BALANCED PLAYER ARRANGEMENT IN ROTATING COURT
GAMES

ALESSANDRO DANELON

ABSTRACT. Consider a game involving a team with n players, k of which wear
shirts marked with a letter A, while the others with a letter B, and such
that only s people play, while the remaining n — s wait outside the court. At
certain times the players rotate, and one player enters the court while another
one leaves, each player keeping the same neighbors at all times. The house
rules want at least ¢ players wearing a shirt with the letter A in the court at
each rotation. We show that this can be achieved if and only if nt < ks. We
use classical work on balanced words dating back to Christoffel and Smith.

1. INTRODUCTION

This problem arose during a volleyball tournament in which a team was com-
posed of 3 women and 7 men. There are 6 people playing in the court while the
remaining 4 players await next to it. At each rotation one player enters the court
while another one leaves, each player keeping the same neighbors at all times.
Moreover, the house rules want at least 2 women in the court after each rotation.

Question 1. Can we find a placement of players guaranteeing the house rules are
observed?

After generalizing the above setting, we find a criterion showing that in this
setting it is not possible to play according to the house rules.

1.1. Generalization. For positive integers k, s,n such that k,s < n, an (n, k, s)-
configuration is given by:

(1) a circle C with n spots, k of which are filled with the letter A and n — k
with the letter B, and
(2) the collection X of subsets of s consecutive spots on the circle.

In the volleyball setting above, n is the total number of players, k£ is the number
of players wearing an A-shirt, and s is the number of players in the court. The
set ¥ contains all the possible combinations (given by the rotations) of players in
the court for a given order of the players. A configuration C is t-admissible if any
element of X contains at least ¢ letters A. In the case above, we have t = 2, as the
house rules ask for at least 2 players with an A-shirt in the court. Note that we
can equivalently restate the problem asking that in any subset of consecutive n — s
players, there are at most k& — t players wearing a shirt with a letter A.
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1.2. Outline. We pose the following main question:
Question 2. Is there a criterion for t-admissibility of a (n, k, s)-configuration?

We answer positively the above question: a (n, k, s)-configuration is t-admissible
if and only if nt < ks. We first note that our circular arrangement of n-players
corresponds to infinite words on two letters of period n (see Section[2]for definitions).
A mechanical word of slope k/n is a infinite word of period n such that every subset
of m consecutive spots contains at least L% . mJ and at most {% . mw letters A. We
use this fact to show the existence of a t-admissible configuration when nt < ks.
The fact that there are not t-admissible configurations when nt > ks follows from
a pigeonhole-type argument. All the details are in Proposition

1.3. Connection to existing literature. The problem can be restated in the
setting of classical discrepancy theory. Consider a ground set X = {z1,...,2,} and
the collection X of subsets of the form {z;,...,%;m} where the indices are taken
modulo n when they exceed n. Consider functions x : X — {—1,1} representing
the possible colorings of X with two colors and, for a subset S of X, define x(S) =
> zes X(7). The smaller this value is, the more balanced is the coloring x of S.
The discrepancy of a coloring for X with respect to X is given by

Disc(X) = min max [x(S9)].

Our results finds a coloring x guaranteeing that Disc(X) < m — 2 {nﬂ/kJ There

are more general theorems working for any collection 3. The Beck—Fiala theorem
for this setting implies that Disc(X) < 2m — 1, while the Spencer upperbound

guarantees Disc(X) = O( nlog(Q)) ([Mat10, Section 4.1]). Moreover, [Spe85|

guarantees 6,/n.

Our solution revolves around the construction of mechanical words that are ex-
amples of Christoffel/Sturmian word. Vast literature investigates this subject that
has connections from number theory to theoretical computer science. See, for ex-
ample, [BL97; BLRS09; [Lot02; Lot05; [AS03; Vui03} [Usc]. We also provide an
algorithm outputting a mechanical word via the use of continued fractions. We
discovered at a later stage that the connection between continued fraction and
balanced words was first made in [Smi76].

1.4. Acknowledgments. Thanks to Andrew Snowden for useful discussions, to
Zhe Su for wondering about a general approach to tackle this problem, and to the
members of my volleyball team “Kiss my Ace” for proposing this problem.

2. BALANCED WORDS AND PROOF

For this section we refer to [Lot02, Section 1.2.2 and Section 2.1.2] for definitions.
Let A = {0,1} be the alphabet and let A* be the set of (finite) words with entries
in A together with the empty word e. Let z,y be finite words, the operation of
concatenation z *y turns A* into a monoid. Infinite words (one-sided) are elements
of AN. An infinite word w is periodic of period n if there exists a z € A* \ {e} with
n letters such that w = zx z % z % ---. Let w(n) be the n-th letter of a word w,
where n > 0 and w(—1) = e. Let w(n,n + k) be the factor of length k + 1 of w
starting at the letter w(n) and ending at the letter w(n + k). The weight h(w) of
a finite word w is the number of 1s in w.
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Our main definition is the following: a mechanical word w of slope 0 < a <1 is
an infinite word defined by w(n) = [a(n + 1)] — [an] for all n > 0.

Lemma 3. Let w be a mechanical word of rational slope o = £, then it is periodic,

and for any factor u of length m of w we have !
[ma| < h(u) < [mal.

Proof. This is |[Lot02, Lemma 2.1.14]. By definition it is periodic of period n.
Suppose that v = w(ny,n2) = w(ny,n; + m — 1), then h(u) = h(w(0,ng)) —
h(w(0,n1 — 1)) = [a(ny + m)] — [ani]. Then, am — 1 < h(u) < am + 1, hence
[ma| < h(u) < [mal. O

The following is the proof of the admissibility criterion.
Proposition 4. There exists a t-admissible configuration if and only if nt < ks.

Proof. Suppose ks < nt, and let C be a configuration. Order the letters A clockwise.
We can start at any A. Let O be an element of > and let a; ; be the rotation distance
(how many rotations clockwise) between the i-th A and the j-th elements of O. The
a;; take values between 0 and n — 1. Note that the i-th A belongs to O if and
only if a; ; = 0 for some j = 1,...,s. The integers a;; form a k x s-matrix where
the i-th row is the vector (a;1,...,a;s) with no repeated values, and one can read
off how many letters A belong to O by counting the zeroes of this matrix. By the
pigeonhole principle there must be a value a between 0 and n — 1 that is attained
at most ks/n < t times. Then, the subset O’ obtained by the rotation of O by a
spots shows that C' is not admissible.

Viceversa, assume that ks > nt, construct a (infinite) mechanical word of slope
%7 and substitute the letter A for the number 1 and the letter B for the number
0. Since k/n is rational, the infinite mechanical word is equivalent to a circular
arrangement of n letters. Consider any set O of s consecutive spots. By Lemma [3]
O contains at least L%J letters A. Our condition implies that ¢ < %, and, since it
is an integer ¢t < L%J, so O contains at least ¢ letters A. O

3. EQUIVALENT ALGORITHMS

In this section we describe a way to arrange k letters A and (n — k) letters B
on a circle so that any section of m consecutive players contains roughly the same
number of A and B. This algorithm was our original solution to the problem using
the continued fraction expansion of 7. At a later stage we found a connection with
the algorithm of [Smi76], and hence with mechanical words. We show how the two
algorithms are equivalent and how they output the same mechanical word. We
think it is still worth mentioning it here as it is another way for assigning spots to
each player on the fields.

3.1. Description of the algorithm. Given integers n and k, we want to dispose
the players on a circle in such a way that any two consecutive letters A are the
furthest apart from each other. In order to do so, we follow the steps below.

(1) Perform the Euclidean algorithm on n and k. We use the following notation:

Tj—2 = qjTj-1+7Tj,
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with r; <rj_1,7_3 =n and r_y = k. We end at the step ¢ when ;1 =0,
so we get:

n=r_g=q1r-2+r.
k= r_o=qor-1+r10

r_1=q7T0o+ "

Ti—3 = ¢i—1Ti—2 + Ti—1
Ti—2 = qiTi—1 +T;

Ti—1 = qi+175-

(2) The minimal value for the index i is —2. In this case k divides n and
we construct a configuration with one letter A each (¢—1 — 1) consecutive
letters B.

(3) For ¢ > —2 there is a nonzero remainder of the division of n by k. Before
placing the letters, we create a sequence with symbols — and +. We write
the sequence clock-wise on a circle as follows.

(a) Put r; symbols +, and add ¢;11 — 1 symbols — between two consecutive
+. We have now a sequence with ;1 symbols, r; of which are +.

(b) Add a symbol — after each of the r; symbols +. Turn the previous
ri—1 — 7; symbols — into symbols +. We now have a sequence with
r; + r;_1 symbols: and r;_; are symbols + and r; are symbols —.

(c) Between two consecutive symbols + in the sequence, add ¢; —1 symbols
—. The sequence now has 7;_5 symbols.

(d) Tterate steps (b) and (c) above until reaching r_o total symbols, r_
of which are +.

(4) At this point we insert the letters: after each + we add a letter B, we turn
all the + and — into letters A (we have r_o = k of them), and we add
(q—1 — 1) letters B in between two consecutive letters A.

At the end of the algorithm, we filled all the n-spots of the circle.

Example 5. Below we run the algorithm for n = 23 and k£ = 10.
(1) Compute 23=2-104+3,10=3-3+1,and 3=3-1+0.
(2) False: ¢ = 0.
(3) True.
(a) Output [+, —, —].
(b) Output [+, —, +, +]
(¢) Output [+, —, —, —, 4, —, — 4, —, —.
(d) Done.
(4) Output [ABBABABABABBABABABBABAB]I.
a3

Example 6. Below there is another example with one more iteration of the above
algorithm. Suppose we have the recurrences:

(1) r_3=n=87=2%36+15=q_1r_o+7r_1

(2) r_a=k=36=2x15+4+6=qor_1 + 19

(3) r_1=15=2%x6+3=qr9+71
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(4) 7o =6=2%3=qm
Then the algorithm performs the following steps (the symbols
author’s) visual help):

(4) [+a _H_’ _|+> _]

| are for (the

(3) [+a ) _7+7 _|+a Rl _7+a _‘+7 Ty T +a _]
(2) [+ﬂ B 77+7 ] +7 77+7 e 77+7 7|

+7 T T +7 -+, B +7 ) _»+a _|

+7 T T +7 _7+7 ) +7 ] _7+7 _]

(1) [ABBABAB ABBAB ABBAB ABBABAB ABBAB|
ABBABAB ABBAB ABBAB ABBABAB ABBAB|
ABBABAB ABBAB ABBAB ABBABAB ABBAB|

o
Remark 7. If n and k are coprime (so that r; = 1), let the sequence
[9—1,90,q1,---,qi+1] be the continued fractions quotients of the division n by k.

The recurrence sequence a; = gja;—1 + aj_z with a;_y = 0, a; = 1, and starting
from j = i + 1 retrieves the steps in the Euclidean algorithm bottom-up (a_; =n
and ag = k). NI

3.2. Smith’s construction. For this section we refer to [Smi76], whose original
motivation was to order the points P = 1/p,2P = 2/p,...,pP = p/p, and Q =
1/q,2Q =2/q,...,qQ = q/q on [0,1] for two coprime integers p,q. In our setting,
that construction runs as follows. Suppose p > ¢, and let [u1,..., ] be their
continued fraction expansion, namely:

p/q =+ ! .
2 + 1
Mrk—1+ —
Ht
Construct the following recursive sequence:
(1) S; = BM A,
(2) S2=51"B,
(3) S5 =555,
(4) -
(5) Sy =S}, Si—a,

Arranging the above ordered letters on a circle gives a circular arrangement of
players.

Proposition 8. Let n > k be two coprime integers with continued fraction expan-
sion [p1, ..., put]. Then the Smith’s algorithm on the continued fraction expansion
w1 — 1,..., 1] and the algorithm of Section on n and k output the same ar-
rangement (up to rotation,).

Proof. We run the Smith’s sequence bottom up and find the correspondence with
the algorithm of Section [3.1] For this proof we refer to the latter simply as the
algorithm. Recall that n and k are coprime, and note that p; = qi41, -1 = ¢,
and so on. The first step of Smith’s algorithm correspond to run the algorithm up
to step 3(b). The S;_1 correspond to the symbols + (so there are y; of them) and
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Si_o is the symbol —. Notice that the above configuration is shifted with respect
to the algorithm by a rotation of two steps clockwise:

St—l"'St—lst—zN(+"'+—)N(+—+"'+),

where we use the symbol ~ for the equivalence between the expressions and the
round-brackets single out the output of the algorithm.

Rewriting S;_1 in terms of S;_5 and S;_3 corresponds to perform steps 3(c) and
3(b) in the second iteration. Indeed, the algorithm substitutes for each + a sequence
+ — +-- -+ where the tail has p;—; — 1 symbols +, while the symbol — becomes a
+. Rewriting S;_o for the symbols + and S;_3 for the symbols — shows that one
gets the same output of Smith’s construction (again up to a rotation by two steps
counterclockwise). At the end, we have a sequence of So and Sj, where each Sy
corresponds to a + and each S; to a —. Finally, rewriting S; corresponds to the
step 3(c) and the first part of step (4): we get to +#2B. Rewriting S; correspond
to exchange each + for B*1~1 A, as in the last step of the algorithm. O

3.3. Equivalence with mechanical words.

Proposition 9. [Smi76/(BLRS09, Theorem 7.2] Let S; be the expression of the
Smith procedure on n and k coprime. The expression (A * S;(0,n —2) x B)*N is a
mechanical word of slope k/n.

Proof. Use [BLRS09, Lemma 7.2]. O

This shows that the algorithm outputs an admissible configuration when n and
k are coprime. If not, namely, r; > 1, by construction, we have r; sections with
n' = n/r; elements each, and containing k' = k/r; letters A. Fix a subset O with
m consecutive letters, and write m = cn’ + m’ for some integer ¢. By assumption

’

the set O contains at most ck’ + [%—‘ and at least ck’ + {%J letters A. These

numbers coincide with [nﬂ/k-‘ and nﬂ/k .
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