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Abstract
For finite topological central extensions of p-adic classical groups, Heiermann and Wu intro-

duced thenotionofdecomposedLevi subgroups in their studyof intertwiningalgebras. In thisnote,

we show that for symplectic and special orthogonal groups over local fields, except the split SO(4),
all Levi subgroups are decomposed if the central extension arises from the Brylinski–Deligne con-

struction. Discussions for certain unitary groups, SO(4) andGSpin(2n+ 1) are also given.
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1 Introduction

1.1 Motivation

For a classical group G over a non-Archimedean local field F , let [M,σ] be a Bernstein component of
the category RepG(F ) of smooth representations over C ofG(F ), the group of F -points ofG. For the
corresponding subcategory of RepG(F ), Heiermann showed in [7] that the endomorphism algebra of a

standard projective generator is the semi-direct product of an affineHecke algebra of possibly unequal

parameters with a finite group algebra. The resulting equivalence of module categories is compatible

with parabolic induction, Jacquet modules, and so on. Type theory is not required in this approach.

In [8], Heiermann and Wu extend this important result tom-fold covers G̃ of G(F ) by assuming
that the preimage M̃ ⊂ G̃ is decomposed, wherem ∈ Z≥1. Anm-fold covermeans a central extension
of locally compact groups

1→ µm → G̃→ G(F )→ 1,

where µm is the group ofm-th roots of unity in C. Bernstein’s theory generalizes to genuine smooth
representations of G̃, i.e. the smooth representations of G̃ on whichµm acts tautologically.

Let us clarify themeaning of decomposed Levi subgroups. To begin with, supposeG is not unitary.

Levi subgroupsM ⊂ G can be expressed as

M =

r∏
i=1

GLdi ×G
♭

(1.1)
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whereG♭
is a smaller classical group of the same type asG, possibly trivial. Let ˜GLdi(F ) and G̃♭

be the

preimages of their F -points in M̃ , which are againm-fold covers. We say M̃ is decomposed if

M̃ ≃

(
r∏

i=1

G̃Ldi × G̃♭

)/{
(z1, . . . , zr, z

♭) ∈ µr+1
m , z1 · · · zrz♭ = 1

}
(1.2)

as topological central extensions ofM(F ) byµm. WhenG is unitary with respect to a quadratic exten-

sionE|F , one replacesGLdi by the restriction of scalarsResE|F GLdi.

Decomposability plays a crucial role in [8]; for instance, it is satisfied by all Levi subgroups of the

metaplectic twofold extension of Sp(2n, F ), see loc. cit. On the other hand, decomposability fails for
the Kazhdan–Patterson covers [9] ofGLn(F ) in general; this failure leads to the theory of metaplectic
tensor products.

In viewof [8], we are thus led to the following natural question, whichmakes sense for all local fields

F with char(F ) ̸= 2 and all classical groupsG over F .
Question. Given G̃ and a Levi subgroupM ⊂ G, how to determine whether M̃ is decomposed or

not?

In this note we focus on them-fold covers constructed by Brylinski and Deligne [3], abbreviated as
m-fold BD-covers, wherem | mF . HeremF is the number of roots of unity inF (resp.mF := 1) when
F ̸= C (resp. when F = C). After fixing an embedding ϵ : µm(F ) ↪→ C×

, the BD-covers arise from

central extensions

0→ K2 → G̃ → G→ 1

of sheaves on the big Zariski site of Spec(F ), whereK2 is the sheaf associated with Quillen’s K-theory

functors. The BD-covers comprise most known covers of arithmetic significance, including the meta-

plectic group. Gan–Gao–Weissman [6] proposed a Langlands program for genuine representations of

BD-covers.

1.2 Main results and strategy

Themain results are summarized below. In what follows, G̃ is assumed to be a BD-cover ofG(F ).

• Suppose thatG is the classical group attached to a pair (W,h), whereW is a finite-dimensional

F -vector space and h : W ×W → F is a non-degenerate bilinear form, in one of the following

cases:

– (W,h) is symplectic,

– (W,h) is quadratic and dimW is odd,

– (W,h) is quadratic and dimW ≥ 6 is even.

Then M̃ is decomposed for all Levi subgroupsM ⊂ G (Corollary 4.6).

• IfG is a quasisplit unitary group or the split SO(4), there are examples of BD-covers G̃ in which

T̃ is not decomposed (Proposition 5.2 andRemark 6.2). HereT is aminimal Levi subgroup,which
is also a maximal F -torus inG.

• IfG is a non-split SO(4), all Levi subgroups are decomposed (Proposition 6.3).

• Discussions for full orthogonal groups (Proposition 7.1) andGSpin(2n+1) (Proposition 8.2) are
also given.
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The idea goes as follows. The right-hand side of (1.2) can be seen as an external Baer sum of covers.

To say M̃ is decomposed amounts to saying that M̃ is isomorphic to the external Baer sumof the preim-

ages of F -points of factors in (1.1), say through the multiplication map in G̃. For BD-covers, we try to
deduce this isomorphism from theK2-level, namely for the pull-back M̃ of G̃ toM . In both settings,

decomposability is equivalent to that different factors in (1.1) commute in the central extension.

Consider any connected reductive F -group G with a chosen maximal F -torus T . Brylinski and
Deligne classified the centralK2-extensionsofG in termsofdata (Q,D, φ)whereQ : Y := X∗(TF )→
Z is a Weyl- and Galois-invariant quadratic form. Now take T ⊂ M ⊂ G in our original setting and

consider the decomposition (1.1). To decompose M̃, we are reduced to showing that the corresponding

summands inY aremutually orthogonal relative toBQ(y, y
′) := Q(y+y′)−Q(y)−Q(y′) (Proposition

3.5), which is elementary. This leads to theK2-level decomposition (Theorem 4.2).

To produce examples of non-decomposed Levi subgroups in G̃ requires more work: one has to ex-

press the commutator pairing in BD-covers in terms of Hilbert symbols, or Tate’s local duality in the

unitary case.

All the required machinery is available from the literature. In particular, we rely on the crucial fact

that the Brylinski–Deligne equivalence preserves Baer sums.

On the other hand, since the theory of Brylinski–Deligne [3] only concerns connected reductive

groups, the results for full orthogonal groups given in §7 will be very limited.

1.3 Layout

In §2 we recollect the required terminologies for topological central covers, Baer sums and external

Baer sums. The Brylinski–Deligne formalism of centralK2-extensions is reviewed in §3, together with

certain auxiliary results proved. In §4 we turn to classical groups and prove the main theorems. Coun-

terexamples for unitary groups andSO(4) are given in §5 and§6, respectively. Finally, §7 and§8discuss
the cases of full orthogonal groups andGSpin(2n+ 1), respectively.

1.4 Acknowledgement

Theauthor is grateful to VolkerHeiermann andChenyanWu for kindly sharing their work [8] and high-

lighting the issue of decomposability, as well as to Fan Gao for assuring that Levi subgroups ought to

decompose in BD-covers of many classical groups.

This work is supported by NSFC (Grants 11922101 and 12321001).

1.5 Notation and conventions

For a local field F , we letmF ∈ Z≥1 be the number of roots of unity in F , with the convention that
mC := 1. For everym | mF we denote by (·, ·)F,m the Hilbert symbol of degreem for F . When F is

non-Archimedean, the ring of integers (resp. its maximal ideal) is written as oF (resp. pF ).
Field extensions are written as E|F , and for Galois extensions we denote by Gal(E|F ) its Galois

group. The absolute Galois group of F is denoted byGalF .
For a field F with char(F ) ̸= 2, a quadratic (resp. symplectic) F -vector space means a pair (V, q)

where V is a finite-dimensional F -vector space and q : V × V → F is bilinear, symmetric (resp.

alternating) and non-degenerate; the shorthand V will also be used. The corresponding orthogonal

and special orthogonal groups (resp. symplectic groups) are denoted by O(V, q) and SO(V, q) (resp.
Sp(V, q)), or simply asO(V ) and SO(V ) (resp. Sp(V )), respectively.

Given a quadratic extensionE|F with char(F ) ̸= 2, Hermitian spaces (W,h) (shorthand:W ) and

unitary groups are defined similarly, where h : W ×W → E is the Hermitian form.
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For a schemeX over Spec(F ), we denote byX(F ) the set of its F -points. For an extension F ′|F
of fields, we denote byXF ′ the base-change ofX to F ′

. When [F ′ : F ] is finite, the functorResF ′|F of
Weil restriction sends affine F ′

-groups to affine F -groups.
WhenG is a connected reductive F -group with a split maximal F -torus T , we denote byW(G,T )

the Weyl group. Denote by Gsc the simply connected covering of [G,G]. Lie algebras are denoted in
Fraktur letters. The cocharacter (resp. character) lattice of T is denoted asX∗(T ) (resp.X

∗(T )).
For everym ∈ Z≥1, we let µm be the group scheme ofm-th roots of unity. Putµm := µm(C).
Variables in a polynomial ring are denoted asX1,X2, . . ..

2 Topological central extensions

Given a finite abelian groupA endowed with the discrete topology, and a locally compact groupH, we
let CExt(H,A) be the category of topological central extensions

1→ A→ E p−→ H → 1

as explained in [6, 1.1 Definition]. Morphisms in CExt(H,A) are commutative diagrams of the form

1 A E H 1

1 A E ′ H 1

θ

where θ is a continuous group homomorphism. By the discussions in [6, 1.2 Definition],CExt(H,A) is
a groupoid.

Every continuous homomorphism f : H ′ → H (resp. α : A → A′
) induces a functor f∗ :

CExt(H,A) → CExt(H ′, A) (resp. α∗ : CExt(H,A) → CExt(H,A′)): it is the pull-back (resp. push-
out) of central extensions along f (resp. α).

Definition 2.1 (see [6, p.2]). Given E1, E2 in CExt(H,A), define E1+̇E2 to be the push-out of the object

{(h1, h2) ∈ E1 × E2 : p1(h1) = p2(h2)}

of CExt(H,A× A) alongmult : A× A→ A. This yields a functor +̇ : CExt(H,A)× CExt(H,A)→
CEXt(H,A), called the Baer sum.

The operation +̇makesCExt(H,A) into a commutative Picard category, whose zero object is given
by the split extension A × H. Furthermore, +̇ commutes with pull-backs up to a canonical isomor-

phism.

Given objects E1, . . . , Ek of CExt(H,A), the Baer sum E1+̇ · · · +̇Ek is defined similarly.
Here comes a variant. Given locally compact groupsH1, . . . ,Hk, wedenote by pi : H1×· · ·×Hk →

Hi the projection map, for all 1 ≤ i ≤ k.

Definition 2.2. Given objects Ei of CExt(Hi, A) for i = 1, . . . , k, put

E1⊞̇ · · · ⊞̇Ek := p∗1E1+̇ · · · +̇p∗kEk,

called the external Baer sum of E1, . . . , Ek.

The definition above is given in terms of “internal” Baer sum in CExt(
∏

iHi, A). Alternatively, it
can be described directly as the push-out of the central extension

1→ Ak →
k∏

i=1

Ei →
k∏

i=1

Hi → 1
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alongmult : Ak → A, and then +̇ on CExt(H,A) can be redefined as the pull-back of ⊞̇ (in the case

H1 = · · · = Hk = H) along the diagonal mapH → Hk
.

Definition 2.3. Given E in CExt(H,A), let h1, h2 ∈ H be commuting elements. Take h̃1 ∈ p−1(h1)
and h̃2 ∈ p−1(h2). Then the commutator

comm(h1, h2) := h̃1h̃2h̃
−1
1 h̃−1

2

lies inA, and is independent of the choice of preimages.

In what follows, we write 1 for the constant function 1 valued in a given group.

Proposition 2.4. Given locally compact groupsH1, . . . ,Hk and E ∈ CExt(
∏

iHi, A), let Ei be the pull-back
of E alongHi ↪→

∏
j Hj. Then E is isomorphic to E1⊞̇ · · · ⊞̇Ek if and only if

comm|Hi×Hj = 1 for all 1 ≤ i ̸= j ≤ r,

in which case there is a canonical isomorphism

E1⊞̇ · · · ⊞̇Ek
∼→ E .

Proof. Tobeginwith, assumek = 2. The “only if” direction is trivial: comm|H1×H2 = 1holds forE1⊞̇E2
by the direct construction of ⊞̇.

For the “if” direction, themultiplicationmapE1×E2 → E withinE is a continuous homomorphism
of groups since comm|H1×H2 = 1. It is trivial on the anti-diagonal ofA×A. Passing to quotients, we
obtain a canonical morphism

E1⊞̇E2 → E

in the groupoid CExt(H1 ×H2, A).
The case for general k is analogous; it can also be proved inductively from the k = 2 case.

3 Brylinski–Deligne theory and Baer sums

LetF beafieldandGbeaconnected reductiveF -group. In [3], Brylinski andDeligneconsideredcentral
extensions

0→ K2 → G̃ → G→ 1 (3.1)

of sheaves on the big Zariski site (SpecF )Zar, whereKj stands for the Zariski sheaf of abelian groups

associated with the presheafU 7→ Kj(U) of Quillen’s higherK-theory for schemes, for all j ∈ Z≥0.

Central extensions can be studied in any topoi; we refer to [13, p.3769] for a summary. In particular,

as in the topological setting of §2, such central extensions form a category CExt(G,K2) and has the
following features.

• Every homomorphism f : G′ → G induces the pull-back functor

f∗ : CExt(G,K2)→ CExt(G′,K2), (f1f2)
∗ ≃ f∗

2 f
∗
1 .

• The operation of Baer sums +̇makesCExt(G,K2) into a commutative Picard category, with zero
object being the split extension. There is also a notion of external Baer sums ⊞̇.

• Objects of CExt(G,K2) can also be viewed as multiplicativeK2-torsors over G, see [3, §1]. In
this way, we see thatCExt(G,K2) is a groupoid: everymorphism therein is amorphism between

K2-torsors, hence invertible.
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• TheK2-valued commutatormap comm is defined on the scheme {(g1, g2) ∈ G2 : g1g2 = g2g1},
cf. Definition 2.3.

In fact, [3] allows more general bases than SpecF , and CExt(G,K2) has functoriality for base
change.

Taking F -points in (3.1) yields a central extension of groups

0→ K2(F )→ G̃(F )→ G(F )→ 1. (3.2)

Now assume F is a local field; recall thatmF ∈ Z≥1 is the number of roots of unity in F if F ̸= C,
andmC := 1. Assumem | mF . Pushing-out (3.2) along theHilbert symbol (·, ·)F,m, we obtain a central
extension ofG(F ) by µm(F ), denoted by

1→ µm(F )→ G̃→ G(F )→ 1.

According to [3, §10], the above is naturally a topological central extension. Upon fixing an embedding

ϵ : µm(F ) ↪→ C×
, one may identify G̃ as an object of CExt(G(F ),µm).

Proposition3.1. ThefunctorCExt(G,K2)→ CExt(G(F ),µm) so obtained respects pull-backsandBaer sums
of central extensions, i.e. it is a braidedmonoidal or “additive” functor between commutative Picard categories.

Furthermore, the functor preserves external Baer sums.

Proof. Consider a homomorphism f : G′ → G. The pull-back of G̃ along f is G̃′ = G̃ ×
G
G′
and we have

G̃′(F ) = G̃(F ) ×
G(F )

G′(F ), in whichK2(F ) = K2(SpecF ) embeds as a 7→ (a, 1). Pushing-out along

K2(F )→ µm(F ) only affects the first component, thus gives rise to G̃ ×
G(F )

G′(F ), the pull-back of G̃

alongG′(F )→ G(F ).
For Baer sums, it suffices to consider G̃1+̇G̃2. Its formation involves: (a) some projective limits of

Zariski sheaves, and (b) pushing-out along the addition mapK2 ×K2 → K2. As (a) commutes with

takingF -points, it remains to show that (b) has the same property. But this is immediate since SpecF
is just a point for the Zariski topology.

Finally, external Baer sums are described in terms of +̇ and certain pull-backs of central extensions,

hence are preserved as well.

Definition 3.2. Objects of CExt(G(F ),µm) arising from CExt(G,K2) are calledm-fold BD-covers.

Return to the case of a general fieldF with chosen separable closureF . LetG be a connected reduc-

tiveF -group. Fix amaximalF -torus T ofG, with preimage Tsc inGsc, and let Y (resp. Ysc) beX∗(TF )
(resp.X∗(Tsc,F )). In order to understand CExt(G,K2), we consider triples (Q,D, φ)where:

• Q : Y → Z is an integer-valued quadratic form, so that

BQ(y1, y2) := Q(y1 + y2)−Q(y1)−Q(y2) (3.3)

is a bilinear form Y × Y → Z, which is required to beW(GF , TF )⋊GalF -invariant;

• 1→ Gm → D → Y → 0 is a central extensionof sheaves of abeliangroups on the site (SpecF )ét
satisfying

(−1)BQ(y1,y2) = comm(y1, y2) (3.4)

for all y1, y2 ∈ Y ;
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• by [3, Proposition 3.11 and Compatibility 4.9], there is a natural central extension

1→ Gm → Dsc → Ysc → 0

attached to Q|Ysc , and φ : Dsc → D is morphism of sheaves of abelian groups on (SpecF )ét,
such that the diagram

1 Gm Dsc Ysc 0

1 Gm D Y 1

φ

commutes.

Thedata above satisfy étale descent by definition. They forma categoryBD(G,T ): morphisms from
(Q,D, φ) to (Q′,D′, φ′) exist onlywhenQ = Q′

, inwhich case theyaredefinedasmorphismsof central

extensionsD → D′
making the obvious diagram commute.

Baer sums of triples (Qi,Di, φi) (for i = 1, . . . , k) can be defined: simply take Q :=
∑

iQi,

D := +̇iDi (Baer sum of central extensions of sheaves), and φ : Dsc → D is induced by the func-

toriality of Baer sums (one can show thatDsc = +̇iDi,sc sinceQ =
∑

iQi). This makes BD(G,T ) into
a commutative Picard category. See [13, §2.1].

UsingWeyl-invariance, it is easily seen that different choices ofT give rise to equivalentBD(G,T ).

Theorem 3.3. There is a natural equivalence of commutative Picard categoriesCExt(G,K2)
∼→ BD(G,T ).

Furthermore, suppose f : G′ → G is a homomorphism between connected reductiveF -groups and T ′ ⊂ G′

is a maximalF -torus such that f(T ′) ⊂ T and f inducesW(G′
F
, T ′

F
)→W(GF , TF ), then the diagram

CExt(G,K2) BD(G,T )

CExt(G′,K2) BD(G′, T ′)

∼

∼

commutes up to a natural isomorphism, where the vertical functors are pull-backs.

Proof. The first part is the main result of Brylinski–Deligne [3, Theorem 7.2]; the assertion about Baer

sums is in [13,Theorem 2.2].

The second part can be found in [4, Proposition 4.3].

Until the end of this section, we consider connected reductive F -groups G1, . . . , Gk. Put G :=∏
iGi with projection maps pi : G → Gi for 1 = 1, . . . , k. Fix maximal F -tori Ti ⊂ Gi and let

Yi = X∗(Ti,F ) for each i; put T :=
∏

i Ti and Y :=
⊕

i Yi.
Defines the external Baer sum of objects (Qi,Di, φi) ∈ BD(Gi, Ti) as the Baer sum of their pull-

backs along pi (over i = 1, . . . , k) inBD(G,T ), again denoted by ⊞̇. In particular, the datumQ : Y →
Z is the orthogonal sum ofQ1, . . . , Qk.

Corollary 3.4. The equivalence inTheorem 3.3 preserves external Baer sums.

Proof. Suppose that G̃i ∈ CExt(Gi,K2) corresponds to (Qi,Di, φi) for each 1 ≤ i ≤ k. Recall that

G̃ := G̃1⊞̇ · · · ⊞̇G̃k ≃ p∗1G̃1+̇ · · · +̇p∗kG̃k.

The equivalence in the first part of Theorem 3.3 preserves +̇; it is also compatible with p∗i by the
second part. Hence G̃ corresponds to the external Baer sum of (Qi,Di, φi)

k
i=1.
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In the next result, we still assume G =
∏k

i=1Gi, embed Gi (resp. Ti) into G (resp. T ) for each i.
Given (Q,D, φ) ∈ BD(G,T ), we denote its pull-back toBD(Gi, Ti) by (Qi,Di, φi), for each i.

Proposition 3.5. An object (Q,D, φ) of BD(G,T ) is isomorphic to the external Baer sum of (Qi,Di, φi), for
i = 1, . . . , k, if and only ifY1, . . . , Yk are mutually orthogonal relative toBQ.

Proof. What needs proof is the “if” part. First off, supposeG = Gsc, then (Q,D, φ) (resp. (Qi,Di, φi))
amounts to the single datum Q (resp. Qi). As Q is the orthogonal sum of Q1, . . . , Qk, it follows that

(Q,D, φ) is the desired external Baer sum.
For generalG, note thatD1, . . . ,Dk commutewith each other insideD by (3.4), hence their external

Baer sum isD (cf. Proposition 2.4). Note thatDsc is also the external Baer sum of variousDi,sc by the

previous paragraph. Also, φ restricts to φi : Di,sc → Di for each 1 ≤ i ≤ k. Summing up, we obtain a

morphism from ⊞̇
k
i=1(Qi,Di, φi) to (Q,D, φ).

4 Classical groups and their covers

Consider afieldF with char(F ) ̸= 2, togetherwith an extension of fieldsE|F which is either quadratic

or satisfiesE = F . We consider the data (W,h)where

• W togetherwithh : W×W → E is either anHermitian (if [E : F ] = 2), symplectic or quadratic
vector space (ifE = F );

• G := G(W,h) (or simplyG(W )) is the unitary, symplectic, or special orthogonal group attached
to (W,h).

These are the classical groups over F under consideration in this article. The general linear groups are

excluded here.

The Levi subgroups ofG take the form

M =
r∏

i=1

ResE|F GLdi ×G
♭, G♭ := G(W ♭), (4.1)

which is obtained from an orthogonal decomposition

W =
r⊕

i=1

(ℓi ⊕ ℓ∗i )⊕W ♭, r ∈ Z≥0, (4.2)

where ℓi ⊕ ℓ∗i andW
♭
are non-degenerate E-subspaces ofW , and both ℓi and ℓ

∗
i are totally isotropic

with di := dimE ℓi = dimE ℓ∗i ∈ Z≥1, for all 1 ≤ i ≤ r.
Fix a separable closureF ofF . In order to understand pull-backs toM of centralK2-extensions of

G, we use the following tool.

Lemma 4.1. AssumeF = F . LetG = G(W,h) be a classical group overF in one of the following cases:

• (W,h) is symplectic, dimW > 0,

• (W,h) is quadratic and dimW ≥ 3, but dimW ̸= 4.

Assume furthermore that

• an orthogonal decompositionW = W1 ⊕ · · · ⊕Ws into non-degenerate subspaces is given, with hi :=
h|Wi×Wi ;
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• T =
∏s

i=1 Ti ⊂
∏s

i=1G(Wi, hi) ⊂ G is a maximal torus ofG.

Write Y =
⊕s

i=1 Yi, where Y = X∗(T ) and Yi = X∗(Ti) for all 1 ≤ i ≤ s. LetQ : Y → Z be
aW(G,T )-invariant quadratic form and define BQ by (3.3). Then Yi is orthogonal to Yj relative to BQ for all
1 ≤ i ̸= j ≤ s.

Proof. Note that we are free to replace each Ti by its conjugates inG(Wi, hi).
The problem is insensitive to F in the following sense. Up to isomorphisms, each (Wi, hi) can be

defined over Z[12 ], so that Ti ⊂ G(Wi, hi) and T ⊂ G have split smooth models over Z[12 ], for suitable
choices of Ti. Going through F ← Z[12 ] → Q, we infer that it suffices to deal with the special case
F = Q.

Assume henceforth F = Q. By the assumptions, the Coxeter data underlyingW(G,T ) is irre-
ducible, thus up to passage from Z-valued to F -valued quadratic forms, the invariant quadratic forms
onY areproportional to eachotherby [2,Ch.V,§4.7]. It suffices to exhibit anonzero invariantquadratic

formQ′ : Y ⊗ F → F , such that Yi is orthogonal to Yj relative toQ
′
for each 1 ≤ i ̸= j ≤ s.

Denote byBK the Killing form for g, and define the trace form

Btr(y
′, y′′) := tr(y′y′′|W ), y′, y′′ ∈ g ⊂ End(W ).

Clearly,Btr isG-invariant, symmetric and nonzero. From the simplicity of gwe deduce that

∃c ∈ F×, Btr = cBK. (4.3)

Embed Y into Y ⊗Z F ≃ t. Similarly, Yi ↪→ ti for all i. The restriction ofBK to t× t is known to be
W(G,T )-invariant andnon-degenerate, hence so is the restrictionofBtr by (4.3). TakeQ

′ : Y ⊗F → F
to be the invariant quadratic form corresponding toBtr|t×t.

When i ̸= j, we have g(Wi, hi)g(Wj , hj) = {0} inside the ringEnd(W ), because g(Wi, hi) is zero
onWj. Hence the subspaces g(Wi, hi) and g(Wj , hj) of g are orthogonal relative toBtr. It follows that

Yi and Yj are orthogonal relative toQ
′
, as desired.

Theorem 4.2. LetG = G(W,h) be a classical group overF in one of the following cases:

• (W,h) is symplectic,

• (W,h) is quadratic and dimW is odd,

• (W,h) is quadratic and dimW ≥ 6 is even.

Let G̃ be an object ofCExt(G,K2). Then for all Levi subgroupM ofG, the pull-backM̃ of G̃ toM is the external
Baer sum of its pull-backs to each factor in (4.1).

Proof. First off, wemay exclude the quadraticF -vector spaceswithdim ≤ 2, inwhich caseG is a torus.

Fix a maximal F -torus T ofM . Let Y =
⊕r

i=1 Yi ⊕ Y ♭
be the decomposition of Y := X∗(TF )

relative to (4.1).

It suffices to decompose the object inBD(M,T ) attached to M̃, by Corollary 3.4. Note that by sec-

ond part ofTheorem 3.3, that object is pulled back from the (Q,D, φ) ∈ BD(G,T ) attached to G̃.
Proposition 3.5 reduces us to showing that Y1, . . . , Yr, Y

♭
are mutually orthogonal relative to BQ.

Denote byH the hyperbolic plane (resp. any two-dimensional symplectic vector space) in the quadratic

(resp. symplectic) case. Then the desired orthogonality follows from Lemma 4.1, namely by taking s =
r + 1,Ws = W ♭

andWi = H⊕di for each 1 ≤ i ≤ r, and then base-change to F ; note thatM ⊂∏s
i=1G(Wi, hi).

Remark 4.3. The arguments above yield the following variant: letW =
⊕s

i=1Wi and G = G(W,h)
be as in Lemma 4.1, but without assuming F = F , then the pull-back of every G̃ ∈ CExt(G,K2) to∏s

i=1G(Wi, hi) ⊂ G breaks into an external Baer sum.
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We now assume F is local, takem ∈ Z≥1 and consider a classical group G = G(W,h) over F in

general. Specialize the formalism of §2 to central extensions

1→ µm → G̃→ G(F )→ 1

in CExt(G(F ),µm). Objects of CExt(G(F ),µm) are calledm-fold covers ofG(F ).
Given a Levi subgroupM ⊂ G as in (4.1), we have

M(F ) =
r∏

i=1

GLdi(E)×G♭(F ); (4.4)

we denote the preimages ofM(F ),G♭(F ) andGLdi(E) in G̃ by M̃ , G̃♭
and

˜GLdi(E), respectively. We
also say that M̃ is a Levi subgroup of G̃. Below is a paraphrase of [8, Definition 5.1].

Definition 4.4. Let M̃ be a Levi subgroup of G̃, described as above. We say M̃ is decomposed if

M̃ ≃ ˜GLd1(E)⊞̇ · · · ⊞̇ ˜GLdr(E)⊞̇G̃♭

in CExt(M(F ),µm).

Proposition 4.5. TheLevi subgroup M̃ of G̃ is decomposed if and only if the commutatormap comm is trivial on
each pair of factors of (4.4).

Proof. Apply Proposition 2.4.

Corollary 4.6. LetF be a local field, and letm | mF be as in §3. Suppose that 1 → µm → G̃ → G(F ) → 1
is anm-fold BD-cover, whereG = G(W,h) is subject to the same constraints inTheorem 4.2. LetM be any Levi
subgroup ofG, then M̃ is decomposed.

Proof. Let G̃ be the object of CExt(G,K2) giving rise to G̃. Let M̃ be the pull-back of G̃ toM , which

gives rise to the BD-cover M̃ (Proposition 3.1).

To decompose M̃ into the desired external Baer sum, it suffices to decomposeM̃ by the second part

of Proposition 3.1. Now applyTheorem 4.2.

We remark that when F is non-Archimedean andG is symplectic, the BD-covers exhaust all finite

topological central extensions ofG(F ); see the discussions in [6, §3].

5 Counterexamples for unitary groups

We will give examples of non-decomposed Levi subgroups in BD-covers of unitary groups or SO(4).
Retain the notations from §4.

Consider unitary groups first. Fixn ∈ Z≥1 and a quadratic extensionE|F of fieldswith char(F ) ̸=
2. Denote the non-identity element ofGal(E|F ) as x 7→ x (where x ∈ E).

Given c ∈ Z, take
1→ K2 → G̃L

(c)

2n → GL2n → 1

to be the centralK2-extension that gives rise to Kazhdan–Patterson covers [9] with twisting parameter

c; see [15, §2.7.7]. Letting T2n be the standard maximal torus of GL2n with cocharacter lattice Y2n =

Z2n
, then the corresponding datum

(
Q

(c)
2n ,D

(c)
2n , φ

(c)
2n

)
∈ BD(GL2n, T2n) satisfies

Q
(c)
2n = (1 + c)

(
2n∑
i=1

Xi

)2

−
∑

1≤i<j≤2n

XiXj ; (5.1)
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see loc. cit.
We view the above as a centralK2-extension overE, then apply theWeil restriction alongE|F for

centralK2-extensions explained in [10, §2.3]. This yields a centralK2-extension over F , denoted as

0→ K2 → ResE|F G̃L
(c)

2n → ResE|F GL2n → 1. (5.2)

Nowtake (W,h) tobe the sumofn copiesof thehyperbolicHermitian form, thusanHermitian form
of dimension 2n forE|F . Denote byG := G(W,h) the corresponding unitary group, embedded into
intoResE|F GL2n via the standard (hyperbolic) basis. Therefore T := (ResE|F T2n) ∩ G is a maximal

F -torus ofG, consisting of matrices

x1
.
.
.

xn
xn

−1

.
.
.

x1
−1


, x1, . . . , xn ∈ E×. (5.3)

Pulling (5.2) back toG := G(W,h), we obtain

0→ K2 → G̃ → G→ 1, (5.4)

an object of CExt(G,K2). Note that T ≃ (ResE|F Gm)
n
is also a minimal Levi subgroup ofG.

The result below shows thatTheorem 4.2 does not hold for unitary groups and their Levi subgroups

in general.

Proposition 5.1. Let T̃ be the pull-back of (5.4) to T . Then T̃ is not the external Baer sum of its pull-backs to the
n factorsResE|F Gm.

Proof. Take themaximalF -torusResE|F (T2n) ofResE|F GL2n, whose cocharacter lattice is two copies

of Y2n exchanged byGal(E|F ). The datum (Q′,D′, φ′) attached toResE|F G̃L
(c)

2n is determined in [10,

Theorem 2.3.10]. What matters here is the partQ′
: by loc. cit., it is the sum of (5.1) and its avatar in the

“conjugate variables”Y1, . . . ,Y2n, namely

Q′ = (1 + c)

( 2n∑
i=1

Xi

)2

+

(
2n∑
i=1

Yi

)2
− ∑

1≤i<j≤2n

(XiXj + YiYj).

We pull ResE|F G̃L
(c)

2n back to G to get (Q,D, φ) ∈ BD(G,T ), using the second part of Theorem

3.3. In view of (5.3), this amounts to substituting Xn+1, . . . ,X2n by−Yn, . . . ,−Y1, and Yn+1, . . .Y2n

by−Xn, . . . ,−X1 accordingly inQ
′
. Therefore

Q = 2(1 + c) (X1 + · · ·+ Xn − Y1 − · · · − Yn)
2

− 2
∑

1≤i<j≤n

(XiXj + YiYj) + 2
∑

1≤i,j≤n

XiYj .

Observe that Gal(E|F ) acts on Y := X∗(TE) by swapping Xi and Yi for all i. In fact Y is the

induced Galois module IndE|F (Zn) := IndGalF
GalE

(Zn).
For every i, the pair of variablesXi,Yi lives over the i-th factorResE|F Gm ofT . HenceQ is the sum

of “diagonal” terms plus the following “crossed” terms:

(4(1 + c)− 2)(XiXj + YiYj), −(4(1 + c)− 2)(XiYj + XjYi)

for all 1 ≤ i < j ≤ n.
(5.5)
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Since 4(1 + c) − 2 ̸= 0, it follows that T̃ cannot be the external Baer sum of pull-backs to these n
copies ofResE|F Gm.

Now assume F is local. For every m ∈ Z≥1 with m | mF and embedding ϵ : µm(F ) ↪→ C×
,

from (5.4) one obtains anm-fold BD-cover G̃ of the unitary group G(F ), as well as its pull-back T̃ to

T (F ) which arises from T̃ . The following result shows that Corollary 4.6 does not hold for BD-covers

of unitary groups in general.

Proposition 5.2. In the setting above, assume furthermorem = mF and that

• F is a finite extension ofQp for some odd prime p;

• 4(1 + c)− 2 = dd′ where d, d′ ∈ Z≥1 and d (resp. d′) dividesm (resp. is coprime tom);

• p dividesm/d.

Then the Levi subgroup T̃ of G̃ is not decomposed.

Proof. Denote byX the dual of Y , viewed as a Galois module. There is a Galois-equivariant homomor-

phism α : Y → X induced byBQ; we get

α⊗ µm : Y ⊗ µm → X ⊗ µm.

Note thatX⊗µm is canonically isomorphic to IndE|F (Zn ⊗ µm); see eg. [11, (4.6)]. The samealso holds

for Y ⊗ µm. We can view α⊗ µm as a symmetric n× nmatrix (fij)i,j overEndZ(IndE|F (µm)).
Now apply [14, §1.3] to T : Tate’s local duality gives a perfect pairing

Tate : H1(F, Y ⊗ µm)×H1(F,X ⊗ µm)→ µm(F )
∼→ µm.

TheKummer sequence givesT (F )/T (F )m
∼→ H1(F, Y ⊗µm) sinceT is induced, and by [14, (1.8)],

comm : T (F )× T (F )→ µm descends to the anti-symmetric form onH1(F, Y ⊗ µm) obtained from

H1(F, Y ⊗ µm)×H1(F, Y ⊗ µm)
(id,α⊗µm)−−−−−−→ H1(F, Y ⊗ µm)×H1(F,X ⊗ µm)

Tate−−→ µm.

For all 1 ≤ i ≤ n, denote by Ti the i-th factorResE|F Gm in T . Fix i < j. Identify both the i-th and
j-th piece of Y andX with IndE|F (µm), then by loc. cit., comm|Ti(F )×Tj(F ) comes from the composite

H1(F, IndE|F (µm))×H1(F, IndE|F (µm))
(id,fij)−−−−→

H1(F, IndE|F (µm))×H1(F, IndE|F (µm))
Tate−−→ µm.

Recall thatfij is induced by the terms inQ (or: inBQ) with indices i < j. Some observations are in
order.

• Shapiro’s lemma impliesH1(F, IndE|F (µm)) ≃ H1(E,µm) ≃ E×/E×m

• ForH1(F, IndE|F (µm)), the pairingTate is then identified with (·, ·)E,m; this is [11, (4.15)] in the

global case, and the local case is similar and easier.

• In view of (5.5), fij is identified with the endomorphism ofE×/E×m
induced by

w 7→ (ww−1)4(1+c)−2.

Indeed,w (resp.w) on the right comes fromXiXj + YjYj (resp.XiYj + XjYi).

12



Therefore comm|Ti(F )×Tj(F ) becomes

(z, w) 7→ (z, ww−1)dd
′

E,m, z, w ∈ E×.

The following statements are equivalent:

(i) comm|Ti(F )×Tj(F ) is constant;

(ii) (z, w) 7→ (zd, ww−1)E,m is constant;

(iii) (z, w) 7→ (z, ww−1)E,m/d is constant, see eg. [10, Remark 2.4.1] for the equivalence with (ii);

(iv) u ∈ E×m/d
for all norm-one element u ∈ E×

, by the non-degeneracy of Hilbert symbols.

To show T̃ is not decomposed, by Proposition 2.4 it suffices to disprove (i). Since p | m
d , we will

disprove (iv) by exhibiting a norm-one element u ∈ U (1) ∖ E×p
, where U (1) := 1 + pE. Observe that

if v ∈ E×
satisfies vp ∈ U (1)

, then v ∈ U (1)
.

Recall (see [12, Chapter 2, (5.7)]) that: (a) U (1)
is actually a finitely generated Zp-module; (b) its

torsion submodule is µpa(E) for some a ≥ 0; (c) denote its torsion-free quotient module as F , then
F ≃ Z[E:Qp]

p as topological modules. TheGal(E|F )-action on U (1)
passes toF , and decomposes it to

eigen-submodulesF+ ⊕F−
since 2 ∈ Z×

p .

We must haveF− ̸= 0, otherwiseE×
would have only finitely many norm-one elements, which is

absurd. Since F− ⊂ F , it is free of finite rank over Zp. Take [u] ∈ F− ∖ pF−
(written additively).

Hence [u] /∈ pF byF = F+ ⊕F−
.

For every preimage u ∈ U (1)
of [u], we have u = ζu−1

where ζ ∈ µpa(E); it follows that ζ = ζ.
Since µpa(E) is aGal(E|F )-module of odd order, we have

∀i ≥ 1, Hi(Gal(E|F ), µpa(E)) = 0.

Hence ζ = ξξ for some ξ ∈ µpa(E). Replacing u by uξ−1
, wemay assume u = u−1

. If u = vp for some
v ∈ U (1)

, then [u] = p[v] ∈ pF . Contradiction.

Note that given an odd prime p, there is always some finite extension F ⊃ Qp such that p | mF .

Since 2 | mF , one can always find c that meets the conditions in Proposition 5.2, say with d = 2.

6 The case of SO(4)

Assume that F is any field with char(F ) ̸= 2. Let (V, q) be a quadratic F -vector space of dimension 4,
and take the special orthogonal groupG := G(V, q).

The anisotropic kernel of (V, q)has dimension 0, 2 or 4. Only the first two cases need consideration.
First, suppose thatV is the sumof two copies of the hyperbolic planeH. ThenG has a splitmaximal

F -torusT ≃ G2
m: eachGm is isomorphic toSO(H). TheWeyl groupW(G,T ) acting onY := X∗(T ) ≃

Z2
is generated by the automorphisms

(x, y) 7→ (y, x) and (x, y) 7→ (−x,−y), (x, y) ∈ Z2.

TheW(G,T )-invariant quadratic forms Y → Z are exactly those of the form

Q = a(X2
1 + X2

2) + bX1X2, a, b ∈ Z. (6.1)

One can always extend the Q in (6.1) to some (Q,D, φ) ∈ BD(G,T ). Indeed, by [5, §2.6], there
exists a bilinear mapD : Y × Y → Z (called a bisector) such thatD(y, y) = Q(y), and by choosing
a group homomorphism η : Ysc → F×

one obtains (D, η) ∈ BisG,Q (see loc. cit.) that “incarnates” an
object (Q,D, φ) ∈ BD(G,T ). We obtain a corresponding central extension

0→ K2 → G̃ → G→ 1. (6.2)
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Proposition 6.1. ForG = G(V, q) and T as above, let T̃ be the pull-back of (5.4) to T . If b ̸= 0, then T̃ is not
the external Baer sum of its pull-backs to the two factorsGm.

Proof. Indeed,Q contains the “crossed” termX1X2 with nonzero coefficient.

Remark 6.2. Suppose F is local. Choose m | mF and take the m-fold BD-cover G̃ of G(F ) arising
from (6.2). As in Proposition 5.2, but withmuch simpler arguments (using the commutator formula [3,

Corollary 3.14] instead of Tate duality), one can show that for the preimage T̃ of T (F ), the commutator
pairing between two copies ofF×

is (z, w) 7→ (z, w)bF,m. Whenm ∤ b, the commutator is non-constant
and T̃ is not decomposed.

Therefore, bothTheorem 4.2 and Corollary 4.6 fail for split SO(4).
Secondly, suppose thatV = H⊕Vani, whereVani is an anisotropic subspace of dimension 2. In this

caseG has a maximal F -torus
T ≃ Gm ×G(Vani),

which is also the only proper Levi subgroup ofG up to conjugacy. We then have the following counter-

part ofTheorem 4.2.

Proposition 6.3. ForG = G(V, q) andT as above, let G̃ ∈ CExt(G,K2) and let T̃ be its pull-back toT . Then
T̃ is the external Baer sum of its pull-backs toGm andG(Vani).

Consequently, whenF is local, Levi subgroups are decomposed in all BD-covers ofG(F ).

Proof. Write Y := X∗(T ). AsZ-modules, Y ≃ Z2
where the two coordinates correspond to the factors

Gm andG(Vani) of T . Take a quadratic extension F
′|F that splitsG(Vani).

Let (Q,D, φ) ∈ BD(G,T ) be attached to G̃. It remains to show that compared with (6.1), the only
choices of Q here are a(X2

1 + X2
2), i.e. there are no crossed terms. Indeed, Gal(F ′|F ) fixes X1 and

negatesX2, whilstQmust beGal(F ′|F )-invariant. This completes the proof.

7 On the full orthogonal groups

The case of full orthogonal groups is left unaddressed in §4 and §§5–6. This section will offer a partial

remedy.

Brylinski–Deligne theory applies only to connected reductive groups, so we proceed as follows.

Consider a nonzero quadratic F -vector space (V, q) and letG+ := O(V ) be the full orthogonal group.
Levi subgroupsM+

ofG+
have a form similar to (4.1), namely

M+ =
r∏

i=1

GLdi ×O(V ♭), r ∈ Z≥0, di ∈ Z≥1.

Herewe demand thatV ♭
is nonzero. LetG (resp.M ) be the identity connected component ofG+

(resp.

M+
).

Letm ∈ Z≥1. Consider a topological central extension

1→ µm → G̃+ p−→ G+(F )→ 1.

Set M̃+ := p−1(M+(F )). Denote by G̃ (resp. M̃ ) the preimages ofG(F ) (resp.M(F )) in G̃+
. Pick any

F -point τ ∈ O(V ♭) ∖ SO(V ♭), viewed as an element ofM+(F ) that commutes with elements from
eachGLdi(F ). ThenM+ = Mτ .

The Definition 4.4 naturally extends to the setting of M̃+ ⊂ G̃+
.

Proposition 7.1. In the setting above, M̃+ is decomposed if and only if
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(i) M̃ is decomposed, and

(ii) comm(ti, τ) = 1 for all 1 ≤ i ≤ r and all ti in the standardmaximal torus ofGLdi(F ).

Proof. In viewofProposition2.4, thiswill be immediately clear if (ii) is replacedby (ii)’: comm(gi, τ) = 1
for all 1 ≤ i ≤ r and gi ∈ GLdi(F ). Nonetheless, by the canonical splitting of topological central
extensions over unipotent radicals of parabolics, we have comm(ui, τ) = 1 for all ui in the standard
maximal unipotent subgroup ofGLdi(F ) or in its opposite. Hence (ii) implies comm(gi, τ) = 1 for all
gi ∈ GLdi(F ) in the open Bruhat cell, so (ii) implies (ii)’.

The condition (i) can be studied using the results for special orthogonal groups in §4 and §6. On the

other hand, (ii) can be checked once we know how τ acts by conjugation on the (Q,D, φ) ∈ BD(G,T ),
where T ⊂M is a τ-stable maximal F -torus, which always exists.

8 On oddGSpin groups

We consider the splitGSpin(2n + 1) over a base field F with char(F ) ̸= 2, where n ∈ Z≥1. Also put

GSpin(1) := Gm.

Recall from [1, Proposition 2.4] that a Borel pair (B, T ) over F ofGSpin(2n + 1) can be chosen so
that T is split and

X∗(T ) =

n⊕
i=0

Zei,

Y := X∗(T ) =

n⊕
i=0

Ze∗i ,

simple roots: e1 − e2, . . . , en−1 − en, en,

simple coroots: e∗1 − e∗2, . . . , e
∗
n−1 − e∗n, 2e

∗
n − e∗0,

where {ei}i, {e∗i }i are dual bases. Note that the root datum above is dual to that ofGSp(2n).
By [1,Theorem 2.7], Levi subgroups ofGSpin(2n+ 1) have a form similar to (4.1), namely

M =
r∏

i=1

GLdi ×GSpin(2n♭ + 1),
r∑

i=1

di + n♭ = n. (8.1)

This can be seen via duality as in loc. cit., ormore directly by removing thed1, d1+d2, ..., d1+· · ·+dr-th
simple roots from the list above, as well as the corresponding simple coroots.

When dealing with quadratic forms on Y , we will write the variable corresponding to ei as Xi, for

i = 0, . . . , n.

Lemma 8.1. SetG = GSpin(2n + 1) and take T ⊂ G as above. LetQ : Y → Z be aW(G,T )-invariant
quadratic form.

(i) Ifn > 1, we have

Q = 2c

 n∑
j=1

X0Xj + X2
0

+ c
∑

1≤j<k≤n

XjXk + d

n∑
j=1

X2
j

for unique c, d ∈ Z.
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(ii) Ifn = 1, we have
Q = aX2

0 + aX0X1 + dX2
1

for unique a, d ∈ Z.

Proof. Reflections with respect to roots e1− e2, ..., en−1− en generate all permutations ofX1, . . . ,Xn,

and keepX0 fixed. Hence an invariant quadratic formQ on Y can be written as

Q = a

n∑
j=1

X0Xj + bX2
0 + c

∑
1≤j<k≤n

XjXk + d

n∑
i=1

X2
j .

Consider the reflection sn with respect to en. The corresponding coroot being 2e∗n− e∗0, we see that

snXj =


X0 + Xn, if j = 0

Xj , if 1 ≤ j < n

−Xn, if j = n.

Therefore,

snQ = a
∑

1≤j<n

(X0 + Xn)Xj − a(X0 + Xn)Xn + b(X0 + Xn)
2

+ c
∑

1≤j<k≤n

XjXk − 2c
∑

1≤j<n

XjXn + d
n∑

j=1

X2
j

= Q+ a
∑

1≤j<n

XjXn − 2aX0Xn − aX2
n + 2bX0Xn + bX2

n − 2c
∑

1≤j<n

XjXn.

When n > 1, we seeQ isW(G,T )-invariant if and only if a = b = 2c.
When n = 1, the term

∑
1≤j<n XjXn disappear, thus a = b andQ also has the desired form.

Proposition 8.2. Let G = GSpin(2n + 1) with n > 1 (resp. n = 1), andM ⊊ G as in (8.1). Given
G̃ ∈ CExt(G,K2) with attached datum (Q,D, φ) ∈ BD(G,T ), the pull-back M̃ of G̃ toM is the external
Baer sum of pull-backs to factors in (8.1) if and only if the parameter c (resp. a) in Lemma 8.1 is zero.

Proof. Combine Proposition 3.5 and Lemma 8.1. See also the discussions after (8.1).

Remark 8.3. For non-splitGSpin(2n + 1)with n > 1, we still have that c = 0 implies the decompos-
ability of M̃ into external Baer sum.

Remark8.4. SupposeF is local, choosem | mF and take them-foldBD-cover G̃ (resp. M̃ ) arising from

G̃ (resp. M̃). One can determine whether M̃ is decomposed or not (cf. Definition 4.4) by inspecting the

expression ofQ in Lemma 8.1, as explained below.

• In view of Proposition 8.2, the condition c = 0 implies M̃ is decomposed, byworking on the level

ofK2-extensions. This also holds for non-splitGSpin(2n+ 1) by Remark 8.3.

• AssumeG is split. To obtain sharper results, observe that theF -points of factors in (8.1) commute
in M̃ if and only if their intersections with T (F ) commute. Indeed, this follows from the Bruhat

decomposition; see the proof of Proposition 7.1. The relevant commutators are then described in

terms of Hilbert symbols, cf. the discussions in §5 and §6, or [3, Corollary 3.14].

Remark 8.5. According to [1, §2], Levi subgroups ofGSpin(2n) orGSp(2n) have the same description
as (8.1), and the invariant quadratic forms Q : Y → Z can be determined by a computation akin to
Lemma 8.1. These cases are omitted since the method of [8] does not apply to them thus far.
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