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Abstract

For an integer k > 2, the sequence of k-generalized Lucas numbers is defined by the recurrence relation
L = 1® 4.+ L™ for all n > 2, with initial conditions L = 2, L") = 1 for all k > 2, and
Lg’i)k = ... = L(_kl) = 0 for k£ > 3. In this paper, we determine all k-generalized Lucas numbers that
are concatenations of two terms of the same sequence and completely solve this problem for & > 3.
Our approach combines nonzero lower bounds for linear forms in logarithms, reduction techniques based
on the Baker—Davenport method and the LLL-algorithm, together with continued fraction analysis and
computational verification using SageMath.
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1 Introduction

1.1 Background

Let k > 2 be an integer. The sequence of k-generalized Lucas numbers, also known as the k-Lucas number
sequence, is defined by the recurrence relation,

L =% o LW foralln > 2,
with initial conditions
L =2 L =1 forallk>2 and L") = L% = ... = L) =0 for k> 3.

For k = 2, this is the well-known classical sequence of Lucas numbers, and in this case, we omit the
superscript ®) in the notation. In table for some small values of k, the first few values LEZ“) of are
given.

k | Name | First non-zero terms

2| Lucas | 2,1, 3,4,7, 11, 18, 29, 47, 76, 123, 199, - - -

3 | 3-Lucas | 2, 1, 3, 6, 10, 19, 35, 64, 118, 217, 399, 734, - --
4 | 4-Lucas | 2, 1, 3, 6, 12, 22, 43, 83, 160, 308, 594, 1145, - - -
5 | b-Lucas | 2, 1, 3, 6, 12, 24, 46, 91, 179, 352, 692, 1360, - - -
6 | 6-Lucas | 2, 1, 3, 6, 12, 24, 48, 94, 187, 371, 736, 1460, - - -
7 | 7-Lucas | 2, 1, 3, 6, 12, 24, 48, 96, 190, 379, 755, 1504, - --
8 | 8-Lucas | 2, 1, 3, 6, 12, 24, 48, 96, 192, 382, 763, 1523, - --
9 | 9-Lucas | 2, 1, 3, 6, 12, 24, 48, 96, 192, 384, 766, 1531, - - -

Table 1.1: First non-zero k-Lucas numbers.

In [4], the authors determined all Fibonacci numbers that are concatenations of two Fibonacci numbers.
In particular, they proved that Fjy = 55 is the greatest Fibonacci number with this property. They
also proved that for any binary recurrent sequence of integers t,,, there exists only finitely many terms
of that sequence which can be written as concatenations of two or more terms of ¢, under the same
mild hypothesis. In [2], the authors determined all Fibonacci numbers that are concatenations of a



Fibonacci number and a Lucas number. Similarly, in [I], they determined all k-Fibonacci numbers that
are concatenations of two terms of the same sequence. Particularly, they proved that the Diophantine

equation
n m

FR = FE® 10+ FM k> 3,

has solutions only in the cases F7(3) = 24, F8(3) =44 and F1(§) = 16128. In this paper, we consider a similar
but modified problem in which we take into account k-generalized Lucas numbers that are concatenations
of two terms of the same sequence. We completely solve this problem for all £ > 3. As a mathematical
expression of this problem, we solve the Diophantine equation

LP =r# . 107+ LP, k>3, (1.1)
in non-negative integers m,n > 0, and p, where d is the number of digits of Lj(gk). In [I7], it was found out
that for k = 2, Léz) =11= LéQ)Léz), and ng) =47 = LELZ)LE,Q), are the only solutions to the Diophantine

equation (|1.1)). We therefore state Theorem for cases k > 3.
1.2 Main Result
Theorem 1.1. Let k > 3, the Diophantine equation (1.1)) has only the following solutions.

L =12=1LP] fork >4, and LYY =22 = LVL.

Effective methods for tackling Diophantine equations similar to include approaches like nonzero
lower bounds for linear forms in logarithms of algebraic numbers, as developed by Matveev [20] and the
reduction algorithm proposed by Dujella and Pethé [12], which is a variation of Baker and Davenport.
For our analysis, we employed these techniques in conjunction with specific properties of k-Lucas numbers
and the use of continued fractions. All computations were conducted using SageMath, with precision up
to 1000 digits. The next section presents details of these methods used.

2 Methods

2.1 Some properties of k-generalized Lucas numbers
It is well established for k-Lucas numbers that
LW =3.9""2  forall 2<n<Ek (2.1)
These numbers generate a linearly recurrent sequence with the characteristic polynomial
Up(z)=af —aht - - — 1,

which is irreducible over Q[z]. The polynomial ¥ (z) has a unique real root a(k) > 1, with all other
roots lying outside the unit circle, as noted in [2I]. The root a(k) := « satisfies the bound

21 -2"") <a<2 forall k>2, (2.2)
as established in [27]. Similar to the classical case where k = 2, it was proved in [0] that
a" < L;k) <2a", foraln>1 k>2. (2.3)
For any k > 2, define the function

rz—1
ful@) = 2+ (k+ D)z —2) (24)

From the bound in ({2.2)), it follows that

5= () < fila) < fu20-29) < 3,

for all & > 3 since fi(x) is reducing for all z > 0. It is straightforward to check that this inequality is also
valid for k = 2. Moreover, one can verify that for all 2 < ¢ < k, where «; represents the remaining roots
of Uy (x), the condition |fx(a;)| < 1 holds, see [6]. The following lemma plays a crucial role in applying
Baker’s theory.

(2.5)



Lemma 2.1 (Lemma 2, [I8]). For all k > 2, the number fi(«) is not an algebraic integer.
Additionally, it was proven in [6] that

k
3
LF =3 (205 = Dfi(as)af ™!, and  |LYF) — fi(a)(2a — 1)a" | < > (2.6)

i=1
for all kK > 2 and n > 2 — k. This leads to the expression
L = fi(a)(20 —1)a" ! + ex(n), where |ex(n)| < 1.5. (2.7)

The left-hand expression in (2.6)) is commonly referred to as the Binet-like formula for L%k). Furthermore,
the inequality on the right in (2.7]) indicates that the contribution of roots inside the unit circle to LEZ“) is
negligible. A better estimate than (2.6)) appears in Section 3.3 of [5], but with a more restricted range of
n in terms of k. It states that

36

STk provided n < 2k/2, (2.8)

| fr(@)(20 — 1)a" ! =322 < 3. 2"72.

Lastly, the following result from [3] will be used in our proof.

Lemma 2.2 ([3]). For any positive integer n > 1 with n # 6, the number 2™ — 1 has a prime divisor that
does not divide 2% — 1 for any k < n.

2.2 Linear forms in logarithms

Definition 2.1. Let 8 be an algebraic number, and consider its minimal polynomial over Z, given by

d
U()l'd + led_l + ot up = ug H(m _ 9(1))7
i=1
where the coefficients u; are relatively prime integers with ug > 0, and the numbers 1) represent the
conjugates of 0. The logarithmic height of 0 is defined as

d
h(8) = é <logu0 + Zlog (max{|9(i)|, 1})) .

In particular, for a rational number r/s, where r and s > 0 are coprime integers, the logarithmic height
is given by h(r/s) = logmax{|r|,s}. The following properties are useful and shall be applied without
reference:

(a) h(91 + 92) S h(el) + h(92) + IOg 2.

(b) h(6:105") < h(61) + h(fa).

(¢) h(0%) = |s|h(0), for any integer s € Z.
It was computed in Section 3, equation (12) in [7] that A(fx(a)) < 3logk for all k& > 2. Theorem 2.1
is a very important theorem proved in [20] that is fundamental in obtaining bounds on variables in the
Diophantine equation . First, the general setting in which it holds is introduced. Let K be a number
field of degree D, let o, ..., a; be non-zero elements of K and by, ...,b, be rational integers. Set

B = max{|b1],...,|bt|},

and
D1

Let h denote the absolute logarithmic height and let Aq,..., A; be real numbers with
Aj > I'(n;) = max{Dh(n;), |logn;|,0.16}, 1<j<t.

We call &' the modified height (with respect to the field K). With this notation, the main result in [20]
implies the following estimate.

Theorem 2.1 (Theorem 9.4 in [§]). Assume that A is non-zero and K is real, we have

log [T > —1.4-30""3¢**D*(1 + log D)(1 + log B) A; - - - Ay.



2.3 Reduction methods

2.3.1 Lattice-based tools

The bounds obtained from applying Theorem are often too large for practical computations. A
reduction method based on the LLL-algorithm will be applied to refine the bounds obtained from applying
Theorem First, definitions and explanations are provided to facilitate an understanding of the
LLL-algorithm.

Definition 2.2 (Lattice). Let k be a positive integer. A subset L of the real vector space R¥ is called a
lattice if there exists a basis {b1,...,bx} of R¥ such that

k
L= {Z?"sz T4 EZ}
i=1

The vectors by,...,b; are said to form a basis for L, and k is termed the rank of L. The determinant
det(L) is defined as

det(L) = | det(by, ..., by),

where the b; are represented as column vectors. This value is independent of the choice of basis,
(see [13], Section 1.2). For linearly independent vectors by, ...,b, in R* we employ the Gram-Schmidt
orthogonalization process to define vectors b; and coefficients ; ; via

i—1
<biab%>
by =bi— > pigbi, Mg =

where (-,-) is the standard inner product on R¥.

Definition 2.3. A basis by,...,b, for the lattice L is called reduced if

1
|ﬂi,j|§§f07’1ﬁj<i§n7

x « 3 .
167 + pii—1b7_1[I* > 1”@—1”2 Jor1 <i<mn,
where | - || is the Euclidean norm. The constant 3 can be replaced by any fivzed y € (1/4,1), (see [19],
section 1).
For a k-dimensional lattice L € R* with reduced basis b1, ...,bx, let B be the matrix with columns

b1,...,br. Define

UL.y) = | Mmeer e =yl ity & L,
’ min()#xeL ||.I|| if yeL,

where | - || is the Euclidean norm. The LLL algorithm efficiently computes a lower bound ¢(L,y) > ¢ in
polynomial time, (see [24]., Section V.4)

Lemma 2.3 ([24], Section V.4). Lety € R* and z = B~y with z = (21,...,2,) 7.
(i) If y ¢ L, let ig be the largest index with z;, # 0 and set A := {z;, }, where {-} denotes the fractional
part.
(ii) If y € L, set A :=1.
Then,

€1 := max Hbi” , 5::)\M.
1<j<k | |67l S

In applications, one encounters real numbers 7,71, ..., 7k, linearly independent over Q, and constants
c3,c4 > 0 such that
Ino +x1m + - + x| < ezexp(—caH),



where |z;| < X; for given bounds X; (1 <i < k). Let Xy := maxi<;<x{X;}. Following [14], the inequality
is approximated using a lattice generated by the columns of

1 0 0 0
0 1 0 0
.A = )
0 0 .. 1 0
[Cm] [Cn2] oo [Cmea] O
where C' is a large constant (typically = X(’f). For an LLL-reduced basis by,...,by of L and y =
(0,...,—|Cno)), Lemma [2.3] yields a lower bound ¢(L,y) > c1.
Lemma 2.4 (Lemma VI.1 in [24]). Let S := Z;:ll X2 and T = w If 6 > T? + S, then the
above inequality implies either x1 = -+ = 251 =0 and xx = —|Cno| /| Cnx.|, or
1
H< — (log(Cc;g)flog( 62 foT)).
Cs

2.4 Continued fractions
The following lemma also helps in refining upper bounds on certain variables.

Lemma 2.5 ([7], Lemma 4). Let M be a positive integer, and let p/q be a convergent of the continued
fraction of the irrational number v such that ¢ > 6M. Suppose A, B, are real numbers satisfying A > 0
and B > 1. If

€:= [|ngl| = Ml|rql| >0,
then the inequality

0<|uy—v+pul <AB™"Y,
has no solutions in positive integers w,v, and w satisfying

log(Ag/e)

u<M and w> log B

Lemma cannot be applied where ;1 = 0 or when p is a linear combination of 1 and  with integer
coefficients, as in such cases € becomes negative for sufficiently large M. When this happens, a classical
result due to Legendre (Lemma 2.5,[22]) is applied instead.

Lemma 2.6 ([22]). Let 7, be an irrational number, M be a positive integer and ’q’—:(k =0,1,2,---) be

all the convergents of the continued fraction [ag,a1,---] of 7. let N be such that g > M. Then putting
apr = maz{a; :=0,1,--- | N}, the inequality
| >
mr—n| > —
(ap + 2)m

holds for all pairs (n,m)of integers with 0 < m < M.

All computations in this work were carried out using SageMath 10.6.

3 Proof of Theorem [1.1

3.1 Preliminaries

Assume that (|1.1]) holds, let us examine the relations between the variables in ([1.1)). The number of digits

of L](gk) can be written as
d = [logyg L;(yk)J +1, (3.1)

where |®] is the greatest integer less than or equal to @, the floor function. Therefore,
d = [logyo L | +1 < 14logyo L) <1+ logo(207)
=1+41logp2+ plog;ga < 2plog;p2 < p+2,



and
d = [log;g L | + 1 > logyo L) > logy, o™

= (p—Dlogjpa > "=

‘We can conclude that

-1
p?<d<p—|—2. (3.2)
One can also see from ([3.1) that
LM <10 < 10LP). (3.3)

From the relations , and , we rewrite
"t < 1P = LW 107+ LF < LW 10 LB + LK
< 1ILW LY < 440mFP < omHPF8,
and
20" > L) = LF 107+ L) > LF . L# + L > L

hence, we get the relation
m+p—2<n<m+p+8. (3.4)

Lastly here, since we are interested in a concatenation of two k-Lucas numbers, we disregard all cases

when n < 3, Moreover, when n = 4, we see from Tabl that Lf’) =10 and Lflk) = 12 whenever k > 4.

Clearly Lf’) = 10 is not a concatenation of two k-Lucas numbers, so it does not solve (|1.1). On the other

hand, Lflk) = 12 solves (|1.1]), so we state it in the main result. From now on, we work with n > 5.

3.2 The Case n <k

Here, we assume that 5 < n < k. This means that L%’“) = 32772, Thus, Equation (1.1)) becomes
3.2"72=3.2m"2.10% +3.2072, (3.5)

Now, if p < m, then (3.5 becomes
on—P = 9m=P. 104 41,

which implies that 0 = 1 (mod 2), a contradiction. Next, if p > m, then (3.5 becomes
on—m _ 10d + 2p—m7

which can be rewritten as
or=m(on=P — 1) = 10% = 2¢. 5%,

By the Fundamental Theorem of Arithmetic, we have
2p=m = 2% and 2"P —1=5%
The second equation has no positive integer solutions by Lemma thus Equation ([1.1]) has no solutions
with 5 < n < k. From now on, we assume n > k.
3.3 The case n >k

3.3.1 A bound for n in terms of &

If n > k, we write a SageMath code to search for values of m,n,p, and k satisfying (L.1)) in the range
0<m,p <500 withn € (m+p—2,m+p+8) via (3.4) and k < n. This yields the solutions stated in
Theorem So from now on, we take max{m,p} > 500. We now rewrite (1.1)) using (2.7)) as

fr(@)(2a — 1)a™ ! + ex(n) = (fr(@)(2a — D)™ + ex(m)) - 107 + Lz()k),



and obtain
fr(@)(2a — 1" = fr(a)(2a — 1)a™ " 107 = ex(m) - 104 + L) — ep(n).

Dividing through by fi(a)(2a — 1)a™~! and taking absolute values on both sides gives

. 104 < ex(m) - 104 L,(,k) B er(n)
a7 | fr(@)(2a — Do fr(a)(2a— 1ot fi(a)(2a —1)an—!
_|exlm) 107 Ly N ex(n)
| fr(@)(2a — 1)an—! fr(@)(2a — 1)an—1 fr(@)(2a — 1)an—1
- 30LYY 2L 3
(2a — 1)an—1 (2a — 1)1 (2a — 1)an—1
30(2a7) 4o 3 70
<=4 — < —.
an a'”/ an a7l P
Hence, we let
104 70
I'y|:=1- . 3.6
o= 1= | < (36)

Notice that T'; # 0 otherwise we would have a”~™ = 10, a contradiction since a”~™ is a unit in Q(«)
and yet 10¢ is not. The relevant algebraic number field is K = Q(«) with degree D = k. Setting ¢ := 2,
we define

mi=a, n2:=10,
bl = —(n—m), bg = d,

and h(n) = (1/k)log(a), h(n2) = log 10. Thus we take Ay = log(w), A2 = klog 10. Note that from (3.2)),
d <p+2and via (3.4), p < n—m+4 thus d < n —m + 6 and hence we take B :=n —m + 6. Applying
Theorem we get,

log |T'y| > —1.4-30° - 245 . k%(1 + log k) (1 + log(n — m + 6)) log « - k log 10.

Also from (3.6)), we have
logTy < log70 — (n — p) log a.

Also, since log a < log 2, and using the inequality

1
1+ logk =logk (1+ ) < 2logk,
log k&

and similarly,

1

—_—— 21 — 6
+10g(nm+6)>< og(n —m+ 6),

1+ log(n — m+ 6) = log(n — m + 6) (1

for £ > 3 and n > 5, we derive the bound
n—p<7.2-10°3log klog(n —m + 6). (3.7)
Next, we revisit (1.1) and by , we rewrite it as
fe(@) (2 = 1)a" ! + ep(n) = LE) 107 + fi.()(2a — )Pt + ex(p),
we obtain

fi(@)(2a = 1) — fi(a)(2a — 1)a?™" — LY - 107 = —ep(n) + ex(p),
fe(@)(2a —1)a™ 11 —aP™) — LW . 109 = —ei(n) + ex(p).



Dividing through by fi(a)(2a — 1)a™ (1 — a?~") and taking absolutes on both sides yields

- Ly 10 —ex(n) ek (p)
! fe(@)(2a—1)am=1(1 — ar—m) = fe(@)(2a—1)am=1(1 — ar—m) + fe(@)(2a — 1)an=1(1 — ap—7)
_ eu(n) 0
< | F@a - Do 11 —ar )| | @) e~ Dar 10— ar )
18

where we have used the estimates % < 2 and H% <3forall k>3 andn—p>1. Fix

¥ 104
fe(@)(2a — 1)an=1(1 — ap—7)

18

|F2‘ = < an—l’

1—

Suppose I's = 0; then we would have
L 107 = fr(a)(2a— 1)a" (1 — aP™™).

Conjugating both sides by an automorphism p; : @ — «y, for i > 2, and taking absolute values, we apply

(2.5) to get

10 < ‘L,(ji) . 10(1‘ = |fe(a)] - |20 = 1] - ’an—l} ) ‘1 —ap_”| <6,

which is clearly false. This contradiction implies that I's # 0, so we may now proceed to apply Theorem[2.]]
to (3.8). The number field remains K = Q(«) with degree D = k. and ¢ := 3,

G
= =1 = -
e I G - e
b1 = —(Tl - 1), bg = d, b3 = 1.

We compute the logarithmic heights:

1
h(m) = h(a) = % log a, h(n2) = log 10, Ay =loga, As = klog10.

To bound h(n3), we use:

LY
h(773) =h <fk(06)(204 — 1)(1 _ ap—n))
< h(2a™) + h(fr(a)) + (20— 1) + A(1 — aP™™)

1 _
< %loga+210gk+ %logoH— P kn|

log v 4log 2
(m+1+|p—n|)g+1ogk<2+ & )

log o + 41og 2.

k log k
Since m+1 <n —p+ 3, then

log «
k

h(nz) < (2|p — n| + 3) + 5logk,
thus
As = (2|p — n| + 3) log a + 5k log k.
Applying Theorem [2.1] to (3.8, we obtain the lower bound
logTy > —1.4-30% - 3%5 . k%(1 4 log k) (1 4 log(n — 1))(log ) (k log 10)((2|p — n| + 3) log a + 5k log k).

Also, from (3.8)), we have
logTy < log18 — (n — 1) log .



Comparing both bounds yields

(n—1) < 1.4 x 102k3 log k log(n — 1)((2|p — n| + 3) loga + 5k log k).

Now, we examine the cases p < m and m < p separately.
Case 1: When p < m, then n — m < n — p and hence we rewrite (3.7)) as

n—p<7.2-10°3logklog(n — p + 6)
< 7.2-10%31log klog 7(n — p)
< 2.9-10'%3log klog (n — p)

To proceed, we cite this important result, [[23], Lemma 7].

Lemma 3.1. Ife > 1 and H > (4€%)¢, then

(h)g(ff))e < H = f<2°H(log (H))".

We take e :=1 and H :=2.9-10'°k3logk, f = n — p hence by Lemmawe obtain
(n —p) < 1.7- 1023 (log k)?.
From (3.4),n <m+p+8<2m+ 8 and m <n — p+ 2, we find that
n < 2(1.7-102k3(log k)?) + 12,

and thus
n < 3.5-10"2k3(log k).

Case 2: When m < p, since a < k, we have that
(2|lp — n| 4+ 3)loga + bklogk < 5klogk + (2|p — n| + 3) log k.

From 2|p —n|+ 3 < 5|p — n| for [p —n| > 0 and

5klogk + 5|p — n|logk = |p—n|klogk;<
lp—nl K

(3-9) becomes
n—1<9.9-10"k*(logk)’log(n—1) - |p — nl

<9.9-102k*(logk)?log (n — 1) - 7.2 - 10°k3 log k log (n — m + 6).

Note that n —m <n —p <n — 1 and thus we get
n—1<1.5-10%%"(log k)*(log (n — 1))?,

where we have used the fact that

6
’I’L1+6—(n1)(1+n_1><3(’ﬂl),
and
log3(n—1)) =log3+1log(n—1) =log(n—1) 1—|—10L3 < 2log(n—1)

Applying Lemma to Equation (3.12)) yields n — 1 < 2.1-102"k"(log k)® and thus

n <2.2-10*"k" (log k)®.

+ 5) < Tlp —nl|klogk,

(3.10)

(3.11)

(3.12)

(3.13)

Thus in both cases we can see that the bound in (3.13)) is valid. We now analyze the two cases based on

the value of k.



3.3.2 The case k£ < 500
When £k < 500, it follows from that
n < 2.2-10*"k" (log k)°.
We proceed to reduce the upper bound for n. First, we recall as,

104

an—m

I = —1=eM 1. (3.14)

We already showed that T'; # 0, thus Ay # 0. If (n — p) > 6, we have |e*t — 1| = |T';| < 0.5, which yields
eMl <1 4|Ty| < 1.5. Thus,

10¢ 70
|F1| = ’1 T on—m n—p’
o' o
We have;
106
|dlog 10 — (n — m)log o] < ey

and hence

log v B d < 106

logl0 n—m| a® P -(n—m)logl0’
If

106 < 1
(n—m)a"Plogl0 = 2(n—m)?’

log

log 106 ’ qi
Since ¢; <n—m <n—1<22-102"k"(log k)®, for each k we find an upper bound of indices i = iy and
therefore the maximum value of amax 1= max[ag, a1, as, - ,a;,] of the continued fraction of log o/ log 10.

By using a property of continued fractions, we write

then nfm is a convergent of the continued fraction expansion of the irrational number say.

1 1

< log o 106
(amax + 2)(” - m)2 o (a"i + 2)(Tl - m)2

d
— < .
log 10 n—m‘ an™P - (n—m)-log10

Thus, we get the inequality

- 106 - (amax + 2) - 2.2 - 10*7k" (log k)®
log 10 ’

o™ P

which gives an upper bound for (n — p) and none of them is greater than 181. If

106 S 1
(n—m)an=Plog10 ~— 2(n —m)?

)

then we find a more strict bound for (n — p) as

106 - 2.2 - 1027k (log k)°
log 10 '

o P

We apply this procedure for each k € [3,500] and we find that (n — p) < 181. From (3.4), we also find a
bound for m as m < 183. Since max{m,p} > 500, we may assume m < p. Fix

fr(a)(2a = 1)(1 —ar=m)
for which we already established that I's # 0 and hence Ay # 0. Assume that (n — 1) > 6, this implies
that
fre(@)2a—1)(1 —aP™™) 28
L(k) < an—1°

For every k € [3,500], (n — p) € [1,181], m € [1,183], we apply the LLL-algorithm to estimate a lower
bound for the smallest nonzero value of the linear form, where the integer coefficients are bounded in
absolute value by

L®
Ay :=dlog 10 — (n — 1)log a + log = :

(n— 1)logadlog10+log<

n < 2.2-10*"k" (log k)°.

10



To this end, we employ the approximation lattice
1 0 0
A = 0 1 0
[Cloga] [Clog(1/10)] | Clog ((fi(a)(2a = 1)(1 = ar=)) /1LY |

with C := 510" and y := (0,0,0). Applying Lemma [2.3} we obtain
I(L,y)=|A| >c; =102 and §=3.4-10°.

Via Lemma we have that S = 5.1-10'% and T = 2.4 -10%°. Since 6> > T? + S, choosing
c3 = 28 and ¢4 := loga, we get n — 1 < 343 hence n < 344. To conclude this case, we conducted a
computational search using SageMath, checking all values of L for k € [3,500], 0 <m <n-—p+4, and
k+1 <n <n(k), taking into account inequality and ensuring that is satisfied. We found only
the results stated in Theorem We now proceed to examine the case & > 500.

3.3.3 The case k£ > 500

If k£ > 500, then
n < 2.2-10%7k" (log k)® < 2%/2, (3.15)

We prove the following result.

Lemma 3.2. Let (p,m,n, k) be a solution to the Diophantine equation (1.1) with n > 5, k > 500 and
n>k+1, then
k<4.9-10*" and n<1.6-10*"

Proof. Since k > 500, then (3.15) holds and we can use the sharper estimate in (2.8)) together with (3.5
and write

|3-2m72. 10 432072 — 3. 9" <3.2n72.2§%_
Thus 26
[3-2772- 107 =327 %) <3.27 - S (32077
and hence
'110d <ﬁ+2p*"< ! + ! < — ! .
2n—m 2k/2 9k —6 ' on—p  omin{(k/2)-7, n—p-1}
Therefore, )
’1 - 2}Em 2min{(k/2>1—7,nfp71}~ (3.16)
Fix Lo )
L= ‘1 T gnem | S omn{(k/2—Tn—p-1}

Clearly I's # 0 otherwise we would have 2"~™ = 10%. This is a contradiction because the left hand side
is divisible by 5 and yet the right hand side is not. We take the algebraic number field K := Q with
D=1t=2,

m =10, n2:=2,
by :=d, be:=—(n—m).

Since h(n1) := log 10 and h(nz) := log 2, we get A; :=1og10, Ay :=log2. Also B := n—m+6. Applying
Theorem we get

log |T'3| > —1.4-30°-2%5.12. (1 + log 1)(1 + log(n — m + 6)) - log 10 - log 2.

Also |
log |T'3| < log gmin{(k/2)=7n—p-1}
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thus
min {(k/2) — 7,n —p— 1} log2 < 1.24 - 10°(1 + log(n — m + 6)).

Since n —m < n, we get
min {(k/2) — 7,n —p—1}log2 < 3.8 - 10'% log k,

where we have used the bound in Equation (3.13).
This yields two cases:
(a) f min{k/2—7,n—p—1}:= (k/2) — 7, then (k/2) — 7 < 3.8 -10'°log k, hence k < 7.7 - 10'%log k,
and by Lemma[3.1] k < 3.9 - 10'2.
(b) f min{(k/2) —7,n—p—1}:=n—p—1, then n —p < 3.9-10%log k.
We proceed as in (3.16)), beginning with

36
m—2 d -2 n—2 n—2
|3-2772.1074+3-2P72 - 3.2"7%| < 3.2 Gk
which implies
36
) — —2 d -2
|3-2"72(1—2°7") —3.2m72.10% < 32" S
and consequently
36
—n m—n d
|(1—2r7") =2m7" .10 ’<W'
This leads to
104 36 72

:

B on—m , (1 _ 2p7n) < 2(k/2) . (1 _ 2p—n) < 2(k/2)°

where we have used the estimate

1 r 5
92(k/2) . (1 _ 2p—n) < 1— % -
Thus, we define
104 72
|F4| = 11— on—m . (1 — 2p—n) < 22" (317)

Exactly the same argument in subsection [3.2] shows that 'y # 0. Fix K := Q, we have D :=1,t := 3,

m = 10, N2 =2, ns = (1 - 2p—n)7

by :=d, by i = —(n —m), bs := —1.
The logarithmic heights are given by h(n;) := log 10, h(nz) := log 2, and h(n3z) < 2.7-10'%1og k, where we
have used the fact that h(nz) < [p—n|log2+log2 = ([p—n|+1)log2 < (3.9-10'°+1)log 2 < 2.7-10'" log k.
Furthermore, we define A; := log 10, Ay := log2, A3 := 2.7-10%1ogk, and B := (b—m +6) < 7(n —m).
Applying theorem to , we get

log T4 > —1.4-30%-3%5.12. (1 +1log1)(1 +log 7(n — m)) - log 10 - log 2 - 2.7 - 10** log k.
Also from B.17
log |T'4| < log 72 — (k/2) log 2.

Comparing both bounds yields (k/2)log2 — log 72 < 1.4 - 1023(log k)2, thus k < 4.1 - 10**(log k)2. So by
lemma [3.1} we get
k< 4.9-1077,

and by (3.13) we get

n < 1.6-10%%,

This completes the proof. O
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We now proceed to reduce the bounds obtained in lemma To do this, we revisit and recall that

We already showed that T's # 0, thus A3 # 0. Also since min{(k/2)—7,n—p—1} > 2, |e*s 1| = [T'3] < 0.5,
which leads to el'3l <14 |I'3| < 1.5. Therefore

2
omin{(k/2)—7,n—p—1}’

|dlog 10 — (n — m)log2| <

and hence
log 2 2

d
— < - .
log10 n— m‘ (n —m) - 2min{(k/2)=T.n=p=1} ]og 10

First assume that
2 1

(n—m) - 2ol (/)T log 10~ 2(n — m)?’

. d . . . log 2 Di . .
then this means —— is a convergent of continued fractions of Topi0> SAY o Since ged(p;, qi) = 1,

we deduce that ¢; < n—m < n-1< 1.6- 10230, A quick calculation shows that i < 136. Let
[ag, a1, ag, as, aq,as, ag, a7, as, ag, -] = [0,3,3,9,2,2,4,6,2,1,---] be the continued fraction expansion
of log2/1og 10, then max{a;} = 5393 for ¢=0,1,2,---,136. So we write

1 1

log 2 2
<
5393 - (n —m)2 ~ (a; +2)(n —m)?

d
— < - .
log10 n-— m‘ (n —m) - 2min((k/2)=T.n=p=1) . 1og 10

Thus we have o
gmin{(k/2)~7,n—p—1} _ 2-5393-1.6-10

log 10
that is min{(k/2) — 7, n —p — 1} < 427. On the other hand, the inequality

< 7.5-10%3,

1 2
< -
2(n —m)? = 2min((k/2)=T,n=p=1) . (p — m)log 10

implies

. oy An—m)  4-1.6-10%%0
2m1n{(k:/2) 7,n—p—1} 2.8 - 10230.
S gl © loglo ©

So we see that min{(k/2) — 7, n —p — 1} < 427 holds in this case too. We proceed in two ways.

(a) If min((k/2) =7, n—p—1)=(k/2) — 7, then k < 869.

(b) Y min ((k/2) —=7,n—p—1)=n—p—1, then n — p < 428.
Applying the bound obtained on k to inequality (3.15)), we get n < 1.2 10°2. We revisit (3.17) and recall
that

1 d
F4 = 0 -
2n—m . (1 —2p—n)
Since we have already shown that T'y # 0, it follows that A4 # 0. Moreover, since k& > 500, we obtain the
inequality |e/] — 1| = |T'4| < 0.5. Hence, we arrive at
108
[(n —p)log(2) — dlog 10 + (n — m)log 2| < Sz
We now apply the LLL-algorithm, restricting the absolute values of the integer coefficients to be less than
1.6 - 10239, To do this, we consider the lattice

1 0 0
A2 = 0 1 0 )
[Clog(2)] [Clog(1/10)] [Clog2]

where we set C' := 4.1 -10%%9 and take y := (0,0,0) as before. Let ¢ := 3.3-10%3°, S := 5.12 . 10460,
and T := 2.4 -10%%°. We choose c3 := 108 and c; := log2. This yields the inequality (k/2) < 1538,
and therefore £ < 3076, hence from , n < 2.0 - 10°%. We repeat the same procedure starting with
this sub-subsection and find that min ((k/2) =7, n —p —1) < 194.Thus if min ((k/2) =7, n—p—1) =
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(k/2) — 7, then k < 402, a contradiction. Also, if min ((k/2) —=7,n—p—1)=n—p—1, then n—p < 195.
We recall .
1
F4 = 0 ; -1
an—m . (1 _ 2p—n)

for which we already showed that I'y # 0 and hence we write

log 10 1— oo 108
d —(n—-m)— .
(n—m) log 2 < 2672 log 2

log 2
Applying we take

log 10 1—2p=n log 108
T = ——— fly—p = ——, A= , B :=2.
log 2 log 2 log 2
Let 7 = [ag, a1, -] = [3;3,9,2,2,4,6,2,2] be the continued fraction of 7, Let M := 2-10°¢ which is such

that M >n —12>n—m+4 6 > d. With the help of SageMath, it is found that the convergent
p _ pi2a _ 59709183646229903017509733728189314625139620328694917340547

q  quza  17974255294124444596871803224395333592038752850416569230287

is such that ¢ = g124 > 6 M. Furthermore, it gives € < 0.49693 and thus,

k < log (108/log 2)q/¢€
2~ log 2

< 213.

From this, we get k < 426 which contradicts our initial assumption that & > 500. Therefore, we conclude
that the Diophantine equation (1.1)) has no positive integer solutions for k > 500, which completes the
proof.

Conclusion

In this paper, we have completely solved the Diophantine equation lek) = Lg,lf) -104 + Lz(,k) involving
concatenations of k-Lucas numbers for all £ > 3. Our results show that such equations admit only finitely
many solutions, confirming the rarity of concatenation-type structures in generalized Lucas numbers. This
work extends earlier results on classical Lucas numbers and opens new directions for similar investigations
in other recurrence sequences such as k-Pell numbers.
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