Decomposed Levi subgroups in BD-covers of classical groups
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Abstract

For finite topological central extensions of p-adic classical groups, Heiermann and Wu intro-
duced the notion of decomposed Levi subgroups in their study of intertwining algebras. In this note,
we show that for symplectic and special orthogonal groups over local fields, except the split SO(4),
all Levi subgroups are decomposed if the central extension arises from the Brylinski—Deligne con-
struction. Discussions for certain unitary groups, SO(4) and GSpin(2n + 1) are also given.
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1 Introduction

1.1 Motivation

For a classical group G over a non-Archimedean local field F', let [M, o] be a Bernstein component of
the category Rep; () of smooth representations over C of G(F), the group of F'-points of Gi. For the
corresponding subcategory of Rep; (), Heiermann showed in [7] that the endomorphism algebra of a
standard projective generator is the semi-direct product of an affine Hecke algebra of possibly unequal
parameters with a finite group algebra. The resulting equivalence of module categories is compatible
with parabolic induction, Jacquet modules, and so on. Type theory is not required in this approach.

In [8], Heiermann and Wu extend this important result to m-fold covers G of G(F) by assuming
that the preimage M C G is decomposed, where m € Z>;. An m-fold cover means a central extension
of locally compact groups

1= p, = G—GF)—1,
where p,, is the group of m-th roots of unity in C. Bernstein’s theory generalizes to genuine smooth
representations of G, i.e. the smooth representations of G on which p,,, acts tautologically.

Let us clarify the meaning of decomposed Levi subgroups. To begin with, suppose G is not unitary.
Levi subgroups M C G can be expressed as

M = ][ GLq, xG (1.1
=1



—_—~—

where G” is a smaller classical group of the same type as G, possibly trivial. Let GLg, (F) and G be the
preimages of their F'-points in M, which are again m-fold covers. We say M is decomposed if

Mﬁ <Hé_f4_; X @) /{(21,...,ZT,zb) E[LZH, 21"'ZTZ|7 = 1} (1.2)
=1

as topological central extensions of M (F') by p,,,. When G is unitary with respect to a quadratic exten-
sion E|F', one replaces GLg;, by the restriction of scalars Res g GLy; -

Decomposability plays a crucial role in [8]; for instance, it is satisfied by all Levi subgroups of the
metaplectic twofold extension of Sp(2n, F'), see loc. cit. On the other hand, decomposability fails for
the Kazhdan-Patterson covers [9] of GL,,(F') in general; this failure leads to the theory of metaplectic
tensor products.

Inview of [8], we are thus led to the following natural question, which makes sense for all local fields
F with char(F') # 2 and all classical groups G over F'.

Question. Given G and a Levi subgroup M C G, how to determine whether M is decomposed or
not?

In this note we focus on the m-fold covers constructed by Brylinski and Deligne [3], abbreviated as
m-fold BD-covers, where m | mp. Here mp is the number of roots of unity in F' (resp. mp := 1) when
F # C (resp. when F' = C). After fixing an embedding € : y,,(F') — C*, the BD-covers arise from
central extensions

0Ky —=G—G—1

of sheaves on the big Zariski site of Spec(F'), where Ky is the sheaf associated with Quillen’s K-theory
functors. The BD-covers comprise most known covers of arithmetic significance, including the meta-
plectic group. Gan—-Gao-Weissman [6] proposed a Langlands program for genuine representations of
BD-covers.

1.2 Main results and strategy

The main results are summarized below. In what follows, G is assumed to be a BD-cover of G(F).

« Suppose that G is the classical group attached to a pair (W, h), where W is a finite-dimensional
F-vector spaceand h : W x W — F'is a non-degenerate bilinear form, in one of the following
cases:

- (W, h) is symplectic,
- (W, h) is quadratic and dim W is odd,
- (W, h) is quadratic and dim W > 6 is even.

Then M is decomposed for all Levi subgroups M C G (Corollary 4.6).

- If Gisaquasisplit unitary group or the split SO(4), there are examples of BD-covers G in which
T is notdecomposed (Proposition 5.2 and Remark 6.2). Here T"is a minimal Levi subgroup, which
is also a maximal F'-torus in G.

« If Gisanon-split SO(4), all Levi subgroups are decomposed (Proposition 6.3).

« Discussions for full orthogonal groups (Proposition 7.1) and GSpin(2n + 1) (Proposition 8.2) are
also given.



The idea goes as follows. The right-hand side of (1.2) can be seen as an external Baer sum of covers.
To say M is decomposed amounts to saying that M is isomorphic to the external Baer sum of the preim-
ages of F-points of factors in (1.1), say through the multiplication map in G'. For BD-covers, we try to
deduce this isomorphism from the Ks-level, namely for the pull-back M of G to M. In both settings,
decomposability is equivalent to that different factors in (1.1) commute in the central extension.

Consider any connected reductive F'-group G with a chosen maximal F'-torus 7". Brylinski and
Deligne classified the central K-extensions of G interms of data (Q, D, ¢) where Q : Y := X, (T%) —
7 is a Weyl- and Galois-invariant quadratic form. Now take 7' C M C G in our original setting and
consider the decomposition (1.1). To decompose M, we are reduced to showing that the corresponding
summands in Y are mutually orthogonal relative to Bo (y, v') := Q(y+y') —Q(y) —Q(y’) (Proposition
3.5), which is elementary. This leads to the K-level decomposition (Theorem 4.2).

To produce examples of non-decomposed Levi subgroups in G requires more work: one has to ex-
press the commutator pairing in BD-covers in terms of Hilbert symbols, or Tate’s local duality in the
unitary case.

All the required machinery is available from the literature. In particular, we rely on the crucial fact
that the Brylinski—Deligne equivalence preserves Baer sums.

On the other hand, since the theory of Brylinski—Deligne [3] only concerns connected reductive
groups, the results for full orthogonal groups given in §7 will be very limited.

1.3 Layout

In §2 we recollect the required terminologies for topological central covers, Baer sums and external
Baer sums. The Brylinski—Deligne formalism of central Ko-extensions is reviewed in §3, together with
certain auxiliary results proved. In §4 we turn to classical groups and prove the main theorems. Coun-
terexamples for unitary groups and SO(4) are given in §5 and §6, respectively. Finally, §7 and §8 discuss
the cases of full orthogonal groups and GSpin(2n + 1), respectively.
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1.5 Notation and conventions

For a local field F', we let mp € Z>; be the number of roots of unity in F', with the convention that
mgc := 1. For every m | mp we denote by (-, -) 7., the Hilbert symbol of degree m for F'. When F'is
non-Archimedean, the ring of integers (resp. its maximal ideal) is written as o (resp. pr).

Field extensions are written as E|F’, and for Galois extensions we denote by Gal(E|F) its Galois
group. The absolute Galois group of F'is denoted by Galp.

For a field ' with char(F') # 2, a quadratic (resp. symplectic) F'-vector space means a pair (V, q)
where V' is a finite-dimensional F'-vector space and ¢ : V x V — F is bilinear, symmetric (resp.
alternating) and non-degenerate; the shorthand V' will also be used. The corresponding orthogonal
and special orthogonal groups (resp. symplectic groups) are denoted by O(V, ¢) and SO(V, q) (resp.
Sp(V, q)), or simply as O(V') and SO(V') (resp. Sp(V)), respectively.

Given a quadratic extension F|F with char(F') # 2, Hermitian spaces (W, h) (shorthand: W) and
unitary groups are defined similarly, where h : W x W — E is the Hermitian form.



For a scheme X over Spec(F'), we denote by X (F') the set of its F-points. For an extension F’|F'
of fields, we denote by X v the base-change of X to F’. When [F’ : F] is finite, the functor Res FI|F of
Weil restriction sends affine F’-groups to affine F-groups.

When G is a connected reductive F'-group with a split maximal F'-torus T', we denote by W(G, T')
the Weyl group. Denote by G the simply connected covering of [G, G]. Lie algebras are denoted in
Srattur letters. The cocharacter (resp. character) lattice of T"is denoted as X..(7T') (resp. X*(T')).

For every m € Z>1, we let yi,,, be the group scheme of m-th roots of unity. Put p,,, := i, (C).

Variables in a polynomial ring are denoted as X;, Xo, . . ..

2 Topological central extensions

Given a finite abelian group A endowed with the discrete topology, and a locally compact group H, we
let CExt(H, A) be the category of topological central extensions

1A= 1

as explained in [6, 1.1 Definition]. Morphisms in CExt(H, A) are commutative diagrams of the form

1 A £ H 1
|l
1 A g H 1

where 6 is a continuous group homomorphism. By the discussions in [6, 1.2 Definition], CExt(H, A) is
a groupoid.

Every continuous homomorphism f : H' — H (resp. « : A — A’) induces a functor f* :
CExt(H, A) — CExt(H', A) (resp. o, : CExt(H, A) — CExt(H, A")): it is the pull-back (resp. push-
out) of central extensions along f (resp. ).

Definition 2.1 (see [6, p.2]). Given &1, &2 in CExt(H, A), define £;+&; to be the push-out of the object
{(h1,h2) € &1 x & i p1(h1) = p2(h2)}

of CExt(H, A x A)alongmult : A x A — A. Thisyields a functor + : CExt(H, A) x CExt(H, A) —
CEXt(H, A), called the Baer sum.

The operation + makes CExt(H, A) into a commutative Picard category, whose zero object is given
by the split extension A x H. Furthermore, + commutes with pull-backs up to a canonical isomor-

phism.
Given objects &1, . . ., & of CExt(H, A), the Baer sum &+ - - - +&}, is defined similarly.
Here comes avariant. Given locally compact groups H, . .., Hy, wedenoteby p; : Hy x---x Hi, —

H; the projection map, forall 1 <i < k.

Definition 2.2. Given objects &; of CExt(H;, A) fori =1,...,k, put
EiB - B, := pi&at- - i,

called the external Baer sum of &1, . . ., .

The definition above is given in terms of “internal” Baer sum in CExt(] [, H;, A). Alternatively, it
can be described directly as the push-out of the central extension

K :
1A s J[& - [[Hi—1
=1 =1



along mult : A¥ — A, and then + on CExt(H, A) can be redefined as the pull-back of 3 (in the case
Hy, = --- = Hj, = H)along the diagonal map H — H*.

Deﬁl}ition 2.3. Given £ in CExt(H, A), let hy, he € H be commuting elements. Take hy € p1(h1)
and hy € p~!(hz). Then the commutator

Comm(hl, hg) = Blﬁgﬁflﬁgl
liesin A, and is independent of the choice of preimages.
In what follows, we write 1 for the constant function 1 valued in a given group.

Proposition 2.4. Given locally compact groups Hy, ..., Hiand € € CExt([[; Hi, A), let &; be the pull-back
of € along H; — [; H;. Then & isisomorphicto &8 - - - BIE, if and only if

comm|p, g, =1 forall1 <i#j<r,
in which case there is a canonical isomorphism
§B-- B S E.

Proof. Tobeginwith, assume k = 2. The “only if” direction is trivial: comm| 7, x 7, = 1 holds for £,FH3E,
by the direct construction of &.

For the “if” direction, the multiplication map &; x & — € within £ is a continuous homomorphism
of groups since comm| g, x i, = 1. Itis trivial on the anti-diagonal of A x A. Passing to quotients, we
obtain a canonical morphism

EHE, — €

in the groupoid CExt(H; x Hj, A).
The case for general k is analogous; it can also be proved inductively from the k = 2 case. O

3 Brylinski-Deligne theory and Baer sums

Let F'be afield and G be a connected reductive F'-group. In [3], Brylinski and Deligne considered central
extensions .
0—-Ky—>G—>G—1 (3.1

of sheaves on the big Zariski site (Spec F')zar, where K stands for the Zariski sheaf of abelian groups
associated with the presheaf U — K;(U) of Quillen’s higher K -theory for schemes, for all j € Z>.

Central extensions can be studied in any topoi; we refer to [13, p.3769] for a summary. In particular,
as in the topological setting of §2, such central extensions form a category CExt(G, K3) and has the
following features.

« Every homomorphism f : G’ — G induces the pull-back functor

f* o CExt(G,Ky) — CExt(G',Ka), (fifo)* =~ fifi.

« The operation of Baer sums + makes CExt(G, K3) into a commutative Picard category, with zero
object being the split extension. There is also a notion of external Baer sums H.

« Objects of CExt(G,K3) can also be viewed as multiplicative Ko-torsors over G, see [3, §1]. In
this way, we see that CExt(G, K2) is a groupoid: every morphism therein is a morphism between
K, -torsors, hence invertible.



« The K;-valued commutator map comm is defined on the scheme {(g1, g2) € G? : g192 = 9291},
cf. Definition 2.3.

In fact, [3] allows more general bases than Spec F', and CExt(G, K2) has functoriality for base
change.
Taking F'-points in (3.1) yields a central extension of groups

0— Ky(F) = G(F) = G(F) — 1. 3.2)

Now assume F is a local field; recall that mp € Z>; is the number of roots of unity in F' if F' # C,
and mc := 1. Assumem | mp. Pushing-out (3.2) along the Hilbert symbol (-, ) ., we obtain a central
extension of G(F') by i, (F'), denoted by

1= pum(F) = G — G(F) = 1.

According to [3, §10], the above is naturally a topological central extension. Upon fixing an embedding
€ : pim(F) — C*, one may identify G as an object of CExt(G(F'), u,,,)-

Proposition3.1. Thefunctor CExt(G, Ka) — CExt(G(F), p,,) soobtained respects pull-backs and Baer sums
of central extensions, i.e. it is a braided monoidal or “additive” functor between commutative Picard categories.
Furthermore, the functor preserves external Baer sums.

Proof. Consider a homomorphism f : G’ — G. The pull-back of G along f is G’ = G é G’ and we have

G(F)=G(F) x G'(F),inwhich Ky(F) = Ky(Spec F) embeds as a — (a, 1). Pushing-out along
G(F)

Ky(F) = pum(F) only affects the first component, thus gives rise to G x  G'(F), the pull-back of G

G(F)
along G'(F) — G(F).

For Baer sums, it suffices to consider G;+G,. Its formation involves: (2) some projective limits of
Zariski sheaves, and (b) pushing-out along the addition map Ko x Ky — K. As (a) commutes with
taking F'-points, it remains to show that (b) has the same property. But this is immediate since Spec F'
is just a point for the Zariski topology.

Finally, external Baer sums are described in terms of + and certain pull-backs of central extensions,
hence are preserved as well. O]

Definition 3.2. Objects of CExt(G(F'), u,,,) arising from CExt(G, Ks) are called m-fold BD-covers.

Return to the case of a general field F' with chosen separable closure F'. Let G be a connected reduc-
tive F'-group. Fix a maximal F'-torus 1" of G, with preimage T} in G, and let Y (resp. Y;.) be X, (%)
(resp. X4 (T,.7))- In order to understand CExt(G, K2), we consider triples (Q, D, ¢) where:

« Q:Y — Zisaninteger-valued quadratic form, so that

Bo(y1,y2) == Qy1 + y2) — Qy1) — Q(y2) (3.3)
is a bilinear form Y x Y — Z, which is required to be W(G#, T) » Galp-invariant;

+ 1 - Gy — D — Y — Oisacentral extension of sheaves of abelian groups on the site (Spec F') ¢
satisfying
(—1)Berw2) — comm(yy, o) 3.4

forally;,y2 € Y;



« by [3, Proposition 3.11 and Compatibility 4.9], there is a natural central extension
1= Gm = Dye = Yse = 0

attached to Q|y,., and ¢ : Dgc — D is morphism of sheaves of abelian groups on (Spec F)¢,
such that the diagram

1 G Dqc Yee 0
| o]
1 Gm D Y 1

commutes.

The data above satisfy étale descent by definition. They form a category BD(G, T'): morphisms from
(Q,D,p)to(Q', D', ¢')existonlywhen Q = @', in which case they are defined as morphisms of central
extensions D — D’ making the obvious diagram commute.

Baer sums of triples (Q;,D;, ;) (for i = 1,...,k) can be defined: simply take Q := >, Q;,
D := +;D; (Baer sum of central extensions of sheaves), and ¢ : Dy — D is induced by the func-
toriality of Baer sums (one can show that Ds. = +;D; & since Q = >; Q). This makes BD(G, T') into
a commutative Picard category. See [13, §2.1].

Using Weyl-invariance, it is easily seen that different choices of 1" give rise to equivalent BD(G, T').

Theorem 3.3. There is a natural equivalence of commutative Picard categories CExt(G, K2) — BD(G, T).
Furthermore, suppose f : G' — G is a homomorphism between connected reductive F-groupsand T C G’
is a maximal F-torus such that f(T") C T and f induces W(G%, %) — W(GF, T'F), then the diagram

CExt(G,K3) —~— BD(G,T)

| |

CExt(G',K3) —— BD(G',T")

commutes up to a natural isomorphism, where the vertical functors are pull-backs.

Proof. The first part is the main result of Brylinski—Deligne [3, Theorem 7.2]; the assertion about Baer
sums is in [13, Theorem 2.2].
The second part can be found in [4, Proposition 4.3]. O

Until the end of this section, we consider connected reductive F-groups Gy, ...,Gg. Put G :=
1, Gi with projection maps p; : G — G;for1 = 1,..., k. Fix maximal F-tori T; C G, and let
Y; = Xi(T; 7) foreach s; put T := [[; Tiand Y := P, V.

Defines the external Baer sum of objects (Q;, D;, vi) € BD(G;, T;) as the Baer sum of their pull-
backs along p; (overi = 1,...,k)in BD(G, T'), again denoted by f8. In particular, the datum Q : Y —
Z is the orthogonal sum of Q1, . . . , Q.

Corollary 3.4. The equivalence in Theorem 3.3 preserves external Baer sums.
Proof. Suppose that G; € CExt(G}, K») corresponds to (Q;, D;, ;) for each 1 < i < k. Recall that
Q = g~1EE T Eﬁgk = PTQNH— s 4—P1§g~k-

The equivalence in the first part of Theorem 3.3 preserves +; it is also compatible with p; by the
second part. Hence G corresponds to the external Baer sum of (Q;, D;, gpi)le. O



In the next result, we still assume G = Hle G;, embed G; (resp. T;) into G (resp. T) for each i.
Given (@, D, ¢) € BD(G, T), we denote its pull-back to BD(G;, T;) by (Qi, D;, i), for eachi.

Proposition 3.5. An object (Q, D, ) of BD(G, T') is isomorphic to the external Baer sum of (Q;, D;, ¢;), for
i=1,...,kifandonlyifYy, ... Y} are mutually orthogonal relative to B,.

Proof. What needs proof is the “if” part. First off, suppose G = Gy, then (Q, D, @) (resp. (Qi, D;, ¥i))

amounts to the single datum @ (resp. Q). As @ is the orthogonal sum of @1, . .., Qy, it follows that
(Q, D, @) is the desired external Baer sum.
For general G, note that Dy, . . ., Dy, commute with each other inside D by (3.4), hence their external

Baer sum is D (cf. Proposition 2.4). Note that Dy, is also the external Baer sum of various D; . by the
previous paragraph. Also, ¢ restricts to @; : D; ¢« — D; foreach 1 < i < k. Summing up, we obtain a

morphism from Ele (Qi, Di, i) to (Q, D, ). -

4 Classical groups and their covers

Considera field F'with char(F") # 2, together with an extension of fields | F' which is either quadratic
or satisfies £ = F'. We consider the data (W, h) where

« Wtogetherwithh : W xW — Eiseither an Hermitian (if [E' : F] = 2), symplectic or quadratic
vector space (if £ = F);

« G := G(W, h) (or simply G(W)) is the unitary, symplectic, or special orthogonal group attached
to (W, h).

These are the classical groups over F' under consideration in this article. The general linear groups are
excluded here.
The Levi subgroups of G take the form

M = [[Resgp GLg, xG*, G’ := G(W), 4.1)
i=1
which is obtained from an orthogonal decomposition
W=Po) oW, rels, 4.2)
i=1

where ¢; @ £} and W? are non-degenerate E-subspaces of W, and both ¢; and ¢} are totally isotropic
with d; := dimg Ez =dimg g;k S ZZL foralll <3 <r.

Fix a separable closure F of F'. In order to understand pull-backs to M of central K,-extensions of
G, we use the following tool.

Lemma4.1. Assume F' = F. Let G = G(W, h) be a classical group over F in one of the following cases:
« (W, h) is symplectic,dim W > 0,
« (W, h)is quadraticand diim W > 3, but dim W # 4.

Assume furthermore that

« an orthogonal decomposition W = W1 @ - - - & Wy into non-degenerate subspaces is given, with h; :=
h | Wl‘ X Wi;



« T =1, T; cII;_, G(Ws, hi) C Gisamaximal torus of G.

WriteY = @;_,Yi, whereY = X, (T)andY; = X.(T;)foralll < i < s. Let@ : Y — Zbe
a W(G, T')-invariant quadratic form and define B by (3.3). Then Y; is orthogonal to Y; velative to B for all
1<i#j<s.

Proof. Note that we are free to replace each T by its conjugates in G(W;, h;).

The problem is insensitive to F' in the following sense. Up to isomorphisms, each (W, h;) can be
defined over Z[1], so that T; C G(Wj, h;) and T' C G have split smooth models over Z([3], for suitable
choices of T;. Going through F' «+ Z[%] — Q, we infer that it suffices to deal with the special case
F=Q.

Assume henceforth F = Q. By the assumptions, the Coxeter data underlying W(G, T)) is irre-
ducible, thus up to passage from Z-valued to F'-valued quadratic forms, the invariant quadratic forms
onY are proportional to each other by [2, Ch. V, §4.7]. It suffices to exhibit a nonzero invariant quadratic
form Q' : Y ® F — F, such that Y] is orthogonal to Y; relative to @)’ foreach 1 <i # j < s.

Denote by By the Killing form for g, and define the trace form

Bu (v, y") = tr(y'y"|W), o,y" € g C End(W).
Clearly, By, is G-invariant, symmetric and nonzero. From the simplicity of g we deduce that
Je € F*, By = cBx. @.3)

Embed Y into Y ®z F' ~ t. Similarly, Y; < ¢, for alli. The restriction of Bk to t X tis known to be
W (G, T)-invariant and non-degenerate, hence sois the restriction of By, by (4.3). Take Q' : YQF — F
to be the invariant quadratic form corresponding to By, |¢x-

When i # j, we have g(W;, h;)g(Wj, hj) = {0} inside the ring End(W'), because g(W;, h;) is zero
on W;. Hence the subspaces g(W;, h;) and g(Wj, h;) of g are orthogonal relative to B,. It follows that
Y; and Y} are orthogonal relative to )’, as desired. O

Theorem 4.2. Let G = G(W, h) be a classical group over F in one of the following cases:
« (W, h) is symplectic,
« (W, h) is quadratic and dim W is odd,
« (W, h) is quadraticand diim W > 6 is even.

Let G be an object of CExt(G, Ky). Then for all Levi subgroup M of G, the pull-back M of G to M is the external
Baer sum of its pull-backs to each factor in (4.1).

Proof. First off, we may exclude the quadratic F'-vector spaces with dim < 2, in which case G is a torus.

Fix a maximal F-torus T of M. Let Y = @)_, Y; © Y” be the decomposition of Y := X,.(T%)
relative to (4.1).

It suffices to decompose the object in BD(M, T') attached to M, by Corollary 3.4. Note that by sec-
ond part of Theorem 3.3, that object is pulled back from the (Q, D, ) € BD(G, T') attached to G.

Proposition 3.5 reduces us to showing that Y1, .. .,Y,,Y” are mutually orthogonal relative to Bg.
Denote by H the hyperbolic plane (resp. any two-dimensional symplectic vector space) in the quadratic
(resp. symplectic) case. Then the desired orthogonality follows from Lemma 4.1, namely by taking s =
r+1, Wy = W’ and W; = H®% foreach1 < i < r, and then base-change to F; note that M C
Hf:l G(Wlahl) O

Remark 4.3. The arguments above yield the following variant: let W = @;_, W;and G = G(W, h)
be as in Lemma 4.1, but without assuming F' = F, then the pull-back of every G € CExt(G,Ks) to
[1;_; G(W;, h;) C G breaks into an external Baer sum.



We now assume F is local, take m € Z>; and consider a classical group G = G(W, h) over F'in
general. Specialize the formalism of §2 to central extensions

1=, »G—GF) =1

in CExt(G(F), p,, ). Objects of CExt(G(F), m,,) are called m-fold covers of G(F').
Given a Levi subgroup M C G asin (4.1), we have

M(F) = H GLg, (E) x G°(F); (4.4)
=1

we denote the preimages of M (F), Gb~(F) and GLg, (E) in G by M, G* and Gidt(/E), respectively. We
also say that M is a Levi subgroup of G. Below is a paraphrase of [8, Definition 5.1].

Definition 4.4. Let M be a Levi subgroup of G, described as above. We say M is decomposed if
M =~ GLq, (E)B- - -BCL,, (E)BE
in CExt(M (F'), p,,,)-

Proposition 4.5. The Levi subgroup M of G is decomposed if and only if the commutator map comm is trivial on
each pair of factors of (4.4).

Proof. Apply Proposition 2.4. O

Corollary 4.6. Let F be a local field, and let m | mp be asin §3. Supposethat 1 — p,, — G — G(F) — 1
is an m~fold BD-cover, where G = G(W, h) is subject to the same constraints in Theorem 4.2. Let M be any Levi
subgroup of G, then M is decomposed.

Proof. Let G be the object of CExt(G, Ks) giving rise to G. Let M be the pull-back of G to M, which
gives rise to the BD-cover M (Proposition 3.1).

To decompose M into the desired external Baer sum, it suffices to decompose M by the second part
of Proposition 3.1. Now apply Theorem 4.2. O]

We remark that when F' is non-Archimedean and G is symplectic, the BD-covers exhaust all finite
topological central extensions of G(F’); see the discussions in [6, §3].

5 Counterexamples for unitary groups

We will give examples of non-decomposed Levi subgroups in BD-covers of unitary groups or SO(4).
Retain the notations from $§4.
Consider unitary groups first. Fixn € Z>; and a quadratic extension E|F of fields with char(F") #
2. Denote the non-identity element of Gal(E|F) as z — T (where x € E).
Given ¢ € Z, take
1—>K2—>QAZ(2(2—>GL27L—>1

to be the central Ky-extension that gives rise to Kazhdan—Patterson covers [9] with twisting parameter
c; see [15, §2.7.7]. Letting Tb,, be the standard maximal torus of GLs,, with cocharacter lattice Ys,, =

Z*", then the corresponding datum (Qgil), Défl), ‘Péiz)) € BD(GLay, T»y,) satisfies

2n 2
Qgcn) =(1+¢) (Z Xz‘) - Z XiX;; (5.1)
i1

1<i<j<2n

10



see loc. cit.
We view the above as a central Ko-extension over E, then apply the Weil restriction along F|F for
central Ky-extensions explained in [10, $2.3]. This yields a central K,-extension over F', denoted as

0 — Ky — Respp gAZ;Z — Resgp GLa, — 1. (5.2)

Now take (W, h) to be the sum of n copies of the hyperbolic Hermitian form, thus an Hermitian form
of dimension 2n for E|F. Denote by G := G(W, h) the corresponding unitary group, embedded into
into Resg|p GLap, via the standard (hyperbolic) basis. Therefore 7' := (Res E|F T5,) N G is a maximal
F-torus of G, consisting of matrices

I

1 . T1,...,Tp € BX. (5.3)

Pulling (5.2) back to G := G(W, h), we obtain
050Ky >G> G o1, (5.4)

an object of CExt(G, Kz2). Note that T' =~ (Resg|p Gm)" is also a minimal Levi subgroup of G.
The result below shows that Theorem 4.2 does not hold for unitary groups and their Levi subgroups
in general.

Proposition 5.1. Let T be the pull-back of (5.4) to T". Then T is not the external Baer sum of its pull-backs to the
n factors Res g p Gm.

Proof. Take the maximal F'-torus Res g p(T%y,) of Res g GL2y,, whose cocharacter lattice is two copies

of Yz, exchanged by Gal(E|F). The datum (Q’, D', ¢) attached to Res g p QAZ;) is determined in [10,
Theorem 2.3.10]. What matters here is the part Q’: by loc. cit., it is the sum of (5.1) and its avatar in the
“conjugate variables” Y1, ..., Yy,, namely

2n 2 2n 2
Q' =(1+c) (sz) +<ZYZ-> - ) (XX YhY).
i=1 i=1

1<i<j<2n

We pull Resp QAZ;Z) back to G to get (Q, D, ») € BD(G,T), using the second part of Theorem
3.3. Inview of (5.3), this amounts to substituting X,,+1,...,Xop by =Yy, ..., =Y, and Yy41,... Y2,
by —Xp,, ..., —Xj accordingly in Q)’. Therefore

Q= 2(14¢) (X1 4+ X — Y1 — o = Yy)?
-2 Z (Xin-l-Yin)—l—Q Z XiY;.

1<i<j<n 1<i,j<n

Observe that Gal(E|F') actson Y := X, (Tg) by swapping X; and Y; for all i. In fact Y is the
induced Galois module Ind g (Z") := Indgzig (Z"™).

For every 7, the pair of variables X;, Y; lives over the i-th factor Res g p G of T'. Hence @ is the sum
of “diagonal” terms plus the following “crossed” terms:

(4(1+¢) = 2)(X:X; + YY),  —(4(1+¢) —2)(XY; +X;Y5)

5.5
forall1 <i< j<n. ©-5)
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Since 4(1 + ¢) — 2 # 0, it follows that 7 cannot be the external Baer sum of pull-backs to these n
copies of Resgp G- O

Now assume F' is local. For every m € Z>; with m | mp and embedding € : p,(F) — C*,
from (5.4) one obtains an m-fold BD-cover G of the unitary group G(F), as well as its pull-back T to
T(F) which arises from 7. The following result shows that Corollary 4.6 does not hold for BD-covers
of unitary groups in general.

Proposition 5.2. In the setting above, assume furthermore m = mp and that
« F'is a finite extension of Q, for some odd prime p;
« 4(14c¢) — 2 = dd' whered,d" € Z>1 and d (vesp. d') divides m (resp. is coprime to m);
« pdividesm/d.
Then the Levi subgroup T of G is not decomposed.

Proof. Denote by X the dual of Y, viewed as a Galois module. There is a Galois-equivariant homomor-
phism o : Y — X induced by Bg; we get

AR U Y @y = X Q Loy

Note that X ® puy, is canonically isomorphic to Ind g (Z" ® pm ); see eg. [11, (4.6)]. The same also holds
for Y & fi,. We can view a ® gy, as a symmetric n X n matrix ( fi;); j over Endz(Ind g g (pm))-
Now apply [14, §1.3] to T': Tate’s local duality gives a perfect pairing

Tate : HY(F,Y ® pi) x HY(F, X @ i) = pin (F) = pa,.

The Kummer sequence gives T'(F')/T(F)™ = H'(F,Y ® ) since T is induced, and by [14, (1.8)],
comm : T(F) x T(F) — p,, descends to the anti-symmetric form on H'(F, Y & y,,) obtained from

Tate

LR WYY @ i) X H(F, X @ i) 2%

HYF,Y ® pim) x H(F,Y & i)

-
Forall 1 < < n, denote by 7 the i-th factor Resgjp GminT. Fixi < j. Identify both the i-th and

j-th piece of Y and X with Ind g ¢ (14m ), then by loc. cit., comm|7, () ;) comes from the composite

H' (F, Indpp(pm)) x H'(F, Ind g (ptm)) —

Tate

H' (F, Ind gy p (1)) > H'(F, Ind gy p (pim)) = p

m*

Recall that f;; is induced by the terms in @) (or: in Bg) with indices ¢ < j. Some observations are in
order.

« Shapiro's lemma implies H! (F, Ind g p(pm)) =~ HY(E, ) ~ EX/EX™

. ForH!(F, Ind g (ftm)), the pairing Tate is then identified with (-, -) g ,,; this is [11, (4.15)] in the
global case, and the local case is similar and easier.

« Inview of (5.5), f;; is identified with the endomorphism of E* /E*™ induced by
w (wﬁ_1)4(1+c)_2.

Indeed, w (resp. w) on the right comes from X;X; + Y, Y (resp. X;Y; + X;Y;).

12



Therefore comm|7, () x1;(r) becomes

(z,w) — (z,ww_l)%cf,m, z,we E*.

The following statements are equivalent:
() comm|r,(r)x1;(F) is constant;

d

(i) (z,w) — (2%, ww™1) g, is constant;

(iii) (z,w) — (z, w@‘l)ﬂm/d is constant, see eg. [10, Remark 2.4.1] for the equivalence with (ii);

(iv) u € E*™/? for all norm-one element u € E*, by the non-degeneracy of Hilbert symbols.

To show T is not decomposed, by Proposition 2.4 it suffices to disprove (i). Since p | =, we will
disprove (iv) by exhibiting a norm-one element u € UL EXP, where UM =1 + p . Observe that
ifv € E* satisfiesv? € UM, thenv € UMW),

Recall (see [12, Chapter 2, (5.7)]) that: (@) U 1) is actually a finitely generated Z,-module; (b) its
torsion submodule is fp« (E) for some a > 0; (c) denote its torsion-free quotient module as F, then
F o~ Z;LE:@”] as topological modules. The Gal(E|F)-action on U") passes to F, and decomposes it to
eigen-submodules F© @ F~ since 2 € Z.

We must have 7~ # 0, otherwise E* would have only finitely many norm-one elements, which is
absurd. Since 7~ C F, it is free of finite rank over Z,. Take [u] € F~ ~\ pF~ (written additively).
Hence [u] ¢ pFby F = Ft & F .

For every preimage u € U™ of [u], we have @ = Cu~"' where ¢ € ppa(E); it follows that = (.
Since pup0 (E) is a Gal(E|F')-module of odd order, we have

Vi > 1, H(Gal(E|F), uy (E)) = 0.
Hence ¢ = &€ for some € € puipa(E). Replacing u by ué !, we may assume w = u~!. If u = P for some

v € UW, then [u] = p[v] € pF. Contradiction. O

Note that given an odd prime p, there is always some finite extension /' O Q, such thatp | mp.
Since 2 | mp, one can always find ¢ that meets the conditions in Proposition 5.2, say with d = 2.

6 Thecaseof SO(4)

Assume that F is any field with char(F') # 2. Let (V, q) be a quadratic F'-vector space of dimension 4,
and take the special orthogonal group G := G(V, q).
The anisotropic kernel of (V, ¢) has dimension 0, 2 or 4. Only the first two cases need consideration.
First, suppose that V' is the sum of two copies of the hyperbolic plane H. Then G has a split maximal
F-torus T ~ G2 : each G, isisomorphic to SO(H)). The Weyl group W (G, T') actingon Y := X, (T) ~
72 is generated by the automorphisms

(l‘,y)'—) (y,l‘) and (x,y)*—> (—$, _y)’ (ﬂf,y) €Z2'
The W(G, T')-invariant quadratic forms Y — Z are exactly those of the form
Q = a(X? +X3) +bX1Xy, a,beZ. 6.1)

One can always extend the @) in (6.1) to some (@, D, ) € BD(G,T). Indeed, by [5, §2.6], there
exists a bilinear map D : Y x Y — Z (called a bisector) such that D(y,y) = Q(y), and by choosing
a group homomorphism n : Y. — F* one obtains (D, n) € Bisg g (see loc. cit.) that “incarnates” an
object (Q, D, ¢) € BD(G, T). We obtain a corresponding central extension

05Ky —G—G—1. (6.2)
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Proposition 6.1. For G = G(V,q) and T as above, let T be the pull-back of (5.4)to T. Ifb # 0, then T is not
the external Baer sum of its pull-backs to the two factors Gy,.

Proof. Indeed, ) contains the “crossed” term X; Xy with nonzero coefficient. O

Remark 6.2. Suppose F is local. Choose m | my and take the m-fold BD-cover G of G(F) arising
from (6.2). As in Proposition 5.2, but with much simpler arguments (using the commutator formula [3,
Corollary 3.14] instead of Tate duality), one can show that for the preimage T of T'(F'), the commutator
pairing between two copies of F* is (z,w) — (z, w)%m. Whenm 1 b, the commutator is non-constant

and T is not decomposed.

Therefore, both Theorem 4.2 and Corollary 4.6 fail for split SO(4).
Secondly, suppose that V' = H® V,,;, where V,,,; is an anisotropic subspace of dimension 2. In this

case (G has a maximal F'-torus
T ~ Gm X G(Vani),

which is also the only proper Levi subgroup of G up to conjugacy. We then have the following counter-
part of Theorem 4.2.

Proposition 6.3. For G = G(V, q) and T as above, let G € CExt(G,Ky) andlet T be its pull-back to T Then
T is the external Baer sum of its pull-backs to Gy, and G (Vap;).
Consequently, when Fis local, Levi subgroups are decomposed in all BD-covers of G (F').

Proof. Write Y := X, (T). As Z-modules, Y ~ Z? where the two coordinates correspond to the factors
Gm and G(Vayi) of T'. Take a quadratic extension F’|F that splits G(Vani)-

Let (Q, D, ¢) € BD(G, T) be attached to G. It remains to show that compared with (6.1), the only
choices of Q here are a(X? + X3), i.e. there are no crossed terms. Indeed, Gal(F'|F) fixes X; and
negates X, whilst Q must be Gal(F’|F')-invariant. This completes the proof. O

7 Onthe full orthogonal groups

The case of full orthogonal groups is left unaddressed in $4 and §§5-6. This section will offer a partial
remedy.

Brylinski—Deligne theory applies only to connected reductive groups, so we proceed as follows.
Consider a nonzero quadratic F-vector space (V, q) and let G := O(V') be the full orthogonal group.
Levi subgroups M+ of G have a form similar to (4.1), namely

r
Mt = HGLdi X O(Vb), re ZZQ, d; € ZZL
=1

Here we demand that V” is nonzero. Let G (resp. M) be the identity connected component of G (resp.
M™).
Letm € Z>1. Consider a topological central extension

15w, =Gt B GHF) = 1.
Set M+ := p~ (M (F)). Denote by G (resp. M) the preimages of G (F) (resp. M (F)) in G*. Pick any

F-point 7 € O(V?) ~. SO(V"), viewed as an element of M T (F') that commutes with elements from
each GLy, (F). Then M+ = M.

The Definition 4.4 naturally extends to the setting of M+ C G+.

Proposition 7.1. In the setting above, M+ is decomposed if and only if

14



() Mis decomposed, and
(i) comm(t;, 7) = 1foralll < i < randallt;in the standard maximal torus of GLg, (F').

Proof. Inview of Proposition 2.4, this will be immediately clear if (ii) is replaced by (ii): comm(g;, 7) = 1
forall1 < i < randg; € GLg4, (F). Nonetheless, by the canonical splitting of topological central
extensions over unipotent radicals of parabolics, we have comm(u;,7) = 1 for all u; in the standard
maximal unipotent subgroup of GLg, (F) or in its opposite. Hence (ii) implies comm(g;, 7) = 1 for all
gi € GLg, (F') in the open Bruhat cell, so (ii) implies (ii)". O

The condition (i) can be studied using the results for special orthogonal groups in §4 and §6. On the
other hand, (ii) can be checked once we know how 7 acts by conjugation on the (Q, D, ¢) € BD(G, T),
where T' C M is a 7-stable maximal F'-torus, which always exists.

8 Onodd GSpin groups

We consider the split GSpin(2n + 1) over a base field F' with char(F) # 2, where n € Z>;. Also put
GSpin(1) := Gy.

Recall from [1, Proposition 2.4] that a Borel pair (B, T') over F' of GSpin(2n + 1) can be chosen so
that T is split and

XH(T) = P Ze,
=0
n
Y = X.(T) = P Ze},
=0
simple roots: e} — e, ..., €1 — €n, En,
simple coroots: e} —e5, ..., er_| —er, 2e; — e,

where {e;};, {e}}; are dual bases. Note that the root datum above is dual to that of GSp(2n).
By [1, Theorem 2.7], Levi subgroups of GSpin(2n + 1) have a form similar to (4.1), namely

M = HGLd x GSpin( 2n +1), Zd +n’ =n. (8.1)
i=1

This can be seen via duality as in loc. cit., or more directly by removing the dy, d1 +da, ..., d1 +- - - +d,-th
simple roots from the list above, as well as the corresponding simple coroots.

When dealing with quadratic forms on Y, we will write the variable corresponding to e; as X;, for
1=0,...,n

Lemma 8.1. Set G = GSpin(2n + 1) andtake T C G asabove. Let Q : Y — Zbea W (G, T')-invariant
quadratic form.

(i) Ifn > 1, wehave

Zxox +X2 | +¢ Z x><,€+de2

1<j<k<n

forunique c,d € 7.
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(ii) Ifn =1, wehave
Q = aX3 + aXoX; + dX3

foruniquea,d € Z.

Proof. Reflections with respect toroots e; — eg, ..., €,-1 — €, generate all permutations of Xy, ..., X,
and keep Xy fixed. Hence an invariant quadratic form @) on Y can be written as

= aZXOX FOXG e Y XX +de2
1<j<k<n
Consider the reflection s,, with respect to e,,. The corresponding coroot being 2e}; — e, we see that
Xo + Xy, ifj =0

spXj = Xj, ifl<j<n
—Xn, if j =n.

Therefore,

snQ@=0a Y (Xo+Xn)Xj — a(Xo + Xn)Xn + b(Xo + Xp)?

1<j<n

Z XX}, — 2¢ Z XXn—i—dZXQ

1<j<k<n 1<j<n
=Q+a Y XXp—2aXeX, — aX}, + 2bX0Xn +OX2 —2¢ > XX,
1<j<n 1<j<n

Whenn > 1, we see Q is W(G, T')-invariant if and only if a = b = 2c.
Whenn = 1, the term Zl§j<n X;X,, disappear, thus a = band @ also has the desired form. [

Proposition 8.2. Let G = GSpin(2n + 1) withn > 1 (resp.n = 1), and M C G asin (8.1). Given
G € CExt(G, K2) with attached datum (Q), D, ¢) € BD(G,T), the pull-back M of G to M is the external
Baer sum of pull-backs to factors in (8.1) if and only if the parameter c (vesp. a) in Lemma 8.1 is zero.

Proof. Combine Proposition 3.5 and Lemma 8.1. See also the discussions after (8.1). O

Remark 8.3. For non-split GSpin(2n + 1) withn > 1, we still have that ¢ = 0 implies the decompos-
ability of M into external Baer sum.

Remark 8.4. Suppose F'islocal, choose m | m p and take the m-fold BD-cover G (resp. M) arising from
G (resp. M). One can determine whether M is decomposed or not (cf. Definition 4.4) by inspecting the
expression of () in Lemma 8.1, as explained below.

. Inview of Proposition 8.2, the condition ¢ = 0 implies M is decomposed, by working on the level
of Ky-extensions. This also holds for non-split GSpin(2n + 1) by Remark 8.3.

« Assume G is split. To obtain sharper results, observe that the F'-points of factors in (8.1) commute
in M if and only if their intersections with T'(F') commute. Indeed, this follows from the Bruhat
decomposition; see the proof of Proposition 7.1. The relevant commutators are then described in
terms of Hilbert symbols, cf. the discussions in §5 and §6, or [3, Corollary 3.14].

Remark 8.5. According to [1, §2], Levi subgroups of GSpin(2n) or GSp(2n) have the same description
as (8.1), and the invariant quadratic forms @) : Y — Z can be determined by a computation akin to
Lemma 8.1. These cases are omitted since the method of [8] does not apply to them thus far.
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