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Nth-root gates allow for a paced application of two-qubit operations. We apply them in quantum thermody-
namic protocols for operating a quantum heat engine. A set of circuits for two and three qubits are compared
by considering maximum work production and related efficiency. Our results show that for all circuits consid-
ered and most regions of initial parameter space, quantum coherence of one of the qubits strongly increases the
maximum work production and improves the system’s performance as a quantum heat engine. In such circuits,
coherence is initially imprinted into one of the qubits, improving the overall maximum extractable work. Work
gets generated with 84% to 100% efficiency. Further, we uncover a strong linear correlation between work
production and many-body correlations in the working medium generated by these gates.

I. INTRODUCTION

Quantum Thermodynamics (QTD) is a relatively young field which over recent years has seen rapid development, becom-
ing an area in which to discuss and challenge well established concepts, such as the laws of thermodynamics at the quantum
scale [1–12]. This fast development, coupled with technological advancements in the construction and manipulation of micro-
scopic systems, has facilitated the development of experimental thermal engines which operate outside of the thermodynamic
limit [13–23]. Quantum effects, such as coherence and quantum correlations, become increasingly important when trying to ac-
curately describe and model these systems showing promise for providing advantages over classical systems in thermodynamic
processes [5, 20, 24–27].

In quantum thermodynamics, quantum resources can be used to cool or heat systems using information processing. The
realisation of Quantum Heat Engines (QHEs) demonstrates an application of quantum mechanics for work producing thermal
engines in novel scenarios and theoretical proposals are implemented across many different models including but not limited
to, quantum computational protocols [28], laser or photocell QHEs [29, 30], magnetically driven QHEs [31], and quantum me-
chanical adaptations of the Otto cycle [25, 32]. The situation where QHEs outperform their classical counterparts [27, 33, 34]
or when quantum resources, such as coherence, correlation, or collective behaviour characterised by many-body interactions
provide an advantage [20, 27, 34–37] are of particular interest. Hence, considering experimental engines facilitating many-body
interactions for these new technologies is of significant importance. Quantum computing-inspired protocols for quantum ther-
mal engines have been proposed, with the experimental realisation of many-body systems implementing quantum logic gates
achieved utilising platforms such as, trapped ions [16, 38], Rydberg atoms [39], nuclear magnetic resonance [40], and super-
conducting qubits [41]. For example, a genuine quantum advantage can be achieved on a quantum processor with correlations
between components of the working medium, boosting the extractable work per cycle and producing an efficiency higher than
the Carnot standard limit [20].

In this work, we introduce an algorithmic QHE composed of a three-qubit working medium whose energy dynamics are
driven through the stepped application of quantum computational protocols, Figure 1. Here, extractable work is characterised as
a reduction in energy of the total system with respect to its initial state after the protocol is applied. The problem of practically
accessing the extractable work in many-body systems for QHEs in proposed theoretical models remains a challenge. Experimen-
tally, we now have the building blocks to realise a QHE and as the number of qubits available in quantum computers increases,
the size of realisable QHEs can increase in turn. The challenge of accessing the extractable work is ongoing, being crucial to the
development of a working quantum heat engine. In the present case, the state of our three-qubit system can be accessed through
full state quantum tomography [42, 43] which opens the door for the probing and testing of our proposed engine.

We investigate Nth-root controlled-not logic gates (NRCGs), which when applied iteratively act as a trotterization of
controlled-not logic gates, for the implementation of a QHE. NRCGs share similarities with collision models used in other
works involving the operation of a QHEs [18, 44]. Further, exchanging full Pauli gate operations with a fractional iterative
protocol has allowed for investigating the presence of quantum friction, i.e., the generation of quantum coherence in the instan-
taneous energy eigenbasis under a non-permuting protocol [45, 46]. The experimental realization of this protocol has proven
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that quantum friction induces a violation of the work fluctuation dissipation relation, certifying an additional genuine quantum
effect [47].

The NRCG stepped approach to the dynamics allows access to intermediate work producing states, that, when using full
controlled-not logic gates, are typically unavailable, allowing for greater control over the quantity of work produced by the
engine. We propose and investigate protocols based on four different circuits. When initial states have quantum coherences,
we find that this leads to an increase in maximum work production and a larger work producing parameter region, as compared
to initially thermalised qubits. Further, we identify specific regions of heat engine operation and show that when the system
is operating in its maximum work producing regime, there are high values of efficiency, demonstrating the suitability of this
approach when considering a quantum heat engine. Finally, a strong linear correlation, quantified by the Pearson correlation
coefficient, is uncovered between work production and the quantum mutual information between components of the working
medium, generated solely through the application of the NRCG protocols.

II. DESIGN AND FUNCTIONING OF THE NRCG DRIVEN QUANTUM HEAT ENGINE

We consider a system composed either by two (A and B) or by three (A, B, and C) qubits that interact with each other through
the use of NRCGs (Figure 2). Our system will undergo one operational cycle that consists of three distinct steps: initialisation;
iterative protocol application; work extraction. Operations involving logic gates may generate entanglement between the com-
ponent qubits. Figure 1 introduces the target operational cycle of our system as a thermal engine, next we will describe in detail
each step shown.

A. Initialisation

First, we describe the initialisation step. The component qubits of the working medium are coupled to their respective reser-
voirs which initialise or re-initialise them to some initial state. Qubits A and C are initialised in identical thermal states at equal
temperatures T̄ > 0 by coupling to the thermal reservoirs R(T̄ ). In the case where qubit-B is initialised in a thermal state,
Initialisation in Figure 1(a) is performed by the reservoir R(TB). It is important to note there is no initial correlation between any
two qubits. The single-qubit thermal state is a Gibbs state defined as [48]

ρGibbs j = (1/Z j) exp−β jH j , (1)

where Z j =
∑

i e−β jϵi j is the partition function, β j = (kBT j)−1 is the inverse temperature parameter, kB is the Boltzmann constant,
and ϵi are the eigenvalues of the single-qubit Hamiltonian. This is given by

H j =

(
ϵ1 0
0 ϵ2

)
. (2)

As reference systems, we consider the ones with each qubit prepared in a thermal state: here, there are no initial quantum
coherences. We compare these with the systems in which qubit-B is prepared in a pure state; then, initial quantum coherence will
transfer through the qubits when a circuit is applied. This allows for probing how initial quantum coherences affect the system’s
capabilities as a heat engine. Qubit-B is initialised in a pure state as ρPure = |ψ⟩⟨ψ|, where |ψ⟩ = cos (θ/2) |0⟩ + eiϕ sin (θ/2) |1⟩
with a value of θ which ranges from 0 to π, while ϕ ranges from 0 to 2π. For this investigation, we will consider the full range

of θ and ϕ values. Here, |0⟩ =
(
1
0

)
is the ground state and |1⟩ =

(
0
1

)
is the excited state. In this paper, energies are given in units

of ϵ2, which is then set to 1 in all calculations.
The total initial Hamiltonian is non-interacting and of the form,

Hsys =
∑

j

H j (3)

with H j given by eq. (2) and j = A, B and j = A, B,C for two and three qubits, respectively. Eq. (3) represent the Hamiltonian
for the total system at any time, including at the point of measurement, except when NRCGs are applied, inducing interactions
between qubits.

To understand the flow of heat through the system, we first define two quantities: the average internal energy and the ex-
tractable work. The average internal energy is quantified with the value U j and has the form U j = Tr

[
ρ jH j

]
,

where ρ j is the density matrix of either the component qubits or the total system and H j is the corresponding Hamiltonian,
j = A, B, C for the component qubits or j = sys for the total system. It then follows that the change in energy of (part of) the
system from some initial state to some final state is,
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FIG. 1. Target operational cycle for the three-qubit quantum heat engine, the two-qubit system is recovered with the removal of qubit-C. The
operation is cyclic, where after panel (c) the system can be reinitialised back to its initial state. To note, in this work we are interested only
in the dynamics of the sequence (a), (b), and (c). Three distinct steps are shown: (a): System initialisation - Sec. II A; (b): Iterative protocol
application - Sec. II B; (c): Extractable work. The arrows shown in panel (a) between the qubits and reservoirs R(T̄ ) indicate positive heat flow
⟨Q⟩; the black arrows in (b) show the building of correlations between the qubits mediated by the NRCGs. Except where otherwise stated,
we initialise qubit-B in a pure state with initial coherence. Qubits A and C are initialised in identical Gibbs states using the thermal reservoirs
R(T̄ ).

∆U j(ρ j) = Tr
[
ρ

( f )
j H j

]
− Tr

[
ρ(0)

j H j

]
, (4)

where ρ(0)
j and ρ( f )

j are the initial and final density matrices respectively. We also define here the convention that a reduction in
the total energy of the system is equivalent to a positive extractable work ⟨We⟩ = −∆Usys, this definition of extractable work will
be used throughout the paper.

We now characterise the flow of heat through the system. Qubits A and C are initialised at a different initial energy to qubit-B,
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allowing for identification of which components of the working medium are hot and cold, this being important when describing
the system as a thermal engine. Explicitly,

• U(0)
A = U(0)

C < U(0)
B identifies qubit-B as the hot component;

• U(0)
A = U(0)

C > U(0)
B identifies qubit-B as the cold component.

Here U(0)
j is the initial energy of the qubits and j = A, B and j = A, B, C for two and three qubits. To identify the direction

of the flow of heat, ⟨Q⟩ is negative when energy is transferred from a reservoir to a component of the working medium and
corresponds to the change in energy of the component qubits, i.e. ⟨Q j⟩ = ∆U j where j = A, B or C. Further, the system has
no intrinsic interaction between the qubits outside of those facilitated by NRCGs allowing for convenient resetting of the system
back to initial conditions.

B. Protocol Design and Application

The second step of the NRCG driven quantum heat engine is the iterative protocol application shown in Figure 2(b). First, we
describe the NRCGs, then the protocols.

Qubits’ correlation which a CNOT gate may induce may lead to a quantum advantage in the operation of a quantum heat
engine [20]. The NRCG is a method of partially applying a CNOT gate; it is a unitary operation given by [49],

N
√

CNOTA,B =


1 0 0 0
0 1 0 0
0 0 s p
0 0 p s

 , N
√

CNOTB,A =


1 0 0 0
0 s 0 p
0 0 1 0
0 p 0 s

 . (5)

Here, s = 1
2 +

1
2 e

iπ
N , p = 1

2 −
1
2 e

iπ
N , and N is the number of iterations. The first subscript represents the control qubit and the second

subscript, the target qubit. This type of gate may generate entanglement between two qubits, which adds a level of quantumness
to the system with the standard form of the CNOT gate recovered when N = 1.

A cycle is defined as N iterations of the basic circuit, corresponding to M = N in Figure 1(b). N consecutive applications
of an NRCG with the same control and target qubits could be seen as a trotterization of the CNOT gate, aiming at explicitly
implementing the gate, in the limit of a large N, as an adiabatic dynamic. In this sense, our protocols give explicit access to
intermediate states, e.g., allowing for the opportunity to use states with different degrees of entanglement from the end result of
the full CNOT gate. Here N = 15 is chosen as it shows good access to intermediate states [50].

FIG. 2. The protocols considered, i.e., Case 1 and Case 2, differ by the set of gates within each ‘controlled gate’ block, as indicated.

A schematic of the building blocks of the protocols is shown in Figure 2: we consider systems of two and three qubits for
each protocol and examine two ways of applying interactions. The two-qubit system is recovered with the removal of qubit-C
and the second ’controlled gate’ block in Figure 1(b). Explicitly,

• Case 1: Qubit A is never the target qubit;

• Case 2: All qubits are either a control or target qubit over the course of one iteration.

The system is evolved, according to the quantum circuits in Figure 2(b), with the evolution ρ( f )
sys = Uρ

(0)
sysU

†,
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where ρ(0)
sys is the initial density matrix of the total system and ρ( f )

sys indicates the total density matrix at the end of the protocol.
The unitaryU represents the controlled gates specified in Figure 2(b), as appropriate to each protocol, with NRCGs of the form
in Equation (5).

We note that only for Case 1 and the two-qubit system, multiples of N iterations of the circuit will be equivalent to the
application of multiple standard CNOT gates; however, fractions of N iterations will allow access to intermediate states in the
evolution leading to a CNOT.

These protocols are iteratively applied to the system and can be halted at a chosen number of iterations, which can be optimised
for either a maximum or a specific value of ⟨We⟩. Afterwards, the system will then proceed back to the initialisation step.

When qubit-B is initially the most energetic, we can define qubits A and C as the cold components, and qubit-B as the hot
component of the working medium. Identifying a heat engine regime can then be achieved with the fulfilment the following
conditions

∆UA ≥ 0, ∆UC ≥ 0, ∆UB < 0, ∆Usys < 0. (6)

These conditions are specific to qubit-B being the hot component. While the system does not always operate as a heat engine
over all protocols and initial conditions, it does so for the regions corresponding to the highest production of extractable work.

III. PLAN OF THE PAPER AND ANTICIPATION OF MAIN RESULTS

The application of Nth-root gate operations between qubits allows access to the system time evolution in a step-wise manner.
Consequently, we consider varying the number of iterations and different initialisations for two different gate building blocks,
highlighted in Figure 2.

This paper is composed of two main parts. The first part contains an investigation of the systems properties as a heat engine,
in some details:

• Optimisation of the initialisation parameters kbT̄ for qubits A and C, and θ and ϕ for qubit-B with the aim of maximize
production of extractable work;

• Comparison of results for qubit-B initialised in a pure state against qubit-B initialised in a Gibbs state for identification of
advantages obtained from adding quantumness to the system;

• Analysis of the cycles leading to maximum extractable work and of their efficiency.

For three out of the four Case and system-size combinations, we find that initial coherence of qubit-B provides an advantage
in maximum work production. For all combinations, there is a larger work producing parameter region when compared to a
completely classical initial system. Also, we see that large values of extractable work correspond to large values of efficiency,
rendering our system a strong candidate as a quantum heat engine.

The second part utilises the Pearson Correlation Coefficient (PCC) to quantify the correlation between the extractable work and
different correlation measures when the system is initialised to produce maximum work. The correlation measures investigated
are:

• Mutual information;

• Classical correlations;

• Quantum discord.

Our results demonstrate a strong linear correlation between the mutual information and the extractable work, suggesting that
correlations play an important role in work production in a quantum heat engine. Of the mutual information components, it is
the classical one that correlates better to the extractable work.

IV. RESULTS

A. Temperature Dependence of Work Production

Here, we begin with optimising the system described in Section II to identify the temperatures at which to initialise qubits
A and C for maximum extractable work ⟨We

max⟩. This is defined as the peak value of extractable work across all protocols’
applications and system initialisations. Figure 3 shows the temperature dependence of ⟨We

max⟩ from all protocols and system
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FIG. 3. Results demonstrate the kbT̄ dependence in units of ϵ2 (x-axis) of the maximum extractable work ⟨We
max⟩ in units of ϵ2 (y-axis), where

⟨We
max⟩ is recorded over every θ and ϕ combination per value of kbT̄ . Black vertical line: kbT̄ = 40ϵ2. Dashed black vertical line: kbT̄ = 4ϵ2.

Purple: Case 1 two-qubit; Blue: Case 2 two-qubit; Orange: Case 1 three-qubit; Red: Case 2 three-qubit, as labelled.

⟨We
max⟩ at kbT̄ = 104ϵ2

Two-Qubit Three-Qubit
Case 1 0.50ϵ2 0.39ϵ2

Case 2 0.27ϵ2 0.50ϵ2

TABLE I. Maximum extractable work as converged at large values of kbT̄ , corresponding to Figure 3.

sizes, where protocols are applied up to 150 iterations, θ is scanned from 0 ≤ θ ≤ π, ϕ is scanned from 0 ≤ ϕ ≤ 2π, a
comprehensive range of kbT̄ is sampled, and ⟨We

max⟩ measured for each combination.
Higher initial temperatures lead to larger values of ⟨We

max⟩, until saturation occurs for kbT̄ ≳ 40ϵ2. This is intuitive, the system
is initialised with a higher initial energy leaving more scope for a larger reduction in energy and a larger amount of work to be
produced. Low temperatures show small to no work production until kbT̄ ≈ 0.4ϵ2 for all but Case 1 two-qubit system, which
produces some amount of work already at kbT̄ ≈ 0.1ϵ2. Work production then rapidly increases up to kbT̄ ≈ 4ϵ2, to saturate
at higher temperatures to the values of peak work shown in Table I for each protocol and system size. This convergence is a
result of the thermally initialised qubits approaching maximally mixed states. Because of this, the temperature at which we see
the largest ⟨We

max⟩ is the same for all Cases and system sizes. Figure 3 already demonstrates that the maximum extractable work
is not merely connected to the system size and available initial energy, as, depending on the protocol, the two- or three-qubit
system may achieve a larger ⟨We

max⟩. As this work will focus mainly on maximising work production, in the following we
choose to initialise the system with kbT̄ = 40ϵ2 which is shown in Figure 3 by the black vertical line. For completeness an
investigation into kbT̄ = 4ϵ2, signified by the black dashed vertical line, was also performed, and showed similar behaviour to
that of kbT̄ = 40ϵ2.

B. Maximum Extractable Work Dependence on Initial Coherences

Following from finding optimal initial temperature for kbT̄ we now investigate the θ and ϕ dependence of ⟨We
max⟩. A range

of initialisation values of θ and ϕ are scanned from 0 ≤ θ ≤ π and 0 ≤ θ ≤ 2π respectively with each combination having its
respective protocol applied for up to 150 iterations.

The Case 1 two-qubit and Case 2 three-qubit systems, Figure 4(a) and Figure 4(d) respectively, demonstrate the largest ⟨We
max⟩,

being the most favourable system combinations for use as an engine. The shape of the work producing regions provides some
insight into the initialisation parameters that lead to large work production for our protocol.

When θ = 0.5π qubit-B has the same initial energy as qubits-A and -C: as θ increases qubit-B becomes the initially hot
component of the working medium. Maximum work production always resides in the region where θ > π/2, though work can
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FIG. 4. Maximum extractable work ⟨We
max⟩ in units of ϵ2 for each {θ, ϕ} combination and 0 ≤ θ ≤ π (x-axis) and 0 ≤ ϕ ≤ 2π (y-axis); First

row: Two-qubit systems where columns left to right are cases 1 and 2 respectively. Brighter shades correspond to a greater maximum value
of extractable work ⟨We⟩. Each combination of initial θ and ϕ is run for 150 iterations with ⟨We

max⟩ recorded at each iteration. Parameters are
ϵ1 = 0ϵ2 and kbT̄ = 40ϵ2. Second row: The same parameters as the first row but for the three-qubit systems.

Two-Qubit Three-Qubit
θ ϕ ⟨We

max⟩ θ ϕ ⟨We
max⟩

Case 1 π any 0.49ϵ2 0.88π 0.24π 0.38ϵ2

Case 2 0.83π 0.32π 0.26ϵ2 0.79π 0.08π 0.50ϵ2

TABLE II. Maximum work values from Figure 4 and their corresponding initialisation parameters for Case 1 and 2. Left: Two-qubit; Right:
Three-qubit.

still be produced when θ < π/2. Table II shows the initialisation parameters for peak work production for each Case and both
two- and three-qubit systems. Apart from the Case 1 two-qubit system, we see that there is also a ϕ dependence on ⟨We

max⟩.
However, even for the Case 1 two-qubit system there are values of ϕ for which the work producing region extends to θ < 0.5π.
For all cases, the topography of these regions are almost mirrored around ϕ = π though the largest ⟨We

max⟩ by a small margin
is found when ϕ < π. Much like for large values of kbT̄ discussed in the previous section, intuitively, larger initial values of
θ would produce the most work. Increasing θ increases qubit-B’s initial energy from ϵ1 = 0 to ϵ2, getting the system close to
its maximum possible initial energy. Indeed, large initialisation values of θ are beneficial but in three out of the four cases the
largest values of ⟨We

max⟩ are found at θ < π, highlighting the positive role of initial coherences.
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C. Comparison to initialization with no coherences

We now compare the ⟨We
max⟩ achieved when qubit-B is initialised with coherence, against qubit-B initialised in a thermal state

without initial coherence. Effective negative temperatures are included when considering this comparison to achieve equivalent
initial ground and excited state populations for qubit-B. The corresponding ’thermal’ plots to Figure 4 are included in Appendix A
where, in Figure 10 each point in the {θ, ϕ} parameter region has the same initial energy as in Figure 4 and qubit-B is initialised
in the Gibbs state corresponding to that energy. The thermal initialisation produces maximum work when qubit-B is initialised
entirely in its excited state (θ = π) for all case and system size combinations. This is in contrast to Figure 4, where for three out
of the four case and system size combinations ⟨We

max⟩ is achieved when θ < π, and qubit-B has initial coherence.
Figure 4 shows a beneficial ϕ dependence on the work-producing parameter region, as for ϕ ≈ 0.5π and ϕ ≈ 1.5π the work

producing parameter regions extend to lower values of θ than seen in the completely thermal initialisation. This is true for all
cases and system sizes.

⟨We
max⟩ Relative change in ⟨We

max⟩

Two-Qubit Three-Qubit Two-Qubit Three-Qubit
Case 1 0.49ϵ2 0.36ϵ2 0% 5.56%
Case 2 0.23ϵ2 0.39ϵ2 12.04% 28.20%

TABLE III. Left: maximum work values for Case 1 and 2 for the two- and three-qubit system with a complete thermal initialisation; Right:
percentage change in ⟨We

max⟩ by introducing initial coherence in qubit-B with a pure state initialisation.

The ⟨We
max⟩ for the completely thermal case and its increase between the thermal and pure-state initialisation of qubit-B is

shown in Table III, left and right tables respectively. Here, we observe an improvement in ⟨We
max⟩, when initialising qubit-B

in a pure state, for all but the Case 1 two-qubit system, for which the maximum work producing initialisation parameters with
coherences correspond to θ = π. This renders its initial state equivalent to the maximum work producing initial state for the
completely thermal system, hence no increase to the value of ⟨We

max⟩. The greatest improvement in maximum work production
for the Case 2 three-qubit system, yielding an increase of 25.64%.

We also checked performance against the use of standard – instead of NRCGs – CNOT gates in the protocols: for some
parameter regions, NRCGs produces larger peak extractable work than standard CNOT gates, on top of the ability to access
intermediate work producing states not readily accessible by full CNOT gates. Some examples are in Appendix B.

D. Energy Dynamics when Operating within a Maximum Work Producing Regime

In Figure 5 we plot the detailed dynamics of the whole system energy variation ∆Usys and of its components ∆UA, ∆UC , ∆UB
for initializations corresponding to the maximum work values shown in Table II. For Case 1 two-qubits, we choose ϕ = 0.17π,
for which the work producing region extends to θ < π/2. The two-qubit systems are run over 60 iterations as any more and we
observe repeated energy dynamics while, the three-qubit systems are run over 150 iterations. In all panels qubit-B is initially
the most energetic, with its excited state having a higher initial population than qubits A and C. The grey shaded regions in
Figure 5 show when the system is operating in a heat engine regime according to the conditions in Eq. (6), and will be used for
the same purpose in all relevant figures throughout the rest of this work. The Case 2 three-qubit system shows that producing
work, i.e. ∆Usys < 0, does not necessarily indicate that the system is operating as a heat engine, with the second largest peak
work falling outside the shaded area. However, most of the time for all Cases and system sizes we generally operate in the heat
engine regime. We also see, in general, that an increase in energy of qubits A and C corresponds to a reduction in energy of
qubit-B. The exception is the Case 1 two-qubit system. As qubit-A is only ever a control qubit, its initial (local) state is preserved
through the application of the protocol with the system demonstrating no flow of heat from the hot component of the working
medium to the cold, though it still produces work.
∆UA and ∆UC follow very similar dynamics and, for Case 1, are always almost zero. Their variations for Case 2 are due to the

presence of the extra gates. This is reflected in ∆Usys, which, for Case 2, does not always track ∆UB over the course of repeated
iterations. Qubit-B remains the main contributor to the energy dynamics of the total system.

E. Efficiency

Efficiency is calculated as η = −⟨We⟩/QH where ⟨We⟩ is the extractable work and QH = ∆UH the energy difference of the hot
component of the working medium. Comparison of the work and corresponding efficiency is shown in Figure 6 with initialisation
parameters corresponding to the maximum work scans in Figure 5. All Cases and system sizes are considered. Efficiency is only
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FIG. 5. Change in average internal energy ∆U for the total system and component qubits in units of ϵ2 (y-axis) for 0 ≤ iterations ≤ 60 for
two-qubit systems (first row) and 0 ≤ iterations ≤ 150 for three-qubit systems (second row) (x-axis), where columns from left to right are Case
1 and 2 respectively. Corresponding initial θ and ϕ for each panel is shown in table II, with ϕ = 0.17π for Case 1 two-qubits. Grey shaded
regions identify heat engine operation. Same parameters as in Figure 4. Red line: ∆UA; Green line: ∆UB; Blue line: ∆UC ; Magenta line:
∆Usys.

shown when the system satisfies conditions (Equation 6) that indicate its operation as a heat engine (grey shaded areas). Table
IV shows the efficiency corresponding to the ⟨We

max⟩ in figure 6 for each Case and system size.

η at ⟨We
max⟩

Two-Qubit Three-Qubit
Case 1 1.00 0.84
Case 2 0.97 0.93

TABLE IV. Efficiency corresponding to the maximum extractable work, corresponding to Figure 6.

The Case 1 two-qubit (Figure 6(a)) differs from of all others as ∆UA = 0 during the protocol. This results in an efficiency
of 1 being achieved as 100% of ⟨QH⟩ is imparted onto qubit-B and is extractable as work. For all other cases, the efficiency
varies as the protocols are applied. Both Case 2 systems show a large variation in the values of efficiency, reflecting the larger
energy variation of qubits A and C. Notably, peak values of ⟨We⟩ are marked by peak values of efficiency and/or large efficiency.
The more complex efficiency behaviour for Case 2 is to be expected due to the added complexity of the protocol. Case 2 has
all qubits, at some point, being the target of an NRCG whereas Case 1 has one qubit that is never a target and retains its initial
energy. This, coupled with doubling the number of gate applications per protocol for the same system size gives rise to this
added complexity.

Comparing with results in Figure 5 the high efficiency peaks occur when ∆UA and ∆UC approach zero and ∆UB is the dominant
component of the work. The Case 1 three-qubit system (Figure 6(c)) maintains a very high value of efficiency while in the heat
engine regime. The efficiency never drops below 0.62 while operating mostly between 0.92 and 0.98, displaying the second most
stable efficiency after the Case 1 two-qubit system. Positively, halting the protocol at any of the peak work-producing iterations
for this Case results in favourable efficiency. Having regions the engine could be halted that both have large work and efficiency
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FIG. 6. Comparing the extractable work ⟨We⟩ = −∆Usys (magenta) in units of ϵ2 (left y-axis) and the efficiency η (blue, right y-axis), in the
case of the two-qubit systems (first row) for 0 ≤ iterations ≤ 60 and the three-qubit systems (second row) for 0 ≤ iterations ≤ 150, where
columns left to right are Case 1 and 2 respectively. Same parameters as in Figure 5. Magenta: ⟨We⟩; Blue: η.

is a positive indicator of the viability of this system’s use as a quantum heat engine.

V. RELATIONSHIP BETWEEN SYSTEM’S CORRELATIONS AND EXTRACTABLE WORK

We utilise the Pearson Correlation Coefficient (PCC) to quantify the strength of the relationship between a number of correla-
tion measures and extractable work. The PCC is a measure of the linear relationship between two data sets, a value approaching
1 signifies a strong linear correlation whereas a value approaching -1 signifies a strong anti-linear one. The PCC has the form

rx,y =

∑n
i=1 (xi − x̄) (yi − ȳ)√∑n

i=1 (xi − x̄)2
√∑n

i=1 (yi − ȳ)2
, (7)

where xi and yi are dataset values, x̄ and ȳ are the corresponding mean values, and n is the length of the data sets x and y. We are
interested in r values where r < −0.5 and r > 0.5, corresponding to a level of significant correlation.

We now introduce and define the three quantities we will investigate for the remainder of the paper. The mutual information,
total classical correlations, and the quantum discord. The mutual information [51] captures all information shared between the
components of a chosen bi-partition encapsulating both classical and quantum correlations and is given by

I(A : B) = S (ρA) + S (ρB) − S (ρAB). (8)

Here S (ρ j) = −Tr[ρ j ln ρ j] [52, 53] is the von Neumann entropy, A, B signifies the components of the chosen bi-partition, and
ρA, ρB, the corresponding reduced density matrices traced from the system density matrix ρAB. The quantum discord [54] is a
measure of total quantum correlations,

D(A : B){ΠB
j }
= min
ΠB

j

[S (ρB) − S (ρAB) + S (ρA|{Π
B
j })], (9)
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where ΠB
j are the projective measurements on ρB and S (ρA|{Π

B
j }) =

∑
j=u,v p jS (ρA|ΠB

j
) is the conditional entropy. Here, the post

measurement state of A that corresponds to the outcome of the measurement on B has the form

ρA|ΠB
j
= (ΠB

j )ρAB(ΠB
j )/p j, p j = tr[ΠB

j ρAB]. (10)

The complete orthonormal measurement basis {|u⟩ , |v⟩} is {|u⟩ = cos (θ/2) |0⟩ + sin (θ/2)eiϕ |1⟩ , |v⟩ = sin (θ/2)e−iϕ |0⟩ −
cos (θ/2) |1⟩} and is used to create projectors for the measurement ΠB

u = I
A ⊗ |u⟩ ⟨u| and ΠB

v = I
A ⊗ |v⟩ ⟨v|, where IA is the

identity matrix with dimensionality corresponding to that of subsystem A. To satisfy the minimisation of the discord, measure-
ment is performed for all combinations of 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π. A full derivation of the discord and its adaption to the
three-qubit case is provided in Appendix C.

Completely classical correlations are also considered. As the discord encapsulates all the quantum correlations in the mutual
information then it follows that the remaining correlations are completely classical and given by

CC(A : B) = I(A : B) − D(A : B){ΠB
j }
. (11)

We note that CC(A : B) and D(A : B){ΠB
j }

are not symmetric under the exchange A↔ B.

A. Relationship between Correlations and Extractable Work

1. Quantum Mutual Information

As shown in Fig. 4 and described in Sections IV B and IV C, initial coherence and a finite ϕ was beneficial towards peak work
production. We now aim to characterise how correlations between bi-partitions of the working medium, and generated through
protocols’ applications, are related to the systems performance. Initial θ and ϕ for Figure 7 are the same as in Figure 5. The
selected bi-partition for the two-qubit system is straight forward to choose, with only a single option (A : B), whereas for the
three-qubit system we have three possible bi-partitions. We choose (AC : B) due to qubit-B interacting with both qubits A and
C directly and to its generally dominant contribution to ⟨We⟩.

⟨We⟩ versus Mutual Information ∆UB versus Mutual Information
Bi-partition Case 1 Case 2 Bi-partition Case 1 Case 2

Two-Qubit (A : B) 0.99 0.67 (A : B) -0.99 -0.77
Three-Qubit (AC : B) 0.92 0.50 (AC : B) -0.92 -0.59

TABLE V. Left: PCC for ⟨We⟩ versus Mutual Information corresponding to Figure 7. Right: PCC for ∆UB versus Mutual Information.

PCCs for all Cases and system sizes are shown in Table V. A strong linear correlation between the mutual information and
the extractable work is seen in Figure 7 for the Case 1 two- and three-qubit system and the Case 2 two-qubit system. The
weakest relationship emerges from the Case 2 three-qubit system having a PCC of 0.50. However, even with this lower value
of PCC we still find a strong correspondence between the peaks of extractable work and those of the mutual information. For
Case 1 (left column) the extractable work is seen to be directly proportional to the mutual information with larger values of
mutual information indicating an equally larger value of work. Case 2 is a more complicated picture. While, much like in
Case 1, the peaks in mutual information and extractable work are in agreement, the two quantities are strongly correlated but
not as directly proportional. This suggests that the additional inverted gates for Case 2 protocol complicate the work mutual
information relationship. Even here though, data suggest that the building of correlations is beneficial to work production. We
find that the mutual information and extractable work for kbT̄ = 4ϵ2 demonstrates similar linear correlations to the kbT̄ = 40ϵ2
case, reinforcing the validity of these conclusions.

Strong linear correlation is seen between ∆UB and the mutual information (Table V, right) for each protocol and system size.
As the mutual information tracks the work then this is to be expected, with qubit-B generally being largest contributor to the work
for all cases and system sizes of Figure 5. This is especially true for the Case 1 two-qubit system as the work is only governed
by ∆UB. Apart from the sign, there is no different in PCC for Case 1 when comparing between work and ∆UB; instead, Case
2 for both two- and three-qubit systems shows an increase in PCC of 10% and 18%, respectively, indicating that the strongest
correlation is between the mutual information and ∆UB, which itself has the largest impact on the work produced.

As the mutual information is a measure of total correlations between sections of a bipartition, quantifying the individual
classical and quantum contributions to the systems behaviour in terms of work production may provide a more detailed insight.
First, we examine the classical correlations followed by the quantum discord.
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FIG. 7. Comparing the extractable work ⟨We⟩ (magenta) in units of ϵ2 (left y-axis) and the mutual information (green) (right y-axis), in the
case of the two-qubit systems (first row) for 0 ≤ iterations ≤ 60 and the three-qubit systems (second row) for 0 ≤ iterations ≤ 150, where
columns left to right are Case 1 and 2 respectively. Same parameters as in Figure 5. Magenta: ⟨We⟩; Green: Mutual information.

2. Classical Correlations and Quantum Discord

⟨We⟩ versus Classical Correlations ∆UB versus Classical Correlations
Bi-partition Case 1 Case 2 Bi-partition Case 1 Case 2

Two-Qubit (A : B) 0.99 0.67 (A : B) -0.99 -0.64
Two-Qubit (B : A) 0.99 0.73 (B : A) -0.99 -0.38

⟨We⟩ versus Quantum Discord ∆UB versus Quantum Discord
Bi-partition Case 1 Case 2 Bi-partition Case 1 Case 2

Two-Qubit (A : B) 0.05 0.03 (A : B) -0.05 -0.41
Two-Qubit (B : A) 0.18 -0.01 (B : A) -0.18 -0.81

TABLE VI. Pearson correlation coefficients for the two-qubit systems for the extractable work (left column) and ∆UB (right-column). Top
tables: Classical correlations; Bottom tables: Quantum discord.

Tables VI and VII contain the PCCs connecting work (left tables) and ∆UB (right tables) to the classical correlations and
quantum discord for all qubit systems and Cases combinations. Given the bi-partition (B : A) for two-qubits and (B : AC) for
three, classical correlations correlate to ⟨We⟩ equally or stronger than the mutual information. This can be observed visually by
comparing the upper panels of Figures 8 and 9 to results in Figure 7. This shows that in general, when we generate work, there
is a proportional creation of classical correlations between the components of our working medium.

As for the mutual information, Case 2 three-qubit system is showing relatively low PCC’s and for both bi-partitions: while
some agreement is seen between the peaks of ⟨We⟩ and classical correlations, there is no consistency.

In contrast to the mutual information and classical correlations no strong linear correlation is seen between the work, ∆UB
and the quantum discord, with the exception of Case 1 three-qubit system, PCC=0.86 with bipartition (AC : B), as shown in
the bottom left of Figure 9 and bottom table of Table VII. Here, D(AC : B) is an order of magnitude greater than D(B : AC),
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FIG. 8. Comparing, for the Case 1 two-qubit system, the extractable work ⟨We⟩ (magenta lines) in units of ϵ2 (left y-axis), the classical
correlations (brown dashed lines, top row right y-axis), and the quantum discord (blue dash dot lines, bottom row right y-axis), for 0 ≤
iterations ≤ 60, where columns left to right are the bi-partitions when measuring on ρB and ρA respectively. Same parameters as in Figure 5.

⟨We⟩ versus Classical Correlations ∆UB versus Classical Correlations
Bi-partition Case 1 Case 2 Bi-partition Case 1 Case 2

Three-Qubit (AC : B) 0.81 0.25 (AC : B) -0.81 -0.47
Three-Qubit (B : AC) 0.92 0.56 (B : AC) -0.93 -0.57

⟨We⟩ versus Quantum Discord ∆UB versus Quantum Discord
Bi-partition Case 1 Case 2 Bi-partition Case 1 Case 2

Three-Qubit (AC : B) 0.86 0.42 (AC : B) -0.47 -0.23
Three-Qubit (B : AC) 0.57 0.16 (B : AC) -0.57 -0.29

TABLE VII. Pearson correlation coefficients for the three-qubit systems for the extractable work (left column) and ∆UB (right-column). Top
tables: Classical correlations; Bottom tables: Quantum discord.

meaning that the information that we can infer about qubit-B from quantum correlations attained by measuring qubits A and C
is relatively small. As this is the only system where the quantum discord shows a strong linear correlation with ⟨We⟩ then this
is not a universal feature of our systems performance but system and protocol specific. For Case 2, the quantum discord has the
same order of magnitude than the classical correlations. Related figures are included in the Appendix D.

In summary, the mutual information is a strong indicator of when our system is producing larger amounts of ⟨We⟩, with work
producing parameter regions generating correlations in the system with classical correlations playing a leading role. Classical
correlations have equal if not better values for the PCC showing a strong linear correlation with the ⟨We⟩. This is, as expected,
mirrored in the PCCs for ∆UB which is generally the main component driving the production of work. Quantum discord does
not show the same strength of linear correlation with ⟨We⟩ as either its classical counterpart or the mutual information, with the
exception of the Case 1 three-qubit system and being zero for bipartition (B : A). This suggests that, for this type of protocols,
the generation and consumption of quantum correlations is in general poorly related to work production, being protocol and
system size specific.
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FIG. 9. Same parameters as in Figure 8 but for the Case 1 three-qubit system.

VI. DISCUSSION

Here we have shown that initial quantum coherence, solely provided by qubit-B’s initialisation in a pure state, is advantageous
to the production of extractable work. Indeed, for three out of four Case and system size combinations it increases the maximum
work production (up to 28.20%) with respect to the initialization with all thermal qubits. The only Case that did not show
improvement demonstrated an equal performance. For all combinations, initial quantum coherences also extend the regions of
extractable work to θ ≤ 0.5π. These regions show a marked dependence on the azimuthal angle ϕ.

As for any heat engine, classical or quantum, it is desirable to obtain a high efficiency when the engine is producing maximum
work. All Cases and system sizes demonstrate a high efficiency at peak work with Case 1 protocols displaying an efficiency
always at or close to unity and Case 2 protocols displaying an efficiency tracking more closely the peaks and troughs of work
production.

Our results also show the potential advantages of using NRCGs over full CNOT gates in work production. With the trotterized
dynamics they induces, NRCG gates provide a more finely tuned and controllable work output for a quantum gate driven heat
engine. In addition, depending on protocol and iterations, NRCGs may lead to higher values of extractable work. Some related
results are contained in Appendix B.

The role of quantum correlations in thermal engines is an intricate subject, in part because it is somewhat model-dependent
as discussed by Latune et al. [55]. Typically, related works are focused on advantages gained from, initial correlations [20],
collective behaviour between N identical copies of a heat engine [34] or coherent baths [37]. In this work we have checked
if a relation could be established between the extractable work production and three types of correlation: mutual information,
classical correlation, and quantum discord. In our working medium these are solely generated through the application of our
gate-based protocols. To quantify these relationships we have used the Pearson correlation coefficient. We find a strong linear
correlation between the extractable work and, both, the mutual information and classical correlations. For the latter, the partitions
(B:A) and (B:AC) should be considered, with higher linear correlations for cases with lower values of corresponding quantum
discord. This, together with other findings, suggests that the production of work is mainly tied to the production of classical
correlations for this type of protocols.

We also find, though outside of the scope of the work presented here, that the proposed system can operate in other regimes
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depending on initialisation parameters, such as a refrigerator or a reverse flow heat engine which is a uniquely quantum case.
This naturally leads us towards further investigations and shows potential for the system to be used as a somewhat universal
engine, with operating regime dictated by the needs of the operator. Further investigations could also include the addition of
initial correlations between the components of the working medium and correlation between the working medium and the baths
in the initialisation step.

VII. CONCLUSION

In this paper we have shown that circuits utilising Nth-root CNOT gates can be advantageously used for quantum heat en-
gines. We evaluate the systems performance by analysing the maximum work produced when one of the qubits, qubit-B, is
initialised in a pure state and find this to be highly advantageous with respect to a system with initial thermal qubits and the
same energy. Initial coherences not only improved maximum work production but also increased the size of work-producing
parameter regions, extending them to areas corresponding to initial polar angle of qubit-B smaller than π/2. We also find that
the protocols operates at very high to high efficiency when producing their maximum work, further demonstrating its potential
use as a heat engine. Finally, we show that correlations described by the quantum mutual information between the components
of the working medium demonstrate a strong linear correlation with the extractable work. It is similar for classical correlations
when considering a specific partition order, rendering them a key component of work production. The systems and protocols we
use are experimentally feasible with current technology.
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Appendix A: Maximum extractable work when qubit-B is initialised in a thermal state

⟨We
max⟩

Two-Qubit Three-Qubit
Case 1 0.49ϵ2 0.36ϵ2

Case 2 0.23ϵ2 0.39ϵ2

TABLE VIII. Maximum values of extractable work when all component qubits are initialised in a thermal state.

In Figure 10 qubit-B is initialised in a Gibbs state having the same energy U (lower x-axis, non-linear scale) as the correspond-
ing pure state characterized by the polar angle θ indicated in the upper x-axis (linear scale). This allows for a direct comparison
with Figure 4 where qubit-B is initialised in a pure state. As the off diagonal elements of a thermal state are zero, in Figure 10
there is no dependence of ⟨We

max⟩ on ϕ.
There is an increase in maximum extractable work from when the equivalent θ increases from 0.5 to π for all Cases and system

sizes, demonstrating the requirement for a degree of population inversion for qubit-B. The maximum extractable work is shown
in Table VIII and is compared and discussed in the main text.

Appendix B: Comparison with circuits containing full CNOT gates

Figure 11 compares ⟨We⟩ between an NRCG and a full standard CNOT gate for the Case 1 two-qubit system with varying θ.
As only 1 gate is applied in the protocol at each multiple of N iterations (a cycle) both gate types are equivalent. This can be
seen as ⟨We⟩ is the same at the end of each cycle, regardless of the initial choice of θ. When 0 < θ < π we start to see where an
advantage can be achieved. Within this range peaks and troughs of ⟨We⟩ for the NRCG are now not aligned with the peaks of
the CNOT and are generally advantageous. We see unique behaviour for when θ is initialised at 0.50π (yellow). The full CNOT
does not produce any work which is in contrast to the NRCG where we do see work production demonstrating the value of being
able to access the intermediate states not readily accessible by a full CNOT. Comparing θ = 0.5π to the completely thermal
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FIG. 10. Maximum value of extractable work ⟨We
max⟩ in units of ϵ2 for the initial energy of qubit-B 0 ≤ U (0) ≤ 1 in units of ϵ2 (x-axis) and

corresponding 0 ≤ ϕ ≤ 2π (y-axis); First row: Two-qubit systems where columns left to right are cases 1 and 2 respectively. Brighter shades
correspond to a greater maximum value of extractable work. Each combination of initial U (0) and ϕ is run for 150 iterations. For qubits A
and C, kbT̄ = 40ϵ2. Second row: The same parameters as the first row but for the three-qubit systems. All initial density matrices have no
off-diagonal elements, all qubits being initialized in a Gibbs state.

initialisation in Figure 10 where there is also no initial coherence, ⟨We
max⟩ = 0ϵ2. The thermal and pure state initialisations

of qubit-B are equivalent in initial energy and population of their ground and excited states. The only difference is the initial
coherence, with non-zero off diagonal elements. Indicating initial coherence from the non-thermal initialisation coupled with
the application of the NRCG is what provides this advantage over the full CNOT gates.

When θ = 0 or θ = π any advantages attributed to peak work production disappear. For these values there is indeed no initial
coherence.

Figure 12 shows a comparison of circuits built with NRCGs and N = 15 against circuits with full standard CNOT gates (i.e.
N = 1) when the Case 2 three-qubit system is initialised for maximum work production, as in Figure 5. Here the grey shaded
regions correspond to when the NRCG protocol (magenta line) is operating in the heat engine regime. The protocol is applied
for M = 10N iterations for both gate types: 150 iterations when N = 15; 10 iterations when N = 1. Circuits with NRCGs
show larger peaks of work production than the ones with full CNOT gates at 30, 55, and 137 iterations, though only the peak at
137 iterations falls within the heat engine regime. The NRCG-based circuit always produces work, while in same regions work
must be provided to the system for CNOT-based protocols, the corresponding ⟨We⟩ being less than zero. In general, the use of
NRCGs demonstrates more control over the quantity of extractable work, exploiting intermediate states not accessible by full
CNOT gates. This feature provides a benefit for the quantum heat engine: as the choice of when to halt the application of the
protocol resides with the user, an iteration can by chosen that corresponds to the desired value of ⟨We⟩.
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FIG. 11. Comparing the extractable work ⟨We⟩ in units of ϵ2 (y-axis) of N = 15 (NRCG) and N = 1 (full CNOT gate) for the case 1 two-qubit
system for four cycles. Same parameters as in Figure 4. ϕ = 0.17π. Red: θ = 0; Orange: θ = 0.25π; Yellow: θ = 0.50π; Cyan: θ = 0.75π;
Blue: θ = π. Dashed lines: N = 15; Solid lines: N = 1.

FIG. 12. Comparing the extractable work ⟨We⟩ in units of ϵ2 (y-axis) for the NRCG-protocol with N = 15 (magenta), and with the standard
CNOT (N = 1, blue), for Case 2, three-qubit systems. Bottom x-axis: 0 ≤ iterations ≤ 150 for N = 15; Top x-axis: 0 ≤ iterations ≤ 10 for
N = 1. Same parameters as in Figure 5.

Appendix C: Derivation of the quantum discord from the mutual information for the one, and two-qubit projective measurements

Here, we give the full derivation of the quantum discord from the mutual information for both the one, and two-qubit projec-
tive measurements. The mutual information captures all information shared between the components of a chosen bi-partition
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encapsulating both classical and quantum correlations. The mutual information has two equivalent classical expressions,

I(A : B) = H(A) + H(B) − H(AB), (C1)

and

J(A : B) = H(A) − H(A|B) = H(B) − H(B|A). (C2)

The quantum generalisation for the first expression of the mutual information quantifies the total correlations in some bi-partite
system which includes both quantum and classical parts [51]. It is symmetric about the bi-partition and has the form,

I(ρAB) = S (ρA) + S (ρB) − S (ρAB). (C3)

Here the Shannon entropy H(A) [56] has been replaced with the von Neumann entropy [52, 53] which is equivalent when
using this expression for quantum systems. The von Neumann entropy has the form,

H(A) = S (ρA) = −tr[ρA ln ρA]. (C4)

The second term in eq C2 requires determining the conditional state of subsystem A. The quantum description of J(A : B) is
interpreted as the information gained about subsystem A with a measurement on subsystem B and has the form,

J(ρAB){ΠB
j }
= S (ρA) − S (ρA|{Π

B
j }). (C5)

where S (ρA|{Π
B
j }) is the conditional entropy. Maximisation over J(ρAB) encompasses the maximum classical correlations that

can be obtained from the chosen bi-partition with any remaining correlations being completely quantum. Hence S (ρA|{Π
B
j }) is

maximised over the complete orthonormal measurement basis {|u⟩ , |v⟩} and is given by

S (ρA|{Π
B
j }) =

∑
j=u,v

p jS (ρA|ΠB
j
), (C6)

which is the sum of the von Neumann entropies of the post measurement states over the complete set of projective measurements.
This yields the conditional entropy of A given the complete measurement {ΠB

j } on B. The complete orthonormal measurement
basis {|u⟩ , |v⟩} is,

{|u⟩ = cos (θ/2) |0⟩ + sin (θ/2)eiϕ |1⟩ , |v⟩ = sin (θ/2)e−iϕ |0⟩ − cos (θ/2) |1⟩}. (C7)

This basis is used to create projectors for the measurementΠB
u = IA⊗|u⟩ ⟨u| andΠB

v = IA⊗|v⟩ ⟨v|where IA is the identity matrix
with dimensionality corresponding to that of subsystem A. The post measurement state of A that corresponds to the outcome of
the measurement on B has the form,

ρA|ΠB
j
= (ΠB

j )ρAB(ΠB
j )/p j, p j = tr[ΠB

j ρAB]. (C8)

With a quantum equivalent now defined for both expressions of mutual information we can now define the quantum discord.
The discord has the form,

D(A : B){ΠB
j }
= I(A : B) −max

ΠB
J(A : B){ΠB

j }
,

D(A : B){ΠB
j }
= min
ΠB

[S (B) − S (AB) + S (A|{ΠB
j })].

(C9)

To satisfy the minimisation criteria the discord is calculated over 0 > θ > π and 0 > ϕ > 2π. Quantum discord for the
three-qubit system requires an expansion of our measurement basis to cover two qubits simultaneously due to the bi-partition in
one and two qubits. This measurement basis is
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{|u⟩
∣∣∣u′〉 , |u⟩ ∣∣∣v′〉 , |v⟩ ∣∣∣u′〉 , |v⟩ ∣∣∣v′〉}, (C10)

where

|u⟩ = cos (θ/2) |0⟩ + sin (θ/2)eiϕ |1⟩ , |v⟩ = sin (θ/2)e−iϕ |0⟩ − cos (θ/2) |1⟩∣∣∣u′〉 = cos (θ′/2) |0⟩ + sin (θ′/2)eiϕ′ |1⟩ ,
∣∣∣v′〉 = sin (θ′/2)e−iϕ′ |0⟩ − cos (θ′/2) |1⟩ .

(C11)

Projectors are created in the same way as for the single qubit measurement,

ΠAC
uu′ = |u⟩ ⟨u| ⊗ I ⊗

∣∣∣u′〉 〈u′∣∣∣ , ΠAC
vu′ = |v⟩ ⟨v| ⊗ I ⊗

∣∣∣u′〉 〈u′∣∣∣ ,
ΠAC

uv′ = |u⟩ ⟨u| ⊗ I ⊗
∣∣∣v′〉 〈v′∣∣∣ , ΠAC

vv′ = |v⟩ ⟨v| ⊗ I ⊗
∣∣∣v′〉 〈v′∣∣∣ . (C12)

Measurement is performed for all values of 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, 0 ≤ θ′ ≤ π, and 0 ≤ ϕ ≤ 2π′.

Appendix D: Classical correlations and quantum discord for Case 2

FIG. 13. Same parameters as in Figure 8 but for the Case 2 two-qubit system.

The classical correlations and quantum discord for the Case 2 two-qubit system are shown in Figure 13, the quantum discord
is non analytic at 21 and 41 iterations, abruptly reducing in value showing a cusp. At these iterations we observe the system
re-entering the heat engine regime which is signified here by ⟨We⟩ < 0 evolving to ⟨We⟩ > 0. This is the sole change occurring
at these iterations which removes this protocol and system size from the heat engine regime, suggesting that for this Case as, by
increasing iterations, we cross the work-producing threshold quantum correlations are consumed, accompanied by a sudden rise
in classical correlations.
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This property is mirrored in the entanglement of formation, see Figure 14, suggesting that it is the sudden reduction in
entanglement driving a reduction in the quantum discord. This is not only seen for the parameters of Figure 13 (first row of
Figure 14) but also for other initial θ for qubit-B (e.g. second row of Figure 14), suggesting this to be a consistent behaviour
for the protocol. In comparison, for the Case 1 two-qubit or either of the three-qubit systems, no entanglement of formation is
produced for any of the possible bi-partitions and no cusps are seen, rendering this a unique feature.

FIG. 14. Comparison of the entanglement of formation (left y-axis) and quantum discord (right y-axis) for 0 ≤ iterations ≤ 60 (x-axis) for Case
2 two-qubit system. Top row: θ = 0.83π; Bottom row: θ = 0.36π. Blue shaded regions indicate work production, i.e regions with ⟨We⟩ > 0.
These include (but not coincide with) the regions in which the system behaves as a heat engine. Black dashed: Entanglement of formation;
Blue dash dot: Quantum discord.

Entanglement of Formation versus Quantum Discord
Bi-Partition (A : B) Bi-Partition (B : A)

θ = 0.83π 0.85 0.91
θ = 0.36π 0.81 0.78

TABLE IX. PCCs for the quantum discord and the entanglement of formation when the system operates in a maximum work producing regime
and when we operate in the mode of work symmetry.

In Figure 14, we show the entanglement of formation and quantum discord for the Case 2 two-qubit system to emphasize
the similarity in behaviour of the entanglement of formation and quantum discord discussed previously. The entanglement of
formation has the form [57]

EOFAB = −xlog2x − (1 − x)log2(1 − x), (D1)

where x = 1−
√

1−τ
2 , τ = [max(λ1 − λ2 − λ3 − λ4, 0)], λi =

√
ϵi, and ϵi are the eigenvalues of the matrix ρABρAB. Here ρAB is

the reduced density matrix of sites A and B and ρAB is the spin-flipped ρAB, so ρAB = (σA
y ⊗ σ

B
y )ρ∗AB(σA

y ⊗ σ
B
y ). The PCC values

shown in Table IX demonstrate a strong linear correlation between the discord and the EOF.
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FIG. 15. Same parameters as in Figure 8 for the Case 2 three-qubit system.

Finally we examine the different correlation types for the Case 2 three-qubit system in Figure 15. It can be seen that the
evolution with protocol application of the correlations is complex, being challenging to identify a relationship between the ⟨We⟩

and both the classical correlations and the quantum discord. Some peaks of the classical correlations correspond to peaks of the
⟨We⟩, this can be seen in the PCC value for the (B:AC) bi-partition (Table V), being greater than that of the mutual information
(Table VII). Even so, there is no clear observable linear correlation between ⟨We⟩ and the two types of correlation that contribute
to the mutual information.



22

[1] F. Binder, L. A. Correa, C. Gogolin, J. Anders, and G. Adesso, eds., Thermodynamics in the Quantum Regime: Fundamental Aspects and
New Directions (Springer International, Cham, Switzerland, 2018).

[2] S. Deffner and S. Campbell, Quantum thermodynamics: An introduction to the thermodynamics of quantum information (2019),
arXiv:1907.01596 [quant-ph].

[3] R. Kosloff, Quantum thermodynamics: A dynamical viewpoint, Entropy 15, 2100 (2013).
[4] J. Goold, M. Huber, A. Riera, L. d. Rio, and P. Skrzypczyk, The role of quantum information in thermodynamicsa topical review, Journal

of Physics A: Mathematical and Theoretical 49, 143001 (2016).
[5] S. Vinjanampathy and J. Anders, Quantum thermodynamics, Contemporary Physics 57, 545 (2016).
[6] F. Brand£o, M. Horodecki, N. Ng, J. Oppenheim, and S. Wehner, The second laws of quantum thermodynamics, Proceedings of the

National Academy of Sciences 112, 3275 (2015), https://www.pnas.org/doi/pdf/10.1073/pnas.1411728112.
[7] G. E. Crooks, Entropy production fluctuation theorem and the nonequilibrium work relation for free energy differences, Phys. Rev. E 60,

2721 (1999).
[8] C. Jarzynski, Nonequilibrium equality for free energy differences, Phys. Rev. Lett. 78, 2690 (1997).
[9] M. Esposito, U. Harbola, and S. Mukamel, Nonequilibrium fluctuations, fluctuation theorems, and counting statistics in quantum systems,

Rev. Mod. Phys. 81, 1665 (2009).
[10] M. Campisi, P. Hänggi, and P. Talkner, Colloquium: Quantum fluctuation relations: Foundations and applications, Rev. Mod. Phys. 83,

771 (2011).
[11] M. Herrera, J. P. S. Peterson, R. M. Serra, and I. D’Amico, Easy access to energy fluctuations in nonequilibrium quantum many-body

systems, Phys. Rev. Lett. 127, 030602 (2021).
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