MUTATING SPECIES WITH POTENTIALS AND CLUSTER TILTING OBJECTS

CHRISTOFFER SODERBERG

ABSTRACT. Buan, Iyama, Reiten and Smith proved in [BIRSTI| that cluster-tilting objects in triangulated 2-
Calabi—Yau categories are closely connected with mutation of quivers with potentials over an algebraically closed
field. We prove a more general statement where instead of working with quivers with potentials we consider
species with potential over a perfect field.

We describe the 3-preprojective algebra of the tensor product of two tensor algebras of acyclic species using
a species with potential. In the case when the Jacobian algebra of a species with potential is self-injective,
we provide a description of the Nakayama automorphism of a particular case of mutation of the species with
potential where you mutate along orbits of the Nakayama permutation, which preserves self-injectivity.

For certain types of Jacobian algebras of species with potentials, we prove that they lie in the scope of the
derived Auslander-Iyama correspondence due to Jasso-Muro. Mutating along orbits of the Nakayama permu-
tation stays within this setting, yielding a rich source of examples. All 2-representation finite -homogeneous
algebras that are constructed using certain species with potential and mutations of such species with potentials
are considered.
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1. INTRODUCTION

The theory of cluster algebras was introduced and studied in several articles by Fomin-Zelevinsky in [FZ02]
[FZ03], [FZ07] and together with Berenstein in [BEZ05]. Cluster categories were formed as a categorification of
1
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cluster algebras. The cluster category associated to a hereditary algebra was first introduced by [BMR™06] and
[CCO6] for the Dynkin type A, case. Several more articles delved deeper in the theory of cluster categories
(e.g. [IMRZ03, BMRO7, BMRO8, BMRT07, [CKO06l [CKO08]). They considered the cluster category Cq associated
to the path algebra of an acyclic quiver ) in order to categorify the cluster algebra associated to Q. Keller
and Reiten proved in [KRO§| that an algebraic 2-Calabi—Yau triangulated category over an algebraically closed
field is a cluster category if it contains a cluster tilting subcategory whose quiver has no oriented cycles. Amiot
generalised the approach of Keller and Reiten and introduced the cluster category Cp for an algebra A of
global dimension at most 2 in [Ami09], where A can be viewed as a cluster tilting object in Cy. Amiot also
introduced the construction of a new class of 2-Calabi-Yau cluster categories C(q,w) for Jacobi-finite quivers
with potential (Q, W), i.e. its Jacobian algebra P(Q, W) is finite dimensional, with a cluster tilting object T
such that Endc, (1) = P(Q, W). In the case when A = KQ'/R is an algebra of global dimension at most 2,
for some ideal R, we have that Cy ~ C(q,w) ([Kellll, Theorem 6.12]). The equivalence sends A to 7.

Iyama and Oppermann introduced d-representation finite algebras in [[O11] using the notion of d-cluster
tilting objects. The (d + 1)-preprojective algebra ;41 (A) of a K-algebra A of global dimension at most d was
later introduced in [IO13]. In this setting, they studied the natural higher analogue of Amiot’s cluster categories
for algebras of global dimension at most d called the d-Amiot cluster category and denoted by C{. If we assume
that A is d-representation finite, then there is a d-cluster tilting object A in C such that Endeq (A) = Hgy1(A).
In particular, II3(A) = Endcz (A) for the 2-cluster tilting object A in the category C3 = Cy if A is 2-representation
finite, which is the focus in this article. Iyama and Oppermann also showed in [IO13] that, in this case, II3(A)
is self-injective. By [[O13| Proposition 3.6] it means that 7" = T'[2], where [2] is the Serre functor in Cx. An
immediate consequence is that II5(A) is a 2Z-cluster tilting object in the sense of [JKM23| Definition 1.3.1]. In
the case when A = K@Q'/R, as before, its 3-preprojective algebra II3(A) is thus isomorphic to a Jacobian algebra
P(Q,W).

A quiver with potential (Q, W) is said to be self-injective if P(Q, W) is a finite dimensional self-injective
K-algebra ([HI1ID, Definition 3.6]). For a d-representation finite K-algebra A, Herschend and Iyama introduced
the notion of being I-homogeneous in [HI11a]. It means that the 74-orbits, where 74 is the higher analogue of
the Auslander-Reiten translation functor 7, for all projective A-modules are of the same length [. Assuming
that K is perfect Herschend and Iyama proved in [HI11a] that if A; and As are both I-homogeneous and d;-
respectively ds-representation finite K-algebras, then A; ®k As is a [-homogeneous d; + ds-representation finite
K-algebra. For the case d; = ds = 1 and when A; and Ay are path algebras, the algebra A = A1 ®g A will be a
2-representation finite algebra, and its 3-preprojective algebra II3(A) = P(Q, W) for some self-injective quiver
with potential (Q,W). In previous work [S624] we showed that when A; and Ay are given by tensor algebras
of representation finite species we have that II3(A) is isomorphic to a tensor algebra of a certain species with
relations. In this article we prove that II3(A) is in fact given by a self-injective species with potential (S, W)
(Proposition 7 i.e. the Jacobian algebra P(S, W), which is a notion derived from the more general theory
studied by [Ngul2], is a finite dimensional self-injective K-algebra.

The derived Auslander-Iyama correspondence was introduced in [JKM23|, see also Theorem Assuming
that K is perfect and d > 1 is an integer, it gives a bijection between pairs (C,T'), consisting of

(1) a triangulated category C with certain properties and
(2) a basic dZ-cluster tilting object T € C,

and pairs (I1, I), consisting of

(1) a basic finite dimensional self-injective K-algebra II that is twisted (d + 2)-periodic and
(2) a certain invertible II-bimodule I.

This equivalence is given by (C,T) — (End¢(T), Home(T,T[—d])). If A is d-representation finite, then by
the above discussion the pair (C4,A) is an example to which the correspondence applies. In particular, if
A = A1 ®k Ao, where A; and Ay are given by [-homogeneous tensor algebras of representation finite species,
then II = TI3(A) is in this case an algebra that appears in the correspondence above for d = 2. In this way
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we obtain a new family of twisted periodic self-injective K-algebras parametrised by certain pairs of Dynkin
diagrams, which is explicitly given by species with potentials.

The mutation theory of cluster algebras introduced in [FZ02] motivated several mutation theories on different
objects. We have a mutation theory of cluster tilting objects in hom-finite triangulated 2-Calabi—Yau categories
over an algebraically closed field [BMR™06, TY0S] defined using exchange sequences. Later on Derksen, Weyman
and Zelevinsky defined a mutation on quivers with potentials in [DWZ07]. The relationship between these types
of mutation is discussed in [BIRSI1I], where they proved that the mutation of cluster tilting objects directly
corresponds to mutation of certain Jacobian algebras over quivers with potentials. In this article we partially
extend this relationship to a more general setting of species with potential. In the paper [HI11b] it was proved
that mutating along Nakayama orbits of a self-injective quiver with potential (@), W) preserves the self-injective
property under certain conditions, i.e. if y(z) denotes the mutation along a Nakayama orbit then s (Q, W)
is a self-injective quiver with potential. Note that if (S, W) is self-injective then P(S,W) is a Frobenius
algebra, meaning that P(S,W) = DP(S,W), as P(S, W)-bimodules where 7 is the Nakayama automorphism
of P(S,W). We show in this article that the Nakayama automorphism 7 of P(ux) (S, W)) is given in terms
of . This is described in our main theorem, where we assume that (S, W) is reduced, i.e. W does not have any
2-cycles.

Theorem. (Theorem Theorem Let C be a 2-Calabi—Yau triangulated category and T = @Ll T a
basic cluster tilting object with indecomposable summands T;, that satisfies the vanishing condition at i for all
i € Qo and k € Qg is mutable.
(1) IfEndc(T)°P = P(S, W) for a reduced species with potential (S, W), then Ende (up, (T))°P = P(uk (S, W)).
(2) Assume furthermore, that P(S, W) is self-injective with Nakayama permutation o and Nakayama auto-
morphism v satisfying conditions (A) and (B) in Section @ If the Nakayama orbit (k) = {c*(k) | i > 0}
is sparse (see Definition , then P () (S, W)) is self-injective with Nakayama automorphism pix (7).

The vanishing condition is a technical assumption which appears in [BIRST1] and is presented in the beginning
of Subsection Part (1) is a species version of [BIRS11, Theorem 5.2]. Part (2) says that mutating along
Nakayama orbits preserves the self-injective property, and so we obtain a new 2Z-cluster tilting object (compare
with [HI11b, Theorem 4.2]). Hence mutation yields a rich source of examples that fit in the derived Auslander-
Iyama correspondence (Theorem . The new Nakayama automorphism j)(7) satisfies the conditions (A)
and (B), thus we can iterate the process with another sparse Nakayama orbit.

The proof shares a similar outline as in [BIRS1I, Theorem 5.2] but suited for species with potentials. The
main differences are due to the richer structure that species enjoy compared to quivers. For the first part we show
that any isomorphism End¢(7T)°P = P(S, W) can be defined using certain weak 2-almost split sequences. Then in
order to define an isomorphism End¢ (17, T) 7 = P (s (S, W)) we study weak 2-almost split sequences for pr, (T')
and compare them to P(uy (S, W)). For the second part we note that we immediately have Endc(ur,, 1) =
P (k) (S, W)). Since the mutation pr,, (T') is given in terms of exchange sequences, we use exchange sequences
to define P(u(x) (S, W)). The vanishing condition and the mutable condition are technical assumptions needed
to define the isomorphism in the first part.

Let us produce an example where the main theorem is applicable, given in more detail in Example Let
S and S? be the species

SRERER,  $2:CSR
which are of type Az and B, respectively. Both tensor algebras T'(S!) and T(S?) are 2-homogeneous and
representation finite and therefore A = T'(S') ®g T(S?) is a 2-representation finite algebra. Its 3-preprojective
algebra II5(A) is isomorphic to P(S, W), where S is the species
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over the quiver

/|

and W is the potential in (6.11.1)). In this case the Nakayama permutation is the identity. Mutating (S, W) at
vertex 5 yields the species with potential (S’, W’), where S’ is

C C
< C®rC |
R R

and W' is the potential in . Here (S’,W’) is not reduced since its potential includes 2-cycles. Due to
our main theorem its Jacobian algebra P(S’,W') is a basic finite dimensional self-injective K-algebra that is
twisted 4-periodic. Therefore it will show up as a pair (P(S’,W’),I) in the Jasso-Muro equivalence, where T is
given as the 4-syzygy in the projective P(S’, W’)-bimodule resolution of P(S’, W').
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1.1. Outline. In Sectionwe introduce our conventions and recall the dual basis lemma. In Section Bl we define
several of the notions used throughout the article such as species, potentials, derivative operators, preprojective
algebras and study tensor products of tensor algebras of species. In Section [] we state various results from
LY 08|, HI11bl TO13| regarding the mutation theory of cluster tilting objects in a cluster category. We also define
the mutation of a species with potential using the theory of [Ngul2]. We prove the first part of Theorem
In Section [p| we introduce self-injective species with potential and prove the second part of Theorem In
Section |§| we state the connection to the derived Auslander-Tyama correspondence (Theorem and compute
some examples.

2. PRELIMINARIES

In this section we will cover the different definitions used throughout the article such as species with potentials,
Jacobian algebras of species with potentials and higher preprojective algebras. We also compute a particular
example of a 3-preprojective algebra of a tensor product of tensor algebras of two species.

2.1. Conventions. By default R-modules means left R-modules and right R-modules are considered as left
Re°P-modules. Composition of arrows (respectively morphisms) goes from right to left. We denote by Z(D) the
center of an algebra D. The D-center Zp(A), of some D-bimodule A, is defined to be the Z(D)-subbimodule
of A consisting of all elements a € A such that ad = da for all d € D.
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2.2. Casimir Elements. The following lemma is well-known and we will refer to [Kiil7] for the proof. It can
also be found in [Par01].
Lemma 2.1. (Dual basis lemma) Let Pr be a right R-module. Then, the following statements are equivalent:

(1) P is finitely generated and projective.
(2) There are x1,x2,...,&ym € P and f1, fa,..., frn € Hompgoer (P, R) such that for every x € P we have

x =Y wifi(x).
=1

(8) The dual basis homomorphism P @ g Homper (P, R) — Endger(P), p® f +— (¢ — pf(q)) is an isomor-
phism.

Definition 2.2. Let z; and f; be as in Lemma [2.1} The element

> @r fi € P @ Hompor (P, R)

i=1
is called the Casimir element of P ® g Hompgor (P, R). The Casimir element does not depend on the choice of x;
and f; by [DR80, Lemma 1.1].

Let I" be a K-algebra with Jacobson radical Jr. We can view I' as a topological algebra with the Jpr-adic
topology with the basic system {J;}i>o of open neighbourhoods of 0. Thus the closure of a subset S C T
becomes

S=[\(S+Tt) (2.2.1)
1>0
For background on the adic topology see [AMG9, Section 10].

3. SPECIES WITH POTENTIAL AND HIGHER PREPROJECTIVE ALGEBRAS

3.1. Species. Throughout this article we will assume that K is a perfect field. The main reason being that we
need that D ®g D’ is semisimple where D and D’ are two division K-algebras. Although many results are still
true without this assumption, we make this assumption for the whole article for convenience.
Definition 3.1. (Species) Let @ be a finite quiver.
(1) A species S = (D, Ma)icqo,acq, is a collection where each D; is a semisimple K-algebra and M, € D;-
Dj-mod, where o : i — j, such that Homper (Mo, D;) = Homp, (Ma, Dj) as D;-Dj-modules, and such
that Zx(D;) = D; and Zx (M) = M, for all i € Qp and a € Q.
(2) A finite dimensional species S is a species S such that dimg D; < co and dimg M, < oo for all i € Qg
and a € Q.
(3) We say that a finite dimensional species S is a K-species if all D; are division K-algebras over a common
central subfield K.
(4) We call a species S acyclic if @ is acyclic.
Definition 3.2. Let S be a species, D = P, .o, Di and M =D, Mo € D-D—mod.
(1) We define the tensor algebra T'(S) to be the tensor ring T'(D, M). More explicitly,
7(S)=T(D,M) =P M" =P me*, M°=D.
k>0 k>0

(2) We define the complete tensor algebra T(S) as
7(8) = [ [ M* = [ m®»*, M°=D.
k>0 k>0

The benefit of using 7(S) is that its Jacobson radical is (M) = T(S)>1.
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Remark 3.3. If S is a finite dimensional species then the following are equivalent
(1) S is acyclic,
(2) T(S) = T(S),
(3) dimg T'(S) < co.

Note that in this case T'(.S) is a finite dimensional hereditary algebra.

Lemma 3.4. Let S be a species and assume that dimg D; < oo for all i € Qq. There exists a species S’
(Djs M) keqy,aeqy over a quiver Q', where all D), matriz rings over some division K-algebra, such that T'(S)

T(S') and T(S) = T(S").

[l

1

Proof. By the Artin-Wedderburn theorem there exist for each i € Qg division K-algebras D;- such that D;
EB;“:l My, (D), where M,y (Dj) is the matrix ring of D} of some size m;. Let e;; be the identity element in
M, (D). Clearly

J

Let Q' be the quiver given by

Qo ={(i,5) |1 € Qo,j € {1,2,...,ni}},
Q& = {ajj’ : (S(Oé),j) - (t(a)a]l) | o€ th € {1527~ . 7ns(a)}7j/ € {1727~ e 7nt(o¢)}}-

Define the species S’ over Q' as
Dy gy = M, (D),
Ma = et(a)j’Maes(a)j-

23

By construction we immediately have that T(S) = T(S') and T/(S) = T(5"). O

Remark 3.5. Definition of a species is not the same as the definitions given in [Berlll Rin76l [Gab73].
They require that all D; are division K-algebras for all i € Qy. However, our definition for K-species coincide.
We make this change in the definition of a species since we want S(S',5?) defined in Definition m to be
a species. For a finite dimensional species S there exists a Morita equivalent K-species S’ described later in
Proposition[3.24] Thus, in practice, we can assume without loss of generality that our finite dimensional species
are K-species.

Remark 3.6. From the construction of S’ we have a natural surjective quiver morphism 7 : Q' — @Q given by

o - Q/O — QOa
(Il:7-]) H 7:7
Tt Qll — Qla
Qjjr = Q.
Throughout this article we will assume that all species are finite dimensional. Since D is semisimple and
finite dimensional it is a symmetric Frobenius algebra by [SY11l Corollary 5.17]. In other words, there exists a
linear map t : D — K such that there is no non-zero ideal contained in the kernel of t and that t(ab) = t(ba) for

all a,b e D.
We assume that each species is equipped with such a map. Hence we get an isomorphism

D = Homg (D, K),

dos o), (3.6.1)
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of D-bimodules. The module D is projective over itself, and therefore by applying Lemma we can write
down the Casimir element of D as

dimg D;
> Y el ®él € Dok Homg(D,K).
1€Qo Jj=1
Using the isomorphism in we can define elements ég € D such that ég = t(é{ —). We call the element
dimg D;
> > edeedebDexD
1€Qo  J=1

the Casimir element of D associated to t.

Remark 3.7. [Ngul2, Remark 2.2] The dualising condition, i.e. Hom por (M, D;) =2 Homp, (Mg, Dj) as D;-
Dj-modules, in Deﬁnition is automatic if D is a symmetric Frobenius algebra (see also [BSWI0| Section 2.1]
for the case when D is a semisimple C-algebra). The D-bimodule morphisms

t, = to — : Homp(M, D) = Homg (M, K)
t, = to — : Hompe» (M, D) = Homg (M, K)
are isomorphisms with the inverses given as

;' : Homg (M, K) — Homp (M, D),

dimg D; T
frofzm D D0 ef@El)],
| i€Qo  j=1 i
t! . Homg (M, K) — Hompes (M, D),
[ dimKDi . 4_
f x»—)Z Z el f(zel)
i€Qo  j=1 i

Let us denote M* = Homg (M, K). Following [Ngul2] we define the D-bimodule morphism
b: M@p M*®M*®p M — D,
TR +y @yt (@) (@) 5 (Y (Y).
Remark 3.8. Note that b is completely determined by t.
We will denote the morphism b as bg to make it clear that it is defined for a given species S.
Lemma 3.9. The morphism b satisfies:
(1) tis a symmetrising trace for b, i.e. t(b(x ® 2*)) = t(b(z* ® x)) for allx € M and z* € M*.

(2) The morphisms
bl,l M* — HomD(M,D),

¥ = b(—®z"),

b1, :M — Homper (M™, D),
x— bz ®-—),

are bijective. Or equivalently, the morphisms

bo, :M* — Homper (M, D),
bt @ —),

bo, :M — Homp(M™, D),
x—b(—® ),
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are bijective.

Proof. (1) This follows from Remark that is that to — is the inverse to t; ' and t;!.
(2) Again, from Remark [3.7] - 7| the inverse of by is to —, thus by is bijective. To show that by, is bijective
we will first denote ¢ : M — Homg (M*,K) as the standard 1sornorph1sm Note that Remark [3.7 holds

for any D-bimodule, therefore we can observe that b; , = tl o ¢~ 1, hence bijective.
O

Corollary 3.10. If S is a K-species, then the ordered data {M,M*;bg} becomes a symmetrisable dualising
pair of bimodules as in [Ngul2, Definition 2.3].

Let

> & @a; € Homp(M,D)@p M, > y; ®@3; € M ®p Homper (M, D),
i=1 j=1

be Casimir elements. Setting z} = b;ll(i“l) and y; = b;,l(;gj) we get elements

n m
Y wjere M epM, Y y;®y; € Mep M, (3.10.1)
i=1 j=1
satisfying
Z xR x] xlffoyJ (y; ® x), bemz(@{ =¢= Zbﬁ@y] 5 (3.10.2)
=1 j=1 j=1

for all x € M and £ € M*.
Remark 3.11. Notice that by (3.10.2) we have that b(z; ® x}) = d;; and b(y; @ y;) = dsj.

3.2. Jacobian Algebras. In this subsection we define the Jacobian algebra for a species with potential as in
[Ngul2].

Definition 3.12. [Ngul2| Definition 3.5] Let S be a species. We call elements in Zp(f(S)Zg) potentials. If a
potential W € Zp(T'(S)>3), i.e. the potential W does not have any 2-cycles, we call it a reduced potential.

Definition 3.13. [Ngul2 Proposition 3.2] Let S be a species. We define the derivative operators as
&' M* @p M ep T(S) - 1(S),
£®a®b— Ji(a®b) = b ®a)b,
o T(S) @p M @p M* = T(5),
a®b®& Jg(a®b) =ab(b®§).
For each £ € M* we use the notation 9} = 9'(é ® —) and 9f = 9(— ® &). We extend these operators to T(S)
by setting 8é(d) =0=20{(d) for alld € D.

Lemma 3.14. [Ngul2, Lemma 2.5, Proposition 3.2] Let S be a species and let W € Zp (f(S)Zg) be a potential.
We define the permutation operators i, &, : Zp(T(S)>2) = Zp(T(S)>2) by

Z 8l Wz,
(W) = Z yidys (W),
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where x;,z},y;,y" make up the Casimir elements in (3.10.1). We define the cyclic permutation operator

ge t Zp(T(9)>2) = Zp(T(S)>2) on the homogeneous element of degree d + 1 by e.(W) = ZZ:O k(W) =
d

>0 r(W).

Remark 3.15. Recall that the Casimir element is independent of the choice of basis. The operators ¢; and &,
are also independent of the choice of z;, =}, y; and y;, which is a consequence of W € Zp(T'(S)>2). Hence ¢
and ¢, are well-defined. Note that in [Ngul2] e} is defined in terms of the Casimir element for M®P*. However

this gives the same result as ef*. In particular, ef(W) =W for W € Zp (T(S)q).
Remark 3.16. The derivative operators in Definition satisfy the following:
9e(d) = 0 = 9¢(d),
8é(mx) = 8é(m)sc,
O¢ (xm) = 20 (m),
for all d € D, m € M and z € T(S).
Lemma 3.17. [Ngul?, Proposition 3.2] Let S be a species and W € Zp(T(S )>2)-
(1) The derivative operators in Deﬁm’tion satisfy Of (e1(W)) = é(W) and 8é(€T(W)) = 0f(W) for

e M*.
(2) eroe, (W) =W =g, og(W).

Definition 3.18. We define the cyclic derivative operator
9 M* ®x Zp(T(8)s2) — T(S)>1
E@W = 0@ e(W)) =0 (e(W) ® €).
Definition 3.19. For a species with potential (S, W) we define the Jacobian algebra P(S, W) = T/(S) /7 (S, W),
where J(S,W) = (0:(W) | € € M*). We say that a species with potential (S, W) is reduced if W is reduced.

Let us introduce the following notation. For every a € Q1 we define a C M, as sets of elements such that

Co = Za@a* € M, ®p,,, M

aco

is the Casimir element of M, @D, () M associated to bg, i.e.

Z a®bla*®—)e M, @D, () HOszéoa)(M, Ds(a))
aco

is the Casimir element of M, ®p, ., Hom per (M, Dy(yy). Similarly, we define @ C M, such that

s(a)

Car = Y _d"®a € M} @p, ., Ma
a’ €

is the Casimir element of M} ®p_._, M, associated to bg, i.e.

s(a)
3 (- )®a’ € Homp, (M, Dya)) ®p, ., Ma
a’€x

is the Casimir element of Homp, , (M, Dy(a)) ®p,,, Ma. We also introduce the notation that o* = {a* | a € a}
and o = {a* | a € @}. By construction we have

M, = @aps(a) = EB Dy’ (3.19.1)
aco a’'€ea
An immediate consequence of this is that
la| = dimp_, , M, |a| = dimp,,, M.

s(a) @ )
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Remark 3.20. A useful observation is that
TS W)= (0p«(W) |a €, € Q1) = (0+(W) | a €Q,x € Q1)
which is a consequence of ([3.19.1)).

Up until now all constructions have been independent of the choice of bases. However this is not true for all
results. Thus from now on, we assume that each species S comes equipped with a choice of bases @ and @ for
all @1. These choices are mainly used in Subsection when computing the 3-preprojective algebra of tensor
product of species, in Section 4] when defining mutation of species with potential, in Section [5| when defining a
Nakayama automorphism of the mutated species with potential and in Section [6] when computing examples.

3.3. Basic Version of a Species with Potential. The following general definition is motivated by [ASS06,
Section 1.6].

Definition 3.21. Let R be a K-algebra. We say that an element e € R is a basic idempotent if the following
hold:

(a) e =1, €;, where {e1,ea,...,e,} C I and I is a complete set of primitive orthogonal idempotents of
R.
(b) Re; 2 Rej for ¢ # j and for s € I there exists a k € {1,2,...,n} such that Res = Rey.

Lemma 3.22. Given a basic idempotent e € R we have that ReR = R.

Proof. Let s € I. Then by (b) in Definition there exists k € {1,2,...,n} such that Re, = Rej. This
implies that there exist p,q € R such that pg = e, and gp = e;. Now

ResR = Re?R = RpgpgR = RperqR C Re,R C ReR.

Hence
R=RIgR=) Re,RC Y RepR=ReR.
sel ke{l1,2,...,n}
O

The name stems from the fact that eRe is a basic K-algebra. The main use of basic idempotents is the
following result.

Corollary 3.23. [ASS06, Corollary 1.6.10] For a K-algebra R and a basic idempotent e € R we have that eRe
and R are Morita equivalent.

Proposition 3.24. Let (S, W) be a species with potential. There is a Morita equivalent K-species with potential
(S',W"), which we call the basic version of (S,W). In other words, T(S)—mod = T'(S")—mod, T(S)—mod =
T(S")—mod and P(S,W)—mod = P(S", W')—mod.

Proof. By Lemma we can assume that D; & M,,, (D)) for some division K-algebra D} for all i € Q.
Let E; i € M,,,(D}) be the matrix with zeros everywhere except at (k,[!) where it has a 1. First note that
{eij = Ei7jj | 1€ Q(),j S {1,2, .. ,n,}}

is a complete set of primitive orthogonal idempotents of T'(S). Let e = >, ei1. We will first show that e is
a basic idempotent of T'(S). Condition (a) follows immediately. Note that D C T'(S)e;; if and only if i = j.
This together with the isomorphisms

—E; 1,

T(S)eﬂ «—— 7 T(S)eij

~Eij1
shows condition (b). Note that e is also a basic idempotent of f(S ) by the same argument. By Corollary
eT(S)e is Morita equivalent to T'(.S) and eT'(S)e is Morita equivalent to T(.59).
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Let M’ = eMe. Then D' = P,o, D; and M’ defines a species S’. Here we identify D’ with eDe, which is
0

~

symmetric via t|.pe. Note that S’ is a K-species by construction. We need to show that T'(S’) = eT'(S)e. Note

that
eT(S)e = EBeMke = @ eDl-e@@eMke: @ DQEBEBeMke.

k>0 i€Qo k>1 i€Qo E>1
Therefore it is enough to show that eM¥e = (M’)*. We claim that T'(S)eT(S) = T(S). Indeed e;; = E; j1eE; 1,
and therefore e;; € T(S)eT'(S), which implies that lrg) = >,cq, >joi €y € T(S)eT'(S). In particular
De ®cpe eD = D. Thus
M®p M =M &p De®.pe eD @p M 2= Me ®,p, eM. (3.24.1)
Using that eDe = D’ and induction on k yields
eMPe = (eMe)®r'k = (M")*.

Hence T'(S) and T'(S”) are Morita equivalent. The argument above holds in the complete case as well, i.e.

eT(S)e = [[ eMbe= T (M) =T(5"). (3.24.2)

k>0 k>0

In other words, 7(S) is Morita equivalent to 7(S"). Lastly, we claim that P(S, W) is Morita equivalent to
P(S’,W’) when we put W' to be the potential given by the image of eWWe under the isomorphism in (3.24.2).
Before we prove this claim, let us first introduce some notation. We write e and e for the permutation

S

operators for S and similarly 6;9 " and Efl for the permutation operators for S’. These induces operators 2 and

efl for S and S’ respectively. Thus we can define 9° and 95", To show the claim, it is enough to show that

eJ (S, W)e = (05..(eWe) |a € My, a € Q1) C eT(S)e. (3.24.3)
Let a* € M*. Then we have the following.
0. (W)e = e(95.) (2 (W))e = e(.)' (7 (W)e) = e(9;.) (e (W)e) =
= (05,0) (e (W)e) = (95-0)! (eZ (We).

The last equality holds since bg = bs‘e,f( S)e’ We are done if we show that

eeS(W)e = &5’ (eWe).

c

In other words, we need to show that
e(er) " (W)e = () (eWe) (3.24.4)

for all k& € Z>p. Immediately we have that (3.24.4]) is true for £ = 0. For all £ > 1 we can use simi-

lar arguments as in Remark |3.150 Let & = 1. Since 1 = Zier Je{1,2,mi} E; jieE;1; we can write W =
m

>icqojei12,..niy WEij1eEi1j =3 icq, ieti2,.. niy Fij1eWeE;1;. Now using the Casimir element } ;" ; 23 ®
zr on M* ®p M as in (3.10.1}) we get

ee? (W)e = Z e(@s)lz; (W) @ zie = Z 6(85)2: (E; j1eWeE; 1) ® x;e =
k=1 ke{1,2,...,m}
1€Qo
je{1,2,...,n:}
= Y 09, (We) @B e =& (eWe).
ke{1,2,....m}
1€Q0
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The last equality holds since
Z 6$;E17j16®6Ei71jI16

ke{1,2,....m}
1€Qo
j€{1,2,...,n;}
is a Casimir element in eMe ®.p. eM*e. This proves the equality in (3.24.3]). (]

3.4. Higher Preprojective Algebras. In this subsection we will review the (complete) higher preprojective
algebra.
For the rest of this subsection, assume that A is a K-algebra of global dimension d.

Definition 3.25. [Iya07] The d-Auslander-Reiten translations 74 and 7, are defined by
Tqg = DExtfl\(—, A) : modA — modA,
T, = Ext%.,(D—,A) : modA — modA.

Definition 3.26. [I013] 2.11]
(1) The (d + 1)-preprojective algebra of A is defined by

a1 (A) = €D Homa (A, 7 "A) (3.26.1)
i=0
with multiplication
Homp (A, Td_iA) x Homp (A, Td_jA) — Hompy (A, Td—(i*—j)A)’
(u,v) = uv = (77 (W) o : A — 77 OFDA),

(2) The complete (d + 1)-preprojective algebra of A is defined as the completion of IIz41(A), i.e.,

oo
Myp1(A) = [ [ Homa (A, 777 A). (3.26.2)
i=0
Remark 3.27. There is a natural Z-grading on II;,1(A) given by the composition in Definition |3.26.1. More-
over, ITz41(A) is the completion of I1541(A) with respect to this grading.

3.5. Product of Species and Higher Preprojective Algebra. We now present the explicit construction
of the preprojective algebra II(.S) of a species S introduced by [DRS&0].

Definition 3.28. [DR80] Let S be an acyclic K-species.
(1) The double quiver @ is defined to be Qy = Qo and Q; = Q1 U Q} where
Qi={a":j—oilai—=jeh}
(2) Let S be the species over Q where D; = D; for all i € Q, and M, = M,, and M, = M} for all a € Q.

(3) For each a € @1 let ¢,, be the Casimir element associated to b of M, @D, (a) Mo, ie. co = Zaega@)a*.
Define
cs = Z sgn(a)cqy,
a€Q,
where
1, (VRS Q1
sgn(a) =
—1, else.

We define the preprojective algebra of S as II(S) = T(S)/{cs).

We will now present an explicit description I3(T(S1) @k T(S?)) (see Proposition [3.33)), where S and S? are
two species, using the following definitions of Q'®@Q?, S(S*, S?) and W (S?, 52).
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Definition 3.29. For finite quivers Q' and Q2 we define Q'®Q? as the quiver given by
(Q'®Q%)0 = Qp x Q3
(Q'®Q*): = (@5 x @D [J(@1 x @) [T(@1* x 7).

We extend the definition of source and target, s and ¢, to be the identity on @ for any given quiver (), and
define

st (Q'OQ%)1 — (Q'@Q%)o
by s(a1,as) = (s(a1), s(az)) and t(ag, as) = (t(ay), t(as)).
Definition 3.30. Let S® be an acyclic species for each i € {1,2}.
(1) Define S(S',S?) = (D, M) as the species over Q'®@Q? given by
D = D' @k D?,
M= M'®g D* @ D' @x M? ® M*" @x M*".
Using t; and ty we identify
M*=M" @k D*® D' @x M*" & M"' @x M>.
We need to define
bs(si,s2) M ®prgyep: M* & M* ®prg,p: M — D' @k D
By Remark [3.8 we define bg(s1 s2) via the morphism
t:=t;®t,: D=D"'®x D* > K.

In other words, bg(s1 s2) is defined such that

bgi(a® c) ® bd, ifae M',be D2, ce M'",d e D?
bsi(a® c) ® bd, ifae M",be D? ce M',d e D?
ac®bg2 (b ® d), ifae D' be M2,ce D', d e M**
bs(st,s2)((a®@b) ® (c®@d)) = ac®@bg2(b®@d), if a € D',be M?",c€ D',d € M?

bsi(a®c)@bg:(b@d), ifac M'be M?ce M de M?**
bsi(a®c)@bg(b®d), ifac M be M*" cec M',de M?,
0, otherwise.

(2) We define W (S, 5?) € T(S(S1, S?)) as

w(s',s?) = Z (a® egp) ® (@* @) @ () @)+
(.f)EQ1 x Q1
(a,b/)egxﬁ
= Y ()@@ ®b) @ (d ®ep) = (3.30.1)

(a,B)EQT X Q3
(a',b)eaxp

:Wl - WQ.
It is indeed a potential, i.e. W (S',52) € Zpig,p2(T (S, S?)), since co € Zp1(T(ST)) and c5 €
Zp2(T(52)) for any arrows a € Q} and § € Q% which is a consequence of (3.10.2)).
Remark 3.31. Since we have assumed that K is a perfect field, we have that D' ®g D? is semisimple, which

implies that S(S*, S?) is a species. But S(S*, S?) is not necessarily a K-species even if S and S? are K-species,
see [S624] Remark 11.6]. For another example, take D1 = C and Dy = C over R. Their product then becomes




14 CHRISTOFFER SODERBERG

C ®p C = C x C which is not a division K-algebra. In practice we may replace S(S*, S?) with a K-species using
Proposition Explanations and examples are presented in Section [f]

In the spirit of the above remark we note the following.

Proposition 3.32. Let S' and S? be two species. If D} ®x DJQ- is a division K-algebra for all i € Q} and
j € Q3, then S(S',S?) is a K-species. In particular, if D' = KI@! and D? = K'Qf2)|, i.e. in the case when
T(SY) and T(S?) are given as path algebras over K, then S(S',S?) is a K-species.

Proof. Follows from Definition 3.1 (]
Proposition 3.33. Let S* be acyclic K-species for i € {1,2}. Let A = T(S') ®x T(S?). Then gldim(A) = 2,
H3(A) = P(S(Sl7 52)7 W(Slv SZ))7 and HB(A) = P(S(Sla SQ), W(Slﬂ SQ))
Proof. By [S624, Corollary 11.7] we have that
I3(A) = T(S(S', 5%))/(R)
where
R ={cg1 ®g M?, M} ®k cg2,[m* @ 1p2,1p1 @ m?] | m' € M}, m? € MZ}. (3.33.1)

Here M§ and M} denote the degree 0 respectively degree 1 part of M* which is induced by the grading in
Remark and

cgi = Z sgn(a)cy

aeQl
is the Casimir element of T'(S?). The set cg1 @ M? is interpreted as a subset of M via the isomorphism
cs1 ®@x M C (Mg ®@p1 M & M} ®pr Mp) @k M} =
=~ (My @k D?) ®prg,p> (M| @k M7) & (M{ ®x M) ®p1g, p2 (Mg ®x D?)
(a@b+ced)@e— (a®@1p2)® (bRe)®(c®e)® (d® 1p2).

Similarly, the set M| @ cg2 is interpreted as a subset of M.
We are done if we show that J(S(S%,S?), W(S!,S?)) = (R). Let us first compute 0,ge, (W (S, 5%)) for
S Moll* and e; € D?. By (3.10.2) we have

aﬁc*@% (Wl) = aglt*@)ei (5CW1) = ai:*@)e,y (Wl) =
= ) bssie) (@) @ (a@eyg)) (@ V) @ (eyq) @) =

(a.8)€QixQ?
(a,b)eaxp
= Y (e @aa" @) (e @) = (3.33.2)
<a,ﬁ>(%§zixcz% 33.
S =1
(a,b')eaxB
= > @ V)@ (b)) = Y 2" @cs
BEQ? BEQ?
s(B)=i s(B)=i

b'ep
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For the other part of the potential, also using (3.10.2)), we get
Opge,(Wa) = a;*@ei (eW3) = ag*@ei(wﬂ =

= Y (e @) ® (a7 @b )bg(s1,57) (0 ®eyp) ® (¢ @ €;)) =
(,B)€Q x Q7

(a/ p)eax s (3.33.3)
= Y (Cw@ebhe@m@er) )= Y oo
(,B)EQT X QT BEQ?
t(B8)=i t(B)=i
(a',b)eax s

Thus combining (3.30.1)), (3.33.2) and (3.33.3) yields
8216@8 T Qe (W) = —2" ® cgo.

Similarly, one can show that cg1 @ y* € J(S(S, 5%), W(S*, S?)) for all y* € M?".

Let us now show that the commutator relations are in J(S(S*, $2), W (S, 5?)). Let x € M, and y € Mg for
some o € Q1 and § € QF. We claim that Oy, (W) = (2 @ ey5)) @ (Es(a) @ Y) — (€t(a) @ Y) @ (& @ ey(g)). First
note that Opey (W (51, 5?)) = O, (ec(W (S, 5%))) = dLg, (1(W(S*, S?))). We will first compute 9., (€1(W1)).

TQyY
Using (3.10.2)) we have
(W) = Z bsist,s2)(((a')" @ eg8)) ® (a @ eg(py))(a” @ v ® (er(a) @) ® (0’ ® e5(p)) =

(.0)EQIxQ?

(a,a’,b')eaxaxp

= ) (@7 V)® () @) @ (a @ ey(p))-

(,8)€Q1 X Q7
(a’ b )eaxp
Now we see that
6cl};®y(5lW1) = Z bsst,s2)((z@y) ® (" ® b/*))(et(a) Q)@ (a @eyp)) =
(.B)EQI xQ3
(a’' b)eaxp

= Y (@b @V © (b (2@ 0’ ® eyz) =
(a,8)€Q1 x Q7
(a’,b’)eaxB

= (ei(a) @Y) @ (T @ e5(p))-

The last equality holds due to (3.10.2). Similarly, one computes that d,g,(W2) = (z ® eys)) ® (es(a) @ Y).
Thus [z ® 1p2, 1pr @y] € J(S(ST, %), W (S, W?)). Hence (R) C J(S(S!,S82),W(S!,S?)). We get the other
inclusion, i.e. J(S(St,S5%),W (S, 5?%)) C (R), by noting that M* is generated by elements z* ® 1pz, 1p1 @ y*
and z @y for x € M, y € M?, z* € M'" and y* € M?".

To obtain the second statement we show that II3(A) = T(S(SY, S52))/(R). Equip T(S(S*,5?)) with the
induced grading coming from II3(A). This in turn yields a grading on the quiver where arrows in Q%* X Qf*
are of degree 1 and the rest of the arrows are of degree 0. Note that the degree 0 part of Q'®Q? is acyclic since
Q' and @Q? are acyclic. An immediate consequence is that dimg 7T'(S(S?, S?)); < oo, and thus f(S(S’l, S?)) =
[132, T(S(S",S%));. Via this isomorphism we have that (R) corresponds to [[5°,(R); because R consists of
_ T(5(58',5%)
o (R)i

homogeneous elements. Now II3(A); i gives the claim. O

4. MUTATION

In this section we first recall the general theory of mutation in a cluster category. Then we define mutation
for species with potential and prove part one of the main theorem of this paper (Theorem [4.10)).
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4.1. Mutation of Cluster Tilting Objects. We say that a K-linear triangulated category C is 2-Calabi—
Yau if it is hom-finite, i.e. each morphisms space is finite dimensional over K, and there exists a functorial
isomorphism

Home (X, Y) = DHome (Y, X[2])
for any X,Y € C. We will review results regarding mutations of self-injective cluster tilting objects in C. In this
case we say that T' € C is cluster tilting if

add(T) = {X € C | Ext}(T, X) = 0}.

Throughout this section, assume that C is a hom-finite Krull-Schmidt 2-Calabi-Yau category. We define
rade(X,Y) = rad(Home(X,Y)), ie. the radical of Home (X, Y).

Definition 4.1. [HI11D, Definition 4.3] We say that a cluster tilting object T" € C is self-injective if End¢(T) is
a finite dimensional self-injective algebra.

Proposition 4.2. [[O13| Proposition 3.6] Let T = €
posable summands T; and for some index set I.
(1) T is self-injective if and only if T = T[2].
(2) In this case we define a permutation o : I — I by T;[2] = T, ;). Then o gives the Nakayama permutation
of Ende(T).

icr Li € C be a basic cluster tilting object with indecom-

Note that (2) follows from C being a 2-Calabi-Yau category as
Home(T;,T) = DHome (T, T3[2]).

Let us now recall the definition of cluster tilting mutation. We follow [HI11D, Section 4.2], which relies on
[IY0S], mainly [IY08, Definition 2.5, Theorem 5.1, Theorem 5.3]. Let T € C be a basic cluster tilting object,
and let T'=U @ V be a decomposition. We take triangles, known as exchange triangles,

UL v LU Ul and ULV LU S U

where f and f’ are minimal left (addV')-approximations and g and ¢’ are minimal right (addV')-approximations.
Let

pi(T) =U*®V and p;(T)="UaV.
Notice that we do not assume that U indecomposable.
Proposition 4.3. [HI11bl Proposition 4.5], [[YO0S]

(1) ufH(T) and pg(T) are basic cluster tilting objects in C.
(2) If U is indecomposable, then uf;(T) = g (T), and is denoted by py (T).

For a cluster-tilting object T € C we define the quiver Q7 of T by:

(1) (Qr)o =1,
(2) (@) ={a:i—j|i,j € Irade(T;, Ty) /rad(Ti, Ty) # 0}.
The following general result shows that if Ende (g, (7)) is given by a species with potential, its semisimple
part is the same as End¢ (7).

Proposition 4.4. Let T = @ielTi € C be a basic cluster tilting object with indecomposable summands T;.
Assume that there are no loops at vertex k € I in the quiver of T and in the quiver of ur, (T). If

Te 25 Uy, 25 1 2 T (4.4.1)
is an exchange triangle in C then

¢ : Ende(Ty) /rad(Ende (Ty)) = Ende (7)) /rad(Ende (T7)).
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Proof. We apply Home(—, Tx[1]) to the triangle (4.4.1)) to get an exact sequence
s — HOmc(U [1],Tk[1]) — Endc(Tk[l]) — HOmc(T,:,Tk[l]) — HOmc(Uk,Tk[l]) — e
[

k
Note that Home (Uy, Ti[1]) = Extg(Uy, Ti) = 0 since T is a cluster tilting object. Since Q7 has no loop at k
and fy is a left add(T/T)-approximation, we get that the sequence

Home (Ug[1], T [1]) — rad(Ende (T%[1])) — O

is exact. Combining these two results yields
Ende (T4 [1]),/rad (Ende (Tx[1])) 2 Home(Ty, T[1]).
Similarly, if we apply Home (T}, —) to the triangle we get an exact sequence
-+« = Home (T}, Uy) — Ende(T)) — Home (T}, T [1]) — Home (T3, Uk[1]) — - .
Again, we have that Home (T}, Ug[1]) = Extt (T}, Ux) = 0 since pir, (T') is a basic cluster tilting object in C.
Since QuTk (r) has no loop at k and gy, is a right add(7"/T})-approximation the sequence
Home (T}, Ux) — rad(End¢ (T7)) — 0

is exact and therefore

Ende(T}) /rad(Ende (17)) = Home (7, Ty [1]).
Hence

Ende(Ti[1))/rad (Ende (T4 [1])) = Ende(T7) /rad(Ende(T}) (14.2)

and using that [1] is a fully-faithful functor we get the result. The morphism ¢ is defined by composing
[1] with the isomorphism (4.4.2). To see that ¢ is indeed a ring homomorphism we observe the following. If
h € End¢ (Ty)/rad(End¢(Ty)) and h* € Ende(T5)/rad(Ende(T5)), then hll]ody, = dxoh if and only if ¢(h) = h*.
Thus

(hl o hg)[l] e} 5k = hl[l] e} hg[l] o 6k = hl[l] o 5k o ¢(h2) = 5k o ¢(h1) e} (ZS(hg),

where h1, he € Ende(Ty)/rad(Ende(T%)). In other words, ¢(hy o ha) = ¢(h1) o ¢(ha). O

Proposition 4.5. [HI11bl Proposition 4.6] Let T' be a self-injective cluster tilting object in C. If U = U[2],
then ul(T) and g (T) are self-injective cluster tilting objects in C.

Proposition 4.6. [HI11b, Proposition 4.8] If there are no arrows between vertices corresponding to T, T, ..., T,
in the quiver Qr, then we have ufi(T) = ug (T) = pr,, o pr, , 0+ 0 ur, (T), where U = @~ T;.

4.2. Mutation of Species with Potential. Throughout the rest of this article we will assume that all species
are K-species. Let (S, W) be a species with potential over a quiver @, with no loops or 2-cycles at k. Assume
that W does not start at vertex k, i.e. exW = 0 = Wey where e, € Dy is the identity element, we define a
semi-mutation and mutation as in [Ngul2]. Note that we can always assume this since @ has no loops, at k.

Definition 4.7. [Ngul2] Definition 7.1] Assume that @ has no loops or 2-cycles. The semi-mutation of (S, W)
at k is again a species with potential py (S, W) = (S’, W’) over a quiver @' obtained by:
(1) Adding a new arrow [af)] for all o, 8 € Q1 such that s(a) =k = t(8).
(2) Replacing a: k — i and 8 : j — k with arrows o* : i — k and 8* : k — j respectively.
We get S’ from S by keeping D and modifying M by:
(1) Setting M[aﬂ] = M, ®p, Mg.
(2) Setting My~ = (My)* and Mg- = (Mpg)*.
We let W’ = [W] + A where:
(1) [W]is obtained from W by substituting m,®mgs € M, ®p, Mg appearing in W with [m, ®@mg] € Mg
for all m,, € M, and mg € Mg such that s(a) = k = ¢(8).
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(2) Let
Cop = Z a*la @ blb*.
(a,b)eaxp
and define
A= Z Ca,f3-
a,B€Q1
s(a)=k=t(B)

Remark 4.8. The mutation of a species with potential at k is given as the reduced part of p (S, W). We will
not give any details about the reduction process in this paper. The important detail is that the mutation and
the semi-mutation at k have isomorphic Jacobian algebras. We only need the Jacobian algebras in this paper,
and therefore it is enough to consider the semi-mutation. We refer the reader to [Ngul2] for more details.

We keep t: D — K, which gives Casimir elements for p (S, W). For the species pg (S, W) we keep the same
bases a and @ when «a € @1 is not adjacent to k. Moreover, if a : k — i and 8 : j — k we choose the bases a*
and o for a*, the bases * and * for 4*, and finally for [a3] we choose the bases

[ef] ={fa®blacabep},

[af] ={a®@b|aca,be B}
Example 4.9. Let () be the quiver

Let S be the R-species over @ of Dynkin type Fy given by

C 2Cq C 3Ca R 4R3 R
We can view S as a species with potential by choosing the potential W = 0. The mutated species with potential
us3(S, W) = (S, W’) is given by
R

3
Q/ : / \ , S’ Qy w‘;
9 4 C 2Cy C 4Co

1 R

where we have made the identifications

3(:;%@:2@37 (1* )—>17i* ’—)—i)

R =R =3Ry, (fr f(1))

4R3®R3C22C=4C2, (’/‘@Sl—)’l“s)

and the potential is given as W’ = 314 ® 412 ® 213.
4.3. Relation Between Mutation of Cluster Tilting Objects and of Species with Potentials. In this
section we will prove the following theorem, which is a generalisation of [BIRS11, Theorem 5.2]. We need the
following assumption. Let T € C be a basic cluster tilting object. Following [BIRS11, see Section 4] we say that
T satisfies the vanishing condition at k if

Homp (Ext} (DA, Si.), Sk) = 0
for A = End¢(T)°P and the simple A-module Sy.

A vertex k € Qg is mutable if the following holds:

(1) k is not contained in loops or 2-cycles in Q.
(2) The isomorphism @ : End¢(T)% = P(S, W) satisfies the mutation compatibility condition at k defined
in Definition [£.22]
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Theorem 4.10. Let C be a 2-Calabi-Yau triangulated category and T = @, T; a basic cluster tilting object
with indecomposable summands T;, that satisfies the vanishing condition at i for all i € Qp. If Ende(T)%P =
P(S, W) for a reduced species with potential (S, W) and k € Qq is mutable, then Ende (pur, (T))°P = P (S, W)).

Remark 4.11. Note that if Ende(T)°P is a self-injective algebra, then it automatically satisfies the vanishing
condition at 7 for all 1 < ¢ < n.

To prove Theorem we will use the same construction as in [BIRSTI], but we have to make modifica-
tion in some places to compensate for the more rich structure of species compared to quivers. We will cite
[BIRS11] where we have used the same arguments but formulated for species. We will skip some arguments
where it follows by exactly the same arguments. The main difference in the proof is that we require that ®
satisfies the mutation compatibility condition at k. All quivers with potential automatically satisfy the mutation
compatibility condition due to Remark

Lemma 4.12. [BIRSI1I Lemma 3.2] If (S, W) be a species with potential. We have

TS, W) =" T(S) 0 (W) + T(S, W) M.

BEQ1
bep

Proof. Define
I'=(0y-(W)|beB,Be€ Q).
By definition, we have that I = J(S,W). Let y € J(S,W). Naturally we have that
I=>"T(S)-0-(W) D+T(S)-I-T(S)1 =

bep
BEQ1

= > T(S)- 0 (W)+1-M.
bep
BEQ

According to the definition of the closure of I we can write y = x; + ], where z; € I and ] € ‘7%(5) for any

(4.12.1)

I >0. Let us define y; = x;11 — 2y = ) — 27, ;. If we define yo = x1 we get that 22:0 Yi =T =Y — Ty
Taking the limit we see that y = > .., v;. Due to (4.12.1)) we have

YE Y Yyl (W)+1-M
bep
BEQ

where y; , € T(S). Thus taking the infinite sum over I we get

y=> (D vy |0-WV)+T-M
bep \ 1>0
BEQ

by using the definition of the closure of I. Noting that 2120 Y € f(S) by definition of f(S) we are done. [
Definition 4.13. [BIRSII] Definition 4.4] Let T' € C an object.
(1) We call a complex
U1 f—1> Uo f—0> X =0
in add(T') a right 2-almost split sequence if
Home (T, U1) 2°=5 Home (T, Up) 2= rade (T, X) — 0
is exact. In other words, fy is right almost split in add(T) and f; is a pseudo-kernel of fy in add(T).
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(2) Dually, we call a complex
0 XU I,
in add(T") a left 2-almost split sequence if
Home (Up, T) —2% Home (Uy, T) —2%2 rade(X,T) — 0

is exact. In other words, fs is left almost split and f; is a pseudo-cokernel of f5 in add(T).

(3) We call a complex
0 X u By x 5o
in add(T") a weak 2-almost split sequence if U; EEN Uy o, x 0 is right 2-almost split and 0 = X ELN
U, i> Ui is left 2-almost split.

Definition/Proposition 4.14. Let (S,W) be a species with potential.
(1) Oy (W) := 03 (O (W) = 0} (D (W)).
(2) Qo WA := 3 cq0ax(W)a =W.
(3) B05-(W) = Sy b (W) = W
Furthermore, we also introduce the notation that
||
) 7 Py
This notation allows us to write

8l
v oW Py

is defined as the matrix 05z . W 1= (O o+ W)

a*ear b B

O e W = D (0e(W)) = D50 (W),

Proof. (1) Follows by [Ngul2, Proposition 3.2].
(2)-(3) Follows from ({3.10.2]).

One immediate consequence is the following lemma.

Lemma 4.15. Let (S,W) be a species with potential.
(1) aﬁ,a* (W)a := Zaea,beg O+ 0 (W)a = a,(T*(W)
(2) 805 e (V) i= Yoy b () = Do (V).
Let (S, W) be a species with potential with no loops and no 2-cycles at k and let (S, W') = pui(S,W). If
a, f € @ such that t(a) = s(8) = k, then we define

[Ba] = (‘%ﬂwl)aeQ,bEB = (8b’aA)(L€g,b€B =(b® a])ae%beﬁ'

We denote theA category of finitely generated projective f(S)—modules /’t\)y projf(S ). Note that any K-linear
functor @ : projT'(S) — C can be viewed as a K-linear functor @ : projT(S)?? — C?. Let P = @,cq, I €
projT(S) and T = ®(P) where P, = T(S)e;. The functor ® is determined on morphisms by the induced ring
pIOJ‘(TH(S))(P)"P — End¢(T)°P. Since Endpmj(f(s))(P)"p = T'(S), this information is encoded

in a ring morphism  : TA“(S ) — Ende(T)°P. We will switch freely between these perspectives. Furthermore, we
have the following interpretation.

morphism ® : End

Lemma 4.16. Assume T = @ier T; is basic where all T; are indecomposable. There is a bijection between
the sets of
(1) algebra morphisms ® : T(S) — Ende(T)% such that e; — 17, and ®(rad(T(S))) C rad(Endc(T)P).
(2) pairs (Po, 1), where
(a) ®o: D — Ende(T)°P such that ®g|p, : D; — Ende(T;)°P is an algebra morphism,
(b) ®1: M —rade(T,T) such that ®1|nr, : Mo — rade(Ty(a), Ts(a)) is a D-bimodule morphism.
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Proof. If we have & : f(S’) — Ende(T)°P, then we define &g = ®|p and ®; = ®|p;. They are naturally a
D-algebra morphism and D-bimodule morphism respectively. By assumption ®; (M) C rade(T,T).

For the other direction, we let (g, ®;) be a pair with the given assumptions. We can define ® : T(S) —
End¢(T)°P by setting ®|p = ®g and @[y = ®; and extend it on the whole tensor algebra T'(S) by the property
of tensor algebras. Since C is hom-finite, and ®(M) C rad¢ (T, T), we have that ®(M®Y) = 0 for some N € Z>.

Thus we can extend ® to T(S) by setting

N
O _mi) =) @mi) = ®(mi)
i>0 i>0 i=1
where m; € M®!. This completes the proof. O

Remark 4.17. Note that in (2) the condition ®(rad(7(S))) C rad(Endc(T)°P) is automatic if ® is surjective.
As abelian groups Hom .7 s (P, Pj) = Hompwﬁ(s)(Pi,Pj)"p and Hom¢ (T, T;) = Home (T, T5)°P. We

write the superscript op to indicate that we consider these together with the D;-D;-bimodule structures defined
via the inclusions D; — Endproﬁ( S)(Pi)"p and ®g|p, : D; — Ende(T;)°P respectlvely for i € Q. In particular,
we identity D;-D;-bimodules Hompmj(f(s))(Ph Pj)" = eiT(S)ej.

To avoid confusion we will use “o” for the composition in projT'(S) and C and *” for composition in
projT(S5)°P and C°. We also interpret Home (X, Y ) to be equal to Home (X, Y') as abelian groups.

Theorem 4.18. [BIRSTI, Theorem 4.5] Let (S, W) be a species with potential. Assume that ® : projT(S) — C
is a K-linear functor and let T' = @, Ti, where T; = ®(F;) is indecomposable. Also assume that

dimg End¢(T;) /rad(Ende (T3)) = dimg D;
for alli € Qq. Then the following are equivalent:

(1) @ induces an isomorphism P(S, W) = End¢(T)°P
(2) For alli € Qp we have the following weak 2-almost split sequence

o((8 B((Og= e W)ap) o (@)

01 2@, D TS‘%) e %, TR 2@a) (4.18.1)
BEQL a€Q
1By s(a)=i

in add(T).
Proof. 1t is enough to show that the following are equivalent:

(a) @ induces a surjection @ : T(S) — Ende(T)°F with ker ® = 7 (S, W).
(b) For all i € Qo the complex

8]
D 7o
BEQ a€Qq
t(B)=1 s(a)=i
is a right 2-almost split sequence in add(T), i.e. it induces an exact sequence

* a* )(x, )0* el @
Home(T, @D Ti7) —— s Home (T, @ 7)) 227 vade(T,T3) — 0. (4.18.2)

BEQ1 a€Q
t(B)=1 s(a)=i

(c) For all i € Qo the complex

‘b((ﬁ)ﬁ) 18] (0% B*,a* «W)a,p) |a|
0T @ Ts5) @ Ty

BEQ a€Q1
t(B)=1 s(a)=1

q> **W)oe) (&3
205 oe W), @T'a‘q)))THO

t(a)
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is a left 2-almost sequence in add(T), i.e. it induces an exact sequence
—00((9g% o« W)a,8)

@ 5% a* ] —o®((8)s)
Home ( @ Ttl(a‘)VT) Home ( @ TS(*B),T) Ty
a€Q BEQL
s(a)=i t(B)=1
We only prove that (a) <= (b) since (a) <= (c) is similar due to (1) in Definition/Proposition [4.14]
(a) = (b): The sequence in (4.18.2) is a complex by Lemma We only need to show exactness at

Home (T, P aco, Ttl(o;‘)) since exactness at rade (7, T;) follows from
s(a)=1

rade (T3, T) — 0.

O((M)) = ®(rad(T(S))) = rad(Endc(T)).
Assume that (pz)a € @aeglv(f(S)et(Q))W, where pg = (Da)aca, such that

s(a)=i
E paa € ker® = J(S, W),
acQq
s(a)=i
acx

i.e. ®(pgz) is an arbitrary element in ker &((@)) o —. By Lemma there exist ¢, € f(S) such that

" paa— D @0y W e J(S, W) M.
aEQq BEQ1
s(a)=i t(B)=1i
acw bep

Applying 0. yields

Pa — E qbab*,a*W < J(S, W)
BEQ1
t(B)=i
bep

Thus

[e3

shows exactness at Home (T, @ aco, Ttlzi)).
s(a)=1

(b) = (a): First we argue why ® is surjective. Exactness at rade (7, T;) in (4.18.2)) implies that
rad(Ende (T)%) = ®(rad(T(S))).
By the assumption that dimg End¢ (73)°P /rad(Ende (T3)°P) = dimg D; for all ¢ € Qg we also have that ® induces
an isomorphism
T(S)/rad(T(S)) = Ende(T)° /rad(Endc(T)°P)
Therefore we can conclude that ® is surjective. Note also ker ® C rad(T(S)) = T(S)>1.
It is left to show that ker ® = J(S, W). Since [4.18.2]is exact we have that

DDy (W) = > (prar(W)a) = > @(a) 0 B(Dyr o+ (W)) =0,
acQq acQq
s(a)=t s(a)=1

aca aca

for all b € . Since ker @ is closed J (S, W) C ker ®.
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Before we show that ker ® C J(S, W) we will first prove that for any p € ker ® there exists p’ € J(S, W)
such that p — p’ € ker @ - M. Without loss of generality, we can assume that p € T(S)>1¢;. Since

(®(@)a = ®(p) © (2(5-P))a =0
holds, we know that (®(dg.p))a factors through (®(95= ,-W))a,s. Thus there exists g5 = (gn)vep With g, €
T\(S)Zles(,@) such that

((I)(agi*p))a = (@(%’QW))OHQ ° ((I)(QE))ﬁ‘

Now
OpD — Z qp0p= o+ W € ker ®.
BEQ1
t(B)=i
bep
Hence

p— Z @Oy W = Z Op+p — Z GO+ o W a €ker® - M.

BEQ1 acQ1 BEQ
bep s(a)=t t(B)=t
a€a bep

Thus p’ = > gecq, @0+ W satisfies the desired condition.
bep

Consequently we have ker ® C 7 (S, W) 4 ker ® - M. Using this fact iteratively we get
ker® C J(S,W) +ker® - M C---C J(S,W) + ker & - M

for any I > 0. Now it follows that ker ® C 7 (S, W) by (2.2.1). O

Recall the conditions in Theorem ie. T =@, | T; is a cluster tilting object in C and T satisfies the
vanishing condition at all i € Q. Moreover (S, W) is a reduced species with potential and k € Q is mutable, i.e.
it is not contained in any loops or 2-cycles in @ and that T satisfies the mutation compatibility condition at k
(see Deﬁnition. Let (", W) = ui(S, W) over Q" and T" = pr, (T) = @, T}. Let @ : projT(S) — C be a
functor as in Theorem In this setting, Theorem follows from the following theorem, by Theorem [4.18

Theorem 4.19. [BIRS1I, Theorem 5.6] There exists a K-linear functor ®' : projf(S’) — C such that the
sequence

o' (8 O (O35 oo W' )as) _ o (@.
0—T/ 2@, P @) T 07 P @)™ D), (4.19.1)

BeQ) aeQ)
t(B)=i s(a)=i

is a weak 2-almost split sequence in add(u, (T)) for all i € Qp, where T} = ®'(Dy), and P; = f(S’)ej.

Before we define @' we need the following lemma.
Lemma 4.20. [BIRSTI Lemma 5.7] If T satisfies the vanishing condition at i for all i € Qo, then the following
holds:
(i) For any i € Qo, we have a weak 2-almost split sequence

(8 (O ey (W) ) o B(@a
01 227y T — TP, ) i 2O (4.20.1)

BEQ a€Q
B s(o)zi

in add(T"), which we denote by

O—>Tlfl—2>U11fl—l>Uzof;o>TZ—>0
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(ii) There exist exchange triangles

T; ﬁ—2> Ui LN T — T;[1] and T = Ui fi} T = 17 (1]

in C such that fi1 = g;h;.
(#ii) We have the following weak 2-almost split sequence in add(ur, (T)).

0= T7 25 Upo L25% 1y 25 17 5 0

(iv) For any k # i € Qo, we have that Ty, & (add(U;1) Nadd(Uy)) and the following sequences are exact.

Jiro— fioo—

Hom¢ (T;;, Uzl) —— Homg (TZ;, UZO) — Homg¢ (T/:’ ﬂ)

Home (Ui, T) 227 Home (Usy, T)) L2275 Home (T}, T})
(v) The sequences

Home (pu7, (T), Uin) ELLLEN Home (pr, (1), Uso) Jwom, Home (p7, (T), T5)

Home (Us, iz, (T)) —L2% Home Uiy, pr, (T)) =222 Home (T3, pr, (T))
are exact.

Proof. (i) Follows from Theorem [4.18]
(ii) Recall that W is assumed to be reduced, which in turn implies that f;; € rade(U;1, Usp). Since @ has
no loops and T satisfies the vanishing condition at i, the claim follows from [BIRS11, Theorem 4.9].
(iii) Follows from [BIRS11l Theorem 4.8] and also from [IY08| Theorem 3.10].
(iv) We only prove that the former sequence is exact since the proof for the latter sequence to be exact is
similar. Since no 2-cycles starts at the vertex k we have that T} & (add(U;1) Nadd(Us)).
By (i) and (ii) we have the following commutative diagram.

fiz fia fio

T; U; U; T;

Applying Home (T3, —) yields the following diagram.

Juo- Home (T}, Usg) 22°% Home (T}, T))

h,‘,O— V

Home (T}, T7) (4.20.2)

T

Exts(Ty, Th)

HOIHC (Tf:, Uzl)

Here im(h; o —) is equal to the kernel of
Home (T}, T;7) — Ext (), Th)

by (ii), i.e. follows from that T; Ji2, Uy 2 Tr — T;[1] is a triangle. We need to show that the top

row of (#.20.2) is exact. Using (ii) again, that T} 25 Uy Jio, T, — T;[1] is an exchange triangle we
immediately have that im(g; o —) = ker(f;o o —). It is enough to show that Ext} (T}, T;) = 0. Indeed,

if Extt (T}, T;) = 0 then h; o — is an epimorphism. Now im(fi; o —) = im(g; o h; 0 —) = im(g; 0 —) =



MUTATING SPECIES WITH POTENTIALS AND CLUSTER TILTING OBJECTS 25

ker(fio o —), hence the top row of (#:20.2) is exact. To show that Ext} (T}, Ti) = 0 we consider the
following exchange triangle
T]: — Uk = T — Tg[l]
and apply Home (T}, —) to get the exact sequence
Home (T}, T}) — Home (T;, Uo) 2222 Home (T3, Ty) — Exth (T3, T)) — ExtL (T}, Uro).

Now Ext{ (T, Uro) = 0 since Tj, Upo € add(T) and Home (T3, fro) is an epimorphism since fyo is a right
add(T/Ty)-approximation. Thus Ext (T, T}) = 0. Using that C is 2-Calabi-Yau yields Extg (T}, T;) =
0.

As in the proof of (iv), to prove that

Home (T/Ts, Us1) L2°7 Home (T/ Ty, Uso) 22°= Home (T /T, T;) (4.20.3)
is exact, it is enough to prove that
Home(T/Th, U ) 2= Home (T/ T, T}
is an epimorphism. This directly follows from h; being a left add(7"/T})-approximation. By combining

(4.20.3) and (iv) we get that
Home (pi, (T), Ust) L2 Home (pr, (T), Uso) L2 Home (ur, (T), T;) (4.20.4)

is exact.
The argument for showing that

Home (Uso, iz, (T)) L2 Home (Usy, pory (T)) L25 Home (T, po (T)))

is exact is dual to the above argument.

We now proceed to define ®' : projT(S’) — C using Lemma We do this in several steps.

(1) We define @' on objects by setting ®'(P;) = T; for i # k and ®'(Py) = T}
(2) We let @' coincide with ® on D; € Hom_ .=, (P;, P;)°? whenever ¢ # k. Similarly on M, C
projT(S’)
Homprojf(s,)(Pj,Pi)"p where a : i — j € @1, with i # k and j # k we also let ®’ coincide with

To determine ®’ it remains to define ®' on D; C Hom
j — k, on My~ C Hom

(3)

pmjf(s,)(Pk,Pk)OP and, for arrows o : k — i and 3 :
pmﬁ(s,)(Pk,PZ-)OP7 Mg~ C Hompmﬁ(s,)(Pj,Pk)Op and Mg C Homprojf(s,)(Pi,Pj)‘)p.
On M, = My ®p, Mg we set ®'([x @ y]) = ®(y) o (). This ensures that for i # k not adjacent to
k, (4.18.1) and (4.19.1)) are the same sequence.

For the final step we need the following lemma.

Lemma 4.21. For any \ € Dy, there exist unique elements

A€ @ Matdimp,  Ma (Dyay) » Ae @ Matdimp, , M5 (Dy(a))

acQ1 BEQ1
s(a)=k t(B)=k

such that
Mat)aeqi s(a)=k = (@ )aeqs(=kA  (B%)gequ t(a)=kA = A(B*)gequ t(s)=k-
Proof. We only show it for A since the argument for A is similar. From the definition of o* we have that

Ma* = @ a*Dt(a).

a*ea*
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Since A - —: Mg+ — Mgy~ is a Dy(q)-module morphism, the existence and uniqueness of \ follows from the fact
that a* is a Dy(q)-basis of M. O
(4) Using Lemma and Lemma we define
P ((0")aequ.s()=t) = gk € Home (T, €D T)e))™ (4.21.1)
acQ1
s(a)=k

and we extend linearly with respect to @ aeq, Dt(a), in particular
(

s(a)=k

@/((&*)ate,S(a):kS‘) = q)/((af*)aeQMS(a):k) © (P(S‘)
Similarly we define

o 18] *10
' (F)pequi(sr) = hi € Home( @) T2 T3) (4.21.2)

BERQ1
t(B)=k

and we extend linearly with respect to @ peq, Ds(s)-
t(B)=k

What remains is to define ®' : Dy, — Ende (7)) so that
' : My« — Home (T, T;)? @' : Mg~ — Home (T, T5)7,

defined via (4.21.1)) and (#.21.2)) respectively, are D-bimodule morphisms. This will determine ® uniquely by
Lemma @ Note that these are automatically D;-module respectlvely Dj-module morphisms. Moreover,
End¢(T3)°P / rad(Ende (T7)°P) is isomorphic to Dy by Proposition However to obtain a compatible mor-
phism D, — End¢(T})°P we need the following assumption on &.

Definition 4.22. We say that T, or ®, satisfies the mutation compatibility condition at k if we can define a
K-algebra morphism ¢g_ : Dy — Endc¢(75)°P such that

fr2 fro

Ty = Um fir UkO - Ty,
T
(M) B(X) o(N) D(N)
- (4.22.1)
T, (.sz Ui fr1 Uko fké T,
: wJV
B T <

commutes for all A € Dy, where the dotted arrows are the connecting morphisms in the exchange triangles.
Here ®(\) is interpreted as applying ® on each matrix element of \. Thus ®(\) € End¢(Ug1). Similarly we
have that ®(\) € Ende(Ugo).

Note that the left most and right most squares in (4.22.1)) commute by Lemma

Remark 4.23. If D;, = K, then we can take ¢_ to be the canonical inclusion K — End¢(T}) and so the mutation
compatibility condition at k is automatically satisfied in this case. In particular this holds if (S, W) = (Q, W)
is a quiver with potential.

Lemma 4.24. There is a K-linear functor @ : projf(S’) — C agreeing with the definition in the steps (1)-(4)
above if and only if T satisfies the mutation compatibility condition at k.



MUTATING SPECIES WITH POTENTIALS AND CLUSTER TILTING OBJECTS 27

Proof. If T satisfies the mutation compatibility condition at k, then we define ®'(\) = gx. Since B(N)ogr = groga
we get ®'(A) o gr = g 0 ®'(N). Now @' ((a*)aco,,s(a)=k) = gk yields

(I)/()‘(a )ate s(a)= k) (( )aGQl s( a):kj\) = ()‘) o @ (( )a€Q1 s(a)= k)
(( )ate s(a)= k)‘b/()‘);

which implies that ® : My- — Home (T, T;)°P is a D-bimodule morphism. Similarly ® : Mg« — Home (T}, Ty )°P
is a D-bimodule morphism. Together with the above steps (1)-(4) this defines ® on D as an K-algebra mor-
phism and on M’ as a compatible D-bimodule morphism, which extends uniquely to a well-defined K-linear
functor ®' : projT(S’) — C.

On the other hand, assuming &’ : projT’ (S') — C is a K-linear functor agreeing with the definition above, we
can define ¢y = ®'()\) and the commutativity of the diagram follows from the same computation as in
(4.24.1). Thus T satisfies the mutation compatibility condition at k. a

(4.24.1)

We now continue under the assumption that @' is well-defined and given as in steps (1)-(4). To ease up the
notation we omit writing ® and ®'. Theorem follows from the following lemma, by calculating the sequence

(4.19.1)) in four distinct cases.
Lemma 4.25. [BIRSTI, Lemma 5.9, Lemma 5.10, Lemma 5.11] Let i € Qq. The following holds:
(1) We have the following weak 2-almost split sequences in add(pr, (T))

©s, 7871 (Bade, & @,
0Ty —5 P T —=% P e o (4.25.1)

BEQ1,t(B*)=k a€Qy,s(a*)=k
(2) If i # k and i is not adjacent to k, then

(B)s 18] O@ axy(W)ap la] (@a
0—T; — Ty ————— P 7o) —= T =0 (4.25.2)
BEQ a€Q
t(B)=i s(a)=i
is a weak 2-almost split sequence.
(8) If i # k and there is an arrow 8 :i — k in Qq, then
. dimD' o Mo®p, Mg
(T3 D T
a€Qy
s(a)=k
01T L ; ELN 5o (4.25.3)
o @ TS(‘;) TW‘
b e D
YEQ1
s(y)=i
t(v)#k
is a weak 2-almost split sequence, where
fr=[(eB)a @]
5,2 [(@° e (O ag WD
0 O WDew
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(4) If i # k and there is an arrow « : k — i in Qq, then

@ TdimDS(B) M(I@Dk MB

5(6) (7)1
BERQ1
t(B)=Fk
01T L ELN - o
5
15 ® @ Tt(v)
o @D T L
sEQn
t(8)=i
s(8)#k
is a weak 2-almost split sequence, where
fl = [? (7)’7] )
f = ((B)®1e)g 0
2 @W@ W18 (a(ﬁ,ﬁ) WD |
fo =[]
(9)s
Proof. (1): Note that ®’ is defined so that the complex (4.25.1)) is precisely

X hg
T];kg_k>Uk;0 fr20fko Up k kaa

which is a weak 2-almost split sequence by (iii) in Lemma
(2): Note that k is not adjacent to ¢ implies that we have that T}, & add(U;o @ U;1). Therefore, since (4.20.1)
is a weak 2-almost split sequence in add(T"), the sequence

(B)s 18] O, ax)(W)a.p &l @a
017, — @ Tigy ———— @ Thoy — Ti =0 (4.25.4)
BEQ1 €@
HB)=i s(@)=i

is a weak 2-almost split sequence in add(ug, (T')). Now we are done by noting that
(a(ﬁ,a;)(wl))a,ﬂ = (a(ﬁ,a;)([w]))aﬁ

if s(a),t(a), s(B),t(8) # k where a, 8 € Q1.
(3): First we prove that (4.25.3) is a complex. Let us compute fi o fs.

L a)®B) (B 1 ary [W])a
fiofe= {([aﬁ])a (7)7} l(()O | (((r“)(i;[f)][‘)/‘[/])(}ié)é] -

— [958 (OrIW)i] -

Let us compute fs o f3.

0 O WD) | L)s
_ [@top Ao+ (Ofa- [Wna} _
- W)y
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Thus (4.25.3)) is a complex.
Next we will show that (4.25.3) is indeed a weak 2-almost split sequence. Let us first rewrite (4.25.3]) using
exchange triangles to ease up notation. Recall that

0T 12 Uy 1% U 2% 1, - 0
is a weak 2-almost split sequence in add(T). Write Usy = T)°! & UZ with Ty & add(UZ;) and
fio=[fls 14 :Vo=T 0 Uj -,
- B
fin = ’/ﬂ :Uin = U = Tzlf‘ @ Ul

We can now write (4.25.3)) as

[ @lB]
t _
gko " } [ /o ®|B] 1" }
il , Lo © Jro i0

S
[fu} - =
T, —= (T)" e Uy vkl @ Ul T;

where f,g%lﬁl ot=fl; :Us — T,lf‘.
To show that (4.25.3]) is a weak 2-almost split sequence means that we have to show that the sequences
Home (pr, (T), (T7)) & Usy) — Home (ug, (T), UL @ UZ) — rade (ur, (T), Ti) — 0 (4.25.5)
and B B
Home (UL & UL, pr, (T)) — Home (TP @ Uiy, pr, (T)) — rade (T, p, (T)) — 0 (4.25.6)

are exact.

We start with the former sequence (4.25.5). Note that rade(ur, (T),T;) = rade(T/Tk, T;) @ rade(TF, T;).
First we let p € rade(T/Tx,T;). Using that f;p is right almost split in add(7) yields a morphism E 1} €
2
Home (T /Ty, T} @ UZ}) such that
fioopr+ figop2 =p.

Now since fio is right almost split in add(T") there is a morphism ¢ € Homc(U,Lﬂo‘,Tllfl) such that f,?ol’ﬁl oq = pa.

Therefore
®|8 g 0] _
[ io © kolﬂl z/(/)] ° {0 pJ =Pp

In other words, p factors through [ floo /S%‘E‘ fz’d The above argument is summarised in the following
diagram.

On the other hand, if p € rade(T},T;) then using that gx is a left add(T/T})-approximation there is a
morphism p’ € Home(Ugo, T;) such that p’ o gy = p. Since S : ¢ — k there is no arrow k& — ¢, and so

T; & add(Ugp). Thus p’ € rade(Ugo, T;) and p’ factors through [fi/() o s%lgl f{d using the above argument.

This show exactness at rade(ur, (T),T5).
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Now we will show exactness at Home (g, (T), U,L’BO‘ ®U/}). Let Bj be a morphism such that [filo o ]S%'ﬁ' ;6] o

{pl} = 0. By (v) in Lemma .20 there exists a morphism ¢ € Home (ur, (T), U;1) such that

P2
/ ®|8]
0[5 -
il 0 1 %)

Now note that f;%lgl opy = flioq= ,?Olﬁl otogq. Therefore f,f%lgl o(py —togq)=0. By (ii) in Lemma the
following sequence

Home(jur, (1), Tjf) %= Home (i, (), Uyo) £°= Home (i, (), Ty)
is exact, which together with f,f%lg‘ o(p; —togq) = 0 implies that there is a morphism r € Home (pr, (T), (T,j)'m)

such that g?lﬁl or =p; —toq. Rearranging the terms we get p; = gffw or+togq. Hence

ISR

This is summarised in the following diagram.

Before we prove that we need the following lemma.
Lemma 4.26. The morphism
—os=—o@(8") : Home((T7)7, T7) /rade ((T)7), T) — rade (T3, T7) fracZaquy, o) (T TE)  (4:26.1)
1s bijective.
Proof. Since hy, is minimal right almost split in add,,, (T') by (iii) in Lemma we have that
rade (T, T3) /vadiqager, () (i Ti)) (4.26.2)

has the D;-basis {®/(b*) | b* € B*}, by using similar arguments as in the proof of (2) = (1) in Theorem m
Thus the composition

@’ *\0 *\ 0! * 0
Mﬁ* — I'adc(n,Tk> P — radc(n,Tk) p/radidd(MTk(T))(ﬂ,Tk) P

is an isomorphism of D;-Dy-bimodules. Hence, (4.26.2)) has the Dy-basis {®'(b*) | b* € §*}. This proves that
(4.26.1)) is bijective. ]
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Now we are ready to prove that is exact. We begin by showing exactness at rade¢ (T}, ur, (T)) =
rade(T;, T/Ty) ® rade(T;, Ty ). First let p € rade(T;,T/Ty). Since fio is left almost split in add(7T") and thus p
factors via U;1. Now let p € rade (T3, T}). By Lemma there is morphism p; € Home ((T})P1, T}) such that
p—p1os € radgdd(wk ) (T3, T). Using that hy is right almost split we have a morphism ¢ € radc (73, Uko)
such that

pP—p10s
T, — 2,

\ Thk
Uko

commutes. The morphism ¢ lies in the radical since, if ¢ was a split monomorphism, hj being minimal right
almost split, would contradict hy 0 g € radidd(wk (ry)(Ti, Tj). Now using that fiz is left almost split in add(T')
we get a morphism r € Home (U1, Ugo) such that ¢ = r o fi2. Combining everything we see that

= hpor|o { 5 } ,
p [pl k ] fin
which shows exactness at rade (75, pr, (T')). The argument is summarised in the following diagram.

(TI:)IEI

T; / Ui
X‘
r P1
k

P Uko

|

h
Ty
It is left to show exactness at Homc((Tg)@ ® Ui, pr, (T)). Let p= [p1 p2] € Homc((T,;")|E| ®Uir, pr, (T))

such that [pl pg] o { 5 } = 0. Let us introduce the notation

fiz
/ —
p1 = B;ﬂ (TP = T/T @ Ty

and

/
Py = B;,%} Upy — T)Ty & T
2

Since gy, is left almost split in add (7, (T)) by (ii) in Lemma it suffices to show that p; € rade ((T,:)'E| o, (T))

to obtain a morphism ¢ € HomC(Ung‘,T/Tk) such that p; = ¢go g,?lﬂl. We immediately have that p] €

radc((T;)‘B‘,T/Tk) since T} ¢ add(T'/T}). The assumption on p gives us pf o s = —ph o fio. We have that

phy € rade(Us1, Ty) since T} & add(U;1). Therefore pf € radc((Tg)m, T7) by Lemma @
Now note that

(p2 —qot)o fia=pao fio—qoto fio=
=p20 fia+qogyos =
=p20 fio+pros=0.
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Thus by exactness of the latter sequence in (v) in Lemma there exists [¢1  ¢2] € Home (T,lf| U, ur, (T))
such that
51}
I/
il
!

Recalling that f,f%lﬁ ot = /1 We can rewrite the above expression as

p2—qot=|qa gq]o

-
pz:(q+q10fko‘6')ot+q20f{i-

Hence B
— 6]
t
P vl = lo+aro i ale {gko .’J ’
and therefore we have shown exactness at Homd(T,j)'B| ® U1, pr, (T)). We summarise the above argument in
the following diagram.

_ @8] —
Ik B
(T3)V! : Ui
fi I
T, —2 |5 Ux ! Ul

p1

This completes the proof of (2).
(4): This proof is dual to the proof of (3). O

5. SELF-INJECTIVE SPECIES WITH POTENTIAL AND NAKAYAMA AUTOMORPHISM

In this section we introduce self-injective species with potentials. For a given self-injective species with
potential its Jacobian algebra will be finite-dimensional and self-injective and therefore admits a Nakayama
automorphism. Under certain restrictions we give a description of the Nakayama automorphism after mutating
along orbits of the Nakayama permutation which is explicitly given as the second part of the main theorem of
this article (Theorem [5.9). The theorem is divided into two parts. The first part shows that if some vertex is
mutable, then every vertex along its Nakayama permutation orbit is mutable. The second part computes the
Nakayama automorphism.

5.1. Self-Injective Species with Potential. In this subsection we generalise various results of [HI11b]. The
following definition is rewritten version of [HI11bl Definition 3.6] for species with potentials.
Definition 5.1. Let (S, W) be a species with potential.

(1) We say that (S, W) is finite dimensional if the Jacobian algebra P(S, W) is a finite dimensional algebra.
(2) We say that (S, W) is self-injective if the Jacobian algebra P (S, W) is a finite dimensional self-injective.
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Let (S, W) be a species with potential and set P; = P(S,W)e;. Consider the following complexes

8 057 axyW)a, a A)a
P @ P DTy plEl e, g g (5.1.1)
BEQ aEQq
t(B)=i s(a)=t
(@)a a P@.anyW)s.a B)s
P @ (O @yl Pp s e 1
a€Qq BERQ
s(a)=1 t(B)=i

of left P (S, W)-modules and right P(S, W)-modules respectively, where (—)" = Homp g ) (—, P(S, W)).

It is straightforward to check that (5.1.1)) is exact at S; and P;. To show exactness at @ acq, Pt‘(aal) we
s(a)=i
do the following. Let x € T(S) and assume that z € ker((@),). This means that z(@), € J(S, W), and by
Lemma [£.12] we have
2(@)a = Y 200 (W) +y
BEQ
be

where z} € f(S)eS(B) and y € J(S,W)M. Now applying J,. and using Lemma yields
T = Z 0= = (W) + Op ()

a,BEQr
(a,b)eaxp
By noting that 05 (y) € J (S, W) we can conclude that 3~ seq, «» maps to z via (95 o)W )a,s, which proves
* t(B)=i T
bep

that (5.1.1]) is exact at 699022)%1 Ptl(ao‘é). In other words, it is exact except possibly at € 5%)62:11 PS‘(%). Similarly,
(5.1.2)) is exact except possibly at € we, (Pj(a))w.
s(a)=i
The following proposition, which is a generalisation of [HI11b, Theorem 3.7], shows that exactness of the

sequences and correlates to (S, W) being self-injective.

Proposition 5.2. Let (S, W) be a species with potential. The following are equivalent:
(1) (S, W) is self-injective.
(2) (S,W) is finite dimensional and|5.1.1| is exact for alli € Q.
(8) (S, W) is finite dimensional and|5.1.9 is exact for all i € Qy.

Proof. We only show (1) is equivalent to (3), since the proof of (1) being equivalent to (2) is similar. The
algebra P(S, W) being self-injective is equivalent to Ext%;(s’w)(si, P(S,W)) =0 for all ¢ € Qo since all objects
in mod(P (S, W)) have finite length. This in turn is equivalent to that applying Homp g w(—, P(S,W)) to

18] Pig57))8.o @l (@a
D roy——— D b~ P
BEQL a€QRy
t(B)=1 s(o)=i
yields an exact sequence. In other words, (1) is equivalent to |5.1.2] being exact at € acq, (Pj(a))m7 which is
s(a)=1
equivalent to (3). O

5.2. Mutation of self-injective species with potential and Nakayama Automorphism. Let (S, W) be
a reduced species with potential, where S = (D, M) has the quiver . We assume that @ has no multiple
arrows. This can always be achieved by changing the bimodule M. The Jacobian algebra P (S, W) is Frobenius,
i.e. there exists an automorphism v : P(S,W) = P(S, W), called the Nakayama automorphism of P(S, W),
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such that P(S, W) = DP(S,W), as P(S, W)-bimodules. Here DP(S, W), is the K-dual of P(S, W) twisted by
~ on the right. Recall that every self-injective species with potential satisfies the vanishing condition at every
vertex, which will be used implicitly.

For a given k € Qo we let (k) = {k,0(k),0%(k),...}, where o is the Nakayama permutation (see Proposi-
tion [4.2). We want to mutate along the Nakayama orbit (k) and show that we obtain another self-injective
species with potential as well as describe its Nakayama automorphism. In each step along the way we want to
apply Theorem which requires that the potential is reduced. Moreover, to obtain a self-injective species
with potential we need to assure that there are no arrows between the vertices in (k). This motivates the
following definition.

Definition 5.3. We say that an orbit (k) of the Nakayama permutation is sparse if there are no arrows between
the vertices k,o(k),...,0"(k) = k, and for each 0 < i < n—2 the potential f,i (1) 0 qi—1 (k)0 r (S, W) is reduced.
In this case we define
Piky (S, W) = pign-1(k) © Hign—2(k) © ik (S, W).
Note that if & is fixed by the Nakayama permutation, then (k) is automatically sparse.

Theorem 5.4. (Wedderburn-Mal’tsev Theorem)[Mald2, Wed08] Let A be a finite dimensional K-algebra with
radical N, and let the quotient K-algebra A/N be a separable K-algebra. Then A can be decomposed into a direct
sum

A=NeD

for some semisimple subalgebra D, and if there exists another decomposition A = N & D', where D' is a
semisimple subalgebra, then there exists an inner automorphism of A which maps D onto D’.

By Theorem we can assume that 7 : D = D since the Nakayama automorphism is unique up to some
inner automorphism. Furthermore (y0)|p, : Di — Dg(;). We also assume the following.

AYm:M—>M

B) »(W) =W

Note that there is an arrow « : ¢ — j if and only if there is an arrow o (i) — o(j), which we denote by o(a).
Condition (A) implies that

m(a) =o(@)A

where A is some invertible matrix with coefficients in @t( )=k Dy(q)-

The above conditions are satisfied when we study tensor products of tensor algebras of species with certain
conditions in Section [fl

Following [Pas20] we can construct a Nakayama automorphism of Ende(T). Let ¢ : T = T[2] be an
isomorphism. Then by [Pas20, Proposition 4.3]

W(f)=¢ o fl2low, f€Ende(T),

is a Nakayama automorphism. In particular, T;[2] = T, ;) so we may assume ¢ = ®ier i where p; : T, ;) —
T;[2]. We may further assume that 1 corresponds to v via @, i.e. o ® = ® o. Note that (P(X)) = ®(vo(N))
for A € D.

Lemma 5.5. Let T be as in Theorem |4.18 The exchange triangle
Ty fk—2> U — T — Tk[l]

for Ty, gives an exchange triangle

P (fr2) *
Tg(k) ( k2 Ua’(k)l — Ta‘(k) — Ta(k)[l] (551)
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for Ty(x). Moreover, there is an isomorphism @y, : T:(k) — T}7[2] such that

P(f *
Ta(k) 4162; Uo(k)l —_— To(k) —_— Tk[l]
Pk J‘/’Um Pk Lﬂk[l]

Til2) 222 va2) 2B 7o) —— 3]

commutes, where oy, is defined as applying ¢ on each summand of Uy (k) -

Proof. By the definition of ¢ we have that

»(f
To () ) Us ()1

Pk PUR1

Ty [2] Jel2 Ui1[2]

commutes. Since fy2 is a minimal left add(7T'/T})-approximation we have that fy2[2] is a minimal left add((7'/T%)[2])-
approximation. Now by noting that (T'/Ty)[2] = T'/T, 1), the morphism 1( fr2) is a minimal left add (T /T, ))-
approximation. Thus is an exchange triangle.

Now we can complete

P (f *
Ta(k) 4’&; Uo’(k)l E— Ta(k) E— Tk[l}
J{V’k PUk1 J{tpk[l]

7.2 222 vj2) 2B g —— 3]

into an isomorphism of triangles with some isomorphism ¢y, : T:( K T}[2] using the properties of triangles. O

Lemma 5.6. Let (S,W) be a self-injective species with potential. Let T and ® be as in Theorem . IfT
satisfies the mutation compatibility condition at k, then it also satisfies the mutation compatibility condition at

o(k).

Proof. Applying [2] on (4.22.1)) yields the commutative diagram

72 228 v 2] B [ 2B 7y
. \hkm g;V [
ompt ~
(M2 (N2 a(N)[2] ®(N)[2]
.6.1
qx[2] (5 6 )
T, [2} f%2[2] Jr1(2] Uso [2] frol2] Tk[2]

ﬁ Ukl [2]
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Now using the definition of ¢ and i we have that the diagram

P(f P(f P(f
To (k) $liz) Us (i1 W) Us (k)0 Pno To )

W(@() B(@() »(@(N)) $(B(N) (5.6.2)

P(f »(fr1) »(fx
To (k) i) Uiyt ————— Us(yo Pdko] Tor)

commutes. Now we will rewrite (5.6.2)) such that it matches the mutation compatibility condition at o (k). First
we note that

P(fr2) = (2((Q)a)) = 2(V((@)a)) = ((0(a))ad) = ®(A) 0 ((0(¥))a) = P(A) © fo (k)2

for some invertible matrix A with coefficients in @ veq@, Ds(a). Hence by (5.6.2)) the diagram
t(a)=k

To (k) Too Us i1

l@(’y()\)) l{)(Aﬂy(X)A*I)
Tn(k) M Ua’(k)l

commutes. Similarly, there is an invertible matrix B with coefficients in € geq, Dy(g)y such that the following
s(8)=
diagram commutes.

fo(k)2 ®(B)ofo(k)10P(A) fo(k)
To (k) R, Us i - Us )0 —e To k)

B(y(N)) D(Ay(M)A™YY) ®(B~1v(A)B) 2(v(N)
Ty —2202 s Uy — ot fooor

Uskyo — To

Now we claim the following:
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Given the above claim we have that

Ta(k) fo(r)2 Ua(k)l for)1 a'(k)() fo(ryo To'(k)
®(y(N) (v (V) ®(v(\)) ®(y(N))

@5 to(ga[2]) ok

fo fok fo
Try 3 % Ua(k)l ! Us (k)0 % To(k)
T(r(k:)

commutes, where @y is given as in Lemma Thus setting g,(n) = 55;1 o (gr[2]) o P shows that T satisfies
the mutation compatibility condition at o (k).

Let us now prove the claims above. We only give the proof for (1) and (3) since the argument for (2) is
similar as for (3).

Proof of claim (1): Using that (W) = W together with Lemma we have

0(0)057 o) (W) (B) = W = (W) = (@)1 (0=, 8" (W) (B) =
= 0(a) Ay(05=, 8 (W) Ba(B) = o (a)y(Ads=, B (W)B)o (B).

Thus y(Adg=, *(W)B) = 0555 () (W

). The claim follows by applying ®.
Proof of claim (3): First note that (¢(c))oa = (0())aa’ implies that a = a' since (0())q i8 @ Dy(o(qa))-basis

of P ‘?E)Qlkt M (o). Now the claim follows from
t(a)=

—

(@(@))ar0(N)A =N (e(@))ad =10 MNn((@)a) = 7(A@)a) =
=7((@a}) = 11((@)a)r0() = (2(@)adro(N).

O

Proposition 5.7. Let (S,W) be a reduced self-injective species with potential with Nakayama automorphism
as above. Assume that there exists a cluster tilting object T € C such that Ende(T) = P(S,W). Ifk € Qo is
mutable and (k) is a sparse orbit, then (S, W) is a self-injective species with potential.

Proof. Consider the summand U of T that corresponds to the vertices k,o(k),...,0" (k). By Proposition
we have that U 2 U[2]. The fact that uj;(T) is self-injective follows from Proposition By Proposition
the assumptions on k gives us

:LL$(T) = KTy O 0 O KT, 4y © KTy (T)

Every vertex in (k) is mutable by Lemma Thus using Theorem repeatedly yields that P () (S, W)) =
Endc(pf;(T)) is a finite-dimensional self-injective algebra. d

Remark 5.8. Note that if (k) is not a sparse orbit we still have that uf;(T) is self-injective. When applying
Theorem [£.10] we need our species with potential to be reduced. Thus in every mutation step we need to reduce
our resulting species with potential and therefore modify our potential. Since it is not clear which 2-cycles we
remove in the reduction process, we cannot predict how the species with potential looks like after mutation
along (k).
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Let us now define the morphism ju() () : P () (S, W)) = P(p(xy (S, W)) in the following way:
1) (VA =), if A e D,
tey (V) (@) = ~(a), if s(), () & (k),a € M
Py (MO @a) =10b©a), ifta)=s(8) € (k),b®ac Mgy
We define pi(z) () on M- if s(a) € (k) or t(a) € (k) such that

> 9(@) ® piy (N)(@*) € Mooy ®p Mooy
aco
is a Casimir element. With this we can extend j)(y) to an automorphism of P(uk(S,W)). In fact, it is
straightforward to verify that s ()(7) is an automorphism satisfying conditions (A) and (B).
The goal of this section is to prove the following theorem.

Theorem 5.9. Let C be a 2-Calabi-Yau triangulated category and T = @, T; a basic cluster tilting object
with indecomposable summands T;. Assume that k € Qo is mutable in Q and (k) is a sparse orbit. If v is a
Nakayama automorphism of P(S, W) satisfying the conditions (A) and (B) above, then ) (y) defined above is
a Nakayama automorphism of P(uy (S, W)).

Remark 5.10. It is enough to prove the analogue version of Theorem for Ende(T") and Ende (g (T7)).

Proof. (Proof of Theorem [5.9) The Nakayama automorphism « will correspond to some Nakayama automor-
phism 1) of End¢(7'), which in turn will be given in terms of a morphism ¢ = ;g ¥i : T — T'[2]. We want
to construct a morphism ¢ = B, i : H) (1) = ey (T)[2]. Let us define ¢; = @i = @1, * Tomw) — Ti[2]
for ¢ ¢ (k). By applying Lemma for every k' € (k) we get an isomorphism @y : T* e T}, [2] such that

(frr2) (hir)
To(k/) ﬁ Ug(k/)l *}V; Ta(k’ — Ty [1]

l‘Pk’ pruk/l J{gﬁk/ J{‘Pk’ 1]

Tio[2) 228 gjo) 22 7o) —— T3]

commutes for all ¥ € (k), where 1/; is the Nakayama automorphism defined by ¢. Now from the description of
the isomorphism Ende (px) (1)) = P(p(x) (S, W)) we get that ¢ corresponds to the Nakayama automorphism

By () O
Remark 5.11.
(1) Note that the Nakayama automorphism sy (7y) satisfies the conditions (A) and (B) above, and thus we
can iterate the mutation process, as long as enough 2-cycles can be removed.
(2) If P(S,W) is symmetric, i.e. it is self-injective with v = Idp(gw, then v trivially satisfies (A) and
(B). Applying Theorem we set iy () = Idps,w) as well, and so ju(x) (S, W) = g (S, W) also has a
symmetric Jacobian algebra.

6. APPLICATION OF THE DERIVED AUSLANDER-IYAMA CORRESPONDENCE

In this section we will combine the results of [S624) [HI11al [Ami08, [Ami09] to provide new examples for the
derived Auslander-Tyama correspondence [JKM23]. We explicitly compute some examples.

Theorem 6.1. [JKM23| Theorem A] Suppose that K is a perfect field and d > 1 an integer. There are bijective
correspondences between the following:
(1) FEquivalence classes of pairs (C,T) consisting of,
(a) an algebraic triangulated category C with finite-dimensional morphism spaces and split idempotents
and
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(b) a basic dZ-cluster tilting object T € C, that is a d-cluster tilting object such that C(T,T[i]) =0 for
allt & dZ.
(2) Equivalence classes of pairs (IL, I) consisting of
(a) a basic finite-dimensional self-injective algebra I1 that is twisted (d + 2)-periodic and
(b) an invertible Tl-bimodule I such that QEE2(1T) 2 I in the stable category of T-bimodules.

We compute non-trivial examples using [-homogeneous representation finite species.

We follow the construction in [AmiO8| [Ami09] (In particular Section 4 in [Ami09]). Let A be a finite di-
mensional algebra of global dimension at most 2. We define I' to be the DG algebra A @ DA[—3] with zero
differential. We have a natural projection I' — A which induces a restriction functor

D} — Dk (6.1.1)
where DY and DY are the bounded derived categories of A and T respectively.

The Amiot cluster category is defined as

Ca := thickpy (A)/perf(I),

where thickpy, (A) is the smallest thick subcategory of D% containing the image of A through (6.1.1)) and perf(T’)
is the category containing all of the perfect complexes over T'.

Lemma 6.2. [Ami08, [Ami09] The restriction functor induces a functor m: D} — Ca which commutes with the
Serre functors of the two categories.

Theorem 6.3. [Ami08, [Ami09] If A is 7o-finite, i.e. T, ‘A =0 for sufficiently large i, then:
(1) The Amiot cluster category Cy is 2-Calabi—Yau.

(2) wA is a 2-cluster tilting object in the Amiot cluster category Cn. Moreover, the endomorphism algebra
Endc, (mA)°P is isomorphic to TI3(A).

Remark 6.4. When the algebra A is 2-representation finite, it is also 7»-finite, and therefore satisfies the
condition in Theorem Moreover, if II3(A) self-injective then by Proposition we have that

(mA)[2] = 7A.
Hence A is a 2Z-cluster tilting object in Ca and in turn fits into Theorem [6.1]

We can construct examples of 2-representation finite K-algebras by using algebras that fall in the following
definition and using the corollary that follows.

Definition 6.5. [HI11al Definition 1.2] We say that an d-representation finite algebra A is [-homogeneous if
-1
T, DA=A.

Corollary 6.6. [HI11lal, Corollary 1.5] Let K be a perfect field and | a positive integer. If A; is I-homogeneous
d;-representation finite for each i € {1,2}, then A1 ®k Ao is an l-homogeneous (dy + dz)-representation-finite

algebra with a (dy + da)-cluster tilting module @li;(l)(T(;liAl ®K deAg).

The following theorem by Dlab and Ringel describes all species that are representation finite.
Theorem 6.7. [DR75, Theorem B] An acyclic species S is representation finite, i.e. the modules category
T(S)—mod is representation finite, if and only if its diagram if a finite disjoint union of Dynkin diagrams.
From the article [S624] we have a complete list of species with their tensor algebras being representation

finite and [-homogeneous.

Corollary 6.8. [S624, Corollary 3.7] Let S be a representation finite species. Then S is l-homogeneous if Q is
stable under its Nakayama permutation o. Moreover, for the different cases, the integer [ is

A| Ay | By | Cu| Dy | Eo| B | Es|Fi|Go

[T=T [0 [n|n-1]6]0[15]6]3
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Remark 6.9. By [S624] Lemma 3.3] we can view o as a diagram automorphism, and therefore can check if the
orientation of the quiver @) is preserved under the action of o.

Let A = T(S') @k T(S?) where S? is a I-homogeneous representation finite species for each i € {1,2}.
We set our 2-Calabi—Yau triangulated category to C = Cx. Also let (S, W) be as in Proposition m Since
Ende(mA)°P = II3(A) we get a functor @ : projf(S) — C such that ®(P) = T = wA € C, which induces an
isomorphism P(S, W) = End¢ (1)

Lemma 6.10. In the above setting T satisfies the mutation compatibility condition at every vertex k € Qq.

Proof. We will prove this in two steps. First we will show that weak 2-almost split sequences in C correspond
to 2-almost split sequences in mod(A). Then using the properties of 2-almost split sequences we can show that
T satisfies the mutation compatibility condition at k = (i, j) € (Q*®Q?)o.

Note that if S* and S? are 1-homogeneous, then A is semisimple and T automatically satisfies the mutation

compatibility condition for every vertex. If this is not the case, then P} and Pj2 are non-injective. The almost

split sequences starting at P! and Pj2 are

(@) -
P —>[(a)a*} D (Pl @ @ ylec (@) ~(@o] (P}

i
a€Q1 a*e )*
t(a)=t t( =i

and

Applying [Pas19, Theorem 4.11] yields the 2-almost split sequence starting at P! @ P2 given as the mapping

cone of (6.10.1)).
D (P x P?)

(E)Q®EJ:| o [ ]
i®(8)s ool co®B)s  —(@)a®eys)
P! ®g P? = t(o)=i = @ (P] )@ ®K (P2 )@
i K5 1 2 |8 s(a) s(8)
o D (P ox (Piy)Y) (a.B)€Q} Q3
BeQ? t(e)=it(8)=i
HB)=i
(@8 a0 0 @@F)a*vﬁ]
(@7 @8 ) 0 (@ @B )a,p
D (Pl exr (D)
Q" [
. . ) (@) arBe;  ei®(F)s]
D ) e (R, ) = : (P}) @ 7 (P?)
s(a*) s(8*) —(ply 2 8%
(o ,B7)E(QY)" % (@) @ (T (F) @x (Pysm)) )
Ha")=i.t(8")=j B e(@?)
(B*)=j

(6.10.1)
Under the natural functor from mod(A) — Cp = C the image of (6.10.1)) coincides with the weak 2-almost split
sequence (4.18.1). This proves the first part.
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With the above result the mutation compatibility condition diagram (4.22.1)) corresponds to

Pk fk2 UI/Cl fkl U]::O fk:O TQ_Pk
\hk‘ g//'
By
A A X A
(6.10.2)
’ q;\/ ’ | ’
P, Sz Ul fr1 U, Fro 75 Py

N A

where ¢} and ¢Y are given as follows. Since P} = coker(f;,) we set ¢} to be the unique morphism such that the
left side of the diagram commutes. Similarly, we use that P; = ker(f},) to define ¢}. It remains to show that
¢\ = ¢4. We have

goodiohi =giohio A= fiyoA=Xo fiy =Xogiohj =giod\oh
and using that h) and g, are a epimorphism and an monomorphism respectively we are done. O

Combining Corollary and Corollary we can generate a lot of 2-representation finite algebras given
by species and relations, whose self-injective preprojective algebras fit in Theorem By mutating along
Nakayama orbits Proposition ensures that the result will still be self-injective. Since mutating our species
with potential does not change the cluster category, it will still satisfy the desired condition for Theorem [6.1]
and therefore expanding the collection of examples for Theorem|[6.1} Additionally, the Nakayama automorphism
for each example explicitly given by using [S624, Theorem 5.3], [S624, Proposition 10.11] and Theorem Let
us now compute some explicit examples.

Example 6.11. Let us choose the quivers
Ql:1 %283 212002
and define the R-species S and S? over Q' and Q? respectively as
SURZELRES R §7 LR

We let e1,es and es be the idempotents for S' and f; and f; be the idempotents for S%2. Reading from
[S624] Theorem 3.1] the Nakayama permutations for S* and S? are o'(i) = 4 — i and 02(i) = i respectively.
Both of T(S') and T(S?) are l-representation finite by Theorem and 2-homogeneous by Corollary
Applying Corollary yields the 2-representation finite R-algebra T'(S') @g T'(S?). Proposition tells us
that I3(7T(SY) @ T(S%)) = P(S(S1, 5?), W(S1, W?)), where

2R ®rC 2R3®@rC

R®rC R®g C RegrC

5(51,52) : R®r2C1

2R1 @rR R @ R 2R3 @rR R @ R

R®rR



42 CHRISTOFFER SODERBERG

is an R-species over the quiver

(L) — 20 21 B3

Q'&Q? : e N e (o [0

(1,2) — @2, (2,2) P2 (39
and the potential W (S, S?) given by (3.30.1)), i.e.
W (St 8?) = Z (a® f1)® (a* @)@ (ea @)+

(a,c)Eaxy

+ Z bR fi)@d"@d )@ (2@ d)+
(b,c’)EBXT

_ Z (e1®c)® (" @c*)® (d/ @ fo)+
(a’,c)€axy

- Y (@egel e et s =
(b’,c)egxl

=211 ® f1) ® (217 ®217) @ (e2 ®211) + (211 @ f1) ® (217 ®2i7) @ (€2 ® 2i1)+
+ (213 ® f1) ® (213 ® 217) ® (e2 ® 211) + (213 ® f1) @ (213 ® 2i]) ® (€2 ® 241)+
—(e1®211) ® (217 ®217) ® (211 ® fa)+
—(e3®211) ® (213 ®217) ® (213 ® f2).
Before we start to mutate along a Nayakama orbit, we will first simplify our species S(S!, S?). We use the
fact that R* 2 R, C* 2 C, R®g C 2 C and R ®g R, where the former two isomorphisms are given as
R 5= R*,
1r — 15,
and N
C — Cr,
a+ bi — al* — bi*.
We also relabel the vertices in our quiver @Q'®Q? such that our data becomes

2Cy 2Cs

C C C
1 g2 1Cs
S(St,5%) : ‘4& ‘5%‘ ‘6(:3
R 5Ry4 R 5Re R

QIeQ?:

L]
N
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W(S', 8%) =211 ® 115 ® 512 — 211 @ 15 @ 5ia+
+213®315 @512 — 213 ® 315 ® 512+
—4l1 ® 115 ® 514+
— 613 ®3l5 ®516.

(6.11.1)

The Nakayama permutation of (Q'®Q?), is given by
B (1 2 3 4 5 6)
773 216 5 4
which is a consequence of [S624, Proposition 10.11]. Using [S624, Theorem 5.3] together with [S624] Proposition
10.11] we can compute the Nakayama automorphism 7 of P(S(St,S?), W (S!,5?)) to be explicitly given as
Y(ilj) = o(i)1o(j)- In particular, conditions (A) and (B) are satisfied.
Now let us mutate along an orbit of the Nakayama permutation. Consider the Nakayama orbit (2) = {2},
which is sparse as it has one element. Recall that the semi-mutation at 2 is only defined when eoW = Wey = 0,

and thus we apply €, on the first two rows of W before we mutate. By Proposition[5.7u2(S(St, S%), W(S!, 5%)) =
(S, W) is a self-injective species with potential, where the species S’ is given as

C 1 C = C
[5C2®c2Ci]
1Cy 2Cs 6C3
[3C5®c5Cs]
R R X R

and its potential given as

w’ 2[512 ® 211] ® 115 + [512 ® 213} ®3ls — 411 ®115 ®514 —6l3 ® 315 ® 516+
+215 @ 510 ®@211] ® 112 + 215 @ [5i2 ® 211] @ 112+
4215 ® [512 ®213] ®@ 31a + 205 ® [5i2 @ 213] @ 51a.

Now let us consider the Nakayama orbit (5) = {5}. By Proposition [5.7| u5(S(S!, S?), W (S, S?)) = (S", W)
is a self-injective species with potential which is explicitly given as

2Cy [3C5®r5C2]

[1C5®r5R4]

[1C5®r5R6]
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with its potential
W' =311 ® [115 @ 512] — 211 ® [145 @ 512] + 213 @ [315 ®@ 512] — 213 ® [315 @ 1]+
—4l1 ®@ 115 ®514] — 613 ® [315 @ 516]+
+511 ® 115 ®514] ®4ls +511 @ [115 ®516] @615 + 511 @ [115 ® 512] @215+
+513® 315 ®512] @ 215 + 513 @ [315 @ 514] ® 415 + 513 @ [315 @ 516] @ 615.
In both of the examples above, from Theorem [5.9| we have that the Nakayama automorphism +' of P(S’, W’)

is given by v'(;15) = 5(i)lo¢j) and v([i12 ® 215]) = [5()1x ® x1o(j)], where k = 2 or k = 5 depending on which
Nakayama orbit we mutated along.

(6.11.2)

Let us partially deal with the case when we get a direct sum of division rings at each vertex instead of
division rings when taking tensor products. We first introduce some notation and useful results. Let M be
a L-vector space, where L is a Galois field extension of K. We define ,M as the vector space with the same
additive structure as M but twisting the L-vector space structure with an automorphism o € Gal(L/K), i.e.
Aoz =ocN)zfor \eL and z € ,M.

Lemma 6.12. Let L be a Galois field extension of K and let A and M be L-algebras. We have the following
isomorphisms

o4 L&k A— H UA,
o€Gal(L/K)

a®br (a-,4b| o€ Gal(L/K)),
évLexM— [ oM,
o€Gal(L/K)
a®bw— (a- pb|oe Gal(L/K)),

of K-algebras. If, moreover, M is an A-module, then these isomorphisms are compatible, meaning that if we
take the natural L @k A-module structure on L g M, then

om((n®a)(n’ ©m)) = da(n @ a)par(n’ @m)
where HaeGal(l/K) oM s assumed to have the natural ngGal(L/K) o A-module structure.

Proof. Let ¢ = ¢4 or ¢ = ¢pr. The first part is proven by first using [Bou81l, Proposition 8 at A.V.64] to get
that ¢ is bijective and K-linear. It is left to check that ¢ is a ring homomorphism. It follows from

Pa@b)d(c®d) = (g(a)b| o € Gal(L/K)) - (o(c)d | o € Gal(L/K)) =
= (o(a)o(c)bd | o € Gal(L/K)) =
= (o(ac)bd | 0 € Gal(L/K)) =
= ¢((a®b)(c@d)).
The second part follows from the definition of ¢4 and ¢y O

Remark 6.13. Note that if M is a right L-vector space, then we could define a similar isomorphism
¢:MexL— [ M.,
o€Gal(L/K)
a®bw (a-p, b|o e Gal(L/K)),
where M, is the L-vector space twisted on the right with o.
Let us now fix a Galois field extension K = F C @G, following the notation in [DR75], and assume, from

now on, that all species are of the form S = (D;, My)icqy,acq, such that D;, M, € {F,G}. Let S' and S?
be two species over the quivers Q' and Q? respectively. Locally at a vertex in S(S',5?) we have D} @k DJQ».
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The assumptions on S' and 52 ensure that either D; C Dj or Dj C D;. Assume the former since the latter is
similar. Naturally D; is a D;-vector space and using Lemma we get an isomorphism

¢D11 ®]KD]2_> H aDj~
o€Gal(D; /K)

Any (right) D} @k DF-module becomes a (right) [T, ccai(p, k) o Pj-module via ¢. Let us choose the idempotents
€o = (500’)U’Gal(Di/K) € HUeGal(Di/K) ng, where

Sogr = {1’ ifo =0,

0, otherwise.

Note that here we have to fix an order of the elements in Gal(D;/K) in order for e, to be well-defined. Using
e, we can construct a new species S’ such that T(S’) = T(S(S%, S?)). It is defined by taking S’ to be equal
to S(S',92) everywhere except at and around the vertex for D} ®x DJ2. and at that vertex we make the
following changes: We replace the vertex D} ®g D7 by vertices ,D; for o € Gal(D;/K) and define the arrows
in S’ as D; oMo, «D; for incoming arrows D; Mo, D; ®k Dj in S(S1,5?%) and similarly for outgoing arrows
D} ®x DJQ» EiLN Djin S(S', S?) we define arrows in S’ by ,D; Mpea, D for all o € Gal(D;/K). Continuing this
procedure for all vertices in S(S!, S?) yields a K-species, whose tensor algebra is isomorphic to S(S?*, S?), just
as in the proof of Lemma [3.4]

Table [1]is a table of species S(S!, S?) to which we have applied the above procedure. It contains all species
S and S? with quivers of at most one arrow. The other cases can be computed by using the table locally. We
have also assumed that Gal(G/K) = 2 since the more general case is given by a similar picture but with more
arrows, and also to make our diagram smaller and more readable.

Let us produce a field extension of Q of degree 3. Consider the cyclotomic polynomial p(z) = 1+ 2% + 23 +
2%+ 2° + 5. The polynomial p is irreducible and generates a field extension Q[¢]/Q of degree 6, where ¢ is the
primitive 7" root of unity. The Galois group is given as

Gal(Q[¢]/Q) = {¢ ~ ¢ [1 <k <6}

Note that the complex conjugation is given as the morphism & — &9 which has order 2. The element & + £~*
is fixed by complex conjugation and no other morphism in the Galois group. Thus Q[¢ + £71]/Q is a field
extension of degree 3 and its Galois group is

Gal(QE¢+ ¢ /Q) ={¢+ ¢ P+ 1<k <3}

We can even describe Q[¢ + £71] explicitly as Q[n], where n = cos(%’r) with

2w 2km

Gal(Ql)/Q) = {or | 1 < b < 3, 00(cos(=)) = cos(=)}-

4m

Using that cos(%F) = 21? — 1 we can deduce that

Gal(Q[n)/Q) = {1,0,0% | o(n) = 20° — 1}.
Example 6.14. Let S and @ be

[e3

Qi ¥, 192



46 CHRISTOFFER SODERBERG

| r | @ Fip FSa GSF ¢Sa
F F G r4p r&a GEF cSa
G G
V e ¢-S.¢
G G G G ¢%a G G
NE y ¢ =% ¢
el G
F-Et5F F-S5a G5 F G5 a
FSF|F>SF| G35aG lp lp lF lG lc lF lc lc
J F—5a G5 F G —<-5a

=
1@
Q
|
1@
Q
Q
Q
A
l@ l‘u
A
A — |
Q \Q
AN
s Q
<7Q Q
/
Q Q
<—Q |
Q
A
\
Q

n

Q

Q
Q
Q

Q

o :
G G K G \G ¢ %G
G_’>F G_’>F G lG lG G G G G G G G G
-G F e -G
F-f,F \ /C .
G F—¢% @ G—C——F .
G ; G
G——¢ ¢ |lG6——% @ G- ¢G
\ / lc; lc
] ] G566 | ¢-%a ¢4 a
c%allaSa lc lG
¢<%¢| -9 aq ¢ <% ¢
/ \ lac lgc
¢~ ¢ g |lG¢—C¢ Fg G <% ¢c

TABLE 1. Tensor products of K-species with at most one arrow in their quivers.

respectively. By Proposition (T(S) ®@g T(S)) = P(S(S,S),W(S,S)) where S(S,5) and Q®Q are given
as

Q[n]a ®eQ[n]

Q[n] ®q Q[n] Q ®q Q[

(1,1) —— (2,1)
Q[n] ®eQln]s Q®0Q[n]a » l \ l
(1,2) — (2,2)

Q[U]Q®QQ

Qn]®eQ[n]

Qn] ®q Q Q®geQ
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Identifying Q[n] ®o Q = Q] =2 Q®q Q[n] and using Table [I| as well as Proposition we get that II(T'(S) ®q
T(S)) = P(S',W') where S’ is given as

Q] 2l Qi) 2o Qs Q]

Wm
Q[n]

Qs 5Q[n]2
4(Qn]")s 3(QMI")s
6Q[n]s
6Q[n]a
Q
W

Q[n]

over the quiver

1 2 3

Ny
Vs
2

6

5

and the potential given as

W' = Z 21 ® (15 @ 510 + Mk @ 5m2 + 4 (0°)5 @ 5m3)+
i€{1,3,4}
- Z 61i ® (113 ® 516 + in% @ 5m6 + 4(0°)5 @ 515)
ic{1,3,4}

By [S624, Theorem 5.3] and [S624, Proposition 10.11] the Nakayama automorphism of P(S(S,S), W (S,5)) is
v =Idp(s wr), i.e. P(S(S,52), W(St,S?)) is symmetric. Thus by Theoremthe Nakayama automorphism
will still be given as the identity morphism when mutating at vertex 1. Mutating at vertex 1 yields the species
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with potential given by

1(Q[n]™)2 2(cQ[n])3

Qnl
2(,2Q[n])4

[2Q[n]1 ®qn1 1(Q[n]")s] 5Q[n]2

4(@[n")s

5Q[nle

QM6 [6Q[n]1®q[n)1(Q[N]™)s]

with potential

W= Z 21; ® (i1 ® s1o + inf @ sm2 + i(0°); @ sm3)+
ie{3,4}

— > L@ (13 @sle+im ® s +i(0°)5 © 5m3)+

ie{3,4}
+ 211 ® 115] @ 512 + [211 ® 102] @ 5m2 + 211 © 1(°)5] ®@ 5m3)+
+ 611 ®11%] @ 516 + [611 ® 1m2] @ 516 + [611 © 1(n°)E] @ 5m8)+

+ Z 117 @[ @113 @51 +117 @ [ @ 193] @ sm 4117 @ [i1 @ 1(n*)3] @ s
i€{2,6}

Example 6.15. Let S! be the species in Example and let S? be the species over Q2 where they are given
as

Qnls

Q Qm, 152

respectively. Again, by Proposition (T (SY) ®g T(S?)) = P(S(St,8%), W (S1,5%)) where S(S*, S?) and
Q®Q are given as

Q[1]a®eQ

Qn ®q Q Q®qQ
Qn®eQMls Qb @l Q®eQM]s » l \ l :
(1,2) (2,2)
Q) ®o Qly] —2_, g ey Qi)
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Similarly as in Example We have that II(T(S') ®q T'(S?)) = P(S(St, S?),W(St, S?)) = P(S',W’), where
S’ is given as

2Q[n]1

Q[n]

1((Q[n])")a

3Q[n]1 4Q[n]2

1(cQnDs

over the quiver

and the potential given as

2
W' =11 ® (115 + (119)" + (117 )" ® alo+

— Y (s sy +eyn) @ (Gawa)* + (o(@)y])* + (10%(2)yg")*) @ (a3 + a0 (@) + 10%(2)s)-
z,ye{l,nn?}
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Let us now mutate at vertex 2. It yields the following species

1(Q[n]™)2
Q[n] z

[4Q[1n]2®02Q[n]1]

2(Q[n]")a

Q[n]
with the potential

W =(15 4 (19" + (19))* @ [412 @ o 14|+

2
= > sy sy + o) ® (zya)” + (o (@)y)" + (107 @)y )T) ® (a3 + 40(2)5 + 40> (2)6)+
z,ye{1l,n,n*}
215 ® 412 ® 211] ® 115,
Note that here we had to apply &, to the first term in W’ before we did the mutation. Similarly as in
Example [6.14] the Nakayama automorphism will be the identity morphism.

All of the examples above satisfy the criteria in Theorem due to the main theorems in this article. The
upshot of our main theorems is that we can generate a lot of examples that can be quite hard to show to fit into
Theorem In particular, the mutated species in Example and Example are self-injective which is
certainly not obvious from their descriptions.
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