THE MOLLIFIED FOURTH MOMENT OF DIRICHLET L-FUNCTIONS
PENG GAO, XIAOSHENG WU, AND LIANGYI ZHAO

ABSTRACT. We prove an asymptotic formula with a power saving error term for the fourth
moment of the family of Dirichlet L-functions to modulus ¢ mollified by a Dirichlet poly-
nomial of length qﬁ‘g, valid for all moduli ¢ # 2 (mod 4). This result was previously
known only for restricted sets of moduli with smaller power savings. As a special case,
when no Dirichlet polynomial is enclosed, this leads to a significant improvement on X.
Wu’s asymptotic evaluation of the fourth moment of Dirichlet L-functions at the cental
point.

1. INTRODUCTION

It is an important subject to study moments of families of L-functions in number theory
as they have a wide range of applications. In this paper, we focus on the classical setting
of moments of the family of Dirichlet L-functions to a fixed modulus. Based on the
work of J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein and N. C. Snaith
in [CFKRSO05], it is conjectured that

(1.1) Mk, q) = > LG = ¢ (9)Pullogg) + O (g ),

X (mod gq)
where )" indicates a sum over primitive Dirichlet characters y modulo ¢, L(s, ) the L-
function attached to y and ¢*(q) the number of such primitive characters. We henceforth
assume that ¢ # 2 (mod 4) to ensure the existence of such primitive y. Here, P;2(x) is an
explicitly computable polynomial

PkZ(X) = Clkzxkz + akz_lxkz_l + -+ ag
with coeflicients in terms of finite Euler product
aj=C; l_[(l + fi(p)) < (loglog g)*"
plq

for explicit constants C; and arithmetic functions f;(p) < p~'. Throughout the paper, we
reserve the letter p for a prime number. The explicit expressions of a; can be calculated
from the shifted moments by setting all shifts to zero (c.f Theorem 1.1 for the case k = 2).
In particular, when g is a prime, all coefficients a; are absolute constants. In particular,
(1.1) implies that asymptotically,

(12) M(k, q) ~ apg’(@)(logg)*,
which is also expected (see [RS05]) to hold for all real & > 0.
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The validity of (1.2) for k = 1 follows from a result of A. Selberg [Sel46] on a more
general twisted second moment. Asymptotic evaluation (1.2) for k = 2 was done by D.
R. Heath-Brown [HB81] for most all g, whose result was subsequently extended to all ¢
by K. Soundararajan [Sou07]. For prime moduli g, M. P. Young [Youl 1] was the first to
obtain the asymptotic formula (1.1) for M(k, g) when k = 2 with a power saving error term
q‘%”. The error term in Young’s result are subsequently improved in [BFKMM17+a,
BFKMM17+b,BFKMMS23] to q‘z}*o”, which is currently the best known result for prime
moduli. For general moduli ¢, the asymptotic formula (1.1) was later obtained by X.
Wu [Wu23+a] with a power saving error term q‘414*18+€.

Instead of studying M(k, q), one may consider more generally the so-called twisted
shifted moments. For example, we say the corresponding case for k = 2 is the twisted
shifted fourth moment, which has the form

(1.3) DU L(3+ax)L(3+Bx)L(3+7.x) L3 +6.X) (),
X (mod ¢)
where «, 3, y and ¢ are complex numbers, and A, k € Z.

For prime moduli g, the expression in (1.3) was asymptotically evaluated for square-
free h, k by B. Hough [Houl6, Theorem 4]. The result was extended to cube-free A, k by
R. Zacharias [Zac19], and to general A, k by D. Liu [Liu24, Theorem 6.2]. In [GZ25+b],
P. Gao and L. Zhao obtained an asymptotical formula for the expression in (1.3) for ¢
being certain prime powers and general £, k.

Evaluation of the twisted shifted moments is essential towards our understanding of the
so-called mollified moments, which, for k = 2, has the form

(1.4) DU L +ax) L +px)L(t+rx)L(E+ox)[A(Lx)
x (mod ¢)

2

b

where A (% )() is a Dirichlet polynomial

(1.5) AL ) = apy(h)
(2)() ;‘ N

with the coefficients satisfying a;, < h°.

The mollified moment plays a pivotal role in an extensive range of problems, and as-
ymptotic formulas with a power saving error term are essential prerequisites for many
applications including the techniques of amplification, modification or resonance. For
example, they have been applied to study extreme values of L-functions [Sou08], non-
vanishing of L-functions at the central point [CSO7], and to achieve sharp bounds for
moments of L-functions with real exponents [RS15].

The degenerate case when 7 = k = 1 in (1.3) is called the shifted fourth moment.
One may define shifted moments for other families of L-functions as well. As revealed
in [Munl17,Sza24], these shifted moments are especially useful in estimating moments of
the corresponding character sums.

In view of the importance of the twisted shifted moments and mollified moments, it is
the aim of this paper to evaluate asymptotically the expressions in (1.3) and (1.4) for gen-

eral moduli g. As the situations are similar, we consider only the case of even characters
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(i.e. those characters y with y(—1) = 1) throughout the paper. For this, we define

My, ,8 y,0) =
o (q) > L(+ax)L(d+Bx)L(3+7.0)L( +oX)xhb).
X (mod g)
M(a, ,3 Y,0) :=
¢ (q) (Zd ) t+ay) L(3+Bx) L(5+2.3) L (5 +o.x) A (5] -
x (mod ¢

where k denotes the inverse of k modulo ¢, the symbol Y* henceforth indicates that the
summation is over all primitive even characters, and A is defined in (1.5).
To state our result, we need to introduce some notations. Let

me = XaXy, Xa,ﬂ,y,é = XQXBX7X5

with
1
X, = (@) /.
T lia
r()

Set
(16) Zh,k,q(a’ﬂ’ Y 5) = Yh(a,ﬁ, Y 5)Yk(y’ 55 a’&ﬁ)Zq(a”ﬁ’ Y, 5)a
where

LI +a+y)(1+a+0),(1+B+y),(1+pB+0)

Zq(a’ﬁ’y’(s): é’q(2+a'+ﬁ+'}’+5)

with £,(s) the Euler product of (s) with the primes dividing g removed and

1 oy
(17) Ya(a/,ﬁ, Y 6) = Zdy 1_[( p1+0+7)(1 - W)(l - W) .

dla pld

It is easy to see that Z,(«, B, y, 6) is invariant under transpositions a < g and y < ¢, and
sois Y,(a,B,7y,0) (see Lemma 4.1 below). As aresult, this invariance under transpositions
« < B and y < ¢ also hold for Z,; ,(a, B, v, 6).

1.1. Main results. Now, we are ready to state our results on M, (@, 5, v, ) and M(a, B, 7y, 6).
We begin with M,,.(a, 8,7, 9).

Theorem 1.1. With the notation as above, let h, k be integers satisfying (h,k) = (hk,q) =
1. Then there exists n > 0 such that for a,,7y,6 € {z € C: R(z) < n/logq}, we have

(18)  Mu(@.8.7.8) = (hk) My i@, B.y.6) + O (q~»**(|h] + k) B AD),
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where
A =(1+la)( + 8D + [yD( +|6]), and
My i(a, B,7,0) = Zppqg(a,B,y,0) + XogysZhkg(—Y, =0, —a, =)
+ XoyZniqgB, =, 0, —a) + XgyZy i o(, =, 6, =)
+ Xo5Znjg(Bs =0,7, —@) + X sZp i (@, =0,7, ).
Our next result evaluates M(a, 3,7, 9).

Theorem 1.2. With the notation as above, there exists n > 0 such that for a,f3,y,0 €
{ze€ C: R(z) <n/loggq}, we have

[N 7 s i
M@.B.y.8)= )~ Mi(@.B.7.6)+ O(q 5y HA%D).
a
ah,ak<y
(ahk,q)<:)l
(h,k)=1

Remark. To facilitate the reader’s understanding of the strength of Theorems 1.1-1.2, we
make some remarks here.

e If one sets 1 = k = 1 and all shifts to zero, then Theorem 1.1 establishes an as-
ymptotic formula for the fourth moment of Dirichlet L-functions as in [Wu23+a],
but with the error term being sharpened to q‘21*0+8. This error term is as strong
as the best known result established for the prime moduli case in [BFKMM17+a,
BFKMM17+b,BFKMMS23]. Given that our method of treating the error terms is
quite different from the those carried out in [BFKMM17+a, BFKMM17+b, BFK-
MMS23] concerning the prime moduli case, curiosity naturally arises regarding
the reason for this identical end via vastly distinct means. We note here that upon
careful comparison, the term q‘%” in both situations ultimately stems from cer-
tain diagonal terms introduced when applying the Cauchy-Schwarz inequality.
This suggests, to a certain extent, that any further improvement in the g-aspect
seems very unlikely via these approaches.

e For twisted moments, we contrast Theorem 1.1 with previously established results
for various special cases, such as [Houl6,Zac19, Liu24, GZ25+b]. We note that
Theorem 1.1 establishes the asymptotic formula for general moduli g and general
h, k, sharping the error term in all aspects including ¢, &, and k.

e The asymptotic formula of the mollified moment in Theorem 1.2 is valid (the
main term dominates the O-term) if the length of the mollifier does not exceed

1 . . . . .
g2=~°. This situation is somewhat analogous to the mollified fourth moment of
the Riemann zeta-function, established in the works of C. P. Hughes and P. Y.
Matthew [HM10] and S. Bettin, H. M. Bui, X. Li, and M. Radziwitt [BBLR16],
where stationary phase methods applied to the Archimedean integral over ¢ im-
pose stringent constraints on the shifted convolution sum through the variable
clustering effect, thereby producing significantly improved error terms.

e If one only aims for an upper bound, then we note that V. Blomer, P. Humphries, R.
Khan, and M. B. Milinovich [BHKM?20] applied their Motohashi’s fourth moment
identity to obtain that

M(0,0,0,0) <, ¢°,
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for prime moduli ¢ and square-free sequences a;, < h®. Their upper bound holds
for a very long mollifier with y <« q%‘g. However, as mentioned in [BHKM?20],
their method does not give asymptotic results.

e In view of Theorem 1.1, Theorem 1.2 gains some additional power saving in the
y-aspect through averaging over 4 and k.

e The utility and relevance of Theorems 1.1-1.2 clearly lie in the study of the fam-
ily of Dirichlet L-functions (more specifically, non-vanishing at s = 1/2 and ex-
istence of large values, for instance). As a direct application, one may apply the
approach in the work of Gao and Zhao [GZ25+a], while using the result of The-
orem 1.2 in place of those in [Houl6] or [Zac19]. This allows one to extend the
result [GZ25+a] to establish sharp upper bounds for all 2k-th moment for k < 2 at
the central point of the family of Dirichlet L-functions to general moduli.

Our proofs of Theorems 1.1-1.2 loosely follow the modus operandi of [Youll] and
[Wu23+a]. The calculation of the main terms is quite involved, and their discernment,
most crucially, comes from studying a smoothed version of the generalized Esterman D-
functions (discussed in Section 2.4). The treatments for the error terms are divided into
two parts: the balanced ones and the unbalanced ones. The balanced error terms are han-
dled using spectral theory and the spectral large sieve, where we remove the dependence
of the Ramanujan—Petersson conjecture and minimize the impact from £, k by establishing
new upper bounds for sums involving Kloosterman sums, Theorems 1.3—1.4. The treat-
ment of the unbalanced error terms is based on applying new bound for bilinear forms of
incompleted Kloosterman sums, which was proved for general moduli by B. Kerr, 1. E.
Shparlinski, X. Wu, and P. Xi [KSWX23].

We note that as our primary goal is to obtain power saving error terms in the g aspect
when evaluating M, .(a,f,y,0) and M(a,B,y,6). Thus we do not make explicit the
dependence on the parameters @, 3, ¥,  in the error terms. Often, in our treatments below,
we shall omit the dependency on these parameters as well.

1.2. Upper bounds for sums of Kloosterman sums. In our proof of Theorems 1.1-
1.2, we need to estimate certain shifted convolution sums that appear in the process (see
Section 8), which requires a good control on related sums involving with Kloosterman
sums. We develop the necessary tools in this paper as well.

Let a and b denote two cusps of the Hecke congruence group I'o(Q), with corresponding
scaling matrixes o, 0. For integers m, n and real number y such that there exists a matrix

((; g) € 0, 'Ty(Q)oy, the associated Kloosterman sum S . ,(m, n; ) is defined as

(1.9) Seslmmyy= > e(m9+n§),

O (mod yZ) v v
where the sum runs over all & modulo yZ for which there exist @, 5 completing the matrix

(3 g) in 0;'Ty(Q)og,. When a = b = oo and Q = g, this reduces to the classical

Kloosterman sum S (m, n; q).
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Sums of the type

(1.10) Z a Z Z (4”W) (1, £15Y)

M<m<2M N<n<2N

have been widely studied due to their numerous applications. Here ¢ is a smooth test
function satisfying

(1.11) Suppe C [X, 8X],
and
(1.12) Iglle < 1, Nl <1, [lI¢”ll < X7,

for some positive parameter X. The classical upper bound for such sums was established
by J. M. Deshouillers and H. Iwaniec [DI82, Theorem 8], using spectral analysis.
The asymptotic twisted moment problem requires evaluating the shifted convolution

23] oo (3w ().

hm=kn (mod q)
(mn,q)=1, hm#kn

for h,k, M,N > 1 and smooth test functions W. The error terms in such evaluation
depend critically on estimating sums of the form (1.10) involving Kloosterman sums
S wp(sm, £n;y) with an individual shift s (typically large). Here, the level of the Hecke
congruence group Q is roughly a product of hk with certain factors of ¢ arising from
the comprimality condition (mn,q) = 1. Usually, the spectral analysis of such Kloost-
erman sums with an individual shift will produce error terms involving s-power factors,
whose exponents depend on the current state of our knowledge towards the Ramanujan—
Petersson conjecture. When establishing an asymptotic for the second moment of twisted
modular L-functions, one must handle a similar shifted convolution sum

22, Asmasoow () w ().

m=n(mod q)
(mn,q)=1, m#n

where f and g denote fixed cuspidal Hecke eigenforms, with respective Hecke eigen-
values Ay and A,. For this sum, Blomer and Milicevi¢ [BM15] successfully eliminated
the dependence on the Ramanujan—Petersson conjecture through a clever arrangement of
Holder’s inequality after the spectral decomposition. We are able to adapt their idea to
our present setting, incorporating new techniques to manage the higher level Q’s. The key
input is Theorem 11.6, where we minimize the influence of s through a novel relation of
Fourier coefficients, Proposition 11.4.

Let 1,(Q) denote the least positive eigenvalue of the Laplacian for I'o(Q), and we define
the number

By = Ymax{0, 1 —4.1,(Q)}.
Selberg’s eigenvalue conjecture posits that 4;(Q) > }l, which directly implies #y = 0. To
date, the most comprehensive understanding we have regarding 9 in general is that ¥y <
%. Our results on Kloosterman sums are presented in the following two theorems. These
results can be of independent interest since they may be applied not only to analogous

shifted convolution sums but also to other problems in analytic number theory.
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Theorem 1.3. We keep the notation as above. Let s € N, Q = uv with (u,v) =1, M\,N > 1,
and set C = M+ N + Q + X + 5. Suppose that ¢ is a real valued function satisfying (1.11)
and (1.12). For any complex sequence (a,)meimams (bn)neinan), we have

(1.13)
4+/sm 1 +|log X| + X %
Zam Zb Z ( dl ) ool u(sm, 03 y) < C? *llog X| +

1+X

(5,0)1
Qi
Through standard Fourier analysis (for instance, as in the proof for [DI82, Theorem 13,

p-269]), one can derive from Theorem 1.3 the subsequent result.

x(1+X+—) (1+X+

Qz

1
N2 1
) (1 X+ —f)M%namn;nbnnz.
Qi

Theorem 1.4. Keeping the notation as in Theorem 1.3, suppose that g(m,n,l) is a real
valued function of €° class, having compact support in [M,2M] x [N,2N] x [L,2L] and
satisfying

Ji+j2+)3

ljlmjzl’lh mg(m n, l) < C? with 0 < jlajZ’j3 <2.

For any complex sequences a,,, b,, we have

1+|logX|+X?

" b,g(m,n, DS (smv, +n; 1 ce 2L
(Z’V)ZIZm:a Z,,: gim,n, DS (smv, +n; lu) < T+ x uy

1 l 1

2 N? 1 L

x(l X+ S—) (1 ixe 8O ) (1 X+ —])M2||am||éo||bn||2,
0> 0> Q>
where
x:“Mﬁﬁ.
uviL

1.3. Notation. As usual, we use € to denote an arbitrarily small positive constant that
may vary from place to place. We write W(x) for a smooth non-negative function, which
may have different expressions for each occurrence, but always has compact support in
[1/2,2] and satisfies

(1.14) W(x) < ¢’°

for any j > 0. We denote its Mellin transform by W and its Fourier transform by W, with
similar notation for other functions. For d, g € N, denote by g, the maximal factor of g
such that (g4, d) = 1.

The notations o (n) and o, g(n) are defined as

oa(n) = Z d*, Topn) = Z ad?®.
din ad=n

Clearly, o g(n) = n"%0,_g(n). We also write 7(n) for the divisor function.
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2. AUXILIARY LEMMAS

2.1. Approximate functional equation. We shall evaluate M, (c,f,7,06) by first ex-
panding it into a Dirichlet L-series, using the following approximate functional equation,
derived from the standard functional equation of L(s, y). This result is taken from [Youl 1,
Proposition 2.4].

Lemma 2.1 (Approximate functional equation). Let G(s) be an even, entire function of
exponential decay in any strip |Re(s)| < C satisfying

GO)=1, G(t+a)=G(+£8)=G(t+y)=G(sx6)=0.

Define
1 G(s) _
Vo = — 8« 'd s
,ﬁ,y,é(x) i j(: s 8 ,ﬂ,y,é(S)x N
where
L+ra+s+a LiB+s+a Liy+s+a L +6+s+a
R G Al S Al S A S R B
Bapyals) =T r lta+a r L +p+a r Liy+a r l+6+a - 4= 2 ’
2 2 2 2
We have

L(3+ax)L(3+B.x)L(3+7.%)L(}+6.%)
= Z Tap(mM)0y s(m)x (m)x(n) Vosys (mn)

(mn)% ?

O —a-p(M)0—y _s(V)x(M)x (1) mn
+Xmﬁ,7,6z E T V—a,—ﬂ,—y,—é — -
(mn)2 q

m,n

2.2. The orthogonality formula. After using the approximate functional equation to
expand M, (e, B,v,0), we need to compute various sums over characters via a standard
orthogonality formula presented below, available in [HB81] and [Sou07].

Lemma 2.2 (The orthogonality formula). For (mn,q) = 1, we have

> xmgm =4 Y e@u(d).

x(mod q) dl(g,m=n)

2.3. Two partitions of unity. We also want to localize the variables in certain sums
appearing in the proof of Theorems 1.1-1.2. To that end, we utilize two smooth partitions
of unity. The first is the classical dyadic partition.

Lemma 2.3 (Smooth dyadic partition of unity). There exists a smooth non-negative func-
tion W(x) having a support on [1/2,2] and satisfying (1.14) such that

2.1) ZW%) -1,

k>0

for any x > 1.



Our next lemma introduces a smooth partition designed to distinguish the relative sizes
of two variables. This partition is also discussed in [BBLR16] and [Wu23+b, Section
2.6].

Lemma 2.4. There is a smooth function w(x) such that
w(x) + w(x_]) =1,

for any x € R, and w(x) <; (1 +x)™ for any fixed j > 0 and x > 1. In addition, its Mellin
transform w(u) has a simple pole at u = 0 with residue 1, and satisfies

—( a=B\ —_{ v—-0 )
+— ) = 0
“’( 2 ) “’( 2
2.4. Generalized Esterman D-function and Voronoi summation formula. Let V(x)

be a bounded function. For ¢,/ € N, h € Z, and 1 € C, define the generalized Esterman
D-function as

h o\ _ o (n)
2.2) Dq(s,a,?v)_z e ( )V()

(n,g)=1

9 l’
This function was originally investigated in [Wu19] and further extended in [Wu23+a].

Lemma 2.5. Let q, h, [ be integers, satisfying (I, hq) = 1. For any fixed 1 € C, D, (s, A, %)
is meromorphic as a function of s, satisfying the functional equation

We also adopt the convention by writing D, (s, A, 1) for D (s A,k V) when V(x) =

ﬁ _ —2-142s _ _ @ :Uz(a) @) A2
(2.3) Dq(s,/l,l)—2(2ﬂ) FA-s)TA+A1-90 Y == o

alg

7l ha? P! ha?
X [cos (E)Du(l —5,-A, T) — COos (7r (s - 5)) Da(l -5, —A, _T)] .

If 1 # 0, then Dy(s, A, &Y has simple poles at s = 1 and s = 1 + A with the corresponding
residues being, respectively,

»(q)

l—l+/lé« (1 ‘P(Q)
q q

2, (1 + ).
q

Proof. This arises as the case r = 0 of [Wu23+a, Proposition 5.3], with residues being
immediate. In the functional equation given there, the b-sums all equal 1 for our case.
Upon expanding the Esterman D-function as a Dirichlet series, we factor the exponential

I ha?\ ( i
eln—|=¢en—|efn—|.
la1 l aq

The i-sum evaluates to u(a;) via Ramanujan summation. For fixed a;, the a-sum in
[Wu23+a, Proposition 5.3] becomes
Z pa) _ elq) plar)
q ¢la)

ailalg
Substituting the above into the original functional equation given in [Wu23+a, Proposition
5.3] directly yields (2.3). This completes the proof. O
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Lemma 2.6 (Voronoi formula). Let g, h, [ be integers satisfying (I, hq) = 1. For a smooth,
compactly supported function V : (0, 00) — C and any complex number A # 0, we have

24) D, (s, A,?;(V) ‘D(q)l—l“gqa DV - 5) + ‘D(‘pz-l (1 + D)V =5+ 1)
QD(Q) M (d) —1+41 @ m
azlq o %f’ ”(’")e( " )(V* ((l >2)’
where
V.(x) = 2(27r)—HL A ) 'V - N — w1 + A — w)S .du,
27Tl (-2)
with

S, = cos(’%), S_ = Cos(n(u - %))

If V(x) = W(x/M), then
IV (x) <a; ¢ (1 + Mx)y ™ MR,

Proof. Applying the Mellin transform of V, we obtain

h 1 h
Dq(s,/l,j;(V) i (Z)W(u)Dq(s+u/1 l)du

1

h
—s)D A, = |du.
27Tl (2)(V(u S) ( l) “

Shifting the contour to ¢, = -2, the residues at u = 1 and u = 1+ A (given by Lemma 2.5)
yield

»(q) <p(q)

p X, (=Y —5), =20+ VA - s+ ),

respectively. The remaining integral is handled by applying the functional equation in
Lemma 2.5, and then expanding the resulting D, using the Dirichlet series expression
given in (2.2), which leads to (2.4) .
When V(x) = W(x/M), we have
V(u) = M"W(u),
and then

25) V.x) = 2(2n)—2-ﬂMS2iﬂi f A Mx)" " "W — )T — w)['(1 + A — u)S .du.
(=2)

The bound
V. (x) <4 ¢°(1 + Mx) A MR

follows from shifting the line of integration in (2.5)toc, = —A (Mx> ¢®)andc, = 1—¢
(Mx < ¢°). The bounds on the derivatives follow by differentiating j times under the

integral sign. This completes the proof. O
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3. SKETCH OF THE TREATMENT FOR MOMENTS

Upon applying the approximate functional equation (Lemma 2.1) and then evaluating
the resulting character sums via orthogonality (Lemma 2.2), we see that M, is decom-
posed as

(3.1 M@, B,v,6) = My, B,y,0) + Mz, B,y 6),
where
Myi(a,B,7,0) = 7 )ZQD( )/J( )
diq
1 mn
% Z I+a 14p Ly §+6Va’ﬂ’7’5(?)’
hm=+kn (mod d) l’l’l1 m2 l’l1 1’12

(mn,q)=1

where we set m = mym,, n = nyn,, and

(3.2) M7 (@, B,Y,0) = XopysMin(—a, =B, =Y, —0).
We further split .7, ; as
(3.3) My = ///;f,)k + My + Mo

where /4 W corresponds to the contribution from the diagonal terms (hm = kn), while
M, hfk and A i ccount for the contribution from off-diagonal terms with hm = kn (mod d)
and hm = —kn (mod d) respectively. The term ., fk contributes to a main term and will
be treated in Section 5.

Similarly, we have

( D + -
Mg = Mg+ Mo+ M
In what follows, we shall primarily focus on the evaluation of .#,x as .7 can be evalu-
ated via the relation (3.2).

Upon applying Mdobius inversion to eliminate the conditions (m;, g;) = 1 and (n;, q4) =
1, we recast the two non-diagonal terms as

(4) M5@.By.0) = Z edp(2) D woplac,qim,obe, q0Af @,

) abclqd
(a,b)=1
where
2
au(a

(3.5) Togla )= > ma)par) l)ﬂf e & # > &,

ailg, azlq a12

ajay=a
and

. 1 mn
Aud = ) v 3 Lay Leo V“’ﬁ’y"s(?)'
hm=+kn (mod d) ml m; nj ”22

(mn,d)=1
11



We partition the sum A, (d, X) into two cases depending on whether im < kn or hm >
kn. When hm < kn, we apply Lemma 2.4 to rewrite it as

T p(m) ol™) e ol™Nv (mnlnz)
by b U\ |7 g J) )
1

1
hm=kniny (mod d) M2 N n,
(mnyny,d)=1

When hm > kn, we use instead the identity

a)(@) + a)(@) =1.
ny my

This decomposition splits A, (d,X) into four terms, obtained by permuting the shifts
h,k,a,pB,- -, so that

A;l—,k(d’ X) = ﬂ;,k(a/’ﬁ’ Y 5) + ﬂ;’k(a’, ﬁ’ 6’ 7) + ﬂ]-:,h(y’ 6, a, ﬁ) + ﬂ]-:,h(éa Y ﬁ’ a’)’

where
T o5(m) n mnn
+ 3 B 1 172
Auapord)= Y (M),
hm=knn, (mod d) l’l’lfl’ll2 I’l; 2
(mniny,d)=1

We apply a similar decomposition to A, (d, X), but now using the identity

hm N kn 1
wl—|+w|l—|=
kn hm
instead of the previous im < kn and hm > kn splitting. This partitions A, ,(d, X) into four
terms

A};k(d’ X) = ﬂ;,k(a,ﬁ, 7’ 6) + ﬂ;’k(aaﬁ’ 6’ 7) + ﬂ];h(y’ 5, Q,ﬂ) + ﬂ]zh(éa ')’,ﬁ, Q),

where

~ 0o p(m) hm mnn,
ﬂh’k(a’ﬁ’ Y, 6) = Z ] l+7 l_st knin Va,ﬁ,y,&( X .
hm=—knn (mod d) M2N] " N5 172
(mnyny,d)=1

Applying the smooth dyadic partition to localize the variables m and n, we obtain

Ar (@, B.7,6) = ) Bi(@.B,7, 8 M,N),
M,N

= .» inherit the structure of Ay,

tions W (%) and W (%) The analysis of B,f’k(M, N) bifurcates based on the relative sizes
of hM and kN. The main terms arise from the balanced terms, in which 2M and kN are
close in magnitude. Conversely, when AM and kN differ significantly, these B (M, N)
(dubbed unbalanced terms) contribute only to the error terms.

For balanced terms, we demonstrate that

where the summands, B but incorporate smooth test func-

B (@, f,7,6; M,N) = (Main term) v + Ej; (M, N),
12



where the main terms are too intricate to explicitly state here. Instead, we focus on the
summation over all M, N. The following single upper bound (see Lemma 6.1)

1 .
. L (hM\? kN -
(Main term)y y <; ¢’°(hk)™2 (W) (1 + W) , forany j> 0,

extends the summation to unbalanced terms with an acceptable error. These analyses are
detailed in Section 6.

We estimate the error term E,f (M, N) in Section 8, leveraging the upper bound for
sums of Kloosterman sums established in Theorem 1.4. Let S,f’k(M, N) denote the total
contribution of Eik(M, N) to M;x(a,B,y,0). The following estimate holds.

Theorem 3.1. For hM < kN, we have
1 1 1 1
hk\* (kN \* hk\? (kN \?
3.6 E . (M,N l—] | — fl—) [— .
2 vouw <o () (35) < () (i7)
Let &*(H, K, M, N) denote the total contribution of E,f’k(M, N) to M(«a, 8,7, ), where h
and k range over [H,2H] X [K, 2K]. Explicitly,
+ aha_k +
EXH.KMN) = Y Y —LE(M,N).

H<h<2H K<k<2K ?K?

A trivial estimation of the summation using (3.6) yields the following bound.

Theorem 3.2. For HM <« KN, we have

(3.7) EX(H,K, M,N) <

(HK)i (KN)i , HK (KN)%
gi— \HM) 43—« \HM

Let @ik(M, N) denote the total contribution of Bik(M, N) to M (a,B,y,0), and let
P*(H,K, M, N) denote the total contribution of Bik(M, N) to M(«a,B,7v,0), where h and
k range over [H,2H] X [K,2K]. When M is significantly smaller compared to N, we can
bound them via the following trivial bounds

(3.8) ZE(M,N) < """ *(MN)? + ¢*(M/N)?, PB*(H,K,M,N) < g "**(HKMN)?*.

The proofs of Theorems 1.1-1.2 is completed by analyzing unbalanced terms in Sec-
tions 9—-10, where %’ik(M, N) and #*(H, K, M, N) are reformulated as bilinear forms of
incomplete Kloosterman sums. These are then analyzed using new bounds from [KSWX23]
alongside Weil’s well-known bound.

4. SOME ARITHMETIC SUMS

Lemma 4.1. For complex numbers «a, 3,7y, 6 and any integer a, let Y, (a, 8,7, 0) be defined
as in (1.7). We have

Ya(a’ﬁ’ y’ 6) = Ya(ﬁ’ a, ’y’ 6) = Y(l(ﬂ’ a’ 6’ 7) = Y(l(a’ﬂ’ 6’ y)'
13



Proof. Applying the identity

1 _ 1 1 1
- p2+a+ﬂ+y+6 1= py—6 - pl+a+6 - p1+,8+6

LA O N PR
- l_py—(S - p1+a+y N p1+,8+y ’

1
4.1) Yu(a,B.y, 5)(1 - ]W)

1 1 pr9 — pkrhor=0) 1 1
:_ky - 2+a+f+y+6 + 1= pr=s - l+a+y - 1+B+y
p p p p p

p—<k+1)y 1 1 p—(k+1)5 1 1
= -y — p—6 - l+a+8 - 1+B+6 + -6 _ v - l+a+y - 1+B+y | *
p p P p p p P P

This expression is symmetric in @ and 3, as well as in y and 6. Thus,

Y (a,B,7,0) = Y(B,a,y,0) = Y (B, ., 06,y) = Yr(a@,B,0,7).

The general case follows from the multiplicativity of Y,,. O

we arrive at the expression

The calculation of the diagonal terms requires evaluating the following arithmetic sum

Taop (d)o-y,é (ad)
d .

Fol@,B,7,0) = )

dla®
Our next result evaluates 7,(a, 8, ¥, 9).

Lemma 4.2. For complex numbers a,3,y, 6 and any integer a, we have

1! Ly
Fola,B,v,0) =Y, (a,B,v,0) l_[ (1 - p1+a+y) (l B )

1+6+y
pla p

1\ 1\ 1
X (1 - p1+a+6) (1 - p1+ﬁ+5) (1 - p2+a+,3+y+6)'

Proof. By multiplicativity, it suffices to prove the case a = p*, k > 1. Expanding o, 4(d)
implies that

0 1 0 1 i

Fi(@.B.y.0) = Z i) Z i Tro (P
P = P

Applying the identity

—(k+i+j+1l)y _ —(k+i+j+1)0

p

pr—p?°
14
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we see that

1\ 1\ pk+Dy
T (@.8.7.6) :(1‘W) (l—pw) P

1 -1 1 -1 prs
== plato - plBre | poy — po

-1 -1
1 1
ﬁk(a’,ﬁ, v, 5) :ka(a,ﬁ, Y, 5)(1 - W) (1 - W)

-1 -1
1 1 1
(1 - p1+a+y) (1 - p1+,8+y) (1 a p2+a+ﬁ+y+6)'

The general case follows from multiplicativity. O

By (4.1), this simplifies to

Our next lemma deals with an arithmetic sum of Y,(«, 5, y, ). For notational conve-
nience, we define

4.2)  Yikapys() =Y(=6 =5+ s,v+s,—-a—-)YV(y+s,—-a—s-0—s,B+s).

Wiy

Lemma 4.3. Let q be a square-free integer and

wa,ﬁ(ac’ q)wy,é(bca CI)
a%+sb%+sc2s

Go@.By.6,9) = )

abc|q?
(a,b)=1

ya,b,w,ﬁ,y,&(s) .

Then we have

1 1
Qq(a’,ﬁ, Y, 6, S) = rl (1 - p]—a+ﬂ) (1 - p1+ﬂ+7+2.§')

plg

1 A ) 1
x(1= p1+y—6 - p2—a+ﬁ+y—6 1 - ]_? + p1+y+6+2x ’

Proof. By multiplicativity, it suffices to prove the case g = p (prime). From (3.5) and
(4.2), we have

3 1 1 ) 1
@ap(p,p) = _p%ﬂ” e @ap(p*, ) = P
Yrapys(8) =Y (=0 —5,+ 5,7 +s5,—a—25),

yl,pk,a,ﬁ,y,é(s) = ka(y +s5s,—a—s5,—0—s5,0+ s).

Additionally,

1 1 1 1 1
CHRZ 6)(1 - IW) - E + E - plratys B plBry+o’
15



and

1 1 1
Y (a.B.y, 5)(1 - W) == (1 - W)

p¥
1 1 1 1
+ py+6 + ﬁ - p1+a+y - p1+ﬂ+y :
Expanding G, renders that
@a (P> P) @y5(p, p)
gp(a :8 7’6 S) - 1 —+~yp,1,(y,ﬁ,y,(5(s) y—yl,p,w,ﬁ,y,é(s)
p* P
@ p5(P*, p) @, 5(p%, p)
+ Ty 2 LaBys(S) + }Ts‘y Lp2aBys(S)
@op(p*, )Ty s(p, P) @ap(p, P)Ty5(P*, P)
+ l+3 . yp,],(l,ﬁ,’y,(s(s) + l+3y yl ,p,a,ﬂ,y,ﬁ(s)
p> p>
@a (P, Py 5(Ps p) Wap(P*, P)Tys(P7, p)
+ p2s p4¥

A straightforward calculation yields
1 1 1
Gp(@.p.7.0.5) (1 - W) = (1 - pl_a+ﬁ) (1 - p1+ﬁ+7+2s)

1 2 1
x(1- p1+y—6 1- ; + p1+y+6+25 ’

which can be verified using a mathematical software, such as Mathematica. The general
case follows from multiplicativity. O

Our last two lemmas evaluate certain Dirichlet series.
Lemma 4.4. Let a, b be coprime integers. For Re(s) > 1 and Re(1) > —1, we have

1 car) _ 1y 1 V8 +A+s)
er e l_[(l PH) L+

r>1 (Lb)=1 pla

Proof. Letr — a;br’ and | — a,l’ with ay = (a®,r), a; = (a®, 1), and by = (b, r). This
factorization ensures

Cal(r) = caaz(al)cl’(r/)-
Thus, the sum decomposes as

4.3) Zrl Cl";f?—c( )]_[( ) (%}_1% > cl;(ff,

rzl (L.b)=1 plb (lab)=1

where

Caaz(al)
Cw =D, ), gt
aila® azla® 2

16



By [Wu23+a, Lemma 6.2], the inner sums equal to

Z Z cr)  La()a(1 + A+ 5)
P 2+

et 7 (e
To compute C(a), it suffices to consider a = p* by multiplicativity. Using the identities
for Ramanujan sums
0, fori<j—-1,
ij(pl) = _pj_l
o(p’)y fori>j.
we write a; = p', a, = p’ and partition the sum for C(p¥) into two terms, based on whether
i=k+j—lori>k+j. Explicitly,

fori=j-1,

e _ @(p**) 1
cp) = Z ](2+/1)+(k+] Ds Z e is
= P L )

s -1 -1 -1
N A 1 +P- 1 1— 1 1— 1
- pks—k+1 p1+/l+s pks—k+l P pl+/l+s

_ 1_ps—l 1 -1 1 -1
- phs=D - E 1- plars |

It then follows from multiplicativity that for any a,

1 1\ 1\
cw=a=T[1-5)(1-5) (1-7) -

pla
Substituting this back into (4.3) yields the lemma. O

=)

Proof. By multiplicativity, it suffices to verify the identity for ¢ = p (prime) and g = p*
(k>1).
For g = p, the left-hand side (LHS) simplifies to

2 1 2 -2 1
-3 )22 )

Lemma 4.5. For any z € C, we have

T35

Plqa plg

p'*  pF p'=
which is the same as the right-hand side (RHS) of the desired identity in this case.
For ¢ = p* with k > 1, the LHS reduces to

Ezﬂwz(ﬁ)
dl+z

d|pF

Note that here the only contributions come from d = p*~! and d = p*, so that
()¢@“UZ e’ _ e (1
Hp ph=D+2) ~ pk(1+2) - pri+2) pi=2 )]’
17




One checks directly that right-hand side matches this expression. This therefore com-
pletes the proof. O

5. DIAGONAL TERMS

Note that when considering the contribution from the diagonal terms hm = kn, the
summation over d is simplified by the factor ¢*(g). Let hy = (h*,m) and k; = (k*,n).
Given that (h, k) = 1, we have

D gyt Y ZeslUToBIK) s %,ﬁ(n)vy,(s(n)v(hkh%k%nz)

2

I hiky (n.hkg)=1 n q
Ky [k
1 G(s) ¢* oo p(hikky)o, s(hhik oop(n)o, s(n
:T W4 852 Z o ]hl+123kl):i§ ) Z o« 1)+2s%6( )ds
I S (hk)2™ s 1M (nikq)=1 n

Jey [
By the Ramanujan identity, the summation over n evaluates to
Cikg(1 + @+ ¥ + 2)ug(1 + @ + 6 + 28)g(1 + B+ ¥ + 28)g(1 + B+ 6 + 25)
lig2 + @+ B+y+6+4s) '

We shift the contour of integration to Re(s) = —}1 + &, encountering only a simple pole at
s = 0 since all potential poles from the zeta functions are canceled by zeros of G(s). The
remaining integral contributes an error term of O (q‘%“’").

For the residue at s = 0, the sums involving /; and k; correspond to F(a, B, 7y, d) and
Fi(y, 0, a, ) respectively. Applying Lemma 4.2 and the definition of Z,;, given in (1.6),
we conclude that

M .y, 8) =(hk) Y. B,y )iy, 6, €. )Z (e, .7, 8) + O (g7 ™)
=(hk)"* Zy (@, B,7,6) + O (7).
We evaluate ///}%(a, B,7v,0) via (3.2) to see that

5.1

(5:2) M@ B,y.0) = (kY™ Xa gy 6Znig(—¥s =6, —t, ) + O (q_%+€).
6. EVALUATION OF B’—'

Note that the condition (n,,d) = 1 in B}, ik is automatically satisfied by other variables.
We factorize h = h h, where h, = (h,n;). By canceling &, in the congruence condition
and performing the variable substitution n; — h,n;, we transform the congruence into

(6.1) knin, =dr £ hym
for integers r > 1. We define the following functions
1 hokn? hom(dr + hym)

6.2 F*(m) = L_|v :
©2 ) (dr+h1m)%+5w(dr+h1m) ( kX
and

1 hgkn% hlm hzm(d}’ - hlm)
6.3 F~ = Vv .
©3 o (dr—hlm)%+5w(dr—h1m)w(dr—hlm) kX

18



We now eliminate n, using (6.1) to see that

T Y D Y S YN

hihy=h h; 73 =1 hym=Fdr (mod kny) M2
(m,d)=1
where
m hy(dr + hym)
6.4 F% (m) = F* W(—)W fotdr = m))
(6.4) M,N(m) (m) M ( N

For any divisor g | kn;, we factorize g = kil where [ = (g, n;) and k; | k. This establishes
a bijection between g and the ordered pairs (k;, /). Leveraging this decomposition, we
eliminate the congruence condition using primitive additive characters

1 * drt £ hymt
1y, m=%dr (mod kn)) = o Z Z 6(—1)

L glfon; 1 (mod ) 8

Z Z Z* (drtihlmt)

= — el ——|.

L%k fl=my t(mod kil kil
(fok)=1

Substituting this into the expression for B}, we obtain that

6.5 B, = ﬁ >y

+y
hha=h Kk h2

DIDY Y, 3 el palh s e p
e\— a,a — 1Y .
n1+76 kil )¢ kil TN
rx1 (n1,dh)=1""1 fl=n; t(mod k1)
(fk=1

hk>

By Lemma 2.6, the dominant terms of D, are given by

o d) (1 —a+pB) =, o(d) L1 +a—pB) =,
d d(kl izess — MY (% - a/) o d d(kl [)l+a—p " MN (% _ﬁ).

Substituting these into (6.5), we denote by Pik(a, B,v,0; M, N) the contribution of the
first term above, while noting that the sum over ¢ there evaluates to ¢, ;(r). By symmetry,
we obtain

Bik(a/,ﬁ, v,0,h,k) = Pik(a,ﬁ, v,0; M,N) + P,i;k(ﬂ, a,y,0, M,N) + Eik(M, N),

where
SO(d) (1l —a+p) 11
(6.6)  Pi@.B,y.5;M,N)= P > o
hihy=h kil h;
Ci(r) =, 1
XZ Z fl+)/ o Z 12- a-ll-ﬁ+'y 5FMN(2 a).
=1 (fdhik)=1 (Ldhy)=1

We focus on analyzing P;, in the remainder of this section and defer the treatment of the

error term E}, to Section 8.
19



6.1. Upper bound for main terms. For the terms P,f’k(a, B,v,0; M, N), we establish the
following upper bound that permits extension of the main terms to all M and N.

Lemma 6.1. For any j > 0, we have

. _(MN): KN\
Piala@.B.y, 6 M, N) < ¢"— (HW :

Proof. Observe from (6.4) that for any j > 0,

. (ha\ (. KN\
(67) FM’N(I’I’Z) < qj (m) (1 + m) ,

where the dominant factor follows directly from (6.2) and (6.3). For F ,T,I,N(m), the rapid
decay in (6.7) originates from the W-function in (6.4) with r > 1, while for F, ,(m) it
arises from the second w-function in (6.3). This rapid decay property also implies that the
number of terms r is O(kN/hyd).

We denote the Mellin transform Fj,  of Fy; \, by

FE,N(”):I FIT,,’N(x)x“_ldx.
0

Applying (6.7) to the above yields

—_ ~ i : N
FIT/I,N(% _a)’F]Jf/I,N(% —ﬁ) < qjs(hkz_]\]]‘/l)2 (1 + :—]]‘V/I) .

Substituting this into (6.6) and performing trivial summation with the number of r not
exceeding O(kN/h,d) allow us to complete the proof. O

We now apply Theorem 3.1 and Lemma 6.1 to extend the summation range of the main

terms to include unbalanced terms with controlled error terms. After summing over all M
and N using (2.1), we proceed with the final analyses of the main terms. We define

i@, B,7,0) = D Piy(@.B,y, 6 M,N).
M,N

It follows from (3.4) that its contribution to . (a, 3,7y, 0) is given by

+ _ 1 q
68 Qupr.o= dzlqgo(dw( 1)

X Y Waplac,qa)mys(be, 4P, (. 5.7, 0),

abclqi
(a,b)=1

which will be evaluated in the following sections.
20



6.2. Main terms with negative sign. We compute ¥, and subsequently Q,, in this
section. The followmg lemma furnishes an explicit expression for %, , .

Lemma 6.2. With ¢, = 1 Cv = & we have

old), 1
Pl ﬁ%é)——(hk) 21— a+ Bl +y - 6)(2 pe f()f( T

Ja+0+29)0,(1+B+y+2s)
””” L2 -a+B+y-9)

+&
dsdv + O(ku(2 ),

s
Ird-a-s-vIE -6-s+v)
I'l-—a-06-2s)
Proof. We apply the partition identity (2.1) to see that
(d) (1 —a+p)
(69) Ph k( B Vs 6) z 4d ﬁ Z Z

hihy=h kilk

< Z fm(lz S8 F (1 - a).

rzl (f.dhikp)=1 dhy)=1

H(s,v) = %g(s)aw)

h2+ kl (I+ﬁ

We analytically separate the variables r, f and [/ in F~ by taking Mellin transforms of w
and V, obtaining

_ 1 XSks~(dr — hlx) —§—s+U+v G
Flo= —g(s)dsdudv.
(x) (27_”)3 ‘f(;) LU) @) hu+shvf2“12“x5+v (U(M)U)(V) S g(S) sdudy

Initially setting ¢, = ¢, = ¢, = &, we further separate variables in (dr — h;x)~ 3-6-stuty

using the following formula
1 Iw)I'(1 ->) dw
27 2T =Db+ w)

which is valid for O < x, ¢,,, Re(b) < 1.
This then leads to

_ Xsks u(d?‘) —0—s+u+v+w
F ( ) 2 hs+uhv+w 2ulzu S+v+w
(7”) (e Jen Jiey Je IR [P

(s) I'w)I ( —s+u+v)
—g (s)a)(u)a)(v) dsdudvdw,
2 —0—s+u+v+w)

(6.10) (1-x7"=

which allows us to write its Mellin transform as

. 1 Xk~ (d —a—0-2s+u
©1)  F(i-a)= o= f f f (dr) Hi (s, u, v)dsdudv,
@iy Jiey Jeen Jien pgrup2 = pup

where

(——a—s—v)F(——é—s+u+v)
I'l—-a-06-2s+u)

G _
Hi(s,u,v) = %S)g(s)w(u)w(v)
21



Substituting (6.11) into (6.9) yields
_pd) g(1 —a+p)

P =
hk = d j i
f f H ( ) Xsk6+s u (1+y+23+u
S, u,v
@+5+2s—u Jyy+s+u Z Z 1 —a+f
@i iy Jioo Jio d hyeste e e |
1 Cry(r)
X Z f1+y—6+2u Z pato+2s—u Z [2—a+B+y—o+2u dsdudy.
(f.dhiky)=1 rx1 (l.dhy)=1

We shift the contours of the integral to ¢, = % + ¢ and ¢, = &, crossing the only simple
pole at s = % — a — v. We first evaluate the new contour integral, leaving the residue for
later.

For the new contour integral, the sums over f, [, and r converge absolutely. The f-sum
evaluates to

1
1—[ (1 - Im)gd(l +’)/—6+2M).
plhiky
By Lemma 4.4, the innermost two sums over / and r simplify to

kl_a_5_2S+”n ] 1 {a+6+2s—w)ly(1+B+y+2s+u)
: pl—a—6—25+u é/dhllq (2 - +ﬁ +y - 0+ 2”) ‘

plk

After these simplifications, the factor involving /4 in the integral becomes

I wrys2siu 1 I Y
hy+s+u Z hl l_l - p1+y—6+2u - p1+ﬂ+y+2s+u - p2—a+ﬂ+y—6+2u

hilh Pl
=Y(-0—-s+u,B+s,y+s+u —a-s).

(6.12)

Similarly, the factor involving k simplifies to

1 1 1 -
O+s—u
(6.13) K)o k/i+<5+23 11 (1 - ]m)(l - Im)(l - —pz_aww_mu)

kilk plk
=Yi(y+s+u,—-a—s,—-0—s+up+s).

In conclusion, the new contour integral evaluates to

<p() 1
(6.14) = (hk) 24d<1—a+ﬁ>(2 pe f( f()f( prTTET e ()

><Yh( o—s+u,f+s,y+s+u,—a—-s)i(y+s+u,-a—s,—-0—s+u,f+s)
X{d(l+y—6+2u){(a+6+2s—u)§d(l+ﬁ+y+2s+u)

dsdudy.
L2—a+Bty—6+2u) Sauev

We then shift the contour of the integral to ¢; = ‘—1‘, crossing the pole at s = % —a —V again.
Note here that the pole of {(a + 6 + 25 — u) is canceled out by the zero of H (s, u,v).
Now that we have crossed the pole at s = % — a — v twice, we observe that the two

residues ultimately cancel each other out. Let us examine this cancellation in detail.
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Clearly, the expression simplifies to
G(z-a-v)
Res Hi (s,u,v) = B E— (5 —a - v) wm)w(v),
SZE—(Y—V E - -V
As G (— - a) = 0, it follows that for any fixed u # 0 the function Res 1 H, (s,u,v)
2—(1—\/

remains analytic in the half-plane Re(v) < 5 — Re(a). For the first residue computation,
we can take ¢, to be negative, thereby guaranteeing absolute convergence for all sums
over f,l, and r. Upon evaluating these sums as previously done, it becomes evident that

the two residues at s = % — a — v annihilate each other.
We proceed to shift the contours of the remaining integral to ¢; = 41‘ and ¢, = %, -&,
followed by ¢, = —1 + 2¢&. During this process, we encounter the only pole at u = 0,

keeping in mind that the pole of (1 +7y—6+2u) is canceled out by w ( ) = 0. The main

contribution comes from the residue at u = 0. For the integral on the new lines, analysis
of (6.12) and (6.13) implies that

1 3
Yi(=6—s+u,B+s,y+s+tu,—a—s) < h**®, Yi(y+s+u,—a—s,—6—s+u,B+s) < k+".

A straightforward estimation then shows that the integral on the new lines is bounded by

Lie . .
0] (%) Therefore, we obtain the final expression

dh?
d 1 X*
P, :@Um)‘f{d(l C ot Py - ) 2 H(s,v)
(2 l) (cs) Y(cy) d
Ja+0+29)0,(1 +B+y+2s) kiXz+e
X yh,k,(,,ﬁ,y,(;(s) §d(2 . +ﬁ Ty (5) dsdv + 0( o )

This completes the proof of the lemma. O
We now apply Lemma 6.2 to (6.8) to derive the following expression for Q.

Proposition 6.3. With c, = 1 Cv = & we have

l{q(l a’+,8)§q(1+’y_6)if @ (s) ~ ()
L2—a+pry-0 2miJ., s &0

X Yhkapyo($g(1 =@ =85 =29, (1 + B +y + 25)ds + O (™ ikig=**),

Qi (@,B,7,0) = (hk)™>

where
a— 61—*(1 a—0— 2s)

- () =>4 (4
H,, 5(s) =n* (ﬂ) F(%m)
Lf F(%—a—s—v)l“(%—&—s+v)
)

i Tl —a-0-2s) W(v)dv.

Proof. We begin by substituting the expression of ¥, (@, 8,7, ), obtained from Lemma

6.2, into the formula (6.8). The resulting sum over a, b, ¢ transforms into G, (@, 3,7y, 6, 5)
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through the multiplicativity of Y. Given that g, is square-free due to the presence of
u(q/d), we apply Lemma 4.3 to G,, to see that

_ 1 1 R
Qui =Wk (1 =+ D1 +y = 0) 5 s f() f() FH (s, v)

()’ 2 1
“y (q)deMﬂf (q)n(l‘; W)

plga

L(a+06+28)0,(1+B+y+2s)
G2-—a+B+y-0)
Next, we evaluate the sum over d using Lemma 4.5, yielding

1 gq(l a +ﬁ)gq(1 +y - 6) q_“_‘s
§q(2 - +ﬂ + Y - 6) (27'(1)2 (cs) J(cy)

X l_[( pl-a—o- 2s)§(a +0+25),(1 +B+7y+2s)dsdv + O(h‘%k%q‘%”),

plg

1

dsdv+ O (h™ikig*).

XY h,k,a,ﬁ,y,(s(s )

Q) =(hk)™> H (5, V)Y 1k pys(s)

Finally, we apply the functional equation

1—[(1 : _)ﬁ rorzge L U)o

— 0% s) = @ —0— LS
I-a—6-2s 1 3 —a=0-2s a+0+2s 4

o p ram@=6-2 r( +62+ )

to establish the proposition. O

6.3. Main terms with positive sign. The proofs for #;, and @;, follow from analo-
gous arguments to the negative sign case, subject to appropriate modifications. This next
lemma constitutes a positive-sign counterpart to Lemma 6.2.

Lemma 6.4. With c, = 1 + & we have

XS
Piata . 0) =XM1 o pa vy =05 [ S

2 1 2 iXite
y yh’k’aﬁw(s){(a +0+2)(1+B+y+ S)ds N O(k X )

la2-a+B+y—0) dhi

o G F(——a—s)F(oz+6+2s)
Hs) = =~80s) Tk +6+9)

Proof. The analysis closely follows that of the proof of Lemma 6.2, with several modifi-
cations made below. We use the identity

B 1 Iw)I'(b — w) w
(1407 2mf)Tx dw
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for 0 < ¢, < Re(b) in place of (6.10). Since there is only one w-function in F*, the
gamma factor evaluates to

I3 —a—9l(a+6+2s—u)G(s)

H{(s,u) = s)w(u).

(s — g(s)au)
Here the pole of F(% —a —s) is canceled out by G(% —a) = 0, and we shift the s-integral to
Cs = % + & to ensure absolute convergence, without crossing any pole. After performing all

summations, we obtain an analogy of (6.14). The u-contour is then shifted to ¢, = —% +¢,
crossing only the pole at u = 0. The residue yields the main term of #; , while the
remaining integrals are bound by the error term using identical arguments as the negative
sign case. O

We now apply Lemma 6.4 to (6.8) to obtain the corresponding expression for Q;, .

Proposition 6.5. With ¢, = }, we have

. _ il —a+p)g,(l+y-90) 1 G(s)
QuilaB.y.0) = (k) = s ey —o) ami L)

X «yh,k,a',ﬁ,y,é(s)gq(l —a—-0- 2S)§q(1 +ﬁ +vy+ 2S)dS +0 ((hk)—%q—%he) ,

8()H, 5(s)

where
~a-s T (22 (L — o — §)[(ar + 6 + 29)
[04 S l
r(_+52+2 ) I3 +6+s)

H} 5(s) = n7 (g)
’ /s

Proof. This proof follows along the same line of argument as Proposition 6.3, with Lemma
6.4 substituted for Lemma 6.2. The final step involves shifting the contour of integration
from ¢, = % +etocg = }l, which introduces no additional residues since the potential

poles at s = (1 —a —6) and s = 5 — @ of H ,(s) are precisely canceled by zeros of

{,(1 —a — 0 — 2s) and G(s) respectively. O
7. ASSEMBLING THE MAIN TERMS
We establish the following combination
(7.1) Q; (@, B,7,0) + @, (6,7, 8, @) + Q (. B,7,6) + Q,(6.7.5, @)
=0u(@.B,.6) + O (h™*kig>**).
This yields the full contribution of main terms to .#,; as
On (@, B,7,06) + Oni(B, @, y,6) + Oni(a,B,6,7) + OQni(B, @, 6, 7).

Lemma 7.1. We have

o —etPL+y=8 1 [ G
Ouu(a.poy.0) =Gt S DT O f( ()

X «yh,k,(x,ﬁ,y,d(s)gq(l —a—90-— 2S)§q(1 +ﬁ + Y + 2S)dS,
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1
5—6—3

where
1
o))
a—0 2 2
Hua(o) =4 (4] 2=
T s+a+ts 5+0+s
o= r(+5)

Proof. From (4.2) and Lemma 4.1, we immediately obtain the symmetry relation

Yikapys(8) = Yinoypals).
Consequently, by Proposition 6.3 and Proposition 6.5, all terms on the left-hand side of
(7.1) share identical main contribution up to gamma function factors. Specifically, we

have
—a-s T (52 7k 0 - )T -5 - )
I'l—a-96-2s)

2

_ _ _1(q
Ho (s) + Ho () = 7 (—)
’ 4 a+0+2s
7T ()

The complete gamma factor combination is then given by
H,s(s) = Hy 5(s) + Hy (5) + H, 5(5) + Hy,(5)

] —asT 1—-a—6-2s
=¥ (%) %Fa,a(@,
r(=52)
where
T —a—-s)(a+36+2s)
Tos(s) =———

r(z +0+ S)

IG-a-9rG-6-s) TE-6-9l(@+05+2s)
[(l-—a-6-2s) I +a+s) '

The proof is completed by verifying the identity
ey (o))
L+o+s

1
ra,é(s) =2 - s
r ( 1—(1/—2(5—2.s) r ( ;+(21/+s) r( L )

which follows from standard gamma function trigonometric identities as established in
O

[Youll, Lemma 8.2].
The main term of ,///ﬂ is then determined by the relation (3.2) as follows

Qﬂ(a” ﬁ’ Y, 6) + Qﬂ(ﬁ’ a,y, 6) + Qﬂ(a’ﬁ’ S, 7) + Qﬂ(ﬁ’ @, 0, 7)a

where the individual components are defined by

(72) Qﬂ(a/’ ﬁ’ Y 6) = Xa,ﬁ,y,éQk,h(_a/’ _ﬁ’ =Y _6)

Lemma 7.2. We have
01, ,7,6) + OB, @, 6,) = (hk) 2 Z),1. (=6, B, —a).
26



Proof. By Lemma 7.1 and the relationship (7.2), we obtain the explicit expression
Xapys Gl —a+B),(1 +y—-0) 1 G(s)
Qiz(B.a,6,y) = 2221 : — f ——8-apiy-o(=5)
(hk): {2 -a+B+y—06) 2mi b s
XH_g (=) Y ip-p—a—5-y(=)g(1 —a — 6 + 25),(1 + B+ vy — 25)ds.

From (4.2), we deduce the symmetry property

Yin-p-a-6-(=5) = Yikapys(s).

Furthermore, it is known that

Xa,ﬁ,y,ég—a/,—ﬁ,—y,—é(_ S)H—,B,—y(_ S) = ga/,,B,y,(S(s)Ha,é(s)a

which corresponds precisely to the last formula in [Youl 1, p.39].

Applying these two relations yields that O, «(a, 8,7, 6) and Q;7(B, @, 6, y) share identi-
cal integrands but are integrated along conjugate contours ¢, = ‘—11 and ¢, = —‘—11 respectively.
The lemma then follows immediately from Cauchy’s theorem. O

The arguments in Lemma 7.2 can be similary applied to other pairs of Q4 and Q7.
Thus that the total contribution of the sum of all of them equals

XoyZikgBs =V, 0, =) + XpZp kg, =Y, 0, =) + Xo6Znkq(B, =0, Y, —@)

7.3
( ) + Xﬁ,ézh,k,q(a’, _5, Y —ﬁ) +0 (h—%k%q_%_'_g) ’

8. ERROR TERMS FOR BALANCED TERMS

For the purpose of simplifying subsequent formulae, we uniformly set all shift parame-
ters @, 3,7, 0 to 0. All arguments can be straightforwardly extended to handle sufficiently
small nonzero values «, 3, y, d without introducing additional complexity.

We want to apply Lemma 2.6 to the auxiliary function

1
KN\E
(V(m9 r, l) = (l’l_z) F[TI,N(m)9

where we set n; = fI in the definitions (6.2), (6.3) and (6.4). This function inherits
the type W(m/M) characteristic from F ;}’N(m), while simultaneously being smooth in
variables r and /. It satisfies the uniform bound
o J1+j2+j3 Griytin)
J14.J271J3 J1tj2+]3)e
m’'r’?] S ol Vim,r,l) <, iy 4 .
Applying the above for the functions V. defined in Lemma 2.6, we obtain the corre-
sponding estimates
i O (i+iatine g g
14.J2]J3 L. 1+j2+)3)€ 3
xr2l I Or ol Vix,r,D) < s q M:2.
Since the treatments for Ej (M, N) and E, (M, N) are completely parallel, we unify

their notation by writing Ej, (M, N) while suppressing the sign distinction. The condition
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(I, h1d) = 1 1n (6.5) decomposes into two independent conditions (/, h1a) = 1 and (,d,) =
1. We eliminate the latter using the Mobius formula

Ligpe1 = ), H(©).
cl(l.da)
After applying dyadic decomposition to localize the variable n; in (6.5) (n; < N; with
hyN, < N?), we apply Lemma 2.6 to (6.5) to obtain

hM \?
(8.1) Enw(M,N) < qg(hk)_é(kN) max (1EL + |E-D,

where |
Bu= oo Do X D O m S (uadr, s ch),
m 1a)=

with o, < 7, B,, < m® and the parameters subject to the constraints

<Ny, hhy=h, kl|k (hk,d)=1, acld, (a,c)=1.
Here, we also applied dyadic decomposition to localize all variables r, m, and /, and
Q(r,m, ) is a product of V.(m, r,[) with the three W-functions: W(m/M*), W(r/R), and
W(/L).

We set
O=uv, u=ck, v=mna, s=d,

which implies the simplified bound
(Lu)*v

M < .
hM

The sums E, can be reformulated as
h k
- Z Z’B’" Z Q(r, m, DS (srv, xm; lu),

where Q(r, m, [) inherits smoothness properties from (i/'i (m,r,l) and W-functions, having
compact support in [R,2R] X [M*,2M*] X [L,2L] with
kN . (Lack)? N N:
R« —, M« , L=—, N<—.
dh2 M Cf h2
Applying Theorem 1.4, we obtain the estimation
1
hiky (1 + XX 2 M)z
E, < 111( ) (1+X+£) (1+X (. Q)* )(1+X+( 1)2),
§2 1+X Qz Q2 2
where the auxiliary parameter X satisfies

02
(SRM™)2 < (kN)2

8.2 X = -
62 uvtL hM
Note that we have the following relations.

M Lu Nk kN (50 1

< —, < )
0 Smum S mm <28hM 0 "k




Substituting the estimation for X given in (8.2) and simplifying, we derive that

hlkl(kN s)‘l‘(kN kzzvz)‘l*(kN)é
E, < .

5\ T ik ) \nmt T i) \nm

Applying this to (8.1), we obtain the final bound

(kN):  k*N:  (dN)

hk\? Y )
-+ + -+ - |
(hM)2  hiMid: h:Mi (hd)?2

Eh,k(M, N) < qg (—)2 (

d

This result, when substituted into (3.4), completes the proof of (3.6).

9. UNBALANCED TERMS

In this section, we preliminary treat the unbalanced terms Bi (M, N), preparing for the
subsequent proof of theorems in next section. For simplicity, we again set all parameters
a,f,7,0 to 0. The arguments can be carried out straightforwardly to handle sufficiently
small nonzero values of a, 8, y, d without additional cost.

Without loss of generality, we adopt the convention M < kN throughout this section.
Given the identical treatment of B,J;k(M, N) and B, (M, N), we focus exclusively on the
former, denoting its contribution to M, by %), (M, N). The corresponding contribution
to M(a,B,v,0) is given by

1
(91) %(H, K, M,N) = — ay, k%h,k(M,N),
vk 22"
(h,g)=1
where @, < h®, B < k® are some complex coefficients supported on dyadic intervals
[H,2H] and [K, 2K], respectively.
We employ the Poisson summation formula to transform the unbalanced terms %, (M, N)

and A(H, K, M, N) into bilinear forms of incomplete Kloosterman sums. To derive sharp
estimates for them, we supplement Weil’s bound with the following specialized estimate.

Lemma 9.1 ( [KSWX23, Theorem 2.4]). Let q be a positive integer and a,,f3, be se-
quences of complex numbers. For any A, B > 1, the estimate

2ol 2 )

a<A b<B
(b.g)=1

1
< lablBleAZBg® (A B g + A + g8 + BY)

holds uniformly in c with (c,q) = 1.

This lemma provides a refined control over the bilinear interactions, which is essential
for handling the unbalanced regime.

We now eliminate the functions w and V via Mellin transforms, then apply dyadic
decomposition to localize the variables ny,n, within the ranges n; < Ny and n, < N,

where NN, < N with N; < N,. This procedure effectively reduces the term %), (M, N)
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to the following structured form

1 q 1
92 By (M,N) = d | —
92)  Bu(M,N) ‘p*(q)dzlqso( )u(d)m

m n ny
WD T<m>w(ﬁ)w(ﬁl) D W(ﬁ)
(m,q)=1 (n1,9)=1 no=knihm (mod d)
(n2,94)=1

for some smooth function W. After removing the condition (n,, g;) = 1 using the Mobius
function, we apply the Poisson summation formula to the sum over n,, obtaining

S R Ze 3 ()

na=knihm (mod d) 8lga na=knihm (mod d)
(n2,94)=1 =0 (mod g)
Nz Z u(g) Z (hlmkgnl) (lNz)
glqd gd
The “main term” arises from the / = 0 term, which yields
1)

W(0)— 2y
8laa

Substituting this into (9.2), we observe that the contribution vanishes due to the following

identity
od) (q u(g)
; d “(E)Z g =0
q 8194

This identity is readily verified for prime powers g = p* (k > 1) and extends to general
g by multiplicativity. Consequently, the remaining contribution is captured by the [ # 0

terms, leading to
od) N,
(q) Z Z dg VMN

dlg glga

I3 33 e ) (22|

1#0 (m,q)=1 (n1,9)=1

(93) f@h k(M N) <

10. Proor oF THEOREMS 1.1-1.2
10.1. Proof of Theorem 1.1. We adopt the exponential parametrization
h=q¢, k=q¢°, M=q", N=¢,

where the unbalance condition ensures u + ¢ and v + o differ significantly.
We deduce from (3.1), (3.3), (3.6), (5.1), (5.2) and (7.3), that the desired relation in
(1.8) holds, provided that we show for 77 € (0, %(1 - 60)),

(10.1) PBu(M,N) < g%,
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Without loss of generality, we may restrict to (/,d) = 1 in (9.3). Applying Weil’s bound
to the sum over n; and estimating the remaining terms trivially yields

d (M\: 1 N e (M 5
102 g =q G () @) = (F)
dlq

where the final inequality follows from N; < N P < q'e.
Applying Lemma 9.1 with parameters a = Im and b = n; to (9.3), we obtain that

1 1 1

d [(MN\2{(Md\* _1 Md\ ? _1

s <o S (T (7)) wle+(5) vt ent’)
a7 ¢v*(q) 2 2 2

After simplification, this reduces to
1 1
N \* (M\> 1
(10.3) PBup(M,N) < qs((—l) + (N) Nf).
q

Define N; = ¢”'. We deduce from (3.6), (3.8) and (10.2) that it suffices to establish
(10.1) for the parameters satisfying

(10.4) 2-2p<pu+v<2, 1-20-4p<v-pu<1+2p v <iv
From (10.4), we immediately deduce that

(10.5) vi<Hu+v)+(v-w)<2+in

Applying (10.3) yields

@h,k(M, N) < q—%(l—v1)+s +q—%(v—u)+%v1,
while by (10.4) and (10.5), we see that
—i(l=v)<—3G-3gm<-n for n<g,
5=+ 5 < 5=+ g (+ V) + (=)
S—%+%Q+%US—U for 7 < %(1—69).

The above readily implies that validity of (10.1) subject to the conditions given in (10.4).
This completes the proof of Theorem 1.1.

10.2. Proof of Theorem 1.2. We apply (9.1) and (10.2) to obtain an initial estimate for
PB(H,K, M, N) so that

(10.6) B(H, K, M, N) < qf(qHKM) .

To proceed further, we apply (9.3) to see that
© d N
BH,K,M,N) < —Z > o d) N

¢*(q) 4444 8d VHKMN
hlmkgn, m m\ —(IN,
X anPi T(m)e( )W(—)W(—) W(—) .
f;—l ;( ;): (n%::l nzl d M N gd
(ab,q)=1
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Applying Lemma 9.1 with a = hlm and b = kn;, we obtain

(10.7) BH.KM.N) < qs((KN1)4 N (KNl)z) . (qHM)Z((KNl)z . KNI)‘
q q KN q q

We now define the exponential parameters
H=¢q¢°, K=¢°, M=¢q", N=q", N =q".
We infer from (3.7), (3.8) and (10.6) that it is enough to establish the bound
(10.8) PBH,K,M,N) < q"°

forn € (0, 55(1 = 120 — 10¢)), subject to the constraints

€1
> 20
(109) 2-p-¢-2n<u+v<2, 1-40-2¢-4n<v-pu<l+o+s+2n, v <in

We first derive from (10.9) that

(10.10) v M+ - <3+ lotlet In,
which implies
KN
q 1 — q—(l—vl—g) < 1,

provided that 0 < i < 1(1 — 50 — ¢). Substituting this into (10.7) yields
B(H, K, M,N) < g~ 107170+ 4 gm30-0++3s,
We then apply (10.9) and (10.10) to see that

—1d-vi—0)<-3(3-20-35—-3m<-n for n<(l-50-¢),

— 3=+ I3 S (- + g+ V) + 56

<—gtio+ic+an<-n for 1< 5(1-120-105).

The above readily implies that validity of (10.8) subject to the conditions given in (10.9).
This completes the proof of Theorem 1.2.

11. Proor oF THEOREM 1.3

11.1. Automorphic preliminaries. We present here some fundamental properties of au-
tomorphic forms, drawing primarily from [BM15], [Iwa95], and [DI82]. Let a denote a
cusp of I'y(Q) with o, being the corresponding scaling matrix. For a holomorphic modular
form f of level Q and weight k, its Fourier expansion around a is given by

fl@2) = ) pya, m)dn)ze(n2).
n>1
For a Maal} form f with spectral parameter 7, the expansion takes the form
fle2) = ) pyla,m)Wo(4rlnly)e(n),

n#0
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where W ;,(y) = (y/zr)% i(v/2) is the Whittaker function. Associated to each cusp ¢ of
['(Q) is an Eisenstein series E (0,2, s), whose Fourier expansion at s = % + it is

E(042, 3 +if) = 600" 4+ 0o 3 +i0y7 ™ + > poln, )Wo(Arlnly)e(n).

n#0

For convenience, we write p((n) and p.(n, t) when a = oo for the Fourier coefficients.
For a newform f, its normalized Hecke eigenvalues A(n) satisfy the scaling relation

Amps(1) = Vnps(n),

and the multiplicativity formula

(11.1) Ay = " udwo@a () 2(5).
d|(m,n)

where y( denotes the trivial character modulo Q. The Ramanujan—Petersson conjecture
implies the pointwise bound

4| < 7(n),
which was proven for holomorphic forms in Deligne’s seminal work [Del74]. In the Maal3
case, the current best result is due to Kim-Sarnak [KimO3], which asserts that

(11.2) ()| < 7(m)n’ with 6= Z.

While the full conjecture remains open, its averaged version

AP < 1,

n<x
is well-established and frequently serves as a substitute for the original conjecture in ap-
plications.

For non-newforms, the exact multiplicativity (11.1) no longer holds for their Fourier
coeflicients, but effective averaged substitutes are available. For any complex sequence
a,, V. Blomer, G. Harcos, and P. Michel [BHMO7, p. 80] established for Eisenstein series
the inequality

(11.3) Z

9

2

2
<9r(Q’t(9)* ) D,

8lq.0) ¢
For holomorphic cusp forms of level Q and weight k£, we employ the newform theory
to construct special L2-bases B,(Q), comprising of forms fl|,(z) := f*(dz) where f* is a
normalized newform of level O | %. The Fourier coefficients of forms in B;(Q) exhibit
approximate multiplicativity. A similar basis B(Q) exists for Maal} cusp forms of level Q.
The explicit construction of these bases is detailed in [BHMO7, Sec.3.1]. More precisely
[BHMO7, p.74], if f € B (Q) (or B(Q)) and (s,n) = 1, then

(s, Q)n)% ((s, Q)n)
5 pf 5 ’

D ananpdqn. )

(n.g)=1

D, @en pgn,K)

(n,g)=1

(11.4) Vsnpg(smy= ”(5))‘0(5)4’"*(6(:@)(

0750

where f* denotes the underlying newform. When (n, sQ) = 1, this simplifies to

(11.5) Vst ps(sn) = () V5 py(s).
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Furthermore [BM15, (5.4)], if f* satisfies the Ramanujan conjecture, then

2 < 7(s5)> Z

8l(g.Q)

2
D an@n prign)| .

(n.g)=1

D, ananps(gn)

(n.g)=1

Throughout this paper, we fix B,(Q) and B(Q) to be these specially constructed bases.

11.2. Kuznetsov formula and spectral large sieve. Let a and b be two cusps of the
Hecke congruence group I'o(Q), and let S ,(m, n; y) denote the associated Kloosterman
sum defined in (1.9). For Q = uv with (u,v) = 1, consider S« 1/,(m, n; y) with the scaling

w0

matrix oy, = (M oL ) The Kloosterman sum S ., 1,,(m, n; y) is well-defined precisely
W

when y = [u~/v for some integer / coprime to v. In this case

Seoiumn;y) =e (nz) S (mv, n; lu),
v

where u satisfies uu = 1 (mod v) and v satisfies vv = 1 (mod [lu) (see [DI82, formula

(1.6)]).

The following lemma presents the Kuznetsov trace formula, which can be found in
[Iwa95, Theorems 9.4, 9.5, 9.7].

Lemma 11.1 (Kuznetsov formula). Let ¢(x) be a twice continuously differentiable func-
tion on [0, o) satisfying ¢(0) = 0 and ¢ (x) < (1 + x)™>° for j = 0,1,2. Then for any
cusps a, b of I' = I'y(Q) and any positive integers m, n, we have

4 -
Z =S s, 1 v)¢( i > TEFK)Vmn p(a,m) py(d, m)

) 2<k=0( mod 2) feB(Q)

o
DI Frervms 5 Py(am) (o)

feB(Q)

T Nmn
+ an Z Iw ¢(K)m Pa(m, k) py(n, K)dxk,

and

2 1S 0m, —n;Y)¢(4ﬂW) =
Y Y

o
P(kp)———— p;(a,m) ps(b,—n)
fE;Q) COSh( ) !

f é(K)ﬂ /_)a,c(m, K) Pb,c(_n, K)dK9
— J-o cosh(mk)
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where the sum is over all positive real vy for which the Kloosterman sum is well-defined.
The Bessel transforms are given by

- 0 d
(k) = 4i* f PN Ter ()=,
0 X

J2ic(x) = J2i(x) dx
sinh(7k) x’

P(x) = 2ni fo $(x)

$(x) = 8 f ) #(x) cosh(ﬂK)KziK(x)d—;.
0

The spectral large sieve inequality, often employed in conjunction with the Kuznetsov
formula, is established as follows (see [DI82, Theorem 2]).

Lemma 11.2 (Spectral large sieve). For K, N > 1 and complex coefficients (a,)nenony, let
a be a cusp of To(Q) equivalent to i with (u,v) = 1 and w | Q. Then, for all such cusp a,
all three quantities

2
Z k) Z Zan\/ﬁp‘f(a,n) ’ Z COSh(JTK)

2<k<K feBu) ! eB(0)
k even lkrl<K

ko
Z IK cosh(mk)

(K> + W(@N")la,li3,
where W(a) = Q7! when a = oo and p(a) = (w, %) Q7! otherwise.

Zanxf o)

2
dk,

D @V o, k)

are bounded by

11.3. Extension of the spectral large sieve. To prove Theorem 1.3, we apply the Kuznetsov
formula (Lemma 11.1), which leads us to consider a spectral sum of the form

(11.6) > Zan\/ﬁpf(sn)
]lte Zf ( % cosh(ﬂkf)
Krl<

A direct application of the spectral large sieve (Lemma 11.2) yields the bound

< (s (K2 + ﬂ) a2
Q

where the dependence on s introduces a significant loss, especially when sN becomes
large. Our main goal is to derive an improved bound that effectively mitigates the impact
of the parameter s.

For both the holomorphic and the Eisenstein cases, the Ramanujan—Petersson conjec-
ture is well-established. Consequently, we can obtain bounds for (11.6) by applying
Lemma 11.2, leveraging the almost multiplicativity property of the Fourier coefficients

and the Ramanujan—Petersson conjecture.
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Theorem 11.3. For Q,s € N, K,N > 1 and complex coefficients (a,)nein2ny, both two

quantities
2 K 1 2
Z (k) Z Zan\/s_npf(sn) : Zf — Zanx/s—npc(isn,K) dk
isksl( feBu(0)! n ¢ YK cosh(rrx) n
are bounded by
,ON
(11.7) (SON)* (K2 + %)Nnannw.

Proof. We first treat the holomorphic case, with the Eisenstein spectrum proceeding anal-
ogously. By performing the substitution n — dn’ where d = (n, s*), we decompose the
sum as

Z aguNdsn' pg(dsn’)

n,ds)=1

D anVsnpy(sm) < )

d|s®
Applying the multiplicativity relation (11.4) with g = (ds, Q)/¢ and invoking Deligne’s
bound yields

Z agpNdsn' pp(dsn’) < (sN)* Z

' ds)=1 gl(ds,Q)

D aangn pylen)

(n’,ds)=1

Employing the Cauchy-Schwarz inequality over the sum in d and g, we deduce that

2
<GONYF YT Y| D) awan pylen)

dls® gl(ds,Q) ! (n’,5)=1

2
’

2 ansnp,(sn)

where the factor (sQN)® accounts for the number of terms d and g. Inserting this into
the holomorphic spectrum and applying Lemma 11.2 with n = gn’ < (s, Q)N establishes
the bound (11.7). The Eisenstein case follows identically, replacing (11.4) with the corre-
sponding estimate (11.3). O

For the Maal} case in which the Ramanujan—Petersson conjecture remains open, addi-
tional techniques are necessary to manage the s-dependence. When a, < 1, V. Blomer
and D. Mili¢evi¢ [BM15, Theorem 13] established the fundamental bound

1 2
(11.8) Z m Z a,,\/s_npf(sn)

FeB(Q) (n,sQ)=1
[krl<K

< (SOKN) (s, Q)(K t ;—21)(1( n ﬂl)N

02

While this bound requires the sum over (n, sQ) = 1 and depends on s through a factor
(s, Q) that is typically small (e.g., for cusp forms on S L,(Z)), it can become substantial
large for the Hecke congruence groups of high level, potentially yielding weaker estimates
than applying the Kim-Sarnak upper bound for the Hecke eigenvalue. Note that this factor
(s, Q) arises from the coefficient estimate

Vi pp(n) < (nQ)°n*(Q.n)> | p- (D).

To overcome this limitation, we develop a new relationship in the following.
36



Proposition 11.4. For f € B(Q) or Bi(Q) with associated newform f~, let s, s’ € N with
s

(Q)

Vs pr()Ap(s) = Y (Sg—i) ps (%)

ol 8

Proof. By combining (11.4) with the Mobius inversion of (11.1), we obtain the identity

O\ ((50)
50, Q))ﬂf()( 5 ) pf( 5 )

Vs pr()Ap(s) = D> pOxo®)Ay (

5‘((s§b>’Q)
s [V (5.0
11.9 = O)xo(0)4 —].
(11.9) =>. Z u()xO(n(zé(s’Q))( . )pf( . )
8ls’ 5' 2(3 )’ Q)
Setting s = 3—2 org|s | = X0 Q), we establish the relations

’

(5,0) = (5 0), ) < (g Q) (“:2 ):<s", 0),
2

(s”, Q)—(— Q)<(SS Q)<(( o)’

These indicate that (s, Q) = (s”, Q), yielding

Ssl s/l
(gz(s, Q) Q) - ((S", 0)’ Q)’

s ss’ §?
(g(s, 0) g%(s, Q) (s, 07
These relations indicate that (m, Q) and ( oL Q) share the same distinct prime factors.

This identical prime factor structure allows us to simplify the 6-sum in (11.9) via (11.4),
resulting in

Q) = (s, 0).

while

Z (o)A, (6(; Q))((S éQ)) pf((s (;Q)) N (s,
3(#-) ’

thereby completing the proof. O

We also need the following estimate [BM15, Lemma 12], which is another application
of the Kuznetsov formula.

Lemma 11.5. For K > 1, O,n € N, we have

(Q n)n
Z COSh(ﬂ'K ) |\/_pf(n)| < (Kny” ( )

f€B(0) Q
Ikrl<K
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Building upon Proposition 11.4 and employing a refined application of the Cauchy-
Schwarz inequality, we achieve two significant improvements. First, we substantially
eliminate the restrictive (s, Q) factor presented in (11.8). Second, we completely relax
the previously essential coprimality condition (n, sQ) = 1. This relaxation is particularly
advantageous when analyzing the parameters 4 and k in Theorems 1.1-1.2, where the
level Q becomes dependent on k and h. The resulting bound, formulated in the follow-
ing theorem, demonstrates both remarkable generality and simplicity, rendering it widely
applicable.

Theorem 11.6. Let Q,s € N, K,N > 1, and let (a,)nen2on) be complex coefficients. Then

we have
(s. Q)N
PN n KN?|K + —||K —_— Nllapleo-
lkrl<K

Proof. We begin by analyzing the case where (n, sQ) = 1, defining

G =Y —

s cosh(rmk )
lkrl<K

2

2, ansnpg(sm) .

(n,sQ)=1

We first utilize the almost multiplicativity from (11.5) to separate the variables s and n
and then we apply (11.4) to v/sps(s), obtaining the decomposition

e 5|(Z Q)M(é)x Oy (6(sz)) ((s’aQ)) Pr ((s’aQ)) '
(s,0)°

This leads to the inequality

2

Z aydp-(n)

(n.sQ)=1

s V[0V (.0
(S“f"(as,@)( ; ) pf(T)‘

Through application of the Cauchy-Schwarz inequality to the spectral sum, we derive

(5.0) /€8(Q)

6N < Y GiG,.
(wi-0)

where the components are defined as

1

Gi= ),
1€8(0) f
[krl<K

2

4 (6( Q))
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and
4

Z a,dg-(n)

(n,sQ)=1

((xQ))i ((s,Q>)2
s | Pr\Ts 1

1
G2 = Z cosh(mky)

feB(Q)
lkrl<K

Proposition 11.4 applied with s = 5(+Q) yields
| 2

Gi <5 Z cosh(mky)

gls” feB(Q)
lkrl<K

1
ss’\? ss’
) \e

From Lemma 11.5 and the identity (Sg—sz', Q) = (s, Q) established in Proposition 11.4, we
obtain the bound

G < (sKY (K2 4 é)

For G,, employing the Mdbius inversion in (11.1) together with (11.5) gives

3 2
3, e 50 (2)2) o2

1
G2 = Z cosh(mky)

f€B(0) (mn2,sQ)=1 rl(n1,n2)
lkrl<K
I 50\ [ (s0\[
s, s,
= 2, i 205 o)
séaig) COSTKA |,
lkpl<K

where the coeflicients satisfy

1+e
2 2
bn = § a,dy, § I < ||arl||oo § T(I’l) < T ||al’l||oo'
(mn2,s0)=1 A(ni.nz) r<N/ v n:
nina=r’n

Applying the spectral large sieve (Lemma 11.2) reveals that

(s, Q)Nz)
Q

G, < N°? (K2 + N?|a,ll%.

Combining these estimates, we establish for (n, sQ) = 1 the fundamental bound

(11.10) G(s,N) < (sKN)s(K + ;—21)(1( + (S’gﬁ)Nllanllw.

For the general case without (n, sQ) = 1, we employ the following decomposition

D ansnpsm = > > agVsdn py(sdn).

d|(sQ) (n,sdQ)=1
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Given that the d-sum contains < (sQN)® terms, an application of the Cauchy-Schwarz
inequality yields

< (SON)® Z g(sd,%)

Z i pytom)|

Z COSh(ﬂ'Kf)

feB8(0) d<2N
lkfl<K d|(sQ)™
N
<(sQKNY (K ' —)(K C1ok )Nn ol
Q> Q:
where we have invoked the bound (11.10).! This completes the proof. O

11.4. Completion of the proof. We want to apply the Kuznetsov’s formula (Lemma
11.1) to treat the left-hand side of (1.13). Before doing so, we review key estimates
for the Bessel transforms from Lemma 11.1. As established in [DI82, Lemma 7.1], the
following bounds hold for real «.

A 1+ X% |
(11.11a) B(ik), Plix) < for 0 <« <3,
(11.11b) (), k), (k) < % for all «,
(11.11c¢) $K). $(k), ) < (1 +kX) kI3 forall [k > 1.

We now focus on the situation where m and n in the Kloosterman sum share the same sign
(the complementary case can be treated analogously). Applying Lemma 11.1 with a = co
and b = 1/u, we bound the left-hand side of (1.13) by decomposing it into three principal
contributions corresponding to the spectral decomposition

ZamMﬁf'

m

Zam\/%ﬁf

< D, D, T
2<k=0( mod 2) f€Bi(Q)

bk
N Z |¢}(1 Pl
P cosh(mky)

|¢(/<)|
47r Z f cosh(m<)

These terms respectively account for the holomorphic, Maal}, and continuous spectrum
contributions. We now focus our analysis on the Maal} spectrum (the other cases follow
similarly), decomposing it as

am\/sm p.(sm, k)

Z buNn po(n, k)|dk

¥+ Z Tk,
K>1+X

where X, aggregates terms with k; << 1 + X and Xg sums over k; < K for K > 1 + X.
After applying the Cauchy-Schwarz inequality, we estimate the n-sum via Lemma 11.2

'Note that employing estimate (11.8) directly would introduce an additional factor Q% in the final bound.
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and the m sum through Theorem 11.6, yielding

1+ log X| + X~ A 8% N ;

3, « L*1logX (1 X+ ﬁ) (1 X+ &) (1 X+ —T)M%namn;ubnnz,
1+X 0> 02 0>

where we employ (11.11a) and (11.11b) to bound the Bessel transforms, and

13 Lang 1

M N 1

¢ < (1+K1X) K‘i(K + i) (K + %) (K + —f)M%||am||§<,||b,1||2
Q: Q: Q:

via (11.11c). Summing over K recovers the bound in (1.13). The holomorphic and contin-

uous spectrum are treated similarly, with Theorem 11.6 being replaced by Theorem 11.3
wherever appropriate. This completes the proof of Theorem 1.3.
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