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ABSTRACT. Given a Riemannian manifold M and an L?-normalized Laplacian eigenfunction v on
M with eigenvalue A2, a general problem in analysis is to understand how the mass of ¢ distributes
around M. There are different ways to attack this problem. One of them is to analyze the L”-norm
of 1 restricted to a submanifold of M. Here, we concentrate on the case M = S2%, p = 2, and we
restrict to geodesics of the sphere. Burq, Gérard, and Tzvetkov showed, for v a geodesic of S? (and
indeed for more general surfaces), that |[1],]| 2 < A/ and that this bound is optimal in general.
In this paper, we specialize to the case in which 1 is an eigenfunction of all the Hecke operators
on the sphere and consider the set of geodesics Cp of 52 associated to fundamental discriminants
D < 0. By combining approaches of Ali and Magee, we improve the previous upper bound to
[|¥lepllz2 € p,e A° for any e > 0, which is essentially sharp.

1. INTRODUCTION

Let (M,g) be a Riemannian manifold and let A be the Laplace operator associated to g. Let
1 be a Laplacian eigenfunction on M satisfying Ay = A%¢. An interesting problem in analysis
is to study how much of the mass of ¢ concentrates in small subsets of M. There are several
ways to approach this question; see the introduction of [BGT07] for some of these approaches and
references. One of them is to take 1 to be L2-normalized and bound |[1|ys||zr, Where M’ is a
submanifold of M and 2 < p < .

This approach was first studied by Reznikov in [Rez04] in the particular case of M being a
compact hyperbolic Riemann surface, p = 2, and restricting ¥ to a closed geodesic 7, where he
showed that

1
(1) 19122 < A1

Later, in [BGTO07, Thm. 3], Burq, Gérard, and Tzvetkov generalized Reznikov’s results to Rie-
mannian manifolds in general, where the bounds are now dependent on p and the dimensions of
M and M’, and showed that these are sharp in most cases. Sarnak, in his letter to Reznikov in
[Sar08, p. 1], calls bound and the bounds obtained by Burq, Gérard, and Tzvetkov the convezity
bounds. The reason for this is that, in the case of M’ = M being an arithmetic hyperbolic surface
and p = oo, there is a deep connection between our problem, the Ramanujan conjectures for Maass
forms, and the Lindel6f Hypothesis. This connection is described in [Sar95l Section 4].

Even though the bound is sharp in general, it is expected to be not optimal in the case
where M has constant curvature —1 since the geodesic flow is ergodic and quantum ergodicity
holds (see [Shn74], [CAV85], [Zel8T]). The only power-saving progress in this setting is when M
is an arithmetic quotient of the modular surface, such as M = T'y(¢)\H, and % is arithmetic,
i.e. a simultaneous eigenfunction of A and all the Hecke operators. The first improvement to the
convexity bound in this setting is due to Iwaniec and Sarnak, where they showed in [IS95, Thm.
0.1] that

[l < A28
for any ¢ > 0. More recently, Ali showed in [AA22] that for any € > 0 we have

(2) Wlep |z <pe AOFe
1
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where D > 0 is a fundamental discriminant, Cp is the union of all closed geodesics in SLy(Z)\H
associated to D, and 6 > 0 is any bound towards the Ramanujan Conjecture for Maass forms. One
can take 6 = 614 by results from Kim and Sarnak in [KRS03, Appendix 2, Prop. 2].

FIGURE 1. From left to right, graphic illustrations of zonal, tesseral, and sectorial
spherical harmonics. If f(§) is the spherical harmonic in consideration, the red zones
represent positive values of Re(f(&)), whereas the blue zones represent negative
values of Re(f(§)). The intensity of the color represents | f()].

We concentrate on the case where M = S? is the 2-sphere, that is,
S% = {(z,y,2) e R®: 2? + > + 2% =1},

which has constant curvature 1. We give it the round metric and associated measure, which gives it
the structure of a Riemannian manifold. Let A be its Laplace operator. We know that L?(S?) has
a complete spectral resolution with respect to A. Moreover, this spectral resolution is completely
explicit in terms of spherical harmonics; see [STVI18, Thm. 2.9], [SWTI, p. 140], [AHI2, Th. 2.34,
Prop. 3.5]. More explicitly, the ¢-th Laplacian eigenvalue is Ay := ¢(¢ + 1) and its eigenspace,
denoted by Hy, is the space of harmonic homogeneous polynomials in three variables of degree /¢
restricted to the sphere S?, which are precisely the spherical harmonics.

Let ¢ € Hy and let v be a geodesic of S?. We know ||1)|,||z2 satisfies bound (1. In fact, for
arbitrary ¢, the bound is sharp; see [BGT07, Thm. 1]. The reason for this is that, at least for
certain 1), there are high concentrations of mass in specific regions of the sphere (see Figure [1)).

Even though 52 has constant curvature 1, we expect improvements on the bound for specific
1. The reason for this is that a basis of Laplacian eigenfunctions for S? can also be diagonalized
further with respect to Hecke operators, thus making the basis elements arithmetic. These operators
are defined using the action of B*(R) on S? via rotations, where B*(R) is the group of units of the
Hamiltonian quaternion algebra B(R) over R. This action makes S? into a homogeneous space.

To be more precise, for any ring R, we define

B(R) :=(1,i,j,k|i* =2 =k*=—1,ij = —ji = k)R,

so that B(R) = B(Q) ®qg R for any Q-algebra R. We denote by B*(R) the group of units of
B(R). Then B* is an affine algebraic group over Q. For o = a + bi + ¢j + dk € B(R), let
Nrd (o) :=a? +b* + 2+ d? € R and Trd (a) := 2a € R be its (reduced) norm and (reduced) trace,
respectively. Let B%!(R) be the subset of B(R) of quaternions of trace zero and norm 1. The group
B*(R) 3 a acts on B»'(R) > v by conjugation, i.e. a -7 := aya~l.

We now specialize to the case R = R. Since we have the bijectiorﬂ

B"(R) — S°
xi+yj + zk — (z,y, 2),

we obtain an action of B*(R) on S2. This action is by rotations (see [CS03) §3.1]). Hence, there is
an induced action on L2(S?), which is the left regular representation of B*(R) in L?(S?).

lThroughout the paper, we identify B%*(R) and S? under the above bijection and use them interchangeably.
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Let O € B(R) denote the ring of Hurwitz integers, i.e.

1
0- <1,Z, +Z+J+k> 7
2 YA

which is a maximal order in B(R) of class number 1. If O* denotes the group of units of O, we
have that |O*| = 24. For any positive integer n, we let

O(n) :={a € O :Nrd(a) =n},
and we define the n-th Hecke operator T}, : C'(5?%) — C(SZ) by

1 -
(TN)@ =5z 2 07D

where v* is interpreted as an element of B*(R). When n is a power of two, the n-th Hecke
operator degenerates to either 77 or T» depending on the 2-adic valuation of n. Hence, the Hecke
operators of interest are the ones corresponding to odd values of n.

Since the Laplacian is rotation-invariant, all the Hecke operators commute with A. Moreover,
one can show that all the Hecke operators commute with each other, are self-adjoint in C(S?), and
satisfy the recurrence relation

Z fly-2)
veO(n) veO(n)
1

TnTn= Y. AT
d|ged(m,n)

where m and n are odd positive integers. Thus, if H f * denotes the subspace of Hy of functions

that are invariant under the action of O, we can diagonalize a basis of each H, ZO * to obtain an
orthonormal basis of spherical harmonics which are eigenfunctions of all the Hecke operators. We
call these Hecke eigenfunctions.

These Hecke eigenfunctions have a strong connection with modular forms. Indeed, let S3°%(I'o(2))
denote the space of holomorphic newforms of weight ¢ and level 2. We have a map

(3) HY™ — S5 (To(2))
Vi fy
given by .
folz) =5, D W) (VW) 252y TN,
yeO

where (¥(€), 1 (v&7)) denotes the inner product in L?(S?). One can show that f, is Hecke normal-
ized, i.e. the first Fourier coefficient is 1, if 1/ is L?(S?)-normalized and that fy is an eigenform if 1)
is a Hecke eigenfunction. Moreover, if this is the case and T3 = Ay (1)1, then T, fy, = Ay (n)n‘a.
In fact, the map is an explicit realization of the Jacquet—Langlands correspondence between
GLy and B*. Moreover, this correspondence tells us that the Hecke eigenspaces in H f * are one-
dimensional.

Now, let D < 0 be a negative fundamental discriminant and assume that D # 1 (mod 8). We
define Cp to be the union of (closed) geodesics on O*\S? associated to D (see Section [3| for more
details). Our main result is the following.

Theorem 1.1. Let £ > 1 be an integer and let v € fo be an L?-normalized eigenfunction of all
the Hecke operators. Let Cp be the union of all the geodesics of O*\S? associated to the negative
fundamental discriminant D, as described below. Then, for all € > 0, we have

[lep |2 <bp,e €5

The structure of this paper is the following. In Section [2| we recall some of the important facts
that we shall need for the proof of Theorem In Section (3], we define the set Cp and introduce
necessary notation for the proof. Finally, in Section [d, we prove the Theorem
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2. BACKGROUND

2.1. Spherical harmonics and automorphic representations of B*(A). The space L?(S5?)

decomposes as
o
=D He
=0

where Hy is the space of harmonic homogeneous polynomials in three variables of degree ¢ restricted
to S2. In fact, Hy is the eigenspace of the eigenvalue £(£+ 1) of the Laplace operator A. Moreover,
we know the dimension and a basis of Hy. First, recall that for n > 1 an integer, the n-th Legendre
polynomial is defined by
1 4"
P, (x) := ST

For each integer m with 1 < m < n, define

el G

P () == (—1)™(1 — xQ)m/le

The functions P)"(x) are commonly called associated Legendre polynomials. Using these polyno-
mials, we have the following basis of Hj, which follows from [Hob31l §54-56] and [Mac48|, §VIL.9].

P, (x).

Proposition 2.1. Let £ > 0. Then dimc Hy =20+ 1 and
{Py(cos(¢))} U{P; (cos(¢)) cos(nb) |1 <n < £} U{P;*(cos(¢))sin(nh) |1 <n < {}
is an L?(S?)-orthogonal basis for Hy, where

(z,y,2) = (sin(¢) cos(0), sin(¢) sin(0), cos(¢))
for 0 € [0,27) and ¢ € [0, 7].

Now, take ¢ € H f *. We can lift ¢ to an eigenfunction 12 of the Casimir operato on B*(R)

via the formula
(x) =Pz - k),

where k is the north pole of $2. In fact, if K> = Stab(k) N Nrd~'(1), the function ¢ is defined on
O*\B*(R)/K since 1 is taken to be left-invariant under O*.

For a global field K, let Ax be the ring of K-adeles and Ag g, the ring of finite K-adeles; we
denote by A := Ag and Ag, := Ag in. Since O has class number 1, we have by [GH24, eq. (2.20)]
the homeomorphism

(4) L: O*\B*(R) — B*(R)\B*(4)/0"
O Too — B*(R) (%00, 1,1,1,...)0%,

where O is the closure of O in B(Agy). Thus, we can lift ¥ to an automorphic form on B *(A)
given by *w w o L~1. If 1 is an eigenfunction of all the Hecke operators, then L*@/) generates an
irreducible cuspidal automorphlc representation of B*(A) of trivial central character, denoted by
py. Moreover, L*zz is the unique K %0 O* -invariant vector in py. Now, by Flath’s tensor product
theorem (see [GH24, Thm. 6.3.4]), we have the tensor product decomposition

(5) oo =Q oy

p<oo

It is a distinguished element of the center of the universal enveloping algebra of the (complex) Lie algebra
associated to B*(R). Intuitively, the Casimir operator is an analogue of the Laplacian operator for Riemannian
manifolds in the context of Lie algebras. For more on this operator, see [Hall5, §10.2].
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The local representations p, are ramified only at 2 and co. The representation p., has as a model
the ¢-th irreducible representation of R*\B*(R) = SO3(R), which is a representation on the space

Hy (see [Hal13, Thm. 17.12]).

2.2. Closed geodesics of the 2-sphere. As we mentioned before, we will work with geodesics
on O*\S2. Before this, we first recall what the geodesics of S? are. These are the equators of S?
when we choose a point of S? to be the “north pole”.

Theorem 2.2. (J[GHLI0, Example 2.80(c)]) The nonconstant geodesics of S* are the “great circles”,
i.e. the circles which result of the intersection of S* with any plane of R® containing the origin. In
particular, all the geodesics of S? are closed.

The group O* acts properly on S? by isometries, but it does not act freely (—1 and 1 act
trivially, and any other element of O* has exactly two fixed points which are antipodal). However,
the quotient space O\ S? is a smooth manifold and inherits a Riemannian metric from S2. From
[Mag15], a fundamental domain for O\ S? is given by Ty U Ty, where T} and T are the spherical
triangles from Figure In terms of the geodesics of ©O*\ S?, since the Riemannian metric on O*\ S?

k

(i-j+k)/v3

FIGURE 2. A fundamental domain for the action of O* on S? is T} U Ts.

is inherited from the Riemannian metric on S2, using [Tul7, Thm. 14.8] we get the following.

Proposition 2.3. The nonconstant geodesics of O*\S? are the projections of the geodesics of S*
on O*\S2.

The length of any geodesic of S? is 2. The length of the corresponding geodesic of O*\ S? need
not have the same length. In fact, one can show the following result.

Proposition 2.4. Let v be a geodesic of S and 7 the corresponding geodesic of O*\S?. Let ¢ € S?
be a “north pole” of S? with equator v, i.e. a point on S% such that the geodesic v is the intersection
of S? with the plane (€, (z,y,2)) = 0. Denote by £(y) and £(3) the lengths of v and 7, respectively,
in the corresponding spaces.

(1) If ezactly two entries of & are zero, then () = T{(7).

(2) If exactly one entry of & is zero, then £(3) = $£(7).

(3) If the absolute values of the entries of & are all equal, then () = $£(7).

(4) If none of the above occurs, then £(7) = £(7).
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2.3. CM modular forms. There is an important construction of modular forms from a given
Hecke character of an imaginary quadratic field Q(v/D). It was introduced by Hecke in [Hec27].
This construction satisfies that, if x is the Hecke character and f, is the corresponding modular

form, then L(s, f,) = L(s, x), where L(s, ) is seen as a degree 1 L-function over Q(v/D). In other
words, fy is the automorphic induction of x from Q(VD) to Q.

For our exposition, we follow [Twa97, §12.3]. Throughout this section, we let E = Q(+/D) be an
imaginary quadratic field of discriminant D < 0 and O be its ring of integers.

Definition 2.5. Let m a modulus of F and £ a primitive Hecke character modulo m for which
there exists a non-negative integer u such that

£((a)) = <a>u ifa=1 (modm).

lal

We define the theta series associated to &, denoted by f¢, by
a

where the sum is taken over all the nonzero integral ideals of Og. The function f¢ is called the CM
modular form associated to €.

Theorem 2.6. ([Iwa97, Thm. 12.5]) We have that f¢ is a holomorphic newform of weight k = u+1,
level N = |D| - Ng/g(m), and character x (mod N), which is given by

x(n) = xp(n)¢((n)) forn € Z,

where xp s the primitive quadratic character modulo —D associated to E. Moreover, if u > 0,
then f is a cusp form.

2.4. L-functions. We recall some notation: given 7 an automorphic representation of GL,,(Afr),
we denote by L(s, ) the associated automorphic L-function (which is an L-function of degree n
over F), v(s, ) its gamma factor, e(f ® g) its epsilon factor, ¢(7) € N the conductor of 7, and

d
oo, ) := q(m) [T(3 + Is + i
i=1
the analytic conductor of L(s, ), where the k; are the local parameters of 7 at infinity.

The first type of L-function that we will work with are Rankin—Selberg L-functions, possibly
defined over a quadratic extension of Q (see [IK04, §5.1, 5.11]). However, in our specific case, this
L-function will be equal to a Rankin—Selberg L-function defined over Q. To be more precise, using
properties of base change, automorphic induction, and Rankin—Selberg L-functions, one can show
the following.

Proposition 2.7. Let E/F be a quadratic extension of number fields. Let m be a cuspidal auto-
morphic representation of GLa(Ar) and Q : EX\Ap — C* a Hecke character. Let 1p = BC gy p(m)
be the base change of ™ to an automorphic representation of GLa(Ag). Then

(6) L(s,mg @ Q) = L(s,7 @ ALg,p(12)),

where the left hand side is a degree 2 L-function over E and the right hand side is a degree 4
L-function over F.

The second type of L-functions that we will deal with are adjoint L-functions associated to
newforms. The basic facts of these can be consulted in [IK04, §5.12]. We will mainly need to
understand the behavior of L(s, Ad(f)) at s = 1. For this purpose, we have the following.
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Theorem 2.8. ([HL94, Thm. 0.2]) Let f be a holomorphic newform of weight k and level at most
2. Then

L(1,Ad(f)) > k¢
for any € > 0.

2.5. Approximate functional equation. As we will see later, the sums that we will estimate will
involve central values of Rankin—Selberg L-functions associated to self-dual newforms, which can
be well approximated by the approximate functional equation. The general facts can be consulted
in [IK04, §5.2] and its errata. For our specific situation, we have the following results.

Theorem 2.9 (Approximate functional equation). Let f,g be self-dual newforms such that the
completed L-function A(s, f ® g) is entire. Assume that q(f) and q(g) are square-free and coprime.
Let G(u) = €**. We have

L(1/2, = (1 +€(f x Xr(m)xg(m) 5=~ Ar(m)Ag(n) (mzn)
(1/2,f®g) = (1+e(f g))ng1 -~ 7; e (s

where

1 V(s +u, f®g) _y . du
Vily) == —— WA T BG) —ugyyy W
(y) 271 /Re(u):3 /Y(Sa f ® g) Y (U) u

and €(f ® g) is the root number of L(s, f ® g).

Remark 2.10. The conditions on ¢(f) and ¢(g) are needed to know what the Dirichlet series of
L(s, f®g) is. For our purposes, we will use Theorem when f has level 2 with trivial nebentypus
and ¢ has level |D| with primitive nebentypus, where D < 0 is a fundamental discriminant. When
D is odd, the conditions on ¢(f) and ¢(g) are satisfied; when D is even, they are not. However, the
theorem still holds since the Dirichlet series of L(s, f ® g) is still as illustrated in Theorem by
[Li79, Thm. 2.2].

In fact, one can show that, for our choice of G(u), the function V;(y) decays rapidly.

Lemma 2.11. Fiz A > 0 and o. Suppose that Re(s + kj) > 3a > 0 for j = 1,2,3,4, where k;
are the local parameters of L(s, f ® g) at infinity. Then, the function Vy(y) defined in Theorem[2.9
satisfies

—A
Y
Vs aA |1+ .
W) <an ( qoo(s,f®g)>

Thus, in the approximate functional equation of Theorem we can ignore all the terms that
are large when compared to the analytic conductor o (1/2, f ® g).

Corollary 2.12. Consider the same notation and assumptions from Theorem [2.9. Furthermore,

assume that e(f ® g) = 1. Then, for any B,c,6, M > 0 such that M > ¢ - quo(1/2, f ®g)%+5 we
have

L(1/2,f®g)
=9 g: X (mxg(m) fj Ay, < mn > + 0.3 (90(1/2, f @ 9)7)
m=1 m n=1 \/ﬁ / q(f X g) amea i 7 7

where V(y) is the function defined in Theorem and the implied constant depends only on ¢, B, 9,
and ¢ :=q(f ® g).
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2.6. Dyadic partition of unity. It is common in analytic number theory that a sum over Z
needs to be analyzed over smaller intervals, since it becomes easier to estimate. For this, we use
partitions of unity.

Proposition 2.13. There exists a smooth function W (z) supported on [1/2,2] such that
x
> () =1
k>0
for any x > 1.

2.7. Lipschitz principle. As described by Davenport in [Dav51], the idea of the Lipschitz principle
is to count lattice points inside a sufficiently nice region. For our purposes, we will need the region
to be a parallelogram. For this, we have the following result.

Proposition 2.14. ([AA22 Cor. 3.5]) Let A be a lattice in R? with (ordered) basis B = {ay, as}.
Let v,v2 € R? be two linearly independent vectors. Let P := {avy + bvy : a,b € [0,1]}. Then

P OA < ([[or]] + [[v2]]) + [|val] - [|vz] + 1,
where the implied constant depends only on the basis B of A.

3. SETUP

Let ¢ be an L?(S?)-normalized spherical harmonic of degree £ that is an eigenfunction of all
the Hecke operators. Assume that 1 is defined on O*\S?; that is, 9 is invariant under the action
of O*. Let D < 0 be a negative fundamental discriminant and assume that D # 1 (mod 8). As
mentioned in Section [1} the elements of Cp are geodesics on O*\S? corresponding to points on the
sphere which are associated to D. These points are

E(n) = {(\fﬁ % Zﬂ) ER3: (z,4,2) € 5(n)} ,

—-D/4 if4| D,
n=np:=
b -D otherwise

where

and
E(n) = {(m,y,z) el 2+ y?+ 2% = n}
We require D # 1 (mod 8) so that £(n) # @.

One can verify that O* is generated by i, j, an
on the sphere are given by

d W, and the actions of these quaternions
(2 (IE,y7Z) = (CC, —y,—Z),
j : (x,y, Z) = (—51373/,—2),
14+i+j+k
f : (:E7 y’ Z) '_> (z’ x? y)'

Note that all of these actions preserve i3 (n), so that we get an action of O on i3 (n).
For a point ¢ € S2, we let V¢ be the geodesic with north pole at £ and let ¢ be the corresponding
geodesic on 0*\S2. We define
Cp:= U Ve

£€0X\E(n)

One can count the number of geodesics in Cp. For this, we start with a classical result of Gauss.
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Theorem 3.1 (Gauss). Assume n > 4, square-free, and n #Z 7 (mod 8). Let r3(n) := #E(n) =

~

#E(n). Then
12h(D) ifn=1,2 (mod 4),
r3(n) = Lo
24h(D) ifn=3 (mod 8),
where h(D) is the ideal class number of the imaginary quadratic field E := Q(v/D).

In [Ven22], Venkov gave a different proof of Theorem using the arithmetic of the Hurwitz
integers (9E| Later, in [Reh82], Rehm reproved Gauss’ Theorem using Venkov’s method, but written
in a more modern framework. They showed that there is a free group action

Ap : CI(E) x O*\E(n) — OX\E(n),
from where they obtained that

RPN [ hp ifn=1,2 (mod 4)
O \g(”)’—{ 2hp ifn=3 (mod 8).

Let

hp 2 if D=5 (mod8).

Thus, by fixing an element in each orbit of the action of CI(E) on O* \g (n) and letting CI(E) act on
them, we obtain c¢p maps {71,...,7c, } from CI(E) to O*\&(n), where any two maps have disjoint

. 0X\E(n) _{ 1 ifD=0 (mod4),
Cp ' = ———— =

image and the union of the images of all the maps is (’)X\g (n). Hence, we obtain a bijective map

~

7:Z/cpZ x Cl(E) — O*\&E(n)
([8]; [a]) — 7w ([a]),
where b’ = b (mod cp) and 1 < ¥ < cp. For [b] € Z/cpZ and [a] € CI(E), denote by pp [q a lift
of 7([b], [a]) to a point in £(n) and let 7(),la) be the corresponding geodesic of S2.
4. PROOF OF THEOREM [L1]

4.1. L*-restriction norm formula. Let v := Yu be a geodesic of S? associated to p € EA(n) and
let 7 be its projection to ©*\S2. Since ¢ is an L?(S?)-normalized Hecke-Laplace eigenfunction
defined on O*\S?, by the proof of Proposition we can see that

(7) 19lllL2 = ey [Pz,

where ¢y, € {1,1/2,1/4}. Therefore, we want to bound

® okl =, [ @) ds
v

Let g : ¥ — C be any continuous function and consider its lift to v, which we also denote by g
by abuse of notation. Let x, € B*(R) be such that k., - u =1i. A parametrization of ~ is given by
0 — m;l - ek with 6 € [0,27), where k is the north pole of S2. Then, we have

2m )
9) /g(m) ds = / g (/{;1 . e’ek) dé.
0 0
Let
O [0,27) —
0 — k.

3A similar result can be obtained for the number of representations of positive integers by certain ternary quadratic
forms using other quaternion algebras with a maximal order of class number 1; see [She86].
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Then, the right hand side of (9] is the integral of the pullback ®* g(ky L) along [0,27). Canonically
identifying [0, 27) with R/27Z with the Haar probability, ® is then a homeomorphism between ~;
and a compact abelian group. Moreover, by @D, this homeomorphism satisfies

(10) (91, 92) = (2791, " g2),
where g1, g2 : v — C are any continuous functions and the inner products are in the corresponding
L?-spaces.

Let

Cp = U U RIGACE

[b]€Z/cpZ [a]eCL(E)
which is a lift of Cp to S?. We can parametrize (Z) as
=:R/(2rZ) x Z/cpZ x CI(E) —s Cp

([0, (8], [a]) ¥ Ky

where Ky [q) = vy - Let Gp = R/(27Z) x Z/cpZ x CL(E). We endow Z/cpZ and Cl(E) with
the discrete topologles so that the counting measures become the Haar measures. Consequently,
by , the map = is a homeomorphism between Gp and Cp compatible with integration; that is,

. ei9k7

for any integrable function g : Cp — C, we have
[omas=3 ¥ / o) ds = [ =g(l), b)) (6], B o).
Cp b=1 [a]CI(E) * Vbl la] Gp
For the inner products of the LQ—spaceS, we have
(11) (91,92) = (E"91,E"g2).

We know that G p is a compact abelian group, so its set of characters, 6’;, is an orthogonal basis
of L2(Gp) (see [Fol15, Prop. 5.23]). Thus, we can express the L?>-norm of any g € L?(Cp) in terms
of the characters of Gp. After identifying R/27Z with S! via ®, the group of characters of R/27Z
is

{Xn:xHei”x:nEZ}.
By [Foll5, Cor. 4.8], we have that
Gp = {X)x,p,n N€ZLjepl, p € C/I(\E),nez},

where

Xapm i Gp — S

([6], [6], [a]) — €™ A([])p([a])-
Proposition 4.1. For any g € L? (CD) we have
12 = — I(g, A
(12 ol = g 3 Yl A

\eZ]epZ peCl(E) "EL

where
2

2 ) A
13 Tedpm=| X AT X )7 [ o (sl k) e as

[b|EZ/cpZ [a]eCU(E)
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Proof. From , , and Parseval’s identity for L? (év ), since Crp el = 1, we have that

= Y Y Y ISl

)‘EZ/CDZ peCl( ) neL ‘ |X)‘ PJLH
The result follows from the fact that the L?-norm of each character of Gp is v/2wcphp. O

In general, the expression for || gH2L2 in (12)) is an infinite sum. However, in our particular case,
this infinite sum reduces to a finite sum. To show this claim, we do the following reductions.

Remark 4.2. Notice that, by properties of rotations and spherical harmonics, 1) is also a Hecke—
Laplace eigenfunction with the same Laplace eigenvalue and same Hecke eigenvalues as . Since
we know the joint eigenspaces are one-dimensional, it must happen that 1 = ¢t for some constant
¢ € C with |¢| = 1. This is only possible if Im(¢)) is contained in a line passing through the origin,
since the equation zZ = cz (for z € C) represents a line passing through the origin. Thus, there
exists a constant ¢ € C* with |¢/| = 1 such that ¢4 takes only real values.

Lemma 4.3. Let 1 be a spherical harmonic of degree £. Then, for all \ € Z/C/D\Z, pE C/I(E), and
n € 7Z, we have

I(WX ﬁ7 _n) = I(wu A7p7 n)

Proof. The result follows from taking the complex conjugate of the expression inside the absolute
value in the definition of I(g, A, p, —n) and using Remark O

Lemma 4.4. Let 1 be a spherical harmonic of degree £. Then, for all X € m, pE C/I(E), and
n € Z such that n > ¢, we have I(1), X\, p,n) = 0.
Proof. For each integer n > 1, let

1 d* 5 n
2nn)! dx"( -1
be the n-th Legendre polynomial and, for each 0 < m < n, let

P,(x) :=

m — m m dm
P @) = (~1)"(1 - 2% /Qd—m

be the associated Legendre polynomials. Let h(§) := ¢(k, [b] (] -£). Since the Laplacian operator of

P,(x)

52 is rotation-invariant, we know that h € H,. By Proposition u h is a linear combination of
Py(cos(9)), P" (cos(¢))cos(m9’), and P;"(cos(¢))sin(m#’), where 1 < m < £ and & = (z,y,2) =
(cos(0') sin(¢), sin(0") sin(¢), cos(¢)) is in spherical coordinates. Hence, to prove that the desired
integral vanishes, it suffices to show it vanishes for h(§) equal to some element of this basis.

Notice that the integral in the definition of I(1), A, p,n) is the integral of h({) along the equator
of $? with north pole (1,0,0). Then, in spherical coordinates, the coordinate §’ remains constant
equal to —7/2 or to 7/2. Thus, to prove the result, we only need to show it for Py(cos(¢)) and for
Pl (cos(¢)), where 1 < m < £. Since ek = —jsin(6) + k cos(f), then ¢ = 6 for the point ek on
52, so that we want to show, for n > ¢ and for 1 < m < ¢, that

2m 2m
/ Py(cos(f))e™ " df = / PP (cos(0))e~™0 dh = 0
0 0

However, Py(cos(#)) and P;"(cos(f)) are polynomials in sin(#) and cos(f) of degree ¢, so that they
can be expressed as linear combinations of the functions

gm0 =it=1)0 =0 q i

e i(0=1)0_ito

yees€ ,€
Since each one of these functions is orthogonal to ™ in L2([0, 27]) for n > ¢, the result follows. [

Putting together the previous two results, we obtain the following.
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Corollary 4.5. Let ) be an L*(S?)-normalized Hecke-Laplace eigenfunction of S? of degree £ which
is invariant under the action of O*. Then

14
IIwIcDII%sz;hD > D> g Apn).

AEZ/cpZ pEC/l(E) n=0

Remark 4.6. In fact, using symmetry, we can see that I(i, A\, p,n) = 0 if n and ¢ have different
parity. This fact is used to simplify computations in the case D = —4, but for the general case it
is not needed.

4.2. Adelization. Next, we proceed to interpret the expression on the right hand side of as
a period integral. First, we need certain constructions. Again, let £ = Q(v/D) = Q(v/—np). Let
Of be the ring of integers of I and OF be the closure of O in Ag 5,. Note that

Z[\/—np if D=0 (mod 4),
0=\ z (B D=1 (mod 4)

and
{£1} if D < —4,
O =1Q {+1,+i} if D=4,
{+1, tw, +w?} if D= -3,
where w = (=1 + /—=3)/2 = €2™/3 is a primitive cube root of unity. For a prime ideal p of O, let
Ej, be the completion of E at p and Oy be the valuation ring of F,. We have O = Hp Oy, so that
——X
O =11,0.
Let Q(np) :={p € O : p2 = —np} and let u € Q(np). Then Nrd (1)* = Nrd (1?) = n%, so

that pji = Nrd () = np. Since B(R) is a division ring and p? = —np, it follows that 77 = —u, and
so Trd (u) = 0. From here, it follows that there is a bijection

E(np) — Q(np)
(z,y,2) — zi 4+ yj + zk.

The group O™ acts on Q(np) by conjugation and the actions of O* on £(np) and Q(np) commute
with the bijection above. Hence, we get a correspondence between orbits in O*\&E(np) and orbits
in O*\Q(np).

Moreover, assume we have a QQ-algebra homomorphism ¢ : £ — B(Q). It follows that

u(v=np)? = i(—np) = —np.
Of course, the image of \/—np determines ¢. Moreover, if ¢,/ : E — B(Q) are Q-algebra homomor-
phisms that satisfy that the images of \/—np under ¢ and ¢/ are in the same orbit of O*\Q(np),
then / and ¢ are related by an inner automorphism of B(Q) induced by an element of O*. Thus,
we obtain a correspondence between O*\E(np) and Q-algebra homomorphisms E — B(Q) with
t(v/—np) € Q(np) related under an inner automorphism by an element of O*.

Lemma 4.7. For any Q-algebra homomorphism v : E — B(Q) with «(/—np) € Q(np), we have
that L(E) N O = 1(Og); i.e. ¢ is an optimal embedding.

Proof. Let n = «(/—np) and suppose a = a + by € O for some a,b € Q. Since Trd () = 0, it
follows that Trd (o) = a, and so a € %Z. Then 2a € Z, so that 2bu has integral coordinates. Since
np is square-free and the coordinates of p are integral, it follows that the coordinates of y are
pairwise coprime, from where it follows that 2b € Z. Moreover, the same argument shows that if
a € Z, then b € Z. For D =1 (mod 4), the result follows from here. So, assume D =0 (mod 4),
so that —np = 2,3 (mod 4), i.e. np = 1,2 (mod 4). Now, assume that a ¢ Z, so that a = a’/2
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with @’ an odd integer. It follows that b = /2 with b’ an odd integer. In this case, we must have
that « € O — B(Z), so that all the entries of o must be of the form m/2 with m an odd integer.
Let y = xi + yj + zk. Since np = 1,2 (mod 4) and p? = —n, then 22 + y% + 22 = np, so that
at least one of x,y, z must be even. This implies that 2o = a/ + V'zi + b'yj + V' zk where at least
one coordinate is even and at least one coordinate is odd, which contradicts our assumptions. It
follows that necessarily a,b € Z, so that a € «(Og). O

Let ¢ € Q(np) and consider the embedding ¢, : £ — B(Q) associated to f, i.e. the embedding
a+by/—np — a+bu. Note that, by tensoring with R, ¢, extends to an embedding z,, : C — B(R).
Since for any field extension L/K, the K-algebra L is flat (L is a free K-module, and so the
property follows by [DF03|, §10.5, Cor. 42]), we know that the resulting tensor product of maps
L ®idg, : E®q Qp — B(Q) ®g Q, = B(Qy) is injective. However, by [CF67, §1.10, pg. 57], we
know that

g
(14) E®qQ, =D E,.

algebraically and topologically, where F,1,...,E,, are all the possible completions of E with
respect to a prime ideal of O lying above the prime p. Thus, for each prime p, we get an
embedding

bup @ pt = B(Qp).

From the embedding 7, and the embeddlngs Lu,p, We obtain an embedding

b Cx [ B = BR) x [ B@y),

p
which restricts to an embedding of (topological) rings
(15) T Ap < B(A).

Indeed, to show this claim, we just need to show that if & € Ag gp, then 7,,(a) € B(Agy,). By
the lemma in [CF67, §1.12, pg. 61], the claim reduces to verifying that ¢,(Og) C O, which is true
by Lemma Moreover, considering E as a (discrete) subring of Agp and B(Q) as a (discrete)
subring of B(A), we can see that 7,(F) C B(Q) since 7, restricts to ¢, on E. Consequently, we
obtain an embedding

(16) EX\AR — B*(Q\B*(A).

4.3. Hecke characters. We need to construct unitary characters on Ay that will allow us to
interpret the expressions in ([L3]) as period integrals. From now on, for the ease of exposition, we

assume D < —4; the cases D = —3, —4 can be handled in a similar way with some modifications.
First, by [GH24, eq. (2.20)], we have that
—X
(17) || Tw\C*=E\AL/OE,
[a]eCU(E)

where I'ig = Op for all [a] € CI(E) since Aj, is abelian. Using the explicit descriptions of the
isomorphism in , we can see that the diagram

|| Tu\C* —— EX\A% Jore
[a]eCL(E)
(18) ]

J

Z\RX ———— Q*\A%/Zx,
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is commutative, where the left vertical map is inclusion into the component corresponding to the
trivial class in CI(E).
For each n € Z, consider the homomorphism w, : C* — S defined by

wn(z) == (2/2)".
Since D < —4, we have that O = {£1}. We know that w,|,x is trivial, so that w, can be seen
E
as a character of O;\C*. Using the isomorphism , where w,, acts on each component of the

left side of , we can lift w,, to a unitary Hecke character €, : AE — C* that is trivial on @X
and has infinity type w,. Moreover, the diagram implies that €2, is trivial on A* since wy, is
trivial on R*.

Remark 4.8. For the cases D = —3 and D = —4, the homomorphism wy, is trivial on O} only for
certain values of n (for n even if D = —4 and for n a multiple of 3 if D = —3), so that the same
construction does not work. To fix this issue, we consider a modulus § of F such that the units
in O} are congruent to 1 (mod f), and then proceed to construct a Hecke character of conductor
dividing § following [Shu, §6, pp. 9-10]. In both cases, we can take f = (3). We shall see how this
change affects the proof later.

4.4. Period integrals. Let 77 := p, be the (cuspidal) automorphic representation of B*(A)

generated by L7 as described in Section Fixn € Z, [b] € Z/cpZ, and [a] € CI(E). The adelic
object that we are interested in is the normalized period integral | PB(¢)|?/ (¢, #). Here, for ¢ € 75,
we define

(19) PB(¢) = /EXAX\AE ¢(/”\M[b],[a] (1)) (t) dt,

with the measure dt being the Tamagawa measure on A, which is normalized so that E*A*\A}
has volume 2A(1, xp), where xp is the primitive quadratic character modulo —D associated to F,
and

(20) (6,6) = / @) d g,
Z(A)B*(Q)\B*(A)

where d* g is the Tamagawa measure, which is normalized so that Z(A)B*(Q)\B*(A) has volume
2. Note that the period integral is well-defined by the properties of ¢ and the construction of
Q.

There are two reasons to be interested in the period integral . One of them is that we can
express the square of its absolute value in terms of L-functions via Waldspurger’s formula. The
second is that it is closely related to the integral on the right hand side of .

Indeed, let ¢g be the unique spherical vector of 78 = py (i-e. the adelic lift of ¢ to B*(A)). Let
“/[b],[a] € B*(R) be such that

—1 -1
Nrd (Hfb],[u]) = 1, F&/[b],[u} k= Kl[b]’[a] . k, and (’Q/[b],[a]) -k e Yis
where «; is the geodesic of S? with north pole i. Such Ii/[b] o € B*(R) exists since there exists
w' € v; such that d(k,p') = d(/ﬁl[;l -k, k), where d denotes the distance function in S?, so that

] [a]
there exists k € B*(R) such tha K-k = “[Z}l[a} -k and k- ' = k; then "/[b] o = k/+/Nrd (k)

satisfies the desired properties. Define ¢ )(9) = ¢o (g/—@’[b] [a]), which is in 77 since K,,[b] (] is in

the maximal compact subgroup of B*(R).

4This observation follows from the fact that S is a two-point homogeneous space; see [Wan52, §5.2, Thm. II].
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We know that both ¢g and €2,, are invariant under (/’);X, hence ¢y [q as well. Since the normal-

—X
ization of the Tamagawa measure dt is such that the measure of O is 1, we have

PP (fpy ) = /E B0 fa) gy (1)) (2) AL

xAX\A%/Op

However, by , we then obtain that
EXAX\A%/Op = || T\s,
[c|€CI(E)
algebraically and topologicallyﬂ In fact, we can make the homeomorphism explicit. Let
CI(E) — EX\A¥;./O8

] — EXgqOr

be a bijection. Then

|| T\s' — EXAX\AR Jore
[eCi(E)

Tigz — E*A*2gOp
is a homeomorphism. By the definition of the embedding 7j) [ and the fact that ' = O = {£1},
we obtain that ‘
LI {owmi e s m 0 € (0.7
[]eCl(E)

is a fundamental domain for 7 (q (E “AT\AT / Og ) in B*(A). Since the Tamagawa measure is

a Haar measure, we can suppress the g| in the integral. Consequently, by definition of m'[b] [

7a]’
2A(1, xp) i
PP (p ) = . > / o), [“1 Ao a® 1, [C‘])Q ( >d9

[c]eCI(E)

2A(17XD)hD B . .
) / v (<K[bi[“}ee> - (K1) fa) o "f)) e 20 a6

s
_ A1, xp hD/O ((H[; L ) k:) o290 4

A(1,xp)h . .
_ ,XD) D/ y (“_b L Mk) o2 39
0

A(laXD)hD °n -1 i0 —ind
= /0 P (n[b}’[u} e k:) e do

™

*@

which is precisely the integral in with g = 9.

On the other hand, for the same choice of ¢ (i.e. ¢ = ¢[b]7[a]), we can explicitly compute .
Indeed, similarly as in the previous computation, we have that ¢ is invariant under O X, where O
is the ring of Hurwitz integers in B(Q) and O is its closure in B (Agn). The Tamagawa measure is
constructed in such a way that the volume of O* in BX (Agy) is 1. It follows that

(¢, ) = [6(9)* d*g.

/Z(A)BX (Q\BX(A)/0%

5The left hand side has the quotient topology induced from the idelic topology, whereas the right hand side has
the disjoint union topology and each component has the quotient topology induced from the usual topology on S*.
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However, by the homeomorphism , the construction of ¢ from 1, the fact that /f’[b] (d is a rotation

of 2, and considering the normalization of volumes, we obtain that
1 ) 1
= d -
0.0) = 5= [ WP o) = 5

since 9 is L?(S?)-normalized.

4.5. Formulae relating period integrals and special values of L-functions. Let m be the
cuspidal automorphic representation of GLa(A) corresponding to fy, so that = has trivial central
character. Let 7P be the automorphic representation of B*(A) corresponding to 7 under the
Jacquet-Langlands correspondence, so that 78 = py- Note that, by our constructions, m and
Q) = Qy, have disjoint ramification. Let mp = BCp () be the base change of m to an automorphic
representation of GLa(Ag), which is cuspidal unless 7 is dihedral (see [Lan80, Lemma 11.3, Prop.
11.4]). As we mentioned in the previous section, in [Wal85] (specifically Proposition 7), Waldspurger
proved a formula relating |PZ(¢)|? and L(1/2, 75 ® ). However, the factors in this formula are
not as explicit as one would want them. Jacquet and Chen, in [JNOI §6, Thm. 2], gave a similar
formula with more explicit factors that works in the case of m not being dihedral. Martin and
Whitehouse, in the appendix to [MWQ09], then showed an analogous formula to Jacquet and Chen’s
for the dihedral case. To use these results, we need to specify a certain distribution which will help
us compute the local factors in the formula. We follow [Magl5] and [JNOIJ.

Let C°(B*(A)) be the space of smooth, compactly supported, complex-valued functions on
B*(A). The distribution is given by

(21) Jn: CX(BX(A) = C, Y / B ()l (R dt / (D7) dt,
)

where the sum is over an orthonormal basis of 72 and
o= [ foFP el
Bx(A)

Let Sy be the finite set of places of Q containing the infinite place and all places where 72 or Q
are ramified. Let A% denote the ring of adeles over Q with the entries at the places in Sy missing.
In our case, since we are assuming that D < —4, we have Sy = {2,00}. Denote by S the set of
places of F lying over Sy. For any f = (HUGSO f v) f50, where £ is the characteristic function of a
maximal compact subgroup of B*(A%), the distribution .J, 5 factorizes at f. We take f in such a
way that 77(f) is the orthogonal projection onto the span of the L?(B* (A))-normalized spherical

vector ¢* = gbf‘b} (] in 78, where gbf‘b] ] = D))/ 1/ (P),[a)» Do), [))- Then all the terms in the formula

([21]) vanish except the one corresponding to ¢ = ¢*, in which case we have 77 (f)¢* = ¢*. This
analysis and the analysis from the previous section imply that

| PB (dpp),a)) 2
99 Jﬂ,B f _ PB ¢* 2 _ -~ s
(22) (f) = [PP(¢")| (D160} PP, o)

On the other hand, by [JNOI, §6, Thm. 2], we have that
o 4 1 LS()(1777>LS<1/277TE®Q71)
(23) Jﬂ'B(f) - H Jﬂ'B(f'U) X 5 H 5(1777va¢v)2L(0a77v) X LSO<1,Ad(7T)) ?

vESH vESo
v inert

where 7 is the quadratic Hecke character of A* associated to E, L°(s,7) denotes the L-function of
7 with the local factors at places in S missing, and Lg(s, ) denotes the product of the local factors
of the L-function of 7 at the places in S. For the definitions of the undefined terms in the previous
formula, see [JNO1]. The important properties of them is that they are positive and depend only
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on the ramification of 7% and of E. The same is true for Lg,(1,7). The terms J,5(f,) are local
factors of the distribution that need to be calculated case by case, as described in [JNOT].

We use formula to estimate the L?-restricted norm of 1. First, we want to do two things:
compute the local factors J_s(f,) and include the missing local factors of the L-function corre-
sponding to finite places. We do these in the following two sections.

Remark 4.9. For D = —3 and D = —4, we have Sy = {2,3,00}. In both cases, besides the analysis
shown in the following two sections, we also need to compute the corresponding local factors at the
prime 3.

4.6. Local factors of the distribution. We now compute the local factors of the distribution
on the right hand side of . We first concentrate on J, 5(f2). Under the isomorphism , the

vector ¢* corresponds to a pure tensor. Since ¢* is O *-invariant, then the local component of ¢*
at 2 must be invariant under the compact open subgroup O of B*(Q3), where O is the closure
of O in B(Q2) and is a maximal order in B(Q3). By [GP91], Prop. 2.6], there is a unique vector
(up to scalar multiplication) in py which satisfies this property, and is precisely the Gross—Prasad
test vector for linear forms. By the definition of f, we have that ps(f2) is the orthogonal projection
onto the span of the local component of ¢* at 2. With this setup, the factor jﬂ.B( f2) is computed
in [MWQ9, §2.2, 2.2.1] for our case (B non-split at 2, 7w ramified at 2), where they obtain that

J.e(f2) = 1.

We now concentrate on computing J, 5 (fs). We follow the proof of [Magl5, Lemma 8]. Now, we
assume |n| < ¢, since the integral I(v, A, p,n) vanishes if |n| > ¢. By the discussion in Section
we can pick as a model for p., the space Hy of homogeneous harmonic polynomials of degree ¢ on
R3 restricted to the 2-sphere, which is precisely the /-th irreducible representation of R*\ B> (R) =
SO3(R).

Let Y;* be the associated Legendre polynomial P;' normalized so that
Y (G R n2s2) = 1,
where we use the convention P,Q = Py. Let
ex(0) = VP ({0, )™ and ex(0) 1= YE({o,i))e 00,
where 6(v) is an angle around the axis of 7 such that #(k) = 0 and 6(j) = 7/2. These unit vectors
are in Hy by Proposition and satisfy that
Poo(t)er = Qu(t)er and poo(t)es = Qp(t)es

for t € RX\C*. Indeed, recall that [ps(t)e1](v) = ey (tvt~!) for t € B*(R). By a direct computa-
tion, we can verify that if ¢ € C*, then (tvt™',i) = (v,i). Moreover, we can see that if t = re'

and 6(v) = 0, then M — ke, so that

" (kew) 71 = peife . e . plemi00 — Jei(0-200)

from where it follows that 6(tvt~1) = 6 — 26,. Consequently,

[poo(t)er](v) = ex(tot™) = Y7 ({v,0))e™ 0720 = e72%¢; (v) = Qu(t)er (v),

and similarly with es.
From [JNOIl §5.1, §6], since e; and ey are elements of an orthonormal basis of Hy, it follows that

jﬂB(fOO> = <poo(foo)el7 62).
Now, we chose f in such a way that py(f) is the projection onto ¢*, which is the translation
by Iil[b] (] of the unique (up to scalar multiplication) K*>°O*-fixed vector of py. Hence, poo(foo) is
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precisely the orthogonal projection onto the rotation by H/[b] (] of the (unique) K*°-fixed element of
Hy, which is Y2((k,)). Thus,

(o) = ([ Y2k a2 (i)™ o) Y (kg )
B (/52 YEO(«’{/[I’]?[G])_I K, 2)) Y7 (i) )e =™ d:c) Yeo(«/f/[b],[a])_l -k, y))

Since v/20 + 1Y,2((-,-)) is the reproducing kernel of Hy in L?(S?) (see [Mor98, §2.3, Lemma 2.22]),
by the choice of n’[b] ] We obtain that

1 n — . —inf((k/ -1, _
NoES] (Yg (<(“,[b},[a}) Lk, i))e O((5e),1a)) k)) YEO(«"{,[b],[a]) L k)

— 1 n 0 / -1 —inf((x! u)il'k)
= arag V6 OY (s o) 7 - Kog)e T

Using the reproducing property again, we finally obtain
(24) ij (foo) = (poo(foo)er, €2)

[Poo(foo)er](y) =

Y(0)  —ino((wty, )71 k) 0 ! —1 n A\ ing Yén(O)Q
(25) = il Ll SQYZ (R ) ™ k)Y ((y,0))e™ dy = Wl
In fact, using [Mac48, Ch. VII, §4, eq. (17)], we can determine the value of Y;*(0).
Lemma 4.10. For 0 < n </ of the same parity, we have
(25 + 1)(5 +n+ 2)(5 —n+ 2)C(€+n)/20(£—n)/2
@ = ey ,
2042, /1
where Cp, = #H(Zg) is the m-th Catalan number. If 0 < n < £ have different parity, then

Y7(0) = 0.
As a consequence of this result and Stirling’s estimates of the factorial, we obtain the following.
Corollary 4.11. For 0 < n < ¢ of the same parity, we have
Y7 (0)] = v :
(1+L+n)/41 + ¢ —n)l/4
From the observations in the previous section and equations , , and (25]), we can see that

—

|PB (pp),1a)|* does not depend on [a] € CI(E) and [b] € Z/cpZ, so that for A € CI(E) and p € CI(E)

we have

(1, A, p,n) < chhp| PP (¢, )l
Consequently,
(26)

I(% Py A n) <<D,E,ram(Qn),ram(7r) H j7rB (fv) x
vES)H

L5(1/2, 75 ® Q) Y02 L5(1/2, 75 ® Q)
LS(1,Ad(r)) 2041 LS(1,Ad(r))

4.7. Local nonarchimedean factors of the L-functions. Next, we would like to add the local
factors at 2 to the L-functions in our formulas to be able to use the approximate functional equation
later. The background for the following discussion can be found in [Tat79], [Cog04, §1], and [BHOG),
87].

First of all, recall that m has conductor 2 and trivial central character since it corresponds to
fy- Thus, by [LW12| Prop. 2.8], we know that my is the twist of the Steinberg representation by a

(unitary) unramified character y of Qy, i.e. m2 ~ St ® x. Consequently, T2 corresponds under the
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local Langlands correspondence to the Weil-Deligne parameters (7, N), where 7 : Wg, — GL2(C)
is a representation of the Weil group such that

~1/2
1) @)= (T )

where ® is the geometric Frobenius, and

(28) N= (8 Cl))

is a nilpotent endomorphism of C2. Now, we have the following.
Lemma 4.12. The prime 2 of Q is non-split in E.

Proof. If D is even, then 2 ramifies in E. Now, assume D is odd, so D = 1 (mod 4). We know
that Op = Z[(1 + v'D)/2], where the minimal polynomial of (1 + v/D)/2 is f(z) = 2> — x + %.
Recall that we assumed n # 7 (mod 8), so that D # 1 (mod 8), hence % is odd. Consequently,
f(z) is irreducible over Z/27Z. From here, it follows by Dedekind’s Theorem (see [Mil20b, Thm.
3.41]) that there is only one prime ideal lying above 2 in E and, since 2 is unramified, it must be

inert. O

Remark 4.13. The previous lemma can also be concluded from the fact that £ can be embedded
in B(Q). Indeed, consider an embedding ¢ : E — B(Q) as described in Section [4.2] Tensoring
with @2, we obtain an embedding ' : E ®g Q2 — B(Q) ®g Q2 = B(Q2). If 2 is split in E, then
EF®Qy =2 Q@ Qg by . However, Q2 @ Q2 contains nontrivial idempotents; thus it cannot
embed in B(Qg) since the latter is a division algebra. Therefore, 2 must be non-split in E.

By Lemma there is only one prime ideal p lying above 2 in E. We analyze the behavior of
the local L-function Ly(1/2, 7 ® €2,,) depending on the factorization of 2 in E.

First, assume 2 ramifies in E, so that 20g = p2. Then E, = Qq, which implies Wg, = Wq,. It
follows that (7g ® €2,,), is also a twist of the Steinberg representation, now twisted by x and by
Q. Thus, the Weil-Deligne parameters of 7g, ® () are (7', N), where 7' : Wg, — GLy(C) is a
representation of the Weil group such that

v (X (W) (9)2-1/2 0
) = (M (w22

where a,, : Gal(E3"/E,) — C* corresponds to (Qy)p : E;° — C* via local class field theory
(see [Mil20al, Ch. III, Thm. 3.1]) and V¥ is the geometric Frobenius. From here, we have that
Ker(N) = {(z,0) € C?}, where 7/(¥) acts by multiplication by x(¥)a,(¥)2-1/2. It follows that

x(\If)an(w))‘l |

-1
Ly(1/2, 7 ® Q) = det (1 — T’(\I/)‘Ker(N)Q—l/Q) _ <1 B :

Since the characters x and «,, are unitary, we obtain that L,(1/2,7g ® Q) < 1 uniformly on n.

Secondly, assume that 2 is inert in E, so that 20g = p. In this case, E, is the unique quadratic
unramified extension of Q,, (by the discussion after Prop. 8.10 in [Mil20b]) and we have Wg, is an
open subgroup of index 2 in Wg,. If ® is the geometric Frobenius of Wpg,, by the definitions of
the Weil group W, and the geometric Frobenius, we have &' = ®2. Additionally, by the definition
of base change, mg, corresponds under the local Langlands correspondence to the Weil-Deligne
parameters (Resywy, (7), N), where N is as defined in and

R, (70 = (%) = (NP ).
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Hence,

2, -1
Ly(1/2,7g ® Q) = (1 — W) )

where again o, corresponds to (£2,,), via local class field theory. Since both x and «,, are unitary,
it follows that Ly(1/2, 7 ® €2,,) =< 1 uniformly on n.

Finally, recall that the adjoint representation of 7 : Wg, — GL2(C) can be realized as follows.
Let {e1, e2} be the standard basis for C2 and let {e}, 3} be its dual basis in (C?)*. Then the adjoint
representation of GLy(C) can be realized as the 3-dimensional invariant subspace V of C? @ (C?)*
that is orthogonal to the subspace generated by e; ® e} + e2 ® e5. (This 1-dimensional subspace is
a copy of the trivial representation.) Thus, a basis for V' is given by

{e1®@el —e2®ez,e1 ®ez,ea @ei}

Under this basis, we have that
1 0 0
Ad(T)(@)= [0 27t 0
0 0 2
and, by [BH06, §31.2], we have that the nilpotent endomorphism N’ corresponding to Ad(7) is given
by the restriction of N ® Id —Ide ® Nt to V, where N* : (C?)* — (C?)* is given by N'(f) = foN.
Under the given basis, we have

0 01
N=|-2 00
0 00

It follows that Ker(N') is the subspace of V' generated by e; ® e}, in which Ad(7)(®) acts by
multiplication by 27!. Therefore,

LxLAd@o):da(l—Aduxéﬂ&ﬂNq24y4:41—2*%*1=4ﬁ;
By Proposition [2.7] we have

1 1 1

where the L-function on the right hand side is the Rankin—Selberg L-function over Q of fy and the
CM form fq, associated to €, in Definition From the previous analysis and , it follows

that S
Y (0) L(5, fy ® fa.)
T Y 14 2 n
(7% 7p7n> <D 20 + 1 L(l,Ad(fw)) s
where the implied constants are bounded as n varies. For n € Z, define

G(n) = {Ye'”'m)?/@u i<,

0 otherwise.

Thus, by Theorem [2.8] Corollary [4.5) . and ., we obtain
(29)

(02 L(L, £y ® fa,) e~
Wl <p3 3 2 Z%H L0 AdG,)) <Pe 3 2 CMLW/2 fu @ fa).

)\EZ/CDZ peCIE) ™ n=0

for any € > 0. We proceed to bound the latter sum.

Remark 4.14. We know that the constant jﬂ.B (fso) is nonnegative for any n € Z. Since 1) has real
Hecke eigenvalues, it follows from and the computations in this section that L(%, Tp®Q,) >0
for all n € Z.
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4.8. Smooth partition of unity. To bound the desired sum, we start by introducing a smooth
partition of unity. Let U(x) be a smooth bump function that is equal to 1 on [0, c0) and supported
on [—1/2,00). Define

Uz) :=U (%) :
which is equal to 1 on [0,00) and is supported on [—£/2,00). We can see that U(z) + U(—z) > 1
for all x € R. It follows from this and L(1/2, fy, ® fo_,) = L(1/2, fy ® fa,) that

¢
(30) > GML/2, fp ® fa,) < D UMGE)L/2, fy © fa,).
Now, let W(z) be the function obtained from Proposition For each b > 0, we define the
function fo1
+1-x
Wy(z) =W <2b> .

By construction, W}, is supported on 2071 < /41 — x < 2°*1. We have
1 forz </,
ZWb(x)_ { 0 forax>/+1,
b>0
and is in [0, 1] for ¢ < x < £+ 1. Then, from the definition of G(n), we can see that

> UmGM)L(1/2, fy @ fa,) = > | D_Wi(n) | Un)G(n)L(1/2, fy © fa,)

In|<t nez \b>0

(31) =3 > W(n)Um)GM)L(1/2, fy @ fa,)-

b>0 neZ
Let ¢/ = log, (37[ + 1) +1. By construction, we have that £+1—20—1 < —g for b > ¢', which implies
that Wy(n)U(n) = 0 for all n € Z. It follows that all terms in with b > ¢ vanish. Then, from
this analysis and inequalities , , and , it follows that

(32) [$lep 172 < €2 sup >~ Wy(n)U(n)G(n)L(1/2, fy © fo,)-
0sb=t! nezZ

For each 0 < b < ¢, the inner sum on the right hand side of has only finitely many terms
(by the definition of G(n)). For the rest of the terms, the analytic conductor of the L-functions
involved have similar analytic conductors in size, which will be useful for us later. In more rigorous
terms, we have the following.

Lemma 4.15. Let 0 < b < ¢ and define T :=2°. Then

(33) G(n) < (T0)~1/2
and
(34) Aoo(1/2, fy © fa,) <p (T1)?

for any n > —0/2 such that T/2 < {+1—n < 2T.

Proof. Assume n > —¢/2 such that T/2 < {+ 1 —n < 2T. Since fy has level 2 and fq, has level
D, we know that ¢(fy ® fa,) <p 1, so that

(35) oo (1/2, fy @ fa,) <p (4+ L+ n)(4+L=n)(5+L+n)(5+L—n).

Now, from the inequalities we assumed, we have that £{—n =< T. Moreover, we have that /+1—2T <
n<{+1-T/2. Since T < ¢, we have that n < ¢, so that £+ n < ¢. From these observations,

follows from Corollary whereas follows from ([35)). |
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Remark 4.16. Indeed, the integers n that satisfy n > —¢/2 and T/2 < £+ 1 —n < 2T are
the only ones of interest, since the support of U(z) is [—¢/2,00) and the support of Wy(z) is
T/2<(+1—a<2T.

Let 0 < b < ¢ and denote T' = 2°. From Lemma it follows that
(36) Y Wy(m)Um)G(n)L(1/2, fy & fo,) < (TS Wiy(n)U(n)L(1/2, fy @ fa,)-
ne”Z neL
We now proceed to prove that, for any ¢ > 0 and 0 < b < ¢/, we have
(T2 Wiy(n)U(n)L(1/2, fy @ fo,) <pe £,
neL
which would imply the main result.

4.9. Approximate functional equation. Before using the approximate functional equation in
our case, we introduce some notation.

Definition 4.17. For n € Z, we let V,(y,n) be the function defined in Theorem for f = fy
and g = fq,. More explicitly,

1 V(s +u fy ® fa,) —u e du
211 Re(u)=3 v(s, fy @ fa,) u
Remark 4.18. In fact, since f, has weight 2/ + 2 and fq, has weight 2n + 1, we have that

(s, fy ® fa,)

1 3 1 3
g (%) r <+€—2n+2> r (Mznﬂ) r (%) |

It follows that the functions (s, fy ® fa,) and Vi(y,n) may be extended to smooth functions
Y(s, fy,x) and Vi(y,x) of x on their domain. We make use of this fact later.

Vs(y,n)

Note that O}, acts on O by left multiplication, and that two elements of O generate the same
ideal in Op if and only if they are in the same orbit of O;\Og.

Definition 4.19. Let Fp be defined by
Fp:={0}U{a € Op:Re(a) >0} U{a € Op: Re(a) =0 and Im(a) < 0},
which is a fundamental domain for the action of (’)g on Og.

Remark 4.20. The fundamental domain Fp is different for D = —4 and D = —3. For instance, for
D = —4 we have

F_y={0}U{a € O : Im(a) > 0 and Re(a) > 0}.

To be able to use the approximate functional equation for the central values of the L-functions
involved, we need an estimate of the analytic conductors, which was done in Lemma

Proposition 4.21. For any b fized, § > 0 and B > 1, we have
(T2 Wy (mU(n)L(1/2, fy © fo,)

neZ
(T0)1+8
(37) =2 Z xp(m) Z Mﬂa(m) +O0pps (5—23) 7
m=1 m aeFp N(a)

1<N(a)<(TO)'+°
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where

m?N(a
Iy (m) = (Té)*1/2 %Qn((m))Wb(n)U(n)VuQ (M,n) Qn((a))

and Vs(y,n) is the function defined in Definition .

Proof. 1t follows from Lemma and the approximate functional equation (Remark [2.10) m and
Corollary - for 6 >0, M = (T€)1+5, and c the inverse of the implicit constant in the upper
bound of Lemma (.15 O

We want to estimate the main term on the right hand side of . For this, we again introduce
a smooth dyadic partition of unity. Let ar be the smallest integer with ar > (T¢)'*° and let Ur
be a smooth bump function supported on [0, ar] and equal to 1 on [1, (T¢)'*9]. For a € Ok, by
abuse of notation we write

UT(Oé) = UT(N(a))
Let W (x) be the function from Proposition and, for a > 0 and o € Ok, define

W, =W <N2(f‘))

Then, similar to Section for all 1 < m < (T¢)'*9 we have

Ary (N (a) Ary (N(@)) ,
(38) — IIo(m)W, (o) Ur(av).
Zf) N(a) Z(I)Zf i Ne(mWa(@)Ur(e)
1<N(a)<(To)tH?

Again, as in Section whenever 2471 > ap, we have W/ (a)Ur(a) = 0 for all a € Fp, so the
a-sum on the right hand side of consists of <5 log(T¥¢) terms. Since T' < ¢, from and

it follows that
(T0) ™23 Wa(m)U (n)L(1/2, fo @ fo,)

neZ
(T£)1+5

CIR ST T D xom) s~ AWV v (a)trz(a)

0<2‘1<<(Tf 1+6 aEFD A /

foralle >0,0 >0,and 1 <T < /.

4.10. Partial derivatives of V. To proceed, we will need certain estimates on the partial
derivatives of Vj 9(y,z) with respect to z. We show these estimates in this subsection. First we
estimate the quotient of gamma factors inside the integral in the definition of V}5(y,z) and its
derivatives.

Lemma 4.22. Let 6 > 0 and let 1 <T < £. Suppose that T/2 <+ 1—x < 2T and x > —{/2.

Define F(u, fy,x) := W, where

35, fyoa) 1= mT (W) r (W) r (W) r (W) |

Then, for Re(u) = 4, we have
|F(u, fy, )| <s 3rim(wl 20,
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Proof. Recall Stirling’s estimate (see [MV06, Thm. C.1])

(40) IT(s) =

5371/2‘ efRe(s)’

which holds for |s| > § and |Arg(s)| < ™ — §. Note that

88—1/2’ _ |S|Re(s)—1/26—Arg(s)Im(s).

Using this observation and , we have
(41) |F'(u, fy, )| < F1F2F3,
where
=2+ 1|2 — g 4 2 4 T/
((—z+ 1)ED2(0 — g+ 2)(=a+D)/2
10+ 2+ 14 w9210 4 g 4 2 4 o CHe+1)/2
(0 + 2+ 1)E2)/2(0 4 g 4 2)EHatD)/2

B=l—z+1+u?l—z+2+u?|0+z4+1+u?0+z+2+u|?
Fy = ¢ s1m(u)[Ara(C—ot14w)/2)+ Ara((-a+2+u)/2)+Ara((CHa+ 1+u)/2)+Ars(Cra+2+u) /2)]

Fy

We proceed to estimate each factor F;. We start with Fy. By the triangle inequality, we have
(42)

l—x l—x+1 {+x l+x+1
F2< (1 & 1 & 1 & 1 & .
1—( a1 L A T2

t
For any C' > 0, the function f(t) = (1 + t%) is nondecreasing on the interval [—1,00) and is
bounded from above by €“. From this observation and , we obtain
(43) P < 2l 5 emim()]

We now estimate F5. First, by definition of x and T', we have that /—x+1 < fand /+x+1 < /.
Since ¢ > 1, we have that [ £z 4+ 1+ u| < £+ |u| = £(1 + |u|/€) < £(1 + |u]). Tt follows, since
Re(u) = 4, that

(44) Fy < 02(1 + |u])? <5 (29 emItm(l,

Finally, we estimate F3. Notice that, by definition of x and 7', we have that £ — z + 1 > 0 and
¢+ x+ 1> 0. Hence, each argument in the exponential defining F3 is between —m/2 and 7/2, so
in absolute value they are < 7/2. Thus

(45> < e%|Im(u)\[7r/2+7r/2+7r/2+7r/2} _ ew\lm(u)\'
Combining , , , and the result follows. ]

To estimate the derivatives of F', we need some preliminary results. These are in [AA22] §3.2.1]
and we reproduce them here for the ease of exposition. The first one of them is a consequence of
the mean value theorem.

Lemma 4.23. Let ) C C be an open subset containing 0 and let f : Q@ — C be a holomorphic
function. Let zy € Q be such that the line segment joining 0 and zy is contained in Q). Then

|f(20) = £(O)] < 2|z0] sup [f'(rzo)].

ref0,1]
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Recall that, for m > 0 an integer, the polygamma function ¥(™ is the meromorphic function
defined as
I(z)/T'(z) ifm=0
(m) — A )
Using the series representation for (™) shown in [AS70, 6.4.10], we have the following estimate.
Proposition 4.24. For Re(z) > 0 and m > 1, we have
M (2) K 27T 4 2T

The polygamma functions allow us to write the derivatives of the gamma function as polynomials
in these functions. The same is true for quotients of gamma functions, which is what we have in
our case.

Definition 4.25. For m > 0, s € C, and =z € R, we let @b(m)(s, fu, ) be the expression

1 3 1 3
my [sHL+T+3 my (SHEFT+5\ gy (stl-z+3) oy [stl-r+3
v <2 il e Rl e Al B B

Proposition 4.26. For x € R and s € C, we have
0 1
%’7(87 fwa .fL') = §¢(0)(37 fd): x)f)/(sa fwv .I')

Moreover, we have an analogue of Proposition for (™) (s, fu, ).

Proposition 4.27. Let 1 <T < {. Assume that T/2 <{+1—x < 2T and x > —{/2. Then, for
any m > 1 and Re(s) > 1/2, we have

Y (s, fyy ) Ko T~
With the previous results, we can bound the partial derivatives of F' with respect to x.

Proposition 4.28. Let 1 <T < ¢ and § > 0. Suppose that T/2 <l+1—x <2T,x > —{/2, and
Re(u) = §. Then, for any j > 0 we have

o i 3|1 28r—j
@F(u,f¢,$) <55 lufle [T ()] p267=7
Proof. We will show that
Bl ,
(46) 53 LW fu,2) g [ul [F(u, fy, 2)].

Then the result will follow from Lemma First, define

D(u, fp, ) == O (1/2 +u, fy, ) — O (1/2, fy, 2).
By Proposition 4.26] we can see that

9 plu, fp0) = Y(1/2, fgr ) - Zv(1/2 + u, fy, @) = 7(1/2 + u, fy, @) - (12, fy @)
ou” V(1/2, g 2)?
= D, fy, 2 F(u, fy, )

We first estimate the partial derivatives of D with respect to x. First, note that for any j > 0, we
have

T;D('L%fw?x) = 2% (¢(J)(1/2 + uvfiliax) - w(])(l/zﬂ/)am)) :
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Hence, by Lemma [£.23] and Proposition [4.27] we have that

o . 4

——D(u, fy,2) < [u| sup |[HUtD(1/2 4 ru, fw,x)‘ < |u|T7I7L

xJ rel0,1]

We now come back to estimating the partial derivatives of F' with respect to x. To show , we
proceed by induction on j. Notice that holds for j = 0 and j = 1. Now, assume that
holds for all m < j. By the induction hypothesis, we have that

§i+1 J j—m om
Pt (W fy, 2) < mZ::o Fpi=m L (U fy, 7) 'ame(uy fy, @)

J
<G > [P, fy, @) | T (T
m=0
< [uP T F(u, fp, )| T8,
which completes the proof. O

From these bounds, we can estimate the partial derivatives of V; /g(y, x) with respect to x.

Proposition 4.29. Let 1 <T < {. Suppose that T/2 < {+1—x < 2T and x > —{/2. Then, for
any j > 1 and € > 0, we have

aj —€/2perp—j
@Vl/g(y,x) <<g7j y /2£ T.
Proof. Recall from Definition that
2 du
4 = — F —uLut 7
( 7) Vl/?(yzx) 270 Re(u)=3 (uvf’lfhx)y € U

Let 6 = ¢/2. Since v’ decays like e~ MW on vertical lines, by Stirling’s estimate of the Gamma
function and Cauchy’s theorem, we can move the line of integration in to the line Re(u) = 0,

so that
1 2 du

‘/1/2(:[/7‘7;) = M/Re(u)zfi F(uafllnw)yiueu U

It follows by Proposition [£.28] that

o7 v
D7 12y, 1) < /Re(u)=5

<5, y6652£26Tj/ i~ BTl ~lm@l? g,
Re(u)=6

<55y 00T O

& —Re(u) JRe(u?) du
@F(’U,, fi/lv .’E) e 1

y
Jul

4.11. Poisson summation. Notice that, by the construction of Q,, for m € Z and o € O, we

have that . i
Qu(m) = (2) =1 and (@) = (&) = emrse/a,

m (6]

Let
[ 2|D| if D is odd,
D=9 V2|D| if D is even.

By [Li79, Thm. 2.2], we have that q(fy ® fq,) = ¢5 for all n € Z. Therefore,

m2 (6% . .
IIy(m) = (Te)fl/z Z Wb(n)U(n)Vl/Q (é\;()m> pin-Arg(a/a)

nez
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We now fix 0 < a < ar and write A := 2% We want to estimate the expression inside the
absolute value on the right hand side of , which we call S,. Define the smooth compactly
supported function

T0)~1/2 27
Halam.a) = W @U@ WU @ ().
N(a) ap
Thus, we have
(Te)r+? (m)
Sa= > LN N (N (@) Y Hala,m,n) emAse/a),
m=1 m aEFp nez
Consequently, we can use the Poisson summation formula in the n-sum to obtain that
(TK)1+6 -
xp(m) — Arg(a/@)
Sa: m Z )\fw(N(OZ))ZHA <a7ma€_2ﬂ_ )
m=1 aeFp EEL

where fIX is the Fourier transform of H 4 with respect to x.

Remark 4.30. For D = —3 and D = —4, one has to split the n-sum in the definition of S, into
several sums depending on the congruence of n modulo 3 or 4, respectively. There are two reasons
for this change. The first one is the difference in the definition of €2, for different values of n, as
pointed out in Remark The second one is that, along each sum, we want ¢(fy ® fq, ) to remain
constant, so that we can use the Poisson summation formula. However, each sum can be bounded
following the procedure we describe now.

For £ # 0, by repeated use of integration by parts, we have
1
(2m[¢])!

where Hﬁlj) is the j-th partial derivative of H4(«a, m,x) with respect to x. We estimate flz via

—

H (a,m, €)

(48) Ha(a,m,€) <

)

estimating ng)(oz, m, ).
Proposition 4.31. Let j > 0. Then
Hﬁlj)(a,m,x) =0 unless2c € {+1—-2T L+1—-T/2]N[-£/2,00) and N(«a) € [A/2,2A].
Moreover, for any € > 0, we have
H?(a,m,m) LDee,j CTI((TA)~V2,

Proof. The first statement follows from the definitions of W/ («) and Wy(z), namely that W, has
support on N(«a) € [A/2,2A] and that W}, has support on [¢ +1 — 2T,¢+ 1 — T'/2]. Now, assume
that N(«) € [4/2,2A4], so that N(a) > A. By the product rule for derivatives, we have

. m2N (o (4)
HY (0, m, ) < ((TA)~/? (Wb(:z)U(a:)Vl /2 <2VD():E>>

J 2
, ~1/2 U ()G @ (PN
(49) < (TA) S (Wi ) v (o).

where all the derivatives are with respect to x. Since Wy(z) = W (f%) for W(x) a fixed smooth

compactly supported function, by using the chain rule several times we obtain that Wb(j - (2z) <4
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T3+, Similarly, since U(z) = U (%) for U(x) a fixed bump function, we have that U0~ (2z) <
(7 < T Tt follows that

j—i j—i
(50) (Wy(22)U (22))97) <1 S WP 22)U 0= (22) <0 N T < T
h=0 h=0

Additionally, from Proposition we have that

) (MmN () 2 e
51 V(Z) (m ><< i e/ ETE.
( ) 1/2 D ei dp
From , , and , we obtain
HY (a,m, ) <p ey ((TA)V2I TI4ET < (0T A) Y2057, 0
i=0

As a consequence of and Proposition [4.31}, we have the following.

Corollary 4.32. For any j > 0 and £ # 0, we have

T
|T¢p

Moreover, for N(«a) ¢ [A/2,2A], we have E(a,m,f) =0.

Ha(o,m, &) <p.,j ((TA)~2,

Using this last estimate, we can bound the inner two sums of S,,.

Proposition 4.33. For anym > 1 and 0 < § < 1, we have

T Arg(a/o
Z /\fw(N(O‘)) ZHA <Oz,m,£ — g;ﬁ”)

acFp EEZ
Kpes CTPUA)TVZ " Dy (N(@)| + ET732@A)72 N Ay, (N(a)),
aGST_1+5 aeFp
AJ2<N(a)<2A
where

Sr:={a e Fp:—mR < Arg(a) < 7R, A/2 < N(a) < 24}
for any R € (0,1).
Proof. From the definition of Fp, for any a € Fp we have that —7/2 < Arg(a) < 7/2, so that

—m < Arg(a/@) < . This implies that —% < %i/a) < % for any o € Fp. Thus, from Corollary
[4:32] with j = 2 and the triangle inequality, we have that

S A (N(0) Y. Ha (a m g_Argm/a))

OLE.FD £>1
<pe CT200A)V2 S Dy, (N@))) —————
oeFp 1 ‘ Arg(a/a
AJ2<N(0)<2A 2
<Kpe LTPPUATV2 3" A (N |Z &
OéE]'—D §>1
A/2<N(a)<2A
(52) <pe FTP2UAT2 3" A, (N(@)].
aEFp

AJ2<N(a)<2A
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Using the same reasoning, we have

(53) B
> A (N() Y Ha (a,m,§ - Arg;:””) <pe FTPPEAT2 S A, (N(@)].
aEFp £<—1 aEFp

AJ2<N(a)<2A

Now, let € = 0 and o € Fp. By the definition of Sg, we have that —%‘ < 779 if and only
if a € Sp—145. If this is the case, from Corollary with j = 0, we get
Arg(a/a)

(54) Ha <a, m, =

> <pe ETY?(0A)712,

If not, then we have —%ﬁr‘/@

with 7 = [2/J] we have

> T-145 Ip particular, %‘;/E) = 0. Hence, again by Corollary

— Arg(a/a =T
Ha <a’m,_rg2(aﬁa)> LDes — j(gTA)_l/Q
T ()
(55) Kpes ETVI(UTA) Y2 <p 5 5T 32(0A) 712,

Combining and , we obtain
— Arg(a/a
5 Ao (N (@) (m, ~ )

27
aEFp
TN Arg(a/a@)
< X )| (am A
aEFp
AJ2<N(a)<2A
Lpes CTVA)TZ 3" A, (N()| + T2 N A (N ()]
OzEST,1+5 aEFp
AJ2<N(a)<2A
agSp—1+6
(56)  <pes CTPCA)T2 N0 N, (N(@)[+ TR 3 Py (N (@)
OcEST_1+5 aEFp
A/2<N(a)<24
The result follows from , , and . O

An important observation is that the right hand side of the bound of Proposition does not
depend on m, so that we can use well-known bounds for the harmonic sum to estimate S,; for
instance, we have

Mo
(57) > — < log(M).

m=1

Now, from Deligne’s proof of the Weil conjectures (see [Del74]), we have for any n > 1 that
A, (n) e nf. If a € Fp with A/2 < N(a) < 2A, we have that

A, (N(a)) < N(a)f < A%
From this bound, Proposition and (57)), we have

(eT)1+9
1
S pes CTUAT 3T (V@) Y —
1

Q€S 1+5 m=
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(ET)lJ”S
FETREA)T N g, (N ()]

aEFp m=1
A/2<N(a)<2A

< pes ETYV2(0A)™12 4% 1og ((z:r)m) 1Sy 15

+£€T_3/2(€A)_1/2A510g((ET)1+5> Yoo

1
m

aEFp
A/2<N(a)<2A
(58) Kpes CTVPA) V2T |Spoass| + LT3R (0A) T2 A (0T Y L
aceFp
A/2<N(a)<2A

Now, by a careful analysis of the factorization of rational primes in number fields, one can show
for any € > 0 that

(59) Z 1 <. n®,
N(a)=n

where the sum is over all ideals a of Og that have ideal norm equal to n. From and it
follows that

So e ETY2(WA)TY2(UT)F |Spiss| + LET 22 (L A) V2 A5 (4T)F AL HE
(60) <Des 526_1/2T€+1/2A_1/2 ‘ST—1+6| + 528_1/2T6_3/2A26+1/2.
Finally, we estimate the cardinality of the set Sk for 0 < R < 1.

4.12. Final estimates. We will use the Lipschitz principle to estimate |Sg|. First, since Fp is
contained in the right half-plane of R?, we have that Sgp = Sg for R, R’ > 1/2, so we only need to
bound |Sg| for R < 1/2. Now, consider the set

Sk ={a € Sg:Im(a) > 0}.

Then, we can see that |Sg| < 2|S%|, so it is enough to estimate |Sy|. For this, we will reduce our
problem to counting lattice points in a parallelogram. Define the parallelogram

Pr = {avy + bvs : a,b € [0,1]},
where
vy = (\/ﬂ, 0) and vy 1= <O,Sin (TR) \/ﬂ) .
The important observation is the following.
Lemma 4.34. For 0 < R <1/2, we have
SE CPrNOg.

Proof. First, note that S C Fp C Og, so that we only need to show that S3 C Pg. Since Sj is
contained in the first quadrant of R?, we have that

S}k%:{046.7:17:0§A1"g(04)§7rR,1;l

< N(a) < QA}.

Suppose o = x + iy € Sp. We then have 4/2 < 22 + 9% < 24, so that

(61) 0<z<V2A.
Moreover, since 0 < Arg(a) < 7R and 0 < R < 1/2, then
(62) 0<y=+v2z2+y?sin(Arg(a)) < V2Asin(rR).

The result follows from and . O
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Hence, to estimate |S}|, we only need to estimate |Pr N Og| by Lemma Using Proposition
with the basis {1,iy/—n} and the well-known inequality sin(z) < = for x > 0, we obtain for
0 < R <1 that

(63) Sel <p (V24+ RV24) + (V24- RV24) <p VA + RA.
Combining and with R = T~ and setting § = ¢, we get

S, <o (2271212 4=1)2 (T_HEA + A1/2) 4 (2e-1/2e=3/2 g2e+1/2
(64) <p. 2=V (Ts’l/QAl/Q LT1/2 +T*3/2A2€H/2) '

However, from the definition of A and T', we know that T < £ and A <. (T¢)'*¢. Using these
estimates in , we obtain

Se <D p2e—1/2e (Tsfl/Q(TE)(1+€)/2 171/ +T’3/2(T£)1/2+95/2>

<D p2e—1/2e <T3€/2€(1+a)/2 LTl 4 T—1+9e/2£1/2+95/2)

(65) <pe 02512 (638/26(1“)/2 L2y 61/2+95/2> <p. 0%
Combining , , , and we obtain the desired result.
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