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Abstract. A forcing set S in a combinatorial problem is a set of elements such that there is a unique
solution that contains all the elements in S. An anti-forcing set is the symmetric concept: a set S of
elements is called an anti-forcing set if there is a unique solution disjoint from S. There are extensive
studies on the computational complexity of finding a minimum forcing set in various combinatorial
problems, and the known results indicate that many problems would be harder than their classical
counterparts: the decision version of finding a minimum forcing set for perfect matchings is NP-complete
[Adams et al., Discret. Math. 2004] and that of finding a minimum forcing set for satisfying assignments
for 3CNF formulas is ΣP

2-complete [Hatami-Maserrat, DAM 2005]. In this paper, we investigate the
complexity of the problems of finding minimum forcing and anti-forcing sets for the shortest s-t path
problem and the minimum weight spanning tree problem. We show that, unlike the aforementioned
results, these problems are tractable, with the exception of the decision version of finding a minimum
anti-forcing set for shortest s-t paths, which is NP-complete.

Keywords: Forcing sets, minimum spanning trees, shortest paths

1 Introduction

This paper focuses on the problem of uniquely determining a solution by prescribing a subset of the solution
(or of its complement). This concept has been extensively studied for various combinatorial problems, under
several different names, such as (anti-)forcing number [AHM04; AMM04; HKŽ91; HSV07; Zha+25], critical
sets [GHM05], and defining sets [HM05].

Harary, Klein, and Živković [HKŽ91] formulated the forcing number (for perfect matchings) of a graph,
which is the smallest cardinality of an edge subset such that there is exactly one perfect matching including
it. Prior to this work, the concept has been studied in chemistry as the innate degree of freedom of a Kekulé
structure [KR87] and gained attention through several studies [AHM04; AMM04; Zha+25], including a recent
survey article [Zha+25] on the forcing number and on its “dual” notion, the anti-forcing number [DZ17]. From
the computational perspective, deciding whether the forcing number of an input graph is at most k is known
to be NP-complete even on bipartite graphs [AHM04]. Similarly, given a bipartite graph G and its perfect
matching M , it is NP-complete to decide whether there is a subset S ⊆ M of size at most k such that every
perfect matching M ′ of G other than M does not include S entirely (i.e., S \M ′ ̸= ∅) [AMM04]. Deng and
Zhang [DZ17] proved that, given a bipartite graph G and its perfect matching, it is NP-complete to decide
whether there is a subset S ⊆ E(G)\M of size at most k such that M is the unique perfect matching in G−S.
In a more general context, this problem can be viewed as finding a smallest partial solution that is uniquely
extended to a (complete) solution. Viewed from this broader perspective, the computational complexity of
such problems has been investigated for various combinatorial problems, such as graph colorings [HM05],
satisfiability [Dem+16; HM05], puzzles [Dem+16; KKF18], and the minimum vertex cover problem [An+25;
Hor+24; Hor+25]. Table 1 shows several known results. An important observation is that the computational
complexity of (most of) these problems would be harder than that of their classical setting.
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Table 1: A summary of known and our results. 3

classical setting forcing model anti-forcing model
Perfect Matching P NP-complete [AHM04] unknown

3SAT NP-complete ΣP
2-complete [HM05] —

2SAT P NP-complete [Dem+16] —
Vertex Coloring NP-complete ΣP

2-complete [HM05] —
Vertex Cover NP-complete ΣP

2-complete [Hor+24]
Bipartite Vertex Cover P NP-complete [Hor+24]

Shortest s-t Path P P (Thm. 1) NP-complete (Thm. 2)
Minimum Spanning Tree P P (Thm. 5)

We study the computational complexity of the problems of finding a minimum (anti-)forcing set for well-
known tractable combinatorial problems, namely the shortest s-t path problem and the minimum-weight
spanning tree problem. More specifically, let G be a directed graph with s, t ∈ V (G) and let w : E(G) → R+

be an edge-weight function. We say that S ⊆ E(G) is a forcing set for shortest s-t paths if there is exactly
one shortest path P from s to t in (G,w) such that S ⊆ E(P ). Similarly, S ⊆ E(G) is an anti-forcing set for
shortest s-t paths if there is exactly one shortest path P from s to t in (G,w) such that S ∩E(P ) = ∅. Our
first two problems are stated formally as follows.

Problem: ForcingSP / Anti-ForcingSP
Input: A weighted digraph G with w : E(G) → R+, s, t ∈ V (G), and k ∈ N.
Goal: Decide whether there is a forcing set / anti-forcing set S ⊆ E(G) with |S| ≤ k for shortest s-t

paths in (G,w).

Similarly, we can define forcing and anti-forcing sets for minimum weight spanning trees. They are defined
as follows.

Problem: ForcingMST / Anti-ForcingMST
Input: A weighted graph G with w : E(G) → R.
Goal: Decide whether there is a forcing set / anti-forcing set S ⊆ E(G) with |S| ≤ k for minimum

weight spanning trees in (G,w).

Let us note that the weight of an edge can be negative in the latter two problems, while the former two
problems require the weight to be positive.

It is not hard to see that these four problems belong to NP, as we can check whether in polynomial time,
given an edge set S, there is an optimal solution including or avoiding it. This motivates us to investigate
whether these problems are NP-complete or polynomial-time solvable.

For ForcingMST and Anti-ForcingMST, we can naturally generalize these problems to the settings
in matroids. This generalization allows us to handle these two problems in a uniform way. In particular, we
observe that the problem of finding a minimum forcing set for minimum weight bases in a matroid M is
equivalent to that of finding a minimum weight anti-forcing set for maximum weight bases in the dual ma-
troid M∗. We design a polynomial-time algorithm for computing a minimum anti-forcing set for maximum
weight bases in a matroid M , assuming that M is given as an independence oracle (see Section 2 for de-

3 Since the solutions of 3SAT, 2SAT, and Vertex Coloring do not form subsets, these results cannot be directly
regarded as results in the forcing model. However, since these problems deal with unique extensions of partial
assignments on subsets of variables or vertices, it is still possible to interpret them as results in the forcing model.
(See the discussion in [HM05].)
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tails). This yields polynomial-time algorithms for ForcingMST and Anti-ForcingMST (Theorem 5). Our
polynomial-time algorithm exploits a well-known greedy algorithm for the maximum weight basis problem.

For ForcingSP and Anti-ForcingSP, we can observe an intriguing distinction between them: Forc-
ingSP is polynomial-time solvable (Theorem 1), while Anti-ForcingSP is NP-complete (Theorem 2). To
the best of our knowledge, this is the first example in which there is a complexity gap between the two
models (see Table 1). Our polynomial-time algorithm for ForcingSP is based on the simple reduction that
reduces the problem on general weighted directed graphs to that on unweighted directed acyclic graphs.
This reduction enables us to design a dynamic programming algorithm. For Anti-ForcingSP, we give a
polynomial-time reduction from Vertex Cover in Theorem 2. To overcome this intractability, we show
that Anti-ForcingSP can be solved in linear time on graphs of bounded treewidth via Courcelle’s theo-
rem [CM93] (Theorem 4).

2 Preliminaries

Let E be a finite set. A property is a subset Π ⊆ 2E . For X ∈ Π, a set S ⊆ E is called a forcing set for X
if it holds that S ⊆ X and S ̸⊆ X ′ for every X ′ ∈ Π \ {X}. In other words, S is a forcing set of X if X is
the unique set in Π that contains S. Similarly, for X ∈ Π, a set S ⊆ E is called an anti-forcing set for X
if it holds that S ∩ X = ∅ and S ∩ X ′ ̸= ∅ for every X ′ ∈ Π \ {X}. A set S ⊆ E is called a forcing set
(resp. anti-forcing set) for property Π ⊆ 2E if S is a forcing set (resp. anti-forcing set) for some X ∈ Π. We
sometimes omit the target property Π when it is clear from the context.

For a (directed) graph G, we denote its vertex set by V (G) and its edge set by E(G). For an edge set
X ⊆ E(G), G−X denotes the graph obtained from G by deleting all edges in X. Let G be a directed graph.
For a vertex v ∈ V (G), N−(v) denotes the set of in-neighbors {u : (u, v) ∈ E(G)} of v. For a directed edge
e = (u, v) ∈ E(G), head(e) and tail(e) denote v and u, respectively.

Matroids. Let E be a finite set and let I ⊆ 2E . A pair M = (E, I) is called a matroid if I is nonempty; for
X ∈ I, every subset of X belongs to I; and for X,Y ∈ I with |Y | > |X|, Y \X has an element e such that
X ∪ {e} ∈ I. Each set in I (resp. not in I) is said to be independent (resp. dependent) in M . A maximal
independent set is called a basis and a minimal dependent set is called a circuit in M . Every matroid has
the following symmetric basis-exchange property [Bru69]: for any two bases A and B and for a ∈ A\B, there
is b ∈ B \A such that both (A∪ {b}) \ {a} and (B ∪ {a}) \ {b} are bases. The collection of all bases of M is
denoted by B(M). A loop in M is an element e ∈ E such that {e} is dependent.

Proposition 1 (Corollary 1.2.6 in [Oxl11]). Let B ∈ B(M) and e /∈ B. Then, B∪{e} contains a unique
circuit C of M . Moreover, we have (B ∪ {e}) \ {e′} ∈ B(M) for e′ ∈ C.

Let M = (E, I) be a matroid. It is known that the pair M∗ := (E, I∗) with

I∗ = {X ⊆ E : X ⊆ E \B for some B ∈ B(M)}

forms a matroid [Oxl11], which is called the dual matroid of M . Note that (M∗)∗ = M for any matroid M .
For X ⊆ E, we define pairs

M | X = (X, {I ⊆ X : I ∈ I}),
M / X = (E \X, {I ⊆ E \X : ∃B ∈ B(M | X) s.t. B ∪ I ∈ I}).

These pairs are called the restriction and the contraction of M with respect to X, respectively. It is known
that these pairs are also matroids [Oxl11] for any X ⊆ E. In this paper, a matroid M is given as an
independence oracle, that is, we can query the oracle to decide whether a subset X ⊆ E is independent in
M .

Proposition 2 (Proposition 3.1.10 in [Oxl11]). Let X ⊆ E. For every circuit C of M with C ̸⊆ X,
there is a circuit C∗ of M /X such that C∗ ⊆ C \X.
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Let G = (V,E) be a multigraph. A subset of edges is said to be acyclic if it induces a forest in G. Let
F ⊆ 2E be the collection of all acyclic edge subsets of G. Then, it is known that the pair M = (E,F) forms
a matroid, which is called a graphic matroid [Oxl11].

3 Forcing a unique shortest path

In this section, we discuss ForcingSP and Anti-ForcingSP. Recall that in these problems we are given
a directed graph G with s, t ∈ V (G) and an edge-weight function w : E → R+. The numbers of vertices and
edges in G are denoted by n and m, respectively. A forcing (resp. anti-forcing) set S ⊆ E(G) (for shortest s-t
paths) is minimal if any proper subset of S is not a forcing (resp. anti-forcing) set. It is easy to observe that
for any minimal (anti-)forcing set S, every edge in S is contained in a shortest s-t path in G. This would
reduce our problems to the cases where G is acyclic. More specifically, we let ds : V (G) → R+ ∪ {0,∞} be
the distance labeling from s in G, that is, ds(v) is the (shortest) distance from s to v in (G,w) for v ∈ V (G).
We remove all the edges e = (u, v) that do not satisfy ds(v) = ds(u) + w(e), which are edges that do not
belong to any shortest path from s to v. We also remove all vertices (and their incident edges) that are not
reachable from s or not reachable to t. As w(e) > 0 for each e ∈ E, the graph G′ obtained in this way is
indeed acyclic, which can be computed by a standard shortest path algorithm in O(m+ n log n) time. The
following observation immediately follows from the fact that each shortest s-t path in (G,w) is an s-t path
in G′, and vice versa.

Observation 1. Let S ⊆ E. Then, S is a minimal forcing set in G if and only if it is a minimal forcing set
in G′. Similarly, S is a minimal anti-forcing set in G if and only if it is a minimal anti-forcing set in G′.

This observation offers several advantages: we can assume that the input directed graph G is acyclic and
all the paths from s to t are shortest paths in G, making the subsequent discussions simple.

3.1 Forcing set

In this subsection, we describe an algorithm for computing a minimum forcing set for shortest s-t paths.
By Observation 1, we can assume that the given graph G is acyclic. Moreover, we can ignore the weight of
edges, as every path from s to t in G is a shortest s-t path in the original graph.

For v ∈ V (G), let Pv be the set of all paths from s to v in G. For vertices u, v ∈ V (G), we write u →=1 v
if there is exactly one path from u to v in G. This relation →=1 is reflexive, i.e., v →=1 v holds for any
v ∈ V (G). We assume that s has out-degree at least 2 since otherwise we can contract the (unique) out-going
edge from s without affecting the solution. We define OPT[e] and OPT[v] as

OPT[e] := min {|S| : S is a forcing set for Pv with e ∈ S}

for e = (u, v) ∈ E(G) and

OPT[v] := min
u∈N−(v)

OPT[(u, v)]

for v ∈ V (G) \ {s}, while OPT[s] := 0. From now on, we show how to compute the values of OPT and then
a minimum forcing set for Pt from these values.

The following lemma gives a characterization of a forcing set for a specific path P ∈ Pv.

Lemma 1. Let S ⊆ E(G) and let P ∈ Pv be a path from s to v in G such that all edges in S are contained
in P . Let e1, . . . , ek be the edges in S appearing in this order on P . For 1 ≤ i ≤ k, we let ei = (ti, si), and
let s0 = s and tk+1 = v. Then, S is a forcing set for P if and only if si →=1 ti+1 for all 0 ≤ i ≤ k.

Proof. Suppose that S is a forcing set for P . If there are at least two paths from si to ti+1 for some i, we
can conclude that there is at least one path P ′ ∈ Pv with P ′ ̸= P that contains all the edges in S, which
contradicts the uniqueness of P .
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Conversely, suppose that si →=1 ti+1 for all 0 ≤ i ≤ k. If S is not a forcing set for P , there is another
path P ′ ∈ Pv such that all the edges in S are contained in P ′. As P ̸= P ′, at least one edge of P is not
contained in P ′. We can assume that this edge appears on the subpath Pi of P between si and ti+1. Since
P ′ also passes though both si and ti+1, the subpath of P ′ between them is distinct from Pi, contradicting
si →=1 ti+1. ⊓⊔

Corollary 1. The minimum size of a forcing set for Pt is equal to

min
v∈V (G)

{OPT[v] : v →=1 t}.

We turn to a polynomial-time algorithm to compute the values of OPT. This immediately yields a
polynomial-time algorithm for ForcingSP due to Corollary 1.

Lemma 2. For every e = (u, v) ∈ E(G), it holds that

OPT[e] = min
w∈V (G)

{OPT[w] : w →=1 u}+ 1.

Proof. Let S ⊆ E(G) be a forcing set for P ∈ Pv such that |S| = OPT[e] and e ∈ S. By Lemma 1, there is
a vertex w′ in P , which is either s or the head of an edge in S \ {e} with w′ →=1 u. Observe that S \ {e} is
a forcing set for the subpath of P between s and w′, as otherwise there are two paths from s to v including
all edges in S, contradicting the uniqueness of P . Thus, we have

|S| = |S \ {e}|+ 1 ≥ OPT[w′] + 1 ≥ min
w∈V (G)

{OPT[w] : w →=1 u}+ 1.

Conversely, let w be a vertex minimizing OPT[w] under the condition that w →=1 u holds. Suppose first
that OPT[w] = 0. By definition, we have w = s. Since s →=1 u, there is a unique path from s to u, which is
denoted by Psu. By concatenating Psu and e in this order, we have a path P from s to v in G. Observe that
there is exactly one path from s to v passing through e as s →=1 u and every path containing e must pass
through u. Thus, {e} is a forcing set for P , implying that OPT[e] ≤ OPT[w] + 1.

Suppose otherwise. In this case, OPT[w] = OPT[e′] for some edge e′ incoming to w. Let S′ be a forcing
set for Psw ∈ Pw such that |S′| = OPT[w] and e′ ∈ S′. Similarly to the above case, the path obtained by
concatenating Psw, Pwu, and e in this order is the unique path P from s to v containing all edges in S′∪{e}.
Thus, S′ ∪ {e} is a forcing set for P , implying that OPT[e] ≤ OPT[w] + 1. ⊓⊔

Now, we describe our dynamic programming algorithm to compute the values of OPT. We first decide
whether u →=1 v holds for each pair of vertices u, v ∈ V (G). This can be done in total time O(nm) for
all vertex pairs in G. We can evaluate OPT[e] and OPT[v] for each e ∈ E(G) and each v ∈ V (G) in time
O(n), assuming that these values are evaluated in a dynamic programming manner. By Corollary 1, we can
compute a minimum forcing set for Pt in time O(nm).

It is easy to extend our algorithm to compute a minimum forcing set for a specific path P by only
evaluating OPT[e] and OPT[v] for each edge e and vertex v on the path P . Therefore, we have the following
theorem.

Theorem 1. ForcingSP can be solved in time O(nm). Moreover, when additionally given a shortest s-t
path P in G, we can compute a minimum forcing set for P in time O(nm) as well.

It is not hard to see that, applying a standard trace-back technique, we can find a minimum forcing set for
shortest s-t paths within the same running time. We would like to mention that our algorithm also works
for undirected graphs since Observation 1 also holds for undirected graph G.
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3.2 Anti-forcing set

We next consider the complexity of Anti-ForcingSP. In contrast to ForcingSP, Anti-ForcingSP is
NP-complete even for undirected and unweighted graphs.

Theorem 2. Anti-ForcingSP is NP-complete even for undirected and unweighted graphs.

Proof. We perform a polynomial-time reduction from Vertex Cover. Recall that Vertex Cover asks
whether, given an undirected graph G and an integer k, there exists a vertex set S ⊆ V of size at most k
such that any edge e ∈ E(G) is incident with at least one vertex in S. Vertex Cover is known to be NP-
complete [GJ79]. Our reduction produces a weighted multigraph, which can easily turn into an unweighted
simple graph.

Construction. Let ⟨G, k⟩ be an instance of Vertex Cover. Let n = |V (G)|. Now we give a construction of
the reduction. See Fig. 1a for an example of the construction. Let V (G) = {v1, . . . , vn}.

For each vertex vi, we construct a vertex gadget Hi as follows. The gadget Hi contains a path of four
vertices ti, xi, yi, si, where the vertices have neighbors ai, wi, zi, bi, respectively. We add four paths of length 2
between ai and bi. The four internal vertices are denoted by c1i , . . . , c

4
i .

We construct the entire multigraph H as follows. Let N = 3n + k. First, we add two special vertices
s = s0 and t = tn+1. Then, we connect si and ti+1 by an edge for all 0 ≤ i ≤ n. For each 1 ≤ i ≤ n,
we add N + 2 parallel edges between s and wi and between zi and t. For each edge {vi, vj} ∈ E(G) with
i < j, we add N + 2 parallel edges between yi and xj . We may regard and refer to these N + 2 parallel
edges between two vertices as a single “thick edge”. The weights of edges are defined as: w({xi, yi}) = 2;
w({yi, xj}) = 5(j − i − 1) + 3; w({s, wi}) = 5(i − 1) + 1; and w({zi, t}) = 5(n − i) + 1 for all i < j; all the
other edges are of weight 1. The graph constructed in this way is denoted by H. In this construction, every
edge belongs to a shortest path (of length 5n+ 1) between s and t. Moreover, every shortest s-t path in H
goes from the left to the right in Fig. 1.

We show that G has a vertex cover of cardinality at most k if and only if H has an anti-forcing set of
cardinality at most N for shortest s-t paths. To simplify notation, we may refer to an edge {pi, qi} ∈ E(Hi)
as (pq)i and to a path with vertices pi, qi, . . . , ri ∈ V (Hi) as (pq . . . r)i.

The only-if direction: Assume that G has a vertex cover S ⊆ V (G) such that |S| ≤ k. We define the edge set
F as follows. If vi ∈ S then F includes (xy)i, (ac

2)i, (ac
3)i, (ac

4)i, otherwise F includes (ta)i, (wx)i, (yz)i.
Since |S| ≤ k, the cardinality of F is at most 4|S| + 3|V (G) \ S| ≤ 4k + 3(n − k) = N . Let P be an s-t
path in H that includes the subpath (tac1bs)i if vi ∈ S; includes the subpath (txys)i otherwise. Since P is
a shortest s-t path (of length 5n + 1) that does not contain any edge in F , it suffices to show that F is an
anti-forcing set for P . Observe that for each i, either (xy)i ∈ F or {(wx)i, (yz)i} ⊆ F . Moreover, for each
edge {vi, vj} ∈ E(G), at least one of (xy)i and (xy)j is contained in F as S is a vertex cover of G. Thus,
every s-t path that contains a thick edge is hit by F . This implies that P contains both ti and si for each
1 ≤ i ≤ n. For each i, there is exactly one path between ti and si in Hi − F , which is the subpath of P .
Hence, P is the unique path between s and t in H − F .

The if direction: Let F be an anti-forcing set with cardinality at most N and let P be the unique shortest
s-t path in H −F . Since |F | ≤ N and there are N +2 parallel edges as a thick edge, H −F contains at least
two of them: Due to the uniqueness of P , none of those parallel edges are contained in P . This implies that
P contains both ti and si for each 1 ≤ i ≤ n. Hence, P contains either (txys)i or (tacjbs)i as a subpath for
each 1 ≤ i ≤ n. Suppose that P contains (txys)i. As H − F contains both thick edges {s, wi} and {zi, t},
F contains both (wx)i and (yz)i. Moreover, due to the uniqueness of P , F contains at least one edge of
the path forming (tacjbs)i for all j. Thus, F contains at least three edges in Hi. Suppose otherwise that P
contains (tacjbs)i for some 1 ≤ j ≤ 4. Similarly to the above case, F contains at least one edge on the path
(txys)i. Moreover, as there are four edge-disjoint paths between ai and bi, F contains at least three edges
between them. Thus, F contains at least four edges in Hi in this case. Let S ⊆ V be the set of all vertices
vi such that P contains (tacjbs)i as a subpath for some j. Since F contains at most N = 3n + k edges,
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s t

v1

v2

v3 v4

t1 s1
x1

w1

y1

z1

H1 H2 H3 H4

a1 b1

(a) The lower graph is the original instance ⟨G, k⟩, and the upper graph is the constructed instance H.

s t
t1 s1

x1

w1

y1

z1

H1 H2 H3 H4

a1 b1

(b) Illustration of H − F , where F is the anti-forcing set constructed from a vertex cover {v1, v3} of G.

Fig. 1: Example of the reduction from Vertex Cover to Anti-ForcingSP in the proof of Theorem 2. For
an aesthetic reason, the figure contains multiple copies of vertices representing the same vertex: all red boxes
correspond to the vertex s and all blue triangles correspond to the vertex t. Thick orange edges represent
“thick edges”, which are parallel edges between them.

S contains at most k vertices. For each edge {vi, vj} ∈ E(G) with i < j, P cannot contain both subpaths
(txys)i and (txys)j , which make a bypass passing through the thick edge {yi, xj}. This yields that S covers
all edges in G.

Making H simple and unweighted: Finally, let us note that H can be converted into a simple graph with
uniform edge weight. We can replace an edge of weight q ∈ N with a path of length q. Moreover, we can
remove parallel edges by replacing all edges in H (including non-parallel edges) with paths of length 2. It is
easy to see that these replacements preserve the size of a smallest anti-forcing set of H. Since the weight of
each edge is O(n) and the multiplicity of each thick edge is O(n), the size of the resulting graph is upper
bounded by a polynomial in n, completing our reduction. ⊓⊔

While Anti-ForcingSP is NP-complete, we can find in polynomial time a minimum cost anti-forcing
set for a given shortest s-t path P in G by reducing it to the minimum multiway cut problem on directed
acyclic graphs, which can be solved in polynomial time [Ben07].

Theorem 3. Let G be an edge-weighted directed graph with s, t ∈ V (G) and let P be a shortest path from s
to t in G. Then, a minimum anti-forcing set S for P can be computed in polynomial time.
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Proof. We reduce the problem to Multiway Cut on directed acyclic graphs. Let H be a directed graph
and let T ⊆ V (H) be a terminal set. A multiway cut for T is a set S ⊆ E(H) such that for any terminal
pair s, t ∈ T , there is no path from s to t in H − S. Given a directed graph H and T ⊆ V (H), the task of
Multiway Cut is to compute a minimum cardinality multiway cut of (H,T ).

Due to Observation 1, we can assume that the given graph G is a directed acyclic graph and the paths
from s to t are exactly the shortest s-t paths in the original graph. We show that S is an anti-forcing set for
s-t paths of G if and only if S is a multiway cut for V (P ) on H := G− E(P ).

Suppose that S ⊆ E(G) is an anti-forcing set for P , that is, P is the unique path from s to t with
S ∩ E(P ) = ∅. Suppose that there is a path P ′ from u ∈ V (P ) to v ∈ V (P ) in H. We then obtain an s-t
path P ′′ (̸= P ) from P by replacing the subpath between u and v with P ′. Since S is an anti-forcing set, S
contains at least one edge of P ′′, and thus, E(P ′) ∩ S ̸= ∅. Hence, S is a multiway cut for V (P ) in H.

Conversely, suppose that S is a multiway cut for V (P ) in H. Since every path from u to v for any distinct
u, v ∈ V (P ) in H contains an edge in S, P is the unique path from s to t in G − S, meaning that S is an
anti-forcing set for P .

It is known that Multiway Cut can be solved in polynomial time on directed acyclic graphs [Ben07].
Thus, a minimum anti-forcing set S for P can be computed in polynomial time as well. ⊓⊔

Finally, we observe that the problem can be solved in linear time on graphs of bounded treewidth. Since it
is not necessary to discuss what treewidth is in the proof, we omit its definition in this paper (see e.g. [Cyg+15,
Chapter 7]). We observe that Anti-ForcingSP is reduced to one for evaluating a monadic second-order
(MSO2) formula, and thus, by Courcelle’s theorem [ALS91; CM93] and Bodlaender’s algorithm [Bod96], it
can be solved in linear time on graphs of bounded treewidth.

Theorem 4. Let G be a directed graph with two specified vertices s and t such that the underlying graph of
G has bounded treewidth. Then, a minimum anti-forcing set S for shortest s-t paths on G can be computed
in linear time.

Proof. Due to Observation 1, it is sufficient to compute, for directed acyclic graph G′, a minimum edge set S
such that G′ −S has a unique s-t path. We express this condition by an MSO2-formula over directed graphs
with two constant vertices s and t. In MSO2 logic, we can quantify edges, vertices, vertex sets, and edge sets,
and we can use the standard (logical) connectives ‘=’, ‘∧’, ‘¬’, and so on (for a more formal definition, see
e.g., [Cyg+15]). For edge variable e = (u, v), we use head(e) and tail(e) that are functions returning v and
u, respectively.

We use ∃!X ϕ(X) as an abbreviation for ∃X ∀Y [X = Y ↔ ϕ(Y )]. Note that ∃!X ϕ(X) is uniqueness
quantification, that is, it can be interpreted as meaning “there is exactly one X such that ϕ(X)”. Now, we
consider the following MSO2 formula4

ϕ(X) ≡ X ⊆ E ∧ ∃!P (P ⊆ E ∧ P ∩X = ∅ ∧ Paths,t(P )).

Here, Paths,t(P ) is a formula that expresses that a directed edge set P is an s-t path. It is folklore that the
formula Paths,t(P ) can be defined by an MSO2-formula, which is given below for completeness.

Paths,t(P ) ≡ D2s,t(P ) ∧ ∀P ′ ⊆ P (P = P ′ ∨ ¬D2s,t(P ′)),

D2s,t(P ) ≡


∃!e (e ∈ P ∧ s = tail(e)) ∧ ∃!f (f ∈ P ∧ t = head(f)) ∧

∀e ∈ P ¬(s = head(e) ∨ t = tail(e)) ∧

∀e ∈ P

(
(head(e) ̸= t) ↔ ∃!f (f ∈ P ∧ head(e) = tail(f)) ∧
(tail(e) ̸= s) ↔ ∃!f (f ∈ P ∧ tail(e) = head(f))

)
 .

It is known that a set S that satisfies the property ϕ(S) defined by a constant size MSO2-formula ϕ and
minimizes its cardinality |S| can be found in linear time on directed graphs such that the underlying graph
has bounded treewidth [ALS91; Bod96; CM93]. Since the underlying graph G′′ of G′ is a subgraph of G, G′′

has bounded treewidth. Thus, the claim holds. ⊓⊔
4 We use abbreviated notations such as ⊆, ∩, = ∅, ∀x ∈ Xϕ(X), but these are interpreted in the standard way and

can be defined in MSO2 logic.
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Algorithm 1: An algorithm for Anti-ForcingMST.
Input: A multigraph G with weight function w : E(G)→ R.
Output: A minimum anti-forcing set for minimum weight spanning trees of (G,w).

1 begin
2 S ← ∅; T ← ∅;
3 while E(G) ̸= ∅ do
4 wmin ← mine∈E(G) w(e);
5 Emin ← {e ∈ E(G) : w(e) = wmin};
6 Let Gmin be the subgraph (V (G), Emin) of G;
7 Let Fmin be a maximal forest of Gmin;
8 T ← T ∪ Fmin;
9 S ← S ∪ (Emin \ (Fmin ∪ {e ∈ Emin : e is a self-loop in Gmin}));

10 Let G be the graph obtained by contracting all edges in Emin;

11 return S;

4 Forcing a unique minimum weight matroid basis

In this section, we give polynomial-time algorithms for ForcingMST and Anti-ForcingMST. The basic
strategy of both algorithms follows Kruskal’s algorithm [Kru56] for computing a minimum weight spanning
tree. We first briefly explain our algorithms for ForcingMST and Anti-ForcingMST in Section 4.1 and
then generalize them to the setting of matroids in Section 4.2.

4.1 Special case: Minimum weight spanning trees

First, we sketch an intuition behind our algorithm for Anti-ForcingMST. A formal discussion, including
the correctness of the algorithm, is deferred to Section 4.2. Let G be a connected edge-weighted multigraph.
Contracting an edge of G may create parallel edges or self-loops, and we do not remove them in the contraction
operation. Let us recall Kruskal’s algorithm for computing a minimum weight spanning tree of G: Starting
from T = ∅, we repeatedly choose a minimum weight edge e of G that does not form a cycle with the
previously chosen edges T and add it to T until it becomes a spanning tree of G. Instead of adding edges
one by one, we can modify this procedure to add, in bulk, a maximal forest F consisting only of minimum
weight edges Emin that have not been chosen yet. We repeatedly apply this to the graph obtained from
G by contracting all edges in Emin as long as E(G) is nonempty. It is easy to observe that this procedure
also computes a minimum weight spanning tree T of G. Since the choice of a maximal forest F consisting
of edges in Emin is not unique, the solution T obtained by this procedure is not unique as well. Thus, to
force the solution to be unique, it is necessary to include all edges in Emin \ F , except for self-loops, as an
anti-forcing set. The algorithm that formalizes this intuition is given in Algorithm 1. For ForcingMST,
we can design a similar algorithm: Instead of including all non-loop edges in Emin \ F , include all edges in
F that are not bridges in Gmin. The pseudocode of this algorithm is given in Algorithm 2. It can be easily
confirmed that both algorithms for Anti-ForcingMST and ForcingMST run in time O(m log n) using a
standard analysis of Kruskal’s algorithm and a linear-time algorithm for enumerating bridges [Tar74]. The
proof of their correctness is deferred to the next subsection.

Theorem 5. ForcingMST and Anti-ForcingMST can be solved in time O(m logn), where n = |V (G)|
and m = |E(G)|.

4.2 General case: Matroid bases

In this subsection, we consider generalized versions of ForcingMST and Anti-ForcingMST, where the
goals are to find minimum forcing and anti-forcing sets for minimum weight bases of a matroid M . Clearly,
ForcingMST and Anti-ForcingMST are special cases, where M is a graphic matroid.
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Algorithm 2: An algorithm for ForcingMST.
Input: A multigraph G with weight function w : E(G)→ R.
Output: A minimum forcing set for minimum weight spanning trees of (G,w).

1 begin
2 S ← ∅; T ← ∅;
3 while E(G) ̸= ∅ do
4 wmin ← mine∈E(G) w(e);
5 Emin ← {e ∈ E(G) : w(e) = wmin};
6 Let Gmin be the subgraph (V,Emin) of G;
7 Let Fmin be a maximal forest of Gmin;
8 T ← T ∪ Fmin;
9 S ← S ∪ {e ∈ Fmin : e is not a bridge of Gmin};

10 Let G be the graph obtained by contracting all edges in Emin;

11 return S;

Theorem 6. Let M = (E, I) be a matroid with weight function w : E → R. Assume that M is given as an
independence oracle. Then, a minimum forcing set for minimum weight bases of (M,w) can be computed in
polynomial time. Similarly, a minimum anti-forcing set for minimum weight bases of (M,w) can be computed
in polynomial time as well.

Let Bmin(M) and Bmax(M) be the collections of minimum and maximum weight bases of M , respectively.
At first, we show that the problem of finding a minimum forcing set for Bmin(M) is equivalent to that of
finding a minimum anti-forcing set for Bmax(M

∗), where M∗ is the dual matroid of M .

Observation 2. A set S ⊆ E is a forcing set for Bmin(M) if and only if S is an anti-forcing set for
Bmax(M

∗).

Proof. Let B ⊆ E be a minimum weight basis of (M,w) and B∗ = E \ B. Note that B∗ is a basis of the
dual matroid M∗. Let S ⊆ E. Now, S ⊆ B if and only if S \B = ∅. Combined with S \ (E \B∗) = S ∩B∗,
we conclude that S ⊆ B if and only if S ∩B∗ = ∅. Since B is a minimum weight basis of (M,w) if and only
if B∗ is a maximum weight basis of (M∗, w), the claim holds. ⊓⊔

Observation 2 suggests the relations in Fig. 2, enabling us to find a minimum forcing set for Bmin(M) by
applying an algorithm for finding a minimum anti-forcing set for Bmax(M

∗). Note that a basis B minimizes
the value w(B) if and only if it maximizes −w(B). Now, we are ready to describe our algorithm for computing

S is a forcing set for
min. weight bases of (M,w)

S is a forcing set for
max. weight bases of (M,−w)

S is an anti-forcing set for
max. weight bases of (M∗, w)

S is an anti-forcing set for
min. weight bases of (M∗,−w)

M ↔M∗

Observation 2
w ↔ −w w ↔ −w

Fig. 2: The equivalence of the problems.

a minimum anti-forcing set for Bmin(M), which is shown in Algorithm 3. The underlying idea of the algorithm
is analogous to Algorithm 1. At each iteration of the main loop, we consider the matroid Mmin consisting
only of the minimum weight elements Emin, and select a basis Bmin from Mmin. The crux of its correctness is
that it is necessary and sufficient to include all the elements in Emin\Bmin except for loops in any anti-forcing
set for Bmin(M).
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Algorithm 3: An algorithm for a minimum anti-forcing set for Bmin(M)

Input: Matroid M = (E, I) with weight function w : E → R.
Output: A minimum anti-forcing set for Bmin(M).

1 begin
2 S ← ∅; B ← ∅;
3 while E ̸= ∅ do
4 wmin ← mine∈E w(e);
5 Emin ← {e ∈ E : w(e) = wmin};
6 Mmin ←M | Emin;
7 Let Bmin be a basis of Mmin;
8 B ← B ∪Bmin;
9 S ← S ∪ (Emin \ (Bmin ∪ {e ∈ Emin : e is a loop in Mmin}));

10 M ←M / Emin;

11 return S;

Lemma 3. Algorithm 3 returns a minimum anti-forcing set for Bmin(M).

Proof. First, we show that the output S of Algorithm 3 is an anti-forcing set for Bmin(M). From the cor-
rectness of the greedy algorithm for computing a minimum weight basis of a matroid, at the end of the main
loop, we have B ∈ Bmin(M). Moreover, we have B ∩ S = ∅.

Let B′ ∈ Bmin(M) with B′ ̸= B. It suffices to show that B′ ∩ S ̸= ∅. Now, there exists an element
e ∈ B′ \B since B and B′ are distinct bases of M . We can assume that, at some iteration of the main loop,
e ∈ Emin and e /∈ Bmin hold. Since e is not a loop in Mmin and e ∈ Emin \ Bmin, we have e ∈ S. Hence,
B′ ∩ S ̸= ∅. This concludes that S is an anti-forcing set for Bmin(M).

Next, we show that S is a minimum anti-forcing set for Bmin(M). Let S′ be a minimum anti-forcing set
for Bmin(M) and B′ ∈ Bmin(M) be the unique minimum weight basis of M with B′ ∩ S′ = ∅. Let wi be
the value of wmin in the i-th iteration of the while-loop and let Ei = {e ∈ E : w(e) = wi}. For each i, let
E≤i = E1 ∪ · · · ∪ Ei and let Mi = M / E≤i−1. Note that Mi | Ei = Mmin in the i-th iteration.

Claim. |B ∩ Ei| = |B′ ∩ Ei| holds for all i.

Proof. We prove a slightly stronger statement: for B1, B2 ∈ Bmin(M), it holds that |B1∩Ei| = |B2∩Ei| for all
i. Suppose otherwise. We choose B1, B2 ∈ Bmin(M) with |B1 ∩Ej | ̸= |B2 ∩Ej | for some j in such a way that
the symmetric difference |B1△B2| := |B1\B2|+ |B2\B1| is minimized. We assume without loss of generality
that |B1∩Ej | > |B2∩Ej |. Since B1 ̸= B2, by the symmetric basis-exchange property, for e1 ∈ (B1 \B2)∩Ej ,
there exists e2 ∈ B2 \B1 such that both B′

1 := (B1 ∪ {e2}) \ {e1} and B′
2 := (B2 ∪ {e1}) \ {e2} are bases in

M . Since B1, B2 ∈ Bmin(M), we have w(e1) = w(e2), and hence e1, e2 ∈ Ej . Moreover, B′
1, B

′
2 ∈ Bmin(M).

This contradicts the choice of B1, B2 as

|B′
1 △B2| = |(B1 ∪ {e2}) \ {e1})△B2| = |B1 △B2| − 2 < |B1 △B2|

and |B′
1 ∩ Ej | = |B1 ∩ Ej | ̸= |B2 ∩ Ej |. ■

Suppose to the contrary that |S′| < |S|. This implies that there is an index j such that |S′∩Ej | < |S∩Ej |.
By the above claim, we have |B∩Ej | = |B′∩Ej |. Let e ∈ Ej \ (B′∪S′) that is not a loop in Mj | Ej . We can
choose such an element e since |Ej | = |B ∩Ej |+ |S ∩Ej |+ |Lj |, where Lj is the set of loops in Mj | Ej , and
|S′∩Ej | < |S∩Ej |. Note that e is not a loop of Mj . Due to Proposition 1, B′∪{e} has a unique circuit C of
M . If C contains an element e′ ∈ E \E≤j , then (B′ ∪ {e}) \ {e′} is a basis of M with weight strictly smaller
than B′, contradicting B′ ∈ Bmin(M). Thus, C consists of only elements in E≤j . If C contains an element
e′ ∈ Ej , the basis (B′ ∪ {e}) \ {e′}, which belongs to Bmin(M), avoids S′, contradicting the uniqueness of
B′. Hence, all the elements of C except for e belong to E≤j−1. As C ̸⊆ E≤j−1, by Proposition 2, there is a
circuit C∗ of Mj such that C∗ ⊆ C \ E≤j−1. This circuit is indeed a singleton C∗ = {e}, contradicting the
fact that e is not a loop in Mj . ⊓⊔
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Finally, we consider the running time of Algorithm 3. Given a matroid M = (E, I) as an independence
oracle and X,Y ⊆ E, we can decide whether Y is independent in M | X, in M / X, and in M∗ with a
polynomial number of oracle calls to M . Thus, each step of Algorithm 3 can be performed in polynomial
time. Thus, Theorem 6 holds.

Similarly to Theorem 1, we can compute smallest forcing and anti-forcing sets for a given B∗ ∈ Bmin(M)
in polynomial time, by just taking Bmin at line 7 in Algorithm 3 as Bmin = B∗ ∩ Emin.

Corollary 2. Let M = (E, I) be a matroid with weight function w : E → R. Assume that M is given as an
independence oracle. Given a minimum weight basis B∗ ∈ Bmin(M), a minimum forcing set / a minimum
anti-forcing set for B∗ can be computed in polynomial time.
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