot for Arc domain with quadratic elements.

32



10−24× 10−36× 10−3 2× 10−2

h

10−3

10−2

L
2
er
ro
r

10−24× 10−36× 10−3 2× 10−2

h

10−1

H
1
er
ro
r

10−24× 10−3 6× 10−3

h

−0.5

0.0

0.5

1.0

1.5

2.0

L
2
er
ro
r
E
O
C

10−24× 10−3 6× 10−3

h

−0.5

0.0

0.5

1.0

1.5

2.0

H
1
er
ro
r
E
O
C

Shape: Arc Inv, Order: 1

Figure A.15: Diffusion Dominated problem error plot for Inverted Arc domain with linear elements.
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Figure A.16: Diffusion Dominated problem error plot for Inverted Arc domain with quadratic elements.
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Appendix A.2. Advection Dominated
Figures A.17A.18A.19A.20 show the results for the advection dominated problem, which are similar to

the above diffusion dominated problem. We can see the impact of the stabilised terms on DDM1 and SBM,
which show stabilised SBM error is a smaller magnitude but slower convergence.
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Figure A.17: Advection Dominated problem error plot for Arc domain with linear elements.
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Figure A.18: Advection Dominated problem error plot for Arc domain with quadratic elements.
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Figure A.19: Advection Dominated problem error plot for Inverted Arc domain with linear elements.
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Figure A.20: Advection Dominated problem error plot for Inverted Arc domain with quadratic elements.
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