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Abstract Let H?, denote the HausdorfF content of dimension & € (0, n] defined on subsets
of R". The principal problem, considered in this paper, is to characterize the non-negative
function w for which there exists a positive constant K such that

©.1) f Mo (D] W) dHE < K | 1f P wix) dHS,,
n R’l
and characterize the non-negative function w such that
02)  wyg {x R My () > 1) < § LFOWwx) dHS, Vi€ (0,00,
Rn

where p € (1, 00) and My is the Hardy-Littlewood maximal operator associated with Haus-
dorff contents

o s
Mo @)1= s0p fQ G dHE,

with the supremum is taken over all cubes Q containing x. To achieve this, we introduce a
class of capacitary Muckenhoupt weights depending on the dimension ¢, denoted as A, s,
which enjoys the strict monotonicity on the dimension index 6. Then we show that, for
any p € (1,00) and 6 € (0,n], the weighted norm inequality (0.1) holds true if and only
if w € Aps, and the weighted norm inequality (0.2) holds true if and only if w € Ajs
by a new approach developed in this paper. As the second objective, applying this new
approach, the seminal properties of classical Muckenhoupt A, weights, such as the reverse
Holder inequality (R. R. Coifman and C. Fefferman, Studia Math. 51 (1974), 241-250), the
self-improving property (B. Muckenhoupt, Trans. Amer. Math. Soc. 165 (1972), 207-226),
and the Jones factorization theorem (P. W. Jones, Ann. of Math. (2) 111 (1980), 511-530), are
all established within the framework of capacitary Muckenhoupt weight class A, s. Finally,
we also show that the maximal operator My is bounded on the weak weighted Choquet-
Lebesgue space LL“(R", HY) if and only if w € A, ; with p € (1, 00) and 6 € (0, n].

The main novelty of this paper lies in the fact that we propose a new approach in the Haus-
dorff content setting to build up a full analogue of the Muckenhoupt theorem, reverse Holder
inequality, the Jones factorization theorem, etc., where the classical methods fail. Conse-
quently, the results established in this paper naturally extend the classical theory beyond
measure-theoretic frameworks, while also provide innovative proofs—even when reduced to
the classical Muckenhoupt A, weight case (i.e., 6 = n)—that avoid the use of the Fubini
theorem, the countable additivity of measures and linearity of the integral.
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1 Introduction and Main Results

Given a set E c R" and 6 € (0, n], the Hausdor{f content HC (E) is defined by setting

HY, (E) = inf{Z[Z(Q»P Ec| Qi},

1

where the infimum is taken over all finite or countable cubes coverings {Q;}; of E and /(Q) denotes
the edge length of the cube Q. The quantity H?, (E) is also referred to as the 6-Hausdor{f content or
the 5-Hausdorff capacity or the Hausdorff content of E of dimension 6. Given p € (0, c0) and any
FH? -almost everywhere defined function g on R”, its Choquet integral with respect to Hausdorff
content H2, is defined to be

lg(OIP dHZ, = p f ) PIHE (x e R 1 |g(x)| > 1)) dt.
0

R’l

The monotonicity of the set function ¢ implies that the Lebesgue integral on the right hand
side is always well defined, even when g is a non-measurable function in the sense of Lebesgue
measures. Thus, the Choquet integral is well defined for all non-measurable functions with respect
to the Lebesgue measure. It is worth noting that Hausdorff contents, originating from fractal
geometry (see [11, 13]), play a crucial role in harmonic analysis and nonlinear potential theory
(see [3]). The Choquet integral also has many essential and profound applications in quasilinear
elliptic equations (see, for example, T. Kilpeldinen and J. Maly [22] as well as D. Labutin [23]), in
continuous time dynamic and coherent risk measures in finance (see, for example, L. Denis, M. Hu
and S. Peng [10]) and in Bayesian decision theory, subjective probability and robust optimization
(see, for example, D. Bertsimas, D. Brown and C. Caramanis [4]). For the further theory of
Choquet integrals with respect to Hausdorft contents, we refer the reader to the original work of
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G. Choquet [6], the excellent survey by D. R. Adams [1] and the paper by L. Tang [34] for an
overview.

Let LlloC (R™) denote the set of all locally integrable functions on R”. The classical Hardy-
Littlewood maximal operator M is defined by setting

M()(x) = Sl;p @f lfO)ldy, ¥xeR"and f €Ly (R").
X

Equivalently, the supremum may be taken over all cubes Q centered at x, or over all balls B

containing x. Let w € LloC (R™) and w € (0, 00) almost everywhere. Given p € [1,00) and a

measurable set E, let w(E) := fE w(x)dx and let f belong to weighted Lebesgue spaces L/ (R"),
ie.,

f FCOPW(o) dx < oo,
Rl’l

As one of fundamental results in harmonic analysis, it is well known that the following weighted
norm inequality for maximal operator M,

(1.1) f M ()] w(x)dx < K f IfOIPw(x) dx,

n

with p € (1,0) and K being a positive constant independent of f, and the weak-type weighted
norm inequality in the endpoint case p = 1,

(1.2) w({x e R" : M(f)(x) >1t}) < gjl;n lf(O)w(x)dx, VYte(0,c0)

p-1
< o0

are characterized, respectively, by the Muckenhoupt class A,

Ay = {w: (wla, := sup[|Q|fw(x)dxHIQlfw(x)_ﬂ]l dx

with the supremum taken over all cubes Q, and the Muckenhoupt class Ay,

Al = {w: [Wla, := esssup Mv(v(x) < oo}.

xeR? w x)

Namely, for p € (1, c0), the weighted norm inequality (1.1) holds true if and only if w € A, and
the weak-type weighted norm inequality (1.2) holds true if and only if w € A;. The original proofs
were given by B. Muckenhoupt [30] based on an interpolation argument and a remarkable self-
improving property of A, weights, which says that w € A, implies w € A,_, for some £ > 0 (i.e.,
openness property). Later, R. R. Coifman and C. Fefferman [8] gave a greatly simplified proof
by a crucial reverse Holder inequality for the A, weight. After that, an elementary proof for (1.1)
avoiding the reverse Holder inequality was provided by M. Christ and R. Fefferman [7] based
essentially on the Calderén-Zygmund decomposition. For further results concerning weighted
norm inequalities on maximal operators and singular integral operators, we refer the reader to the
series of contributions by T. Hytonen [19, 20] and A. K. Lerner [25, 28, 29].

In addition, there is an intimate connection between John-Nirenberg BMO functions, B. Muck-
enhoupt’s A, weights, reverse Holder inequalities and C. Fefferman’s H ' ~ BMO duality theorem.
This connection can be roughly described by saying that BMO consists of the logarithms of A,
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weights or BMO consists of the logarithms of weights that satisfies the reverse Holder inequality,
which further gives a new proof of C. Fefferman’s duality theorem; see [16, 33]. Indeed, the A,
weight theory has already reached a great level of perfection and has found applications in sev-
eral branches of analysis, from complex function theory to partial differential equations; see, for
example, [9, 15, 16, 18, 24, 27, 35, 36].

Due to the significance of Choquet integrals with respect to Hausdorff contents, A, weights and
the usefulness of the aforementioned weighted norm inequality for Hardy-Littlewood maximal
operators in analysis, in this paper, we are interested in identifying the conditions on the function
w under which the above weighted norm inequalities (1.1) and (1.2) remain true when Lebesgue
measure dx is replaced by Hausdorff contents dH?,, i.e., in the Choquet integral setting. Also,
we are further devoted to build up the most important properties of the class of these functions w,
including their analogues of self-improving property as in [30], reverse Holder inequality as in [8]
and P. W. Jones’ factorization theorem as in [21].

More precisely, the first purpose of this paper is to characterize the function w on R” such that
there exists a positive constant K satisfying

(1.3) fR My (@] ey dHE < K fR FCP W) dHG,

when p € (1, 00), and when p = 1,

(1.4) Waps X € R": Mygs (H() > 1 < § | @@ dHS, Vi e (0,0).
Here and thereafter,

(1.5) Wy (F) = j;w(x)dﬂfo, VY F cR",

and My is the capacitary Hardy-Littlewood maximal operator with respect to H? defined as

1
M/ 0= 0 550

f OOl dH,
0

with the supremum taken over all cubes Q containing x. In what follows, we say a function w
is a capacitary weight on R", it always means that w is locally integrable and w € (0, co) almost
everywhere with respect to the Hausdorff content 2. For simplicity, we will henceforth refer to
a capacitary weight w simply as a weight w.

To settle this problem, it might seem intuitive and immediate to adapt the aforementioned meth-
ods for the classical A, weight theory to the setting of Choquet integrals with respect to Hausdorff
contents and capacitary maximal operators. However, upon closer examination, one can find that
these approaches are not feasible and the thing is far away from immediate. A fundamental diffi-
culty lies in the absence of linearity or even sublinear property for the Choquet integrals and the
lack of countable additivity for Hausdorff contents, that is, for any non-negative functions {f;} jen

defined on E,
fE D H0dHE # ) fE £1(0) dH,.

JEN JEN
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These two quantities are even not equivalent (see [32, p. 148]). Indeed, for any M > 0, there exist
non-negative functions {f;};en and E, such that

MfEij(x)dﬂ;{, <ZfEfj(x)dﬂfo.

JEN JEN
This makes that the aforementioned crucial techniques such as, self-improving property A, =
A, reverse Holder inequality and the Calder6n-Zygmund decomposition, can not be extended
to the current Hausdorff content and the Choquet integral setting. Consequently, new techniques
and approaches are required to investigate the aforementioned weighted norm inequalities.

In this paper, roughly speaking, we are inspired by the idea used in [26] to address the char-
acterization of weight w satisfying the strong-type (p, p) inequality (1.3) and the weak-type (1, 1)
inequality (1.4). Note that A. K. Lerner [26] gave an extremely simple proof for Muckenhoupt’s
theorem that completely avoids additional ingredients and can be applied to maximal operators
with respect to a general basis. But, differing with [26] and also differing with [8, 30], we do
not use the linear properties for integrals, countable additivity for Hausdorff contents or the Fubini
theorem. Instead, starting from covering arguments, we develop a new approach which shows that,
under some suitable conditions, one can interchange the order of infinite sum with the Choquet
integral. Precisely, inspired by a wonderful idea from Calderén-Zygmund decomposition tech-
nique, we formulate and prove a “sparse covering lemma” in the context of Hausdorff contents;
see Proposition 2.10 below. Combining this crucial lemma and several other tricks, we discover
that the weighted norm inequalities (1.3) and (1.4) are exactly characterized by the capacitary
Muckenhoupt weights class A, s introduced in the present paper.

The first finding of this paper is the following theorem.

Theorem 1.1. Let 6 € (0,n], p € (1,00) and w be a weight. Then the following statements are
equivalent

(i) the strong-type (p, p) inequality (1.3) holds, i.e.,
My o LER" HE) — LER", HL)
is bounded;

(i1) there exists a positive constant K such that
K
Waps {x €R" 2 My (F)(0) > 1} < > f LFOPw(x) dHS, Vi€ (0,00),
R}'l

e, Mgp LE@R", HO) — LU (R™, HS) is bounded;

(ii1) w € Ay, i.e., there exists a positive constant A such that

1 1 | p-l
1.6 = dH® f T d 5} < A.
(10} Wi, cuhflépcw{w&@ wim 7{""}{%;2,@) Ty s

Here and thereafter, a weight w satisfying (1.6) with p € (1, o) is called the capacitary Muck-
enhoupt A, s-weight with respect to the Hausdorfl' content H? , denoted as w € Aps, and for
the precise definitions of function spaces LL(R", H?)) and L5 (R", H?), we refer the reader to
Section 2 below.

For the endpoint p = 1, we also obtain the following characterization for weight w satisfying
weak-type inequality (1.4).
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Theorem 1.2. Let 6§ € (0, n] and w be a weight. Then the following statements are equivalent
(1) the weak-type (1, 1) inequality (1.4) holds, i.e.,
Mg+ LR, HE) — Ly (R, H)
is bounded;

(i1) w € Ay, i.e., there exists a positive constant A such that

(1.7) [wla,, :=inf {K € (0,00) 1 My w(x) < Kw(x) for HC —almost everywhere} <A.

Here and thereafter, a weight w satisfying (1.7) is called the capacitary Muckenhoupt A, s-
weight with respect to the Hausdorft content, denoted as w € Aj 6.
Below are three comments on Theorems 1.1 and 1.2.

Remark 1.3. We point out that Theorems 1.1 and 1.2 revisit the classical Muckenhoupt theroem
for maximal operator M. Recall that when 6§ = n, the Hausdorff content HZ. is equivalent to
the Lebesgue measure, namely, there exists positive constants K;(n) and K»(n) such that, for all
measurable subset £ ¢ R”,

Ki(n)yHL(E) < |E| < Ka(n)HL(E),

which is essential obtained by the equivalence between the n-Hausdorff measure and the Lebesgue
measure; see L. C. Evans and R. F. Gariepy [11, Chapter 2.2] for the detail. In this case, the
capacitary Hardy-Littlewood maximal operator Mg, goes back to the classical Hardy-Littlewood
maximal operator M and the capacitary Muckenhoupt weights class A, , is just the classical
Muckenhoupt class A, for Lebesgue measurable weight functions. Thus, when 6 = n, Theorems
1.1 and 1.2 return exactly to the classical Muckenhoupt theorem, that is, the maximal operator M
is of strong-type (p, p) for p € (1, c0) if and only if w € A, and is of weak-type (1, 1) if and only
ifwe A1 .

Remark 1.4. To show Theorems 1.1 and 1.2, we develop a new approach in the Choquet inte-
gral setting where the classical methods no longer apply. Moreover, even when returning to the
classical A, weight setting, the approach developed in this paper for proving Theorems 1.1 and
1.2 provides new and broadly applicable proofs, which avoid linearity of integrals, the countable
additivity of measures, or the Fubini theorem.

Remark 1.5. Similar to the classical A, weight, the new introduced capacitary Muckenhoupt
weight class A, s is monotonically increasing on the first index p, i.e., Ap, 5 C Ap, s when 1 <
p1 < p2 < co. Anunexpected phenomenon is that the class A, s also enjoys the strict monotonicity
on the dimension ¢ of Hausdorff contents; see Proposition 2.15 below.

One of the main novelties of Theorems 1.1 and 1.2 lie in the fact that the dimension ¢ of the
HausdorfF content H?, is allowed to be strictly less than n. Indeed, the case of § € (0, n) is more
delicate. In this setting, the Hausdorff content H°, may be identified with the standard definition
of an outer measure. However, the set function 7-{(‘;, when 6 € (0,n), can not be restricted to
a nontrivial sigma algebra so as to be an additive measure there. In fact, it fails to be, what in
measure theory is called, a “metric outer measure”; see D. R. Adams [1]. Notice that the theory
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of classical A, weights has had quite a success, which is, in part, a consequence of the theory of
classical A, weights carries through to the situation in which Lebesgue measure dx is replaced by
a general doubling measure w(x) dx. That is, under the Lebesgue integral setting, via the Fubini
theorem, for any non-negative measurable function w and f € L] (R"), it is easy to see

f F@IWe) dx = f FODldw,
R Rn

Then one can show that, when w € A, w(F) := fF dw, with F ¢ R", is a new measure satisfying
doubling condition: w(2B) < Cw(B) for any ball B € R"*. But, in the case of Choquet integrals
with 0 < ¢ < n, the following kind of the Fubini theorem

f f B FOx, Ow(x) dt dHS, ~ f ) f(x, Ow(x) dH, dt.
R* JO 0 R

fails in general [see Remark 2.9(ii) below], and hence the equivalence

(1.8) | @) dHS, ~ M @ldwyg

does not hold for general weight w [see Remark 2.9(i) below], where Wapo. is defined as in (1.5).

Surprisingly, given p € [1, o), we discover, in Proposition 2.7 below, that the condition w €
Aps ensures (1.8). This is unexpected compared to the classical situation and is also one of the
key points in this work. The main idea behind the proof of (1.8) can be summarized as follows.
Letw € Ay and

Ec:={xeR": 27 < |f(0lw(x) < 2"}, VkeZ

Then we find that the sets G; := {x e R" : 2171 < w(x) < 27}, Vj € Z, satisfy Ey = Ujez(Ex N G))
and, more importantly, we obtain the following inequality

D TH(ECN G)) s HL(ED),
jeN

which may be invalid when 6 < n for an arbitrary sequence {G j} jcz.
As another obstacle for the case ¢ < n, it is typically invalid that there exists a constant K such

that if Oy, ..., Q,, are non-overlapping dyadic cubes and f > 0, then
m
S| I aHe, < K f () dHE,.
=1 Y0 UL Qi

This can be shown by subdividing the interval [0, 1] in 2" equal intervals, with m large enough and
taking f = w = 1 (see [32, p. 148]). Nevertheless, this inequality, even in the Lebesgue integral
setting, is also essential both in establishing the characterization for weighted strong-type and
weak-type boundedness. To overcome this difficulty, we propose a weighted packing condition
(see Lemma 2.6) and prove a “sparse covering lemma” in the context of Hausdorff contents (see
Proposition 2.10). Applying these key techniques, in Proposition 2.12, we show that there exists a
positive constant K such that

(1.9) Do | e aHg < K f w0 dHC,,

jeN 0; Ujen@Q;
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where {Q;} je is a family of non-overlapping dyadic cubes of R" satisfying the weighted packing
condition: there exists a constant 5 € (0, co) such that, for each dyadic cube Q,

D Wi (Q)) < By (Q).
Q;cO

The inequality (1.9) plays a central role in partial substituting the linear property on the weighted
Choquet integrals and hence we can prove Theorems 1.1 and 1.2. Here, we point out that the
“sparse covering lemma” established in Proposition 2.10 seems to be new even when reduced to
the classical setting, i.e., 6 = n, with independent significance and potential applicability to other
contexts.

As an application, we obtain the following weighted norm inequalities for classical Hardy-
Littlewood maximal operators M on Choquet integrals by an interpolation argument.

Corollary 1.6. Let 6 € (0, n].

1) If w € Aps with p € (1,00) and q € [%6, 00), then there exists a positive constant K such
that

MO dHE < K [ 1ot dHe.
R” R?
(i) IfweAjsand g € (%, 00), then there exists a positive constant K such that
IMFOOIIW() dHE, < K| 11 Iw(x) dHY,.
R? R?

(iii) If w € Aps with p € [1,00) and g € [%6, 00), then there exists a positive constant K such

that
K
g (¥ R s MA@ > ) < 3 fR O dHE

The second objective of this paper is applying the new approach developed in this paper to
further study the properties of capacitary Muckenhoupt weight class A, s with full range p €
[1,00) and 6 € (0,n]. To this end, we first establish the reverse Holder inequality for A, s—
the deepest and most significant part of the whole theory—which naturally extends the seminal
inequality of R. R. Coifman and C. Fefferman [8, Theorem I'V]. It should be mentioned that reverse
Holder inequalities also serve an important role in such diverse areas as quasiconformal mappings
(see, for example, F. W. Gehring [17]) and certain refined estimates for elliptic partial differential
equations (see, for example, E. Fabes, D. Jerison and C. Kenig [12] and also R. Fefferman [14]).
Indeed, the reverse Holder inequality appeared in the renowned work of F. W. Gehring [17] in the
following context: If F is a quasiconformal homeomorphism fron R" into itself, then |det(VF)|
satisfies a reverse Holder inequality.

The validity of the reverse Holder inequality as follows for w € A, s requires the weight w to
be H? -quasicontinuous, which ensures that the class of bounded continuous functions is dense in
LY(E, H2) with 6 € (0,n] and E c R”. This condition is natural (once this condition is removed,
the density breaks down; see [1, p. 15, Proposition 1]) and we also show its necessity in some
sense through Counterexample 4 below. For the precise definitions of H? -quasicontinuous, we
refer the reader to Definition 4.1 below.
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Theorem 1.7. (The reverse Holder inequality) Let 6 € (0,n], p € [1,00) and w € Aps. If
w is HC -quasicontinuous, then there exists positive constants K = K(n,§, p, [w] A,s) and y =
Y, 6, p, [Wla, ;) such that, for every cube Q,

1 T+y K
11 1+)/ ) < f 6.
(10 [wi(@fQW(x) dﬂ""] =@ Jo "

We should point out employing this reverse Holder inequality, one can also show the above
Theorems 1.1 and 1.2 as done in [8]. Even along this route, one must still overcome the difficulties
arising from the lack of the Fubini theorem and the nonlinearity of Choquet integrals, as discussed
above.

Having established the crucial reverse Holder inequality for the capacitary Muckenhoupt weight
class A, s, we now proceed to some important applications. Among them, the first result yields
that if w € A, s and w is HZ -quasicontinuous, then automatically w'*” € A, 5 for some y > 0.

Corollary 1.8. Let 6 € (0,n], p € [1,00) and w € Aps. If wis H -quasicontinuous, then there
exists a positive constant y such that w'*? € Ap s

Building upon the reverse Holder inequality, we infer the following important self-improving
property of A, s, which generalizes the openness property of the classical Muckenhoupt A, class
originating from B. Muckenhoupt [30].

Theorem 1.9. (Self-improving property, openness property) Let 6 € (0,n], p € (1,00) and w €
Aps. If wis HC -quasicontinuous, then there is a g = q(n, 8, p, [w] A,s) With 1 < g < p such that
w e ﬂq’(s.

An application of Theorem 1.1 enables us to build up a complete analogue of the Jones fac-
torization theorem within the A, s framework, which is a non-trivial extension of the celebrated
result developed by P. W. Jones in [21].

Theorem 1.10. (The Jones factorization theorem) Let 6 € (0,n] and p € [1,00). Then w € A5 if
p

and only if there exist two weights wg, wi € A} s such that w = wowi_ .
Remark 1.11. We emphasize that the classical methods fail to establish the last three theorems
due to bad properties of the Hausdorff content. Instead, we employ the new approach developed
in the proofs of Theorems 1.1 and 1.2. Therefore, these theorems naturally extend the classical
theory of [8, 21, 30], and simultaneously their proofs provide novel proofs—even when reduced to
the classical Muckenhoupt A, weight case (i.e., 6 = n)—that avoid the use of the Fubini theorem,
the countable additivity of measures and linearity of the integral.

Finally, combining Theorems 1.1 and 1.7, we characterize the boundedness of the operator
Mg on the weak weighted Choquet-Lebesgue space L2 (R?, H2) via capacitary Muckenhoupt
weight class A, s as follows. To the best of our knowledge, this result appears to be new even
when restricted to the classical Muckenhoupt A, weight setting.

Theorem 1.12. Let § € (0,7n], p € (1, 00) and w be a H -quasicontinuous weight on R". Then the
maximal operator
My o LYSR, HE) - LETR", HE)
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is bounded, i.e., there exists a positive constant K such that, for any f € LE(R", H?),

(L11) Mo s iy < K Wl

if and only if w € A 5.

The paper is organized as follows. In Section 2, we mainly give some fundamental properties of
Choquet integrals, capacitary Muckenhoupt weights and several required lemmas in the following
proofs. In particular, we give an example of capacitary Muckenhoupt A, s-weight function and
show that the new weight class A, s enjoys the strict monotonicity on the dimension index ¢ of
Hausdorft contents in the end of Section 2. In Section 3, we prove Theorem 1.1, Theorem 1.2 and
Corollary 1.6. Section 4 is devoted to showing the reverse Holder inequality and self-improving
property for the A, s-weight. To achieve this, we establish a estimate for the capacity of a upper
lever set for weight w € A, 5 (see Lemma 4.9) by using the Calder6n-Zygmund decomposition
corresponding to Hausdorff contents. As applications, in Section 5, we build up the Jones factor-
ization theorem within the A, s framework and show Theorem 1.12.

Throughout the paper, the notation f < g (resp. f = g) means f < Kg (resp. f > Kg) for a
positive constant K independent of the main parameters, and f ~ g amounts to f < g < f. We
also use the symbol K(a, 8, ...) to denote a positive constant which depends on the parameters
a, B,... but may vary line to line. Also, we denote by 1g the characteristic function of set £ C R".

2 Preliminaries and Fundamental Tools

In this section, we first recall the definition of Choquet integral for a general capacity and then
give some useful and basic properties with respect to Choquet integrals in Subsection 2.1. Then,
via weighted packing lemma and sparse covering property, a substitute for the Fubini theorem and
a substitute for the linearity of Choquet integrals are established in Subsection 2.2 and Subsection
2.3, respectively. Finally, we give an example of capacitary Muckenhoupt A, s-weight function
and show that the new weight class A, s enjoys the strict monotonicity both on the first index p
and the dimension index ¢ of Hausdorff contents in the end of this section.

2.1 Capacity and Choquet Integrals

A real-valued set function C, defined on all subsets of R”, is called a capacity, if it satisfies the
following conditions:

(i) C(®) =0 and, for any set E c R", C(E) > 0;
(ii) If E c F, then C(E) < C(F);
(iii) If E = U2, Ei, then C(E) < 32| C(E)),

i.e., C is a non-negative, monotone and countably subadditive set function.
Let C be a capacity. Then, for any subset £ C R”, the Choquet integral of a non-negative
function f on E is defined by setting

ff(x) dC := fm Clx e E: f(x)> A})dA.
E 0
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Since C is monotone, then, for any function g defined on E, its distribution function in the sense
of the capacity

A CHx e E: |g(x)] > A})

is decreasing on A € [0, o). Thus, we easily find that the above distribution function is measurable
with respect to the Lebesgue measure. Therefore,

foo C{xeE: |gx)|>A})dAa
0

is a well-defined Lebesgue integral and hence the Choquet integral is also well defined. Based on
this, for any p € (0, 00), the p-Choquet integral with respect to the capacity of a function f on E
is defined by setting

1 lzrec) = [L Lf ()P dC]p

In what follows, for any p € (0,00) and E C R", we use L”(E,C) to denote the space of all
functions f on E such that the quasi-norm || f||z»,c) < oo, and use L*(E, C) to denote the space
of all functions f on E such that the quasi-norm

Wl c) == 1nf{t ClxeE: |f(x)]>1}) =0} <oco.

Denote by Ll . (R, C) the set of all functions satisfying that, for any compact set £ C R",
f e L\(E,O). For a capacity C and f € Lloc (R™, C), the capacitary Hardy-Littlewood maximal
function Mcf of f is defined by setting, for any x € R”,

Mef = sup o f Tore

where the supremum is taken over all cubes Q of R" containing x (see [5]), which seems to be
more suitable for studying problems in capacitary setting.
The following basic properties of the Choquet integral can be found in [1].

Remark 2.1. (i) (The Holder inequality) Let C be a capacity and p € (1, 0). Then, for any
functions f and g on R", we have

f If(x)g(x)IdCs2( f If(x)l”dC)p ( f |g(x)|qdc)",
R® R IR

where L + 1 =1,
P q

(ii) Let C be a capacity, N € N, E Cc R”, and { fj}?’: , be a sequence of functions defined on E.

Then
N N
f dCSNZf|f,(x)| dc.
E|'= ‘o JE

i(x)




12 LoNG HuanG, YANGzHI ZHANG AND CIQIANG ZHUO

Remark 2.2. Let C be a capacity and E C R". For any f € L*(E, C), it is not difficult to obtain

oo = 1 f
lfllz=(E.,C) C(}En) o{ sup |f(x)|},

0=0 {xeE\E,

and, moreover, there exists a subset E C E with C(Ey) = 0 such that

Wfllz=E,cy = sup [f(x).
XGE\Ef

We point out that, compared with Riemann or Lebesgue integrals, the Choquet integral with
respect to the Hausdorff content 2, has the following significant differences:

(i) The Choquet integral is a nonlinear integral, that is, for any non-negative functions f and g
onk,

@.1) f FOdHC, + f o(x) dH, # f L) + g0 dH?,
E E E

32[ f F(x)dHS, + f g(x)d?{go}.
E E

(i) Choquet integrals are well defined for all non-measurable functions with respect to the
Lebesgue measure.

It is well known that some common examples of capacities include the Hausdorft content, the
Riesz capacity and the Bessel capacity (see [1]). In this paper, we focus our attention on the
Hausdorff content % . Moreover, for any weight w on R” and 6 € (0, n], it is not hard to see that
wqg asin (1.5) is also a capacity.

Remark 2.3. Let 6 € (0, n].

(i) For any cube Q of R”, we have H’ (Q) = [I[(Q)]° and, for any ball B(x, r) with x € R” and
r € (0, 00), HS (B(x, 1)) ~ r°. Generally, for any k € {1,2,--- ,n—1}, if W is a k-dimensional
cube with side length / in R", then

%, when 6 € (0, k],

) —
Ho(W) = {O, when 6 € (k, n];

moreover, if O is a n-dimensional cube with side length / in R” satisfying W C Q, then, for
0 € (0, k] and any subset E of R” with W Cc E C Q, we have

HO(E) = P.

Indeed, when ¢ € (0,k], obviously HS (W) < I°. On the other hand, for any sequence
{Q}; of cubes in R" satisfying W < (J; Q;, we have ¥ < ¥ ,[I(Q;)]¥, which implies ° <
Zj[l(Qj)]5. Therefore, HS (W) > [° and consequently HS (W) = I°. When § € (k,n],

mk
J=1

length % such that W c U;f’:kl P, we find that HS,(W) < m*=%[° and hence HS,(W) = 0 by
taking m — oo,

observing that, for any m € N, there exists a sequence {P;}"", of cubes in R" with side
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(i1) Let 7730 be the dyadic Hausdorff content, which is defined by the same way as H? but
with cubes coverings {Q;}; replaced by dyadic cubes coverings. Then there exists a positive
constant K(n, ) such that, for any subset £ C R”,

HC (E) < HO(E) < K(n, )H(E).

This equivalent Hausdorff content was proved to be a capacity in the sense of Choquet; see
[2]for6 € (n—1,n] and [37] for 6 € (0,n — 1].

(iii) By the definition of H? and the Choquet integral, we have, for any sequence {E i}jenr of
subset in R”,
f FEldHE, < ) f FEIHE,.
UjeNE JjeN

(iv) By (2.1), we know that the Choquet integral with respect to H2, is not sub-linear. However,
using the equivalence of H¢ and 77;50, and the sub-linearity of the Choquet integral with
respect to 77130 (see [1, p. 13, Theorem 1]), we conclude that there exists a positive constant
K(n, 6) such that, for any non-negative functions {f;} jex defined on E,

f > FdHE < Kn.6) Y| f £ dHC,

JEN JEN
(v) For any weight w and subset £ C R", we define the weighted Choquet-Lebesgue space
LE(E, HS), with p € [1, ), as the set of all functions f satisfying

1
4
1l e = { f P W) dﬂi} < oo,
E
and the weak Choquet-Lebesgue space L™ (E, H?) as the set of all functions f satisfying
1Al ey = sup I(W(Hé x€E: [f)| >t ))

where wgs 1s as in (1.5). Also, we define the space L, (E, H? ) as the collection of all
functions f satisfying

”f”Loo(E(]_[b) = inf({r > 0 : W(Ho {xeE: |f(x)>1})=0}) < oo.

2.2 Weighted Packing Condition and Substitute for the Fubini Theorem

In this subsection, by proposing a weighted packing condition, we mainly prove, in Proposition
2.7, that the weighted Choquet integral can be equivalently viewed as a Choquet integral with
respect to the new capacity wqs . We begin with the following doubling properties of the capacitary
Muckenhoupt weight.

Lemma 2.4. (Doubling property) Let 6 € (0,n] and p € [1,00). If w € A5, then for any cube Q
of R" and any subset E C Q,

2.2)

HY (E) ]” Wy (E)
<2PF _
[wgi@) =S e ()
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moreover, for any t € [1, ), we have
Wags (10) < 2P (Wl 17 Wygs (Q).
Proof. Letw € A 5. Then by definition, for any cube Q of R” and H? -almost everywhere x € Q,
we have
Wq{;;(Q)

HL(Q)
Then, for any subset E C Q, by taking Choquet integral over E with respect to H’,, we obtain
(2.2) in this case.
When w € A, s with p € (1, 00), applying the Holder inequality, i.e., Remark 2.1(i), we find
that, for any function f on R",

5
(fHé ) f EoldTts )
5 --L 5
= 2PW |:f |f(X)|pW(.X) d(]'[oo] [L W(X) P d(l'{m:|

O] 1 1
_ ruart |2 o [ ane
{Wwé @ Jo } 0 |\ 2@ Jo "™

)
<2F [W]ﬂp,(s—wwi(Q) fQ [f P w(x) dH,.

< [wla, sw(x).

p-1

p—1

Applying this, we then obtain (2.2) by letting f := 1 for any subset £ C Q.
On the other hand, observe that, for any cube Q of R” and ¢ € (0, o), HS (tQ) = PH?,(Q) due
to Remark 2.3(i). Then it follows from (2.2) that, when w € A, s with p € [1,00) and 1 € [1, 00),

Wags (1Q) < 2P W, 17 Wy (Q).
This finishes the proof of Lemma 2.4. O

Lemma 2.5. Let 6 € (0,n], @ € (0,0), w € Ay 5, and Q be a cube of R". If {Ex}ien is a sequence
of non-overlapping subsets of Q satisfying
(2.3) D Wy (B < awygs (0),

keN

then it holds that
DT HIL(E) < alwla, HE(Q).

keN
Proof. By the definition of A 4, it is not difficult to know that, for the given cube Q,
(2.4) W (DNW Ml oo 000y < W, ,HE(Q).

Then, by (2.3), we obtain

Z?—{fo(Ek):Zf 1dH], <Zf w(x) dHLIW o, 902,

keN keN keN
) -1 -1
<> f W) dHE W g0y < W (DIW o000
keN Ey

< C[[W ﬂ],gq{go(QL

which completes the proof of Lemma 2.5. O



CAPACITARY MUCKENHOUPT WEIGHTS AND WEIGHTED NORM INEQUALITIES 15

We remark that it is interesting to clarify whether or not the corresponding conclusion in Lemma
2.5 holds true for w € Ay s with p € (1, 00). The weighted packing condition is stated as follows.
It is a generalization of J. Orobitg and J. Verdera [32, Lemma 2] and is of vital importance in this

paper.

Lemma 2.6. Let 6 € (0,n] and w be a weight. Assume that {Q} jen is a family of non-overlapping
dyadic cubes of R", then there exists a subfamily {Q jv}\l)\/:]’ with positive integer N < 0o or N = oo,
satisfying

(i) for any dyadic cubes Q,

Z Was (Q),) < 2wy (Q);
Qj,cQ

(1) the inequality

N
W [U Qj] <2 ) Wy (@)
v=1

JjeN
Moreover, if w € A, s with p € [1, 00), then

(iii) for a family {P;}jex of non-overlapping dyadic cubes of R" satisfying P; C tQ; with any
j €N and some t € [1,00), it holds

N
W [U P j] < 2P g, 170 Z W (Qj,)-
v=1

jeN
Proof. Let ji = 1. Then obviously we have, for any dyadic cube Q of R" with Q;, C Q,

D Wy (@) = Wy (Q) < 2wy (Q).

Q;,cOv<I
Now we assume that {ji, jo, ..., jx} have been chosen such that, for any dyadic cube Q,
DT wpe(Q)) < 2wy (Q).
QjVCQ,VSk

Then ji4 is defined to be the first index from {ji + 1, jx + 2, ...} satisfying that, for any dyadic
cube Q,
Wage (Q},) < 2wys (O).
Q;,CQv<k+1
By induction, we obtain a subfamily {Q jv}}vvzl satisfying (i).

Next, we prove (ii). For any Qy € {Q j};’.‘;l\{Q jv}{:’: ,» we may assume that j,, < k < jy1 for
some m € N. Then, by the proof of (i), we find that there exists a dyadic cube Q; such that
Ok C O and

Do W (Q4) + Wy (Q1) > 2w ().
ijcQZ,VSm

Thus,
W (QF) < Z Wy (Q),) < Z Wy (Qj,)-

0;,COv<m 0;,c0;
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Consider the maximal dyadic cubes of the family {Q;} keN\((in) )2 denoted by {é;}k. Then

(el

moreover, by the maximality of {Q’;}k and the properties of dyadic cubes, we know that

N

2.6) Diwss @D DT DT W (Q5) < Y Wy (Q5):
k

k 0, Cé]f: v=1

From this and (2.5), we infer that

o N N
Wage [U Qj] < Z Wq.[g'o(ij) + Z W'Hg{)(é/t) <2 Z W‘H{E;,(ij)‘
j=1 v=1 k v=1

Therefore, (ii) is proved.
For (ii1), applying Lemma 2.4, (2.5) and (2.6), we have

N
Was {U Pj] < Wogs [U IQ]'] < Z W‘H(‘L(tij) + Z Wq—{fq(tQZ)
JjeN JEN v=1 k

N
< 2p[W]‘7[p’6lp5 {Z WW&(QJL) + Z Wr}_[go(é]t)
v=1 k
N
<27 Wl 7 ) Wi ()
v=1

This finishes the proof of Lemma 2.6. O

The following proposition plays a pivotal role throughout the paper, which fills the gap left by
the absence of the Fubini theorem in the weighted Choquet integral setting.

Proposition 2.7. Let 6 € (0,n], p € [1,00) and w € Ay s. Then there exists a positive constant
K(p) such that, for any f € L1 (R", H2),

1 1
7 ), e dH, < |l dwgg < Ky, fR f () dHY,

Proof. We prove this proposition by two steps. To this end, for any j € Z, let
Fj={xeR": 2771 <|f(x)] < 27).

Step 1) We first show that

en [ remwdr < Y [ femedHe < kel [ 1o dHe.
RA F; 2 JRn

JEZ
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This is a consequence of

2.8) f FOlw(x) dH, < K(p) w]yI ) f FOlw(x) dHS,

JEZ

since the first inequality of (2.7) is obvious by the facts that

= JFi| Jixer": [fl = oo} J{xeRr": |fw) =0},

JEZ
and HO({x e R" : |f(x)| = = 0.
Define

G ={xeR": 2" < w(x) <21}, VieZ
and

={x eR": 22 < |f(0)lw(x) < 2%}, VkeZ
Then we have

2k 2
2.9) Z kO (E) = 8 Z f (x € Ex: [fw)| > 1)) dt
keZ keZ

<8 f Fw(x) dHL,.
Rn
Moreover, for any j € Z,

FJ-CU(EkﬂGk_J-)U{xeR”:w(x)zO}U{xeR”:w(x):oo}

kezZ

and

He ({x € R" : w(x) = 0)) = 0 = Ho({x € R : w(x) = oo}).

Thus, we have

@10 f W) dHE, < D 2wygs (F) < D20 3 wygs (Ex 0 Gicy)

JEZ JEZ j€Z  keZ
- Z f 2iw(x) dHS,
kez jez ¥ ExNGi-j
< Z f 27 2kT qO
k€Z jeZ ExnGi-j
= > 23 HLENG)).
kezZ JEZ

Therefore, to prove (2.8), combining (2.9) and (2.10), we only need to verify that, for any k € Z,

.11 D HAENG)) < K(p)iwlly H(ED).

JEZ
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For any k € Z, by (2.9), we have HY (E;) < co. Without loss of generality, we may assume that
HO (Ey) > 0. Then there exists a family {Qk m}men of cubes of R" such that

(2.12) Ecc ) Qm
meN
and
(2.13) D HE(Qum) < 2HL(ER).
meN

Furthermore, there exists a positive constant K(p) such that, for any k € Z and m € N,
5 7 5
2.14) D HA( Qi N G < KWl HE(Qrm).
JEZ
Indeed, when w € Aj 5, since
Z f w(x) dHS, < 4‘[ w(x) dH?,,
jEZ Qk,mmGj Qk,m

it follows from Lemma 2.5 that (2.14) is true. When w € A, 5 with p € (1, o), we first have, for
any k€ Zand m € N,

(2.15) Z VHS (Qum NG ) < 2 Z f

JEZ jez, ¥ QkmNG;

w(x)dHS, < 8 f w(x) dHS,
Qk,m

and

2
-1

- L 2 L
D TTH(Qm NG < Y f W) 7T dHS, < f W) 7T dHS,
= jez ¥ QkmG 27T — 1 YOk

Then, from this, (2.15) and the Holder inequality with 1‘; + [% = 1, we deduce that, for any k € Z
and m € N,

> HL(Qm N G)
JEZ
1 1
) p j P
<| D YHU QNG| | )2 T HLQun N G))
JEZ JEZ

1 v
w(x) 7T d?(fo]

< K(p) [ f wi(x) dﬂi]p [ f
) )

< K(p)wll HL(Qim).
p,0
which means that (2.14) also holds true for p € (1, o).
Combining (2.12), (2.13) and (2.14), we further conclude that, for any k € Z,

DIHUENG) < Y Y HLQim N G))

JEZ meN jeZ

<KW | > HA(Qum) < KDWY, HE(ED.

meN

k.m k,m
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This is just (2.11). Therefore, (2.8) holds and hence (2.7) is true.
Step 2) We show that

2.16) f PO dHE <4 [ 1wy <8 f GO0 dH,
JjE€Z JjE€Z

Obviously, we have

f LfC0)Iw(x) dHS, < ZZJW(H‘5 (Fj) < ZZf LfCO)Iw(x) dH,.

JEZ JEZ JEZ
Thus, to verify (2.16), we only need to prove that
(2.17) f FE) dwygy < D 2wy (F)) < 4 f ()] dwygs
JEZ

Since
wap ({x € R 1 |f(x)| = oo}) =0,
it follows that

[ ETTTEDY f g < gy (F.

JEZ JEZ
On the other hand, it is easy to know that
2771

ZZJW(H(s(F)<4Zf W ( (xeFj:|f(0)|>1)dt

JEZ JEZ

2/-1
§4Zf2 o ((x € R 2 [f(0)] > 1)) dr

ez vV
=4 | 1f )l dwyg,
Rn
which implies (2.17). This completes the proof of Proposition 2.7. O

Remark 2.8. Let 6 € (0,n] and E C R”". Then, as a special case of Proposition 2.7, we find that,
for any f € L'(E, H?),

[ renare <Y

kez v Ex

OOl dHE, < 4 f OOl dH?,
E

where, for any k € Z,
Ec:={xeE: 2" <|f(x] <24

Moreover, the corresponding conclusion also holds true with H?, replaced by wqp as in (1.5).

Remark 2.9. (i) We point out that, in the case of § = n, it is easy to find that

(2.18) fR Af@ldwy <K fR fCbwo dHE
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for any non-negative measurable function w and any measurable function f, where K is a
positive constant independent of f and w. However, when ¢ € (0, n), it is impossible to find
a positive constant K such that (2.18) holds uniformly even for any capacitary Muckenhoupt
weight w. Here we construct a counterexample.

Counterexample 1. Let (£ j};'; , be a sequence of non-overlapping left-open and right-
closed cubes of R" with side length 1 satisfying U;‘;l E; = R". For any m € N, divide each

E; into m" congruent left-open and right-closed subcubes Eiq L (k=1,2,...,m") with side
length % For any x € R", let

fin() —22" 11,51 (@ and wy () : iiz (k- 1>1

k=1 j=1 k=1

Then
f Fn(OWi(x) dHS, = f Lg, (x) dHS, = HL(E) = 1
R’l R’l

and, for any m € N, we have w,, € A, s for all p € [1, c0). Now, for any k € Z, let
Fai = {x e R": 28 < | £, (0] < 24}

Then by Remark 2.8, we find that

fR ST TSWESSY f O dOwm)ges

keZ
1" 1!
2 g Z (Wm)q—(fo(Fm,k) = g (El k+1)
k=0 k=0
1" 1, 1
=— > (=) =-m"?,
8 m 8

which tends to infinity as m — oo due to 0 < § < n. Hence, there is no constant K satisfying
(2.18) for 6 € (0,n).

The reason why (2.18) does not hold uniformly for weights w in the case 6 € (0, n) seems
to be the lack of the Fubini theorem in the framework of Choquet integrals with respect to
Hausdorft contents. To better understand this, we construct the following counterexample.

Counterexample 2. Forn = 1,let 6 € (0,1) and 8 € (0,1]. For any m € N, let E,,x =
(&L E) vk e(1,2,...,m}, and, for any x € R, let

m m

Fn(x) = Z Mg, (1) and  wy(x) = Z 27 k=DB1 ().

k=1 k=1

Additionally, we define

(r.y) 1= Win(X)(xer: £, (0591 (%, ), when x € R, y € (0, 00),
" 0, when x € R, y € (-0, 0].
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(iii)

Then
f [ f Fo(x,y) dﬂi(y)] dHE () = 1,
R R

and )
f f Fm(-X, y) d‘Hfo(x) d?{fo(y) > 2 - 1m1—6,
R [JR 228

which tends to infinity as m — oo. Therefore, the following two Choquet integrals

f [ f Fm(x,y)dwiw} dH(x) and f [ f Fm<x,y)dwgi<x>] dHE ()
R R R R

are not equal even when a constant multiple is permitted.

However, we point out that, in the following special case, the order of integrals correspond-
ing to the Hausdorff content 2, can be interchanged. Let w € Aps. Then, by Proposition
2.7, we have, for any function f on R",

f ) j; 1pernifoolsn (OW(x) dt dHS, = . |f0)lw(x) dHY,
- fo Wy (I €R" ¢ |F(0)] > )y d

~ fo fR 1rerm) foofsn (OW(x) dH, dt.

However, this estimation is obviously true in the Lebesgue integral setting for measurable
function f and non-negative measurable function w and hence

lfOwx)dx = | [f(x)ldw.
R R®

We remark that (2.18) may still not hold even for a fixed weight w. To show this, we give a
counterexample as follows.

Counterexample 3. Let § € (0,n — 1] with n > 2. For any k € N, define

k=1 _ 1 2k—1)

E; :=(0,1]X(O,I]X---X(O,I]X(W’T

n—-1

and
E:=(0,11x(0,1] x ---x (0,1]x(0, 1).

n—1

Then, by Remark 2.3(i), we have HC (E) = 1 and, for any k € N, H2 (E;) = 1. Now, let

Sken 271, (), when x € E,
w(x) =
1, when x € R"\E

and

f(x) = Z 21, (x), YxeR"

keN
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Then it is not difficult to find that
FOw(x) dHS, = f 1z(x)dHS =1
Y R”
On the other hand, for any k € Z, let
Foi={xeR": 2 <|f(x)] < 24}

Then Fy = Ej for k € N and, F; = 0 otherwise. Thus, by Remark 2.8, we have

f O dwyg = 5 f f@)ldwyp = —Zz Wage (Ep) = 21_00

keZ keN keN

Let 6 € (0,n) and w be a given weight. Then (2.18) holds for any f € L (R", H?) if and
only if there exists a positive constant K such that, for any cube Q c R”,

1
(2.19) f—dw s < KH (Q)
o W) T
if and only if there exists a positive constant K such that for any £ C R”,
(2.20) D HI(E N Ey) < KHL(E)
keZ

where, forany k € Z, E ;= {x e R": 21 < y(x) < 25).

Proof. We complete the proof by showing (2.18):(2.19):(2 20)=(2.18). Indeed, if
(2.18) holds true, then for any cube Q c R”, by letting f(x) := e )IQ(x) we obtain (2.19).
If (2.19) holds true, then by an argument similar to that used in Remark 2.8, we know that,
for any cube Q c R",

@21) Y HAQNE) = ) HUQNEr) <2 ) 2 wys (Q N Ery)

keZ keZ keZ
1
<2 dwaSSf dwgp < HE(Q).
é ONE | W(]C Heo W( ) Heo

For any E c R”, without loss of generality, we may assume that H’ (E) € (0, ). Then
there exists a family {Q;} jen of cubes in R" such that E C (e Q; and

DTHIL(Q)) < 2HE(E).
JjeN

Combining this with (2.21), we conclude that

DIHUENE) < Y Y HLQ N E) < ) HLQ)) < HLE).

kez keZ jeN jeN

Therefore, (2.20) holds true. Finally, if (2.20) holds, then by (2.11) and an argument similar
to that used in the proof of Proposition 2.7, we obtain (2.18). O
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2.3 Sparse Covering Property and Substitute for the Linearity of Integrals

Inspired by the wonderful idea from Calderén-Zygmund decomposition technique, in this sub-
section, we formulate and prove a “sparse covering lemma” in the context of Hausdorff contents
as follows, which is of central importance to this paper, and has its own independent significance
and potential applicability to other problems. Using the sparse covering lemma, with a weighted
packing condition, we build up Proposition 2.12. It serves as a partial substitute for the linearity
property, which generally fails to hold for Choquet integrals.

Proposition 2.10. Let § € (0,n] and E be a subset of R" satisfying ‘ﬁfo(E) < o0, Then there exists
a subset F C R" and a family {Q} jex of non-overlapping dyadic cubes in R" such that

(i) E € (Ujar @) U F and HL(F) = 0;
(i) 3 e HO(Q)) < 2HI(E);
(iii) for any j € N, we have H2(Q;) < 3H°(Q; N E).

Proof. We may assume that ﬂfo(E) > 0, otherwise there is nothing to prove. According to the

definition of the Hausdorff content 7730, we know that there exists a family {P;} e of dyadic cubes
such that

(2.22) Ec U P; and Zﬁi(Pj) < 2HY (E).
JjEN JEN
Let _ _
Ar = {jeN: HLP) < 3HLP; N E)).
Ay:={jeN: HL(P;NE)=0]
and

Aj = {jeN: O<77§0(PjﬂE)<%(ﬁfo(Pj)}~

Then we have

(2.23) E:U(Pan)C[U Pj]UG1UB1,

JEN JEA]

where

G = J®inE) and B = JP;nE).
JEA3 JEA2

It is easy to see that H,(B;) = 0 and, by (2.22), we have
_ _ 1 _ 9
(2.24) HE (G < Y HLP N E)) < 3 Y HAP) < SHE(E).
JEA3 3 jeN 3

For any given j € Az, by the definition of the Hausdorff content 7?((‘,50(P i N E), there exists a
family {P;}ren of dyadic cubes such that

(2.25) PinEcC U Pjx and Zfﬁfo(Pj,k) < 2H’ (P; N E).
keN keN
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Moreover, we may assume that, for any k € N, P;; N (P; N E) # 0, and hence P;; C P;. Similar
to the above argument, we let

Ajr = (ke N s HOLP) < 3H(Pjx N E)},

Aja:={keN: HL(PyNE)=0)
and X
Ajz = {k eN: 0<HL(PjuNE) < g77:;(13,-,,9}.

Then obviously

G]C

g Pj,k]U[ | (Pj,kmE)]U[ | (Pj,kmE)].

jEA3,k€Ajyl j€A3,k€Aj3 j€A3,k€Aj’2

By this and (2.23), we further find that

EC[U PJ]U( ) Pu

jEA] j€A3,k€AJ‘V|

UGZUBz,

where

G, = U (PjxNE) and BZ::BlLJ[ U (Pj,kﬂE)]-

jEA3,kEAj,3 jEA3,kEAj,2

Again, 'ﬁfo(Bg) = 0. From Pj; C P; for any k € N, it follows that

Gel JeinE=a.

JEA3

Moreover, combining (2.24) and (2.25), we obtain

~ - 1 ~ 2« ~ 2\ ~
HLUG) < ), 3 HAPuNE) <3 ) > HAPw <3 ) HUENP) < (3) HL(E),
JEA3 keA 3 JjEA3 keN JEA3
and, by (2.22) and (2.25), we have
S+ Y, S HPw
JEA, JEA3 keA
< D VHLPH+2 Y HUPINE) < Y HAL(P) + % DT HL(P)) < 2HL(E).
JEAL JEA3 JEA] JEA3

Proceeding in the same manner, for any m € N, there exist subsets G,,, B,, and a sequence
{P;.”} jen of dyadic cubes in R" such that, for any j € N,

HL(P™) < 3HS,(P" N E),

EC[UP’;?JUGmUBm,

JEN
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HC (B,,) = 0 and
— — — 2\" —
D VHLPY) < 2HL(E), H(G) < (5) H(E).
JjeN
Moreover,
(PP} jer C{PT* Y jert, B € Bt and Gt C G

Now, we rearrange {P;fl} jmeN as {Q i} jen. Let {Q}jen be the maximal dyadic cubes of {é i} jen,

B:=UB,,, and G::ﬂGm.

meN meN

Then _ _ _ _
D HAQ) < 2HUE), HLB) < Y HA(By) =0

JEN meN

and HC,(G) < (2Y"HZ,(E) for any m € N, which implies HZ,(G) = 0. Moveover,

EC[UQJ- L~

JjeN
where F' := BUG satisfying ﬂfo(F ) = 0. This finally completes the proof of Proposition 2.10. O

We point out that Proposition 2.10 seems to be new even when reduced to the classical Lebesgue
measure setting, i.e., in the case of 6 = n. Furthermore, applying the ’sparse covering lemma” in
Proposition 2.10, we obtain the following conclusion, which realizes the interchange of summation
and integration with respect to 2, in a certain sense.

Lemma 2.11. Let 6 € (0,n], p € [1,00), E CR" and w € A, 5 satisfying fE w(x) dH?S, < co. Then
there exist a family {Q j} jen of non-overlapping dyadic cubes and a subset F C R" with HO(F)=0
such that

Ec [U 0 j) JF and ) f w(x) dHS, < K(n, 6, p)[wla, , f w(x) dH?,,
jeN jen VY Qi E
where K(n, 0, p) is a positive constant independent of E and w.

Proof. For any k € Z, let
Ep:={xeE: 2" <w(x) <2%.

Then, applying Remark 2.8, we have

2.26 2KHO (Ep) <2 dH’ <8 f dH’,
(2.26) D 2HLEY<2 ) W) W)

keZ kez VE

and hence, for any k € Z, H(Ey) < K(n, 6)HS,(Ex) < oo due to Remark 2.3(ii). By this and
Proposition 2.10, we know that, for any k € Z, there exist a subset F;, C R" and a family {Qy ;} jen
of non-overlapping dyadic cubes of R” such that

(i) Ex € (Ujen Ok,j) U Fr, and HE,(Fy) = 0;
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(i) X jen HE(Ok ) < K(n, SYHS,(Ex);
(iii) forany j e N, HL (O ;) < K(n,S)H(Okj N Ex).
Therefore, if we let F := | iz Fi, then HS (F) = 0 and

E:UEkC[UUQk,j}UF.

keZ keZ jeN

Moreover, by w € A, 5, Lemma 2.4 and (2.26), we deduce that

ZZf w(x) dHS < 2[w ﬂ”ZZ HE(Ok,j)

p
5 ] f w(x) dﬂfo
kez jeN ez, jen HG(Er N Q)| JEino;
< K(n, 6, p)wla,, D, D 2HE (Ee 0 Ok

keZ jeN

< K, 8, p)wla,, 28 > HL(0x )

keZ JEN

< K(n, 6, p)[wla,, )| 2VH, (Ex)
keZ

< K(n,6, p)lwl,, f w(x) dHC,
E
Finally, we finish the proof of Lemma 2.11 by rearranging { Oy, j}kez, jen as {Q}jen. O

Moreover, the following conclusion, with a weighted packing condition for a family {Q;}; of
non-overlapping cubes, becomes essential. It serves as a partial substitute for the linearity property,
which generally fails to hold for Choquet integrals.

Proposition 2.12. Let 6 € (0,n], p € [l,00) and w € Aps. Let {Q}}jen be a family of non-
overlapping dyadic cubes of R". If there exists a constant 8 € (0, o) such that, for each dyadic
cube Q,

(2.27) D W (Q)) < By (O),
0;co

then there exists a positive constant K(n, 6, p) such that, for any f € L&V(U jen@j, 7‘(;50),
l
@) ) f GO dHY, < K(n,8, p) max{1. Bwl,, f |F@w(x) dHE,.
JjeN UjenQ;
Proof. To prove (2.28), according to Proposition 2.7, we only need to show
(2.29) > M lduy < K6, pymax(1. Bilwl,, f £ OO dwiygs
jeN Ujen Q;

For any given ¢ € (0, o), applying Lemma 2.11, we know that there exist a family {P;}; of non-
overlapping dyadic cubes and a subset F' C R" with wys (F) = 0 such that

{XEUQ, |f<x)|>t}c(gp,.)up

JEN
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and

(2.30) D Wi (P) < K1, 6, p)wla, Wy [{x el Joj: 1> r}]

JjeN

Moreover, we may assume, for any i, ({x € Ujen Q; : [f(X)| > t\F) N P; # 0.
Let A; be the set of all i € N such that there exists only one index i* satisfying

{x € Qp\F : |f(x)| > 1} C P,

and A, the set of all i € N such that there exist at least two indices i, satisfying

| Jtxe @i\F: 1)l > 1} c P,

v

For each i € Ay, let Ay; := {i,},. Moreover, we let A be the set of all j € N such that the subset
{x € Q;\F : |f(x)| > t} only be covered by at least two cubes from {P;};. Then

@30 Dlwg ([re @NF:If 0l > 1))
JjEN

= > Wy (€ Qi\F 2 If @1 > )+ Y. > wy (Ix € Q\F 2 If0)] > 1)

€A €Ay l'VEAz,i

+ Z W, ({x € Q\F : |f(0)] > t})

JEA
If i € Ay, it is clear that

(2.32) D (€ O\ 2 IF > 1) < 3 wyga (P

€A €A

We claim that Q;, C P; for any i € A, and i, € Ay ;. Indeed, since
{xe Qi \F: [f(x)l>1t}nP; #0,

it follows that Q; N P; # 0. Thus, by the properties of dyadic cubes, we find that if Q; ¢ P;, then
P; c Q;,. However, in this case, there exists another iy € A;; such that Q;, N P; # 0, and hence
Qi, N Q. # 0, which is contradictory to the fact that {Q,} jenr are non-overlapping dyadic cubes.
Therefore, for any i € A,,

U Qi, C P;.

l.VEszi

By this claim and the condition (2.27), we have, for any i € A,

D W (Qi)) < Pwggs (Py),

iVGAz’,'

which implies that

(233) DT W (X € Q\F < 1f @) > 1) SB Y wygs (P,

i€A) iVEsz,' €Ay
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For any j € A, we let {P’j‘. }x be a sub-family of {P;}; such that
{xe Q\F: IfI>1} c UP’;.
k

Then

(2.34) Do ([ e QANF : £ > 1}) Zsza(P)

JEA JEA

Therefore, from (2.31), (2.32), (2.33) and (2.34), we infer that

ZWW&- ([xe Q\F: If @)l > 1)) ZWWA(P)+ﬁZWWa(P)+ZZW(Ha(P)

JEN i€Aq i€Ay JEA

< max({1, A} Z Wy (Py).

Combining this, (2.30) and the fact that wys (F) = 0, we further conclude that

Zf F(O dwyys = Zf wae ({x e Qj: If @l > 1}) dr

JEN JEN

:f D iwse ({re QAF : 1F ()1 > 1)) ar

0 JEN
< K(n,6, p) max{1,B)[wla, , fo W [{x € U Q;: If(x)l > z}] dt

JEN

= K(n, 6, p) max{l, B}[w]a,; f lfOldwas ,

UjeN Qj
which is (2.29). This completes the proof of Proposition 2.12. O

Remark 2.13. When w € A, ¢, the proof of Proposition 2.12 can be simplified. In fact, according
to Lemma 2.5 and (2.27), we know that

D HLQ) s HQ).
QjcQ

We apply [32, (6) and (7)] to obtain

D f el dH < | o

jeN Ujen

for any function g.

2.4 An Example and Monotonicity of Capacitary Muckenhoupt Weight A, 5

In this subsection, we first show the following specific example of capacitary Muckenhoupt
Ay s-weight function.
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Proposition 2.14. Let 6 € (0,n] and p € [1,0). For any given a € R, define w(x) = |x|%
VxeR" Thenw € Ays if and only if @ € (=0,6(p — 1)).

Proof. We first prove the sufficiency for p = 1. To this end, we only need to show that, for any
given cube Q(y, r) with y € R" and r € (0, c0),
1

m o )W(Z) d?’(fo < W(X), Vxe Q(y, I").
00 s y.r

(2.35)

If [yl < %ﬁr, then Q(y,r) € B(0,2+/nr) and, for any z € Q(y,r), w(z) = |zI* 2 r*. Thus, by
Remark 2.3, we find that

f w(z) dHS, < f w(z) dH’,
oW.r) B(0,2 v/nr)

- fomﬂi (B(O,Z«/Er)mB(o,ti)) dt

(2 nr)® too
~ f Q2 nr)’ dt + f to dt
0 2 \nr)®

~ P S HEL(QW, P)w(x).

Consequently, (2.35) is true in this case.
3
If |yl >

;/E r, then, for any z € Q(y, r), we have

lol > Iyl = ly -2l = Vnr
and
|zl < Iyl + Iy — 2l <2 +r.

Thus, we obtain

] ]
- W@ dH., < ——— r dH, < wx),
H, (O, 1) Jow.n HS, (O, 1) Jou.n

namely, (2.35) also holds true in this case. Therefore, w € A 5.

Now we prove sufficiency part for p € (1, 00). When a € (-6, 0), then by an argument similar
to that used in the proof of the case p = 1, we find that, for any cube Q(y, r) with y € R" and
r € (0, ),

p—1
(2.36) f X" dHS < P*%  and { f [x]o] 7T dw:;} < Por=b-a,
o®G.r) oG,r)

When a € (0,6(p — 1)), then —p‘%l € (-0, 0). Thus, similarly, we also obtain (2.36). Consequently,

1 p-1
f X dH, { f [l 7T dwgi} < [Hew. M|,
o@G.r) o0k,

which means [x|* € A, 5.
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We next prove the necessity part for p = 1. It is enough to show that, when a ¢ (-¢,0],
|x|* ¢ Ay s. If @ € (=00, -0], then

1
S | dHS, 2 f x| dH,
HZ, (0(0,2)) Joo.2) B(O,1)

:fomwfo(B(o,nt(o,zi))dz

1 +00 s
~f 1dt+f te dt = oo,
0 1

Therefore, in this case, |x|* ¢ Aj ¢.
If @ € (0, o), then

(2.37)

1
H, (00, 1)) Jow.1)

Hence, for any positive constant N, when x € B(0, %) N B(0, (ﬁ)i),

X[ dHS, =: 1 € (0, 1).

1

— xI* dHS, > NIx|?,
HZ, (00, 1)) Jow.1)

which implies that, in this case, |x|* ¢ A s.

Finally, we consider the necessity part for p € (1, o). To this end, we only need to prove that,
when a ¢ (=0,6(p — 1)), [x|* € Aps. Indeed, if @ € (o0, —6], then by (2.37), we have

f " dH?, = oo,
0(0,2)

but, obviously,

f X771 dHC, > 0.
0(0,2)

Therefore, in this case,

p—1
(2.38) f X* dHC, ( f |x|[" 7T dﬂfo) = co.
0(0.2) 0(0.2)
If @ € [6(p — 1), 00), then —p%l € (—o0,—0] and hence (2.38) also holds true in this case. This
completes the proof of the necessity part and hence of Proposition 2.14. O

From the definition of A, s, it is easy to verify that the new weight class A, 5 is monotonically
increasing with respect to the first parameter p, i.e., Ap, s C Ap, s When 1 < p; < pr < co. Then, a
natural question is whether the new weight class A, s also enjoys monotonicity with respect to the
dimensional parameter 6. We end this subsection by showing the strict monotonicity of capacitary
Muckenhoupt weight class A, 5 on the dimension ¢ of Hausdorff contents.

Proposition 2.15. Let0 <6 <B <nand p € [1, ).

(i) If p € (1, 00), then
Aps & ﬂpﬁ[f—ﬁﬁ G Ap.p.
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More precisely, if w € Ap, 5, then there exists a positive constant K such that

w e ﬂ% 5 and  [Wla ;.5 ,5.8 < KlWla,,-
, pips
If w e Apsp-s p then there a positive constant K such that
b=,
weA,p and [Wla,, < KIWla sz .p-
B

Additionally, there exists a weight wi € A psps p but wy & A, s, and there exists a weight
=,
wy € ﬂp,/g, but wy & A psip-s 5
L
(ii) For p =1, then
Ars & Aup.

More precisely, if w € Ay s, then there a positive constant K such that
weA g and wla, , < Klwla, ;-
Additionally, there exists a weight w € Ay g, but w ¢ Ay ¢.
Proof. (i) We begin with proving that
(2.39) Aps & ﬂ%’ﬁ.

For any w € A, 5, from [5, Lemma 2.2], we can easily infer that for any cube Q of R",

B
1 B 1 s
2.40 s dHP, < ( f dwfo)
(240 H(0) fQW(x) 7@ Jo"

and hence

B
) Jpreomant < 2 Jyrrmane)

Therefore, by this, (2.40) and the Holder inequality, we have

(p—1o

( ! fw(x)d?-(g,)( 1 fw(x)_(ﬂﬁl)é' dﬂfo) ’
HE(0) Jo HE(0) Jo
s( ! fw(x)g d‘]-('fo]ﬁ( ! fw(x)_@ﬁm d?-{g,)
HE(0) Jo HE(0) Jo

1 1 | p-1
s (7{:;(@ fgw(x) H )(WEO(Q) TS s My

which implies that w € A psp-s 5 In addition, by Proposition 2.14, we have |x|* € A, if and only
ﬁ bl
if @ € (-6,0(p — 1)), and |x|* € Apss=s 5 if and only if @ € (=8, 6(p — 1)). Therefore, we choose
=,
A € (=B, -0), so that |x|* € ﬂ,,affa,ﬁ, but |x[* ¢ Ap,s. For ﬂ,;afa,ﬁ G Ap,p, its validity can be
established by applying the Holder inequality and using Proposition 2.14 in a similar manner.

(p=1)6
B
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(i1) For any w € A, s and any cube Q of R", using the Holder inequality, (2.40) and the definition
of Ay s, for H? -almost every x € O, we have

! fmww@4 ! fm&wﬁfs ! fm&w@ﬂmmmm
HE(Q) Jo HE(Q) Jo H(Q) Jo '

Additionally, for any subset E of R”, we know that 7—(§Q(E) < 7—(§O(E)§. Therefore, for Wfo—almost
every x € O, we have

f w(x) dHE, < [W)a, ,w(x),
Q

HE(Q)
which implies that w € Ay g. Similar to (1), take A € (-, —6) such that |xt e Ay, p, but x|t ¢ A s.
This finishes the proof of Proposition 2.15. O

By Proposition 2.15, Theorem 1.2 and Theorem 1.1, it is easy to see the following boundedness.

Corollary 2.16. Let0 <6 < <n, p€[l,00)andw € Aps.

po+p—5
(i) If p € (1, 00), then there exists a positive constant K such that, forany f € L,,” (R", ?{'fo),

| M i arte < [ 101" e .
R» b R

(ii) For p = 1, then there exists a positive constant K such that, for any f € LL(R”,?—[@) and
1 € (0, 00),

wyee ([x € R My £ > 1)) < § fR ) dH?E.

Remark 2.17. Observe that, in Corollary 2.16(i), % < p. Thus, Corollary 2.16(i) provides a
slight improvement for the boundedness established in Theorem 1.1 in the integrability index p, at
the cost of a larger dimension index 6. This phenomenon can be viewed as a self-improving prop-
erty on the integrability index of strong or weak type boundedness of capacitary Hardy-Littlewood
maximal operators.

3 Proofs of Theorem 1.1, Theorem 1.2 and Corollary 1.6

The following interpolation result is an extension of [5, Lemma 2.5] from p = 1 to p € [1, o0),
and we omit the details here. In what follows, a property is said to hold C-quasieverywhere if the
exceptional set has zero capacity.

Lemma 3.1. Let p € [1, 00) and C be a capacity. Suppose that T is a quasi-linear operator defined
on LP(R"*, C), that is,
IT(fi + I < KT+ IT (RN

for some constant K. If there exist Aj, Ay > 0 such that, for any t € (0, c0),

A p
C{x eR": ITf(x)|>1}) < (71||f||LP(Rn,C))
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or all C-quasieverywhere defined functions f € LP(R", C), and
q ry

T fllzrn,cy < Allfllzecrr,c)

for all C-quasieverywhere defined functions f € L (R", C), then, for any q € (p, o), we have the
estimate

IT fllzarn.cy < AsllfllLawn.c)

for all C-quasieverywhere defined functions f € LI(R",C), where A3 depending only on K, Ay,

Ay, p and q. Moreover,
q ] 2ok
Aj = (—) (ZKA A )
q—-p

Lemma 3.2. Let 6 € (0,n], g € [1,00) and w € Ay 5.

(i) Then exists a positive constant K = K(n, 6, q) such that, for any t € (0, ),

Kw]?

W ({x eR": erﬂgof(x) > t}) < 5§ lf Ol dwgys .

t

(1) If p € (1, 00), then there exists a positive constant K = K(n, 6, p, q) such that

[ Mo 0

To prove Lemma 3.2, we define the dyadic capacitary Hardy-Littlewood maximal operator
associated with a capacity C by setting, for any x € R",

dea < K[w f If I dwgys -

Mé f dc,
cf(x) = dyajll(lszsx 0 [f ()l

where the supremum is taken over all dyadic cubes Q of R” containing x.

Proof of Lemma 3.2. We first prove (i). For any given ¢ € (0, c0), we first find that there exists a
sequence {Q;} jen of dyadic cubes in R" such that

n. d
(31) {x S R . Mw,}_{g-of(x) 2n+¢]5£]‘5[ ]ﬂqo} ‘]Leg Qj’
and, for any j € N,

t

1
. G Ml > 5Bl g,

W (Q))

Let {Q } jen be the maximal dyadic cubes of {Q;} jen. Then

3.3) {xe R": M, () > 2n+q5q5 - } e

JEN
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Fixedx € E, .= {x e R" : MW(H‘; f(x) > t}, let O* be a cube of R” such that x € Q* and

1
WIQ" lf Ol dwgp > t.

Let m € Z be such that 2 < [(Q*) < 2!, where [(Q*) denotes the side length of the cube Q*.
Then there are at most 2" dyadic cubes {Q;?}jji‘l, with side length 2"*! and 1 < N, < 2", such that

ocl o

and, for any j € {1,...,N,}, O N Q;f # (. Therefore, x € 3Q;f and Q;f C 5Q* forany j €
{1,..., N,}. Additionally, applying Lemma 2.4, we find that

Ny 1 |
R o .
;Wﬂgg@;) fQ Ol > s fQ 1w

1 t
> d _—
- Zqué[w]q’(;w(ng (0 fo FO WHg, > 261546[w]q,5

Subsequently, there exists a jy € {1,..., N,} such that

t
W, (Qx )f Ol > 2459 N [wlgs - 21459 W]y s

Therefore, Qj?o is one of the above dyadic cubes {Q} jen as in (3.1), which, combined with (3.3),
implies that, for any ¢ € (0, c0),

E = {x ER": My, f() > r} c | J3g, <l 30

x€E; JjeN

For any j € N, there exists a sequence of dyadic cubes {Q;’i}?zn ; such that l(Q;’i) = l(Q’;.) and

3}1
* ®,1
30;= 0"
i=1

Hence, for given ¢, we have

00 e o) me o)< S|

JEN JEN

Now applying Lemma 2.6 to the dyadic cubes {Qj.} jen, we deduce that there exists a subfamily

{Qj.v}v such that, for any dyadic cube Q,

D W (Q3) < 2wy (Q),
Q;,c0
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and, forany i € {1,...,3"}, due to Qj.’i c 3Qj., we obtain

JEN v

From this, (3.4), (3.2) and (2.29), we deduce that

Wago ({x eR": Myp f(x) > t}) < K(n,6,9)wla,, Z Wy (Q3)

[Wla,,
< K(n.6.)— )" fQ 1l dwyg

(w1

Ty f GOl g
t w0 *

Jv

< K(n,06,q)

[W]iqw

< K(n.6.9)— fR Ol dwygs,

which proves Lemma 3.2(i).
The conclusion (ii) is a consequence of Lemma 3.1, Lemma 3.2(i) and the fact that

“MWW& f

< o0 s .
L@ g) ANz )

This finishes the proof of Lemma 3.2. O
Now we show Theorem 1.1.
Proof of Theorem 1.1. We complete the proof by showing (i)==(ii)==(iii))==(i). The proof of

(1)==(ii) is obvious.
Now we prove (ii)==(iii). For any given cube Q of R", let

F(2) = w(x) P T1g(x), VYxeR™

Then, for any

0<t<

T dHC
Ho(0) fQ e =

we have Q C {x € R" : My f(x) > 1}. Thus, applying the weak-type (p, p) inequality, we know
Wy (Q) < Ways ({x eR": Mgy f(x) > t})

<+ [ rerwears ~ < f w(x) 7T dHO
~ P R7 «© tP Q 00"

i .
Letting 1 — w(x) 7 1dHS,, we obtain

Wéil(Q) fQ

1 p 1 f —ﬁ 6)17—1 .
[ﬂ&(QJQW(X)Ww](ﬂ&(Q) TS ) s
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namely, w € A, 5.

Next, we show (iii)==(i). Let w € A, s with p € (1, c0). Define u := w_ﬁ. Then, obviously,

wueAs  with [ula, =Wl

p-1 T

and, for any cube Q of R",

(3.5) Wys Q)P Tty (0) < [wlly ! HE(Q)PT,

For any fixed x € R” and for any cube Q containing x, by (3.5) and Proposition 2.7, we know that

dHS,
Wé = f ol
Wi (Q)7 Tty (Q) ﬂé(Q)( f 5) Nt
= x = dH
oo {ww@ i@ Jo '

1
1

<4[w]ﬂp§{w(m o) [(W(Q) J, |f<y>|w<y)wduw]p_lldﬂi}p
4w ]ﬂpﬁ{W(H:(Q) ([ [Mee (1157 ) 0] dﬂi)}ph

<4 ]ﬂ,)d{WW:(Q) ( f (Mo, (1077 ) @] ey dwﬁgo)}pll

< 4wy [M% {[Muw& (17| w-l} (x)]”l' ,

which further implies that

1
p L 1 \1p-1 -1
My ) < 4771wl [M% {[M% (Tl | }(x)} .
On the other hand, by Lemma 3.2, we know that, for any g € (1, 00),
(3.6) f [ M 1] dtgs < K6, p. 017 f FCON duuggs
R}'l

and

q
f [Mwﬂ& f (x)] dwgp < K(n,6, p,q)[w];pﬁ fR PN dways

From this, (3.6) and Proposition 2.7, we deduce that

f My f] w0 a0, < Kn,o p )ity 7 f FP W) dHS,

which implies that Mg is bounded on LE(R", H?2). This finishes the proof of Theorem 1.1. O
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We next show Theorem 1.2.

Proof of Theorem 1.2. To prove (i)==(ii), we need to show that, for any cube Q,

Wy (Q)
H,(Q)

< Kw(x) for H2 —almost every x € Q,

where K is a positive constant independent of Q and x.
Let Q be a given cube of R". For any E C Q, let f := 1g. Then, for any x € Q,

Mgy f(x) > f'f(yﬂd?{fo: ool2)
T H(Q) Jo HO(Q)
and hence, for any ¢ € (0, ;{{%Eg)

Qc{xeR”:Mﬂif(x)>t}.

This, combined with the weak-type (1, 1) inequality, implies that

Waps (Q) < Wepo ({x eR": My f(x) > t}) < gw(Hgo(E).

HI(E)

Ho0) we obtain

Letting t —

H (E) - KWgL(go(E)

3.7 < .
G-D H(0) W (Q)
Now for any a € (0, 0), let E; :={x € O : w(x) < a} and

essinf w := inf {a €(0,00): HS(E,) > O}.

xeQ
Then, when a > ess inf,cow, we have HC (E,) > 0, which, together with (3.7), implies that

Wﬂgo(Q) < Wq-(g;(Ea)
HLQ) ~ HAUED)

By this and the fact that
Wy (Ea) = f W) dHS, < aHO(E,),
E(l
wa0 (Q) . .

we know that (H(‘;"( ) < akK. Letting a — essinfcow, we further find that

Weg (Q)

7:(;” < Kessinfyeow,
He(Q)

namely, we have

Wy (Q)
H2(Q)

< Kw(x) for H2 —almost every x € Q.

This means w € Aj 5.

37
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Next we prove (ii))==(i). To this end, we prove the following weak-type (p, p) inequality: if
w € Aps with p € [1, 00), then, for any f € Lfv(R”,?-(fo) and any 7 € (0, ),

(3.8) waes ({x € R" - My £(x) > 1}) < K(n, 6, p)lw f Lf P w(x) dHE,.

ﬂ(stp

For any given ¢ € (0, 00), let {Q} ;e be a sequence of dyadic cubes of R" such that

{rer: mi, 0> zoh =0

JEN

and, for any j € N,

1 t
3.9 dH’ .
(3.9) T fQ O > i

Let {Q } jen be the maximal dyadic cubes of {Q;} jen. Then

{xeR" LM ) > 2n+5} UQ
Since w € Aj 5, then by (2.4), we conclude that, for any dyadic cube Q of R”,

(3.10) f I dHE, < 20w, ( f If(x)l”w(x)d(HJ) H.(0) (wyis(@)

Combining (3.9) and (3.10), we further conclude that, for any j € N,

Wy (1) < K (.6, p) f FCOP W) dHC,

Now by an argument similar to that used in the proof of Lemma 3.2(1), we find that
W ({x eR": Myp f(x) > t}) < Wy [U 3Q7].
jeN
Moreover, (3.8) holds true. This finishes the proof of Theorem 1.2. O

We end this section by giving the proof of Corollary 1.6. To do this, we need the following
lemma.

Lemma 3.3. Let 6 € (O,n] and f : R* — R. Then, for any x € R",

(M) < (3 ) My f.

Proof. This is an easy consequence of the inequality

f |f<x)|dxs§( f |f(x)|3dwgi,)ﬁ,
RI’L R}’l

which comes from [32, Lemma 3]. O
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We finally end this section by proving Corollary 1.6.

Proof of Corollary 1.6. We first prove (i). Let w € A, s with p € (1, 00). Then, by Theorem 1.1,
we know that Mﬂ.i is bounded on Lf:(R”, 7{(‘;). From this and Lemma 3.3, we deduce that, for

P
any f € L, (R", HY,),

IMFOE () dHC, < f OO () dHE,
Rn R}l

which, combined with Proposition 2.7, implies that

s X
3.11) f [MFO]™ dwyg f IS dwags.
n Rﬂ
On the other hand, from Lemma 3.3, it is not difficult to obtain
n
IMF R, 5 ) < gllfllm(Rn,w,Hgo)
By this, (3.11) and Lemma 3.1, we conclude that, for any g € (%‘S, 0),
IMFllLa@r 5y S W llLarw,;)-
The proof of (ii) is similar to that of (i) and we omit the details.

Finally, we prove (iii). According Theorems 1.1 and 1.2, we know that, for any g € [p, ),
t € (0,00) and f € LL(R", H2),

wae (fx e R" s My f(0) > 1) < th fR RUCIRTE dH?..

Combining this with Lemma 3.3, we further conclude that, for any g € [’776, o) and any f €
LyR", H),

wep ((x €R" 1 Mf(x) > 1}) < thf [F () Iw(x) dHS,, Yt e (0,c0).
Rn

The proof of Corollary 1.6 is completed. O

4 Proofs of Theorem 1.7 and Theorem 1.9

In this section, we first give the proof of the reverse Holder inequality, Theorem 1.7, for ca-
pacitary Muckenhoupt weight class A, s with p € [1, c0) and ¢ € (0, n], which is inspired by the
celebrated work of R. R. Coifman and C. Fefferman [8]. As an application, we then obtain the
self-improving property of A, 5; see Theorem 1.9.

We first recall the definition of 2 -quasicontinuous function; see [1, p. 15].

Definition 4.1. Let 6 € (0, n]. We say that a function f is H¢ -quasicontinuous on R", if for every
g € (0, 00), there exists an open set O, such that H’ (0,) < € and f |rm\0, 1S continuous.
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Remark 4.2. Observe that the classical Egorov theorem implies that any Lebesgue integrable
function on R” is H.-quasicontinuous. Moreover, from Proposition 2.14, we know that the ca-
pacitary Muckenhoupt A, s-weight function w(x) := |x|* defined on R" with & € (=6,6(p — 1)) is
‘Hfo—quasicontinuous, where p € [1,00) and 6 € (0, n].

Remark 4.3. Let § € (0,n] and f be HC -quasicontinuous on R”. For any given E c R”, if
fe L\(E, Wfo), then there exists a sequence {fi}ren of bounded continuous functions on R” such
that

tim [ 170 ficolae =
—00 E
For the proof, we refer the reader to [31, Proposition 2.2].

Remark 4.4. We remark that the H? -quasicontinuity serves as a Lusin-type theorem in the Haus-
dorff content setting, which states that an 9% -quasicontinuous function is a continuous function
on nearly all its domain. This condition is natural and ensures the denseness of continuous func-
tions with compact support in Choquet spaces. Once this condition is removed, the density breaks
down; see [1, p. 15, Proposition 1].

To prove Theorem 1.7, we need the following differential theorem on Choquet integrals with
respect to Hausdorff contents.

Lemma 4.5. Let 6 € (0,n] and f be HS -quasicontinuous on R". For any given subset E C R", if
f € LNE, H?) then, for any HC -almost every x € E,
1

0% HZ
oX
(&, HE(Q) Jrne

IfO) = FOIdHE(y) = 0.

Proof. Let f € L'(E, H%) with E c R". Then there exists a sequence { f;}xen of bounded contin-
uous functions on R" such that

@.1) gngm—ﬂmwﬁ=&

For any x € E, any cube Q > x and k € N, we have

42) f ) = FIdHEW)
ENQ

al

s;vauw—ﬂwu@MﬂQW+{£Qm@—ﬂwwﬂ&w

+{f fix) = Ol dHL ).
ENQ

As fi is a bounded continuous function, it is easy to see that

1
lim
03x100-0 HZ(Q) Jeng

Therefore, by (4.2) and (4.3), we find that, for any x € E,

1
limsup —
02x1(0)~0 Heo(Q)

(4.3) e = fl0)l dHE,(y) = 0.

f FO) = FOOldHE ()
ENQ



CAPACITARY MUCKENHOUPT WEIGHTS AND WEIGHTED NORM INEQUALITIES 41

< 3Mys (f1E = fid£)(X) + 3fi(x) — f(OME(x).

From this and Theorem 1.1 with w = 1 therein, we deduce that, for any 4 > 0,

H |{xeE: limsup 5
03x1(0)-0 He(Q) JEnQ

< HE ({x € E 1 3Myo (F1e ~ fil ) + 31fi(0) = fI1E() > A})
<5 [ 18- swlas,
E

IfO) = FOIdHE () > A}}

Thus, by (4.1), we conclude that, for any A > 0,

1
H E: li f -~ dH, =0,
[{x € QSIEII(SQI)IEO H0) Jeno lfO) = f(X)] o) > }]

which implies that

1
H E: li f - dH?, 0¢|=0.
({x € Qﬂzl)lgo F0) Jero f) = f(X)] o) > })

This finishes the proof of Lemma 4.5. O

Remark 4.6. It should be pointed out that the requirement of %’ -quasicontiniuous for f in
Lemma 4.5 is necessary in some sense. To show this, we construct the following counterexample.

Counterexample 4. Letn > 2 and § € (0,n — 1]. If P ¢ R" is a closed cube with side length 1,
then

(i) 1p is not a H’ -quasicontinous function;

(i) HC(AP) = 1 and, for any x € IP,

_ 1
lim sup

Jimsp fQ Lp(y) = Lol dH, = 1,

where 0P denotes the boundary of P.

Proof. To prove (i), it is enough to show that, for any closed subset F ¢ R”, if 1p is continuous on
F, then HS (R"\F) > 1. To this end, we claim that F N (R"\P) is closed. Otherwise, there exists
{x:}heny € F N (R™\P) and xy € R™\[F N (R"\P)] such that |x, — x| — 0 as n — oo. It follows,
from F begin closed, that xo € F and hence xy ¢ R"\P. Therefore, xo € dP. This further implies
1p(xp) = 1, but 1p(x,) = 0, which is contradiction to the continuity of 1p on F. This proves the
above claim. By this claim, we know that

d(F N (R"\P),P) :=inf{lx—y|: xe FN(R"P),y€e P}>0.

Let
E = {x eR"\P: d(x,P) = %d(F N (R”\P),P)},
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where d(x, P) := inf{|{x—y|: y € P}. Then E C R"\F and contains a (n — 1)-dimensional cube
W with side length 1 in R”. Thus, by Remark 2.3(i), we have H’ (E) > HS (W) = 1 and hence
HO(R"\F) > 1.

For (ii), we first have H,(OP) = 1 by Remark 2.3(i) again. For any x € 9P, let {Q,},en be a
sequence of cubes of R" satisfying that lim,,., I(Q,) = 0 and, for each n € N, 9, > x and one
(n — 1)-dimensional side of Q, denoted by W,, W,, € R"\P. Then by Remark 2.3(i), we have

1
lim sup f 11p(y) — 1p(x)| dH,
0o 10100 HL(Q) Jo :
1
> 1p(y) — 1p(x)| dH’,
O in p(y) — 1p(X)l
1
> 1p(y) — 1p(x)| dH,
o0 W,,l p(y) = 1p(x)l
_Ha W)
COHLO,
Thus, the statement (ii) is proved. O

Using Lemma 4.5, we obtain the following Calderén-Zygmund decomposition with respect to
the Hausdorff content 2.

Lemma 4.7. Let 6 € (0,n] and w be a HY -quasicontinuous weigh function on R". For any given
cube Q of R", if fQ w(x) dHS, < oo, then, for any

1
dH°.,
Ho(0) fgw(x) .

there exists a collection {Q} jen of non-overlapping dyadic subcubes of Q such that

A>

(i) forany jeN, A< w(x) dHS, < 2°2;

_1
H(Q)) fQj
(i) for HC -almost every x € Q\ Ujen Q) w(x) < 24.

Proof. We first divide the cube Q into a mesh of 2" subcubes {R j}ﬁi1 with equal side length. For
any Rj, if it satisfies
1
H(R))
then it is selected as desired. Otherwise, we subdivide each unselected subcube R; into 2" cubes
with equal side length and continue in this way indefinitely. We denote by {Q} e the collection
of all selected subcubes of Q. Therefore, for any j € N, we have

f w(x) dHS, > A,
R;

1
Wgo(Qj) 0,

Moreover, if we denote by Qj. the parent cube of Q;, then

w(x)dHS, > A.

0

w(x) dHS, < 2 f w(x) dHS, < 2°A.
Q;

HL(Q)

H(Q)) Jo,
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For any x € O\ | jer Q) and any dyadic subcube P of Q with x € P, we have

4.4)

1 )
Wgo(P)wa(x)dW <A

Therefore, by Lemma 4.5 and (4.4), we have

w(y) — w(x)| dHZ () + 2 lim
Z(P) O

w(x) <2 lim w(y) dHS () < 24,

I(P) 0

1 1
HL(P) Jonr H(P) Jpno

which completes the proof of Lemma 4.7. O

Lemma 4.8. Let 6 € (0,n] and w be a H? -quasicontinuous function on R". If w € Aps with
p € [1, ), then, for any 3 € (0, [w];llp 96), there exists a positive constant K(p, B, [wla, ) such that,
for any cube Q of R",

HL({x € Q: w(x) > BWo)) = K(p. B, [wla,, HL(Q).

Here and thereafter, Wg := fQ w(x) dHS..

O

Proof. When p =1, since 8 € (0, [w];,{1 J), by the definition of Aj 4, it is clear that
P>

H,(1x € Q2 w(x) > BWo)) = HL(Q).

When p € (1,00),let E := {x € Q : w(x) < BWp}. Then

p-1

1 w;i(E))"‘l [ f 5]
- =Wy W, P 1 dH
B (ﬂi(Q) 720 J: P

-1
= Wo [Wfo(Q) wi(x) dﬂ“’}

<[wla,,-

Therefore, we have

HL(x € O w(x) > BWol) > HL(Q) — HL(E) > (1 - (B[w]ﬂp,(s)ﬁ)?%ﬁo(@.
This finishes the proof of Lemma 4.8. O

Lemma 4.9. Let § € (0,n] and w be a H? -quasicontinuous function on R". If w € ﬂp(s with
p € [1, ), then, for any B € (0, [w]4 p ) there exists a positive constant K(n, 6, p, B, [wla, ) such
that, for any cube Q of R" and any /l > Wo,

wyp (fx € Q1 wx) >24}) < K(n, 6, p, B, [ y«pa)ﬂﬂﬁ ({x € O : w(x) > Ba}).
Proof. By Lemma 4.7, we know that there exists a collection {Q;} jen of non-overlapping dyadic

subcubes of Q such that

W'Hgi({x €Q: wkx) >24}) < Wao [U Qj],

JEN
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and, for any j € N,

1
HLQ)) Jo,
Furthermore, although the Q; here is a dyadic subcube of Q, the corresponding conclusions of

Lemmas 2.6 and 2.12 still hold true. Therefore, by Lemma 4.8, we find that there exists a subfam-
ily {Q;,}| such that

A< w(x) dHS < 29.

N N
Wi (X € Q1 w(x) > 241) <2 3 wys (Q5,) < K(©)A )" HE(Qj)
v=1 v=1

N
< K8, p.B, Wl )4 ) H(x € Q)= w(x) > BW, 1)

v=1

N
< K(9, p,p, [W]ﬂpﬁ)ﬂz f 1i2e0: winy>pa (X) dHS,
v=1 Y%

< K(n,6, p.B. W, )AHL({x € Q : w(x) > Ba}).
This finishes the proof of Lemma 4.9. O
Now we are ready to prove Theorems 1.7 and 1.9.

Proof of Theorem 1.7. For any given cube Q of R”, let

1
H(Q)

We first show that there exists a positive constant K = K(n,d, p, [w] A,5) such that, for any y €
O, D),

W := fw(x)d?—(fo and E :={xe Q:w(x)>2Wp}
(9]

1 w(x)

Y
4.5) - f [(—) —(WQ)V]w(x)de‘f <K f w7 dHE..
Y JE 2 0

By Proposition 2.7 and Lemma 4.9, we have

1 w(x)\" s
[ - none
4 w(x)\”
< 5 -

0o Y

00 Y
= 4f ty_lwﬂg{x ek (%X)) - (WQ)V > — (WQ)V} dt

Wo

= 4f 7wy {x € Qw(x) > 2t} dt
Wo ®

< K(®n,6, p, [w]y(,&)f YH, {x €0 :w(x) > ! t} dt
" Jwy 2[wla,,
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< K(n,é, p, [w]y[pﬁ)f w(x) Y dH,
Q

which means that (4.5) holds true.
Next we prove that

Y
(4.6) f w)Y dHE < 4 f [(@) —(WQ)V] w(x) dHS, + 8(Wo) " HE(Q).
o E

Indeed, we have
f w(x)"Y dHS
o

gf W(x)1+7d7-{fo+fw(x)l+yd7‘(fo
O\E E

Y
Y
- 4fE [(%X)) - WW} W) dH, + 8(Wo) THE(O),
which implies (4.6).

Finally, by (4.5) and (4.6), we conclude that
(1 -4Ky) f w() dHS, < 8(Wo) Y HE,.
0

Choosing y € (0, 1) such that 4Ky < 1, then we obtain the reverse Holder inequality (1.10). This
finishes the proof of Theorem 1.7. O

Corollary 1.8 is an immediate consequence of the reverse Holder inequality, i.e., Theorem 1.7,
and the definition of A, s. We omit its proof here.

Proof of Theorem 1.9. 1t follows from w € A, s that W € Ar s By this and Theorem 1.7,
pat
we know that there exist positive constants y € (0, 1) and K such that, for any cube Q of R”,

1
1 _lvy T+y K L
4.7) ( . f w(x) 7 d?(fo) T — f w(x) 7T dHE,,
HH(Q) Jo HH(Q) Jo
Choosing g € (1, p) such that [1% = q%l we then infer that w € A, 5 from (4.7), which completes
the proof of Theorem 1.9. O

S Applications

In this section, we give two applications of the main results obtained in the present paper,
including the celebrated Jones factorization theorem for A, and the capacitary Muckenhoupt
weight characterization for the boundedness of maixmal operator My on weak weighted Choquet-
Lebesgue spaces.
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5.1 The Jones Factorization Theorem within the A, ; Framework

Using the boundedness of the operator Mgs established in Theorem 1.1, we prove the Jones
factorization theorem within the A, s framework stated in Theorem 1.10, which presents the
property of decomposition and synthesis of capacitary Muckenhoupt weight class A, s for all
p€[l,0)and é € (0,n].

Let 6 € (0,n], p € (1,00) and w € A,s. Define three operators by setting, for any f €
LPA(R", H)) with ¢ := p%l, and x € R”,

“ 1
w(x)r,

TN = [ Mygg (117 ) 0

€L

T (f)(x) = [Mﬂg’ (l f |Pw%) (x)]’l’ w(x) 7

and
T3 :=T1+T>.

Then we have the following conclusions.

Lemma 5.1. Let 6 € (0,n], p € (1,00) and w € A, 5. Then there exists a positive constant K such
that

(1) for any sequence { f;}jen of functions in LP4(R", HS)andie{l, 2, 3},

T; (Z fj] (<K Z Ti(f)(x), VYxeR"

JjeN JjeN
(i) forany f € LPA(R", HS ) and i € {1, 2, 3},

TP dHE, < K f O dHE,
Rn R’l

Proof. To prove (i), we first note that the following Minkowski inequality

P 5 A
{jl;" [% |f/(X)|} dﬂfo} < %{fw f5(x0)lP dq_(fo}

holds true. By this, we find that, for any x € R” and any cube Q containing x,

q 7 1
1 1 1 1 q
I '(y)IW(y)_"‘I] d?{‘s] < (— f IfiIIw(y) » dﬂ‘s)
5 j o 5 J S
(%(Q) 0 (JZN JZN HL(Q) Jo
1
_1 7
< 2 [Myg w0
jeN
Therefore, (i) is true for 7'} and, similarly for 7, and T35.
(ii) Since w € A, 5 and hence walP ¢ Ays, it follows from Theorem 1.1 that, fori = 1, 2,

TP dHE < f FCOPe dH,
Rn

Rll
which further implies that (ii) is also true for 7'3. This finishes the proof of Lemma 5.1. O
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We now give the proof of Theorem 1.10.

Proof of Theorem 1.10. To prove the necessity, we only need to consider the case of p € (1, 00),
since it is easy to see that, for p = 1, wp := w and w; := 1 satisfy the requirement.
Let w € A, s and fixed a function g € LPA(R™, H?), where % + é = 1. We define

1
OEDY ETé‘g(x), VxeR",
k=0

where T3 is defined above and A > K i with K being the constant in Lemma 5.1(i). Then

> [ f Th @) dwﬁ]

=) K 5 ﬁ
sz [ 5 |g<x>|f"fdﬂw} ~ Nl g s

Z/\

[ ()P dﬂi]”
RYI

namely, ¢ € LP4(R", 7’({,50). From this and Lemma 5.1, we infer that, for any x € R",

| > 1
Tip(x) < T3 (Z ﬂTé‘g(x)] < Z ﬂTg‘“(g)(x)

k=0 k=0
~ A Z L TH) ~ ¢,
and, similarly To(x) < ¢(x). Therefore, by the definitions of T and T, we further find that
Mq{go(soqw_%) <¢'wr and ngo(so”w%) < QW
Let wg := gopw% and wy := go‘/w_%. Then wy, w; € A; s and
wow - (ppwp(pq(l —Py ,, = w.

Conversely, let wy, w; € Ajsand w := wow}_p . Then, for any cube Q of R”, we have

1
o fQ i) dHE I ey < Wil i € 10,11,

By this, we know that

1 1 i p-1
d 0 f —=T d 5)
H, (Q)f W W‘”(w@ @ Jo" T
1 p-1
Wé(Q) f wo(x) dHS w, P 1||L00(Q(OQ>( ) f wi(x) dH w, " ‘||LM<Q,H@)

p-1
- wo() dHIWG g, (— f wi(0) dH W) )
%i(Q)fQ ’ 0 M= @HIN 18 () Jo ! 1)

-1
< [Wo]ﬂlﬁ [Wl ]‘l;qlﬂ-

Therefore, w € A, s. This finishes the proof of Theorem 1.10. O
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5.2 Characterization for the Boundedness of M, on Weak-Type Spaces

In this subsection, by using Theorems 1.1 and 1.9, we prove Theorem 1.12, which charac-
terizes the boundedness of the operator Mg;s on the weak weighted Choquet-Lebesgue space
LI (R", HY) via capacitary Muckenhoupt weight class Aps.

Proof of Theorem 1.12. If (1.11) holds true, then by the Chebyshev inequality, we know that the
maximal operator My is of weak-type (p, p). Therefore, by Theorem 1.1, we obtain w € A, 5.
Conversely, let w € A, 5. We only need to show that, for any 4 € (0, c0),

1
.1) wa (¥ €R": My f(x) > 42)) < LIS,

For any x € R", define

A . ) f(x),  when [f(x)] > 4,
Fo "{ 0, when |f(x)| <A,

and f(x) := f(x) = f4(x). Then My fo < A and
Mygs < 2[Mygs £+ My 1]
Thus,
wae ({xr e R" 0 My f(x) > 42)) < wys ([x € R+ My 1) > A}).

Since w € A, s, it follows, from Theorem 1.9, that we can choose a p; € (1, p) such thatw € A, 5,
which, combined with Theorem 1.1, implies

Weys ({x eR": My f(x) > 4/1 /U’l f LFA)P w(x) dHC,.
In addition, by Proposition 2.7, we know that

PP W) dHE <4 | 1P P dwygs
R R

= 4p; foo ' s ((x € R ¢ | f(0)] > max(f, D)) dt
0
A
=4p, f ' W ((x € R 2| f(0)] > A dt
0
+4p; foo ' g ((x € R ¢ | f(0)] > 1)) dt
A

» A 11 o »
< 4p1||f||sz°°(R",¢(fo) (‘f; /l_pdt-l—f/; tpl p dt)

4p
= AP7PAE
P—Di Ly

RLHE)

Therefore,

wae ({xr e R" 0 My f(x) > 44}) < || fllem(Rn .

Thus, (5.1) is proved, and hence completes the proof of Theorem 1.12. O
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