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Abstract. Given a Riemannian manifold M and an L2-normalized Laplacian eigenfunction ψ on
M with eigenvalue λ2, a general problem in analysis is to understand how the mass of ψ distributes
around M . There are different ways to attack this problem. One of them is to analyze the Lp-norm
of ψ restricted to a submanifold of M . Here, we concentrate on the case M = S2, p = 2, and we
restrict to geodesics of the sphere. Burq, Gérard, and Tzvetkov showed, for γ a geodesic of S2 (and

indeed for more general surfaces), that ||ψ|γ ||L2 ≪ λ1/4 and that this bound is optimal in general.
In this paper, we specialize to the case in which ψ is an eigenfunction of all the Hecke operators
on the sphere and consider the set of geodesics CD of S2 associated to fundamental discriminants
D < 0. By combining approaches of Ali and Magee, we improve the previous upper bound to
||ψ|CD ||L2 ≪D,ε λ

ε for any ε > 0, which is essentially sharp.

1. Introduction

Let (M, g) be a Riemannian manifold and let ∆ be the Laplace operator associated to g. Let
ψ be a Laplacian eigenfunction on M satisfying ∆ψ = λ2ψ. An interesting problem in analysis
is to study how much of the mass of ψ concentrates in small subsets of M . There are several
ways to approach this question; see the introduction of [BGT07] for some of these approaches and
references. One of them is to take ψ to be L2-normalized and bound ||ψ|M ′ ||Lp , where M ′ is a
submanifold of M and 2 ≤ p ≤ ∞.

This approach was first studied by Reznikov in [Rez04] in the particular case of M being a
compact hyperbolic Riemann surface, p = 2, and restricting ψ to a closed geodesic γ, where he
showed that

(1) ||ψ|γ ||L2 ≪ λ
1
4 .

Later, in [BGT07, Thm. 3], Burq, Gérard, and Tzvetkov generalized Reznikov’s results to Rie-
mannian manifolds in general, where the bounds are now dependent on p and the dimensions of
M and M ′, and showed that these are sharp in most cases. Sarnak, in his letter to Reznikov in
[Sar08, p. 1], calls bound (1) and the bounds obtained by Burq, Gérard, and Tzvetkov the convexity
bounds. The reason for this is that, in the case of M ′ =M being an arithmetic hyperbolic surface
and p = ∞, there is a deep connection between our problem, the Ramanujan conjectures for Maass
forms, and the Lindelöf Hypothesis. This connection is described in [Sar95, Section 4].

Even though the bound (1) is sharp in general, it is expected to be not optimal in the case
where M has constant curvature −1 since the geodesic flow is ergodic and quantum ergodicity
holds (see [Shn74], [CdV85], [Zel87]). The only power-saving progress in this setting is when M
is an arithmetic quotient of the modular surface, such as M = Γ0(q)\H, and ψ is arithmetic,
i.e. a simultaneous eigenfunction of ∆ and all the Hecke operators. The first improvement to the
convexity bound in this setting is due to Iwaniec and Sarnak, where they showed in [IS95, Thm.
0.1] that

||ψ||L∞ ≪ε λ
5
24

+ε

for any ε > 0. More recently, Ali showed in [AA22] that for any ε > 0 we have

(2) ||ψ|CD ||L2 ≪D,ε λ
θ+ε
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where D > 0 is a fundamental discriminant, CD is the union of all closed geodesics in SL2(Z)\H
associated to D, and θ ≥ 0 is any bound towards the Ramanujan Conjecture for Maass forms. One
can take θ = 7

64 by results from Kim and Sarnak in [KRS03, Appendix 2, Prop. 2].

Figure 1. From left to right, graphic illustrations of zonal, tesseral, and sectorial
spherical harmonics. If f(ξ) is the spherical harmonic in consideration, the red zones
represent positive values of Re(f(ξ)), whereas the blue zones represent negative
values of Re(f(ξ)). The intensity of the color represents |f(ξ)|.

We concentrate on the case where M = S2 is the 2-sphere, that is,

S2 := {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1},
which has constant curvature 1. We give it the round metric and associated measure, which gives it
the structure of a Riemannian manifold. Let ∆ be its Laplace operator. We know that L2(S2) has
a complete spectral resolution with respect to ∆. Moreover, this spectral resolution is completely
explicit in terms of spherical harmonics; see [STV18, Thm. 2.9], [SW71, p. 140], [AH12, Th. 2.34,
Prop. 3.5]. More explicitly, the ℓ-th Laplacian eigenvalue is λℓ := ℓ(ℓ + 1) and its eigenspace,
denoted by Hℓ, is the space of harmonic homogeneous polynomials in three variables of degree ℓ
restricted to the sphere S2, which are precisely the spherical harmonics.

Let ψ ∈ Hℓ and let γ be a geodesic of S2. We know ||ψ|γ ||L2 satisfies bound (1). In fact, for
arbitrary ψ, the bound (1) is sharp; see [BGT07, Thm. 1]. The reason for this is that, at least for
certain ψ, there are high concentrations of mass in specific regions of the sphere (see Figure 1).

Even though S2 has constant curvature 1, we expect improvements on the bound (1) for specific
ψ. The reason for this is that a basis of Laplacian eigenfunctions for S2 can also be diagonalized
further with respect to Hecke operators, thus making the basis elements arithmetic. These operators
are defined using the action of B×(R) on S2 via rotations, where B×(R) is the group of units of the
Hamiltonian quaternion algebra B(R) over R. This action makes S2 into a homogeneous space.

To be more precise, for any ring R, we define

B(R) := ⟨1, i, j, k | i2 = j2 = k2 = −1, ij = −ji = k⟩R,
so that B(R) = B(Q) ⊗Q R for any Q-algebra R. We denote by B×(R) the group of units of
B(R). Then B× is an affine algebraic group over Q. For α = a + bi + cj + dk ∈ B(R), let
Nrd (α) := a2 + b2 + c2 + d2 ∈ R and Trd (α) := 2a ∈ R be its (reduced) norm and (reduced) trace,
respectively. Let B0,1(R) be the subset of B(R) of quaternions of trace zero and norm 1. The group
B×(R) ∋ α acts on B0,1(R) ∋ γ by conjugation, i.e. α · γ := αγα−1.

We now specialize to the case R = R. Since we have the bijection1

B0,1(R) −→ S2

xi+ yj + zk 7−→ (x, y, z),

we obtain an action of B×(R) on S2. This action is by rotations (see [CS03, §3.1]). Hence, there is
an induced action on L2(S2), which is the left regular representation of B×(R) in L2(S2).

1Throughout the paper, we identify B0,1(R) and S2 under the above bijection and use them interchangeably.
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Let O ⊂ B(R) denote the ring of Hurwitz integers, i.e.

O =

〈
1, i, j,

1 + i+ j + k

2

〉
Z
,

which is a maximal order in B(R) of class number 1. If O× denotes the group of units of O, we
have that |O×| = 24. For any positive integer n, we let

O(n) := {α ∈ O : Nrd (α) = n} ,
and we define the n-th Hecke operator Tn : C(S2) → C(S2) by

(Tnf)(z) :=
1

|O×|
∑

γ∈O(n)

(γ−1 · f)(z) = 1

|O×|
∑

γ∈O(n)

f(γ · z),

where γ−1 is interpreted as an element of B×(R). When n is a power of two, the n-th Hecke
operator degenerates to either T1 or T2 depending on the 2-adic valuation of n. Hence, the Hecke
operators of interest are the ones corresponding to odd values of n.

Since the Laplacian is rotation-invariant, all the Hecke operators commute with ∆. Moreover,
one can show that all the Hecke operators commute with each other, are self-adjoint in C(S2), and
satisfy the recurrence relation

TmTn =
∑

d | gcd(m,n)

d Tmn/d2 ,

where m and n are odd positive integers. Thus, if HO×
ℓ denotes the subspace of Hℓ of functions

that are invariant under the action of O×, we can diagonalize a basis of each HO×
ℓ to obtain an

orthonormal basis of spherical harmonics which are eigenfunctions of all the Hecke operators. We
call these Hecke eigenfunctions.

These Hecke eigenfunctions have a strong connection with modular forms. Indeed, let Snew
ℓ (Γ0(2))

denote the space of holomorphic newforms of weight ℓ and level 2. We have a map

HO×
ℓ −→ Snew

2ℓ+2(Γ0(2))(3)

ψ 7−→ fψ

given by

fψ(z) :=
1

24

∑
γ∈O

⟨ψ(ξ), ψ (γξγ)⟩L2(S2) e
2πiNrd(γ)z,

where ⟨ψ(ξ), ψ (γξγ)⟩ denotes the inner product in L2(S2). One can show that fψ is Hecke normal-
ized, i.e. the first Fourier coefficient is 1, if ψ is L2(S2)-normalized and that fψ is an eigenform if ψ

is a Hecke eigenfunction. Moreover, if this is the case and Tnψ = λψ(n)ψ, then Tnfψ = λψ(n)n
ℓψ.

In fact, the map (3) is an explicit realization of the Jacquet–Langlands correspondence between

GL2 and B×. Moreover, this correspondence tells us that the Hecke eigenspaces in HO×
ℓ are one-

dimensional.
Now, let D < 0 be a negative fundamental discriminant and assume that D ̸≡ 1 (mod 8). We

define CD to be the union of (closed) geodesics on O×\S2 associated to D (see Section 3 for more
details). Our main result is the following.

Theorem 1.1. Let ℓ ≥ 1 be an integer and let ψ ∈ HO×
ℓ be an L2-normalized eigenfunction of all

the Hecke operators. Let CD be the union of all the geodesics of O×\S2 associated to the negative
fundamental discriminant D, as described below. Then, for all ε > 0, we have

||ψ|CD ||L2 ≪D,ε ℓ
ε.

The structure of this paper is the following. In Section 2, we recall some of the important facts
that we shall need for the proof of Theorem 1.1. In Section 3, we define the set CD and introduce
necessary notation for the proof. Finally, in Section 4, we prove the Theorem 1.1.
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2. Background

2.1. Spherical harmonics and automorphic representations of B×(A). The space L2(S2)
decomposes as

L2(S2) =
∞⊕
ℓ=0

Hℓ,

where Hℓ is the space of harmonic homogeneous polynomials in three variables of degree ℓ restricted
to S2. In fact, Hℓ is the eigenspace of the eigenvalue ℓ(ℓ+1) of the Laplace operator ∆. Moreover,
we know the dimension and a basis of Hℓ. First, recall that for n ≥ 1 an integer, the n-th Legendre
polynomial is defined by

Pn(x) :=
1

2nn!

dn

dxn
(x2 − 1)n.

For each integer m with 1 ≤ m ≤ n, define

Pmn (x) := (−1)m(1− x2)m/2
dm

dxm
Pn(x).

The functions Pmn (x) are commonly called associated Legendre polynomials. Using these polyno-
mials, we have the following basis of Hk, which follows from [Hob31, §54–56] and [Mac48, §VII.9].

Proposition 2.1. Let ℓ ≥ 0. Then dimCHℓ = 2ℓ+ 1 and

{Pℓ(cos(ϕ))} ∪ {Pnℓ (cos(ϕ)) cos(nθ) | 1 ≤ n ≤ ℓ} ∪ {Pnℓ (cos(ϕ)) sin(nθ) | 1 ≤ n ≤ ℓ}

is an L2(S2)-orthogonal basis for Hℓ, where

(x, y, z) = (sin(ϕ) cos(θ), sin(ϕ) sin(θ), cos(ϕ))

for θ ∈ [0, 2π) and ϕ ∈ [0, π].

Now, take ψ ∈ HO×
ℓ . We can lift ψ to an eigenfunction ψ̂ of the Casimir operator2 on B×(R)

via the formula

ψ̂(x) := ψ(x · k),
where k is the north pole of S2. In fact, if K∞ = Stab(k) ∩Nrd−1(1), the function ψ̂ is defined on
O×\B×(R)/K∞ since ψ is taken to be left-invariant under O×.

For a global field K, let AK be the ring of K-adèles and AK,fin the ring of finite K-adèles; we
denote by A := AQ and Afin := AQ,fin. Since O has class number 1, we have by [GH24, eq. (2.20)]
the homeomorphism

L : O×\B×(R) −→ B×(R)\B×(A)/Ô×(4)

O×x∞ 7−→ B×(R)(x∞, 1, 1, 1, . . . )Ô×,

where Ô is the closure of O in B(Afin). Thus, we can lift ψ̂ to an automorphic form on B×(A)
given by L∗ψ̂ = ψ̂ ◦L−1. If ψ is an eigenfunction of all the Hecke operators, then L∗ψ̂ generates an
irreducible cuspidal automorphic representation of B×(A) of trivial central character, denoted by

ρψ. Moreover, L∗ψ̂ is the unique K∞Ô×-invariant vector in ρψ. Now, by Flath’s tensor product
theorem (see [GH24, Thm. 6.3.4]), we have the tensor product decomposition

(5) ρψ =
⊗
p≤∞

′
ρp.

2It is a distinguished element of the center of the universal enveloping algebra of the (complex) Lie algebra
associated to B×(R). Intuitively, the Casimir operator is an analogue of the Laplacian operator for Riemannian
manifolds in the context of Lie algebras. For more on this operator, see [Hal15, §10.2].
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The local representations ρp are ramified only at 2 and ∞. The representation ρ∞ has as a model
the ℓ-th irreducible representation of R×\B×(R) ∼= SO3(R), which is a representation on the space
Hℓ (see [Hal13, Thm. 17.12]).

2.2. Closed geodesics of the 2-sphere. As we mentioned before, we will work with geodesics
on O×\S2. Before this, we first recall what the geodesics of S2 are. These are the equators of S2

when we choose a point of S2 to be the “north pole”.

Theorem 2.2. ([GHL90, Example 2.80(c)]) The nonconstant geodesics of S2 are the “great circles”,
i.e. the circles which result of the intersection of S2 with any plane of R3 containing the origin. In
particular, all the geodesics of S2 are closed.

The group O× acts properly on S2 by isometries, but it does not act freely (−1 and 1 act
trivially, and any other element of O× has exactly two fixed points which are antipodal). However,
the quotient space O×\S2 is a smooth manifold and inherits a Riemannian metric from S2. From
[Mag15], a fundamental domain for O×\S2 is given by T1 ∪ T2, where T1 and T2 are the spherical
triangles from Figure 2. In terms of the geodesics of O×\S2, since the Riemannian metric on O×\S2

Figure 2. A fundamental domain for the action of O× on S2 is T1 ∪ T2.

is inherited from the Riemannian metric on S2, using [Tu17, Thm. 14.8] we get the following.

Proposition 2.3. The nonconstant geodesics of O×\S2 are the projections of the geodesics of S2

on O×\S2.

The length of any geodesic of S2 is 2π. The length of the corresponding geodesic of O×\S2 need
not have the same length. In fact, one can show the following result.

Proposition 2.4. Let γ be a geodesic of S2 and γ the corresponding geodesic of O×\S2. Let ξ ∈ S2

be a “north pole” of S2 with equator γ, i.e. a point on S2 such that the geodesic γ is the intersection
of S2 with the plane ⟨ξ, (x, y, z)⟩ = 0. Denote by ℓ(γ) and ℓ(γ) the lengths of γ and γ, respectively,
in the corresponding spaces.

(1) If exactly two entries of ξ are zero, then ℓ(γ) = 1
4ℓ(γ).

(2) If exactly one entry of ξ is zero, then ℓ(γ) = 1
2ℓ(γ).

(3) If the absolute values of the entries of ξ are all equal, then ℓ(γ) = 1
2ℓ(γ).

(4) If none of the above occurs, then ℓ(γ) = ℓ(γ).
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2.3. CM modular forms. There is an important construction of modular forms from a given
Hecke character of an imaginary quadratic field Q(

√
D). It was introduced by Hecke in [Hec27].

This construction satisfies that, if χ is the Hecke character and fχ is the corresponding modular

form, then L(s, fχ) = L(s, χ), where L(s, χ) is seen as a degree 1 L-function over Q(
√
D). In other

words, fχ is the automorphic induction of χ from Q(
√
D) to Q.

For our exposition, we follow [Iwa97, §12.3]. Throughout this section, we let E = Q(
√
D) be an

imaginary quadratic field of discriminant D < 0 and OE be its ring of integers.

Definition 2.5. Let m a modulus of E and ξ a primitive Hecke character modulo m for which
there exists a non-negative integer u such that

ξ((a)) =

(
a

|a|

)u
if a ≡ 1 (mod m).

We define the theta series associated to ξ, denoted by fξ, by

fξ(z) :=
∑
a

ξ(a)NE/Q(a)
u/2e2πiz·NE/Q(a),

where the sum is taken over all the nonzero integral ideals of OE . The function fξ is called the CM
modular form associated to ξ.

Theorem 2.6. ([Iwa97, Thm. 12.5]) We have that fξ is a holomorphic newform of weight k = u+1,
level N = |D| ·NE/Q(m), and character χ (mod N), which is given by

χ(n) = χD(n)ξ((n)) for n ∈ Z,

where χD is the primitive quadratic character modulo −D associated to E. Moreover, if u > 0,
then f is a cusp form.

2.4. L-functions. We recall some notation: given π an automorphic representation of GLn(AF ),
we denote by L(s, π) the associated automorphic L-function (which is an L-function of degree n
over F ), γ(s, π) its gamma factor, ϵ(f ⊗ g) its epsilon factor, q(π) ∈ N the conductor of π, and

q∞(s, π) := q(π)
d∏
i=1

(3 + |s+ κi|)

the analytic conductor of L(s, π), where the κi are the local parameters of π at infinity.
The first type of L-function that we will work with are Rankin–Selberg L-functions, possibly

defined over a quadratic extension of Q (see [IK04, §5.1, 5.11]). However, in our specific case, this
L-function will be equal to a Rankin–Selberg L-function defined over Q. To be more precise, using
properties of base change, automorphic induction, and Rankin–Selberg L-functions, one can show
the following.

Proposition 2.7. Let E/F be a quadratic extension of number fields. Let π be a cuspidal auto-
morphic representation of GL2(AF ) and Ω : E×\A×

E → C× a Hecke character. Let πE = BCE/F (π)
be the base change of π to an automorphic representation of GL2(AE). Then

(6) L(s, πE ⊗ Ω) = L(s, π ⊗AIE/F (Ω)),

where the left hand side is a degree 2 L-function over E and the right hand side is a degree 4
L-function over F .

The second type of L-functions that we will deal with are adjoint L-functions associated to
newforms. The basic facts of these can be consulted in [IK04, §5.12]. We will mainly need to
understand the behavior of L(s,Ad(f)) at s = 1. For this purpose, we have the following.
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Theorem 2.8. ([HL94, Thm. 0.2]) Let f be a holomorphic newform of weight k and level at most
2. Then

L(1,Ad(f)) ≫ε k
−ε

for any ε > 0.

2.5. Approximate functional equation. As we will see later, the sums that we will estimate will
involve central values of Rankin–Selberg L-functions associated to self-dual newforms, which can
be well approximated by the approximate functional equation. The general facts can be consulted
in [IK04, §5.2] and its errata. For our specific situation, we have the following results.

Theorem 2.9 (Approximate functional equation). Let f, g be self-dual newforms such that the
completed L-function Λ(s, f ⊗ g) is entire. Assume that q(f) and q(g) are square-free and coprime.

Let G(u) = eu
2
. We have

L(1/2, f ⊗ g) = (1 + ϵ(f × g))
∑
m≥1

χf (m)χg(m)

m

∑
n≥1

λf (n)λg(n)√
n

V1/2

(
m2n√
q(f × g)

)
,

where

Vs(y) :=
1

2πi

∫
Re(u)=3

γ(s+ u, f ⊗ g)

γ(s, f ⊗ g)
y−uG(u)

du

u

and ϵ(f ⊗ g) is the root number of L(s, f ⊗ g).

Remark 2.10. The conditions on q(f) and q(g) are needed to know what the Dirichlet series of
L(s, f⊗g) is. For our purposes, we will use Theorem 2.9 when f has level 2 with trivial nebentypus
and g has level |D| with primitive nebentypus, where D < 0 is a fundamental discriminant. When
D is odd, the conditions on q(f) and q(g) are satisfied; when D is even, they are not. However, the
theorem still holds since the Dirichlet series of L(s, f ⊗ g) is still as illustrated in Theorem 2.9 by
[Li79, Thm. 2.2].

In fact, one can show that, for our choice of G(u), the function Vs(y) decays rapidly.

Lemma 2.11. Fix A > 0 and α. Suppose that Re(s + κj) ≥ 3α > 0 for j = 1, 2, 3, 4, where κj
are the local parameters of L(s, f ⊗ g) at infinity. Then, the function Vs(y) defined in Theorem 2.9
satisfies

Vs(y) ≪α,A

(
1 +

y√
q∞(s, f ⊗ g)

)−A

.

Thus, in the approximate functional equation of Theorem 2.9, we can ignore all the terms that
are large when compared to the analytic conductor q∞(1/2, f ⊗ g).

Corollary 2.12. Consider the same notation and assumptions from Theorem 2.9. Furthermore,

assume that ϵ(f ⊗ g) = 1. Then, for any B, c, δ,M > 0 such that M ≥ c · q∞(1/2, f ⊗ g)
1
2
+δ we

have

L(1/2, f ⊗ g)

= 2
M∑
m=1

χf (m)χg(m)

m

M∑
n=1

λf (n)λg(n)√
n

V1/2

(
m2n√
q(f × g)

)
+Oc,B,δ,q

(
q∞(1/2, f ⊗ g)−B

)
,

where Vs(y) is the function defined in Theorem 2.9 and the implied constant depends only on c,B, δ,
and q := q(f ⊗ g).
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2.6. Dyadic partition of unity. It is common in analytic number theory that a sum over Z
needs to be analyzed over smaller intervals, since it becomes easier to estimate. For this, we use
partitions of unity.

Proposition 2.13. There exists a smooth function W (x) supported on [1/2, 2] such that∑
k≥0

W
( x
2k

)
= 1

for any x ≥ 1.

2.7. Lipschitz principle. As described by Davenport in [Dav51], the idea of the Lipschitz principle
is to count lattice points inside a sufficiently nice region. For our purposes, we will need the region
to be a parallelogram. For this, we have the following result.

Proposition 2.14. ([AA22, Cor. 3.5]) Let Λ be a lattice in R2 with (ordered) basis B = {α1, α2}.
Let v1, v2 ∈ R2 be two linearly independent vectors. Let P := {av1 + bv2 : a, b ∈ [0, 1]}. Then

|P ∩ Λ| ≪B (||v1||+ ||v2||) + ||v1|| · ||v2||+ 1,

where the implied constant depends only on the basis B of Λ.

3. Setup

Let ψ be an L2(S2)-normalized spherical harmonic of degree ℓ that is an eigenfunction of all
the Hecke operators. Assume that ψ is defined on O×\S2; that is, ψ is invariant under the action
of O×. Let D < 0 be a negative fundamental discriminant and assume that D ̸≡ 1 (mod 8). As
mentioned in Section 1, the elements of CD are geodesics on O×\S2 corresponding to points on the
sphere which are associated to D. These points are

Ê(n) :=
{(

x√
n
,
y√
n
,
z√
n

)
∈ R3 : (x, y, z) ∈ E(n)

}
,

where

n = nD :=

{
−D/4 if 4 | D,
−D otherwise

and

E(n) :=
{
(x, y, z) ∈ Z3 : x2 + y2 + z2 = n

}
.

We require D ̸≡ 1 (mod 8) so that E(n) ̸= ∅.

One can verify that O× is generated by i, j, and 1+i+j+k
2 , and the actions of these quaternions

on the sphere are given by

i : (x, y, z) 7→ (x,−y,−z),
j : (x, y, z) 7→ (−x, y,−z),

1 + i+ j + k

2
: (x, y, z) 7→ (z, x, y).

Note that all of these actions preserve Ê(n), so that we get an action of O× on Ê(n).
For a point ξ ∈ S2, we let γξ be the geodesic with north pole at ξ and let γξ be the corresponding

geodesic on O×\S2. We define

CD :=
⋃

ξ∈O×\Ê(n)

γξ.

One can count the number of geodesics in CD. For this, we start with a classical result of Gauss.
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Theorem 3.1 (Gauss). Assume n > 4, square-free, and n ̸≡ 7 (mod 8). Let r3(n) := #E(n) =

#Ê(n). Then

r3(n) =

{
12h(D) if n ≡ 1, 2 (mod 4),

24h(D) if n ≡ 3 (mod 8),

where h(D) is the ideal class number of the imaginary quadratic field E := Q(
√
D).

In [Ven22], Venkov gave a different proof of Theorem 3.1 using the arithmetic of the Hurwitz
integers O.3 Later, in [Reh82], Rehm reproved Gauss’ Theorem using Venkov’s method, but written
in a more modern framework. They showed that there is a free group action

∆D : Cl(E)×O×\Ê(n) −→ O×\Ê(n),
from where they obtained that

|O×\Ê(n)| =
{
hD if n ≡ 1, 2 (mod 4)
2hD if n ≡ 3 (mod 8).

Let

cD :=
|O×\Ê(n)|

hD
=

{
1 if D ≡ 0 (mod 4),
2 if D ≡ 5 (mod 8).

.

Thus, by fixing an element in each orbit of the action of Cl(E) on O×\Ê(n) and letting Cl(E) act on

them, we obtain cD maps {τ1, . . . , τcD} from Cl(E) to O×\Ê(n), where any two maps have disjoint

image and the union of the images of all the maps is O×\Ê(n). Hence, we obtain a bijective map

τ : Z/cDZ× Cl(E) −→ O×\Ê(n)
([b], [a]) 7−→ τb′([a]),

where b′ ≡ b (mod cD) and 1 ≤ b′ ≤ cD. For [b] ∈ Z/cDZ and [a] ∈ Cl(E), denote by µ[b],[a] a lift

of τ([b], [a]) to a point in Ê(n) and let γ[b],[a] be the corresponding geodesic of S2.

4. Proof of Theorem 1.1

4.1. L2-restriction norm formula. Let γ := γµ be a geodesic of S2 associated to µ ∈ Ê(n) and
let γ be its projection to O×\S2. Since ψ is an L2(S2)-normalized Hecke–Laplace eigenfunction
defined on O×\S2, by the proof of Proposition 2.4, we can see that

(7) ||ψ|γ ||L2 = cγ ||ψ|γ ||L2 ,

where cγ ∈ {1, 1/2, 1/4}. Therefore, we want to bound

(8) ||ψ|γ ||2L2 = cγ

∫
γ
|ψ(x)|2 ds.

Let g : γ → C be any continuous function and consider its lift to γ, which we also denote by g
by abuse of notation. Let κγ ∈ B×(R) be such that κγ · µ = i. A parametrization of γ is given by

θ 7→ κ−1
γ · eiθk with θ ∈ [0, 2π), where k is the north pole of S2. Then, we have

(9)

∫
γ
g(x) ds =

∫ 2π

0
g
(
κ−1
γ · eiθk

)
dθ.

Let

Φ : [0, 2π) → γi

θ 7→ eiθk.

3A similar result can be obtained for the number of representations of positive integers by certain ternary quadratic
forms using other quaternion algebras with a maximal order of class number 1; see [She86].
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Then, the right hand side of (9) is the integral of the pullback Φ∗g(κ−1
γ ·) along [0, 2π). Canonically

identifying [0, 2π) with R/2πZ with the Haar probability, Φ is then a homeomorphism between γi
and a compact abelian group. Moreover, by (9), this homeomorphism satisfies

(10) ⟨g1, g2⟩ = ⟨Φ∗g1,Φ
∗g2⟩,

where g1, g2 : γ → C are any continuous functions and the inner products are in the corresponding
L2-spaces.

Let

C̃D :=
⋃

[b]∈Z/cDZ

⋃
[a]∈Cl(E)

γ[b],[a],

which is a lift of CD to S2. We can parametrize C̃D as

Ξ : R/(2πZ)× Z/cDZ× Cl(E) −→ C̃D
([θ], [b], [a]) 7−→ κ−1

[b],[a] · e
iθk,

where κ[b],[a] = κγ[b],[a] . Let GD := R/(2πZ) × Z/cDZ × Cl(E). We endow Z/cDZ and Cl(E) with
the discrete topologies, so that the counting measures become the Haar measures. Consequently,

by (10), the map Ξ is a homeomorphism between GD and C̃D compatible with integration; that is,

for any integrable function g : C̃D → C, we have∫
C̃D
g(x) ds =

cD∑
b=1

∑
[a]∈Cl(E)

∫
γ[b],[a]

g(x) ds =

∫
GD

Ξ∗g([θ], [b], [a]) d([θ], [b], [a]).

For the inner products of the L2-spaces, we have

(11) ⟨g1, g2⟩ = ⟨Ξ∗g1,Ξ
∗g2⟩.

We know that GD is a compact abelian group, so its set of characters, ĜD, is an orthogonal basis
of L2(GD) (see [Fol15, Prop. 5.23]). Thus, we can express the L2-norm of any g ∈ L2(CD) in terms
of the characters of GD. After identifying R/2πZ with S1 via Φ, the group of characters of R/2πZ
is {

χn : x 7→ einx : n ∈ Z
}
.

By [Fol15, Cor. 4.8], we have that

ĜD =
{
χλ,ρ,n : λ ∈ Ẑ/cDZ, ρ ∈ Ĉl(E), n ∈ Z

}
,

where

χλ,ρ,n : GD −→ S1

([θ], [b], [a]) 7−→ einθλ([b])ρ([a]).

Proposition 4.1. For any g ∈ L2(CD), we have

(12) ||g||2L2 ≍ 1

2πcDhD

∑
λ∈Ẑ/cDZ

∑
ρ∈Ĉl(E)

∑
n∈Z

I(g, λ, ρ, n),

where

(13) I(g, λ, ρ, n) =

∣∣∣∣∣∣
∑

[b]∈Z/cDZ

λ([b])−1
∑

[a]∈Cl(E)

ρ([a])−1

∫ 2π

0
g
(
κ−1
[b],[a] · e

iθk
)
e−inθ dθ

∣∣∣∣∣∣
2

.
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Proof. From (7), (11), and Parseval’s identity for L2(C̃D), since cγ[b],[a] ≍ 1, we have that

||g||2L2 ≍
∑

λ∈Ẑ/cDZ

∑
ρ∈Ĉl(E)

∑
n∈Z

|⟨Ξ∗g, χλ,ρ,n⟩|2

||χλ,ρ,n||2L2

.

The result follows from the fact that the L2-norm of each character of GD is
√
2πcDhD. □

In general, the expression for ||g||2L2 in (12) is an infinite sum. However, in our particular case,
this infinite sum reduces to a finite sum. To show this claim, we do the following reductions.

Remark 4.2. Notice that, by properties of rotations and spherical harmonics, ψ is also a Hecke–
Laplace eigenfunction with the same Laplace eigenvalue and same Hecke eigenvalues as ψ. Since
we know the joint eigenspaces are one-dimensional, it must happen that ψ = cψ for some constant
c ∈ C with |c| = 1. This is only possible if Im(ψ) is contained in a line passing through the origin,
since the equation z = cz (for z ∈ C) represents a line passing through the origin. Thus, there
exists a constant c′ ∈ C× with |c′| = 1 such that c′ψ takes only real values.

Lemma 4.3. Let ψ be a spherical harmonic of degree ℓ. Then, for all λ ∈ Ẑ/cDZ, ρ ∈ Ĉl(E), and
n ∈ Z, we have

I(ψ, λ, ρ,−n) = I(ψ, λ, ρ, n).

Proof. The result follows from taking the complex conjugate of the expression inside the absolute
value in the definition of I(g, λ, ρ,−n) and using Remark 4.2. □

Lemma 4.4. Let ψ be a spherical harmonic of degree ℓ. Then, for all λ ∈ Ẑ/cDZ, ρ ∈ Ĉl(E), and
n ∈ Z such that n > ℓ, we have I(ψ, λ, ρ, n) = 0.

Proof. For each integer n ≥ 1, let

Pn(x) :=
1

2nn!

dn

dxn
(x2 − 1)n

be the n-th Legendre polynomial and, for each 0 ≤ m ≤ n, let

Pmn (x) := (−1)m(1− x2)m/2
dm

dxm
Pn(x)

be the associated Legendre polynomials. Let h(ξ) := ψ(κ−1
[b],[a] · ξ). Since the Laplacian operator of

S2 is rotation-invariant, we know that h ∈ Hℓ. By Proposition 2.1, h is a linear combination of
Pℓ(cos(ϕ)), P

m
ℓ (cos(ϕ)) cos(mθ′), and Pmℓ (cos(ϕ)) sin(mθ′), where 1 ≤ m ≤ ℓ and ξ = (x, y, z) =

(cos(θ′) sin(ϕ), sin(θ′) sin(ϕ), cos(ϕ)) is in spherical coordinates. Hence, to prove that the desired
integral vanishes, it suffices to show it vanishes for h(ξ) equal to some element of this basis.

Notice that the integral in the definition of I(ψ, λ, ρ, n) is the integral of h(ξ) along the equator
of S2 with north pole (1, 0, 0). Then, in spherical coordinates, the coordinate θ′ remains constant
equal to −π/2 or to π/2. Thus, to prove the result, we only need to show it for Pℓ(cos(ϕ)) and for
Pmℓ (cos(ϕ)), where 1 ≤ m ≤ ℓ. Since eiθk = −j sin(θ) + k cos(θ), then ϕ = θ for the point eiθk on
S2, so that we want to show, for n > ℓ and for 1 ≤ m ≤ ℓ, that∫ 2π

0
Pℓ(cos(θ))e

−inθ dθ =

∫ 2π

0
Pmℓ (cos(θ))e−inθ dθ = 0.

However, Pℓ(cos(θ)) and P
m
ℓ (cos(θ)) are polynomials in sin(θ) and cos(θ) of degree ℓ, so that they

can be expressed as linear combinations of the functions

e−iℓθ, e−i(ℓ−1)θ, . . . , e−iθ, 1, eiθ, . . . , ei(ℓ−1)θ, eiℓθ.

Since each one of these functions is orthogonal to einθ in L2([0, 2π]) for n > ℓ, the result follows. □

Putting together the previous two results, we obtain the following.
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Corollary 4.5. Let ψ be an L2(S2)-normalized Hecke–Laplace eigenfunction of S2 of degree ℓ which
is invariant under the action of O×. Then

||ψ|CD ||
2
L2 ≍ 1

cDhD

∑
λ∈Ẑ/cDZ

∑
ρ∈Ĉl(E)

ℓ∑
n=0

I(g, λ, ρ, n).

Remark 4.6. In fact, using symmetry, we can see that I(ψ, λ, ρ, n) = 0 if n and ℓ have different
parity. This fact is used to simplify computations in the case D = −4, but for the general case it
is not needed.

4.2. Adèlization. Next, we proceed to interpret the expression on the right hand side of (13) as

a period integral. First, we need certain constructions. Again, let E = Q(
√
D) = Q(

√
−nD). Let

OE be the ring of integers of E and ÔE be the closure of OE in AE,fin. Note that

OE =

{
Z[
√
−nD] if D ≡ 0 (mod 4),

Z
[
1+

√
−nD
2

]
if D ≡ 1 (mod 4)

and

O×
E =

 {±1} if D < −4,
{±1,±i} if D = −4,
{±1,±ω,±ω2} if D = −3,

where ω = (−1 +
√
−3)/2 = e2πi/3 is a primitive cube root of unity. For a prime ideal p of OE , let

Ep be the completion of E at p and Op be the valuation ring of Ep. We have ÔE =
∏

pOp, so that

ÔE
×
=
∏

pO
×
p .

Let Q(nD) := {µ ∈ O : µ2 = −nD} and let µ ∈ Q(nD). Then Nrd (µ)2 = Nrd
(
µ2
)
= n2D, so

that µµ = Nrd (µ) = nD. Since B(R) is a division ring and µ2 = −nD, it follows that µ = −µ, and
so Trd (µ) = 0. From here, it follows that there is a bijection

E(nD) −→ Q(nD)

(x, y, z) 7−→ xi+ yj + zk.

The group O× acts on Q(nD) by conjugation and the actions of O× on E(nD) and Q(nD) commute
with the bijection above. Hence, we get a correspondence between orbits in O×\E(nD) and orbits
in O×\Q(nD).

Moreover, assume we have a Q-algebra homomorphism ι : E → B(Q). It follows that

ι(
√
−nD)2 = ι(−nD) = −nD.

Of course, the image of
√
−nD determines ι. Moreover, if ι, ι′ : E → B(Q) are Q-algebra homomor-

phisms that satisfy that the images of
√
−nD under ι and ι′ are in the same orbit of O×\Q(nD),

then ι′ and ι are related by an inner automorphism of B(Q) induced by an element of O×. Thus,
we obtain a correspondence between O×\E(nD) and Q-algebra homomorphisms E → B(Q) with
ι(
√
−nD) ∈ Q(nD) related under an inner automorphism by an element of O×.

Lemma 4.7. For any Q-algebra homomorphism ι : E → B(Q) with ι(
√
−nD) ∈ Q(nD), we have

that ι(E) ∩ O = ι(OE); i.e. ι is an optimal embedding.

Proof. Let µ = ι(
√
−nD) and suppose α = a + bµ ∈ O for some a, b ∈ Q. Since Trd (µ) = 0, it

follows that Trd (α) = a, and so a ∈ 1
2Z. Then 2a ∈ Z, so that 2bµ has integral coordinates. Since

nD is square-free and the coordinates of µ are integral, it follows that the coordinates of µ are
pairwise coprime, from where it follows that 2b ∈ Z. Moreover, the same argument shows that if
a ∈ Z, then b ∈ Z. For D ≡ 1 (mod 4), the result follows from here. So, assume D ≡ 0 (mod 4),
so that −nD ≡ 2, 3 (mod 4), i.e. nD ≡ 1, 2 (mod 4). Now, assume that a /∈ Z, so that a = a′/2
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with a′ an odd integer. It follows that b = b′/2 with b′ an odd integer. In this case, we must have
that α ∈ O − B(Z), so that all the entries of α must be of the form m/2 with m an odd integer.
Let µ = xi + yj + zk. Since nD ≡ 1, 2 (mod 4) and µ2 = −n, then x2 + y2 + z2 = nD, so that
at least one of x, y, z must be even. This implies that 2α = a′ + b′xi + b′yj + b′zk where at least
one coordinate is even and at least one coordinate is odd, which contradicts our assumptions. It
follows that necessarily a, b ∈ Z, so that α ∈ ι(OE). □

Let µ ∈ Q(nD) and consider the embedding ιµ : E ↪→ B(Q) associated to µ, i.e. the embedding
a+ b

√
−nD 7→ a+ bµ. Note that, by tensoring with R, ιµ extends to an embedding ι̃µ : C ↪→ B(R).

Since for any field extension L/K, the K-algebra L is flat (L is a free K-module, and so the
property follows by [DF03, §10.5, Cor. 42]), we know that the resulting tensor product of maps
ιµ ⊗ idQp : E ⊗Q Qp → B(Q) ⊗Q Qp = B(Qp) is injective. However, by [CF67, §I.10, pg. 57], we
know that

(14) E ⊗Q Qp
∼=

g⊕
ℓ=1

Ep,ℓ,

algebraically and topologically, where Ep,1, . . . , Ep,g are all the possible completions of E with
respect to a prime ideal of OE lying above the prime p. Thus, for each prime p, we get an
embedding

ιµ,p :

g⊕
ℓ=1

Ep,ℓ ↪→ B(Qp).

From the embedding ι̃µ and the embeddings ιµ,p, we obtain an embedding

ι̂µ : C×
∏
p

Ep ↪→ B(R)×
∏
p

B(Qp),

which restricts to an embedding of (topological) rings

(15) ι̂µ : AE ↪→ B(A).
Indeed, to show this claim, we just need to show that if α ∈ AE,fin, then ι̂µ(α) ∈ B(Afin). By

the lemma in [CF67, §I.12, pg. 61], the claim reduces to verifying that ιµ(OE) ⊂ O, which is true
by Lemma 4.7. Moreover, considering E as a (discrete) subring of AE and B(Q) as a (discrete)
subring of B(A), we can see that ι̂µ(E) ⊂ B(Q) since ι̂µ restricts to ιµ on E. Consequently, we
obtain an embedding

(16) E×\A×
E ↪→ B×(Q)\B×(A).

4.3. Hecke characters. We need to construct unitary characters on A×
E that will allow us to

interpret the expressions in (13) as period integrals. From now on, for the ease of exposition, we
assume D < −4; the cases D = −3,−4 can be handled in a similar way with some modifications.
First, by [GH24, eq. (2.20)], we have that

(17)
⊔

[a]∈Cl(E)

Γ[a]\C× ∼= E×\A×
E/ÔE

×
,

where Γ[a] = O×
E for all [a] ∈ Cl(E) since A×

E is abelian. Using the explicit descriptions of the
isomorphism in (17), we can see that the diagram

(18)

⊔
[a]∈Cl(E)

Γ[a]\C× E×\A×
E/ÔE

×

Z×\R× Q×\A×
Q/Ẑ

×,

∼=

∼=
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is commutative, where the left vertical map is inclusion into the component corresponding to the
trivial class in Cl(E).

For each n ∈ Z, consider the homomorphism ωn : C× → S1 defined by

ωn(z) := (z/z)n .

Since D < −4, we have that O×
E = {±1}. We know that ωn|O×

E
is trivial, so that ωn can be seen

as a character of O×
E\C×. Using the isomorphism (17), where ωn acts on each component of the

left side of (17), we can lift ωn to a unitary Hecke character Ωn : A×
E → C× that is trivial on ÔE

×

and has infinity type ωn. Moreover, the diagram (18) implies that Ωn is trivial on A× since ωn is
trivial on R×.

Remark 4.8. For the cases D = −3 and D = −4, the homomorphism ωn is trivial on O×
E only for

certain values of n (for n even if D = −4 and for n a multiple of 3 if D = −3), so that the same
construction does not work. To fix this issue, we consider a modulus f of E such that the units
in O×

E are congruent to 1 (mod f), and then proceed to construct a Hecke character of conductor
dividing f following [Shu, §6, pp. 9–10]. In both cases, we can take f = (3). We shall see how this
change affects the proof later.

4.4. Period integrals. Let πB := ρψ be the (cuspidal) automorphic representation of B×(A)
generated by L∗ψ̂ as described in Section 2.1. Fix n ∈ Z, [b] ∈ Z/cDZ, and [a] ∈ Cl(E). The adèlic
object that we are interested in is the normalized period integral |PB(ϕ)|2/⟨ϕ, ϕ⟩. Here, for ϕ ∈ πB,
we define

(19) PB(ϕ) :=

∫
E×A×\A×

E

ϕ(ι̂µ[b],[a](t))Ωn(t) dt,

with the measure dt being the Tamagawa measure on A×
E , which is normalized so that E×A×\A×

E
has volume 2Λ(1, χD), where χD is the primitive quadratic character modulo −D associated to E,
and

(20) ⟨ϕ, ϕ⟩ :=
∫
Z(A)B×(Q)\B×(A)

|ϕ(g)|2 d×g,

where d×g is the Tamagawa measure, which is normalized so that Z(A)B×(Q)\B×(A) has volume
2. Note that the period integral (19) is well-defined by the properties of ϕ and the construction of
Ωn.

There are two reasons to be interested in the period integral (19). One of them is that we can
express the square of its absolute value in terms of L-functions via Waldspurger’s formula. The
second is that it is closely related to the integral on the right hand side of (13).

Indeed, let ϕ0 be the unique spherical vector of πB = ρψ (i.e. the adèlic lift of ψ to B×(A)). Let
κ′[b],[a] ∈ B×(R) be such that

Nrd
(
κ′[b],[a]

)
= 1, κ′[b],[a] · k = κ−1

[b],[a] · k, and (κ′[b],[a])
−1 · k ∈ γi,

where γi is the geodesic of S2 with north pole i. Such κ′[b],[a] ∈ B×(R) exists since there exists

µ′ ∈ γi such that d(k, µ′) = d(κ−1
[b],[a] · k, k), where d denotes the distance function in S2, so that

there exists κ ∈ B×(R) such that4 κ · k = κ−1
[b],[a] · k and κ · µ′ = k; then κ′[b],[a] = κ/

√
Nrd (κ)

satisfies the desired properties. Define ϕ[b],[a](g) := ϕ0

(
gκ′[b],[a]

)
, which is in πB since κ′[b],[a] is in

the maximal compact subgroup of B×(R).

4This observation follows from the fact that S2 is a two-point homogeneous space; see [Wan52, §5.2, Thm. II].
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We know that both ϕ0 and Ωn are invariant under ÔE
×
, hence ϕ[b],[a] as well. Since the normal-

ization of the Tamagawa measure dt is such that the measure of ÔE
×
is 1, we have

PB(ϕ[b],[a]) =

∫
E×A×\A×

E/ÔE
×
ϕ[b],[a](ι̂µ[b],[a](t))Ωn(t) dt.

However, by (17), we then obtain that

E×A×\A×
E/ÔE

× ∼=
⊔

[c]∈Cl(E)

Γ[c]\S1,

algebraically and topologically5. In fact, we can make the homeomorphism explicit. Let

Cl(E) −→ E×\A×
E,fin/ÔE

×

[c] 7−→ E×g[c]ÔE
×

be a bijection. Then ⊔
[c]∈Cl(E)

Γ[c]\S1 −→ E×A×\A×
E/ÔE

×

Γ[c]z 7−→ E×A×zg[c]ÔE
×

is a homeomorphism. By the definition of the embedding ι̂[b],[a] and the fact that Γ[c] = O×
E = {±1},

we obtain that ⊔
[c]∈Cl(E)

{
g[c]κ

−1
[b],[a]e

iθκ[b],[a] : θ ∈ [0, π]
}

is a fundamental domain for ι̂[b],[a]

(
E×A×\A×

E/ÔE
×)

in B×(A). Since the Tamagawa measure is

a Haar measure, we can suppress the g[c] in the integral. Consequently, by definition of κ′[b],[a],

PB(ϕ[b],[a]) =
2Λ(1, χD)

π

∑
[c]∈Cl(E)

∫ π

0
ϕ[b],[a]

(
κ−1
[b],[a]e

iθκ[b],[a]

)
Ωn

(
eiθ
)
dθ

=
2Λ(1, χD)hD

π

∫ π

0
ψ
((
κ−1
[b],[a]e

iθ
)
· (κ[b],[a]κ′[b],[a] · k)

)
e−2inθ dθ

=
2Λ(1, χD)hD

π

∫ π

0
ψ
((
κ−1
[b],[a]e

iθ
)
· k
)
e−2inθ dθ

=
2Λ(1, χD)hD

π

∫ π

0
ψ
(
κ−1
[b],[a] · e

2iθk
)
e−2inθ dθ

=
Λ(1, χD)hD

π

∫ 2π

0
ψ
(
κ−1
[b],[a] · e

iθk
)
e−inθ dθ

which is precisely the integral in (13) with g = ψ.
On the other hand, for the same choice of ϕ (i.e. ϕ = ϕ[b],[a]), we can explicitly compute (20).

Indeed, similarly as in the previous computation, we have that ϕ is invariant under Ô×, where O
is the ring of Hurwitz integers in B(Q) and Ô is its closure in B(Afin). The Tamagawa measure is

constructed in such a way that the volume of Ô× in B×(Afin) is 1. It follows that

⟨ϕ, ϕ⟩ =
∫
Z(A)B×(Q)\B×(A)/Ô×

|ϕ(g)|2 d×g.

5The left hand side has the quotient topology induced from the idèlic topology, whereas the right hand side has
the disjoint union topology and each component has the quotient topology induced from the usual topology on S1.
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However, by the homeomorphism (4), the construction of ϕ from ψ, the fact that κ′[b],[a] is a rotation

of S2, and considering the normalization of volumes, we obtain that

⟨ϕ, ϕ⟩ = 1

2π

∫
S2

|ψ(z)|2 dσ(z) = 1

2π

since ψ is L2(S2)-normalized.

4.5. Formulae relating period integrals and special values of L-functions. Let π be the
cuspidal automorphic representation of GL2(A) corresponding to fψ, so that π has trivial central

character. Let πB be the automorphic representation of B×(A) corresponding to π under the
Jacquet–Langlands correspondence, so that πB = ρψ. Note that, by our constructions, π and
Ω = Ωn have disjoint ramification. Let πE = BCE/Q(π) be the base change of π to an automorphic
representation of GL2(AE), which is cuspidal unless π is dihedral (see [Lan80, Lemma 11.3, Prop.
11.4]). As we mentioned in the previous section, in [Wal85] (specifically Proposition 7), Waldspurger
proved a formula relating |PB(ϕ)|2 and L(1/2, πE ⊗ Ω). However, the factors in this formula are
not as explicit as one would want them. Jacquet and Chen, in [JN01, §6, Thm. 2], gave a similar
formula with more explicit factors that works in the case of π not being dihedral. Martin and
Whitehouse, in the appendix to [MW09], then showed an analogous formula to Jacquet and Chen’s
for the dihedral case. To use these results, we need to specify a certain distribution which will help
us compute the local factors in the formula. We follow [Mag15] and [JN01].

Let C∞
c (B×(A)) be the space of smooth, compactly supported, complex-valued functions on

B×(A). The distribution is given by

(21) JπB : C∞
c (B×(A)) → C, f 7→

∑
φ

∫
[πB(f)φ](t)Ω(t) dt

∫
φ(t)Ω(t) dt,

where the sum is over an orthonormal basis of πB and

πB(f)φ =

∫
B×(A)

f(g)[πB(g)φ] dg.

Let S0 be the finite set of places of Q containing the infinite place and all places where πB or Ω
are ramified. Let AS0 denote the ring of adèles over Q with the entries at the places in S0 missing.
In our case, since we are assuming that D < −4, we have S0 = {2,∞}. Denote by S the set of
places of E lying over S0. For any f =

(∏
v∈S0

fv
)
fS0 , where fS0 is the characteristic function of a

maximal compact subgroup of B×(AS0), the distribution JπB factorizes at f . We take f in such a
way that πB(f) is the orthogonal projection onto the span of the L2(B×(A))-normalized spherical

vector ϕ∗ = ϕ∗[b],[a] in π
B, where ϕ∗[b],[a] = ϕ[b],[a]/

√
⟨ϕ[b],[a], ϕ[b],[a]⟩. Then all the terms in the formula

(21) vanish except the one corresponding to φ = ϕ∗, in which case we have πB(f)ϕ∗ = ϕ∗. This
analysis and the analysis from the previous section imply that

(22) JπB (f) = |PB(ϕ∗)|2 =
|PB(ϕ[b],[a])|2

⟨ϕ[b],[a], ϕ[b],[a]⟩
.

On the other hand, by [JN01, §6, Thm. 2], we have that

(23) JπB (f) =
∏
v∈S0

J̃πB (fv)×
1

2

∏
v∈S0
v inert

ε(1, ηv, ψv)2L(0, ηv)×
LS0(1, η)L

S(1/2, πE ⊗ Ωn)

LS0(1,Ad(π))
,

where η is the quadratic Hecke character of A× associated to E, LS(s, π) denotes the L-function of
π with the local factors at places in S missing, and LS(s, π) denotes the product of the local factors
of the L-function of π at the places in S. For the definitions of the undefined terms in the previous
formula, see [JN01]. The important properties of them is that they are positive and depend only
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on the ramification of πB and of E. The same is true for LS0(1, η). The terms J̃πB (fv) are local
factors of the distribution that need to be calculated case by case, as described in [JN01].

We use formula (23) to estimate the L2-restricted norm of ψ. First, we want to do two things:

compute the local factors J̃πB (fv) and include the missing local factors of the L-function corre-
sponding to finite places. We do these in the following two sections.

Remark 4.9. For D = −3 and D = −4, we have S0 = {2, 3,∞}. In both cases, besides the analysis
shown in the following two sections, we also need to compute the corresponding local factors at the
prime 3.

4.6. Local factors of the distribution. We now compute the local factors of the distribution
on the right hand side of (26). We first concentrate on J̃πB (f2). Under the isomorphism (5), the

vector ϕ∗ corresponds to a pure tensor. Since ϕ∗ is Ô×-invariant, then the local component of ϕ∗

at 2 must be invariant under the compact open subgroup O×
2 of B×(Q2), where O2 is the closure

of O in B(Q2) and is a maximal order in B(Q2). By [GP91, Prop. 2.6], there is a unique vector
(up to scalar multiplication) in ρ2 which satisfies this property, and is precisely the Gross–Prasad
test vector for linear forms. By the definition of f , we have that ρ2(f2) is the orthogonal projection

onto the span of the local component of ϕ∗ at 2. With this setup, the factor J̃πB (f2) is computed
in [MW09, §2.2, 2.2.1] for our case (B non-split at 2, π ramified at 2), where they obtain that

J̃πB (f2) = 1.

We now concentrate on computing J̃πB (f∞). We follow the proof of [Mag15, Lemma 8]. Now, we
assume |n| ≤ ℓ, since the integral I(ψ, λ, ρ, n) vanishes if |n| ≥ ℓ. By the discussion in Section 2.1,
we can pick as a model for ρ∞ the space Hℓ of homogeneous harmonic polynomials of degree ℓ on
R3 restricted to the 2-sphere, which is precisely the ℓ-th irreducible representation of R×\B×(R) ∼=
SO3(R).

Let Y n
ℓ be the associated Legendre polynomial Pnℓ normalized so that

||Y n
ℓ (⟨·, k⟩)||L2(S2) = 1,

where we use the convention P 0
ℓ = Pℓ. Let

e1(v) := Y n
ℓ (⟨v, i⟩)einθ(v) and e2(v) := Y n

ℓ (⟨v, i⟩)e−inθ(v),

where θ(v) is an angle around the axis of i such that θ(k) = 0 and θ(j) = π/2. These unit vectors
are in Hℓ by Proposition 2.1 and satisfy that

ρ∞(t)e1 = Ωn(t)e1 and ρ∞(t)e2 = Ωn(t)e2

for t ∈ R×\C×. Indeed, recall that [ρ∞(t)e1](v) = e1(tvt
−1) for t ∈ B×(R). By a direct computa-

tion, we can verify that if t ∈ C×, then ⟨tvt−1, i⟩ = ⟨v, i⟩. Moreover, we can see that if t = reiθt

and θ(v) = θ, then v−⟨v,i⟩i
||v−⟨v,i⟩i|| = keiθ, so that

t
(
keiθ

)
t−1 = reiθt · keiθ · r−1e−iθt = kei(θ−2θt),

from where it follows that θ(tvt−1) = θ − 2θt. Consequently,

[ρ∞(t)e1](v) = e1(tvt
−1) = Y n

ℓ (⟨v, i⟩)ein(θ−2θt) = e−2inθte1(v) = Ωn(t)e1(v),

and similarly with e2.
From [JN01, §5.1, §6], since e1 and e2 are elements of an orthonormal basis of Hℓ, it follows that

J̃πB (f∞) = ⟨ρ∞(f∞)e1, e2⟩.

Now, we chose f∞ in such a way that ρψ(f) is the projection onto ϕ∗, which is the translation

by κ′[b],[a] of the unique (up to scalar multiplication) K∞Ô×-fixed vector of ρψ. Hence, ρ∞(f∞) is
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precisely the orthogonal projection onto the rotation by κ′[b],[a] of the (unique) K
∞-fixed element of

Hℓ, which is Y 0
ℓ (⟨k, ·⟩). Thus,

[ρ∞(f∞)e1](y) =

(∫
S2

Y 0
ℓ (⟨k, κ′[b],[a] · x⟩)Y

n
ℓ (⟨x, i⟩)e−inθ dx

)
Y 0
ℓ (⟨k, κ′[b],[a] · y⟩)

=

(∫
S2

Y 0
ℓ (⟨(κ′[b],[a])

−1 · k, x⟩)Y n
ℓ (⟨x, i⟩)e−inθ dx

)
Y 0
ℓ (⟨(κ′[b],[a])

−1 · k, y⟩)

Since
√
2ℓ+ 1Y 0

ℓ (⟨·, ·⟩) is the reproducing kernel of Hℓ in L
2(S2) (see [Mor98, §2.3, Lemma 2.22]),

by the choice of κ′[b],[a] we obtain that

[ρ∞(f∞)e1](y) =
1√

2ℓ+ 1

(
Y n
ℓ (⟨(κ′[b],[a])

−1 · k, i⟩)e−inθ((κ
′
[b],[a]

)−1·k)
)
Y 0
ℓ (⟨(κ′[b],[a])

−1 · k, y⟩)

=
1√

2ℓ+ 1
Y n
ℓ (0)Y

0
ℓ (⟨(κ′[b],[a])

−1 · k, y⟩)e−inθ((κ
′
[b],[a]

)−1·k)
.

Using the reproducing property again, we finally obtain

J̃πB (f∞) = ⟨ρ∞(f∞)e1, e2⟩(24)

=
Y n
ℓ (0)√
2ℓ+ 1

e
−inθ((κ′

[b],[a]
)−1·k)

∫
S2

Y 0
ℓ (⟨(κ′[b],[a])

−1 · k, y⟩)Y n
ℓ (⟨y, i⟩)einθ dy =

Y n
ℓ (0)

2

2ℓ+ 1
.(25)

In fact, using [Mac48, Ch. VII, §4, eq. (17)], we can determine the value of Y n
ℓ (0).

Lemma 4.10. For 0 ≤ n ≤ ℓ of the same parity, we have

Y n
ℓ (0) = (−1)(ℓ+n)/2

√
(2ℓ+ 1)(ℓ+ n+ 2)(ℓ− n+ 2)C(ℓ+n)/2C(ℓ−n)/2

2ℓ+2
√
π

,

where Cm := 1
m+1

(
2m
m

)
is the m-th Catalan number. If 0 ≤ n ≤ ℓ have different parity, then

Y n
ℓ (0) = 0.

As a consequence of this result and Stirling’s estimates of the factorial, we obtain the following.

Corollary 4.11. For 0 ≤ n ≤ ℓ of the same parity, we have

|Y n
ℓ (0)| ≍

√
ℓ

(1 + ℓ+ n)1/4(1 + ℓ− n)1/4
.

From the observations in the previous section and equations (22), (23), and (25), we can see that

|PB(ϕ[b],[a])|2 does not depend on [a] ∈ Cl(E) and [b] ∈ Z/cDZ, so that for λ ∈ Ĉl(E) and ρ ∈ Ĉl(E)
we have

I(ψ, λ, ρ, n) ≤ c2Dh
2
D|PB(ϕ[b],[a])|2.

Consequently,
(26)

I(ψ, ρ, λ, n) ≪D,E,ram(Ωn),ram(π)

∏
v∈S0

J̃πB (fv)×
LS(1/2, πE ⊗ Ωn)

LS0(1,Ad(π))
=
Y n
ℓ (0)

2

2ℓ+ 1

LS(1/2, πE ⊗ Ωn)

LS0(1,Ad(π))
.

4.7. Local nonarchimedean factors of the L-functions. Next, we would like to add the local
factors at 2 to the L-functions in our formulas to be able to use the approximate functional equation
later. The background for the following discussion can be found in [Tat79], [Cog04, §1], and [BH06,
§7].

First of all, recall that π has conductor 2 and trivial central character since it corresponds to
fψ. Thus, by [LW12, Prop. 2.8], we know that π2 is the twist of the Steinberg representation by a
(unitary) unramified character χ of Q×

p , i.e. π2 ≃ St⊗ χ. Consequently, π2 corresponds under the
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local Langlands correspondence to the Weil–Deligne parameters (τ,N), where τ : WQ2 → GL2(C)
is a representation of the Weil group such that

(27) τ(Φ) =

(
χ(Φ)2−1/2 0

0 χ(Φ)21/2

)
,

where Φ is the geometric Frobenius, and

(28) N =

(
0 1
0 0

)
is a nilpotent endomorphism of C2. Now, we have the following.

Lemma 4.12. The prime 2 of Q is non-split in E.

Proof. If D is even, then 2 ramifies in E. Now, assume D is odd, so D ≡ 1 (mod 4). We know

that OE = Z[(1 +
√
D)/2], where the minimal polynomial of (1 +

√
D)/2 is f(x) = x2 − x+ 1−D

4 .

Recall that we assumed n ̸≡ 7 (mod 8), so that D ̸≡ 1 (mod 8), hence 1−D
4 is odd. Consequently,

f(x) is irreducible over Z/2Z. From here, it follows by Dedekind’s Theorem (see [Mil20b, Thm.
3.41]) that there is only one prime ideal lying above 2 in E and, since 2 is unramified, it must be
inert. □

Remark 4.13. The previous lemma can also be concluded from the fact that E can be embedded
in B(Q). Indeed, consider an embedding ι : E ↪−→ B(Q) as described in Section 4.2. Tensoring
with Q2, we obtain an embedding ι′ : E ⊗Q Q2 ↪−→ B(Q) ⊗Q Q2 = B(Q2). If 2 is split in E, then
E ⊗ Q2

∼= Q2 ⊕ Q2 by (14). However, Q2 ⊕ Q2 contains nontrivial idempotents; thus it cannot
embed in B(Q2) since the latter is a division algebra. Therefore, 2 must be non-split in E.

By Lemma 4.12, there is only one prime ideal p lying above 2 in E. We analyze the behavior of
the local L-function Lp(1/2, πE ⊗ Ωn) depending on the factorization of 2 in E.

First, assume 2 ramifies in E, so that 2OE = p2. Then Ep
∼= Q2, which implies WEp

∼= WQ2 . It
follows that (πE ⊗ Ωn)p is also a twist of the Steinberg representation, now twisted by χ and by
Ωn. Thus, the Weil–Deligne parameters of πE,p ⊗ (Ωn)p are (τ ′, N), where τ ′ :WEp → GL2(C) is a
representation of the Weil group such that

τ ′(Ψ) =

(
χ(Ψ)αn(Ψ)2−1/2 0

0 χ(Ψ)αn(Ψ)21/2

)
,

where αn : Gal(Eab
p /Ep) → C× corresponds to (Ωn)p : E×

p → C× via local class field theory
(see [Mil20a, Ch. III, Thm. 3.1]) and Ψ is the geometric Frobenius. From here, we have that

Ker(N) = {(z, 0) ∈ C2}, where τ ′(Ψ) acts by multiplication by χ(Ψ)αn(Ψ)2−1/2. It follows that

Lp(1/2, πE ⊗ Ωn) = det
(
1− τ ′(Ψ)|Ker(N)2

−1/2
)−1

=

(
1− χ(Ψ)αn(Ψ)

2

)−1

.

Since the characters χ and αn are unitary, we obtain that Lp(1/2, πE ⊗ Ωn) ≍ 1 uniformly on n.
Secondly, assume that 2 is inert in E, so that 2OE = p. In this case, Ep is the unique quadratic

unramified extension of Qp (by the discussion after Prop. 8.10 in [Mil20b]) and we have WEp is an
open subgroup of index 2 in WQp . If Φ′ is the geometric Frobenius of WEp , by the definitions of

the Weil group WEp and the geometric Frobenius, we have Φ′ = Φ2. Additionally, by the definition
of base change, πE,p corresponds under the local Langlands correspondence to the Weil–Deligne
parameters (ResWEp

(τ), N), where N is as defined in (28) and

ResWEp
(τ)(Φ′) = τ(Φ2) =

(
χ(Φ)2 · 2−1 0

0 χ(Φ)2 · 2

)
.
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Hence,

Lp(1/2, πE ⊗ Ωn) =

(
1− χ(Φ)2αn(Φ)

23/2

)−1

,

where again αn corresponds to (Ωn)p via local class field theory. Since both χ and αn are unitary,
it follows that Lp(1/2, πE ⊗ Ωn) ≍ 1 uniformly on n.

Finally, recall that the adjoint representation of τ : WQ2 → GL2(C) can be realized as follows.
Let {e1, e2} be the standard basis for C2 and let {e∗1, e∗2} be its dual basis in (C2)∗. Then the adjoint
representation of GL2(C) can be realized as the 3-dimensional invariant subspace V of C2 ⊗ (C2)∗

that is orthogonal to the subspace generated by e1 ⊗ e∗1 + e2 ⊗ e∗2. (This 1-dimensional subspace is
a copy of the trivial representation.) Thus, a basis for V is given by

{e1 ⊗ e∗1 − e2 ⊗ e∗2, e1 ⊗ e∗2, e2 ⊗ e∗1}.
Under this basis, we have that

Ad(τ)(Φ) =

1 0 0
0 2−1 0
0 0 2


and, by [BH06, §31.2], we have that the nilpotent endomorphism N ′ corresponding to Ad(τ) is given
by the restriction of N ⊗ Id∗2− Id2⊗N t to V , where N t : (C2)∗ → (C2)∗ is given by N t(f) = f ◦N .
Under the given basis, we have

N ′ =

 0 0 1
−2 0 0
0 0 0

 .

It follows that Ker(N ′) is the subspace of V generated by e1 ⊗ e∗2, in which Ad(τ)(Φ) acts by
multiplication by 2−1. Therefore,

L2(1,Ad(π)) = det
(
1−Ad(τ)(Φ)|Ker(N ′)2

−1
)−1

= (1− 2−2)−1 = 4/3.

By Proposition 2.7 we have

L

(
1

2
, πE ⊗ Ωn

)
= L

(
1

2
, π ⊗AIE/Q(Ωn)

)
= L

(
1

2
, fψ ⊗ fΩn

)
,

where the L-function on the right hand side is the Rankin–Selberg L-function over Q of fψ and the
CM form fΩn associated to Ωn in Definition 2.5. From the previous analysis and (26), it follows
that

I(ψ, λ, ρ, n) ≪D
Y n
ℓ (0)

2

2ℓ+ 1

L(12 , fψ ⊗ fΩn)

L(1,Ad(fψ))
,

where the implied constants are bounded as n varies. For n ∈ Z, define

G(n) :=

{
Y

|n|
ℓ (0)2/(2ℓ+ 1) if |n| ≤ ℓ,

0 otherwise.

Thus, by Theorem 2.8, Corollary 4.5, and (26), we obtain
(29)

||ψ|CD ||
2
L2 ≪D

1

2

∑
λ∈Ẑ/cDZ

∑
ρ∈Ĉl(E)

ℓ∑
n=0

Y n
ℓ (0)

2

2ℓ+ 1

L(12 , fψ ⊗ fΩn)

L(1,Ad(fψ))
≪D,ε ℓ

ε 1

2

ℓ∑
n=0

G(n)L(1/2, fψ ⊗ fΩn).

for any ε > 0. We proceed to bound the latter sum.

Remark 4.14. We know that the constant J̃πB (f∞) is nonnegative for any n ∈ Z. Since ψ has real
Hecke eigenvalues, it follows from (26) and the computations in this section that L(12 , πE⊗Ωn) ≥ 0
for all n ∈ Z.
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4.8. Smooth partition of unity. To bound the desired sum, we start by introducing a smooth

partition of unity. Let Ũ(x) be a smooth bump function that is equal to 1 on [0,∞) and supported
on [−1/2,∞). Define

U(x) := Ũ
(x
ℓ

)
,

which is equal to 1 on [0,∞) and is supported on [−ℓ/2,∞). We can see that U(x) + U(−x) ≥ 1
for all x ∈ R. It follows from this and L(1/2, fψ ⊗ fΩ−n) = L(1/2, fψ ⊗ fΩn) that

(30)
ℓ∑

n=0

G(n)L(1/2, fψ ⊗ fΩn) ≤
∑
|n|≤ℓ

U(n)G(n)L(1/2, fψ ⊗ fΩn).

Now, let W (x) be the function obtained from Proposition 2.13. For each b ≥ 0, we define the
function

Wb(x) :=W

(
ℓ+ 1− x

2b

)
.

By construction, Wb is supported on 2b−1 ≤ ℓ+ 1− x ≤ 2b+1. We have∑
b≥0

Wb(x) =

{
1 for x ≤ ℓ,
0 for x ≥ ℓ+ 1,

and is in [0, 1] for ℓ < x < ℓ+ 1. Then, from the definition of G(n), we can see that

∑
|n|≤ℓ

U(n)G(n)L(1/2, fψ ⊗ fΩn) =
∑
n∈Z

∑
b≥0

Wb(n)

U(n)G(n)L(1/2, fψ ⊗ fΩn)

=
∑
b≥0

∑
n∈Z

Wb(n)U(n)G(n)L(1/2, fψ ⊗ fΩn).(31)

Let ℓ′ = log2
(
3ℓ
2 + 1

)
+1. By construction, we have that ℓ+1−2b−1 ≤ − ℓ

2 for b ≥ ℓ′, which implies
that Wb(n)U(n) = 0 for all n ∈ Z. It follows that all terms in (31) with b ≥ ℓ′ vanish. Then, from
this analysis and inequalities (29), (30), and (31), it follows that

(32) ||ψ|CD ||
2
L2 ≪ε ℓ

2ε sup
0≤b≤ℓ′

∑
n∈Z

Wb(n)U(n)G(n)L(1/2, fψ ⊗ fΩn).

For each 0 ≤ b ≤ ℓ′, the inner sum on the right hand side of (32) has only finitely many terms
(by the definition of G(n)). For the rest of the terms, the analytic conductor of the L-functions
involved have similar analytic conductors in size, which will be useful for us later. In more rigorous
terms, we have the following.

Lemma 4.15. Let 0 ≤ b ≤ ℓ′ and define T := 2b. Then

(33) G(n) ≪ (Tℓ)−1/2

and

(34) q∞(1/2, fψ ⊗ fΩn) ≍D (Tℓ)2

for any n ≥ −ℓ/2 such that T/2 ≤ ℓ+ 1− n ≤ 2T .

Proof. Assume n ≥ −ℓ/2 such that T/2 ≤ ℓ + 1− n ≤ 2T . Since fψ has level 2 and fΩn has level
D, we know that q(fψ ⊗ fΩn) ≍D 1, so that

(35) q∞(1/2, fψ ⊗ fΩn) ≍D (4 + ℓ+ n)(4 + ℓ− n)(5 + ℓ+ n)(5 + ℓ− n).

Now, from the inequalities we assumed, we have that ℓ−n ≍ T . Moreover, we have that ℓ+1−2T ≤
n ≤ ℓ+1−T/2. Since T ≪ ℓ, we have that n ≍ ℓ, so that ℓ+n ≍ ℓ. From these observations, (33)
follows from Corollary 4.11, whereas (34) follows from (35). □
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Remark 4.16. Indeed, the integers n that satisfy n ≥ −ℓ/2 and T/2 ≤ ℓ + 1 − n ≤ 2T are
the only ones of interest, since the support of U(x) is [−ℓ/2,∞) and the support of Wb(x) is
T/2 ≤ ℓ+ 1− x ≤ 2T .

Let 0 ≤ b ≤ ℓ′ and denote T = 2b. From Lemma 4.15, it follows that

(36)
∑
n∈Z

Wb(n)U(n)G(n)L(1/2, fψ ⊗ fΩn) ≪ (Tℓ)−1/2
∑
n∈Z

Wb(n)U(n)L(1/2, fψ ⊗ fΩn).

We now proceed to prove that, for any ε > 0 and 0 ≤ b ≤ ℓ′, we have

(Tℓ)−1/2
∑
n∈Z

Wb(n)U(n)L(1/2, fψ ⊗ fΩn) ≪D,ε ℓ
ε,

which would imply the main result.

4.9. Approximate functional equation. Before using the approximate functional equation in
our case, we introduce some notation.

Definition 4.17. For n ∈ Z, we let Vs(y, n) be the function defined in Theorem 2.9 for f = fψ
and g = fΩn . More explicitly,

Vs(y, n) :=
1

2πi

∫
Re(u)=3

γ(s+ u, fψ ⊗ fΩn)

γ(s, fψ ⊗ fΩn)
y−ueu

2 du

u
.

Remark 4.18. In fact, since fψ has weight 2ℓ+ 2 and fΩn has weight 2n+ 1, we have that

γ(s, fψ ⊗ fΩn)

= π−2sΓ

(
s+ ℓ− n+ 1

2

2

)
Γ

(
s+ ℓ− n+ 3

2

2

)
Γ

(
s+ ℓ+ n+ 1

2

2

)
Γ

(
s+ ℓ+ n+ 3

2

2

)
.

It follows that the functions γ(s, fψ ⊗ fΩn) and Vs(y, n) may be extended to smooth functions
γ(s, fψ, x) and Vs(y, x) of x on their domain. We make use of this fact later.

Note that O×
E acts on OE by left multiplication, and that two elements of OE generate the same

ideal in OE if and only if they are in the same orbit of O×
E\OE .

Definition 4.19. Let FD be defined by

FD := {0} ∪ {α ∈ OE : Re(α) > 0} ∪ {α ∈ OE : Re(α) = 0 and Im(α) < 0} ,

which is a fundamental domain for the action of O×
E on OE .

Remark 4.20. The fundamental domain FD is different for D = −4 and D = −3. For instance, for
D = −4 we have

F−4 = {0} ∪ {α ∈ OE : Im(α) ≥ 0 and Re(α) > 0} .

To be able to use the approximate functional equation for the central values of the L-functions
involved, we need an estimate of the analytic conductors, which was done in Lemma 4.15.

Proposition 4.21. For any b fixed, δ > 0 and B ≥ 1, we have

(Tℓ)−1/2
∑
n∈Z

Wb(n)U(n)L(1/2, fψ ⊗ fΩn)

= 2

(Tℓ)1+δ∑
m=1

χD(m)

m

∑
α∈FD

1≤N(α)≤(Tℓ)1+δ

λfψ(N(α))√
N(α)

Πα(m) +OD,B,δ
(
ℓ−2B

)
,(37)
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where

Πα(m) := (Tℓ)−1/2
∑
n∈Z

Ωn((m))Wb(n)U(n)V1/2

(
m2N(α)√
q(fψ ⊗ fΩn)

, n

)
Ωn((α))

and Vs(y, n) is the function defined in Definition 4.17.

Proof. It follows from Lemma 4.15 and the approximate functional equation (Remark 2.10 and
Corollary 2.12) for δ > 0, M = (Tℓ)1+δ, and c the inverse of the implicit constant in the upper
bound of Lemma 4.15. □

We want to estimate the main term on the right hand side of (37). For this, we again introduce
a smooth dyadic partition of unity. Let aT be the smallest integer with aT > (Tℓ)1+δ and let UT
be a smooth bump function supported on [0, aT ] and equal to 1 on [1, (Tℓ)1+δ]. For α ∈ OK , by
abuse of notation we write

UT (α) := UT (N(α)).

Let W (x) be the function from Proposition 2.13 and, for a ≥ 0 and α ∈ OK , define

W ′
a :=W

(
N(α)

2a

)
.

Then, similar to Section 4.8, for all 1 ≤ m ≤ (Tℓ)1+δ we have

(38)
∑
α∈FD

1≤N(α)≤(Tℓ)1+δ

λfψ(N(α))√
N(α)

Πα(m) =
∑
a≥0

∑
α∈FD

λfψ(N(α))√
N(α)

Πα(m)W ′
a(α)UT (α).

Again, as in Section 4.8, whenever 2a−1 ≥ aT , we have W ′
a(α)UT (α) = 0 for all α ∈ FD, so the

a-sum on the right hand side of (38) consists of ≪δ log(Tℓ) terms. Since T ≪ ℓ, from (37) and
(38) it follows that

(Tℓ)−1/2
∑
n∈Z

Wb(n)U(n)L(1/2, fψ ⊗ fΩn)

≪D,ε,δ ℓ
ε sup
0≤2a≪(Tℓ)1+δ

∣∣∣∣∣∣
(Tℓ)1+δ∑
m=1

χD(m)

m

∑
α∈FD

λfψ(N(α))√
N(α)

Πα(m)W ′
a(α)UT (α)

∣∣∣∣∣∣(39)

for all ε > 0, δ > 0, and 1 ≤ T ≪ ℓ.

4.10. Partial derivatives of V1/2. To proceed, we will need certain estimates on the partial
derivatives of V1/2(y, x) with respect to x. We show these estimates in this subsection. First we
estimate the quotient of gamma factors inside the integral in the definition of V1/2(y, x) and its
derivatives.

Lemma 4.22. Let δ > 0 and let 1 ≤ T ≪ ℓ. Suppose that T/2 ≤ ℓ + 1 − x ≤ 2T and x ≥ −ℓ/2.
Define F (u, fψ, x) :=

γ(u+1/2,fψ ,x)
γ(1/2,fψ ,x)

, where

γ(s, fψ, x) := π−2sΓ

(
s+ ℓ− x+ 1

2

2

)
Γ

(
s+ ℓ− x+ 3

2

2

)
Γ

(
s+ ℓ+ x+ 1

2

2

)
Γ

(
s+ ℓ+ x+ 3

2

2

)
.

Then, for Re(u) = δ, we have

|F (u, fψ, x)| ≪δ e
3π|Im(u)|ℓ2δ.
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Proof. Recall Stirling’s estimate (see [MV06, Thm. C.1])

(40) |Γ(s)| ≍
∣∣∣ss−1/2

∣∣∣ e−Re(s),

which holds for |s| ≥ δ and |Arg(s)| < π − δ. Note that∣∣∣ss−1/2
∣∣∣ = |s|Re(s)−1/2e−Arg(s)Im(s).

Using this observation and (40), we have

(41) |F (u, fψ, x)| ≍ F1F2F3,

where

F1 =
|ℓ− x+ 1 + u|(ℓ−x)/2|ℓ− x+ 2 + u|(ℓ−x+1)/2

(ℓ− x+ 1)(ℓ−x)/2(ℓ− x+ 2)(ℓ−x+1)/2

× |ℓ+ x+ 1 + u|(ℓ+x)/2|ℓ+ x+ 2 + u|(ℓ+x+1)/2

(ℓ+ x+ 1)(ℓ+x)/2(ℓ+ x+ 2)(ℓ+x+1)/2
,

F2 = |ℓ− x+ 1 + u|δ/2|ℓ− x+ 2 + u|δ/2|ℓ+ x+ 1 + u|δ/2|ℓ+ x+ 2 + u|δ/2,

F3 = e−
1
2
Im(u)[Arg((ℓ−x+1+u)/2)+Arg((ℓ−x+2+u)/2)+Arg((ℓ+x+1+u)/2)+Arg((ℓ+x+2+u)/2)].

We proceed to estimate each factor Fi. We start with F1. By the triangle inequality, we have
(42)

F 2
1 ≤

(
1 +

|u|
ℓ− x+ 1

)ℓ−x(
1 +

|u|
ℓ− x+ 2

)ℓ−x+1(
1 +

|u|
ℓ+ x+ 1

)ℓ+x(
1 +

|u|
ℓ+ x+ 2

)ℓ+x+1

.

For any C ≥ 0, the function f(t) =
(
1 + C

t+1

)t
is nondecreasing on the interval [−1,∞) and is

bounded from above by eC . From this observation and (42), we obtain

(43) F1 ≤ e2|u| ≪δ e
π|Im(u)|.

We now estimate F2. First, by definition of x and T , we have that ℓ−x+1 ≪ ℓ and ℓ+x+1 ≪ ℓ.
Since ℓ ≥ 1, we have that |ℓ ± x + 1 + u| ≪ ℓ + |u| = ℓ(1 + |u|/ℓ) ≤ ℓ(1 + |u|). It follows, since
Re(u) = δ, that

(44) F2 ≪ ℓ2δ(1 + |u|)2δ ≪δ ℓ
2δeπ|Im(u)|.

Finally, we estimate F3. Notice that, by definition of x and T , we have that ℓ − x + 1 > 0 and
ℓ+ x+ 1 > 0. Hence, each argument in the exponential defining F3 is between −π/2 and π/2, so
in absolute value they are ≤ π/2. Thus

(45) F3 ≤ e
1
2
|Im(u)|[π/2+π/2+π/2+π/2] = eπ|Im(u)|.

Combining (41), (43), (44), and (45) the result follows. □

To estimate the derivatives of F , we need some preliminary results. These are in [AA22, §3.2.1]
and we reproduce them here for the ease of exposition. The first one of them is a consequence of
the mean value theorem.

Lemma 4.23. Let Ω ⊆ C be an open subset containing 0 and let f : Ω → C be a holomorphic
function. Let z0 ∈ Ω be such that the line segment joining 0 and z0 is contained in Ω. Then

|f(z0)− f(0)| ≤ 2|z0| sup
r∈[0,1]

|f ′(rz0)|.
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Recall that, for m ≥ 0 an integer, the polygamma function ψ(m) is the meromorphic function
defined as

ψ(m)(z) :=

{
Γ′(z)/Γ(z) if m = 0,
dm

dzmψ
(0)(z) if m ≥ 1.

Using the series representation for ψ(m) shown in [AS70, 6.4.10], we have the following estimate.

Proposition 4.24. For Re(z) > 0 and m ≥ 1, we have

ψ(m)(z) ≪m |z|−m−1 + |z|−m.

The polygamma functions allow us to write the derivatives of the gamma function as polynomials
in these functions. The same is true for quotients of gamma functions, which is what we have in
our case.

Definition 4.25. For m ≥ 0, s ∈ C, and x ∈ R, we let ψ(m)(s, fψ, x) be the expression

ψ(m)

(
s+ ℓ+ x+ 1

2

2

)
+ ψ(m)

(
s+ ℓ+ x+ 3

2

2

)
− ψ(m)

(
s+ ℓ− x+ 1

2

2

)
− ψ(m)

(
s+ ℓ− x+ 3

2

2

)
.

Proposition 4.26. For x ∈ R and s ∈ C, we have

∂

∂x
γ(s, fψ, x) =

1

2
ψ(0)(s, fψ, x)γ(s, fψ, x).

Moreover, we have an analogue of Proposition 4.24 for ψ(m)(s, fψ, x).

Proposition 4.27. Let 1 ≤ T ≪ ℓ. Assume that T/2 ≤ ℓ+ 1− x ≤ 2T and x ≥ −ℓ/2. Then, for
any m ≥ 1 and Re(s) ≥ 1/2, we have

ψ(m)(s, fψ, x) ≪m T−m.

With the previous results, we can bound the partial derivatives of F with respect to x.

Proposition 4.28. Let 1 ≤ T ≪ ℓ and δ > 0. Suppose that T/2 ≤ ℓ+ 1− x ≤ 2T , x ≥ −ℓ/2, and
Re(u) = δ. Then, for any j ≥ 0 we have

∂j

∂xj
F (u, fψ, x) ≪δ,j |u|je3π|Im(u)|ℓ2δT−j .

Proof. We will show that

(46)
∂j

∂xj
F (u, fψ, x) ≪δ,j |u|j |F (u, fψ, x)|.

Then the result will follow from Lemma 4.22. First, define

D(u, fψ, x) := ψ(0)(1/2 + u, fψ, x)− ψ(0)(1/2, fψ, x).

By Proposition 4.26, we can see that

∂

∂x
F (u, fψ, x) =

γ(1/2, fψ, x) · ∂
∂xγ(1/2 + u, fψ, x)− γ(1/2 + u, fψ, x) · ∂

∂xγ(1/2, fψ, x)

γ(1/2, fψ, x)2

=
1

2
D(u, fψ, x)F (u, fψ, x).

We first estimate the partial derivatives of D with respect to x. First, note that for any j ≥ 0, we
have

∂j

∂xj
D(u, fψ, x) =

1

2j

(
ψ(j)(1/2 + u, fψ, x)− ψ(j)(1/2, fψ, x)

)
.
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Hence, by Lemma 4.23 and Proposition 4.27, we have that

∂j

∂xj
D(u, fψ, x) ≪j |u| sup

r∈[0,1]

∣∣∣ψ(j+1)(1/2 + ru, fψ, x)
∣∣∣≪j |u|T−j−1.

We now come back to estimating the partial derivatives of F with respect to x. To show (46), we
proceed by induction on j. Notice that (46) holds for j = 0 and j = 1. Now, assume that (46)
holds for all m ≤ j. By the induction hypothesis, we have that

∂j+1

∂xj+1
F (u, fψ, x) ≪j

j∑
m=0

∣∣∣∣ ∂j−m∂xj−m
F (u, fψ, x)

∣∣∣∣ ∣∣∣∣ ∂m∂xmD(u, fψ, x)

∣∣∣∣
≪j

j∑
m=0

|u|j−m |F (u, fψ, x)|T−j+m · |u|T−m−1

≪j |u|j+1 |F (u, fψ, x)|T−j−1,

which completes the proof. □

From these bounds, we can estimate the partial derivatives of V1/2(y, x) with respect to x.

Proposition 4.29. Let 1 ≤ T ≪ ℓ. Suppose that T/2 ≤ ℓ+ 1− x ≤ 2T and x ≥ −ℓ/2. Then, for
any j ≥ 1 and ε > 0, we have

∂j

∂xj
V1/2(y, x) ≪ε,j y

−ε/2ℓεT−j .

Proof. Recall from Definition 4.17 that

(47) V1/2(y, x) :=
1

2πi

∫
Re(u)=3

F (u, fψ, x)y
−ueu

2 du

u

Let δ = ε/2. Since eu
2
decays like e−Im(u)2 on vertical lines, by Stirling’s estimate of the Gamma

function and Cauchy’s theorem, we can move the line of integration in (47) to the line Re(u) = δ,
so that

V1/2(y, x) =
1

2πi

∫
Re(u)=δ

F (u, fψ, x)y
−ueu

2 du

u
.

It follows by Proposition 4.28 that

∂j

∂xj
V1/2(y, x) ≪

∫
Re(u)=δ

∣∣∣∣ ∂j∂xj F (u, fψ, x)
∣∣∣∣ y−Re(u)eRe(u2)du

|u|

≪δ,j y
−δeδ

2
ℓ2δT−j

∫
Re(u)=δ

|u|j−1e3π|Im(u)|e−|Im(u)|2 du

≪δ,j y
−δℓ2δT−j . □

4.11. Poisson summation. Notice that, by the construction of Ωn, for m ∈ Z and α ∈ OE , we
have that

Ωn((m)) =
(m
m

)n
= 1 and Ωn((α)) =

(α
α

)n
= ein·Arg(α/α).

Let

qD :=

{
2|D| if D is odd,√
2|D| if D is even.

By [Li79, Thm. 2.2], we have that q(fψ ⊗ fΩn) = q2D for all n ∈ Z. Therefore,

Πα(m) = (Tℓ)−1/2
∑
n∈Z

Wb(n)U(n)V1/2

(
m2N(α)

qD
, n

)
ein·Arg(α/α).
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We now fix 0 ≤ a ≤ aT and write A := 2a. We want to estimate the expression inside the
absolute value on the right hand side of (39), which we call Sa. Define the smooth compactly
supported function

HA(α,m, x) :=
(Tℓ)−1/2√
N(α)

W ′
a(α)UT (α)Wb(x)U(x)V1/2

(
m2N(α)

qD
, x

)
.

Thus, we have

Sa =

(Tℓ)1+δ∑
m=1

χD(m)

m

∑
α∈FD

λfψ(N(α))
∑
n∈Z

HA(α,m, n) e
in·Arg(α/α).

Consequently, we can use the Poisson summation formula in the n-sum to obtain that

Sa =

(Tℓ)1+δ∑
m=1

χD(m)

m

∑
α∈FD

λfψ(N(α))
∑
ξ∈Z

ĤA

(
α,m, ξ − Arg(α/α)

2π

)
,

where ĤA is the Fourier transform of HA with respect to x.

Remark 4.30. For D = −3 and D = −4, one has to split the n-sum in the definition of Sa into
several sums depending on the congruence of n modulo 3 or 4, respectively. There are two reasons
for this change. The first one is the difference in the definition of Ωn for different values of n, as
pointed out in Remark 4.8. The second one is that, along each sum, we want q(fψ⊗fΩn) to remain
constant, so that we can use the Poisson summation formula. However, each sum can be bounded
following the procedure we describe now.

For ξ ̸= 0, by repeated use of integration by parts, we have

(48) ĤA(α,m, ξ) ≤
1

(2π|ξ|)j

∣∣∣∣Ĥ(j)
A (α,m, ξ)

∣∣∣∣ ,
where H

(j)
A is the j-th partial derivative of HA(α,m, x) with respect to x. We estimate ĤA via

estimating H
(j)
A (α,m, x).

Proposition 4.31. Let j ≥ 0. Then

H
(j)
A (α,m, x) = 0 unless 2x ∈ [ℓ+ 1− 2T, ℓ+ 1− T/2] ∩ [−ℓ/2,∞) and N(α) ∈ [A/2, 2A].

Moreover, for any ε > 0, we have

H
(j)
A (α,m, x) ≪D,ε,j ℓ

εT−j(ℓTA)−1/2.

Proof. The first statement follows from the definitions of W ′
a(α) and Wb(x), namely that W ′

a has
support on N(α) ∈ [A/2, 2A] and that Wb has support on [ℓ+ 1− 2T, ℓ+ 1− T/2]. Now, assume
that N(α) ∈ [A/2, 2A], so that N(α) ≫ A. By the product rule for derivatives, we have

H
(j)
A (α,m, x) ≪ (ℓTA)−1/2

(
Wb(x)U(x)V1/2

(
m2N(α)

qD
, x

))(j)

≪j (ℓTA)
−1/2

j∑
i=0

(Wb(x)U(x))(j−i) V
(i)
1/2

(
n2N(α)

qD
, x

)
,(49)

where all the derivatives are with respect to x. Since Wb(x) = W
(
ℓ−x
T

)
for W (x) a fixed smooth

compactly supported function, by using the chain rule several times we obtain thatW
(j−i)
b (2x) ≪j,i
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T−j+i. Similarly, since U(x) = Ũ
(
x
ℓ

)
for Ũ(x) a fixed bump function, we have that U (j−i)(2x) ≪j,i

ℓ−j+i ≪ T−j+i. It follows that

(50) (Wb(2x)U(2x))(j−i) ≪j,i

j−i∑
h=0

W
(h)
b (2x)U (j−i−h)(2x) ≪j,i

j−i∑
h=0

T−hT h+i−j ≪j,i T
−j+i.

Additionally, from Proposition 4.29, we have that

(51) V
(i)
1/2

(
m2N(α)

qD
, x

)
≪ε,i q

ε/2
D ℓεT−i.

From (49), (50), and (51), we obtain

H
(j)
A (α,m, x) ≪D,ε,j (ℓTA)

−1/2
j∑
i=0

T−j+iℓεT−i ≪D,ε,j (ℓTA)
−1/2ℓεT−j . □

As a consequence of (48) and Proposition 4.31, we have the following.

Corollary 4.32. For any j ≥ 0 and ξ ̸= 0, we have

ĤA(α,m, ξ) ≪D,ε,j
Tℓε

|Tξ|j
(ℓTA)−1/2.

Moreover, for N(α) /∈ [A/2, 2A], we have ĤA(α,m, ξ) = 0.

Using this last estimate, we can bound the inner two sums of Sa.

Proposition 4.33. For any m ≥ 1 and 0 < δ ≤ 1, we have∑
α∈FD

λfψ(N(α))
∑
ξ∈Z

ĤA

(
α,m, ξ − Arg(α/α)

2π

)
≪D,ε,δ ℓ

εT 1/2(ℓA)−1/2
∑

α∈S
T−1+δ

|λfψ(N(α))|+ ℓεT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|,

where

SR := {α ∈ FD : −πR ≤ Arg(α) ≤ πR, A/2 ≤ N(α) ≤ 2A}
for any R ∈ (0, 1).

Proof. From the definition of FD, for any α ∈ FD we have that −π/2 ≤ Arg(α) < π/2, so that

−π ≤ Arg(α/α) < π. This implies that −1
2 ≤ Arg(α/α)

2π < 1
2 for any α ∈ FD. Thus, from Corollary

4.32 with j = 2 and the triangle inequality, we have that∑
α∈FD

λfψ(N(α))
∑
ξ≥1

ĤA

(
α,m, ξ − Arg(α/α)

2π

)
≪D,ε ℓ

εT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|
∑
ξ≥1

1∣∣∣ξ − Arg(α/α)
2π

∣∣∣2
≪D,ε ℓ

εT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|
∑
ξ≥1

1

ξ2

≪D,ε ℓ
εT−3/2(ℓA)−1/2

∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|.(52)
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Using the same reasoning, we have
(53)∑
α∈FD

λfψ(N(α))
∑
ξ≤−1

ĤA

(
α,m, ξ − Arg(α/α)

2π

)
≪D,ε ℓ

εT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|.

Now, let ξ = 0 and α ∈ FD. By the definition of SR, we have that
∣∣∣−Arg(α/α)

2π

∣∣∣ ≤ T−1+δ if and only

if α ∈ ST−1+δ . If this is the case, from Corollary 4.32 with j = 0, we get

(54) ĤA

(
α,m,−Arg(α/α)

2π

)
≪D,ε ℓ

εT 1/2(ℓA)−1/2.

If not, then we have
∣∣∣−Arg(α/α)

2π

∣∣∣ > T−1+δ. In particular, Arg(α/α)
2π ̸= 0. Hence, again by Corollary

4.32 with j = ⌈2/δ⌉ we have

ĤA

(
α,m,−Arg(α/α)

2π

)
≪D,ε,δ

ℓεT∣∣∣T (−Arg(α/α)
π

)∣∣∣j (ℓTA)−1/2

≪D,ε,δ ℓ
εT 1−δj(ℓTA)−1/2 ≪D,ε,δ ℓ

εT−3/2(ℓA)−1/2.(55)

Combining (54) and (55), we obtain∑
α∈FD

λfψ(N(α))ĤA

(
α,m,−Arg(α/α)

2π

)

≤
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))| ·
∣∣∣∣ĤA

(
α,m,−Arg(α/α)

2π

)∣∣∣∣
≪D,ε,δ ℓ

εT 1/2(ℓA)−1/2
∑

α∈S
T−1+δ

|λfψ(N(α))|+ ℓεT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A
α/∈S

T−1+δ

|λfψ(N(α))|

≪D,ε,δ ℓ
εT 1/2(ℓA)−1/2

∑
α∈S

T−1+δ

|λfψ(N(α))|+ ℓεT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|.(56)

The result follows from (52), (53), and (56). □

An important observation is that the right hand side of the bound of Proposition 4.33 does not
depend on m, so that we can use well-known bounds for the harmonic sum to estimate Sa; for
instance, we have

(57)

M∑
m=1

1

m
≪ log(M).

Now, from Deligne’s proof of the Weil conjectures (see [Del74]), we have for any n ≥ 1 that
λfψ(n) ≪ε n

ε. If α ∈ FD with A/2 ≤ N(α) ≤ 2A, we have that

λfψ(N(α)) ≪ε N(α)ε ≪ε A
ε.

From this bound, Proposition 4.33, and (57), we have

Sa ≪D,ε,δ ℓ
εT 1/2(ℓA)−1/2

∑
α∈S

T−1+δ

|λfψ(N(α))|
(ℓT )1+δ∑
m=1

1

m
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+ ℓεT−3/2(ℓA)−1/2
∑
α∈FD

A/2≤N(α)≤2A

|λfψ(N(α))|
(ℓT )1+δ∑
m=1

1

m

≪D,ε,δ ℓ
εT 1/2(ℓA)−1/2Aε log

(
(ℓT )1+δ

)
|ST−1+δ |

+ ℓεT−3/2(ℓA)−1/2Aε log
(
(ℓT )1+δ

) ∑
α∈FD

A/2≤N(α)≤2A

1

≪D,ε,δ ℓ
εT 1/2(ℓA)−1/2(ℓT )ε |ST−1+δ |+ ℓεT−3/2(ℓA)−1/2Aε(ℓT )ε

∑
α∈FD

A/2≤N(α)≤2A

1.(58)

Now, by a careful analysis of the factorization of rational primes in number fields, one can show
for any ε > 0 that

(59)
∑

N(a)=n

1 ≪ε n
ε,

where the sum is over all ideals a of OE that have ideal norm equal to n. From (58) and (59) it
follows that

Sa ≪D,ε,δ ℓ
εT 1/2(ℓA)−1/2(ℓT )ε |ST−1+δ |+ ℓεT−3/2(ℓA)−1/2Aε(ℓT )εA1+ε

≪D,ε,δ ℓ
2ε−1/2T ε+1/2A−1/2 |ST−1+δ |+ ℓ2ε−1/2T ε−3/2A2ε+1/2.(60)

Finally, we estimate the cardinality of the set SR for 0 < R ≤ 1.

4.12. Final estimates. We will use the Lipschitz principle to estimate |SR|. First, since FD is
contained in the right half-plane of R2, we have that SR = SR′ for R,R′ ≥ 1/2, so we only need to
bound |SR| for R ≤ 1/2. Now, consider the set

S∗
R := {α ∈ SR : Im(α) ≥ 0} .

Then, we can see that |SR| ≤ 2|S∗
R|, so it is enough to estimate |S∗

R|. For this, we will reduce our
problem to counting lattice points in a parallelogram. Define the parallelogram

PR := {av1 + bv2 : a, b ∈ [0, 1]} ,
where

v1 :=
(√

2A, 0
)

and v2 :=
(
0, sin (πR)

√
2A
)
.

The important observation is the following.

Lemma 4.34. For 0 < R ≤ 1/2, we have

S∗
R ⊆ PR ∩ OE .

Proof. First, note that S∗
R ⊆ FD ⊆ OE , so that we only need to show that S∗

R ⊆ PR. Since S∗
R is

contained in the first quadrant of R2, we have that

S∗
R =

{
α ∈ FD : 0 ≤ Arg(α) ≤ πR,

A

2
≤ N(α) ≤ 2A

}
.

Suppose α = x+ iy ∈ S∗
R. We then have A/2 ≤ x2 + y2 ≤ 2A, so that

(61) 0 ≤ x ≤
√
2A.

Moreover, since 0 ≤ Arg(α) ≤ πR and 0 < R ≤ 1/2, then

(62) 0 ≤ y =
√
x2 + y2 sin(Arg(α)) ≤

√
2A sin(πR).

The result follows from (61) and (62). □
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Hence, to estimate |S∗
R|, we only need to estimate |PR ∩OE | by Lemma 4.34. Using Proposition

2.14 with the basis {1, i
√
−n} and the well-known inequality sin(x) ≤ x for x ≥ 0, we obtain for

0 < R ≤ 1 that

(63) |SR| ≪D

(√
2A+R

√
2A
)
+
(√

2A ·R
√
2A
)
≪D

√
A+RA.

Combining (60) and (63) with R = T−1+δ, and setting δ = ε, we get

Sa ≪D,ε ℓ
2ε−1/2T ε+1/2A−1/2

(
T−1+εA+A1/2

)
+ ℓ2ε−1/2T ε−3/2A2ε+1/2

≪D,ε ℓ
2ε−1/2T ε

(
T ε−1/2A1/2 + T 1/2 + T−3/2A2ε+1/2

)
.(64)

However, from the definition of A and T , we know that T ≪ ℓ and A ≪ε (Tℓ)1+ε. Using these
estimates in (64), we obtain

Sa ≪D,ε ℓ
2ε−1/2T ε

(
T ε−1/2(Tℓ)(1+ε)/2 + T 1/2 + T−3/2(Tℓ)1/2+9ε/2

)
≪D,ε ℓ

2ε−1/2T ε
(
T 3ε/2ℓ(1+ε)/2 + T 1/2 + T−1+9ε/2ℓ1/2+9ε/2

)
≪D,ε ℓ

2ε−1/2ℓε
(
ℓ3ε/2ℓ(1+ε)/2 + ℓ1/2 + ℓ1/2+9ε/2

)
≪D,ε ℓ

8ε.(65)

Combining (32), (36), (39), and (65) we obtain the desired result.
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tielles (Polytechnique) dit aussi ”Séminaire Goulaouic-Schwartz”, pages 1–7, 1984-1985. talk:13.
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